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[Npeancnoeue

Haowemy yuumeso,
BJIAJUMUAPY AH/APEEBHUYY YCIHEHCKOMY

IIpemmaraemast BamieMy BHAUMAHWIO KHUTA HAMCAHA 10
MaTepUuaAIaM JeKIUN [ MJIAJIIEKYPCHUKOB, KOTOPLIE Hh-
TAJUCHL ABTOPAMU B DA3HBIE T'OABI HA MEXAHUKO-MATEMATHU-
geckoM pakyabrere MI'Y. (B srou cepun yxe BbUIIM KHUTT
«Hawana Teopuu muoxecTsy u «Boraucaumere pyuxuuny.)

Henrpanbaas maes MATEMATHIECKOU JOTUKU BOCXOIUT
emé k JIeMGHUITY U COCTOUT B TOM, YTOOBI 3AMUCHIBATEL Ma-
TEeMATUICCKUE YTBEPKACHUA B BUJE MOCICIOBATEILHOCTEN
CUMBOJIOB U OIEPUPOBATHL C HUMH MO (POPMAIBLHBIM TPABU-
aam. IIpu 3T70M NPABUALHOCTL PACCYKIEHUNA MOXKHO IIPOBE-
PATH MEXaHUYECKU, HE BHUKAA B UX CMBICJ.

Yemauamu 60TBIIOT0 YUCIa MATEMATUKOB U JJOTUKOB BTO-
pon mososuakl XIX u mepeonm moaoewHEl XX Beka (Byub,
Kautop, ®pere, [leano, Paccen, Yanrxen, llepmeno, Ppen-
kenb, [unsbepr, dou Henman, [€geas u apyrue) sta mpo-
rpaMma ObLTa B OCHOBHOM BBINOAHEHA. IIpUHATO c4uTaTh,
YTO BCAKOE TOYHO CPOPMYIUPOBAHHOE MATEMATAICCKOE YT~
BEPXKIEHUE MOXKHO 3aMUCATH (POPMYJION TEOPUU MHOKECTB
(omHON M3 HaMGOJIEE OOIIUX POPMAIBHBIX TEOPUH ), & BCAKOE
CTPOroe MAaTEMATUIECKOE TOKA3aTEeJbCTBO MPeoOpPa3OBATD
B (pOpPMaJIBHLIM BEIBO B HTOU TeOpuu (IOCAEL0BATENLHOCTE
(opMyn Teopuum MHOXKECTB, MOLYMHSIOUIYIOCA HEKOTOPBIM
OPOCTHIM MpaBuiaM). B KaKOM-TO CMBICJIE 3TO 1aKe CTAI0
ONPENEICHNEM: MATEMATUIECKA CTPOTUM CIUTAETCA TAKOE
PacCyX)aeHrne, KOTOPOE MOXHO [EPEBECTU HA S3BIK TEOPUN
MHOXECTB.

Tak 49TO Xe, Tenepb MATEMATUKA MOLYT APYKHO YUTH
HA TIEHCHIO, TTOCKOJBbKY MOXHO OTKDPBIBATH MATEMATAIECKUE
TEOPEMBI C MOMOIIBI0 KOMIBIOTEDPOB, 3ANPOrPAMMUDPOBAH-
HBIX B COOTBETCTBHUH C (POPMAIBLHBIMEA TPABUIAMU TEOPUN
vuoxects? Konewyno, meT, npuyuém cpasy o HECKOILKUM
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TMPUYUHAM.

Hauuém ¢ Toro, 970 MaImmnHa, BEAAKIMAA ¢ BOMBIION CKO-
POCTBIO MATEMATAIECKNE TEOPEMEL (M UX JOKA3ATETbLCTBRA),
XOTS ¥ BO3MOXKHA, HO GecrnosnesHa. [lemo B ToM, 4TO cpeau
JTUX BEPHBIX YTBEPXKACHUU IOYTH BCe Oy AyT HEUHTEPECHBI-
Mu. DopManbHAL JOIMKA TOBOPUT, KAKWUE IIPABIIA HAIO CO-
OMt01aTh, ITOOLI MOTYIATh BEPHBIE PE3YILTATHI, HO HE TOBO-
PUT, B KAKOM TIOPAIKE UX HATO TPUMEHATH, YTOOBI MOAYIUTH
YTO-TO UHTEPECHOE.

Kasanocy 6bI, MBI MOXKEM 3aLyCTUTH MAINVHY U KIATh,
[IOKA OHA HE [OKAXKET HHTEPEeCyIOIlee HAC YTBEPXKJEHUE
(mpomyckas Bce ocTanbHEE). IIpob6mema B TOM, 9TO (HOp-
MaJBHOE MOKA3ATEILCTBO CKOIBKO-HUGY b CONEPKATEILHON
TEeOpeMbI HACTOILKO JAJIWHHO, YTO IPOYECTH €r0 IeJIOBEK HE
B cocrosuauu. lIpescraebpre cefe JOKA3ATEIHLCTBO, KOTOPOE
COCTOUAT K3 MIUINOHOB (DOPMAJIHHO [IPABUIBHBLIX IIAIOB, B
KOTOPOM MBI MOYXKEM TTPOBEPUTH KAXKABIN OTACILHBIN IIAT,
HO TaK W He MOHMMAaeM, ITO TPOUCXOIUT — MHOTO JU B
HEM MpOKy?

Ha camom geme mpok BCE-TAaKM €CTh: MBI Y3HAEM, UTO
JOKA3BIBAEMOE YTBEPXKAEHUE BEPHO, XOTs TAK U HE [OHU-
maeM, moveMy. Tak ¥TO u Takas MamuHa ObLIA OBl IOJIE3-
Ha. YBBI, U DTOT'O CAeJATHh HE YIAETCS, MOCKOJBKY Ha TO-
MCK MOKA3aTEeThCTBA CKOTBLKO-HUOYAH CJIOKHOTO yTBEPKIE-
HUA U3BECTHBIMU CEUYAC METOTAMU TPeOyeTcs acTPOHOMU-
yecku GOJbLIOe BpeMs ([Jazke eciau NPEeACTAaBUTHL cebe, u4To
MalMHa, pab0TAET € IPEeIeJbHO BO3MOXKHOU IO 3aKOHAM (U~
3UKUA CKOPOCTBIO).

