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A mathematical modelling has been established in order to predict the weld pool shape 
evolution  in  the  frame  of  stationary  gas  tungsten  arc  welding  experiment.  In  this  
mathematical modelling, the heat flux was modelled with a Gaussian function. This heat 
flux represents the energy generated by the electrical arc and absorbed into the work-
piece. An inverse approach is used for estimating the parameters describing this heat flux 
from the “measured” temperatures. The Gradient Conjugate Method is used for solving 
the inverse problem. An adjoin problem is also solved in order to compute the gradient of 
the  objective  function.  The  aim  of  this  communication  is  to  check  numerically  the 
feasibility of the inverse problem and its robustness to random measurement errors.
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1. Introduction 

Welding  processes  are  widely  employed  in  manufacturing  industries  such  automobiles, 
airplanes, petrochemical plants or again nuclear power stations. These structures require high 
level of safety what means high quality of joint properties (mechanical and microstructure). Few 
manufacturing welding  processes  reach  such level  of  performance  when its  control  is  well  
handled.  Gas  tungsten  arc  welding  (GTAW) is  one  of  the  most  widely employed  welding 
processes that is applied with success for welding of stainless steels and non-ferrous materials.  
In this process, a tungsten electrode is shielded with a flow of either pure inert gas such as argon  
or helium or a mixture of both gases (some nitrogen or hydrogen can be added). The assembly 
of work pieces is obtained through a local fusion due to the heat generated from an electrical 
arc.

The analysis of the physical phenomenon (electromagnetism, fluid flow, heat transfer …) that 
takes place in the process is crucial to understand, for example, weld pool formation [1, 2] as 
well  as  microstructure  changes in  the  thermally  affected base metal  [3]  and residual  stress 
distribution in  the  joint  [4].  The heat  flux absorbed within the  work piece must  be known 
accurately in order to better understand all the mechanical and metallurgical consequences of  
the welding operation. 

In  order  to  perform a  reliable  multi-physics  simulation  of  the  work  piece,  it  is  extremely 
important  to  know  correctly  the  heat  input  absorbed  into  the  work  piece.  Inverse  heat 
conduction problem represents an alternative approach of obtaining the heat flux incoming into 
to the work piece. This present work is also a preliminary study on the heat flux estimation of 
gta welding spot. The main goal of this work is to validate numerically the estimation of the 
unknown  parameters  (gtaw  efficiency  and  heat  flux  distribution)  with  temperature 
measurements.



2. GTAW multiphysic problem
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Figure 1: physical phenomena involved in gta welding [5].

Gtaw operation involves several phenomena: heat transfer, electromagnetism, fluid flow, phase 
transformation, free surface, deformation … these overall phenomena are represented in figure 
1.  The  weld  pool  (molten  metal)  is  driven  through  a  combination  of  forces:  Buoyancy 
(Boussinesq), Lorentz (electromagnetic), Marangoni (surface tension) and Impigning plasma. 
The  fusion of  the  metallic  work  piece  is  due  to  the  high  thermal  energy generated by the 
electrical arc between the electrode tip and work piece surface. There is also some volumetric  
heat generated within the work piece due to the electric current also called Joule effect.

2.1 GTAW assumptions

The following assumptions are made in order to simplify the gtaw model:
• The  study  is  restricted  to  stationary  spot  welding  so  the  problem  is  axi-
symmetric.
• The flow is laminar and incompressible due to the small size of the weld pool.
• The  thermo-physical  properties  of  the  304L  stainless  steel  are  temperature 
dependent as well as the surface tension coefficient.
• The magnetic field is not  considered as the Lorentz force is  known to be a 
minor one for intensities below 200A [1]
• The cylindrical work piece is immobile and it is kept up with four rods in order 
to  limit  any heat  transfer  by conduction.  The  radius  and thickness  are  respectively 

mm40  and mm4 .
• The arc plasma is not modelled as well as the free surface of the weld pool.
Based  on  these  above  assumptions,  the  governing  partial  differential  equations  are 
expressed in the ( )zr,  coordinate system.

