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1 OmnpenesleHnd M HECKOJILKO IIPUMEPOB IIpHMe-
HEeHUuM

B 3700t riase Mbl JaiuM ONpeeIeHre IKCIaHAepoB (pacmupsionmx rpados) u
MPUBEEM HECKOJIBKO UJIIIOCTPAHINI MCIIOIH30BAHNS TAKUX rpadoB.

Ounpegaesnienune. Isynonbusiii rpad G = (L, R, E) (L u R — nesas u npa-
Bas oy rpados, E — MHOXKeCTBO pébep) HasbiBaercs (m, m, d)-3KCIaHIepoM
(pacmupsitomum rpadom), ecau |L| = n, |R| = m, crenenb Bcex BepIIKMH B JIEBOM
nose L paBHA d, ¥ BBIIOJHAIOTCS CJAEIYIONINE CBONCTBA PACUIUPEHUA:

(1) Ans moboro muoxecrsa S C L, |S| < m MHOKECTBO coceeil (cocenu
S nexxar B R) nocrarouno semmko: [I'(S)| > £d|S|.

(2) Jna moboro muokecTBa S C L, Takoro uto |S| < &, MHOMXKeCTBO coceseit
HeMHOro GoJibIne camoro Muoxkecrsa S, a umenno, [I'(S)| > 3|S|.

Takum 006pa3oM, SKCHAHIAEP PACIIAPSIET MAJble MHOXKECTBA W3 L TOdITH B d
pa3, 8 OTHOCHUTEIHLHO OOJIBIITHE MHOXKECTBA — XOTs ObI HA HEOOIBITYO 10/110. He
cJelyer BOCIPUHUMATH TO ONPEAesIeHHe JOMMATHYECKH: B MPUIOKEHUSIX MO-
2KeT ObITh MOJIE3HO PACCMOTPETH IKCIIAHAED, B KOTOPOM KOHCTAHTBI OTJIUIHBL OT
1/(1000d), 7/8 u 9/8. Mbl BbIOpa/i TaKKe 3HAYEHUS [IAPAMETPOB, KOTOPBIE 1103~
BOJISIIOT JIETKO [TOKA3aTh TEOPEMY CYIIECTBOBAHUS W MOKA3aTh HECKOJIBKO MPU-
MEpOB IIPUMEHEHNH.

Teopema. Cy1iecTByoT Takue ng, dg TakKue, 9TO IJisT IJId BCEX 1 > ng, d >
domm > %n cyuiecrByer (n,m, d)-3KCuaniep.

Hoka3zaresbcTBo: Boibepem rpad ciydaiiHo. 910 3HAYUT, YTO I KAXK-
JI0i1 BepIIUHBL B L MBI CIy4aifHO U He3aBUCUMO BbiOupaeM d coceneli B R (Takum
00pa3oM, pa3penaloTcs napaJuieibabie péopa). IlokakeMm, 4o ¢ GOJIBLIION Be-
POSITHOCTHIO TaKOi Tpad OKA3BIBAETCS IKCIAHIEPOM.
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m
ST

rje CyMMHUPOBAHHE MPOUCXOAUT 1O Beem MHOkectBam S C L pasmepa ue Gosee
n/(1000d) n no Bcem muO)KecTBaM T C R pas3mepa (7/8)d|S|. OuennmM naunyio

l3amucKy CKOMIHIIPOBAHE U3 MATEPHAJIOB JEeKIHUil, IPOYNTAHHEIX Ha MexMare MI'Y u B
Computer Science Club Caukr-Ilerepbypra sBecmoit 2009 r.



CyMMY CBepXy:
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MebI yTBep:KIaeM, 9To JaHHash cymMma He mpesocxout 1/10. Yrobbl mokasarh
3TO, MBI OLICHUM 3Ty CYMMY CBE€PXY I'€OMETPUYIECKOI MPOTrpecCruei Co 3HaMEHa-
resiem 1/20. Takum 06pa3oM, HaAM HY?KHO MOKA3aTh, YTO JJIs KasKI0rO § [POU3-
BeJIeHHEe B KBa/JPATHBIX CKOOKax B (1) He mpeBocxoaut 1/20:
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(ocsieiHee HEPABEHCTBO UMEET MECTO Jijisd A0cTarodHo 6osbuiux d). O6pamaem
BHUMAHUE: Mbl MCIIOJIb30BaJIU ycjioBue m > 3n/4.
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(3mech MBI CyMMEpYeM MO BceM MHOxKectBam S C L makum, [uro |S| < n/2 n
T C R raxnm, aro |T| = 2|S|). Mbr onenny (2) ceepxy:
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YTob6bI MOAYyYIUTH IOCTETHEE HEPABEHCTBO, MBI OIEHHBAaeM cyMmy (3) reomer-
y ) yMMy

pudecKoit mporpeccueit. /Ig 3Toro 10CTaTovHO JOKa3aTh PABHOMEPHYIO OIEHKY

Ha BbIparKeHNe B KBAJIPATHBIX CKOOKAX:

d d—2
(ne/s) - (me/(95/8) - (9—f) <o(). (932/ /lf) —0(1) (3/4)% < 1/20

(31€Ch MBI CHOBA UCIIOIB30BaJM, 9TO m > 3/4n). Teopema j0oKka3aHa.
JInreparypa: [HLW].



IlepBblii npuMep IPpUMEHEHHUsS SKCIAHIEPOB: KOAbI, NCIPABJILILE
onmbKu.

ITokazkem, Kak C MOMOIIBIO PACIIAPSIONIEro rpada MOCTOPUTH JTUHEHHDIH
KO/I, HO3BOJIAIONMI NCIPAB/IATH OmKOKU B Jose 6 = 1/(2000d) 6uros. Urobbr
3aJaTh JIMHEHHBIA KOO C AJIMHON KOHJOBOIO CJIOBA 71, JOCTATOYHO OIMUCATH €ro
nposepounyto mMarpuny H (ciaoso x € {0,1}"™ sBistercst KOJOBBIM CJIOBOM €CJIN
u roabko eciu Hzx! = 0). JIpyruMu cjioBamMu, HY>KHO 3aJIaTh CUCTEMY JIMHEH-
HBIX YPABHEHHUH /1T TIEPEMEHHDBIX I1,...,Ty,; PEIIEHUs ITOH CHCTEMBI U OyIyT
KOZOBBbIMHU CJIOBAMH.

Badukcupyem nekoropsiii (n,3n/4, d)-skcnangep G. ComocraBuM nepeMeH-
HBIE T1,...,ZL, BEPIIUHAM B JIeBO# mose rpada. Beprumaam u3 mpasoit mosun
Oy/IyT COOTBETCTBOBATHL YpABHEHUs. A MMEHHO, KarKJ0i BepIInHe v U3 TPaBoit
o G MbI COMOCTABIISIEM YPABHEHUE

Ziy + ...+ xi, =0 (mod 2),

TJ€ Tj,...,&;, — ITO CIIUCOK BEPINNH, COETNHEHHBIX PEOpaMu C v.

Yucso ypausennii paBHo 3n/4, Tak 9TO pa3MEpHOCTh MPOCTPAHCTBA pellie-
HUil He MeHbIle n/4. DTO 3HAYNUT, YTO B HAIIIEM KOJe OyJeT He MeHee on/4 KOJIO-
BbIX CJIOB.

Ocraércs noKa3arb, YTO JAHHBIA KO, AefCTBUTE/IbHO UCIPAB/ISeT OLIUOKH.
JL71st 3TOrO HY?KHO MIPOBEPHUTH, ITO PACCTOSHUAE MEXKIY JTIOOBIMUA KOJOBBIMH CJIO-
BaMu He MoKeT ObITh MeHbIIe n/(1000d) (Ha camMoM fese Jyist PACCTOSTHUS 3TO-
'O KOJa MOXKHO JOKAa3aTh 60ﬂee CI/IJIbHyIO OL[eHKy; HO MBI OTPaHUYIHUMCA CaMbIM
IPOCTBIM paccyKenuem). st iuHeiHOro Koja Hy?KHOE HaM yCJIOBUE SKBUBA-
JIECHTHO TOMY, 9TO B KazKJIOM HEHYJIEBOM KOJIOBOM CJIOBE TOJIZKHO 6BITI) HE MeHee
n/(1000d) enunumn.

ITpeano0KuM MPOTUBHOE: MYCTh €CTh KOJOBOE CJIOBO X1 . . . Ly, (PEIleHue cu-
CTeMbI JIMHEHHBIX ypaBHeHuii, coorsercTByomux rpady G), B KOTOPOM MeHee
n/(1000d) egmann,. O603HaUNM S MHOXKECTBO BEDIIUH W3 JEBOit 10y rpada, co-
OTBETCTBYIOIINX eIUHAIIAM B JaHHON OUTOBOI rTocemoBaTebHOCTH. IIocKOMBKY
|S] < n/(1000d), MOKHO IPUMEHUTH IIEPBOE CBOWCTBO IKCIIAHAEPA: IUCIIO COCE-
zeit S 10CTaTOYHO BEJIMKO

r(s)| > 1251
8
N3 S eexomur posro d|S| Bepruun. IlogcunraeM cpeinee (o BCeM BepIIMHAM
v € T'(9)) uucno pebep, koropoe npuxoauT u3 S B v. OUEBUIHO, STO YUCIO HE
[IPEBOCXOIAT
d|S]
7d|S|/8

DTO 3HAYWUT, UTO XOTsI OBl Y OJHON BEPINUHBI U W3 MPABON I0JIM €CTh POBHO
odun cocen u3 S. Ho B TakoMm ciiydyae ypaBHeHHE, COOTBETCTBYIOIIEE U, HE Bbl-
LOJIHEHAECTCS HA HADOPE T . . . Tp. SHAYUT, HAOODP GuTOB ¢ Meree deMm 1/ (1000d)
eIMHUIIAMY HE MOXKET OBbITh KOJOBBIM CJIOBOM.

=8/7<2



Jlj1s1 TaHHOTO KOJIa UMeeTCsl OBICTPBIN aJIFOPUTM eKOoaupoBanus. [lycTs man
Habop 6uToB y = (Y1,-.-,Yn), KOTOPBIA OTIMYIAETCA OT OT HEKOTOPOI'O CJIOBA,
x = (x1,...,Ty) MeHee 4eM B n/2000d 6uroB. Mbl MOKeM HalTH T ClIeyIo-
muM obpazom. IlapasmrenbHo A Kaxkaoro 6uta ¢ = 1,..., M HOCIMTAEM UHC-
JIO DABHBIX €JIMHULE KOHTPOJIbHBIX CyMM (PaBEHCTB, 33aBAEMbIX [IPOBEPOYHOMN
MaTpHUIeii), B KOTOPBIE TOT OUT BXOAUT (€C/IM BCE KOHTPOJBHBIE CYyMMbI DABHDI
HYJIIO, TO HAOOp OUTOB SABJIAETCS KOJOBBIM CJIOBOM); €CJIM TO YHCJIO GOJILIIE
d/2, mensiem panHbiil 6GuT Ha HPOTUBONOJIOKHBIA. [ToBrOpsiem sty mpouesypy
KOPPEKIUH, MOKa BCE KOHTPOJIbHBIE CYMMbI HE OOHYJISTCS.

[TokaxkeMm, 9TO HA KaxKJIOM IIare OMUCAHHON MPONEIyPbl XIMMUHOIOBCKOE
PACCTOSTHUE MEXKIY KOIOBBIM CJIOBOM I W JEKOJUPYEMBIM CJIOBOM ¥ YMEHBIIA~
erca B (1) pa3. Takum obpasom, gepes O(logn) urepanuii Bce omubku OymyT
UCIPABJICHBI (T.€. Y COBIAIET C T, U JIEKOAUPOBAHUE OyJeT 3aKOHYEHO).

Hust npocrorer obo3nadenuii pacemorpmu caydail = (0,...,0). Mbr upes-
[OJIaraeM, 4To YKUCIIO eJuHul B BeKTope y He npesocxoaut 1n/2000d. Ham nyxHO
MOKA3aTh, YTO HA KaXKJOM Iare OMUCAHHOW MPOINEIypPhl YUCIO eIUHUIL Oyaer
YMEHBIIATHCA He MeHee, YeM B KOHCTaHTy pa3. IlycTh S — MHOXKECTBO HOMeE-
POB OHTOB ¥, B KOTOPBIX CTOSAT €IUHUIIBL; TTPEICTABUM S B BUIE 00bEIUHEHUS:
S = S5pUS1, rae B Sy — 03Uy, KOTOpble OOHYJIATC Ha CAeAyoIeM mare; S —
MO3UIMK, B KOTOPBIX COXpaHATCH eauHuipbl. Hakorer, o60o3naunm T MHOKECTBO
HOMEPOB TeX MO3UIK, B KOTOPBIX B HAYAJIE CTOSIM HYJIH, & [TOCJIe TPUMEHEHU S
MpOIEAYPhl KOPPEKIMY BO3HUKJIA eauHuIa. Harra 3a1a4da moka3arh, 94To

|S1]+ 17| < ¢|S]

U1l HEKOTOPOI KOHCTaHThI ¢ < 1 (He 3aBucslieil Hu OT 1, HU OT pasmepa S).

Cuauasia nokazxewm, aro T’ cogepxkur menee |S|/2 sepiuun. IIpennosnoxum
npoTUBHOE; BhIOEpeM u3 T poeno |S|/2 Bepmun m HA30BEM 3TO MHOXKeCTBO 17,
Ipumenum xk S U T CBOUCTBO pacuinpeHus IKCIAHIEPA!

7 d
US|+ Tl <ID(S U T < dIS| + 5IT"]

(BTOpOE HEPABEHCTBO CJIEIYET U3 TOrO, 9TO Y KAasKO# BEPIIUHBI S MOXKeT ObITh He
GoJiee d pasIMUHBIX coceieil, a y Kaxk ol Bepmuubl T — ue Gosee d/2 cocezeit
HE ABAMOUUTCH NPYU dmom cocedamu S). CpaBHUBAS JIEBYIO U IIPABYIO YaCTU
HepaBeHCTBa, moaygaem |T'| < |S|/3, aro mpoTuBOpeYnT HameMy MPEANOIOKe-
HUIO.

Haustee, pazobbeM coceeil (13 mpasoii qosm rpada) Bepiiu S Ha 1B KIacca:
MHOKeCTBO U, y KOTOPBIX UMEETCs POBHO IO OJHOMY COCENy B S, U MHOYKECTBO
V', y KoTtopbie ecTb X0Ts Ob1 ABa cocena B S. [locunraem yucio pédep mexay S
u U UV aByms crocobamu: Kak 9uciao pédep, BBIXOIAMIMUX U3 S, U KaK YUCIIO
pébep, Boxomsiux u3 U u V B S:

d|S| > U] +2|V|

(B KaxKIy10 BepiuHy V BXOmuT HE MeHee AByX pébep u3 S). Takum obpaszom,



[V| < (d|S] — |U]|)/2 IlpumensieMm K S CBOHCTBO 9KCHIAHIEPA.:

7 d|S U
Lajs) < i)l < o+ v < 48011
8 2 2
Cnenoarenbho, |U| > %d|5|. Pasywmeercs, ancio pébep, Beaymmux n3 S B U,
TOXKE HE MEHbIIe %d|S |. Takum obpasom, uucso pébep uz S B V ne Gosbiue
1d|S|.

SamernM, 4TO He MeHee IIOJIOBUHBI COCeleil KarXKA0i BEPIIMHLI U3 S jexKar
B V. CremoBarennbHoO,

d 1
S1811 < 1B(S1, V)| < 7dIS),

u |S1] < 3|S|. Takum oGpaszom,
151+ |T] < (1/2+1/3)[S]

T.e. YUCJO0 ‘OMIHOOYHBIX’ OUTOB ¥ MOCTE ONMEPAI KOPPEKIINKA YMEHBIITAETCS 110
Kpaiireii Mmepe B 5/6 pa3sa.

ITo3nmaee Mbl BepHEMCS K 33/a9e O KOIaX, NCIPABIAIONINX OMMUOKNA, U pac-
cmoTpuM OoJiee CIOKHYI0 1 3DHEKTUBHYIO KOHCTPYKITHIO KO/, TOPOXK TAEMOTO
SKCIIAHIEPOM.

OTMeTI/IM, 9TO OJId MTPAKTUYECKOro MpUMEHEeHUdA HaM B JTaHHOM CJIy4dae HYZK-
Ha A6HAA KOHCTPYKIHUSA 3KCIAHAEPa — HAM HEOOXOIUM aJrOPUTM, KOTOPLIA MO
3aJaHHOMY N1 32 Bpems poly(n) crpour (n,3n/4, d)-skcnanzep.

Jlureparypa: [HLW]J.

Bropoit npuMmep npuMeHeHUs SKCHAHAEPOB: yBeJUYEeHUE BepOSIT-
HOCTH ycIieXa B aJITOPUTMAaxX C JATYUKOM CIyYallHBIX YUCEJI.

Onpegenenne 93bik [ mpuUHAMIEKUAT CIOKHOCTHOMY Kiaccy RP, eciu
CYLIECTBYET TOJUHOMHUAJIBHBIN airopuT™M A Takoil 4ro

1. ara x € L s seex r € {0, 1}POY() Az, r) =1

2. s o ¢ L ne 6omee gem s 1/2000 seex r € {0, 1}POY(™) yoxker sbimos-
usarbes Az, r) =1

ITokazkem, aTo A5 a1000r0 € > 0 MOJTUHOMHUAILHBIA BEPOSTHOCTHBIA aJIrO-
puT™M A MOXKHO MOIUMUIITPOBATH TAKUM 00Pa30M, YTOOBI BEPOATHOCTH OITHOKH
YMEHBIIUIACH JI0 €, & YUCJIO UCIOIb3YEMbIX CJIy9IafiHbIX OUTOB HE U3MEHUTCS.

ITycrs ucxonubiit asropurm wucnouabdyer k = k(n) caydaiinbix 6uToB s
BbIMUC/IeHHT Ha BXOMAax jyuHbl 0. 3aduxcupyem (2% 2% d)-skcnangep G, e
d > 1/¢. HoBBbIil ajqroput™ IeficTByeT CIeAYIOmuM 00pa30M: BBIOMPAETCs CIIy-
vaiiHas BEpUIMHA v U3 JIeBoil moiu rpada (s sroro Tpebyercs k CaydaiiHbIx
OUTOB); 3aTEM MCXOIHBIH aJrOpuT™M A MOC/IEI0BATEIHLHO 3alyCKAETCs Ha BCeX d
Habopax CIydafiHbIX OMTOB, COOTBETCTBYIOIINX COCEISM BepIuHBI v. Ecin Bce



IOJTyYeHHbIE OTBETHI DABHBI 1, HOBBI aJICOPUTM TaKKe BO3BPAIAET eIMHUILY; B
[IPOTHBHOM CJIydae BO3BPAIIAETCS HOJIb.

ITokazkem, 9T0 y HOBOIO AJATOPHTMAa BEPOATHOCTH OMIMOKU HE IIPEBOCXOIHAT
1/d. B camom psiesie, 0603uauum B = B(x) MHOXKECTBO TaKMX BEPUIMH W U3 [Pa-
BOii o/ rpada, KOTOpbIe COOTBETCTBYIOT HEBEPHOMY OTBETY CTAPro AJITOPATMA
Ha BXOJIE x; aHAJOIWYIHO, 0603HaunM S = S() MHOXKECTBO TAKWX BEPIINNH U U3
JieBoit 1om rpada, KOTOpbIe st KOTOPBIX HOBBIH AJIrOPUTM JTAET HEBEPHBIH OT-
Ber Ha Bxoze x. O4eBHIHO, S COCTOUT U3 BEPILIHH, BCE COCEAN KOTOPBIX JIEXKAT
B B.

IIpenunonoxum, 4yro S conepxutr ne menee n/(1000d) sepiuun. Boibepem cpe-
i HEX poBHO n/(1000d) Beprmu n HazoBéM 310 MHOXKecTBO S’. Ilo cBOiicTBY
9KCIaHepa, TMeeM

IT(S")| > gd = 7n,/8000 > n,/2000

n
- 1000d
9TO NPOTUBOPEYNT TOMY, 9TO BCe cocenm S’ nexar B B.

B namnrOM crryuae HaM HyKHA A6HaA B 60JIee CUIBHOM (€M B IEPBOM IIPAMe-
pe) CMBICTe KOHCTPYKIMS IKCHanaepa. Pasmep rpada sKCIOHEHITUATIHO PACTET
¢ yBeqIm4YeHeM k, W HaM HEOOXOIWM aJTOPHTM, KOTOPBIH MO 3aJaHHOMY HOMEPY
BepIuHbL v (13 J1eBoil 1o rpada) 3a Bpems poly (k) HAXOAUT CIUCOK HOMEPOB
BCeX cocejieii 9Toil BepiuHbl (B mpaBoil gose rpada,).

Jlureparypa: [HLW]J.

Tperuii npuMep IpUMeHEeHUS SKCHAHAEPOB: XpaHeHNE MHOYKeCTBa
CO CBepXOBICTPBIM 3allPOCOM 3JIE€MEHTOB.

MBI opraHusyeM XpaHeHHe m-3jeMeHTHoro MHoxkecrBa S C {1,...,n} B
Buze onucanus X, cocrosmero uz O(mlogn) 6uros. IIpu 31oM nposepka npu-
HaJIEX)KHOCTH @ € S OyJer MpOu3BOAUTHCS UPE3BBIYANHO OBICTPO. A HMEHHO,
MBI TIOCTPOMM TaKO# BEPOSATHOCTHBIN AJTOPUTM, KOTOPBIH MO JIOOOMY BXOIY ¢
sanparmmBaer u3 X ogun (sic!) 6ur; eciu 5TOT GUT OKA3BIBAETCS PABHBIM €/IUHMY-
11e, TO AJICOPUTM OTBEYAeT, YTO @ SBJISAETCS dJIeMeHTOM S; B IPOTHBHOM CJIydae
aJICOPUTM POBOPHT, UTO @ MHOXKECTBY He MPUHAJICKUT. [Ipr 3TOM JIJTsT KarKI0T0
a €{1,...,n} anroput™ ommbaeTca ¢ BEPOATHOCTHIO He Gosee 1/3.

YTo6bI MOCTONTH HYXKHOE HAM XpaHuauiie X, Mbl CHadaaa 3apUKCHPYyeM
HEKOTPBIH IKCMaHIep, Y KOTOPOro JieBast 1075 L COCTOUT U3 n BEPINNH, MpaBas
R u3z k = O(mlogn) BepiiuH, CTENEHb BCEX BEPIIMH JIEBON 0IM OAUHAKOBA U
paBHA HEKOTOpPOMY d, u mjisa kaxkaoro A C L pa3mepa e bosee 2m

P(A) > Ldlal

X Oyaer cocTodTh B pa3MeTKe BEpIIUH IPABON JOJIU HyJISAMU U eAUHUATIAMA. DTy
Pa3MeTKy HYKHO BBIOPATh TAaKUM 0OpPa30M, 9TOOBI ¥ KarXKIO0W BepIIUHBL 3 S He
Menee 2/3 coceeil ObLIM TOMEUEHBI €UHUIEH, & Y KaXKIO0H BEPUIMHBI He U3 S
He MeHee 2/3 coceieii ObUTH TTOMEYEHBI HYJISIMU.