MoxHO yMepUTh aMOUIINN U TMTOCTABUTH O0Jee TPOCTYIO
3a30ady: OYyCTh MAIIMHA IPOBEpAET AOKAa3aTeJbCTBA, 3aIlN-
CAHHBIE YEJI0BEKOM IO IpaBUIaM (POPMAILHOU JOrUKY. Feam
MAIlKHA HE MOXET IIOMOYb HAM YTO-TO OTKDHBITh, IIyCTH OHA
XOTs OLI TPOBEPUT, HE TPOTYCTUIN JU MBI KAaKOT'O-TO IIIara
paccyxIeHus.

W3 Bcex mepeducaeHHBIX 33439 2Ta BHITVIAIUT Hanbogee
peamuctuanon. K coxaneHuo, moka 9TO pabOTHI U B 3TOM
HANPABJICHUM HE YIUUIA LAJEKO: (DOPMATIBHAS 3AIUCH JOKAa-
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3aTEILCTBA B BUE, TPUTOIHOM [IJIA MAINUHHOU TPOBEPKH,
ABISETCA JOJITUM U CKYYHBIM JEJI0M, HA KOTOPOe y MaTeMa-
TUKOB HE XBATALT DHTY3MA3Ma U TepneHua. A paspaboTaThb
YAOOHBIE CPEACTBA TAKOU 3aIKUCH TIOKA HE YIATIOCH.

Kopoue rosops, peBomonronHas nporpamma JlenGHumna,
noCcTpoeHus (POPMATHHBIX OCHOBAHUN MATEMATUKH OCYIIEe-
CTBWIACH, HO HE3AMETHO: O 3JaAHNE MATEMATUKU TIOIBEIN
HOBBIA (U JOBOJBHO IPOYHBIN) (GYHIAMEHT, HO GOJIBIIMHCTBO
KUIBIOB PO BTO [0 CUX TOP HE 3HAIOT.

Tak 4r0 xKe, MaTemMaTu4eckas Joruka Oecrnosnesna’ Hu B
KOEM CJydae: OHA He TOJBKO YAOBJIETBOPSET €CTECTBEHHBIN
durocodp ckum UHTEPEC K OCHOBAHUAM MATEMATUKY, HO U CO-
JMEPKUAT MHOKECTBO KPACUBHIX PE3YIBTATOB, KOTOPHIE BAXK-
HBI HE TOJIBKO JJIA MATEeMATUKU, HO U UL computer science.

B sT0oM KHUXKE MBI PACCKaXeM 00 OJHOM U3 HEHTPAIb-
HBIX MOHATUHM MATEMATUIECKOW JOTUKYU — S3LIKAX U HCYU-
CJEHUAX TEPBOTO TMOPAIKA. B DTUX A3BIKAX UCHOIB3YIOTCSA
JOTUYECKUE CBA3KU (MY, (LI, (CCIM ...TO ...», & TAKKE
KBaHTODPHL I BCEX» U «cymecTByeTy. OKasplBaeTCsa, ITO
JTUX CPEACTB JOCTATOYHO s (POPMATUIAINY MATEMATAIE-
CKUX TEOPUU M YTO MOXKHO IOCTPOUTH HPOCTHIE (POPMAIL-
HBIE IPABUJIA, HOJHOCTHIO OTPAXKAOMINE CMBICA DTUX JOLHU-
YECKUX CPENCTB.

ABTOpHI TONB3YIOTCA CaydaeM emé pas mobIaronapuTh
cBOero yuureas, Baaguvmupa AuapeeBuda YCIeHCKOTO, JeK-
IUU, TEKCTHI U BBLICKA3BIBAHUSA KOTOPOrO MOBJIUSIA HA HUX
(4 Ha cozepKAHUe DTOU KHUIHU), BEPOATHO, JaXe B OOJIbLIeN
CTeNeHNn, YeM aBTOPHI 3TO OCO3HAIOT.

Ilpu moaroTOBKE TEKCTa MCMONB3OBaHLI 3amucu A. En-
¢umbeBckoro u A.Pomamenko (KOTODBIM TakkKe MpOvEn
[IPEIBAPUTEABLHLIN BAPUAHT KHUTU U HAMET TAM HEMAJO
omuboK).

Opurunan-maker kuuru noarorosted B. B. llysanosbiv;
6€3 ero HaCTOMYUBOCTHU (BILIOTH /0 TOTOBHOCTHU PAa3AeauTh
OTBETCTBEHHOCTD 33 OMUOKN) OPUTUHAI-MAKET BPAJ JU TIO-
ABUICS OBI K KAKOMY-1100 cpoky. O xe BMecTe ¢ M. A. Yuia-
KOBBIM (HAIIEAIIMM HECKOILKO CYLIECTBEHHBIX OMUGOK ) 04~



8 IIpeducaosue

TOTOBWI TIPEIMETHLIN YKA3aTENb. MBI IPU3HATEILHET TAKKE
K. C. Makaprraery u FO. C. MakaperieBy, KOTOpBbIE BHUMA-
TEIBHO PO BEPCTKY KHUTY W HAILIA TaM HEMAJIO OTTetda-
TOK.

Apropo npusnarensaer Ecole Normale Supérieure de
Lyon (Ppanuus) 3a H0A4ePKKY U MOCTEIPUUMCTBO BO Bpe-
MsI HATTUCAHUS 3TOU KHUTH.

TlepBoe u3gaHWe KHUTU CTAJO BO3MOXKHBIM Oiarogapsa
Poccunickomy Goray GyHIAMEHTAILHLIX WCCACLOBAHNAN, &
Takxke W.B. fluenko, KOTOPEIU yroBOpWI aBTOPOB IOAATH
Tyna 3asBKY.

