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A Cultural Gap 
Revisited 

This column is devoted to mathematics 

for fun. What better purpose is there 

for mathematics? To appear here, 

a theorem or problem or remark does 

not need to be profound (but it is 

allowed to be); it may not be directed 

only at specialists; it must attract 

and fascinate. 

We welcome, encourage, and 

frequently publish contributions 

from readers--either new notes, or 

replies to past columns. 

Please send all submissions to the 

Mathematical Entertainments Editor, 

Alexander Shen, Institute for Problems of 

Information Transmission, Ermolovoi 19, 

K-51 Moscow GSP 4, 101447 Russia; 

e-mail:shen@landau.ac.ru 

F our teen years  ago The Mathemat- 
ical Intelligencer publ ished an arti- 

cle by E.W. Dijkstra ("On a Cultural 
Gap," vol. 8, no. 1, 48-52) that  d iscussed 

the roots  of  a cultural  gap be tween  the 
typical  compute r  scientist  and the typ- 
ical mathematician.  According to 
Dijkstra, this gap is a significant obsta-  

cle both  for  mathemat ic ians  and pro-  
g rammers  and should  d isappear  in the  
future when "programs will display all 

the beaut ies  of  a crisp argument." 
Looking at  today ' s  sof tware  (com- 

mercia l  and even free), we have to ad- 
mit  that  this  future hasn ' t  come yet. 
But Dijkstra 's  a rguments  are  still con- 

vincing, and  such a future indeed looks  
poss ib le  ( though it may never  come  
due to commerc ia l  reasons) .  

Nevertheless ,  there  may  be a cul- 

tural  gap be t we e n  mathemat ics  and  
compute r  sc ience  (or  programming)  at  

a more  subt le  level. To explain  it, let  
us cons ider  the  following puzzle. 

There are N objects that seem to be 
identical, but in  fact  belong to several 
different types. One of  the types f o rms  
a majori ty  (more than N/2 objects be- 
long to that type). Our task is to point  
out one of  the objects f rom this ma- 
jority. The only tool we have is a de- 
tector that cannot tell the type of  an 
object but that when applied to any 
two objects will say  whether those two 
objects are of  the same type or not. 

Of course,  one can apply the  de t ec to r  

to all pai rs  of  ob jec t s  and get  a com- 
ple te  classif icat ion,  but  the number  of  
measu remen t s  will  be about  N2/2. How 

many measu remen t s  do we real ly 
need? It turns  out  that  a more  efficient  
app roach  is possible ,  where  the num- 

ber  of  me a s u re me n t s  is p ropor t iona l  to 
N, not  N 2. 

I am now going to p resen t  two  
proofs  o f  this  claim, a mathemat ic ian ' s  
p roof  and a p rog rammer ' s  proof.  See if 

you agree  wi th  me  about  the difference 
in viewpoint .  

Both proofs  s ta r t  wi th  the  following 

s imple observat ion:  i f  two objects have 
different types, both of  them can be 
discarded without changing the ma- 
jor i ty  type. Indeed,  in discarding two 
objec ts  of  different  types,  we d iscard  
at  most  one "good" ob jec t  and at  least  
one "bad," so the  major i ty  remains  a 

majori ty.  For  the  same reason,  two 
fr iends who are  going to  vote  for  dif- 

ferent  candida tes  may  agree  to ignore 
e lect ions  if bo th  are  sure  that  there  is 
some candida te  who  has  more  than 
50~ support .  

The mathemat ic ian ' s  p roo f  contin- 
ues: Let us a ssume for the  moment  that  

N is even. Then we can group our  N 
objec ts  into N/2 pairs  and  apply  the de- 
t ec tor  to each  pair,  making N/2 mea- 

surements .  Pairs  tha t  conta in  different  
objec ts  are d iscarded.  After  that, we 
are  left with a number  of  pairs,  each 

consis t ing of  ob jec t s  of  the  same type; 
f rom each pair  we  re ta in  only one ob- 
ject .  Then we have the  same prob lem 
of  finding the major i ty  representat ive,  

but  with (at  mos t )  N/2 objects.  
Therefore  we get  the  recur rence  

T(N) <- N/2 + T(N/2), 

where  T(n) is the  minimal  number  of  

measurement s  required to solve the  
p rob lem for at  mos t  n objects .  Taking 
into account  that  T(2) = 0, by induc- 
t ion we see that  T(N) < N. 

It remains  to expla in  why odd val- 
ues  of  N do not  spoi l  this  nice picture.  
In the odd case, af ter  grouping ele- 

ments  into pai rs  and  discarding pai rs  
wi th  different  elements ,  we  have some 
pairs  with equal e lements  and  one un- 

ma tched  element.  Fo r  example,  we 
may  have pai rs  (a,a), (b,b), (c,c) and 
one unmatched  e lement  d. In this ex- 
ample  7 e lements  remain.  We know 
that  "winning" e lements  form a major-  
i ty among them, so there  mus t  be  at  
leas t  4 winning e lements .  But then at  
leas t  two winning pa i rs  exist,  other-  
wise  there  would  be  at  mos t  3 winning 
elements.  Therefore  winning e lements  
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form a major i ty  among a,b,c, and we 

can drop  d completely.  
The s i tuat ion is different  if  af ter  dis- 

carding equal pa i rs  we have four  pairs  
(a,a), (b,b), (c,c), (d,d) and one un- 

ma tched  e lement  e. Here we  need  5 el- 
ements  to  form a majori ty,  and it may  

be  achieved using two pairs  and  e. So 
winning e lements  do not  need  to form 
a major i ty  among a,b,c,d. But they  do 

need  to form a major i ty  among 
a,b,c,d,e; for  o therwise  there  would  be  

5 losing elements .  So in this case  we 
should  reta in  e in the sample.  