BepogaTHOCTHBIM aJrOpUTM I TPOBEPKH a € S paboTaeT OYeBUIHBIM 00-
pa3oM: BbIOUpaercs ciaydaiiHas BepmmHa u3 ['(a) ¥ 3ampalmmBaeTcs NOMeTKa
JIaHHOM BepiuuHbl (B npaBoil gose rpada).

Ocraérest 00bICHUTD, KAK TOCTPOUTH HYXKHYIO HAM Pa3MeTKy MPABOH I0JIH
rpada. Bygem crpours €€ nocnenoBaresbabiMu npubankenusymu. Cradaa mo-
METHM BCEX COCe/Ieil BCeX BEpIINH U3 S eIUHUIIAMU, a BCE OCTAJIbHBIE BEPITHHBI
— maynamu. Ha narmroil pa3zmMeTke HAIT aJTOPUTM C BEPOSITHOCTHIO 1 BO3BpaIiaeT
MpaBWIbHBINA OTBET 1Jist Beex a € S. OaHaKko s a He u3 S NPOBEPOSHBII AJIro-
purMm Moxker paborarb HepepHo. O603HauUM T MHOXKECTBO BCEX TAKUX BEPIITUH
BHe S, y Koropbix 6osee d/3 cocexeit nomedennl eaununeii. [lomensem pazmer-
Ky: moMeruMm Bcex cocemeit T myném. Temepb pa3merka MOXKET CTaTh ILIOXOM
s gactu BepmuH u3 S. O603raunM S’ MHOKECTBO BCEX TAKWX BEPITAH U3 S, y
KOTODBIX Gostee d/3 coceneil momedeHbl HyasMu. Jlaee, MOMEHsieM Da3MeTKy y
Beex coceneit S’ Ha equaunpl. [Tocte 5TOro MOKeT BHOBb BOSHUKHYTh MHOYKECTBO
‘HEMPABUJIBHBIX BEPIIUH BHE S, U T.JI.

Yr00BI M10KA3aTh, 9TO JAHHBIN MPOIECC B KOHIE KOHIIOB COUIETCS, HYKHO
MOKa3aTh, YTO HA KAXKJOM Iare YUCJIO ‘TPOOJEMHBIX’ BEPIIUH YMEHbBIITAETCS
B KOHCTAHTY pa3. [loCKOJIbKY BCe mard aHaJOTMYHbBI, TOCTATOYHO DPA300paTh
caMblIil IepBbIit: JoKaxkeM, 9T0 T B KOHCTAHTY pa3 MeHbIIe, 4eM S.

Mbr Bocnonib3yemest TeM, 910 iiist S U T BBIIOJHEHO CBOMCTBO PACIIUPEHMUSI:

(7/8)d(|S|+ |T]) < |IT(SUT)| <d|S|+ (2/3)d|T)|

Orkyna momydaem |T'| < 3/5|5|.
Ynpaostcnenue: DKCIAHAED C KAKUMU TapaMeTpaMy HAM HYKeH B JAHHOM
KOHCTPpYyKUun?

Jlureparypa: [BMRV].

2 AJrebpamyeckue 3KCIaHIEPHI.

Haureit 3amadeit apstercst IOCTPOEHME ‘IBHOM KOHCTPYKIMH SKCITAHIePOB. MbI
OrPAHUYUMCS IKCIIAHIEPAMU CIIENIAAIHLHOTO BUIA. BO-11epBbIX, MbI OymeMm pac-
CMaTpUBATh 00HOPOOHBIE SKCIIAHIEPHI, T.€. TAKHE I'PAdBbI, Y KOTOPHIX YUCJIO BEp-
IITUH B JIEBOI ¥ MpaBoil /10J1e COBMaaa0. Bo-BTOphIX, Oymem TpeboBaTh, 9TO0OBI
rpad ObLT CUMMETPUYEH. DTO 3HAUUT, UTO BEPITUHBI rpada B JeBOi u mpaBoit
ONIAX MOXKHO 3aHYMEPOBATh TaKUM 00pa3oMm, 4To ecau B rpade ectb pedpo,
COEJIMHATONIEE -yI0 BEPIIMHY W3 JIEBOM JIOJIM C j-Oif BEPIIMHON W3 IpaBoii, TO
JIOJKHO OBITH U CUMMETPHYHOe eMmy PeOpo, Beiylinee u3 j-0if BEPUIMHBI JIEBOM
JIOJTU B ¢-y1O0 BEPIIUHY TPABOM.

J11s OTHOPOIHBIX U CHMMETPUYHBIX IKCIAHIEPOB IBYI0bHAS KOHCTPYKITUS
rpada MpeacTaBIsgeTcs W3JIUITHAM yCI0KeHeHrneM. B caMoM fesie, Mbl MOYKEM
‘CKJIENTh’ COOTBETCTBYIOIINE BEPIIUHBI JIEBOH U MpaBoit mosu rpada. Ilpu srom
Mbl [IOJIyYUM HEOPUEHTUPOBAHHBIA rpad ¢ n BepimHamu crenenu d (U3 KaxK 10l
BEPIIKUHBL BBIXOAUT d PEGEP; 101y CKAIOTCs KpaTHbie pébpa u neriu). Takoii rpad
OTIICHIBAETCA Mampuyel cmescHocmu A, B KOTOPOH a;; paBHO YHCIy pEdep,



COEIMHSIONINX BEPIIUHBI ¢ U j. JTa MATPHUIA CUMMETPUYIHA; CyMMa 9HUCET B
JII000it €€ CTpOKe MIn CTOJIOIE paBHa d.
Pazauunsie cBoiicTBa rpada yao0HO OMUCHIBATD B TEPMUHAX ITOH MATPHUITHI:

e (i,7)-it anement marpunsr AF ecTh umcno myTeit ammHBL k, maymmx u3
BEPIIWHBI ¢ B BEPIIUHY j;

® €CJIM pa3/eauTh MaTpuily A Ha d, TO TOJYyYUTCsS MATPUIA, Y KOTOPOH CyM-
Ma JIf000# CTPOKH 1 JII000ro CcToIONA paBHa 1. Y MHOXKEHUE HA, 3TY MATPHUILY
OIKCHIBAET CIIydaifHoe Oy KTaHue: eClid P — BEKTOP-CTOJIOEI, COCTOANTI
73 BEPOSITHOCTEH, OMUCHIBAIOIINX PACIIPEIEIEHUE [T0 BEPITUHAM B KAKON-TO
MOMeHT, TO (Ap) — pacupee/ieHue 9epe3 OIUH IIar CJIyIaiHoro 6y a-
Hust (MbI BHIOUpAEM CIIydaifHyIO BEPINUHY COTJIACHO PACIPEIEICHUI0 P U
epexo/iuM K eé cocelly, BbibpaB cirydaiiHo oquo u3 d pébep).

IMocnearee HAOIIOAEHE TOKA3BIBAET, YTO CIydaiiHOe OIyKIaHne mo rpady
(43 TeKyIeil BepIIUHBI Mbl PABHOBEPOSTHO IEPEXOIUM [0 OZHOMY U3 pebep B
JPYIyIo, U Tak Jajee) CBA3aHO cO creneHamu Marpuibl A/d: gem Gimxe tu
CTelleHU K MaTPHIE PABHOMEDHOIO liepeMelnuBaHus (B KOTOPOH BCE 3JeMeH-
Thl paBHbL 1/m), Tem GoJjiee PABHOMEDHO DACIIPEJENIEH PE3YJIbTaT CJLydaiiHOro
Onyxmanus. V3ydarb CTeneHr MaTpPUIIBI €CTECTBEHHO B COOCTBEHHOM O0a3wCe.
BamMerrmM, 9TO B TEPMHUHAX COOCTBEHHBIX YHCEN MATPUIBI A yI00HO BBIpaskaTh
HEKOTOpbIE KOMOMHATOPHLIE cBolicTBa rpada. CuemaeM HECKOILKO IIPOCTHIX Ha-
OJIIOICHUIA:

e MarpunEa A cMMMETpUYHA U TOTOMY MMEET OPTOTOHAJILHBIN COOCTBEHHBIH
0a3uc HaJI BEIECTBEHHBIM ITOJIEM, C BEIECTBEHHBIMIA COOCTBEHHBIMHU 3Ha-
YeHUSIMU;

® 1I0CKOJIbKY CyMMa BCEX YHMCeJl B KaxK10i cTpoke paBua d, Bekrop (1,1,...,1)
(cooTBeTCTByOIMHUi CTONGET) ABIACTCA COOCTBEHHBIM BEKTOPOM W HUMEET
coOCTBEHHOE 3HadeHune d;

e BCe COOCTBEHHBIE 3HAYEHUS HE MMPEBOCXOAAT d IO MOJYJIIO: TIOCKOJIBKY CyM-
MBI 9JIEMEHTOB BO BCEX CTPOKAX MATPHUIILI PABHBI d, TO MAKCUMYM MOJIYJIei
CODCTBEHHOTO BEKTOPA IPU YMHOXKEHNN Ha A yBeudauBaercs He DoJiee deM
B d pas;

e eciu rpad COCTOMT U3 HECKOJbKUX KOMIOHEHT CBI3HOCTH, TO HMEETCs
HECKOJIbKO COOCTBEHHBIX BEKTOPOB € COOCTBEHHBIM 3HadenueM d (1 Bep-
[IMH OJJHUX KOMIIOHEHTAX CBA3HOCTU GEPEM €IUHHUIBL, JJI IPYIUX HYJIH);

e HAMPOTHUB, eciau rpad CBA3eH, TO COOCTBEHHBIN BEKTOP CO 3HAYEHWEM d
€IMHCTBEHHBIN: BO3bMEM MAKCHUMAJIBHYIO MO MOJIYJIO KOODIHMHATY TOTO
BekTOpa (BepuimHy rpada), OHa PABHA CPEJIHEMY [0 COCEIAM, U MOTOMY
BO BCEX COCEJIAX JIOJIZKHO OBIThH TO K€ 3HAYEHUE; TO K€ BEPHO JJis coceeit
cocelieli, u T.1.;



® IJIs ABYIOJIBHOTO rpada nMeercs COOCTBEHHbBIH BEKTOP CO 3HAYEHUEM —d:
HaJ0 B OJHOI J[0Jie B3sITh €IWHUIIBI, & B APYTOil MUHYC €IWHUIIBI;

® ec/iu UMeeTCs COOCTBEHHBIN BEKTOP CO 3HaUYeHneM —d, TO Tpad UMeeT IBy-
JIOJIbHYIO CBS3HYIO KOMIIOHEHTY (BO3bMEM MAKCUMAJIBHYIO 110 MOJYJIO KO-
Op/IMHATY, B €6 coceIax OyIeT TO Ke YUCI0 ¢ MPOTUBOMOJJOKHBIM 3HAKOM,
U TaK JaJjiee: CBA3HAs KOMIIOHEHTA ITON BEPUIMHBI JIEJIUTCHA HA JIBE J0JIN).

Jlureparypa: [AB, HLW].

I‘eOMeTpI/I‘IecKI/Ie cBolicTBa aﬂreﬁpanquKoro JKCIIaHAepa

Onpegenenne. Perynspusrii rpad cremenu d ¢ 1 BEPITHHAMY, ¥ KOTOPOTO
BCE COOCTBEHHBIE YHCJIa KPOME OJTHOTO 110 A0COTIOTHON BeIMYNHE He ITPEBOCXOAT
ad, 6yaem Ha3biBaTh asrebpandeckum (1, d, )-9KCIAHIEPOM.

JlamHoe ompesesieHre ONpPaBIaHO, TOCKOJIbKY OIEHKH HA COOCTBEHHBIE HC-
JIa BJAEKYT 3a cobOi KOMOMHATOPHBIE CBOiCTBA rpada, B TO mim uHON (gopme
O3HAYAIONINE “XOPOoIIee MepeMeITnBaHne’,

ITycrs rpad G umeer n BepiwH, crenedb d ¥ BTOPOE MO aOCOTIOTHON Ber-
quHe COOCTBEHHOE Yncyio ad. mMeeT MeCTo Caeayrolee yTBEPK ICHUA:

JIemMma o nepemernuBanum [expander mixing lemma] Ilycts A u B —
Ipou3BOJIbHbIE (BO3MOXKHO, [IEPECEKAIONIecs) MHOKecTBa Bepiiud rpada. To-
raa aucio |E(A, B)| pebep, Beaymux u3 A B B ya0BIeTBOPseT TAKON OLEHKE:

d-|Al-|B
a,) - TAE < oo 1A

Hoka3zaresbcrBo: O6o3HaunMm 1 4 1 1 p XapakeTpucTuIecKue BEKTOPbl MHO-
xkecrB A u B (i-asg KOOpAMHATA COOTBECTBYIOIIEIO BEKTOPA PABEH eIUHULE, €C-
Ju i-ad BepiuHa rpada npuHa exxur A wiu B cOOTBETCTBEHHO; B IPOTUBHOM
Cllydae 3HaYEHHe KOOPJAUHATHI PABHO HYJIIO).

IIycts eq,..., €, — OPTOHOPMUPOBAHHBIN COOCTBEHHBII Oa3uc MaTpuibl M
3a/IAHHOTO YKCIAHAEPA, & A1, ..., A\, — COOTBETCTBYIOIINE COOCTBEHHBIE YUCIA.
Mpbr cauTaTh, 9TO COOCTBEHHBIE YHUC/Ia YIOPSIIOUEHDI 10 YOBIBAHUSA aOCOTIOTHOI
BEJINYUHBIL:

Al > [A2] >0 > A

IIpu sTom

ai =d,u|\| < adpaai> 1. Paznoxum BeKTopsl 14 u 1p 110 cobeTBEHHOMY
6azuca: 14 =Y a;e;, 1g = > be;. Eciu M — marpuna rpada, to

|E(A, B)| = 1AM13 = (Xn: az(i?)M(zn: bzez)

=1



Buiaennm mepBEIil 9IeH 3TOi CyMMBI:

Al 1Bl | v
|E(A,B)| =d— - -—=+ A;a;b;
Jn n ;

Takum obpasom,

d-|A|-|B - -
54, By - LHALIBL S o) < adl S il < adl1alla 11511 = ad-/TATB]
n 1=2 1=1

" JiIieMMa JOKa3aHa.

Teopema o pébepuoMm paciuupenun. Ilycrs rpad G umeer n Bepiiu,
crenedb d W BTOpoe cobcTBeHHOe umcyio ad. Torna mjsa maoboro MHOXKecTBa A
u3 He 6oJiee yeM 7/2 IEMEHTOB HE MeHee %Vﬂ pébep BenyT BoBHE A.

Joka3zaresibcTBo: Bropoe cobcTBeHHOE YnCI0 MATPUIlhl rpada M MOXKHO

BBIYUC/IUTH KaK MaKCUMYM OTHOIIEHUA

|f*M ]|
nls

[0 BCEM BEKTOPAM C HYJIEBOH CyMMOH KOODAMHAT (T.€. MAKCHMYM TIO BCEM BEK-
TOpaM M3 OPTOrOHAJLHOIO JOIOJHEHUS K IIEPBOMY COOCTBEHHOMY BEKTOPY €1 =
(1,1,...,1)). g 10Ka3aTebCTBA TEOPEMbI HAM HYKHO POBEPUTH, YTO MAK-
CHMyM 3TOro OoTHOIIeHusi He MeHbine d — 2h,(G), rae h,(G) — koabdunment
pEOEPHOTO PaACITUPEHUST:

: |E(A,A)|
Iy —_
(@) Acv,n|l,14r|lgn/2 |A|

ITycrs A ecrb MmHOxkecTBO Bepiuun rpada (pasmepa ve 6osee n/2). O6o3nadnm
14 u 1z XxapakTepucruyecKue BeKTOPbI CAaMOI0 MHOXKECTBA A 1 ero JIONOIHEeHU .
Paccymorpum BekTOp

f=1A114 — |Al14
CyMMa, KOOPJIMHAT KOTOPOTO paBHa Hy/i0. Ero HOpMa
1117 = 1A - |A] + |A]” - |A| = |A] - |A] - n

Harmee,

FIMf=2|E(AA)| - |A]? +2|B(A, A)| - |[AP —2|E(A, A)| - |A] - |4]
Herpyaso mocunrarh, 9TO JAHHOE BBHIPAYKEHUE PABHO

dn| Al - |A] — |E(A, A)[n?

CunieroBarenbho, Bropoe cobcrsennoe ancio M He MoKeT ObITh MEHbBIIe

dn|Al- |A| - [E(A, A)ln? _ - nlBE(AA)] - 2IE(A, A)]

n| AJlA| [AllA] |A]
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U TeopeMa JI0Ka3aHa.
Caencrsue: Iuamverp Beakoro (n, d, «)-sxcnangepa pasen O(logn)
Joka3saTesbcTBo: 3amernm, 4T0 y MHOXKectBa A C V' pasmepa ne 6osee

1/2 NOJKHO ObITH HE MEHee (15—0‘)|A| cocezieil (IIOCKOIbKY B KasKIyI0 U3 COCEI-

HUX BEDIIMH MOXKET BXOAuTb He Oosiee d pébep u3 A).

Ilycrb x u y — aBe BepIuHbI 9KCIaHaepa. PaccMorpuM ‘mrapbl’ ¢ IEHTPaMU B
9TUX TOYKAX, T.€. MHOXKECTBA BEPIIUH rpada, yIaJEHHbIE OT L U i COOTBTECTBEH-
HO Ha paccrosiHue He Gosiee 7. IToKa 3TH IIAPHI CONEPIKAT MeHee 1/2 BEpIIWH,
KayKJI0€ YBEJIMYCHUN PAIUYCa I Ha €IUHUILY YBEJUYUBAET YUCIO TOYEK B IMa-
pax ne menee yeM B (1 — «)/2 pa3. Caenosaresnbno, npu r = O(logn) pasmepbt
LIAPOB [PEBLICAT 1/2, U OHU [EPECEKYTCs.

OrMeruM, 9TO BEPXHSIS YUCJIO (¢ OIPenensder KOHCTAHTY B O-60JIbIIoM.

Teopema. s 1106010 d B d-perynspHbix rpadax ¢ n BEPITMHAMEA BTOPOE
M0 aOCOJTIOTHON BETUYINHE COOCTBEHHOE YHC/IO OTPAHUYEHO CHU3Y: A > 2v/d — 1—
o(1) npu n — oo.

HokasarenbcTrBo: O6o3naunm A(G) Bropoe 1o abCoIIOTHOE BeIHYUHE CO0-
crBenHoe uucio d-perynaspuoro rpada G. Hrober Berauciaurs A(G), paccmor-
pum crenedb rpada (l-as crenens rpada G ecTb rpad ¢ TEM Ke MHOKECTBOM
BepIIuH; pefpamMu Ke CTAHOBATCA My TH JJIMHbBI | B ucxoaHoM rpade). Marpuna
[-oit cremenn rpada ecThb [-asd CTeneHb MaTPUITLI KCXOIHOrO rpada; COOCTBEHHDIE
YUCIIA [IPU ITOM TOXKE BO3BOIATCHA B [-YIO CTEIEHb.

Mpbr paccMOTpUM HEKOTOpPYIO 4éTHyio cremeHb rpada [ = 2k. Hamomuaunwm,
YTO JJIs1 OIEHKN BTOPOTO COOCTBEHHOTO 3HAYMEHNE CUMMETPHYHON MATPUIIBI, Ha-
JI0 OTPAHUYUTH COOTBETCTBYIOIMIYIO i KBIPATHIHYI0 (POPMY HA OPTOTOHATIHLHOE
JIONOJIHEHUE K TIEPBOMY cOOCTBeHHOMY BeKTOpy € = (1,...,1) u B34Th €8 Mak-
CHMYyM Ha eIUHUIHOM Iape. TakuMm obpa3om,

ftMQkf
[ £12

IJTst JTI000TO BEKTOpa f C Hy/IeBOi cymMmoit koopauuat. B kadectse f Mbr Gepém
BEKTOP BHUIa

)\(G)2k — )\(sz)) >

f=1(0,0,...,0,1,0,...,0,—1,0,...)

Y 3T0Oro BeKTOpa POBHO JIBE HEHYyJIEeBble KOODAUHATHI (i-as U j-as). Bepruuubl ¢
U j MBI BBIOMPAEM TaK, YTOOBI PACCTOSHUE MEXKy HUMHU OBLIO MAKCHMAJIbHBIM
BO3MOXKHBIM (T.e., paBHO auamerpy rpada G).

s BEIOpAHHOTO BEKTOPA f mMeeMm

fEM?® f = [aucno (2k)-yreit u3 i B i+ [aucao (2k)-myTeit u3 j B j]—[uncao (2k)-myTeit u3 i B j]

diameter(G)—1 .
Temeps BHIOUpaeM k = LMJ, MOCKOJIBKY PACCTOSTHAE MEXKIY 1 U J
Goubiie 2k, aucio (2k)-myreit u3 i B j pasHo Hys0. OCTaéTcs ONEHUTH YUCIIO
LIMKJIOB C HAYaJlaMK ¥ KOHUAMH B ¢ U B j. MbI oleHuM 4mciio nukJ/oB B rpade G

CHU3Y 4Y€pe3 4YUCJIO LUKJIOB B Jepese creneHu d (Takue LUKJIbL COOTBETCTBYIOT
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mukjaM B G, KOTOpbIe MOXKHO “CTAHYTH” B BepluHy 10 pédbpam rpada). Takum
obpa3zom,

A2F > guena myTeil JuHBL 2k ¢ HAYAJIOM M KOHIIOM B KOPHE B depese cmeneny d

A 4upc/Io HMKIIOB B pery/isspHOM JAepeBe PaBHO
22k
- poly(k)

eiictBurensHO, 2k pédep NMuK/A B IEPEBE NEISATCH HA IMard, Ha KOTOPBIX MbI
yJAaJIsieMCsi OT KOPHs, U IIard, Ha, KOTOPBIX MbI MPUOJIMKAEMC K KOPHIO; KaXK-
JbLil pa3, KOIJa Mbl yaaJaseMcs OT KOPHsi, Mbl BbiOupaeM oo pebpo u3 (d—1);
9HCJIO CITOCODOB Pa3aeanuTh 2k MIaroB Ha AT, HAa KOTOPBIX MbI IPHOJIMKAEMCST
K KODHIO, U IIArd, Ha KOTOPbIX MbI YIAJIAEMCs OT KOPHs (YUC/IO MPaBUIbHBIX
CKOBOUYHBIX CTPYKTYp) pasHO uuciay Karamana. Takum oGpasom,

Ch
E+1

[k-oe amcio Karananal - (d — 1)* = (d—1)k (d—1)*

1 1/2k
N> ovdT1 (7)
poly (k)

Ocraércsa 3aMerurhb, uro k (nuamerp rpada, JIeJIeHHbIH MonojaM) CTPEMATCS K
OECKOHEYHOCTH TP POCTE UUC/Ia, BEPIIUH rpada n.

Jlureparypa: [HLW, AS].