Haxower, Mer 6GrarogapuM COTPYIHUKOB, ACTUPAHTOB
U CTYAEHTOB Kadeapbl MATEeMATUYECKOW JOTUKU MEXMATA
MT'Y (ocobas 6marogapaocts — M. P. IlenTycy, ykasasiie-
My [Ba [0eCATKA OE€YaTOK), & TAKXKE BCEX yIACTHUKOB Ha-
X JEKIAd U CEMUHAPOB U YUTATEJNEU MPEIBAPUTEIBHBIX
BAPUAHTOB DTOU KHUT'H.

B TpeTbeMm uzganun 106aBICHBI (hOPMYJAPOBKA U TOKA-
3aTETHLCTBO TeopeMbl éptia 0 Hepa3pEeImMMOCTT UCTUCTICHNI
npearkaros (IO ommbKe OTCYTCTBOBAILUE B MIPEABIAYIIAX
U3JAHUAX), & TAKXKe JONOJMHEeHA MHMOPMAUUs B UMEHHOM
yKazarese.

TpocuM cooBIATH 0 BCEX ONMOKAX U OMEUATKAX aBTO-
pam (BJIGKTpOHHBIe agpeca ver at mccme dot ru, nikolay
dot vereshchagin at gmail dot com; shen at mccme dot ru,
alexander dot shen at 1if dot univ-mrs dot fr; mo4ToOBLIN
agpec: Mocksa, 121002, Boasmon Baacvesckuu nep., 11,
MoOCKOBCKUY TIEHTP HETPEPHIBHOT'O MATEMATUIECKOTO 06pa-
BOBAHNA).

H. K. Bepewaeun, A. Hlens



1. Jloruka BbICKa3bIBaHUM

1.1. BeickasbiBaHUs K onepauum

«Eciu yucao 7 pammoHanbHO, TO T — aarebpamdeckoe
qucao. Ho oo He amreGpauveckoe. SHAYUT, T HE PAILUO-
HaJIbHO.» MBI He 00S3aHBI 3HATH, YTO TAKOE HMUCIO T, KAaKne
YUCTA, HABBIBAIOT PALMOHAILHBIMU U KAKUE ANreOpaniecKu-
MU, YTOOBI IPU3HATD, YTO DTO PACCYXKIEHUAE TPABUILHO —
B TOM CMBICJIE, UTO U3 ABYX CHOPMYJUPOBAHHBIX MOCBLIOK
JENCTBATEIBHO BHITEKAET 3aKII0UEHNUE. 1akoro poja CUTY-
anuyu — KODAa HEKOTOPOE YTBEPKIEHUE BEPHO HE3ABUCUMO
OT CMBICJIA BXOJAAIINX B HETO BHICKA3BLIBAHUU — COCTABJAIOT
MPEIMET A02UKU BbICKA3bIE AHUT.

Takoe Hawano (OCOGEHHO €C/IM yIeCTh, ITO KYPC JOIUKH
BXOJWJI B IPOrpaMMy PpuIoCcoPCKOro paxkyIbTeTa, I'ie TaK-
XKe M3yvanach «IMATEKTUIECKasa JOTWKay) HACTOPAKUBAET,
HO HA CAMOM JeJ€ HAIM PAacCMOTPEeHus OyAyT UMeTb BIIOJ-
HE TOYHBIA MATEMATUYECKUN XAPAKTEP, XOTA MBI HAUHEM C
HeGOPMATBHBIX MOTUBUPOBOK.

Buickasviganus MOTYT OBITH UCTMUHHBIMUY U AOHCHBIMU.
Hampmuep, «2'6 +1 — mpocToe umeao» — HCTHHHOE BHICKA-
abIBaHue, a «232 +1 — mpocToe Iueaoy — J0KHOe (3TO TUCI0
penurcsa Ha 641). IIpo BrickasbiBaHUME «CyIIECTBYeT GECKO-
HEYHO MHOT'O TPOCTHIX P, MJIA KOTOPHIX P+ 2 — Takke mpo-
CTOE» HUKTO He OepETCca CKasaTh HABEPHAKA, UCTUHHO OHO
WK JOXKHO. 3AMETHUM, 9TO «Z TEIUTCA Ha 2» B DTOM CMBICIE
HE SBJSETCA BBLICKA3LIBAHUWEM, [MOKA HE CKA3AHO, Y€MY DaB-
HO Z; TIPA PA3HBIX I MOAYYAIOTCA PAa3HBIE BBICKA3LIBAHUI,
O4HM UCTUHHBIE (IIpU YETHOM ), APyrue — JAOKHBIE (Ipy
HEIETHOM ).

BrickasbBaHusA MOXKHO COEIMHATH IPYD C APYTOM C HO-
MOIIBIO «IOTUYECKUX CBABOKY. OTU CBA3KUA UMEIOT [TOBOJIb-
HO CTPAHHBIE, HO TPAAUIAOHHBIE HAZBAHUA U OOO3HAUEHUS
(rabu. 1). OrMernMm Takxke, 9T0 B uMmumkanun A = B
BBICKA3BIBAHNE A HA3LIBAIOT NOCLIAKOU, WK aHMeuedenmom
uMnAVKAYUY, & B — 3axa0uenuem, Wim KoHcex8 eHmMoM.

ToBopAT Takxe, YTO BEICKA3BIBAHUE UMEET UCTNUHHOCT-
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CBA3KA 0003HaIEeHUE Ha3BaHUe
AuB A&B AANB KOHBIOHKIISA

A and B
A wm B AV B A or B | nusbioHKINA
me A -A ~A A OTPUIAHAE
A ueBepHO not A

u3 A crenyer B A—B A=B UMILINKAIUA
eciu A, o B ADB CJIeJ0BaHUE

A Baeuér B if A then B

B — caegcrBue A

Tatmuia 1. Jlorudeckue CBA3KU, 0O03HAYEHNUSI U HABBAHUA.

noe anavenue W (nctuna), ecan ono uctunszo, win JI (10xs),
ecau oHO J0xkHO. Muoraa BmMecTo M ynorpebasercs 6ykea T
(true) wau uumcao 1, a Buecro JI — Gyksa F (false) wiu
qucao 0. (C mepBoro B3mvIAga uaes IPOU3BOILHEIM 06pa3oM
BEIOpaTh unciaa 0 m 1 KaxkeTca TUKOU — Kakad Obl TOIb3a
Moraa GBITH OT, CKAaXeM, CJIOXKEHWS UCTUHHOCTHBIX 3HAYe-
HuU? YAUBATEJBHBIM O0pPa30M B MOCJIEAHUE TOAbI OOHADY-
KUIOCh, ITO TAKAA MOJb3a €CTh, U €CIU OTIEPUPOBATEL € WC-
THUHOU ¥ JIOXKBIO KAK DJEMEHTAMU KOHEYHOI'O IIOJs, MOXKHO
MOJIYYUTH MHOT'O HEOXKUIAHHLIX pe3yabTaToB. Ho 3To Bbxo-
IUT 38 PAMKHU HAIIEH KHUIH.)

