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B interval, track and local track number

B planar graphs

Interval Graphs

Combining Approaches

General Covering Parameters

Higher-Dimensional Box per Vertex

B boxicity, local and union boxicity

B planar graphs



interval graphs

B interval graphs = intersection graphs of intervals

uv ∈ E(G) ⇐⇒ Iu ∩ Iv 6= ∅

vertex v interval Iv

v ∈ V (G) ⇐⇒ Iv = [av, bv] ⊂ R

B nice graphs because: applications, easy characterization,
recognition, efficient algorithms,
foundation of deep theories, . . .
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generalizing intervals

global

. . . using several intervals

I = {interval graphs}

graphs
G1, G2 /∈ IG1 G2

split into
interval graphs

=

G1

G2

=

∪

∪

t(G) = min{k : k interval graphs suffice}
track number



generalizing intervals
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generalizing intervals

. . . using several intervals

I = {interval graphs}

graphs
G1, G2 /∈ IG1 G2

interval number i(G)

G2

=

∪ ∪ ∪

t`(G) = min{k : every vertex in k interval graphs suffices}
local track number

B arbitrarily many interval graphs

B each vertex in only few of them

track number t(G)
(few intervals) (separated intervals)
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round-up
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round-up

t(G)

(track number)

globallocalfolded

t`(G)i(G)

(interval number) (local track number)

i(G) ≤ t`(G) ≤ t(G)
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computational complexity

Thm. (Jiang 2013)
Deciding t(G) ≤ k is NP-complete for every k ≥ 2.

Thm. (Bläsius-Stumpf-U. 2016+)
Deciding t`(G) ≤ k is NP-complete for every k ≥ 2.

B track number

B local track number

Thm. (Smyos-West 1984)
Deciding i(G) ≤ k is NP-complete for every k ≥ 2.

B interval number

Thm. (Booth-Lueker 1976)
Deciding G ∈ I can be done in linear time.

B interval graphs
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[Gonçalves-Ochem ’09]

4
[Scheinerman-West ’83]

3

[Scheinerman-West ’83]

2 2

?

Que. Maximum i(G) / t`(G) / t(G) if G is planar?



planar graphs

max i(G) max t`(G) max t(G)graph class

planar

planar bipartite

outerplanar

interval
number

local track
number

track
number

[Kostochka-West ’92]

[Scheinerman-West ’83] [Gonçalves ’07]
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planar graphs

max i(G) max t`(G) max t(G)graph class

planar

planar bipartite

outerplanar

interval
number

local track
number

track
number

[Kostochka-West ’92]

[Gonçalves ’07]

[Knauer-U. ’16]

2

3

4

[Gonçalves-Ochem ’09]

4
[Scheinerman-West ’83]

3

[Scheinerman-West ’83]

2 2

?

Que. Maximum i(G) / t`(G) / t(G) if G is planar?

[Knauer-Rollin-U. ’16+]

3

Open Do we have for planar G that t`(G) ≤ 3?
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some proof ideas

Thm. (Knauer-Rollin-U. 2016+)
For every planar graph G we have i(G) ≤ 3.

B induction on #V (G)B w.l.o.g. G is triangulation

decomposition into 3-frames and 4-frames

4-frame

3-frame= induced pathsB

B no chord-connection

B inner triangulated

not allowed
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decomposing a frame

decomposing a 4-frame

B Case 1: there is a chord

→ split into two frames

B Case 2: chordless boundary

→ split into several frames

Case 1

Case 2

3-frame

3-frame

3-frame

(or two 3-frames)



defining intervals

Thm. (Knauer-Rollin-?-U. 2016+)
For every planar graph G we have i(G) ≤ 3.

We proceed along a frame decomposition (induction).

Invariants:

B represented as

B corners
boundary

inner

}
can spend

{
0 intervals
1 interval
3 intervals

B one interval for connection to corners

B one interval for induced path

B one interval for later frame

Proof.



summary

Open Do we have for every planar graph G
that t`(G) ≤ 3?

Thm. (Gonçalves 2007)
For every planar graph G we have t(G) ≤ 4.