Anrebpanyeckue sKcHaHIepbhl: CyIIECTBOBaHUE

MpbI XOTHM [T0KA3aTh, 9TO OBIBAIOT Tpadbl, ¥ KOTOPHIX BTOPOE IO aDCOTIOTHOM
BemYInHe COOCTBEHHOE YUCJI0 MAJIO IO CPpaBHEHHUIO ¢ d. MbI mOKaxKeM, 9TO Ipu
OIPEEIEBHHOM COOTHOIIEHUH MEXK/Ly 9UCIOM BEPIIUH U YUCJIOM PEGEp mouru Bee
oaHOpOAHbIe rpadbl (IPU HEKOTOPOM PACHPEAEIEHUN BEPOATHOCTEl) 00J1a1a10T
TaKUM CBOICTBOM.

Omnuriem pacpezienienue BepostHocreil. Bynaem cuurarh, 910 n (4UCiIo Bep-
mmn) yérno. Torma Ha n BepuMHAX CyIecTBYIOT rpadbl crenenn 1 (BepiiuHb
pa3buBaorcs Ha Iapbl, coeauHéHubie pebpom). Byaem cuurarb Bce Takue ma-
pocodeTanusi pAaBHOBEPOSITHBIMU U CKJIAJBIBATH d CIIy9aliHO BBIOPAHHBIX IDa-
dos crenenn 1 (mpu 3TOM MbI yUHUTHIBAEM KPATHOCTH MapaJLIEIbHBIX DEGEp,
eC/I TAKOBbIE BOZHUKHYT). [To/yunM HEKOTOPOE paCIpeieieHue BepOATHOCTEM
Ha rpadax cTernenn d ¢ n BePIINHAMH.

Mpbr ob6o3HagaeM COOCTBEHHBIE YUCIA, IOy IeHHOTO rpada \; u cauTaeM, 9ro

d=|\|> o > .. > Al

Bropoe cobcrBenHOe 9uco Ao OyieMm oreHnBaTh Tak. [Ipu BO3BEIEHUN MATPHUITHI
B cTeneHb (Mbl BBIOEPEM JIECATYIO CTEIEeHb) BCe CODCTBEHHBIE YUC/Ia BO3BOIATCS
B Ty K€ CTENEeHb W CJIEJl MATPUIIHI CTAHET PABHBIM

MO+ A0+ + A
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IlepBoe ciaaraemoe pasuo d'¥; ecim 171 KakoH-TO MATPHITHI BCA CyMMa OJIM3Ka
k d'°, To Bce ocTaibHBIE CAAraeMbl MAJbl. A CyIIECTBOBAHEE TAKOH MATPHITHI
BydeT JOKA3aHO, ec/li MBI yOeuMes 9To cpedtee 3nadenue ciena marpuipt A0
(korya A BLIGHpaeTcs CIydaifHO OMMCAHHBIM BBIIIE criocobom) 6m3ko K d'P.

Cnen, A pasen cymMme IuaroHaabHBIX 3JIEMEHTOB, IIOITOMY €r0 CpejHee
3HAYEHNE PABHO CPEJHEMY 3HAYEHHWIO OJHOTO 3JIEMEHTa, YMHOXKEHHOMY Ha n.
A cpenmee 3HaUeHWE OHOTO SJEMEHTA PABHO CPEIHEMY YHCIYy MyTed ITHHBI
10, HAYMHAOIIKUXCS U KOHYAIOIIUXCS B JAHHOW BepimuHe. Tak 9TO HAM HAJO
JOKa3aTh, 9TO CPeHee 9UC/I0 TaKuX myTeil 9yTh 6ombite d'0/n.

Iloacuér ymobHO MHTENpeTupOBaTh B TEPMUHAX BeposTHOCTeil. Bymem cuam-

TaTh, 9TO MOMUMO d mapocoderanuii Py, ..., P; (Kakm0e u3 KOTOPBIX BHIOUPA-
ercd He3aBHCHMO, HpI/ILIéM BCe HapOCOLIeTa,HI/IH paBHOBepOHTHbI) MbI OTJEJIBHO
(u mezaBucumo) BoiOuUpaem 10 yucen w = (w1,...,wip) or 1 g0 d. Iocse sroro

mbl (1yist pukcupoBaHHOli BepuuHbl rpada) crpouM Iy Th JymHbl 10, BbIXO/Is-
it u3 sroil Bepinnbl. Ha nepsom miare on uaér Biosb napocoderanus B,
Ha BTOpOM — BJI0sb P,,, 1 Tak jajiee. Hac mHTEpecyeT BeposiTHOCTH TOTO, YTO
mocsie 10 maroB Mbl BEPHEMCS B HUCXOAHYIO TOYKY: HYXKHO JIOKA3aTh, 9TO OHA,
pasra 1/n(1 4 o(1)).

ITomensiem TOPsIIOK yCpeIHEHNUsI: €CIU YCPEAHATh CHAYAIIA [0 BBIOOPY w;, TO
noJTy9aercs 9ucao nerens auabt 10 (nenémnoe ma d'¥), Koropoe 3aTeM MOXKHO
ycpenausTh 1m0 BeiOopy P;. Mbl ke omeHuBaeM B IPYroM MOPSIKE: CHAYAIA JJTsT
JTAaHHOTO HADOPA w; MBI YCPEIHSIEM TI0 BCeM rpadam, U JIUIIb TOTOM YCPETHIEM
mo HAbOpaM.

Bce Habops! Wy, . . ., w10 AEAATCI HA TPH KATETOPHUU:

® IapaHTUPOBAHHO NPUBOSIINE B UCXOAHYIO TOUKY (HE3ABUCUMO OT BbIOODA
P,;); 6oJiee TOYHO, K 3TOM KATErOpUU OTHOCATCS HAGOPHI, B KOTOPBIE TIOC/IE
COKPAIIEHUH TIOAPSA/] UAYIIUX PABHBIX YHCEJ HUYEr0 HE OCTAETCH;

e HAOOPBI, COCTOSAIIUE U3 IECATU PAHBIX UUCE.

e HAOOPBI, KOTOPHIE COKPAIIAIOTCS HE MOJHOCTHIO, HO B KOTOPBIX HPHUCYT-
CTBYIOT DaBHble 4uCJIa (Mbl UAEM HECKOJBLKO Pa3 110 OJHOMY U TOMY XK€
[APOCOYETAHUIO, HO HE 0DA3ATEIbHO MOAPSL).

g KakK0ro TUIA MbI OIMEHUBAEM KOJIMYECTBO TAKMX HAOOPOB, a TaKXKe
(1151 KaxKI0ro Habopa) BEPOSATHOCTb 3aAMKHYTOIO Iy TH [IPH CJLy4ailHOM BbIbOpe
IapocoYeTaHuu.

e Kommuecrso mabopos mepsoro tuma e npesocxonut O(d®). B camom me-
Je, ectb HeKoropoe (durcupoBanuoe, rak Kak 4ucio 10 durcupoBaHo)
9HCJIO CITOCODOB COKPAIEHHUsI, W IJI KayKI0r0 CIIoCoDa mMeeTcs He bojee
d® crocobos ero peammzanun (MATH COKpaAIAONAXCS Map). BeposaTHocTs
3aMKHYTOT'O MyTH paBHA 1.

e HaGopbi 6e3 moBTOpEHMt COCTABIAIOT GONBITUHCTBO (IPH JOCTATOIHO 6OJIb-
mux d) u3 obmero uncaa d'’, u BEPOATHOCTb 3AMKHYTBHCA Ha MOCIEIHEM
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mare (nmpu a060M BBHIGOPE MPEABIIYIMX MAPOCOUETAHMUI, & OTOMY U B
nesom) ectb 1/(n — 1) =1/n(1 4 o(1)). (Mbl mosb3yemMcst JUITH TEM, Y4TO
HoCJIeiHee 9UCa0 B HAOOpe PaHee He BCTPedasioch.)

e Kommdectso nabopos Broporo tuma ecth O(d?), rie koncranTa B O-0603HaMeHIN
COOTBETCTBYET YUCJIYy BO3MOXKHBIX ITAp MO3UNMIL, IJIe MPOUCXOJAT COBIIA-
nenue (to ects 10 - 9/2).

JlokazkeM, 9TO BEPOSTHOCTH BEPHYTHCS B MCXOAHYIO TOUKY JJIs TaKOTO
unabopa ecrb O(1/n). Pa3obpéM 3T0 cOObITHE HA CIydad B 3aBUCHMOCTH
OT TOro, KOI/ia IyThb B IIE€PBbBIA Pa3 BO3BPAINAETCS B yXKe IIPOHIEHHYIO
BEPIIIHY 1 TOrO, KAKOH 3Ta BepuinHa Obuia o caéry. Cirydaes cHOBa Oyzer
He 6ouibiie 10-9/2, Tak 4TO AOCTATOYHO PACCMOTPETh BEPOATHOCTD OJHOIO
"3 HUX.

B MomeHT mepej HA3HAYEHHBIM BO3BPAIIEHUEM B yIKe MPOMJIEHHYIO BEp-
IMUHY yKe (PUKCUPOBAHBI HEKOTOPbBIE PEOpa HEKOTOPHIX MapPOCOYETAHUN
(Te, 9TO UCHOJIB30BAHBI B IIyTH), a Ceayiomee pedpo (0 KOTOPOMY MbI
JIOJKHBI IIOIIACTh B y2Ke IIOCENIEHHYIO BepliKHy) eué He (BUKCUPOBAHO.
[TosTomy muist ero konma ocraérca ne menee n — 10 BApUAHTOB, U BepoO-
ATHOCTH BbIOpaTh onun u3 Hux He 6osbiie 1/(n — 10) = O(1/n). (FoBopsa
dopmabHO, MBI pa30uBaeM COOBITHE HA YACTH, COOTBETCTBYIOIINE UCIIOIh-
30BAHHBIM JI0 TIOCJIEIHETO MTAra Mepe] BO3BPAIlleHreM pédpaM, U B KarK I0H
YACTU OLIEHUBAEM YCJIOBHYIO BEPOSTHOCTD. )

Octasoch cIoKUTE Bce BepodaTHOCTH. Ilomyaaem

0(%) -1+o(é> -O<%>+1-%(1+0(1)).

Eciu n ~ d*, 10 nociequuii 4ien OCHOBHOIL, U IIOTOMY CpejiHee 3HAYCHHE CIIeIa
ecTb

n-dv- %(1 +0(1)) = d*°(1 + o(1).

CreoBaTeIbHO, CYIIECTBYIOT U JaxKe 00Pa3yIOT OOJIBITHHCTBO IPpadbl, ¥ KOTO-
PBIX CJIef, JeCATO CTemeHn MATPHIbI 630K K d'° 1 HoTOMY BCe COOCTBEHHDBIE
gucsa (kpome nepsoro) cyrb o(d). Takum obpasom, JjokazaHa
Teopema. Ilycts v > 0 — mpousBosbHOe wucao. Torma Ajs TOCTATOTHO
fonbmux d cymecTByeT Tpad ¢ n = d* BepmuHaMHu cTemeHu d, y KOTOPOTO BCe
COOCTBEHHBIE YHCJIa, KPOME MEPBOTrO d, HE TIPEBOCXOAAT Yd IO MOIYJIIO.
VnpaxkeHenne. JJokazknuTe aHAJOTHYHOE YTBEPKICHAE s N = d°.

Y.qumenne OII€HKHN

Hasiee Mbl OKazKeM, KaK y/Ay4IIUTh OIEHKY U JI0OKa3aTh CyIIECTBOBAHME d-
peryaapupix rpados co BropeiM cobersennpiv umcaom O(d?/*) (Bmecro yxe
nokazanuoro o(d)). Upes paccy:KaeHusi OCTAETCA MPUMEPHO TOi Ke, TOJIbKO
MbI pacCMaTpUBaeM He (PUKCUPOBAHHYIO ([IECATY0) CTeneHb rpada, a IpaBuib-
HO TIONOOPAHHYIO MEPEMEHHYIO CTENeHb. YI00HO TaKyKe HEMHOTO M3MEHHTDH HC-
HOJIb3yeMOe paciIpesiesieane Ha rpadax.
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Kaxk1oit mepecraHoBKe T Ha MHOYKECTBE M3 1 BEPIIUH COOTBETCTBYET Tpad
cTernenu 2, B KOTOPOM IPOBEIEHbI pébpa —7 () 1y Beex x. JIpyrumu croBaMu,
aeMenTbl Ay r(p) U CUMMETPHYHbIC MM paBHbl 1; ecim ke 7(x) = x, TO Ha
Juaronaiu crour 2 (aBe nersin).

Coswmerias d rakux rpados, nmonydaem rpad cremnenu 2d. Boibupas d me-
PECTAHOBOK CJIy9aifHO M HE3aBUCHUMO, MOJIyYaeM HEKOTOPOE PACIpPEIe/IeHne Ha
rpadax cremenu 2d, KOTOpOe u OyAeM HCIIOIH30BATh B OKA3ATEIHCTBE.

Mbr Gyaem oneHumBarh cpepnee 3Hadenue caena AP aaa marpumer A coy-
YaiiHo BbIOpaHHOro rpada npu noaxozsiiieM k, Koropoe noadepém mnoszxe. (Hér-
Hasl CTEIeHb HYKHA, 9TO0bI CTEleHU COOCTBEHHBIX YUCEI ObLIN 0JIOXKUTEIIbHbL. )
VY106HO OAeUTh MaTPUILy Ha 2d, 9TOOBI TEPBOE COOCTBEHHOE YHCJIO CTAJIO PaB-
HbIM enuuume. [locMOTpeB Ha, CJIE, MOJIyYaeM OIEHKY Ha BTOPOE COOCTBEHHOE

YUCIIO A:
14+ (\/2d)%* < tr[(A/2d)%*]

Takum obpaszom, HAIO TOKA3ATH CYIIIECTBOBaHNE rpada, IIe MpaBasd IacThb MaJa.
g 3T0ro Mbl, KaK ¥ paHbllle, OIEHUBAEM CBEPXY CpelHee 3HAUeHUe IIPaBON
JaCTH.

MaremaTuueckoe OXKUIAHUE CJIEIa PABHO CyMME MaTEMATUIECKUX OXKUIA-
HUil JUMArOHAJIBHBIX 3JEMEHTOB. BCe OHM OJMHAKOBBI, IOITOMY IIPABAA YaCTh
PaBHA 7, YMHOKEHHOMY Ha BEPOSATHOCTH BEPHYThCsl U3 JIAHHON TOYKH B ce0s 110-
ciie k caydaifHbIX aros mo cjaydaifaoMy (B onucaHHoM cMbicie) rpady. Takum
00pa3oM, Ha10 (KaK ¥ PaHbIIE) MOKA3aTh, YTO 3T BEPOITHOCTD JIUIIL HEMHOIO
npeBocxoauT 1/n.

BeposTHOCTHOE IPOCTPAHCTBO ABJIAETCS IPOU3BEIEHUEM JIBYX HE3ABHCUMBIX
BeIOOPOB. MbI BBIOHpaeM ciydaiinoe cioBO AanHbI 2k B andasure u3 2d OyKB
Tlyee oy Tay Ty yeeoy Tyt OTAEABHO MBI BhIGHPAEM d HE3ABUCHMBIX TIEDECTAHO-
BOK 71, ...,Tq MHOXKECTBa u3 n 3j1eMeHTOB. Hac mMHTEpecyer Takoe COObITHE:
Ha9YMHAsA ¢ (PUKCHPOBAHHONW BEPIIMHBI W MPUMEHSAS BHIOPAHHBIE MEPECTAHOBKH
(u/uiu obparHbie) B BEIOPAHHOM [OPSIJIKE, Mbl BO3BPAILAEMCS B UCXOIHYIO BEP-
HIMHY.

OneHum 3Ty BEPOSTHOCTH CHAYAA JJIsl KAXKJ0rO CJI0BA OTAEIBHO, & MOTOM
YCPEIHUM O BCEM CJIOBAM. 3aMETHM, U4TO CPEJU CJIOB €CTh TAKUE, OT KOTOPBIX
[OCJIE COKPAITIEHNs] HAYErO He OCTAETCA; JIJIs TAKUX CJIOB MHTEPECYI0IIasd HaC Be-
posATHOCTH paBHa 1. Jlpyras cutyarus: ecu mocie COKPAIIEHs OCTAETCS CJIOBO,
B KOTOPO€ HUKaKas OYKBa 7; HE BXOJUT JBAXK/IbI, TO BEPOATHOCTH pasHa 1/m:
Ha [OCJEIHEeM LIare YCJOBHAs BEPOSTHOCTb BEPHYTbCA B Ha4aso (mpu Ji0boM
pa3BUTUU COOBITUII HA MPEIBbIIYIIUX [Iarax) paBHa 1/n, Tak Kak IIPeabLIy e
[Iary HUKAK HE OrPAHUYUBAIOT TIOC/IEIHION mepecTanoBky. Emg npumep: eciu
[OCJIE COKPAIIEHUsI OCTAETCsl CJIOBO 7171, TO BEPOATHOCTH BEPHYTHCSA B UCXO-
HyI0 TOYKy paBHa 1/n 4+ 1/(n — 1): BEpOATHOCTb BEPHYTbLCs: Ha [EPBOM LIAre
pasua 1/n (1 rTorma 310 HpoOM30HAET U BO BTOPOil Pa3); ecju Ke Ha [HepBOM
nrare Mbl IMOIAJIU B APYTYIO TOYKY, TO HA BTOPOM IIAre 3HAYEHNE B ITOH HOBOI
TOYKe MOKET ObITh JTI0OBIM 13 1 — 1 BapuaHTOB (KpoMe Heé caMmoil).

Mpr yBrauM, 9TO JJIst GOJIBIMUHCTBA, CJIOB BEPOSTHOCTh BEPHYTHCSA OIM3Ka,
K 1/n, u noromy eé cpenuee 3nadenue Toxe Oyzer 6su3ko K 1/n. Dro 60sb-
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[TMHCTBO 00Pa3yoT pezyaaphbie CIoBa. UTOOBI ONpENeNnTh, OYIeT JIH CIOBO
PEryJIsIpHBIM, MIPEJICTaBUM cebe ero HAIMCAHHBIM [0 KPYT'y U COKPATUM (B TOM
4KCIe B TOYKE KOHTAKTa Hadasa U KOHUA). Eciau ocranercs Hemycroe CJioBO,
He sIBJIAIONIEECs] CTEIeHbI0 (He UMEIOILee NePUO/Ia, MEHBIIEro JJIMHbL IUKJIA), TO
HCXOHOE CJTOBO Oy/IeM Ha3bIBATh peryrsapHbiM. HeperyasapHbie cIoBa, TAKUM 00-
pa30M, Tocjie coKpaienuii umetor Bug X Y:X ! rne Y — HecokpaTHMOE CIIOBO
(4 MOTOMY ¥ IMKJINYIECKU HECOKPATUMOE).

Jlemma 1. Jlons meperynapabix cios we 6ombme O(k%(2/d)F).

HokazaresbcTBo jeMMbl 1. B HeperymsspHoM cioBe 6yKBBI BXOJAT KAK MU-
HuMyM TrapaMu (6yKBbI X mapHBI K 6yKBaM X 1, a GyKBBEI B Y BXOIAT B i > 2
komusax). [Tosromy Bmecro (2d)?F papuanTtos nonyuaerca b (2d)* sapuan-
TOB, U eI§ HAJ0 YMHOXKHUTH HA YUCIO CXEM CIAPUBAHUS, KOTOPBIX He 6oJiee
K222k,

IMoyemy? Byznem cokpaimarTh CJIOBO JjIMHBL 2k clieBa HampaBo (m06aBiisem
ouepenHyio OyKBY M COKpaLaeM €€ ¢ mpeblayIieii, eciu cokparnaercs). Cxemy
COKpAIEHUsI 3aMUIIeM CAMBOJIMYECKH: ecyid H0baBIeHHas OyKBa BIIOCIEICTBUN
COKPATHUTCs, n300pazxkaeM e€ JIeBO# CKODKOif, a Ty, ¢ KOTOPO# OHA COKPATHUT-
cs1, MpaBoii. ByKBbI, KOTOpPbIE TAK U HE COKPATATCS. U300pa3UM 3BE3JOUYKAMHU.
YrBepxaenue (He Cpa3y 0U4eBHUIHOE): 9Ta, CXEMa, BOCCTAHABIUBAETCS, €CJIN 3HATD,
[JIe CTOSAT JIEBble CKOOKHM. A MMEHHO, OYepesHON CHMBOJI, HE SIBJISIONIMHCS Jie-
BOIl CKOOKO#i, OKA3bIBAETCA 3BE3IOYKON, €CIM K MOMEHTY €ro IOABJIEHUS BCE
JIeBbIe CKOOKHU 3aKPbITbI; €CIIU K€ eCTh HE3aKPBITHIE JIEBbIE CKODKU, TO OY€pe/i-
HOIl cuMBOJT OyIer mpaBoii CKOOKOM, MapHO# K mocaenneir u3 nux. Hampumep,
“(7((?777(?7” omHo3HaUHO pekoHcTpyupyercs Kak ¢ () () )*x*x () *". K kaxaoii
3 He Gomee gem 22F Taxwx mocaemoBaTeILHOCTEIT OCTAETCSA YKA3aTh AT ITAHY
cioB X u uucio Y, kaxjoe ue 6onee O(k). Jlemma 1 joxka3ana.

JlemMma 2. Iy 11060r0 perysisipHOro caoBa P BeposSTHOCTH TOrO, 9TO 33/1a-
Baemoe P npeobpazoBanue oCraBJiser JaHHYIO TOUKY Ha Mecre (i CIIyYaiHbIxX
NepecTaHoBOK 71, ..., T4), He mpesbimaer 1/(n — 2k) + O(k*/n?).

JokasaresibcTBO jieMMbl 2. Ham Oyer ya1o6HO pe/icTaBisaTh cebe BeposiT-
HOCTHBIII ITPOIIECC CIEAYIOMUM 00pPa30M: BMECTO TOTO, YTOOBI BHIOMPATH CIIyYaii-
HbIE IEPECTAHOBKHU 3apaHee, Oy/IeM ONPEeIesiTh UX MOCTEIEHHO 110 MePe YTeHUs
cnoBa P, ocraBisisi He (DUKCHUPOBAHHBIMEU T€ YACTH MEPECTAHOBOK 71, ..., T,
KOTOpbIE TIOKA HE MOHAJA00UIUCH. B KaXKIplit MOMEHT 3TOr0 MPOLECC I KaXkK-
JI0# MepecTaHOBKHU T; y’Ke OIpe/esiéHHas YacTh MPEJICTABIAET cOD0il OHEKITNIo
MEXK/Iy JBYMs TIOJMHOMKECTBAMI MHOXKECTBA, BEPIITHH; KOT/Ia MbI MEPEXOINM K
caenyiomeil OyKBe, MOXKET OKa3aThCsl, 9TO OYepeHOe PeOPO yKe OIpPEeIeIeHO
UMEIOLIEHCs YaCThIO IEPECTAHOBOK (68biHyotcdentbill X0/1), a MOXKET OKa3arbCs,
4r0 Her (c60600Hbl x0m). B nociennem ciydae Mbl J0OOMpEIEssieM Hy KHYTO [e-
PECTaHOBKY, COEMHSA BEPIIUHY (PABHOBEPOSITHO) CO BCEMU OCTABIIMMUCS KAH-
JTATATAMH.