Jlorudeckre CBA3BKU MO3BOJSAIOT COCTABIATH CJIOXKHBIE
BBICKA3BIBAHUA U3 MPOCTHIX. [Ipy 5TOM MCTUHHOCTEL COCTAB-
HOT'O BBICKA3BIBAHUA OMPEIEIACTCA UCTUHHOCTHIO €ro da-
CTEU B COOTBETCTBUU ¢ Tabuauuen 2.

Te e npaBmiIa MOXKHO W3JIO0KHUTH CIOBECHO. BBICKA3BI-
Bauue A A B uctunHO, ecau 00a BoicKazwiBauusa A u B wuc-
TUHHLL BroickasbiBanue A V B UCTUHHO, €CIM XOTs OBl OLHO
u3 BoicKazwBaun A u B wuctunao. BrickaszwiBanune A — B
JIOXKHO B €IUHCTBEHHOM CJIydae: ecan A ucTurHo, a B J0XKHO.
Haxower, - A ucTUHHO B TOM M TOJBKO TOM CJayYae, KOTIa
A noxHo.



[m. 1] Buickaswvi8anua u 0onepayuy 11

A|B|AANB | AVB| A—B

J | Ja J J n Al -A
J |’ J n n J | n
n|Ja JI n J n Ja
n n n n n

Tadauma 2. TabauIBT UCTUHHOCTHU IS JOTUYECKUX CBA3OK.

W3 Bcex cBA30K GOJBINE BCErO BOMPOCOB BHI3BIBAET MM-
mmKanua. B caMoM jene, He OYeHB MOHATHO, TIOYEMY Ha-
IO CUHTATh, CKaxKeM, BLICKA3BLIBAHUA «€CIH 2 X 2 = 5, TO
2x2=4d uecmm 2x2=25,103 X3 = 1> UCTUHHBIMUA.
(Umenno Tak roBopaT Hamm Tadmuus: JI — U =JI — JI =
= N.) Caeayroumuii npuMep HOKA3BIBAET, YTO B TAKOM OLpe-
[EJEHUN €CTh CMBICI.

OOIenpu3HaAH0, YTO €CJAU YUCIO T MeIUTCA HA 4, TO OHO
OeauTes Ha 2. DTO 03HAYAET, 9TO BHICKA3BIBAHUE

(z memurcs va 4) — (x gemurcsa Ha 2)

nctuaHO mpu Bcex x. llomcTaBuMm cioma x = 5: ob0e dacTu
JIOXKHEI, & YTBEPXKJEHUE B LeIoM ucThHHO. llpu z = 6 no-
CHITKA MMITUKALUUW JIOXKHA, a 3aKII0YeHNe UCTUHHO, U BCA
UMIIUKAIA ucTuHHA. Hakoner, mpu & = & TOCBLIKA U 3a-
KJIIOYEHUE UCTUHHEL 1 UMILTAKAIUA B 1ejaom uctuaaa. C apy-
rOUl CTOPOHBI, OGPATHOE YTBEPK ACHNE (€CAYN & eIUTCS Ha 2,
TO X JETATCA Ha 4) HEBEPHO, U YUCIO 2 ABJAACTCA KOHTPIPH-
Mepom. Ilpu 5ToM nochIKa IMIUIMKAMY UCTUHHA, 3aK/I0Y9e-
HUe JOXKHO, ¥ CaMa UMILIMKAIUA JOXHA. Takum obpazowM,
€CJN CIUTATDh, ITO UCTUHHOCTH UMILTAKAIINN OTIPENeaaeTCs
UCTUHHOCTBIO €€ JacTed (a HE HAIMYIMEM MEXKITy HAME Ka-
KUX-TO IPUIUHHO-CIEACTBEHHBIX CBA3EN), TO BCE CTPOKY Ta-
OMUIIBI UCTUHHOCTH OOOCHOBAHBI. ITOOBI MOAIEPKHYTH Ta-
KO€e y3KO-(pOpMaJbHOEe NMOHMMAaHWE MMILIMKAINT, (HUIocod-
CKU HACTPOEHHBIE JOIMKY HA3BIBAIOT €€ «<MaTEePUATLHOU UM-
IITKAITICHY .

Temepn 0T HEDOPMATHHEIX PA3TOBOPOB MEPEN IEM K OTIpe-
JEJEeHUsAM. DJIEMEHTAPHBIE BLICKA3LIBAHUA (U3 KOTOPBIX CO-
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CTABJIAIOTCA OOJEE CIOKHBIE) MBI Oy €M 0003HATATD MATEHb-
KUMU JATUHCKAMY OYyKBaM¥ U HA3BIBATL NPONO3UYUOHAAb-
HOLUY TiepemenHbiMy. VI3 HUX CTPOATCA Npono3utuonaibHvle
POpMYALL IO TAKUM TTPABUIAM:

e Bcesaxas mponosunmoHanbHAsS TepeMeHHasd eCTh (hop-
MYyJIa.

e Ecim A — mponosunumonasbuas gpopmyia, To “A —
[IPOIO3ULNNOHANBHAA (POPMY.IA.

e Ecim A u B — nponosuimoHaibHble (POPMYJLI, TO
(AAB), (AV B) u (A — B) — npoOnO3ULUOHATLHEIE
GOPMYTHI.