2.2 Comparison of numerical results with experimental data



The reader will find the details of the governing equations (heat transfer and fluid flow) in [7] as 
well as the values of the constant used in the simulation except for the thermal conductivity,  
specific heat, mass density and dynamic viscosity are chosen as temperature dependent and their  
evolution are taken from [6].

The  finite  element  software  used  for  this  simulation  is  Elmer  ( 
http://www.csc.fi/english/pages/elmer ). Elmer is a finish Open Source Finite Element Software 
for Multiphysical  Problems developed by the CSC – IT Center for Science.  The mesh was 
realised with Gmsh software (http://geuz.org/gmsh/ ). The mesh consisted of 840 nodes and 
1564 triangle finite elements. The order of the finite element was set to 1 for the temperature  
and the fluid velocity and 0 for the pressure.

Table 1: GTAW experimental conditions

WI~ 150A
WU~ 10.4V

Shielding gas argon Arc length 2mm
Disc thickness 6mm Disc radius 50mm
Electrode type tungsten Electrode diameter 2.4mm

The experimental conditions for the stationary  gtaw are summarized in table 1. The average 
welding  intensity  and  tension  are  respectively  150A  and  10.4V.  The  values  used  in  the 
simulation are the ones measured on the welding generator. Welding intensity and tension are  
simultaneously measured with temperature measurements as well as the top surface evolution of  
the weld pool is recorded with a high speed camera. These data are reported in figure 2 and 3.

Figure 2: comparison between measured and simulated temperatures.

The  temperatures were measured at three different positions on the backside of the stainless 
steel disc. The positions were respectively: 0mm (Tmes 1), 4mm (Tmes 2) and 8mm (Tmes 3).  
The maximum temperature of the disc back side is about 1100°C for sensor 1, see figure 3. On 
the backside of the disc, it can be evaluated that the thermal gradient is about 62.5°C/mm while  
it was about 150°C/mm on the symmetry axis (the weld pool width was estimated to 1.5mm 
from  a  macrograph  not  presented  here).  These  thermal  gradients  are  quite  classic  during 
welding operations. The final radius of the weld pool was about 5.5 mm for a 5.8s arc duration.  

http://geuz.org/gmsh/
http://www.csc.fi/english/pages/elmer


The established gtaw model overestimates the measured temperatures at the three sensors, see  
figure 2, as well as it underestimate the weld pool radius, figure 3.

The comparison between experimental and calculated temperatures and weld pool radius shows 
some  important  discrepancies.  In  this  simulation  gtaw efficiency and  gaussian  radius  were 
evaluated from the literature and they are constant parameters. These two parameters must be  
known accurately as they influence the heat flux distribution. Then, it is proposed to estimate  
these parameters with an inverse heat transfer technique in the next chapter. In addition, the 
gtaw efficiency is supposed to vary with the time in order to capture some transient phenomena  
between the arc plasma and the steel disc.

Figure 3: comparison between measured and simulated weld pool radii.

3. Inverse heat transfer problem (ihtp)

In order to simplify the stated direct problem in the previous chapter, this chapter will deal with  
an inverse heat conduction problem only. Once the basis of this simplified inverse problem is 
made, it will be extended to the thermo-convective gtaw case. The aim of this inverse problem 
is to estimate a time varying gtaw efficiency and a constant gaussian radius parameter.

Energy conservation with no convective transport:
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( ) ( ) ( )
Ione

R
tItUtr

z
T

AB
R
r

b

WW b ×Γ=Φ−=
∂
∂−







−

2

2
1

2

.
2
1,

π
ηλ (3)

( ) ( ) IonTTTTh
n
T

DECDBC ×Γ∪Γ∪Γ−+−=
∂
∂− 4

0
4

0 ε σλ  (4)



Ion
r
T

FAEF ×Γ∪Γ=
∂
∂− 0λ (5)

The initial condition is:
( ) Ω== in   0, 0TtrT (6)

( )tr,Φ  is the heat flux exchanged between the argon arc plasma and the top surface work-
piece. The heat flux distribution is modelled with a Gaussian distribution [7]. WU  and WI  are 
respectively the measured welding tension and intensity, ( )tη  is the gtaw efficiency and BR  is 
the Gaussian radius.