Hawm 6yzer ynob6Ha Takas TEpMUHOJIOTHUS: cogénadenue TPONCXOIUT, KOTIa Ha,
CBODOTHOM XOJly MBI TIONAJAEM B y2Ke MPOMIEHHYIO BEPIIUHY. 3aMETHUM, 9TO
HepBoe OMa/IaHue B yXKe POIIEHHYI0 BEPIIUHY Beeraa Oyuer coBuajenueM (B
[PeJIBLIYIY IO BEPIIUHY MbI [OMAJH BIEPBbIE, U IOTOMY U3 He8 BCe XOJbI OyIyT
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CBOOOTHBIMU, KPOME BO3BPATHOI'O, KOTOPBIN HEBO3MOKEH, TaK KaK P Hecokpa-
tuMo). ITosToOMy MHTEpecyoIas HAC BEPOATHOCTb PA30MBaeTCs Ha, JBa CJLydasi:

® MbI BepHyIH/ICb B I/ICXOﬂHyIO BepH_H/IHy, Ipru 3TOM IIPOU30IIJIO POBHO OJHO
COBITAJICHUE;

® MBI BEPDHYJINCHh B UCXOAHYIO TOYKY, IPU 3TOM IIPOUI3OIIJIO HE MEHEee IBYX
COBMAJICHUIA.

Bropoii ciywait pasbusaerca na O(k?) BapuaHTOB B 3aBUCHMOCTH OT MOMEH-
TOB coBIaJeHuii (MecT B cjioBe P, rje oHu npou3oInin). BeposTHOCTb KazKaoro
BapuanTa e Gosee 1/(n— 2k)2. B camom ferne, yelIoBHAsS BEPOATHOCTH COBITaJIe-
Hus npu HUKCUPOBAHHON npeapicropun (myTu 10 Hero) ue dosbiie k/(n — 2k),
TaK KaK MbI JOOIIPEIe/seM IePeCTAHOBKY B HOBOM TOYKE M MMEETCs He MeHee
n — 2k paBHOBEPOPOATHBIX BAPUAHTOB, U3 KOTOPLIX He Gojee k ycnexos. Ta-
KIM 06pa3oM BEPOSTHOCTH BTOpOro ciydast He mpesocxoaut O(k*/n?) (moxmo
CUNTATh, 9YTO k < n, MHAYE OIECHKA, TpI/IBI/IaJIbHa).

Ocraioch MoKa3aTh, YTO B IEPBOM C/Iydae BEPOATHOCTH COBIIAJICHUS HE IIpe-
Bocxouut 1/(n—2k). 1o ciaemyer uz Toro, 4TO COBHAJIEHUE IPOU30HIET B 3apa-
Hee M3BECTHOM MECTe, a HMEHHO, [IPH JBHKEHHH 110 IIOCaeqHell OyKBe ¢IoBa Y
B passoxkennn P = XY X! BoJsee Toro, 10 3TOro MOMEHTa BCE NPOiiJeHHbIE
BEPIIUHBL OYIyT PA3/IUIHbL.

Ceiiuac MBI 3TO JOKazKeM, W IIPH 3TOM IIOHAJOOUTCH HCIOIL30BATH HEIIe-
puoAM9HOCTD caoBa Y (W3 ompemenenuss perymsipHOro ciosa) Ilocmorpum HA
MOMEHT, KOTJIa, MbI BIIEPBBIE IIOMAJAEM B yZKe IIPOMJICHHYO BEPILUHY.

DroT MOMEHT (KaK MBI yKe NOBOPHJIH) OyIeT COBIMAIEHNEM, TIO9TOMY JTOCTa-
TOYHO JOKa3aTh, UTO ITO CIAyJaeTcsd B KOHIE cyoBa Y. B camom nerme:

® [I0CJIe 9TOI'O HOBblE BEPIIMHDL B IIyTH Y2Ke He [OABATCH, TaK KaK U3 HOBBIX
BEPINUH HY>KHO BEPHYTHCS B CTapble, U 3TO OyIEeT COBITAIEHUEM;

® CBOOOIHBIX XO/IOB OOJIBITIE HE OYIET, TAK KaK 3TO OBLIO OBl BTOPBIM COBITa~
JIEHUEM;

® BBLIHYYKJIEHHDBIX XOJIOB U3 KAXKJIOH BEPINUHbBI (38 UCKIIOYEHUEM TOYKU BET-
BeHUsl) He 6oJIee IBYX, [IPU STOM OJUH HEBO3MOXKEH (BO3BPAIIEHHUE [0 TOJIb-
KO 4TO LPOiiJIeHHOMY pebpy 03Ha4aso Obl, 4TO CJIOBO P COKpaTuMo);

® II03TOMY JBHKEHHE OLPEIEIACTCS II0YTH OJHO3HAYHO U COCTOUT U3 HECKOJIb-
KWX [IUKJIOB TLTIOC BO3BPAT B UCXOTHYO BEPIIHHY (10 ITPEITOTOKEHIIO MBI
TyJa BO3BPAILAEMCs);
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® OJIHO3HAYHO OMPEEIAIOTCA He TOJBKO XOJIbI, HO U COOTBETCTBYIOMINE OyK-
BBI CJIOBA, MO3TOMY pa3bueHne Ha MUK U OTPOCTOK COBMATAeT C PasJio-
skenuem P = XY X1

® 103TOMY MbI MOXKEM CJAEIaTh TOJBKO OfuH 060poT (nHaue Y GbLIO Ob
[EPUOIUYHO).

Jlemma 2 mokasaHa.
Ocraérca B cymMMapHO# omeHKe (s cpefaero cyMmm 2k-X creneHeil Bcex
cobersennbIx unces marpuip (A/2d)%F)
1
— k* /n? k2 (2/d)k) =
L+ O [n?) + O( (2/d)")
=14 O(k/n) + O(k*/n?) + O(K*(2/d)")

nono6pars napamerp k. Boibepem ero tax, urobwt (2/d)* = 1/n?, 10 ectb n =
2logg/9 . Toraa nocieuuii 4ieH NONIOMACTCS IPEIOCIEIHAM, & TOT, B CBOIO
ouepenp, nonagaer B O(k/n). Buadur, Halinércs Marpuna, y KOTOPOHl BTOPOE
CODCTBEHHOE YHCJIO0 HE MPEBOCXOIUT

12 o),
ecJTi BCIOMHUTH 0 BLIGope k u3 yemosus n? = (d/2)F u sameruts, uro (O(k))V/*F —
1 mpu k — oo. Teopema moxaszama.

3amevanud.

1. MblI J0Ka3a/u CylecrBoBaHue XOoTs Obl OJHOro rpada ¢ OLEeHKOIM O(d3/ 4)
Ha BTOpoe cobcrBeHHOE dmcio. Toxke camoe paccyKIeHHe BMECTe C HEPABEeH-
ctBOM YeOBIMIEBa MOKA3BIBAET, 9TO DOJIBIIMHCTBO IPadOB M0 YKA3AHHOMY Pac-
PEIEIEHIIO0 00T TAET STUM CBOHCTBOM.

MoxkHO T0Ka3aTh, 9TO ITO PACTPENEIeHNE TOCTATOTHO OJIM3KO K PABHOMED-
HOMY PAaCIpEEIEHUIO HA MHOXKECTBE BCeX 2d-perysisipHbix rpadoB.

2. MbI pacemarpuBasiz rpadbl YETHOM CTEIIEHH; €C/IA TOYEMY-TO Hy2KeH rpad
HEYETHOM CTEMEeHN, MOYKHO JTODABHUTD IO MeTJIe K KayKI0i BepIuHe, OTIero coo-
CTBEHHBIE YHCJIA YBEJIMYATCS HA CIUHHUILY.

3. Teopema o TOM, 4TO y OOJbMIUHCTBA IPAdOB BTOPOE COOCTBEHHOE UUC-
70 umeer nopsaok O(d>/*) 6Geura mokasamo Bpogepom u ITamupom (Broder—
Shamir). Hamuoro 6omee cnoxubie paccyxaenus (Joel Friedman) mossosnsior
JI0Ka3aTh, YTO HA CAMOM Jeje y OOJIBIMHHCTBA d-PeryasipHbIX rpadgoB BTOpOE
coOCTBeHHOE YHCiIo O6Jn3KO K 2v/d — 1.

Jlureparypa: [HLW].

3 4dABHbBIEe KOHCTPYKINHU rpadoOB: MOJACTAHOBOYTHOE
" 3UT3ar-mpou3BeJIeHne

Jlosiroe BpeMmsi siBHbIE KOHCTPYKIMY SKCIIAHIEPOB OBLIN JIOBOJBHO CJIOKHBIMHU.
OrneHKE CODCTBEHHBIX YHCET MCIOJIb30BaIU peodbpaszoBanre @ypbe min CjioxK-
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HbIE KOHCTPYKIIMM U3 aJre0pbl U TeOpUH Tpeacrapienuii. OmHako 1mo3xKe ObII
HAWIEH JOBOJIBHO MIPOCTOM CIIOCOD MOJIyYaTh Takue Tpadbl C MOMOIIBI0 0COOBIX
“npousBenennii’ rpadoB. DTU MpoU3BEAEHUs MO3BOILIOT “‘cobUparh’ GOJbIIHE
ajrebpanyeckue SKCIAHIEPbl U3 MaJIEHbKUX OJI0KOB (a MOAXOAMIIEro BUIA Ma-
JIeHbKHUE OJIOKH, KOTOPbIE U CAMHU JOJIKHbBI OBITH ICIAHIEPAMU, Mbl MOKEM HANTH
nepebopoM. )

IMycrs namwr asa rpada G(n, D) u H(D,d). 3anuch B cKOOKaX yKa3blBa-
eT napaMerpbl: YUCJO BEPIIUH M CTEleHb KaXK/I0H BepIIUuHbl (OAMHAKOBYIO i
Bcex BepuuH). [IycTb 1pu 9T70M 4MCI0 Bepiiud Broporo rpada paBHO CTelneHd
nepBoro (Kak Ha PUCYHKe).

MbI onpegenum TPy pasjindHbIX npoudsedenus ajisd 3tux rpados. s aToro
KaKJy0 BEPIIUHY IepBOro rpada 3aMeHuM MaJIeHbKON Konuei Broporo rpada,
upukpenus pébpa nepsoro rpada k Bepiuunam sroporo. (B masenbkom rpade
KaK pa3 Hy’KHOE YUC/I0 BepInuH.) BHUMaHNe: B IPUKDPEILIEHUN €CTh TPOU3BOJI —
KOHKDETHBIN BHIOOD COOTBETCTBHUSA B KaXKJO BepIiuHe He urpaet posu. Ilomy-
qurcs rpad ¢ nD BepuinHaMu U péOpaMu IBYX TUIIOB — OOJIBITAMA W3 TIEPBOTO
rpada u Masibivu u3 Broporo. (Ha pucyske — cruioinble u Iy HKTUDHbIE JIMHUU. )

<

U
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IIpocroe noacranoBoyHoe npoussegenue (replacement product): ITocrpo-
EHHBIH BhIMIe rpad B TOYHOCTHA U €CTh MPOCTOE MOICTAHOBOYHOE MPOU3BEICHNE
G u H. B nonyuennom rpade nD Bepuiun (n ‘rasakruk’ 1m0 D BepuivH B KaxK-
JI0i1); cremenb Kaxkuoii BepuuHe paBHa d + 1 (U3 KaxK10# BEPUIMHBI BHIXOAUT
OZIHO CIUIOLIHOE U d IYHKTUPHBIX PEGEp).

Cb6asmancupoBaHHOe IOACcTaHOBOYHOE npousBeaenue (balanced replacement
product): OTauune COCTOUT JIMIITb B TOM, YTO MbI 6EpEM KazKJ0€e CILIOIIHOE Ped-
PO C KpaTHOCTHIO d. TaKWUM 00Pa30M, B MOJIyIeHHOM rpade-Ipon3BeIeHnn nu3
KaXKJI0¥ BepIUHbI BHIXOAUT 2d pébep: d CILIOMIHBIX U d MyHKTHPHBIX.
Sursar-npousBeaenue (zig-zag product): Bepuiwmnbl y 3ursar-upoussegenus
OymyT Te ke, HO pébpa coBceM Apyrue. Mbr OepéM Bce MyTH AWHBI 3 BUIA

INYHKTUDP — CILIOIIHOHM — IYHKTUD

u 00bsABJIgeM uX pEOpamu 3ursar-mpowsBeneHusd. pyruMu caoBaMu, KaxKIioe
crtontHoe pebpo mopokaaeT d2 pébep 3ur3ar-mpoussesienus (CoeauHSIONIIX
napbl IMyHKTUP-COCEEH KOHIOB CILIOIIHOrO pebpa), Kak MOKAa3aHO HA PUCYHKE
(pébpa 3ursar-upousBeieHusl KPUBbIE):

JIerko BUJETD, 9TO BCE BEPIIUHBI 3UT3Ar-IIPOU3BE/ICHI NMEIOT CTereHb d° (Kak-
Jl0e U3 JIBYX IYHKTHPHbIX PE6ep MOKHO BbIOparh d crocobamu).

Omnuriem marpuity rpada, HoJy9eHHOrO B PE3yJIbTaTe 3Ur3ar-pou3BeIeHusl.
JlJ1s 3TOr0 MBI PACCMOTPUM JBEe MaTpuilbl pasMepa nD X nD (KOOpIUHATHI CO-
orBercrByloT BepimHam rpada). Ilepsas marpuia H ecrs marpuna rpada c
pEGpaMil U3 TyHKTHPHBIX JIHHEI, Bropas marpuna G coorsercryer rpady c
TEMU K€ BepUIMHAMHU, HO ¢ PEOpaMu u3 CIUIoNHbIX Junuii. (O6o3HaueHus HoKa-
3BIBAIOT, YTO 3TU MATPUIHI IIPOUCXO/IAT U3 COOTBETCTBEHHO MIEPBOIO U BTOPOrO
rpad OB, yU4aCTBYIOIIUX B 3Ur3ar-npon3seieHun). B H KaKplif CTOOEI] 1 KazK-
Jasi cTpoka comepikar d emumu, a B G — TONBKO OnHy emuHuily. OTMerHM,
aro G 3a/a8T TEPECTAHOBKY HA MHOMKECTBE BEPIIHMH, I €6 HOpPMa PABHA €Iy
uune. ZlcHo, yro Marpuneil 3ursar-npousse/ieHus OyAeT IPOU3BEIEHNE MATPHII
HGH.

Jlatee MbI JOKA2KEM OILEHKH [JIsi BTOPOI'O COOCTBEHHOTO YUCIa 3UT3Ar-IIPOU3BEICHUA
u cOaIAHCUPOBAHHOTO TIOJCTAHOBOYHOI'O TPOU3BEIEHNS.

31/Ir3ar'-r[p01/133e,£[eHI/Ie: OIleHKa BTOpoOro COOCTBEHHOTr'O YHCJIa

JlokazkeM, 9TO 3Ur3ar-nmpon3Be/ieHne AByX rpadoB, y KOTOPBIX MaJbl BTOPbIE
(o aBCoMOTHO BeTMYnHe) COOCTBEHHBIE YHCIIA, TOKE HMeeT HeBOIBIIIOe BTOPOe
COOCTBEHHOE YHUCJIO.

Teopema. 3ursar-npousseaenue ajuredbpaundeckoro (n, D, a)-skcnangepa G
u anrebpandeckoro (D, d, §)-sxcuanjgepa H siBisiercs ajnredbpandecKum SKCHAH-
nepom ¢ mapamerpamu (nD, d?, < a + 28 + 3?).
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3ameuanme. Ha camom resie MOXKHO YIY4IIAThH ONEHKY JJIg BTOPOTO COO-
CTBEHHOI'0 YHCJIA JI0 ¢+ /3, HO MBI OFPAHUIMMCS JJOKA3aTeIbCTBOM OoJtee c1aboro
YTBEPXK ICHUS.

HokaszareabcTBO UTOOBI OIEHUTH BTOPOE COOCTBEHHOE 3HAYEHUE CHMMET-
PUYHON MaTPHIBI, HAJIO OPPAHUYUTD KBAJIPATUIHYIO (DOPMY HA OPTONOHATIBHOE
JIONOJIHEHUE K TIEPBOMY COOCTBEHHOMY BEKTOPY €9 = (1,...,1) u B34Tb €8 Mak-
CUMyM Ha, eJUHUIHOM Irrape. Ipyrumu cjaoBaMu, MOIY/Ib BTOPOTO COOCTBEHHOTO
apcaa Marpunsl HGH ecrb MAKCHMYM BbIPAZKEHHS

|fTHGHY|

o BceM BekTopaM f JiiHbl DD, UMENUM eJIMHUIHYO JIJIHHY U OPTOIOHAJIb-
HBIX  (TO €CTh UMEIOIIUX HYJIEBYIO CYyMMY KOOPAUHAT). YUTOOBI OIEHUTH ITO BbI-
pakenue, pa3aoxum [ B cymmy f = f+fL caemyiomum 00pa3oM: KOOPAUHATEL||
OJIMHAKOBBI B KaxK0# u3 ‘rajaktuk’ (komuit rpada H), a qia f; Ha Kaxk-
noit kormu rpada H cymMma KOOpAWHAT paBHA HYTIO. UTOOBI OIEHUTH 3HAMEHNE
KBaJpaTUIHON (hOPMBI HA MPOU3BOIBLHOM BeKTOpe f L eg, MbI OTIEIBHO U3yUM
neiicteue Marpun G i H Ha BEKTODbI R

(a) Hg = d- g, nockoibKy BHYTpU KaxKJ0il Konuu H Beca (KoopauHaThbl) BeK-
TOpa § OJMHAKOBBI, M KaXK/blii W3 HUX PACIPOCTPAHAETCA B d COCEnel B
TOI »Ke raJIaKTHKe.

(b) ||[Hh| < Bd - ||h||, mockombky BekTOp h B Kaskaoii Kommu H oproromasen
mepBOMYy COOCTBEHHOMY BEKTOpY Marpullbl rpada H, a Bce ocrajabHbBIE
COOCTBEHHBIE BEKTOPDI 3TOW MATPHILI HE MPEBOCXOAAT (1o MOLysio) Ad.
(Ecim B Kaxkz10ii KOMIIOHEHTe HOpMa oneparopa He upesocxoaur (d, To
9TO BEPHO U IS BCEI'O OLIEPATOPA. )

(c) lgT Gyl < allgl|?; B camom zene, kanpariunas Gpopma B JI€BOI YACTH CO-
JEPKUT OJWH HEHYJTEeBOH €WeH i KaxKI0ro pebpa, Mmo3amMCTBOBAHHOIO
u3 rpada G (Temepb 370 pedpPO COEAUHSET JIBE BEPIIUHBI U3 PA3HBIX rajlaK-
TuK). I09TOMY BbIpasKeHUE BHYTPU 3HAKa, MOJYJ/IS U3 JIEBOH 4aCTU PaBHO
(9)TGg, tne G — marpuna cvexnoctn rpada G, a § momydaercs u3 g
CKJIEMBAHUEM PABHBIX 3HAYEHHUI B KaK0i KoMroneHnre. IIpu aTom cym-
Ma KoopauHar B § (KaK U B UCXOAHOM BekTOpe f) pasHa Hyso. ITosromy
JaHHOE BbIpaxkenue (110 NpeAnooxkenuto o rpade G) OLEHUBAETCA Kak
am||g||?, uro pasHo Kak pas «a gl|?.

Tenepb MBI MOZKEM OII€EHUTH NCKOMOE BbIpazKEHHE:

(S THGHS| = |(g+h)THGH(g + h)| <
< |gT HGIig| +2lgT HGER| + |h " AGHI|.

IlepBoe u3 TPEX craraeMbIX paBHO d- | gTég| 1o cBoiicrBy (a) U IOTOMY He mpe-
BocxomuT ad?||g||? mo (b). Bropoe caraemoe ne npesocxoaut 2-(8d)-d-| gl - || Al
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(varpuma G ecTh MATDHIA TTEPECTAHOBKE 1 COxpansier Hopmy). Hakomerr, Tpe-
The caaraemoe He npesocxomut (3d)?||h||? o amamormunbM npranHam. B aTux
OlLIEHKaX MOXKHO 3ameHuts ||g|| u ||h| va || f]| 1 nomyunrs

(a+28+F)IfI2,

9r0o 1 TpedboBasock. Teopema mokasaHa.
Ynpasicnenue: Yrayammre onenky 10 (o + 3+ 82| f||%.

DddeKkTUBHOE TOCTPOEHNE YKCHAHIECPOB

ITocrpoum mocienoBaTENbHOCTD ABHO 33IaHHBIX rpadOB OIHON U TOH Ke
CTelleHu C PpacCTyIDUuM YHCJIOM BEPIONWH, UMEIOIIUX MaJIibIe CO6CTB€HHbIe quciia.
OCHOBH&H naed: BO3BOAA MATPUILY B KBaJIpaT, Mbl HE MEHAEM YUCJIO BEpHINH
rpada u ymenbiiaeMm (BO3BOAMM B KBaJpaT) HOPMAJU30BAHHOE (T.€. JIEJIEHHOE
Ha crenedb rpada) BTOpoe COOCTBEHHOE YHCJIO. 3aTO Mbl yBeIUYUBaEM (TO-
2Keé BO3BO/JIUM B KBa,,D;pa,T) CTEeIIeHb BEPIINHDbI. HO 9TO MOXKHO CKOMIIEHCHPOBATb
3ur3ar-yMmHoxkeHneM Ha (puKCupoBaHHBIN rpad H.

Bonee moapobno, dukcupyem rpad H(d*, d,1/10) naa mekoroporo d (ams
J0CTaTOUHO OosbmuX d Takoil rpad, Kak Mbl BUJIEJH, CYIIECTBYET). 3aTeM 110~
CTPOUM TIOCIEI0BATEIHHOCTH rpadoB G, G1, . . ., TIOJIOKWUB

e Gy = H? Tapamerps:: (d*,d?,1/100).

e G,,11 ectb 3urzar-npomssesienue G2 u H. [lo WHIyKIUN TOKa3bIBACTCS,
gro skcmanaep G, wmeer mapamerph (di"t d? < 1/2). B camom gere,
noc/ie Bo3Be/ieHus B KBaapar nojydaem (di"T4 dt1/4), a ymuoxenue na
H(d*, d,1/10) maér aucno sepmun d*"8, crenenb Kazkaoil BepuHbI d2
U TpeTui mapamerp

1+21+ ! <
4 10 102 2’

YTO 3aBepliaeT JOKa3aTeJIbLCTBO.