MoxHo emé ckasaThb Tak: (GOPMYJILI 00pPa3yIOT MUHU-
MaJIBHOE MHOXECTBO, OOJIANA0NIee YKA3AHHBIMU CBOUCTBA-
MU (CIOBO «MUHUMAJIBHOE» 34€Ch CYLIECTBEHHO: BeAb €C/U
OBI MBI OOBABUIN JTIOOYIO TTOCJIEI0BATEIBHOCTE ITIEPEMEHHEIX,
CKOOOK 1 CBA3OK (POPMYJIOH, TO DTU TPU CBOUCTBA ObLIu ObI
TOXK€ BBIIOJHEHE).

IIycTs dopmyaa @ COMEPKUT 7 TPOTO3UIUOHATBLHBIX TIe-
DEMEHHEIX P1, P2, - . . , Pp. LCJIH IOACTABATH BMECTO 3THX II€-
peMenHbIx ucrunnoctHsle s3uadenus (A wim JI), To no ra-
OJUIIAM MOYXKHO BBEIYUCJIUTH UCTUHHOCTHOE 3HAYeHne (hOpMy-
JB1 B 1IeoM. Taxum o6pazoM, ¢popMyaa 3a1aéT HEKOTOPYIO
(PYHKIUIO OT N apPryMEHTOB, KAXKABIA U3 KOTOPBIX MOXKET
npuHrMaTh 3Hadenus JI uw M. 3uavenus QyHKIMM TakxKe
nexat B MHOxkecTBe {JI,M}, koTopoe MBI OygeM 0GO3Ha-
gaTb B. Mbl GyeM caeqoBaTh yke yIOMUHABLIIEUCS TPALA-
1uu U 0OTOXAeCTBIATE U ¢ equuunen, a JI — c myaém, Tem
cambeiM B ects {0, 1}. Popmyma ¢ 3a1a8T 0TOOpaKEHNE TUIA
B" — B. Takue oTo6paxKeHus HABLIBAIOT TAKKE OYAC8bIMU
PYHKYUAMY T GP2YMERTNOS.

Mpumep. Paccmorpum popmyay (p A (g A —r)). Ona uc-
THHHA B €IWHCTBEHHOM CIy4ae — KOI'Za P U § UCTUHHEL, & T
J0XKHO (CM. Tabaumy 3).

HexoTopbie (pOpMyIBI BEIPAXKAIOT JOTUYECKAE 3AKOHBI —
COCTABHBIE BBICKA3BLIBAHUSA, NCTUHHBIE HE3ABUCHUMO OT CMEI-
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plglr|-r|gA-r)| (pA(gA-T))
0(0[0] 1 0 0
0(0[1] 0 0 0
ol1]o0] 1 1 0
0[1]1] 0 0 0
1/lolo]| 1 0 0
1lol1] o0 0 0
111]0] 1 1 1
1/1(1] 0 0 0

Tabanua 3. Tabanua nctuanocTn 1as (p A (g A —r)).

caa ux gacrer. Takue GopMmy.bl (MCTUHHBIE DU BCEX 3HA-
YEeHUAX BXOLAMIMX B HUX II€PEMEHHBIX) HA3LIBAIOT MaGMmMO-
AO2UAMU.

Mpumep. Popmyaa ((p A q) — p) ABIAETCA TABTOJIOTH-
ern (3TO MOXHO TIPOBEPUTD, HAIPUMED, COCTABUAB TAOJIUILY ).
Omna BolpakaeT TAKOU JIOTMYECKUU 3aKOH: U3 KOHBIOHKIIAN
YTBEPKICHUN CICAYeT TEPBOEe U3 HUX.

1. Kax BHINIAAUT CUMMETPUYHOE YTBEPXK I€HUEe MJIA QU3 BIOHK-
nuu u Kakas GOpMyJIa ero BEIPAKAET?

[lBe (HOPMYJIBI HABBIBAIOT IKE6UGAAEHIIHbIMU, CCAN OHU
UCTUHHBL IIDU OAHUX U TeX XKe BHAYCHWUAX [IePeMEeHHBIX (4py-
CUMU CIOBAMU, €CJIU OHU 3a1a10T OTHY U TY XKe Oy1eBy (hyHK-
mumw). Hampumep, ¢popmyaa (pA (p — ¢)) UCTUHHA JUIL TPY
p = q =MW, u noromy sksusasenTHa popmyae (p A q).

Paccemorpum dopmyay ((p A q) V ¢). Ona ucrunna, eciau
NEPEMEHHAA ( UCTUHHA, U JOXKHA, €CIU IEPEMEHHAA ¢ JOKHA.
XoTenocs 6B CKazaTh, YTO OHA DKBUBAICHTHA, POPMYJIE ¢, HO
TYT €CTh (DPOPMATBHAA TPYAHOCTE: OHA CONEPKHUT ABE MEPE-
MEHHBIE W MOTOMY 331a6T (QYHKIUIO OT IBYX ApryMEHTOB
(tuma BxB — B), B TO Bpema kax GpopMyaa g 3a1aET HyHK-
MO OJHOTO apryMeHTa. Mbl He OymeMm oOpallaTh HA 5TO
BHUMAHUA U OyIeM CIUTATH HTU (POPMYJIBI SKBUBAJEHTHEI-
mu. Boobrme, ecim ecTh CIMCOK TMepeMEeHHBIX Pi, . . ., Pn, CO-
JIEPIKAIMN BCE TIEPEMEHHBIE HEKOTOPOU (GOPMYJIEL ¢ (1, BO3-
MOXKHO, €Il KaKue-TO HepeMEHHbIE), MOXKHO CUUTATH, 4TO
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dopMyIa  3a1aET PYHKINIO OT 1 APTYMEHTOB, BO3MOXKHO,
HA [eJe 3aBUCALLYIO HE OT BCEX apryMeHTOB (IOCTOSHHYIO
[0 HEKOTOPBIM apPT'yMEHTAaM )