Inverse heat transfer problems are known to be ill posed [8] in contrast to the direct heat transfer 
problems which are well posed. In this latter, the solution exists, the solution is unique and the 
solution is stable to small changes in the input data.

A variety of numerical  techniques have been proposed for the solution of inverse problems  
dealing  with  heat  transfer  problems.  As  examples,  Murio  [9]  developed  the  mollification 
method,  Alifanov [10] with co-workers suggested and developed the iterative regularization 
method.  In  this  approach  an  optimization  problem is  solved,  using  a  method  such  as  the 
conjugate gradient, being the gradient equation determined by an adjoint problem [11]. This 
latter technique is used in this work for the estimation of the time varying gtaw efficiency and 
its gaussian radius distribution. 

3.1 Statement of the inverse heat transfer problem 

The IHTP general formulation is written as [12]:
Find the vector p  which minimizes the cost function ( )pS :
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where  measY  are  the  measured  temperatures  and  iT  the  calculated temperatures  at  point ix , 

Sni ,...,1= .

3.2 Gradient conjugate method with the adjoin and sensitivity problems
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Figure 4: Gradient conjugate algorithm with adjoin problem.



The gradient conjugate algorithm is presented in figure 4. This method requires first to solve the 
mathematical model which describes the investigated process. Then, calculated temperatures are 
compared to measured temperatures on the real process. Then, the objective function as defined 
in (7) is computed. If the objective function is greater then a defined threshold, say 10- 3, the 
iterative process starts in order to estimate the unknown parameters. The unknown parameters  
are:  a time dependent  efficiency:  η(t)  and the gaussian radius distribution: RB.  The iterative 
process consists  in solving the adjoin problem in order to get  the gradient  of  the objective  
function. Hence, the sensitivity problem is solved in the aim to compute the descent depth.  
Once, the gradient and the descent depth are computed, the new set of unknown parameters are 
evaluated. The mathematical problem is solved again with the updated unknown parameters 
until the objective function reaches the predefined threshold or a given number of iterations.

The adjoin and sensitivity problems are quickly defined in the paragraphs below. The reader can 
refer to [12] to understand the details of their computation. Then, the gradient expressions of the  
objective  function  are  also  given  without  any details.  The  reader  can  refer  to  [12]  for  the  
expression of the descent depth.

The adjoin problem:
The adjoin equations are obtained by solving the following minimization problem defined by 
the cost function under the constraint of the heat conduction equation: 
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where a Lagrange function  ( )ztr ;,ψ  is introduced. Adjoin equations are obtained when the 
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 (for a fixed value ( )ztx ;,ψ ). The adjoin equations 

are defined by the equations (9) to (12):
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With the following boundary conditions (16)-(17) and final condition (18):
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The sensitivity problem:
The sensitivity equations are defined as follows:

( ) ( )
α

α δδ
α

ptrTpptrTT ;,;,lim
0

−−=
→

(13)

Where Tδ is the sensitivity function which results of a small variation { }BRp δδ ηδ ,=  of the 
unknown parameters of the heat flux. Applying (13) leads to the sensitivity equations (14) to  
(18):
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Associated to the following boundary conditions and initial condition:
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Gradient expressions:

The gradient of the objective function is deduced from the adjoin function  ( )ztx ;,ψ  when: 
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While the gradient with respect to gaussian radius RB is:
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3.3 Numerical inverse analysis with exact data and noised data

Three cases are investigated here. The goals of this numerical work are double:
− First,  we  verify that  the  inverse  heat  transfer  problem converges  towards  the  exact 

parameters whatever is the initial set of parameters (cases “Exact 1” and “Exact 2”);
− Secondly, we want to evaluate the robustness of the inverse algorithm to some noise 

measurement on the temperature used. Then, a random error is added to the reference 
temperature with a maximum standard deviation ( )tσ  of 5% of the current temperature 
(e.g. ( ) ( )tTt REF×≤ %5σ  so it comes: ( ) ( ) ( )ttTtT REFNOISE σ+=  ).