B kakom cMmbICiie MBI HOJy9aeM SBHO 3aJaHHYIO MOCJIEIOBATEIHLHOCTD IPa-
doB? Dru rpadbl MOKHO BBIIKCATH 33 MOJIUHOMUAJIBHOE BPEMs OT YHCJIA Bep-
. Ho B IPHJIOKEHUAX HAM MOYKET MOHAJ00UTHCS SBHO 3aJaHHAS MOCIEI0BA-
TEJIbHOCTh B 00JIee CHIBHOM CMBIC/IE: KOJIUPYS BEPIIUHBI MOCTIEI0BATEIHHOCTSI-
MU OUTOB, MOYKHO TPeOOBATH MOJUHOMUAILHON BBIYUCIAUMOCTH (DYHKIMUA 6pa-
wenus (x,1) — N(x,1), rie £ — KO BEPIIMHBIL, i — [OPsIKOBbII HOMED pebpa,
N (z,i) — Kox BTOpOro KoHua 3roro pebpa. B srom ciyvae Bpems BblYUCIeHMs
JIOJIZKHO OBITH TOJTMHOMHUAJIBHO OTHOCUTEIBHO JJTMHBI KOJIA BEPIIUHBI, TO €CTh
soraprudma OT YUCJIa BEPHIIUH — 3TO CYIECTBEHHO Dojiee CHIIbHOE CBOMCTBO.

Kaxk npoucxomur Beraucienue GpyHknun N B TOCTPOECHHON TOCIEI0BATEb-
nocru? Homep pebpa npeacrasisier coboil napy 4ducen, Kaxkaoe or 1 10 d. Bep-
mmHa rpada G4 1 mpeacTasiger coboil mapy: onHa Bepmmna G2 (=BepruHa
G,) u ogna Bepiiuna H. JIpuxkenue no pebpy: cuavasna uaém 1o pebpy H, no-
nagaeM B Kakyio-to sepnmny H (B mmamasone 1...d?%), Bocnpunmvaem eé Kak
mapy 4mces B AuamasoHe 1. ..d?%, peKypcuBHO unéM mo asyM pébpam rpada Gy,
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u 3aTeM zesaeM eié xoa B H. Takum obpasowm, Beraucienne N mist rpada Gy
UCIIOJIB3YET ABa BbI3OBA aAHAJIOTUYIHOTO BBIYUCICHUA IJIA Gn, Y9TO IMPUBOAUT K
3KCHOHeHH,HaJIbHOI>i OI€HKe I10 1, 1 IIOJIMHOMHAJILHON BBITUCIIMOCTI (byHKHI/II/I
N He moJydaercs.

O HAKO MOXKHO MOAMDUIMPOBATH KOHCTPYKIMIO, UCIOJb3Ys HE IIPEIbIILY-
it rpad G, a rpad ¢ MOJOBUHHBIM WHIAEKCOM. /Iyt Hadasa Beibepem rpad
H ¢ napamerpavu (d®,d,1/10), a 3aTem TTOCTPONM MOCIET0BATETHHOCTD

GO: (15 d27 1/2)
Gy: (d8,d*,1/2)
Go: (d'5,d* 1/2)

G (d®,d*1/2)

Havanbubie rpadst Go u G nocrpours sierko (Gg — 3ro rpad, cocrosiuuii u3
eTMHCTBEHHOM BepIIHHEI U d° meTenb, rpad G MOXKHO IOIyYHTL u3 H pas-
MHOXKeHUEM pébep B d pa3, 4TO HE MEHSET COOCTBEHHBIX YUCEN). 3aTeM MOXKHO
BOCIIONIb30BATHCSI PEKYPPEHTHOI (hopMyToii

Grn = (G(n-1)2) ® G[(n-1)21)° @H,

rae ® 0003HAYAET TEH30PHOE MPOU3BEIEHNE, a (Z) — 3Ur3ar-nmpousseneane. Ten-
30pHOE IPOM3Be/IeHIe B CKOOKAx mMeet mapamerpst (d5(™ 1), d*,1/2), nocie Bo3-
Befenns B Kajpar nosyuaaerca (A1, d® 1/4) u nocse 3ursar npousseeHue
(d®",d?,1/2) (B cumy Toro ke soraucienus ¢ 1/4 u 1/10, uto u paubre).

IIpeumyiiecTBO HOBOM KOHCTPYKIIUKA B TOM, 9TO MIPH BBIYUCICHUN (DYHKITAN
‘BpaH.[eHI/IH’ N Ba peKprI/IBHbIX BbI30OBAa OTHOCATCA K ITOJIOBUHHBIM 3HAYECHUAM
n; TayOuHA PEKYPCHM Temepb Craja JorapudMUYecKOil Mo n, U 00Iiee Bpems
BbIYHUCJ/JIEHUA [TOJIMHOMUAJIBHO IIO N.

OI.[eHKa CODCTBEHHBIX YHCEJI AJId CGaJ’IaHCI/IpOBaHHOI‘O IIoJaCTaHO-
BOYHOI'O nMIpou3BeJAeHUsA

JlokazkeM HEMHOT'O APYTYIO OIEHKY Ha COOCTBEHHBIE IUCA: OyIeM OIEHNBATD
HE UX MAaJIOCTh BTOPOrO COOCTBEHHOIO YUCJIA, & €r0 OTAEJTEHHOCTD OT eIMHUIIbI.
g paznoobpa3sus 6y1eM UMETh JIEJI0 C TOACTAHOBOUHBIM IPOU3BEIEHUEM (XOTs
AHAJIOTMYHAS OIEHKA BO3MOMKHA U JIJIsl 3Ur3ar-MPOU3BEICHNU).

Teopema. [Iycrs rpadnot G u H saBasgiorcs aaredpanvaecKuMu SKCIIAHIEPAMU
c napamerpamu (n, D,1—¢) u (D, d,1—J) coorsercrsenno. Toraa ux cbanancu-
POBaHHOE 110/cTaHoBOYHOE npousseenne G H umeer napamerpor (nD,2d, 1 —
£0%/24).

JokazareqbcTBO. YI00HO ONMKUCHIBATH MTPOUCXOISINEE B TEPMUHAX OJIyK-
JaHuii (COOTBETCTBYIOMIUX HOPMAJU30BAHHBIM MATPUIAM, MOJYYEHHBIX IE/Ie-
HMEM MAaTPUIIbI CMEXKHOCTU Ha creneHb rpada). Biyxnanue no B3senienHomy
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MIPOW3BEIEHNIO SIBJISETCS MOJIYCyMMOM IBYX OJIyKIAHUIA: ‘JIOKAJIHHOTO ) T/I€ MBI
JIBUKEMCsI BHYTPH OJHOI ‘TaJIaKTUKK’ B COOTBETCTBUU C Marpuieil rpada H, n
r106aJIbHOIO, TJIe Mbl ABUKeMCH 110 pébpam rpada G (a BbiGoOp pebpa onpeesis-
ercs Tekymieir H-koopanHaroii: BepmuH B rpade H Kak pa3 CTOIBKO, CKOJIBKO
pé6ep B G, u Mbl LpejionaraeM, 4T0 (PUKCUPOBAHO KAKOE-TO COOTBETCTBHE).
Takum 0O6pa3oM, MATPUILY OJIYKIAHUS MOXKHO 3aIMUCATH KAK

re GuH — MaTPHIHI [IEPEX0Ia MO ‘JIOKAJbHBIM ¥ ‘TJI00AJIBLHBIM’ pEOpPaM.
YT00BI OIIEHUTH BTOPOE COOCTBEHHOE YuC/I0 U, TOCTATOYHO OIEHUTH BTOPOE COD-
creernoe uucio U3 = (%G‘ + %H’)3 W JI0Ka3aTh, 9TO OHO He Gombire 1 — £62/8
(a 3areM BOCIIOJIb30BATHCS HEPABEHCTBOM Bephyiiin).

B pasmoxennn mis U2 6ymer BoceMb wWieHOB. Bce 3TH 4/eHbI HMEIOT IBa
WHBAPUAHTHBIX MOIMPOCTPAHCTBA: OJHOMEPHOE — BEKTOPBI, ¥ KOTOPHIX BCE KO-
OpJAUHATHI PaBHBI (BCE BOCEMb YJIEHOB HA TOM MOIIPOCTPAHCTBE €IUHUYHBIE,
U Ipu KaxkJoM cronT koddduiment 1/8), u oproroHasbHoe K HeMy (BEKTO-
Pbl, CyMMa, KOODJMHAT KOTOPHIX PABHA HYJIIO), I/le MAKCUMAJIbHOE COOCTBEHHOE
3HadeHue (4 TeM CaMbIM HOPMa OIPDAHUYEHUs HA ITO HOANPOCTPAHCTBO) U €CTh
HHTEPeCyIomuil Hac napamerp. Kciim Obl MBI IOKA3aJIM, YTO JIJIsT OIHOTO U3 ITUX
BOCHLMH TIPOM3BEICHHI BTOPOE COBCTBEHHOE INCIO He 6ombime 1 — 42, To 3T0 6B
rapaHTUpPOBaJIO, uTo s U2 3T0 BTOpoe cobCTBeHHOe 9uCIo He Gombie 1—£62/8,
[OCKOJIbKY y OCTABIIMXCs CEMU MPOU3BEJIEHUN HOpMa He Oosibime 1.

Kakoe u3 Bocbmu ciaraembix BoiOparb? Kaxkercsi, 4ro Hauiydinue IIaH-
cbl Ha nepememmsanne y HGH (cHauasa HEepeMenIuBaeM BHYTDU IaJlaKTUKU C
momoIbio rpada H, morom uaém mo pedbpy 060sbmoro rpada, moToM mnepemMe-
[IMBAEM BHYTPH JPYroil rajlakKTUKKU — KaK B 3u3ar-npoussejenun). Eciu Obi
HepeMelIMBaHue BHYTPU MaJIaKTUKU ObLIO MOJHBIM (II€PEX0/| B CJyYaiiHy o TOY-
Ky IaJIaKTHKH), TO Takoil repexos Obli Obl epexogoM B CiydaiiHyI0 BEepILUHY
ciaydaitaoit cocenneit rasakTuku. COOTBETCTBYIOIIEE MPEOOPA3OBAHKE SBJISIET-
Cs1 TEH30PHBIM TIpou3BeennemM G U TOJHOrO MEePEeMENTUBAHNS, ¥ TOTOMY UMEET
BTOpOE cobcTBEHHOE yncyo 1 — e, Kak y G.

Do mMHOTO syUmte, em Ham Haao (1 — & Bmecto 1 — £62/8), uTo He ynuBH-
TEJIbHO: MbI CAMOBOJIBHO 3aMEHUJIH [TePeMEITUBAHNE BAOIb H TOJHBIM mepemMe-
muBanueM. [IockobKy mepexos mo pebpam H He ABJIsieTcst MOJHBIM IIePEMEIIn-
BaHUEM, HAM LPUAETCs YCJIOKHUTH PACCYyKieHue (IPpU STOM BMECTO 1 — & MbI
TMOJIy9UM JI/I1 BTOPOTO COOCTBEHHOTO Yuc/Ia GoJiee CKpOMHYIO oneHKy 1 —ed2/8).

JIemma. Ilycrb S — marpuna Guyxaanus 1o Hekoropomy rpady (nepsoe
COBCTBEHHOE YHCJI0 PABHO 1), U BCE OCTA/bHBIE COOCTBEHHDBIE YUCIIA [0 MOJLYJIIO
ue npesocxoaar 1 — 4. Torma S MoxHO npezacrasuth B Buge (1 — §)A + 0B, rue
A — marpuria ¢ HopMoii He 6obIne 1, a B — MaTpuiia noJHOrO MePeMenTuBAHUS
(Bce MaTpuUHbIE 37€MEeHTbI paBHbI 1/(41CI0 BepLiuH)).

JokazaTesibCTBO: BEIYUTAA U3 S MaTpUIly 0 B, MbI yMEHBIIIaEM EPBOE COD-
CTBEHHOE 4ucJI0 (eAuHuIly ) Ha 0, & OCTaJIbHbIE HE TPOraeM, Tak YToO Bee COOCTBEH-
HbIE YKCJIA CTAHOBATCS HE DoJibiie 1 — ¢ 10 MOMIYJIIo.
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Ternepb MBI MOYKEM MMOBTOPUTH MPAMEPHO TE K€ PACCYKIEHNs, 9TO U BHIIIIE,
HO y’Ke C TpeMms ciaraembiMu. [Ipumenum pemmy K 6ayskmarmio o rpady H
u pazioxkum ero B cymmy (1 — 0)A + 0B. D10 pasiioKeHue MOXKHO IIPOBECTU
B KasKIOH FaJIAKTHKE U IOJIy9dTb pasioxenne H = (1— 5)A + 0B, rne A —
HEKOTOPBIA oneparop ¢ HOpMO# He Gosbiie 1, a B — TO camMoe IOJIHOe IIepeMe-
MIMBAHWE BHYTPH TAJAKTHK, O KOTOPOM MbI TOBOPHUJIM BBIIIE.

IloBTOpsieM mpekHee paccyKaeHne, HO B PA3JI0KEHUN

1, 1=6, 64
U= 2G + 5 A+ 2B
Oyzer yxe He 8, a 27 ciaraembix. B ogHoMm u3 ciaraembix (B EGE) BTOpOE COO-
CTBEHHOE 3HAYEHWE HEe MPEBOCXOANT 1 — £, a OCTaJIbHbIE MPEJCTABISIOT CODOit
OIEepaTOPBI C HOPMOH He 60sbIne 1 ¢ HEKOTOPBIMHU CKAJIPHBIMEA KO purmeHTa-
mu (cymma K03DduimeHToB npu 3rux 27 ciaraeMbix paBha eaununge). [losromy
BTOpOE cobeTrerHoe 3Haderne U He Gombine 1 — £62/8, aro n TpebGosasoch m0-
Ka3aTh.

Hwke MBI BOCTIOIB3yeMCst KOHCTPYKIIHAEH MOACTAHOBOYHOIO TTPOU3BEICHUS U
JIOKA3aHHOM TOJILKO 4YTO TEOPeMOM, 4TO0bI IOJIyYnTh TeopeMy Pelinrosbga. A
ceif9ac Mbl MPUMEHUM IIOJIyY€HHBIE OINEHKH YTOOBI OMUCATH EIE OJHY SIBHYIO
KOHCTPYKIIAIO AJIT€OPANIecKUX IKCIaHaepoB. IIpexke Bcero Mbl BbIOEpEM aJji-
reGpandeckuit sxcnanep H ¢ mapamerpamu (d°°,d/2,1/100), a Takzxe ajnrebpa-
ndeckue skcmangepsl G1 u Gy ¢ mapamerpamu (d%°, d, < 1/2) u (d?%°,d, < 1/2)
cooTBeTcTBeHHO (Takue rpadbl CymEecTBYIOT JJisd BCEX JI0CTATOYHO DOsbuX d).
Jasnee OCTPOUM MOCIIEIOBATETLHOCTD

Gn = (G (n-1)2) ® G(n_1)21) " ©H,

Ynpaoicnenue: TlposepbTe, 9r0 G, ABIAETCS ANTeOPAMYECKAM IKCIAHIEPOM C
napaverpamu (d1°° d, < 1—1/50); bynknus spamenus a1a Takoro rpada G,
BBIMHC/IAETCH 32 IOJMHOMHUAJILHOE OT 71 BPeMsl.

EH_Ié OOYH BapHaHT ABHOI'O IIOCTPOE€HHUA 3KCIIaHIAepOB

Bce siBHBIE TOCIEIOBATEIBHOCTH SKCIAHIEPOB, KOTOPhIE MbI CTPOMIH, (hop-
MHUPOBAJIUCH BOKPYT ‘3aTPaBOYHOrO’ sKCHaHIepa H ¢ MOAXOAANINMEU TTapaMer-
pamu, KOTOPbIH Mbl HaXOAuIM 11epebopom (iuHa nepebopa He 3aBUCesa OT 1,
TaK 9TO MbI UMEJH [PABO UCIOIH30BATH €r0 B HOJUHOMUAILHOM O 7 AJITOPUT-
me). Ceituac Mbl onuieM aarebpandecKyo KOHCTPYKIMIO, KOTOPast 03BOJIAET
CTPOUTDH HYKHBII HaM ‘3aTpaBOdHbIi rpad 06e3 mepedopa.

IIycrs ¢ — mpocroe wncio. Paccmorpum rpad AP, BepmmHaMi KOTOPOTO
ABJIAIOTCA Bee Taphl (a,b) € 72, a pébpaMm coequHEHbI TaKHe BepITHHBI (a, b),
(¢,d), aro

ac=0b+d mod q

ITone3no npencraBaars cebe mapy (a,b) Toukoit abdumHOi mI0CKOCTH HAZ, Zg,
a (¢, d) — npsaMoii ¢ ypaBHeHnueMm y = c¢x — d, KOTOpast IPOXOAUT YepPe3 ITY TOUKY.
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TakoM 06pazoM, rpad COCTOUT U3 g2 BEPIINH, U CTENeHb KayKI0il BepITHHBI
paBua ¢. [Tokaxkem, 9T0 BTOpOE MO abCOIOTHON BEIUIUHE COOCTBEHHOE HUMCJIO
rpaca paBHO /q.

MoxkHO 3apaHee I0raaaThCs, 9TO JaHHBIH rpad 00/1a7aeT XOPOIMMMHI CBO-
crBaMu epeMelnrBanus. B camom zesie, Bropasi crenenb 31oro rpada (coorser-
crByIomas Oayxaauuio mo rpady AP, [0 myTsM JJINHEL ABA) OUEHb OIM3Ka K
MOJIHOMY TiepeMenuBannio. [103ToMy yI06HO TPOU3BECTH CIEKTPAJILHBIN aHAJIN3
He st camoro AP, a mis ero kBagpara.

O6oznaunm A marpuny rpada AP,. Bynem caurars, gro sBepumust (a,b)
HYMEepYIOTCsl CHAYaJIa [0 MEPBOii, a TIOTOM 110 BTOpoil Koopaunare. Takum obpa-
30M, MaTpuna A COCTOHT m3 ¢? KBaJPaTHLIX GJIOKOB pa3Mepa ¢ X ¢; B KaxKIOM
TakOM 0JI0Ke (i-OM O FOPU30HTAJIM, j-OM 110 BEPTUKA/IN) pedpa COOTBETCTBYIOT
nepexoy U3 BEPUIVH BUIa (i, *) B BEPIIMHBL (J, *).

Matpuiy A? jierxo sbimucars B aaoM suje. Jeiicrsurensno, A? onucssaer
uyru Jymasl 2 Ha AP,. Ecau i # j, 1O ecTb POBHO OJH Takoii myTh u3 (i, k)
B (j,1) (IIOCKOJIbKY Ha IJIOCKOCTH €CTh POBHO OJHA IPAMasi, KOTOPasi MPOXOIUT
gepe3 touku (i, k) u (4,1)). Ecmu k # 1, ro u3 (i, k) B (4,]) Her myreil miuHb
aBa (MBI HE pacCMaTPUBAEM BEPTHKAJbHbIE MpsaMble Ha, 11ockocTr). Hakownerr,
U3 JJist KaxK 100 Bepiuunbl (i, k) uMeercs ¢ IUKJIOB JJIMHbL JBA.

Takum obpazom, marpuna A2 umeer Bu

ol J J ... J
J o J ... J
J J J ... oql

rae I — nparonajibHad eIMHUYHAA MaTpuia ¢ X ¢, a J, — MaTpuna ¢ X ¢, B
KOTOPOI Ha BCeX MeCTaX CTOAT eJUHULbL.
B Ten3opHbIX 0603HAYEHUSX ITO MOXKHO 3aIMUCATH TaK:

A = axq @ (@lgxq) + (Jaxq — Igxq) ® Jgxq

Y marpunpl gy, BCEe COOCTBEHHBIE YNCIa PABHBI €AWHUIE; Y Jgxq €CTh COO-
cTBeHHOe 4ucsio 1 KparHocru oaud u cobersentoe uucio 0 kparnocru (¢ — 1).
IIpocroit moscuéT moKasbiBaet, 9T0 y A? crmekTp cocronmT u3 umcen ¢ (Kpar-
Hocth 1), 0 (kparHocts (¢ — 1)) u ¢ (kparHocTh ¢(q — 1)). CrenoBaresnbHo, y
camoii MmaTpuisl A BTOpoe COOCTBEHHOE YMCI0 PABHO /(.

Badukcupyem 0pocToe YUCIO ¢ U PACCMOTPUM CJIEIYIOIILY O TOC/IEI0BATE b
HOCTH rpadOB:

AP? AP, ® AP
APML = AP*F @ AP,
Ilo cBoiicTBy 3ur3ar-npousseenus, AP apisgercs anrebpamdecKinM SKCIaH Ie-
pom ¢ mapamerpamu (¢2F+1) g2, O(ﬁ)) Taxom obpasowm, ipu k = 7 (m1a m0-
CTaTOYHO OOJIBIIUX ¢) MBI MOJY4YaeM Ipady, KOTOPBI MOXKHO 6paTh B KaueCcTBE
rpada H B Haiel 0CHOBHON KOHCTPYKIIUU SIBHO 33JaHHBIX dKCIAHIEPOB.
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4 T'padpsr Kaan

B srom pazzese Mbl onpenenum rpadsr Kam v npusegéM HECKOILKO MPOCTei-
HIMX OPUMEPOB CIEKTPAJBHOIO aHAIM3a TAKAX IPadoB.

IIycrs G — npoussosibaag rpynmna, a S C G — CHMMETPUYHOE MHOYKECTBO
snemenTos rpynnbl (eciu h € S, ro h™! € S). ['padom Konmu (G, S) nasvisaercs
rpad, BEpIIMHAMA KOTOPOTO SIBJISIOTCS BCE 3JIEMEHTHI rpynmnbl (; BEPIIMHBI @
u b coemuusIOTca pedpoM, ecau a = bh g HeKOToporo h € S (MoCKOIbKY S
CUMMETDPHUYHO, JAHHOE OIpPE/Ie/IeHHe KOPPEKTHO).

IIpumep 0. G- upoussosbhas rpynna, S = G. Ipadom Kamu (G, S) bGyuer
nonublil rpadol ¢ |G| Bepmmaamu (¢ nerasamun).

IIpuwmep 1. G = Z,, S = {1,—1}. I'padom Kamn (G, S) Gyaer uukia gauHbr
n.