It is easy  to see  that  one of  these  
two arguments  is applicable;  we need  
only to keep  the sample ' s  size odd. 

(End of  mathemat ic ian ' s  proof.)  
The p rog rammer  replies: Imagine 

that  you are  locked  in a magic room 

with the  de tec to r  and N objects .  There 
are  th ree  big boxes  in the  room.  The 
boxes  are  labeled: UNTESTED, IDEN- 
TICAL, and DISCARDED. Initially all 

the objec ts  are  in the box  labe led  
UNTESTED, and it is guaran teed  that  

mos t  of  t hem have the same type 
("winning type"). 

The magic  room has  two laws, 
cal led also "invariant  relations." (If you 

violate  one of  them, you are  execu ted  
immediately. )  Here  they are: 

All objec ts  in the IDENTICAL box  
mus t  be ident ical  (if the  box  is not  

empty).  

Objects  of  the  winning type  (which 

is de te rmined  in advance  but  un- 
known) must  form a majori ty among 

non-d i scarded  objec ts  (i.e., among 
objec t s  that  a re  in e i ther  the  UN- 

TESTED or  the IDENTICAL box). 

Evidently, these  condi t ions  are  satis-  
fied in the  initial state.  

When the UNTESTED box  (U for 

short) becomes  empty, the door  is un- 
locked and you are free. (You deserve 
it, for at that  point  all non-discarded ob- 
jects  are identical, so you have found at 
least  one object  of the winning type.) 

What  will  you do after  the rules are  

expla ined? Some observa t ions  are  al- 
mos t  evident.  

First,  if the  IDENTICAL box  (I  for  

short)  is empty  (while U is not), one 

can  safely move one ob jec t  from U to 

I. (The set  of  non-d i scarded  objects  re- 
mains  the  same, so  the  laws  are  not  vi- 

olated.)  
Second, if both  I and U boxes  are not  

empty, one can take one object  from 
each and compare  them, using the de- 

tector. If they have the same type, it is 
safe to put  both  objects  into I; if they 
have different types, it is safe to discard 

both (as we have seen earlier). 

I t  r emains  to po in t  ou t  that  (1) in 
any s i tuat ion one of  these  observa t ions  

can be appl ied  (unless  U is empty);  (2) 
the  number  of  un tes ted  objects  de- 
c reases  at  each  step; (3) the  de tec to r  

is used at  mos t  once at  each step. 
Therefore  the  U box  be c ome s  empty  
af ter  at mos t  N opera t ions  (in fact  

fewer,  because  the  first  opera t ion  does  
no t  involve the  detector) .  (End of  pro-  
grammer ' s  proof.)  

It is easy to transform the program- 
mer 's  story into a short  program (the cu- 

rious reader  may find it on pp. 71-72 of 
my  book Algorithms and Program- 
ming: Problems and Solutions, Birk- 

hauser, 1997). The mathemat ic ian ' s  ar- 
gument,  of  course,  also can be 

t r ans formed  into a program,  but  this  
p rogram is much  more  complicated.  

Looking at  this example ,  one may  
t ry  to in terpre t  the  difference be tween  

mathemat ic ian ' s  and p rogrammer ' s  
viewpoints .  Here is one poss ib le  ex- 
planat ion.  If some p rob l e m P is de- 

composed  into many  s imilar  subprob-  
lems Pt,  �9 �9 �9 Pn all of  which  are trivial, 
the  mathemat ic ian  is in the habi t  of  
consider ing P as  tr ivial  and  may  wri te  
something like, "P~ having been  

proved,  we  may  leave all o ther  Pc as 
exerc ises  for  the pedan t ic  reader."  The 
programmer ,  on the  o the r  hand, knows  
very  well  that  it is her/his  t a sk  to wri te  

p rograms  for all Pi, so even if all these  
p rograms  are  short,  for  a big n (s)he 
has  a lot of  work, and  it would  be bet-  
te r  to find ano ther  solut ion for P that  
does  not  involve many  subproblems.  

Pentangram: Correction 
We rece ived  the fol lowing le t ter  in re- 
sponse  to the  column about  pentan-  

grams: 

I would  like to po in t  out  that  there  

is an  error  in the ar t ic le  abou t  pen- 
t angrams  in the  spr ing 1999 issue  of  
The Mathematical InteUigencer. In 

the 3rd pa ragraph  of  the left-hand 
column of  page 16, the  au thor  s ta tes  
that  for  regular  po lygons  with  7, 9, 

11, 13 or  19 sides, the  rat io  of  the 

chords  and sides is t ranscendenta l .  
This is plainly wrong. The ra t ios  are 
algebraic.  

Gabor  Megyesi  
e-mail: gmegyesi@am.m&umist.ac.uk 

The same er ror  was  also po in ted  out  
by Prof. John Sharp (Watford, England). 

I apologize for  not  f inding this er ror  
earlier.  Clearly, for  any n the n th  roots  
of  uni ty are  a lgebraic  and all ra t ios  

formed from them are  a lgebraic  too. 
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