For  this  numerical  study,  reference  temperatures  are  required  for  solving  the  ihtp.  These 
reference temperatures  have been obtained with a  given values for the gtaw efficiency and  
gaussian radius. The time variation of gtaw efficiency is shown in figure 6 as the red curve. The  
gaussian radius RB was set to 3.2 mm. The duration of the simulation was 5s. For the cases  
“Exact 1” and “Noised”, the parameters were initialized to 0.1 for the efficiency and 10mm for 
RB. For case “Exact 2”, the parameters were initialized to 0.9 for the efficiency and 1mm for RB.

Figure 5 presents the evolution of the three objective functions along the iterative process. The 
two objective functions for cases “exact 1 & 2” decreased monotonously to low values: 25.4 
and 503.1 respectively. The “noised” case decreased for 20 iterations before stabilizing to an 
average  value  of  1.9e4.  This  behaviour  is  classically  observed  with  data  including  noise 
measurement.



Figure 5: evolution of the objective function along the iteration process.

Figure 6: estimated efficiency along the iteration process.

Figures 6 and 7 present the estimated parameters at the final iteration of the ihtp (so the 95 th 

iteration here). For the two exact cases, both the efficiency and gaussian radius are accurately 
estimated. It can be noticed that the efficiency value for the final time is incorrectly estimated  
due to the final condition of the adjoin problem, see equation (12). The efficiency value could 
have been imposed to zero at the final time as experimentally the arc will be switched off. With  
noise measurement,  the efficiency is still estimated but some discrepancies are noticeable in 
comparison to the exact value. The estimated efficiency is still in good agreement with the exact  
one despite  a  noise  measurement.  The gaussian radius  is  very well  estimated  for  the  three  
investigated  cases,  figure  7.  The  noise  measurement  finally  affected  mostly  the  efficiency 
parameter.  This  due  to  the  assumption  done  on  the efficiency parameter:  this  parameter  is  
defined for each step time of the simulation so for a simulation of 5s with a step time of 0.05s, it  



consisted  of  100  parameters  to  estimate  for  the  efficiency.  While  the  gaussian  radius  was 
defined with one parameter for all the simulation.

Figure 7: estimated gaussian radii along the iteration process.

The temperature residuals for the “noised” cases is proposed in figure 8. For the two other 
cases, this results are not relevant as this temperature difference was lower than 2°C. For the  
“noised” case, the temperature difference is large due to the noise added to the reference data.  
Despite,  this  important  noise,  the  gradient  conjugate  method  was robust  and led to  a good 
estimation of the efficiency and gaussian radius parameters.

Figure 8: evolution of the temperature residual with respect to the time.

4 Conclusions

A gtaw modelling  have  been  established  in  a  previous  work  [19].  The  comparison  of  the  
numerical  results  with  the  experimental  data  exhibited  lots  of  discrepancies  between  the 



calculated and measured temperatures on one hand and between the calculated and measured 
weld pool radius on the other hand. Assuming that the gtaw stated modelling was correct, it  
occurred that the heat flux exchanged between the arc plasma and the steel disc was not known 
correctly. The heat flux absorbed by the work piece is supposed to be Gaussian and defined with 
two main parameters: process efficiency and gaussian radius. An inverse heat transfer problem 
is developed in order to estimate  these unknown parameters from “experimental” data.  The 
optimization method used for solving the inverse problem is the gradient conjugate method.

The inverse heat transfer problem was investigated through few numerical cases in order to be  
sure that it gives the right data on one hand and it was robust to noise measurement on the other 
hand.  The  inverse  problem gave  successful  results  with  the  reference  temperature  (without  
noise)  and  it  was  robust  to  the  errors  added  on  measurement  data.  Most  of  the  noise 
measurement affected the estimation of the efficiency. Despite that, the efficiency was correctly 
estimated.

The  inverse  problem established  in  this  communication  was  applied  to  a  heat  conduction 
problem. As said in the first chapters of this communication, the convective transport during 
welding is not negligible. As a consequence, this inverse heat transfer problem will consider  
soon the convective transport in order to give interesting and reliable results.
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