Ipumep 2. G = 7Z5; S cocTONT W3 eCTECTBEHHBIX OOPA3YIONIHX TPYIIIHL:
S ={e;=(0,0,...,0,1,0,...,0), i=1,...,n} (y €; eIMHAIA CTONT B MO3UIUN
HOMeEP i; ocrajbHble KoopauHarel Hysesbie). [padom Kamu (G, S) byner rpad
pédep n-MepHOro rumepKyoda.

g cnekrpaiibHOro ananu3a rpada Ksu mojiesHo paccMoTperb HermpuBo-
IUMBIE TIPEACTABICHUS TPy bl G. 1 KOHEUHBIX abeIeBBIX IPYIIT HyKHO U3Y-
9UTh XapakTepbl G:

Ompenenenne. Xapakrepamu rpymnnbl G HA3BIBAIOT TOMOMOMEDPMU3MBI B
MYJIBTUAIIINKATABHYIO CPYIITYy KOMIJIEKCHBIX uncen £ : G — C*

Teopema Ilycts G = {ay,. .., a,} — KoHe4yHas abeseBa rpynmna, S C G — eé
CUMMETPUYHOE TIOIMHOKECTBO, & — OIWH W3 XapakTepos rpymmbl. Torma BeKTop
(&(ar),...,&(an)) aBusiercsa coberBeHHbIM JUId MaTpulpl rpyinbl Kamum (G, S);
COOTBETCTBYIOIIEE 3TOMY BEKTOPY COOCTBEHHOE YHCJIO PABHO

> &(h)

hes

HoxkazareascrBo: [loneiicrsyem na sexkrop ({(a1),...,&(ay)) marpuneit M
rpada Kamm. Berancimu 3Ha9enne B i-0if KOOpAWHATE TOIYYeHHOTO B PE3yIbTa-
Te BeKTOpa. IIOHATHO, YTO TaM JOJ’KHA CTOSATL CyMMa BeauduH £(a;) IO BCeM
a;, KOTOpbIE COEIUHEHBI PEOPOM C G;. DTO 3HAUUT, UTO G; HOMYIAETCS U3 G;
YMHOKEHHEM Ha HEKOTOPBIA 3memenT m3 S. Takum ob6pasoM, i-as KOOpAMHATA

M(E(ar), ..., &(an))" pama
> &(aih) = €(ai) Y &(h)
hesS hes
Tem cambIM, TeOpeMa JOKa3aHA.

BosBpaiieaue K npumepy 1. XapakTep rpynmnbl Z, OTHO3HAYHO OTpPee-
JIAETCS ero 3HaYeHueM Ha djeMente 1 (Ipu 3TOM XapakTep JIOJIKEH 0TOOPa3UTh
9JIEMEHTBI IPYIIIIbl B KOPHU U3 eauHulbl crenedu n). Takum o6pa3oM, Mbl 110-
JiydaeMm n JIMHEHHO HEe3aBUCUMbBIX XapPAKTEPOB &, ONPEIesISeMbIX YCIOBUEM

fk(l) _ e?wk/n
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CoorsercrBeHno, cobcTBeHHbIe umcia rpada paBubl A\, = &x(1) + §p(—1) =
2cos(2mk/n), k=0,1,...,n— 1.

Bo3sspamienne k npumepy 2. XapakTepbl IDyHIIbl Z5 OJHO3HAYHO OLpe-
JIeJIIIOTCs 3HaYeHussMu Ha obpadyiomux e; (£(e;) moxer GbiTh paBHo 1 wiu
—1). Takum obpazom, Mbl umeem 2" JIMHEHHO HE3ABUCUMbBIX XapPaKTEPOB &p, . b,
(b ...b, — cTpoKa GUTOB):

n

Ebyoby (1,0 yapn) = H(_l)aibi

i=1
CobcrBennbie unciaa rpada Kaaun paBabr
by ..b, = [amcmo Hymeit B cTpoke by . .. b,| — [amcno exuHU B CTPOKE by . . . by

T.€. COOCTBEHHBIMY YUCIAMU OyIyT 3HaYenud n,n—2,n—4, ..., —n (KpaTHOCTH
COOCTBEHHBIX YHCENT OYAyT PaBHBI COOTBETCTBYIOIEMY OMHOMHAIHHOMY KO3(]-

dbunuenry).

Emé ommu npumep: IlokaxkeM, Kak TOCTPOUTH IKCHAHAEP W3 KOJa, WC-
MIPABJISTIONIETO OIMOKH.

Hycrs s muneitnoro koma C : {0,1}F — {0,1}" paccrosinue Mex Ty Jo-
ObiMu aByMsi (HECOBLAJAIOMIMME) KOJIOBbIMU CJoBaMu e-6su3ko K n/2: Ecau

y1 = C(1), y2 = C(x2) (x1 # 32), mo

(% —e)n < dist(yy,y2) < (% +e)n
Taxkoit KoJT MOYKHO TIOJIY YU Th, HATPUMED, KAK KOHKATEHAIINIO AJIre0OpO—TeOMETPHIECKOTO
kozma u Koma Amamapa. [TocKoMbKY KO JTMHEHHBIH, B KasKJOM KOIOBOM CJIOBE
(Kpome HyJIeBOTrO) [10/12KHO OBITH He MeHee (3 —e)n u He Gonee (5 +&)n eaunu.
O603naurM G MOPOKIAONIYI0 MATPHUILY KOZA. DTO MATPUIA PAZMEPHOCTH
n X k "Hax Zs; eé crosdibl 00pa3yoT 6a3uc B IPOCTPAHCTBE KOIOBBIX CJIOB.
0603Ha4nM S MHOXKECTBO cTPOK Marpuiibl G (n BeKTOpoB 13 Z4) 1 paccmor-
pum rpad Kamm C(ZE, S). Tlomywennsrit rpad cocrout u3 2F pepmmn, u creneHs
ero paBHa n. OCTaércs BBIUUCIUTH €r0 COOCTBEHHBIE YUC/IA. JTO JETALTCT TaK
ke, Kak B IIpumepe 2. Nmeercs 2F numeitHo He3aBUCHMBIX XapaKTepoB Eby.. by
(vue by ...k, — crpoka 6uToB):

&y o (ar, ... ax) = H(_l)aibi

Tt xazxoro nabopa b = (by . .. by) cymma 3Hauenwit &, p, (a1, . - ., ax) 1O Beem
(ai,...,ax) m3 S ecTh B TOUHOCTH CyMMa 6ETOB B KomosoM ciiose C(b) (meitcTBu-
TeJIbHO, Hy’KHO MHOKHTH Marpuily G Ha BEKTOP-CTOJIGEI, b i IPOCYMMEPOBATH
6UTBI B HOJIyYeHHOM KosoBoM ciose). O6osnauum y(b) = Gb' Takum obpasoM,

COOTBETCTBYIOIHE COOCTBEHHBIE dncia rpada Kaau paBHbI

by .. b, = [amcso mymeit B crpoke y(b)]|—[aucno emunnn B crpoke y(b)] = n—2[aucno equann B crpoke y(b)]
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CiieroBaTeIbHO, BCE COOCTBEHHBIE YUCIa (KPOME Ag. o = 1) IO MOIYJIIO HE Mpe-
BOCXOJAT 2eN.

Takum 06pa3oM, MbI TOIYIHIN IKCIaHaep ¢ N = 2" BepIINHAMHE, CTEIIEHBIO
O(log N) u Bropeim coberBentbim uucsiom 2eN. Crenenb jganuoro rpada me
KOHCTaHTa (KaK B PACCMOTDEHHBIX HAMH DAHEe sIBHbIX KOHCTPYKIUAX rpados,
OCHOBAHHBIX HA 3Ur3ar U NEPECTAHOBOYHOM IIPOU3BEINCHUN), & A02APUPM HTUC-
Jia BepimrH. 3aTO CTPYKTYpa MOJIyIeHHOTO rpada COrIacoBaHa C A IUTUBHON
CTPYKTYpOi Z5. DTO CBONCTBO OBIBAET MOJE3HO B HEKOTOPBIX IIPUIOKEHUSX,

cM., nanpumep, [BSSVW].

T'padpbr Pamamym>kana.

d-perynsipubiii rpad HazbBaerca rpadoM PavanymkaHa, €Cu ero BTOpOe
[0 MOJYJTIO cOBCTBEHHOE dncio He npeBocxoaut 2+/d — 1. Jloborkuii, CapHak,
Oumurc u Maprynuc ykasaan SsBHYI0 KOHCTPyKuio rpados Kanm, apiasommx-
cs rpadavu Pamanykana. Omuimem 31y KOHCTPYKITHIO.

IIycts p u g mpocteie uncaa, p = 1 mod 4 u ¢ = 1 mod 4. B xagecrse rpym-
bl G Bo3bMéEM PGL(2,7/q7), T.e. HEBBIPOXKIEHHBIE MATPHUIIBI 2 X 2 HAJ| TTOJIEM
BBIYETOB IO MOJIYJIIO ¢, MPO(AKTOPU30BAHHBIE TIO OTHOIIIEHUIO TPOTOPIIHOHATIb-
Hocru (¢ OOBIYHOIN olepaliueil MATPUIHOrO YMHOXKEHMS ).

Janee Mbl 3aauM B 9TOH IrpyIiie CAMMETPUYHOE MHOXKeCTBO S. Boibepem
TaKoe 1ejoe i, 4To 12 = —1 mod ¢q. MOXKHO JOKa3aTh, YTO TOTIA HMEETCH POBHO
(p + 1) nemovyncaeHHOE pellieHne ypaBHEeHNs

2, 2., 2, 2
ag +ai+a; +az=p

TaKoe, 9TO (g MOJIOXKUTETbHO W HEYETHO, a a1, d2,a3 96THBI. KaxKmoi Takoit
4eTBEPKE COMOCTABUM MATPUILY

A= ap +ia1  az +1ias
—ao +1az  ag — a1

DT MATPUIBL 1 00PA3YIOT MHOXKECTBO S.

Herpyzano norats, uto rpad Kem (G, S) cocrout uz O(¢®) sepmun, u cre-
neHb KaxkJoi Bepriusbl pasaa (p + 1). CsoiicrBa manHoro rpada sasucar or
cooTHOIIeHus p u q. Paccmorpum ciaydail, KOrga p sBISETCs KBAIPATHIHBIM
BBIYETOM 110 Moaymio ¢. Torma mosydennsrit rpad Kamm cocrout u3 aByx CBA3-
HBIX KOMIIOHEHT ([IOCKOJIbKY BCe MaTpHibL U3 S jiexkar B noirpyiine G uHIEKca
IBa — TMOATPYIIE MATPHI], ONPEIETUTEb KOTOPBIX SBJISETCH KBAIPATHIHBIM
BbrueToM). O6o3uaunM XP? CBA3HYI0 KOMIIOHEHTY MOJIy4eHHOro rpada. Mox-
HO T0Ka3aTh, 9T0 y X7 BTOpOe mo abCOIIOTHON BeIMYnHE COOCTBEHHOE HUMCJIO
He TPeBOCXOAUT 2,/p, T.e. Mbl nomyuunn rpadp Pamamymxana. Onmaxo noxa-
3aTeNbCTO ITOTO (PaKTa HEIMPOCTO W HCIOIL3yeT cepbé3uyio anreopy. IlomHoe
JIOKA3aTeIbCTBO 9TON TeOpeMbl MOXKHO Hajitu B [Sar].

29



5 HekoTopbie TpuMeHEHNH SKCITAHAEPOB B computer
science

IIpumenenune skcmangepoB 1: AsgroputrMm PeitHroJsibaa

Panee Mbl Buey, 94T0 3Ur3ar U II0ACTAHOBOYHOE [IPOU3BEIEHUE [I03BOJIAIOT
‘cobupaTh’ U3 MAJEHbKUX IKCHAHIEPOB (MaJEeHbKUE KCIAHIEPHl MOYKHO Haii-
TU 1epebOpOM) CKOJIb YIOAHO GOJIBIINE IKCIAHAEPhI C OrPAHUYEHHON CTEMEHbIO
U JOCTATOYHO MAJIBIM BTOPBIM COOCTBEHHBIM YUCJIOM. Terneph MbI PACCMOTPUM
ellé OJHO 3aMeYaTe/IbHOE OQHO IIPUMEHEeHNEe 3TUX onepanuii. Mbl JoKaxKeM Teo-
pemy Peitaronsaa (Omer Reingold) o gepanjoMusanuu 0QHOrO U3 CaMbIX 3HA-
MEHUTBHIX BEPOSATHOCTHBIX AJITOPUTMOB — AJICOPUTMA MTPOBEPKHU S-t-CBSABHOCTH B
neopuenTupoBanHom rpade (3amaga UPATH) c sorapudmuyueckoii naMarbio.

Onucanue 3agaun UPATH: 3a1an neopuenruposanubiii rpad G = (V) E),
B KOTOPOM BbIzesieHbI ABe BepuuHbl s,t € V. Tpebyercs: BbIACHUTH, €CTDb JIX B
rpade 1yTh U3 BEPUIMHBLI § B BEpILIUHY L.

Teopema 3amaua UPATH moxer ObITh pereHa BepOsiTHOCTHBIM AJINOPUT-
MOM C JIOrapudMUIECKON MaMsIThIO.

Bepositnocrubrit anropurm s pertenus 3amadn UPATH ycrpoen ouenn
upocro: uyxkHo caeinarb N = poly(|V]|) (Bbibop nosmHOMa Mbl yTOHUM 4yTh
1032Ke) IIAroB cJaydaiinoro buyzkaanus 1o rpady, Hadas ¢ Bepuusbl s. Eciu 3a
N mraroB HaM yaacTcsd MOOBIBATH B BEPIIWHE t, MBI TOYHO 3HAEM, UTO B rpade
eCTb MyTh U3 s B t. B IpOTUBHOM CjIy4ae MbI MOJIAraeM, 9TO TAKOTO IIyTH HET.

B kaxk1prit MOMEHT PabOThI AJITOPUTMA HAM TPEOyeTCst IOMHUTH HOMED TEKY-
wiero mara 6iyxaanus (or 1 10 N) u HOMEp BepILKUHbL, B KOTOPOii MbI B JIAHHBIM
MOMEHT HaxomuMcst. [list xpaneHus 310t nHOMPMAIUK JOCTATOYHO TAMSTH Pa3-
mepa O(log |V]).

flcHo, uTO ecm myTH U3 S B ¢ HET, TO AJTOPUTM BBIIACT MPABUJIBHBIA OTBET.
Ocraércs OneHnTh BEPOATHOCTD APYTOil OMUOKHU: MyTh U3 S B ¢ CYIIECTBYET, HO
3a N maroB OIyKJaHusS MBI €ro He 00HApPY:KuUM. Be3 orpanwdenusi 0OMTHOCTH
MOXKHO CYHUTATh, 4TO rpad PeryisipeH u HeByioJieH (Mbl BCErJa MOXKEM J0-
HurhCs 3T0ro, 106aBUB B rpad HEKOTOPOE KOJIMIECTBO neTels). Jalee nokaxem,
9TO TPY CIAYyIARHOM OJIyKIAHUN IO CBSI3HOMY OJHODOJHOMY U HEIBYIOJIBHOMY
rpady pacIpeieieHre BepOSTHOCTEH Ha BEPITHHAX OBICTPO MPUOIMKAETCH K
onHoponHoMy. KiroueBoe cBoiicTBo rpada:

JlemMma B d-peryaspHoM OZHOPOIHOM M HEABYAOJBHOM rpade ¢ n BepIiun-
HAMU IEJTb MEK/Ly MEPBLIM U BTOPBIM O aAOCOTIOTHON BETUYMHE COOCTBEHHBIMEI
gyucaaMu He Moxer Obirb Menbine 1/ poly(n), r.e.

Ad>1-0(1/n°)

JIJIsi HEKOTOPO# KOHCTAHTHI ¢ (He 3aBUCAIIEH HU OT 7, HU OT d).

HokasarenbcrBo: IIpexxe Beero, 6e3 orpaHnygeHust OOIHOCTH MOYKHO CUH-
Tarb, 9ro rpad cBA3eH (eCam ITO HE TAK, Mbl [EPEiiIEM PACCMOTPEHHIO OIHOM
CB$I3HOM KOMIIOHEHTBI).
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Hamee, eciin y rpada ecTb oTpuiiaTesbHble COOCTBEHHBIE YHCIIA, MBI Iepeii-
ném ot ucxomuoro rpada G K ero xpagpary G2. Ilpu BO3BeJeHHH B KBaJpaT
BCe CODCTBEHHDBIE YHCJIA TAKYKe BO3BEIYTCs B KBAJPAT U CTAHYT [MOJOXKUTETb-
HbIMU (L1€JIb MEXK/1y [IE€PbIM U BIOPBIM [0 MOJLYJII0 COOCTBEHHbBIM YMCJIOM TaKKe
U3MEHHUTHCS B IOMMHOM pa3 — yMmHokurcd Ha O(d)). Baxuo ormeruts, 9o 1o-
CKOJIbKY UcXOomHbIi rpad G He ObLI ABYIOILHBIM, B €r0 KBa/IpaTe MaKCUMAJIbHOE
COBCTBEHHOE YUC/IO UMEET KPATHOCTD 1 (CBA3HBIN HEABYI0AbHBIH rpad npu BO3-
BEJIEHUU B KBAJIPAT OCTAETCH CB3HDLIM).

Takum 06pa3oM, ocTaércst JOKA3aTh JIEMMY i CBA3HOrO rpada, y KOTo-

poro Bce cobcTBeHHbIE 3HAYeHus 110I0KuTesbHbl. O6o3nauum f = (f1,..., fn)
COBCTBEHHBIH BEKTOP, COOTBETCTBYIOMINIT BTOPOMY cobcTBerHOMY uncay G2 (o
OpTOrOHAJIeH mepBoMy cobcrBeHHOMY BekTopy (1,1,...,1), e, > f; = 0).

Bcerna MoxxHO canTaTh, 9T0 HOpMA f paBHa equnuIe. Torna Haimércs Koop-
muHATA i Takad, 9ro |f;| > 1//n. lIpeanonoxum nyis onpemenéEHOCTH, 910 f;
110102k TebHO. II0CKO/IBKY CyMMa BCex KOOPAMHAT f PaBHA HYJIO, TO HARIETCS
1 KOOpIWHATA j, A1 Kotopoit f; < 0.

Paccmorpum B rpade KpaTdaiiimii myTh U3 i-0if BEPINUHEI B j-yi0: f; —...—
fj. B arom myTw Haiinércs xora 661 04HO pebpo f, — fi, ATA KOTOPOTO

1
o = fil 2 Ifi = fil/n = =2

Nrak, Mpl Hanmm B rpade Takyio Mapy BEPIIHH, COeINHEHHBIX PeOPOM, UTO
pasuuna | fs — fi| ne menbme 1/nt-5.

Ipocymmmpyem (fs — f;)? mo Bcem pébpam (s,t) rpada. [Ipu sTOM Kazxkzoe
pebpo MbI cAMTAaEM MO OJHOMY paly:

S e fP= Y (RS20 =dd fP FOMT = 242 -2
=1

s<t, (s,t)EE s<t, (s,t)EE

(3mecy M obosuagaer marpuity rpada, d — ero crenenb). ObparuTe BHUMAHUE:
9Ta PABEHCTBO BEPHO HE3ABHUCHUMO OT TOTO, eciu B rpade merau. Jlanuas cymma
cuu3y orpannuena (fs— f;)? > n—lg, CireioBarenbHO, PA3HOCTH d — A OrPDAHUYEHA
cauzy O(1/n?). Jlemma nokazana.

C mOMOIIBIO JIEMMbBI JIEFKO OIEHUTH KOPPEKTHOCTb PAabOThI HAIIErO AJIro-
purma. Obo3Hadmm p(i) pacmpemeseHne BePOTSHOCTEH Ha BEPIIMHAX MOCTE i
maroB ciaydvadinoro 6myxaanus no rpady (pacupenenenue p(0) cocpenoToueHo
B €IMHCTBeHHOH Bepmuue 5). [lycTh 0603HAYMM PABHOMEDPHOE PACIPEIE/ICHIE
= (% L) Ha peprmHax KOMIIOHEHTBI CBAZHOCTH S, W PA3IOKuM P(i) B CyM-
MY 4 U HEKOTOPOI'O BEKTOPA M3 €ro OPTOTOHAILHOTO JIOMOTHEHUST:

'n,’ ... H
pli) =+ (i),

rje cymMMa KOOpAMHAT BeKTopa (i) pasha Hymo. Eciu M — HOpMmain3oBaH-

Hag marpura rpada, o (i + 1) = Mg(i). Ha nogupocrpancTBe BEKTOPOB C

HYyJIEBOII CyMMOIi HOpMa, JInHeHHOro oneparopa M pasHa (HOPMAIU30BAHHOMY )
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BTOPOMY COOCTBEHHOMY YHCJTy Ipada; Mo JeMMe 3TO YUCJI0 HE MOYKET OBITH D0JIb-
me 1 — O(1/n°), nae n ecTh YUCIO BEPIIHH B KOMITOHEHTE CBS3HOCTH BEPIINHBI
t. CiiesoBaTesIbHO, Ha KaXKJIOM Liare HopMa (i) yMEHbINAeTCs 110 KpaiiHeil Me-
pe B (1 — ©(1/n°)) pas, u gepe3 poly(n) maros pacupenenenue p(i) craHer
o4enb 6siM3KO K paBHOMepHOMY (Ha KoMmIioHeHTe cBs3noctu rpada). Takum 06-
pa3oM, ecyu § U t TPUHATIEKAT OHON KOMIOHEHTE CBSI3HOCTH, TO BEPOSTHOCTE
onacTh Yepes poly(n) maros B BepumHy ¢ 6yaer osiuska k 1/n. Ecan xe yBenn-
YUTh YHCIIO MIATOB eI B MOJMHOM Pa3, TO BEPOTIHOCTb XOTs Obl pa3 MoObIBATH
B t craner OJU3KA K €IUHUIIE.

Peitaronb g mpuayMal, Kak JepaHJIoMU30BaTh aJrOPUTM OJIy K IAHUS Ha, IPa-
de 6e3 3HAUNTEIHHOTO yBETHIEHUS UCTIOIB3YEeMO TaMsITH:

Teopema 3agaua UPATH moxker ObITH perieHa demepmunuposartbiim al-
TFOPUTMOM C JIOTAPU(PMHAIECKON IaMATHIO.

IIpexnae yem IOKA3BIBATH TEOPEMY, 3aMETHM, YTO MBI YK€ YMEEM DelraThb
Ha, jorapudmudeckoil namaru 3amgaday UPATH mua (n,d, 0.99)-skcnamnepos. B
caMOM JieJie, Mbl 3HaeM, 4TO auamerp Takoro skcuaniepa pased O(logn). Mbt
MoOkeM niepebparh Bee nyTu Jauibl C'log n ¢ Ha9aaoM B BEPIIMHE S U IPOBEPUTD,
BEJET JiM XOTsi ObI OJWH U3 HUX B ¢; TaKas MPOBEPKA OYEBUIHO TpeOyeT JIUIb
JiorapuMUIecKol maMaTu (U MOJTMHOMUAILHOIO BPEMEHN ).

Yr0o0bI pemnuTh 33439y Ijis MpOu3BOIHHOTO rpada (G, Mbl MPEBPATHM €ro
B 9KCIAHJEDP C MOMOIINBI0 mpou3Beienus. [Ijisi 3T0f 1enu rojaurcs u 3ursar-
npousBejieHre, U cOATAHCUPOBAHHOE MOJICTAHOBOYHOE npou3BeieHue. B opuru-
HaJIbHOMN pabore Peiinrosbna npuMeHsioch 3arsar-ipousseienue (3ToT crocod
aéT JIydIliue OIEHKU I MYJIbTUILIMKATUBHON KOHCTAHTHI B OIIEHKE Pa3Mepa
NaMATH aJroputMma). Mbl IpUBEIEM HEMHOTO JPYroe PaCCKYyJEHHE, BOCIOJIb-
30BABUIUCH COAJIAHCUPOBAHHBIM [OJICTAHOBOYHBIM POU3BEIeHUueM (Jjisd 3TOro y
HAC y2Ke JOKa3aHa HyXKHAs OMEHKA s COOCTBEHHBIX YUCE HOJCTAHOBOYHOIO
UpU3BeJeHus ).