Tlocre coenamHBIX OrOBOPOK JETKO IPOBEPUTHL CJAEIYIO-
i GaKT: POPMYILI 0 U 1) DKBUBAJCHTHBI TOTAA U TOJILKO
Toraa, korga dopmyaa ((o — ) A (¢ — ¢)) asrgerca Tas-
ronoruen. Ucnoansys cokpawenue (p < ¢) gas ((p — q) A
A (g — p)), MOXKHO BaNUCHIBATH YTBEPKIECHUA 00 DKBUBA-
JEHTHOCTU POPMYJ B BUAE TABTOMOTMHA. BOT HECKOMBKO Ta-
KUX DKBUBAJIEHTHOCTEU:

Teopema 1. Popmyast

(pAg) < (g p);
(PAg) AT) <= (PA(gAT));

(pVa) < (¢Vp);
(pV@)Vr) = (pVI(gVr));
(pA(@Vvr) < ((prgV(pAT));
(pVignr) < ((pVa AV

“(pAg) < (-pV —q);

~(pVa) < (=pA—q)
(pV(pAq) < p;
(pA(pVaq) < p;

(p—q) < (~g — —p)

P op

ABIAIOTCA TABTOJIOTMAMU.

< [lepBrie YeTHIpe SKBUBATEHTHOCTY BEIPAYKAIOT KOMMY-
TATUBHOCTb U ACCOIMATUBHOCTD KOHBIOHKINYN W AN3BIOHK-
uuu. [IpoBepum, HampuMmep, BTOPYIO: JeBasd W TpaBas ta-
CTU UCTUHHLI B €JUHCTBEHHOM Clydae (KOI[a BCe [epeMeH-
HBIE UCTUHHEI), ¥ IOTOMY SKBUBAJCHTHHL. (/[ Mu3boHKIIN
yAOOHEe CMOTPETh, KOTJa OHA, JOXKHA. )

[Be creayomme SKBUBATEHTHOCTH YTBEDXKIAIOT TUCTPU-
OyTUBHOCTH — 3aMeTHUM, YTO B OTJINYME OT CJIOXKEHUA U
YMHOXEHUS B KOJBIAX 3[€Ch BEepHBI 00a CBOUCTBA NUCTPU-
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OyTtuBHOCTHU. [IpOBEPUTHL DKBUBATEHTHOCTH JETKO, €CJIA OT-
[JENIBHO PACCMOTPETH CIyYay UCTUHHOIO U JIOXKHOTO P.

Caenyionme aBa CBOUCTBA, 3akonvt /e Mopzana, merko
[IPOBEPUTH, 3HAS, 9TO KOHBIOHKIWS UCTUHHA, 3 I3 BIOHKIIN
JIOXKHA JUIL B OGHOM CIy9ae. JTU CBOUCTBA MHOIJA BBIPA-
KAIOT CAOBAMU: (KOHBIOHKIIAA JBOUCTBEHHA, NU3BIOHKITUNY .

Hanee crenyroT ABA OYEBUAHBIX 3GKOHG NO2A0ULEHUA
(OOWH M3 HUX MBI YK€ YIOMUHAJN).

3a HUME UAET OPABWIO KOHMPANO3URUL, KOTOPOE T'OBO-
pUT, B YACTHOCTH, YTO YTBEPXKICHUSA «ECJIU X COBEPIICHHO,
TO T IETHO» U «ECAM T HEUETHO, TO & HECOBEPIIEHHO» PaB-
HOCHU/IBHBEL. XOTs OHO M OYEBUIHO IPOBEPSETCH C IOMOIIBIO
TabanIl UICTUHHOCTH, C HUM CBA3aHBI JIOOOMBITHEIE IaPa,T0K-
cul. BoT oauu u3 Hux.

Buomor A BBIABUHYJA THIOTE3y: BCE BOPOHBLI YEPHLIE.
IIpoBepssa e€, oH BHIIET BO OBOP W OOHAPYXKUI HA AEepeBe
Bopony. Oua okaszanock uéprou. buomor A pagyercs — ru-
moTe3a noATBepx gaeTca. buonor b nepedopmyauposan ru-
NOTe3y TaK: BCE He-IEPHBLIE NPEIMETH — HE BOPOHBI (Ipu-
MEHUB HAIE TPABUJIO KOHTPAO3UIUN) U HE CTAT BBIXOIUTH
BO JBOP, & OTKPBLLT XOJOMUIBHAK U HAIIET TaM OPAHKEBBIN
mpeameT. OH OKA3AICA ANEJLCUHOM, a He BOpoHOu. buomor b
06pagoBAICA — THNOTE3a MOATBEPKTACTCA — ¥ TO3BOHMI
6uosory A. ToT yauBiseTcs — y HECO TOXKE €CTh AeJbCUH B
XOJIO JUIBHUKE, HO C €r'0 TOYKYU 3PEHUSI HUKAKOT'O OTHOIIEHUS
K ero rumnoTe3e AnelbCUH HE UMEeT . . .

Jpyrou nmapagokc: ¢ TOUYKM 3peHus (POpMaabHOU JOI KA
VTBEPKACHNUA (KTO HE C HAMM, TOT IPOTUB HACY U «KTO HE
MPOTUB HAC, TOT C HAMUY PABHOCWIBLHEL.

Tocaeanee (1 oueBUAHOE) IPABWIO P < ——p HABBIBAETCS
cHamuem 0601H020 OMPUUAHUS. D>

2. Hepe‘II/ICJIeHHLIe SKBUBAJEHTHOCTU COOTBETCTBYIOT PaBE€H-
CTBaM [JIA MHOXKECTB: HAIIDUMeD, IepBasd FapaHTHUpPyeT, 4To P N
NQ = QNP pra aoberx MEOxecTB P u (). Kakue yrBepx nexus
COOTBETCTBYKOT OCTAJBbHBIM BKBHBaJIeHTHOCTHM?