Thm. (Knauer-Rollin-U. 2016+)
For every planar graph G we have i(G) ≤ 3.
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generalizing intervals

. . . using higher dimensions

I = {interval graphs}

graphs
G1, G2 /∈ IG1 G2

uv ∈ E(G) ⇐⇒ Bu ∩Bv 6= ∅

vertex v

box Bv

v ∈ V (G) ⇐⇒ Bv = I1
v × · · · × Ikv ⊂ Rk

G2G1

box(G) = min{k : boxes in Rk suffice}
boxicity
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global, local and folded boxicity?

Thm. (Roberts 1969)
box(G) ≤ k if and only if G = I1 ∩ · · · ∩ Ik
for some interval graphs I1, . . . , Ik.

=⇒ box(G) = min{k : Gc union of k cointerval graphs}

=⇒ box(G) = cCg (G
c) where C = {cointerval graphs}

Obs. (Cozzens-Roberts 1983)
G = I1 ∩ · · · ∩ Ik ⇐⇒ Gc = Ic1 ∪ · · · ∪ Ick

Question: What is local and folded boxicity?

box`(G) = cC` (G
c) boxf (G) = cCf (G

c)
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too many

box(G) = cCg (G
c) box`(G) = cC` (G

c) boxf (G) = cCf (G
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B C = {vertex-disjoint unions of cointerval graphs}

box(G) = cCg (G
c) box`(G) = cC` (G

c) boxf (G) = cCf (G
c)

B C = {cointerval graphs}

Prop. (Bläsius-Stumpf-U. 2016+)

box`(G) = box`(G) = boxf (G)

box`(G) ≤ box(G) ≤ box(G)
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geometric interpretations

box(G) = min{k : . . . v ←→ Sv = I1
v × · · · × Ikv ,

boxicity

Def. B = I1 × · · · × Id ⊆ Rd is k-local box
⇔ Ij 6= R for at most k indices j ∈ {1, . . . , d}.

Iiv is interval in R, i ∈ [k]}

box(G) = min{k : . . . v ←→ Sv = B1
v × · · · ×Bk

v ,

union boxicity

Bi
v is 1-local box in Rdi , i ∈ [k]}

box`(G) = min{k : . . . v ←→ Sv = I1
v × · · · × Idv ,

local boxicity

Sv is k-local box in Rd}
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separability

box`(G) ≤ box(G) ≤ box(G)

B For G =M c
n we have

box`(G) = box(G) = 1 and box(G) = n.

· · ·Mn

n

Thm. (Bläsius-Stumpf-U. 2016+)
For G = L(Kn)

c we have
box`(G) = 2 and box(G)→∞ as n→∞.

Proof. M2 /∈ C.

Note: M c
3 is planar!
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combining approaches

interval graphs

more intervals

vertex v ←→ interval

more dimensions

k-local box
vertex ↔

k-dimensional box
vertex ↔ k intervals

more k-local
or k-dim boxes

Thm. (Thomassen 1986)
Every planar graph is 2-folded contact graph
of 2-dimensional boxes.



summary – open problems

Open Do we have for planar G that box`(G) ≤ 2?

Open Do we have for planar G that t`(G) ≤ 3?

B interval number i(G), local track number t`(G),
track number t(G)

B boxicity box(G), union boxicity box(G),
local boxicity box`(G)

B k-folded, k-local, k-global covers
with j-local and j-dimensional boxes

Open Arbitrary separation for every k and j?



summary

H = {nice graphs}
graph G /∈ H question

B = {bipartite graphs}
any cB` (G) = cBg (G)

I = {interval graphs}
any cHg (G) ≤

⌈
∆(G)+1

2

⌉

Kn-minor free cB` (G) ≤ log(n)

{outerplanar graphs}

planar
cHf (G) ≤ 2

cI` (G) ≤ 3

{complete bipartite graphs} any χ(G) ≤ f(cHf (G))

P = {planar graphs} cP` (G) ≤ m χ(G)

(guest graphs)

cHf (G), cH` (G), cHg (G)Kn



summary

cHf (G)cH` (G)cHg (G)

trees

stars

K2

outerplanar

planar

interval graphs

NPC P

class? H

P

PNPC

NPC NPC NPC

bipartite PNPC NPC

NPCNPC

open open open

open

decreasing difficulty?

? closure under
disjoint unions