Hoxka3zarenbcTBo TeopeMbl: Mbl npeanosiaraem, 4To HaM 3aiaH (B BUe
opakyJia) HeopueHTHPOBaHHbI rpad G ¢ n BepmmuHamu, 6€3 HEeTelb U apaJ-
JIeTHHBIX pEbep. asree MbI mocTponM Ha, OCHOBE (G HECKOJBKO ‘BOOOparKaeMbIX’
rpadOB; MBI CMOXKEM MOJEIUPOBATH OJIYKIAHUE MO KarXKJIOMY U3 3THX BOOO-
paeMbix rpadOoB C MOMOIIBLIO MCXOIHOTO OPAaKYJa W JIOTOJHUTEILHON MaMsThH
pasmepa O(logn).

Boobpasicaemwiti 2pagp G': 3aMeHEM B MCXOTHOM Tpade KaxKIylo BEPIIHHY
crerenu deg > 3 Ha IUKJI JUIMHBL deg; pEOPa, BXOAUBIINE DaHee B JAHHYIO Bep-
[ITUHY MBI [0 OJIHOMY MTPUCOEIVMHUM K BEPIIUHAM 3TOTO IUKJIa. Takum obpaszom,
B rpade G’ cremenn Kaxkaoi BepmuHbI He npesocxoguT 3. O6o3HaIMM uepes n'
4ucno Bepums B G' (910 umcso e npesocxoaut poly(n)).

Boobpasicaemwiti zpag G": [Tobapum K Kaxk10# u3 sepm G Hy>KHOE 9HCJI0
neresib Tak, 4ToObl HOJLyYnics d-peryssaphblii rpad (koncranry d Mbl BbiOepeM
TaK, 9Tobbl cymecTsoBas ajrebpandeckuit (d°0,d/2, < 0.01)-sxcrmangep H).

Boobpavicaemvie epagre G; : Gy = G”; kaxapiit caepyomuit rpad Giyq
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OTIPEJIENIAETCST PEKYPCUBHO:
Git1 = (Gi®H)™
ITpu srom kaxpiit rpad G; Oyaer SKCHAHIEPOM C MapaMeTPAMU
(n' - d®%,d°, < 1 —¢;)

Ecnm ¢; poctarodno mMaso, TO 9HCI0 €;41 MOJYYAeTCA U3 €; yMHOXKEHUEM CHa-
gasa #a (0.99)2/24 (cBoiicTBO MOACTAHOBOYHOTO TPOU3BEICHNA), & 3aTeM YMHO-
sxernem Ha 50 (mra magerx z umeem (1 — 2)°° ~ 1 — 50z). Taxom obpazom,
Ei+1 =~ 251.

IIpumenum Jlemmy o BTOpOM COOCTBEHHOM YHCJIE ITPOU3BOJIBHOIO PEryJIsdp-
noro rpada xk Go: g9 > O(1/(n')¢). Crnenosarensno, nia k = O(logn) rpad G;
OKAa3bIBAETCA IKCIIAHIEPOM, Y KOTOPOI'0 HOPMAaJIU30BAHHOE BTOPOE COOCTBEHHOE
qncyio He mpesocxoauT 0.99.

Bepmmnabr G; mOIy4aloTcss KaK TEH30PHOE NMPOM3BEICHUE BepIMHBI Tpada
G" u i konuit Bepiun rpada H. IloacTaHOBOYHOE IPOU3BEIEHUE YCTPOCHO TAK,
9YTO BOIIPOC O CyIIECTBOBAHUM IIyTH U3 S B ¢ B MCXOAHOM rpade G 3KBUBaJIEHTEH
BOIIPOCY O CymeCcTBOBaHWM MyTH B (7; M3 BEPIIUH, Yy KOTOPBIX EPBast TEH30PHAS
KOMIIOHEHTA, PABHA S, B BEPIIMHBI, Y KOTOPHIX NMEepBas TEH30PHAS KOMIIOHEHTA,
pana t. [Tockonbky mius k = O(logn) y rpada G; Bropoe cOGCTBEHHOE YUCTIO HE
npesocxoaut 0.99, Mbl MOXKEM MPOBEPUTH [TAHHOE CBOWCTBO, IepedpaB BCe Iy TH
sorapu>MUIECKON JTMHDL.

Ocraérea 3amernThb, 9TO MOAenupoBanne 6nyxaanusa no rpady Gy mome-
sgupyercs Ha, gorapduMUIecKoil maMaTu. B camoM mese, myia XpaHeHnst HoMepa
BepiuHbl G, HaM Hy?KHO XPaHUTH HAOOD u3 (i+1) KOMIIOHEHT; caMast TIEPBOE CO-
JIep?KAT HEKOTOPLIH HoMep BepmmHbl Gg = G, a Kaxkmas creayiomas — HOMep
oauoii u3 Bepuiun H. Pebpo B rpade G; ecrb nyrs miuunbt 50 B rpade (G, H).
Ocraércs MoHATDH, KAK OPraHU30BATH PEKYPCUBHBII BbI30B /IS MOJIETHPOBAHMS
oxuoro mara mo pedpy (G;@®H). Eciu pebpo saBageTcs JIOKaJIbHbIM (COOTBET-
CTBYET Nepexo/ly BHYTPH ‘TaJaKTUKU BEPIINH, sBJsioneiica konueit H), To nam
HY>KHO TOJIBKO MEPECYNTATHh KOOPAWHATHI B -0l KOMIIOHEHTE B COOTBETCTBHH C
marpureit rpada H. Ecan ke pebpo coequHsieT BEPIIMHBI JABYX COCETHUX Ia-
JIAKTHK, Mbl PEKYPCUBHO BbI3bIBAEM Ollepaluio nepexoia mis rpada Gi_1; (pu
9TOM 3aIIUCh B i-Off KOMIIOHEHTE TEKYyIel BEePUIMHbLI Hy?KHO HHTEPIPETHPOBATD
Kak HOMep pebpa, 0 KOTOPOMY MBI BBIXOJUM W3 TEKYINeH BepIMHBI B rpade
G;—1). PeKypcuBHBIii BbI30B BO3BPAIIAET, BO-EPBLIX, HOMEP HOBOI BEPIIUHBI U
rpada G;—1 (310 comepxkumoe Komnonent ¢ 0-oii no (i —1)-y10), a Takzke HOMep
pebpa rpada G;, 10 KOTOPOMY MbI TOJIBKO 9TO IPOILLIH, ¢ MOYKY 3PEHUA 6ED-
WUKBL U, B KOTOPYIO Mbl [IOHAJIM (ITOT HOMED MbI 3allUILIEM B i-YIO KOMIOHEHTY
TEKy el BEPIIUHBI).

MbrI nipejjiaraemM 9uTaTenio yoeauThCs, 9TO OPraHu3alysi PEKyPCUH Tpedyer
quntb O(1) gueek maMaTyu Ha KaxKIAyI0 KOMIOHEHTY i = 1,...,imax = O(logn).
Takum obpasom, Bes npoueypa paboraer Ha 3one O(logn)

Jlureparypa: [AB, Rei]
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IIpumenenune skcnangepos 2: Koasl 3emopa (Zémor codes)

Byzem masbisarh kogom orobpazenue C @ {0, 1} — {0,1}". O6pasbi s10-
ro orobpazkenus (n-6urasie crpoku C(x)) HA3BIBAIOT KOJOBBIME cjioBaMu. Pac-
cmoanum Kona C' HA3BIBAETCS MUHUMYM XIMMWHIOBCKOTO DACCTOSHUS MEXKIY
KOJIOBBIMHU CJIOBAMH:

distc = min{dist(C(z),C(z"))}
rFx’
Byaem obo3navars mapaMerpbl TAKOrO Kojua TPOHKOiL uucesn (n, k, dist).

Ecnm paccrosinue koma papHO dist, TOBOPAT, 9TO KOJ, TIO3BOJISIET HCITPAB-
JIATh e = [%] ommbOK. DTO 3HAYUT, YTO eCu B KomoBoM ciose y = C(x)
BBIOpaTh He 6OJIee € TIO3WIUI W 3aMEeHUTH COOTBETCTBYIOIIHE OUTHI Ha, TMPOTH-
BOIIOJIOZKHbBIE, TO 110 IOJYYeHHOMY CJOBY Yy’ MOKHO OJIHO3HAYHO BOCCTAHOBUTD
HCXO/IHOE KOJIOBOE CJIOBO Y U cooTsercrByiomee x = C~1(x).

B npakruyeckux npuioxKeHusX KejlaTe]bHO UMeTh KOAbI € JJOCTATOYHO 60Ib-
Ioi cxopocmoio k/m 1 o BO3MOXKHOCTHU DOJIBITUM KOJOBBIM paccroguuem. Herpyi-
HO HOJIy4uTh ciaemytomue oneaku. C omHoil cToponsl, Beskoro (n, k, dist)-koma

2n
2k S [d'istfl
CO+...+Cy

(rpanuna Xsmmunara). Ecim Mbl X0TUM, 9TO0OBI KO MO3BOJIAI UCOPABIATL 07
ommboK (M KOJOBOE pacCTOsHKE ObLIO GOJbIe 20n), JaHHOE HEPABEHCTBO JAET
acmMmTOTIYecKYyI0 omerKy £ < (1 — h(J)) + o(n), tae h(p) = —plogp — (1 —
p)log(l — p). C apyroii cropoHbl, HETPYAHO OKA3ATH, YTO €CJIH

k 2"
CO 4 ...+ Clist=1

o (n,d,dist)-kon cymecrsyer. Eciu dist = 20n + 1, 3T0 HEpaBEHCTBO HAET
ACHMITOTHHIECKYIO OleHKy £ > (1 — h(26)) — o(n) A/1s ONTHMAJILHOTO COOTHO-
mieaus k u n (OTHOIIEHUE K /N HA3BIBAIOT CKOPOCT®GIO K0OA).

Kopm naszpiBaercs smaeiiabiM, ecsin orobpakenrne C' OKa3bIBACTCS JTHHEHHBIM
oneparopom C : Z§ — ZF. B 31oM ciiyuae MHOXKECTBO KOJIOBBIX CJIOB 00pasy-
€T JIMHEHHO MOAIPOCTPAHCTBO B Z45 . g auHefiHOro Koaa k00060e paccmoanue
COBITQTAET C MUHUMAJIHHBIM YHUCIOM €JIUHUIL, KOTOPOE MOYKET BCTPETUThCS HEHY-
JIEBOM B KOZOBOM CJioBe (IMOCKOIBKY moOuToBbiii XOR, /110OBIX IBYX KOJOBBIX
CJIOB CaM OKa3bIBAETCs KOJOBBIM CJIOBOM).

Ormerum, 4To JIMHEHHDIA KO MOXKHO 3aJaTh AByMs crocobamu: (a) ¢ mo-
Molpio Marpulpl oneparopa C' (sro Oyuer marpuna n X k, crosbubl KOTOPOi
3a/a10T 6a31UC B IPOCTPAHCTBE KOJAOBBIX CJI0B); U (6) C MOMOIIBIO NPo6epowHOT
MaTpuilpl (n — k) X n, AApOM KOTOPOIl ABJISETCS MPOCTPAHCTBO KOJOBBIX CJIOB.

Vnpaorcenenue: Ecin



TO CyLIECTBYET JMHEHHBIN Ko, ¢ mapamerpamu (n, k,d) (rpanuna Bapmamosa—
Tunbepra).

JanHoe ympakHeHue IMOKa3bIBAET, U4TO KOIBI (M JarKe JMHEHHBbIE KOIbI) C
OTPEIEIEHHBIMI MAPAMETPAMU CYIIECTBYIOT. TpPYyAHOCTH COCTOMUT B TOM, UTO-
Obl 110J1y4UTh IPPermuenyro KOHCTPYKIMIO TAKOro Kojia (C MOJMHOMUAIbHBIMU
AJrOpUTMAMU KOJAUPOBAHUS U JIEKOAMPOBaHUs) Jisd 6oubuiux k u n. daee Mbl
IPUBEIEM KOHCTPYKITUIO 3eMOPa, MO3BOJIAIONLYIO C IOMOIIBIO IKCIIAHIEPOB CTPO-
UTh KOJBI C JIOCTATOYHO XOPOIIUM (XOTS U 3aBEIOMO HEONTUMAJILHBIM) COOTHO-
[IIEHNEeM MTapaMETPOB, JIJI KOTOPBIX €CTh OBICTPhIE AJITOPUTMbBI KOJUPOBAHUS U
JIEKOINPOBAHMUS.

Paccmorpum cbasancupoBansbiii asygonbhbiii rpad G = (L, R, E), y xo-
TOPOT'O IO M BEPIUIUH B JIEBOI M IPaBOil J0JIe, U CTEIEeHb KaXK/I0il BepIIMHbL
paBHa d. Byaem cauTaTh, 9TO M X M-MaTPHUIA CMEKHOCTH JAHHOTO Tpada COB-
nazaer ¢ Marpuleil ajaredpanvdeckoro SKCIanaepa ¢ napamerpamu (m, d, ) ajist
HEKOTOPOTO JIOCTATOHYO MAaJIOro (.

B rpade G umeercs n = dm pébep. lasee Mbl onuinem JTUHEHHBIH KOJ, C
napamerpamu (n, k,dist) (napamerpot k u dist mbl yrounum nuzke). IIpexie
BCEro, KaxK0My pebpy rpada MpUIuiieM MepeMeHHyio ;, ¢ = 1,...,n. lamee
MBI MIPUTIATITEM KaXKI0i BepinHe rpada HeKOTOpOoe CeMefCTBO JTUHEHHBIX YPaB-
HeHWii ¢ TiepeMenHbiMu z; (Has mojieMm Zs). Bed aTa COBOKYIHOCTD ypaBHEHUIA 1
Oyer 3a7aBaTh IPOCTPAHCTBO KOJOBBIX CJIOB.

Hns nagana BeibepeM nposepounyro mampuyy H nna mumeiinoro (d, k', 26d)-
KOJa C MakcuMaabHbIM Bo3MOxkHBIM k' (k' ~ d(1 — h(26)), cM. ynpaxnenwne
Boimie). Marpunia H umeer pasmep (d — k') X d (ona cocrour uz = (dh(20))
JIMHEHHO He3aBUCUMBIX d-OUTOBBIX CTPOK.) /g pUKCMpOBaHHOrO d TaKylo MaT-
puIly MOXKHO HadiTu mepebopom. lasee, comocTaBuM KaxKI0i BepIIUHE HAIIErO
rpada cucreMy ypaBHEHHH, COCTOAILYIO B yMHOXKeHun H Ha BeKTOp-CcTOJOEI,
COCTABJIEHHBIN U3 ;, IPUIUCAHHBIX PEOPAM, BBIXO/SIIMM U3 TAHHON BEPIIUHBI.

Takum 0o6pa3oMm, Kaxkaas BepumHa maér k' ~ dh(20) ypasuenuii. Obmee
9UCJI0 ypaBHEHUI, TaKuM 00pa30M, cocraBiger npuMepho 2mdh(26). dro 3ua-
9UT, 9TO PA3MEPHOCTD IIPOCTPAHCTBA, PEIIeHuii 3TOM cucrembl &2 n—2mdh(20) =
(1 — 2h(20))n (rakmm obpa3om, ckopocth Koia pasaa (1 — 2h(25)). Ocraérea
[OHATDH, CKOJIBKO OIUOOK MO3BOJISIET MCIPABIATH TAHHBIA KO/I.

VYrBepxkaenue Paccrosinue nocTpOEHHOrO JIMHEHHOIO KO/ia He MeHbliie 26 (20—
an.

Hoxka3zarenbcTBo: Paccmorpum HenysieBoe KOI0BOE CJIOBO T = (T ...%y,) €
MWHUMAJIBHBIM YUCIOM eTUHUT, (MUHEMANTbHBIM BecoM ). O6o3uatnm F’ MHONKE-
CTBO pé0ep, COOTBETCTBYIOIINX HEHYIEBbIM OMTAaM 9TOr0 KOI0BOro ciaosa. Hazo-
BéM S m T MHOXKeCTBa BEpIINH M3 JIEBOH W TIPaBoil mojeil rpada, B KOTOpbIe
BXOJIMT XOTst ObI 0mHO pebpo u3 E’. [lockonbKy HabOp OUTOB T ABIAETCA KOIO-
BBIM CJIOBOM, OH Y/IOBJIETBOPSIET YPABHEHWSAM, MPUMUCAHHBIM BCEM BEpPITHHAM
rpada. Ho marpuma H ycrpoena Tak, 9TO OHA MOXKET AHHYIHPOBATH TOJIHLKO
TaKoii d-6uTOBBI BEKTOP, B KOTOPOM ecTb X0Tsd Obl 20d enunun, (nubo yx ece
6urbt paBubl Hysu). Cieg0BaTesbHO, B KaxK 0 u3 Bepiiud S u T’ BXOAuT He Me-
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Hee 2dd pébep E'. Takum obpasom, |E'| > %d(|5| +|T|) (B 3Hamenarese crour
k03 dunument 2, T.X. y pebpa ecTh 1Ba KOHIA — B JIEBOI U B MpaBoil J0J1e).
IMockoubky aBynosbhblii rpad G nocrpoen usz (m, d, a)-3KcHanaepa, Mbl MO-
JKeM [PUMEHUTH JIEMMY O [ePEeMEIIMBAHUN:
d|S||T
2] < e < P2 oy

m

ITorygaem

SIIT] (S1+ 7)o
511+ 171) < I 1 o187 < ELERD 4 215 44
(cpeziHee reoMeTpPUYECKOe He MPEeBOCXOAUT cpejanero apudmerndeckoro). Cre-
nosarenvuo, |S| + |T'| > 2m(20 — «). Benomuuwm, aro |E'| > §d(|S| + |T)).
IMonywaerca, aro aucno pébep B F’ He moxer ObiTh MeHbie 25(20 — a)n, u
YTBEPXKICHUE JOKA3AHO.

BbIBO/: MBI HAYUHIINCH CTPOUTD JIMHEHHBIN KOJ| C MapaMeTpaMu
(n, (1 —2h(26))n,20(20 — a)n)

Hannast KoHCTPYyKIms uMeer cMmbics ecau h(20) < 1/2; 310 yciaoBue BbIIOJIHEHO
g 6 < 0.01.

Herpynno onmcars mjis JAHHOTO KOA MOJMHOMHUANBHBIA aJTOPATM KOIUPO-
Banus (yKazanue: TOCTATOIHO npuMeHUTh Meros [aycca u BoimucaTh obiiee pe-
LIEHUE CUCTEMbI Y PABHEHUI, 331aI0IMX IIPOCTPAHCTBO KOAOBbIX cJI0B). CioxHee
JIeI0 0OCTOMT € MPONELY POl AEKOAMPOBAHNS MCKAKEHHBIX KOJOBBIX C0B. OKa-
3BIBAETCS, JJIs1 JTI000ro € > () MOXKHO MOCTPOUTDH OBICTPBIA AJITOPUTM, KOTOPBIH
BOCCTAHABJIUBAET KOJOBOE CJI0BO, B KOTOPOM UCIIOPYEHO HE 6osiee (W —e)n
6uToB (HA CKOJIb YIOIHO MAJIYIO JOJIO € MEHbIIe, YeM II0JIOBUHA KOJIOBOI'O PAC-
crosnaus ). [Iporeaypa 1eKoaupoBanus yeTpoena ciemyomum obpasom. [Tomepe-
MEHHO JIJIs BCEX BEPIIWH JIEBOH 1 MpaBoii 101 Tpada MbI TPOU3BOAAM JIOKAIh-
HYIO TPOIEAYPy AEKOAUPOBAHUS: JIJIsT KayKI0H BEPITUHBI OepEéM BCe BXOIAIIAE B
Heé pEdpa; ecm 3Ha4YeHnst d COOTBETCTBYIONIMX IIEPEMEHHBIX T; HE Y/IOBJIETBO-
PAIOT MPOBEPOYHON Marpune H, Mbl MeHsieM ux Ha OsmzKaiimee KOJIOBOE CIOB
JIHbL d (Tak, 9To0bI BCE KOHTPOJIbHBIE CyMMBbI B JIAHHOI BEPIIMHE CTAJIU PABHBI
Hys110). [TOCKOJIbKY Ha KayKIOM IIare Mbl IPUMEHSIEM MPOLELYPY KOPPEKIUH K
BEpIIMHAM B OJHOI moJie rpada, KaxKioe pebpo MOXKET y94acTBOBATH TOJIBKO B
OZIHOM TAKOW LPOLEAYPEe, TAK YTO KOJUIM3MA He BO3HUKAET (MMEHHO 3JeChb Cy-
LIECTBEHHOO, 4TO rpad AByn0bHbI). [loBTOpsiem npoueaypy nomnepeMeHHo Jjist
JIEBOH M mpaBoii nosm rpada, NoKa BCe KOHTPOJIbHbBIE CyMMbBI HE OOHYJISITCS.

YrBepxkaenue: 3adukcupyem npous3Bosbuoe € > 0. Eciin y otnngaercs ot
OJIHOTO W3 KOJIOBBIX C7I0B (IOCTPOEHHO BHIIIE Kofa) He Gomee wem B (1 — )5 (3 —
) burax, TO NPUBEAEHHBIA AJrOPUTM AeKoaupoBanus cxoaurcs depe3 O(logn)
urepanuii (4 BbIAAET COOTBETCTBYIOIIEE KOIOBOE CJIOBO).

36



HoxkazaresbcTBo: YT0OB! yIPOCTUTH 0003HAUEHUS, MBI OTPAHUIUMCST CJTY-
JaeM, KOT/Ia KCXOTHOE CJIOBO Y BIIN3KO K KOTOBOMY CJIOBY, COCTOSIIIIEMY U3 OJHUX
myseit (Takum obpasom, B y e Gomee (1 —€)3(§ — v)n eqummm).

Ha xaxk1om mare mporecca JeKOIupoBaHus KaxkJI0e Pebpo rpada momedeHo
Hy/J€M Win eauHuneil (B caMoM Hadaje eJUMHUIAMU I10MedeHO He Gosee (1 —
6)%(% —~)n pédep). Ham nyxkHO mokasars, yro yepe3 O(logn) maros Bece pébpa
OyIyT MOMEYEHBI HYJISIMU.