3. [IBe popMy.IBI, COmEpKAIIIE TOJLKO IIepEeMEeHHbIE U CBA3KYU
/\, V n —1, DYKBUBAJECHTHHI. I[OK&)KI/ITQ, YTO OHU OCTAHYTCA SKBU-
BAJIEHTHBLIMHY, €CIHU BCIOAY 3aMEeHUTh A Ha V u Hao60poT.
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[lanexo He BCe TABTOJOTMM MMEIOT SCHBIN UHTYUTUBHBIN
cmeica. Hanpumep, gpopmyaa (p — q)V(g — p) sBasercs ras-
ToNOrUen (€CaU OJHO U3 YTBEPKACHUU P U ¢ JOKHO, TO U3
HEro CJAeIyeT BCE, YTO yrOmHO; ecan 003 MCTUHHBI, TO TEM
Hosee HOPMYJAa UCTUHHA), XOTA U OTHACTH IIPOTUBOPEHUUT
HAIllell UHTYULUA — HOYeMy, COOCTBEHHO, U3 IBYX HUKAK
HE CBA3AHHBIX YTBEPKICHUN OJHO BJIeUET Apyroe? Emg 6o-
JIe€ 3ara09Ha TABTOJIOr A

(p—q) —p)—p

(XOTs1 €€ HUYEro He CTOUT MPOBEPUTH C TIOMOIIBI0 TaGIuII
UCTUHHOCTH).

OTcTynnenve o nonbae ckobok. Ha camom nese marme on-
peliesieHne NCTUHHOCTHU COJEPKUT Cepbésunn mpober. Uro-
OBl OOHAPYXKUTDL €ro, 3a1aiuM cebe BOIpOC: 3a49€eM HYKHBI
ckoOku B Qopmyaax? Ilpencrabum cebe, YTO MBI U3MEHUM
onpenenenne GOpPMyasl, u OymeM TOBOPUTH, 9TO P A () u
PV Q spmsiorcs popmyramu s mobeix P u (). OcranyTces
JIX HAL PACCyKIeHus B cuiae?

JIerko moHATH, 9TO MBI CTOIKHEMCS C TPYZHOCTBHIO IIPU
onpenenenun 6yneson GyHKIUKA, COOTBETCTBYIOIIEN (POPMY-
Je. B aToM ompeneneHUn MBI TIOACTABIAIN HYJIN ¥ TUHATIBT
HA MECTO IEPEMEHHBIX U 3aTeM BEIYUCIAIN 3HadeHue Gop-
MYJBL C IOMOIMIBIO TAOINI UCTUHHOCTY AJs CBA30K. Ho Te-
Tephb, KOTIa MBI U3MEHWIN OnpeaeaeHne popMyasl, popMy-
Ja p A qV r MoxeT OBITH IOJAyYEHa AByMs crnocobamu —
n3 GopMyaI p A ¢ m r ¢ IOMOWBIO onepauuu V u u3 GHop-
MYJI p ¥ qV T ¢ TOMOITBI OMEPAny A. DTU [BA TOIKOBAHUA
JALYT PA3HBIA PE3YJILTAT OPU IMONBITKE BHEIYUCINTL 3HAYE-
are 0 AOV 1.

W3 cka3amHOro SCHO, ITO CKOOKHW HYXKHBI, 9TOOBI TapaH-
THPOBATH OJHO3HAYHOCTL CUHTAKCUIECKOrO pazbopa ¢op-
MyJasl. TodHEe TOBOPA, BEPHO TaKOe YTBEPK ICHUE:

Teopema 2 (onHO3Ha4HOCTL pasbopa). Ipomosuimonais-
Haa HOpMyJsa, He ABIAIOIIAACA MEPEMEHHOUW, MOXKET OBIThb
IpeCTaBleHa POBHO B OAHOM u3 4eThpéx Buaos (A A B),
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(AV B), (A — B) wm —A, rae A u B — HekoTOpHIe dOp-
My, npudéM A u B (B nepBbix TPEX CAydasx) BOCCTAHA-
BJMBAIOTCSA OTHO3HAMHO.

< ®opMaIbHOE I0KA3aTEeIbCTBO MOMKHO NPOBECTH TAK:
HA30BEM CKOOOUHBIM UMO20M PABHUILY MEXKAY HUUCIOM OT-
KPBIBAIOIIUXCA U 3aKPHIBAIOIIUXCA CKOOOK. MHaykiuen mo
MOCTPOEHNIO (POPMYJIHI JETKO JOKAZATH TAKYIO JEMMY:

Jlemma. Ckob6ounbit uror Gpopmyasl paBer Hymao. Cko-
OOYHBIA UTOr JIO00r0 HaYaIa (POPMYJLI HEOTPULATENIEH U
PABEH HYJIIO, JUIIb €CJIU DTO HAMAIO COBIANALT CO Been (op-
MYJIOU, MyCTO WX COCTOUT U3 OJHUX CUMBOJOB OTPUIAHUA.

Cua0Ba (MHIYKIMEU 10 IOCTPOEHUIO» O3HAYMAIOT, ITO MbI
MPOBEPsEM YTBEPKACHUE [JIs MEPEMEHHBIX, 8 TaKXKe JOKa-
3BIBAEM, UTO €CAU OHO BepHO A1d (opmya A u B, TO 0HO
Bepuo u g dopmyra (AN B), (AV B), (A— B) u —A.

Tlocne Toro xak semma KOKasaHa, paztop GOPMYIHI IPO-
BOJWTCA TaK: €CAM OHA HAYUHAETCA C OTPHUIAHUA, TO MO-
xKeT ObITh 06Pa30BaHA JIUIIb 110 TPETheMy IpaBuiay. Ecian xe
OHA, HAYMHAETCA CO CKOOKM, TO HAJA0 CKOOKY VIaJIUTh, a IMO-
TOM MCKATh HEMTyCTOE HAMAJO, UMEIOIIIee HYJIEBOU CKOOOTHBIN
UTOT U HE OKAHYNBAIONICECA HA 3HAK JOTMIECKON OMEPAINH.
Takoe HaYAIO IUHCTBEHHO (KAK JErKO [IPOBEPUTH, UCIOLb-
3y JEMMY ). DTO HAYAIO U OyAeT NEePBON YaCThI (POPMYJIHL.
Tem caMbIM dopMyJIa pPa3ObUPAETCsT OTHOZHATHO. [>