Paccvorpum momerku Ha pébpax rpada mocsie ¢-oro Iara mporeaypol ae-
KOAupoBaHus (Ha HEYETHBIX MIArax Mbl 0OpabarTbIBAeM BEPIIUHbL JIEBO 10Jie
rpada; Ha YETHBIX WIarax — BepliMHblL npaBoil gosm). Obozuauum S; u T; MHO-
JKeCTBO BEDIUH B JIEBOH W MpaBoii m0ysix Tpada COOTBETCTBEHHO, B KOTOPHIE
ocJIe -Off mTepanuu BXOIUT XOTd ObI OMHO pebpo ¢ momerkoit 1. [lasmee mbr

JIOKazKeM, 9TO CYIECTBYeT TaKasd KOHCTaHTa ¢ < 1, 9TO

e i HEYETHBIX ¢ (Ha 7-OM ImIare o0padaTHIBAJIUCH BEPIIUH JIEBOH [0JIH)
|Tisa] < c|Si

e JIst YETHBIX ¢ (Ha 4-OM I1are 00pabaThIBAIICh BEPIITHH JeBOit 10iH) | S;41| <
o|Ti|

W3 3Tux HEPABEHCTB HEMEJIEHHO CJIEAyeT JOKA3BIBAEMOE HAMU Y TBEDIKICHUE
— HA KaxKJOM Iuare 4ucjo ‘00eclOKOeHHbIX  eJuHUIAMU Bepiiud (B TOH 10-
Jgie rpada, re TOIbKO YTO [HPOU3OIILIA OYepe/iHasd KOPPeKIys) yMEHbIIALTCs B
KOHCTaHTy pa3. JJaHHble HEPABEHCTBA Mbl MHIYKIHUEH 110 7.

[Ipex e gem nemarh mar UHAYKIWHA, CAETAEM IPOCTOE HAOJIONSHS:

Habarwdenue: Ilycts S; ecTh YUCI0 BEpIIUH MPABOii 10u rpada, B KOTOPhIE
BXOIIAT €IUHUIHBIE PEOPA nocAe OYEPETHOrO MTara J1eKOINPBaHu B JIEBO 10JI€.
Cpasuum |S;| ¢ uucioM equHUIHBIX PEOEP, KOTOPbIE BXOAWJM B Bepuiudbl T; do
1-ro 1ara jJekoaupoBanus. Eciu oyepesHoil mar AeKoaupoBaHus He OOHYyJIIa
BCe pEOpa, BXOJAIINE B HEKOTOPYIO BEPIIUHY, 3TO 3HAYUT, YTO B HEE BXOIUJIO HE
menee 0d/2 equandabx pébep. Takum 00pa3om, j1jisd HEYETHBIX ¢ MOJIy9aeM

YUCIO0 €UHUYIHBIX PEOED, BXOAUBIINX B BEPIIUHBL S; 10 $-Or0 IIara

| <
|9l < 5d/2

(AnajlornuHOE HEPABEHCTBO BBINOJHEHO U Jjis NPaBoil 10y rpada U maros ¢
98THBIMU HOMepaMu.) B gacTHOCTH, MBI HOJTy4aemM

(1-9)35( —n
5d)2

|S1] <

Jasee 1o HHIYKIAKM MBI TOKasKeM, 9To |.S;| 1is Becex HedéTHbIX ¢ u |T;| mist Beex
qérabx ¢ ne mpesocxonar (1 —e)(§ —y)n/(d)

Temepb MBI TOTOBHBI CIETATH AT UHAYKIAA. PaccMOTpuM cydail He9ETHOTO
i (mag 9ETHBIX HOMEPOB paccyxXkjenus cummerpuddbr). [Ipumenum Jlemmy o
repeMennBaHuu:

a|s;| - |T; d|S;| - |T; Si| + T
|E(SiaTi+1)|S%%—dmwﬂ‘&”ﬂ_{_ﬂS | |m| +1 —|—d7| | 2| +1]
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(MBI 3aMEHHIM CpefHee TeOMeTpHUUecKoe Ha cpemmee apudmernaeckoe). Cre-
JIAHHBIE BbIIITE HAOJIOJEHNS O3BOJISIOT OleHUTh CHU3y |E(S;, Ti41)| Bennannoit
|Ti41] - (6d/2), a |S;| onenurs csepxy (1 —e)(§ — v)n/(2d). Ionyaem

(1_5)@ —7) |Si| + | Tiq1
m

n
(6d/2)|Ti41| < |Tis1| + dy 5 ;

ITockonbKy n = md, 9TO HEPABEHCTBO MOXKHO IIEPEIINCATH B BHUIE

[T 41] < v/2
1Si| — 8/2—7/2—(1-¢(0/2—7))

YTBepKIeHNE TOKA3ZAHO.

<1

Hpyrue NuTepecHble KOHCTPYKITUU KCITAHIEPHBIX KOJAOB MOXKHO HAUTU B
[Spi]; cm. Takske 0630p [Gu]. TTogpoGHee o koze 3emopa cM. [Zem].

IIpumenenune skcnaggepoB 3: Hagéxxuble cxeMbl 13 PYHKIHNOHATb-
HBIX 3JEMEHTOB

B sToMm pasnene Mbl obcyxKaeM 3a/ady HOCTPOEHUs HAJAEKHBIX CXeM M3
bYHKIMOHAIBHBIX 9JIEMEHTOB. Vbl MTpEImoIaraeM, YTO YUTATEb 3HAKOM C TI0-
HSTAEM CXE€MbI U3 (DYHKIIMOHAIBHBIX JJIEMEHTOB, BRIUUC/IAONEN OyieBy dbyHK-
muto f @ B"™ — B. Mbl Oyaem npeanosararb, 4T0 3apUKCUPOBaH HEKOTOPLII
KOHEYHBIN noansili ba3uc 6yneBbIx pyHKIUI B, 1 KazK/10i BHY TPEHHEH BepIuHe
CXEMBbI COMOCTABIISIETCA HEKOTOpas GYHKINA ¢ € B, mpudéM apHOCTb g COBIAIaA~
eT C BXOJHOW CTENEeHbIO0 BEPUIMHBI (CTPOrO TOBOPS, HYXKHO eIlE 3apUKCAPOBATH
COOTBETCTBUE MEXKJY BXOJAIIMMEU DEOpAMU U apryMeHTaMu ¢). Bxomubim Bep-
mIMHaM cxXeMbl (BepliMHaM C BXOAHOI crenenbio ) COHOCTABISIOTCH T1, . .., Ty
(aprymenTbt (bYHKIMU, KOTOPYIO JOJIZKHA BbIYUC/IATD CXEMA.

IIycrs 3amana cxema m3 N (PYHKIIUOHAIBHBIX JIEMEHTOB, BBITHCISIONIAST
Hexkoropyio dyukiuio f : B" — B. Paccmorpum paboTy JaHHOW CXeMbI ‘C
ommbkamu’. Bymem mpenmosiarars, 9T0 KaXKablid u3 (DyHKIIMOHAIBLHBIX JJIEMEH-
TOB HE3aBUCHMO OT JIPYI'MX JIEMEHTOB (U OT BXOZOB CXEMbI) C HEKOTOPOUH BEPO-
THAHOCTBIO € ‘JIoMaercs’, CraHOBUTCH ‘cOOWHbIM’. Bymem Ha3bBaTh JaHHOE pac-
npezesenne cO0eB €-cayuatinbim. Mbl cauraem, 910 cOOWHDBIE JIEMEHTHI CXEMbI
MEPEXOIAT BO BJIACTH 3JI0HAMEPEHHOI'O MPOTHUBHUKA, KOTOPBIA 10 CBOEMY IIPO-
U3BOJIY ONpPEJIE/IseT UX BhIXO/bl. [Ipu 5TOM BBIXOBI Ha OCTAIBHBIX (HECOOMHBIX )
GbYHKIMOHAIBHBIX JJIEMEHTAX OIMPEIE/ISI0TC 10 OOBITHBIM TPABUIIAM.

Omnpeneserne Cxema u3 QyHKIMOHAIBHBIX 9JIEMEHTOB (£, 0)-HaJ82KHO Bbl-
gucssier QyHKuio f, ecan s J0H60ro HabOpa BXOIHBIX 3HAYEHUN, MPU E-
CJIydaiiHOM BbIOOpE COOMHBIX 3JIEMEHTOB, C BEPOATHOCTHIO He MeHee (1 —J§) cxema,
BBIIAET MPABWIHLHOE 3HAUYEHNE (PYHKIINN, KAK Obl HA JIefCTBOBAJI TPOTHUBHUK.

Teopema|don Heiimann] djisi npoussosibHOro nosauoro 6asuca 6ysesbix GhyHK-
muit B, 7yia Bcex JOCTATOYHO MaJibix € Haiigérca § = O(g) Takoe, 94TO BCAKas
Oy/ieBa (DYHKIUSA MOXKET ObITh BBIUUC/IECHA (€,d)-HaJAEKHON CXeMOll B JaHHOM
6a3wuce.
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HoxkazareabcrBo: [Ipexkne Bcero 3amMeTnm, 4To €Cjd TeOpeMa BepHa, st
OJTHOTO TIOJTHOTO Da3mca, TO OHA 00si3aHAa, BBITOJHATHCA U IS JIIOOOTO IPYyTroro
6a3uca, ObITH MOXKET C APYIMMU € U O (IIOCKOJIbKY 3JIEMEHTbI OJHOro Gaszuca
MOXKHO MOJIETTUPOBATH OJIOKAME, COCTABIEHHBIMU U3 JIEMEHTOB JIPyroro 6asm-
ca). Be3 orpanuyenus oGIIHOCTY MbI MOZXKEM CYUTATD, 4TO HALL HA3UC COCTOUT U3
Bcex OyseBbIix (byHKHUilt TpEX aprymeHToB. MbI MOKaXKeM, 9TO J00YI0 OOBIIHYIO
Oy/ieBy cxeMy MOXKHO mepezesarTh B (g, 0)-Hanéxuyio. Joka3aTeanCTBO MpoBe-
€M MHAYKIHEH Mo rimyouHe (pOPMYJIbI.

Urak, nycrb Bbixog, (0ObI4HOI) GyJsieBOil CXeMbl BbIYUCIETCH [IPUMEHEHUEM
dYHKHOHAJIBHOIO dj1eMeHTa b K Tpoiike 3HadeHuil f1, fa, f3. Kaxknoe u3 3naue-
auil f1, f2, f3 B CBOIO O0Yepe/b BBHIYUC/ILIOTCS HEKOTOPBIMHU ToiacxeMamu (ObITh
MOYKET, MEPeCceKAIoMUMUcs). [VIyOuHBI 9TUX MOJCXEM 3aBEIOMO MEHBIIE, YeM
rIyOMHA BCEH CXEMBI; TO9TOMY MbI MOXKEM CUHUTATh, UYTO s f1, fo, f3 yxke ume-
1orcd (g, 0)-uangéxuble cxembt 11, To, T3. Eciu k Boixogam cxem 11, To, T3 upume-
HUTD OIPEPAIUIO b, TO BEPOATHOCTH MOJYyIUTh HEBEPHBIH OTBET HE TPEBOCXOUT
(36 + €) (uToroBbIil PE3yabTAT MOKET OKA3ATHCS HEBEPHBIM, €CJIU XOTSA ObI OJIHO
U3 3HaYeHNi f; BBIYUCIIEHO HENPABHUJIHHO MJIN €CJIHM COOi MpPOU3OIIET B CAMOM
sstemente b). Hazoém nocrpoennyio cxemy R. UToObI yMEHBIUTH BEPOATHOCTH
omubKU, Mbl M3MOTOBAM TPU KOIUHU CXeMbl R UM NMPUMEHMM K BBIXOJAM JTUX
TPéx cxeM (PYHKIHIO DOJTBITMHCTBA. BEposaTHOCTL TOro, 9TO M MOCTE STOrO MBI
[OJIy9YMM OILIUOYHBIN OTBET, HE IPEBOCXOIUT

330 +¢e)* +¢

(omubKa JOMIXKHA CIIyIUTHCS XOTS OB B IBYX U3 TPEX HE3aBUCHUMBIX KOIHH CXe-
Mbl C' Tu0b0 B HTOrOBOM BBIUCUICHUN OOJILINHHCTBA). I MAJIBIX € U TOAXOIS-
mero 6 = O(g) nomydaem

336 +¢e)*+e<46

U TeopeMa JJOKa3aHa.
OrmMeruM, 4T0 IpUBEIEHHAS KOHCTPYKIIAS MOXKET YKCIOHEHIHATIBLHO YBeJIn-
YUTHh Pa3MEP CXeMbl, XOTd €€ riiyOruHa yBeJnYnBaeTCs JIUIIb B KOHCTAHTY Pas3.

Ynpaorcnenue: Ilokaxkure, 9TO Ijid BCEX JAOCTATOYHO MAJIBIX € HAUIETCH
0 = O(e) Takoe, 9T0 QYHKIMIO GONBIIUHCTBA Tajority(xy, . .., T,) MOXKHO BbI-
qucuTh (€, 0)-HaIEKHON cxeMoil pa3mepa poly(n).

Jlastee MbI TOKakeM 0oJiee CHUJIbHBIN BapuaHT Teopembl o Heiimamma:

Teopema /[ljisi mpou3BOIHLHOTO MOMHOTO Oa3mca OysieBbix MyHKIWA B, s
BCEX JIOCTATOYHO MaJIbixX € Halinérca § = O(g) Takoe, 9TO BCAKag OyJieBa CXema,
C u3 N sejneMeHTOB MOXkKeT ObITh nepenenana (3a spemsa poly(N)) B (g,0)-
Hagéxuyio cxemy paszmepa O(N log N).

HokasaresbceTBo: [Ipexkie 4eM J0Ka3bIBATH TEOPEMY, BBEJIEM OIPEIEe-
Hue:

Ounpenesienne [Ipynosnbubiii rpad wasviBaercs (k, d, o, §)-komupeccopom,
ecsu

1. B 7eBoit u mpaBoil MOIAX rpada COMEPKUTCS O Kk BEPIINH,
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2. cTemeHb KayKIO# BEpITUHBI PaBHA, d;

3. mycTh A — MPOM3BOJILHOE MHOXKECTBO BEPINHH JIeBoii gonu rpada, u |A| <
ak; 0603HauMM B MHOXKECTBO TaKWX BEPINHWH MpaBoil mou rpada, y Ko-
TOPBIX DOJIBIIMHCTBO cocezeil npuHasnexkar A; Torma pasmep B me mpe-
Bocxomut (k.

Jlemma o kommpeccope Ecin 4a(y2+a) < 3 < 1/2, To MaTpuIia CMexKHO-
cru anrebpaundeckoro (k, d, v)-skcnanzaepa 3anaér (k, d, o, §)-kommpeccop (aBy-
J0abHbIA rpad ¢ 2 X k BeprimHaMu Takxke 3axaércs marpuueit k X k).

OT/I0KUM [TOKA3ATEIHCTBO JIEMMBI U TTOKAYKEeM, KaK OHA MOMOTAEeT J0KA3aTh
reopemy. 3adbukcupyeM HeKOTOpbIil mapamerp k (B OCIeICTBUU Mbl BbIOEpeM
k = O(log N)). Honee, nocrpoum (k, d, c, 3)-komupeccop rakoii, yro f+I'e < «
(koncranra I' He 3aBucuT or k U onpejesisercs COOTHOIeHneM ducia d u ba3uca,
HAaJ, KOTOPHIM MBI CTPOUM CXeMY; MoApobHee 3Hauenue I’ Mbl 00Cy UM HUKE).

Teneps MbI TpeoOpa30BbIBaEM 3aJaHHYI0 HaM cxeMy C' B SKBUBAJIEHTHYIO €
(g, 0)-maméxmyto cxemy C’. JIist 3TOrO MBI 3aMEHUM KasK /bl (byHKIINOHATBHBIH
9JIeMeHT Ha HeKOTpbIil 0710k u3 O(k) smemenToB (ycrpoiicTBO TAKOro 610Ka MbI
ceituac onumenm). Eciu B cxeme C' BbIxX0J| d/1€MeHTa HOMED 7 [OAABAJICS HA BXOJ
9JIEMEHTY HOMEP j, TO B HOBOI cxeme C’ or G0Ka HOMEp ¢ K OIOKY HOMEp j
Oyaer uaru ‘Kabesib’ u3 k mpoBoaos. B umeaibHol curyanun (Koraa HeT ormmboK )
CHUTHAJIBI BO BCEX MPOBOJAX ITOr0 Kabess OyIyT OXWHAKOBBI; OOJIEE TOrO, ITO
OyieT POBHO TOT CUTHAJ, KOTOPBIH IPOXOMII [0 COOTBETCTBYOMIEMY IPOBOLY B
UCXOJHOM cxeMme ([P TeX K€ 3HAYEHUSX BXOJOB CXEMbI).

Ternepn omnuiieM ycTpoiicTBO 6JI0OKA, COOTBETCTBYIOIIETO OJHOMY U3 JJIEMEH-
ToB cxeMbl C. Mbl 00bSICHIM KOHCTPYKIMIO HA, TTPOCTEUIEM TPUMEpPE: IMYCTh
B C' mpucyTcTBOBa DYHKIMOHAJBHBIN 3JIEMEHT KOHBIOHKIINS; HAIA 330298 —
[IOCTPOUTH HAAEKHBIN OJI0K, YCIEITHO MOASTUPYIONNA 3TOT (pyHKIMOHATHHBII
3JIEMEHT MPH ‘YMEepeHHOM KOJaudecTBe ommboK. B aTor 6710k O6yayT BXoauTh 2k
curuasios (aBa Kabess 10 k npoBogos). Mbl CBOAMM COOTBETCTBYIOLIKE IIPOBOIA
u3 3rux Kabeseii (MepBbIli ¢ HEPBLIM, BTOPOH CO BTOPBIM, U T.J.) U JJId KaXK-
JIOH maphl BEIYUC/IsiEM KOHBIOHKIMIO. [lomygaem k pe3yabTUpyIONnX CUTHAJIOB.
3arTeM MpoITycKaeM TU CUTHAJBL Yepe3 Koppexmop: 3To cxeMma ¢ k Bxojgamu u k
BBIXOJIAMH; KAXKIBIH BBIXO/I BBIYUCIAETCH KAK OOABUUHCTMEO CPEU HEKOTOPHIX
d BXOJIOB; a MPABUJIO, [0 KOTOPOMY KaXKJIOMY M3 BBIXOJIOB COIOCTABIAIOTCH d
BX0/I0B, ecTb (k,d, a, 3)-kommpeccop. OTmernm, 4T0 GJIOK peau3yercs CXeMoil
riy6uant O(1) u cocrout u3 O(k) dyHKIUOHATIBHBIX 37€MEHTOB (KOHCTAHTBI
3aBHCAT OT BHIOOpa 6a3uca).

C HOMOILBIO OLIEHKY BEPOATHCTU GOJIbINUX yKIIOHeHU T (HepaBerncTBo YepHo-
Ba) JIerko nokaszarb, uro ecau k = Q(log N), 1o ¢ 60sbl10ii BEPOATHOCTHIO HU
B ooM u3 N omucaHHbIX 6JI0KOB He ciayuurcs Gosbine [ek (uuciao I ompene-
JigeTcs TyOUHO CXeMBI-KOPPEKTOPA, T.€. 3aBUCAT OT BbIOOpa 6a3uca). B Takom
caydae, eCIu KaxKIblil 13 BXOIHBIX Kabeseil Hecer He Oojee ok ‘HEMPABUIBHBIX
cUrHaJioB (T.e. CUCHAJIOB, OTJIMYHBIX OT 3HAYEHUs B COOTBETCTBYIOLIEM [IPOBOJIE
ucxoHoii cxembt C'), TO U cpeay k BBIXOAHBIX CUI'HAJIOB He 6osiee ak O1nbOYHbIX.
JelicTBUTENIBHO, TEpeT, IPUMEHEHUEM KOPPEKmMOopa HePABUIbHBIE CUTHAJIBI 000-
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UX BXOMIOB CKJIQJBIBAIOTCS — UX MOXKET CTaTh 2(v. 3aT€M MBI ITPOITYCKAEM CHT-
HAJIBI Yepe3 KOMIIPECCOp, U J0JIs OMMuOOK yMeHbInaercs 1o (5. Hakonerr, HyKHO
yuecrb em@ O(ek) HOBbIX OIMOOK, KOTOPBIE MOIJIM CJIyYUTHCHA B CAMOM OJIOKE.
Bcero nva Bbxoze umeeM pomo ommbok 5+ O(e) < a.

Yrobbl 3aKOHYUTH KOHCTPYKIMIO, HAM HYKHO BBIWIEHUTH U3 Kk-)KUJIBHOTO
Kabesst Ha BBIXOJIE TMOCJe Hero 06JI0Ka odur CHHTHAJ ¢ OTBeTOM. Jlj1sa aToro Ham
HYKHO BBIUUCIUTD OOADWUHCITIE0 CPEIV 3HAYEHUHN 9TUX k CUTHAJIOB. DTO MOXKHO
JIeJIaTh PA3HBIMHU CHOCODAMU; HAIPUMEDP, MOXKHO MPUMEHUTH ‘IKCIIOHEHIIUAJb-
uyto’ Koucrpykuuio (on Heiimanua (npu Boraucienuu byKHUuU GOIbITMHCTBA
cpeau O(log N) 3uauenuit nanubiii Mmeros gacr cxemy pasmepa poly(log N), cm.
YrpazkeHeHne BbIIIe).

Jloka3aTesibCTBO JieMMbI 0 Komnpeccope: IlycTs e, ..., e — OPpTOHOP-
MUPOBaHHbBIA cOOCTBeHHbIN Gasuc marpunpl M 3amanuoro (k, d,y)-3Kcnangepa,
a Ai,..., Ay — cooTBeTcTByIomue coOCcTBeHHbIE Uncia. Mbr Oymem caurarh, ITO
CcOOCTBEHHBIE YUCJIA YIIOPSIOYEHBI IO yOBIBAHUsS aOCOMIOTHON BeaudnHbl. [Ipn
3TOM

a A\ = d (M0 yCJIOBHUIO JIEMMbBI OCTAJIbHbIE COOCTBEHHBIE YUCJIA MO MOYJIIO HE
npesocxondar vk). Ilycrs A — HekoTOpoe MHOXKECTBO BepiuH rpada, u |A| < ak.
O6osuayum f = (f1,..., fr) XapakTepucTUUECKUil BEKTOD TOIO MHOXKECTBA
(fi =1 ecn u TONIBKO ecu i-asd BepiuuHa rpada npunamiexkur A). dcuo, uro
[|£1|?> < ak. Onenum nHopmy BekTopa M f.

k

k
[IMFI[? = (MFMF) = (f, M2f) = 3 N (f i) = a’d®k+ ) NH(fe)”

i=1 =2

[TockosibKy Bce COBCTBEHHBIE YHCIA KPOME MEPBOTO O MOJLYJIIO HE IPEBOCXOAT
vk, momygaem

k
M| < ®d®k+ (vd)* Y (fre)* < P&k + (|| f|* < (0d® + ar*d®)k
i=2
Janee, 1j1st BHIOpAHHOTO A MBI PACCMOTPUM MHOYKECTBO B, KOTOpOe cocTouT
u3 Bcex BepumH rpada, y KoTopbix He Mmenee d/2 coceneil sexar B A. D10

3HAYHUT, 9TO B cocTouT M3 Takux BepiwH ¢ = 1,...,Mn, 9TO B -0l KOOPAUHATE
BekTopa f' = (M f) crour umcao e menee d/2. Tomygaem

LN AR < ate? o
B3 (F5) = EIMAP < a0 + @ < o
=1

Jlureparypa: [Gacs|
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