Her cmbicia BaBaThes B HOAPOGHOCTU 3TOI0 (HECIOXK-
HOI'0) PACCYXKAEHUA: BOOOIIE-TO AICOPUTMEL pa3bopa Gpop-
MYJ — DTO OTAAbHAS OOJBIIAA U TPAKTUIECKN BAXKHAS Te-
Ma (B mepByio odepenb B CBsA3M ¢ kKoMmnuiasropamu). [Ipuse-
OEHHBIU HAMU aJCOPUTM Jajaeko He ontuManen. C apyron
CTOPOHEI, MBI BOOOIIE MOXKEM OGOUTH DTy MPOOIEMY, TIOTPE-
60BaB, 4TOOBI IIpu 3anucu GoOpMyJI JeBasg U MpaBas CKOOKH,
OKpYyXKaoIme GOPMYIy, CBA3BIBAIUCH JUHUEN — TOrIA Of-
HO3HAYHOCTB Pazbopa (pOPMYJIBI HE BBI3BIBAET BOIMPOCOB, U
OOJIBIIe HUYIEr0 HaM He HaIOo.

B ganpmenmem Mbl OygeM OMyCKaTh CKOOKM, €CJAU OHU
aub0 He UrparT poau (HAIPUMED, MOKHO HAIUCATH KOHDb-
IOHKITIO TPEX WIEHOB, HE YKA3KIBAA MOPATOK AEUCTBUU B
CUJIy ACCOLUATUBHOCTH), JUOO ACHBL U3 KOHTEKCTA.
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4. Tlonbckun moruk JIykaceBud mpemiaran 0OXOAUTHCA 6e3
CKO0OK, 3anuchIBasA B (OpMyIax CHAYAIA 3HAK ONlePALNH, & IOTOM
omepanasl (6e3 mpobenos u pasgeamrenen). Hanpmvep, (a +b) X
X (c+ (d X €)) B ero 0603HaIEHUAX 3AMUIIETCA Kak X +ab+cxde.
DTy 3alUCh €€ HA3BIBAIOT N0.bcKot 3amucbio. O6paTHAA MOXb-
CKasA 3aIUCh OTIAMYAETCA OT HEE TeM, YTO 3HAaK OMepaluu UIAET
mocse onepaHaoB. IlokaxuTe, 9T0 B 060UX CIydIaax MOPALOK [eu-
CTBI/IIL/i BOCCTAHABJIUBAECTCA OQJHO3HAYTHO.

1.2. lNonHble cuCTEMBbI CBA30K

PaCCManHBaeMaﬂ HaMMN CHCTeéMa IOPOIMO3UIINOHAJIBHBIX
cBsA30K (A, V, —, 7) Noana B CIEAYIOMEM CMBICTE:

Teopema 3 (MonHoTa cuctembl cessok). Jlobas Gyresa
PYHKIUA N apryMEHTOB MOXKeT ObIThH 3aluCaHa B BUIE IIPO-
TO3UIUOHATBHON (POPMYJIHL.

< Ilpomie Bcero moscHUTHL 3TO Ha mpuMmepe. IlycTh, Ha-
npumep, oynesa pyuxuus ©(p, q,r) 3agana Tabaunen 4.

plalr|egr)

01010 1

0101 0

ol1lo0 0 (ﬁp/\ﬁq/\ﬁr)\/
0|11 1 V(mp Ag ATV
Lyoro 0 V(pAgAT)
1101 0

1|10 0

1|11 1

Tabautia 4. ByreBa pynkua u 3agaromas eé GopMyIa.

B Tabauie ecTb TpU CTPOKM € €IMHUIAMU B IPABOH KO-
JIOHKE — TPU CIydas, Korga Oyaesa GpyHKnua ucTuHHa (Das-
Ha 1). Hamuuiem Tpu KOHBIOHKINY, KaXK 1A U3 KOTOPHIX TO-
KPBIBAET OAUH CAy4Yad (4 B OCTAIBHBIX CTPOKAX JOKHA), U
coeIuHUM uxX Iuabloakiuer. Hy:xuas ¢popMyJa DocTpoeHa.

SAcHo, 9TO aHAIOrMYHAA KOHCTPYKIMA IPUMEHHMA [/
MO0 TAGAUIEL (C JHOOBIM IMCAOM TTEPEMEHHBIX ). >
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Mna dopMmya mogo6HOTO BUIa €CTH CIENWATbHOE Ha-
3pauue: QOpMyJaLl B JUIBIONKMUSHOT HOPMAALHOU dopme.
Boaee moapobuo: 4umepasom HABLIBACTCA TEPEMEHHAS WK
OTPUIIAHVE TIEPEMEHHON, KOHDBIOHKMOM HABBLIBACTCS TPOU3-
BOJIbHAA KOHBIOHKIWSA JATEPATOB, 8 NUIBIOHKTUBHOU HOD-
MaJBHOU (POPMOU HABKIBAETCSA AUIBIOHKIINA KOHBIOHKTOB. B
HAIIEM CIyYae B KAKIBU KOHBIOHKT BXOAUT 71 JUTEPATOB
(roe n — YHCIO IEePEeMEeHHBIX), & YUCI0 KOHBIOHKTOB DaB-
HO YHUCIY CTPOK C GIUHUIAMU U MOXKET MEHATLCA OT HYJId
(Torga, mpaBaa, TOIYIAETCA HE COBCEM (DOPMYJIA, & (IIyCTasd
TUABIOHKINSY , U €€ MOXKHO 3aMEHUTH KAaKOU-HUOYIb BCErIa
JA0XKHOU (opMmyon Tuna pA—p) no 2" (ecau Oyiesa GpyHKIUA
BCer/Ia UCTUHHA).

5. [lamHa IOCTPOEHHON B AOKA3aTEIbCTBE TEOPEMBI 3 GOopMy-
JBI 3aBUCHAT OT 9HUCIA efuHUI: (opMmyaa OyAeT KOPOTKOHU, eCIn
equHUn B Tabumme Mando. A Kak HamucaTb (CPABHUTEIBHO) KO-
POTKyI0 OpPMYJay, €CIU B TAOMUNE MAJO HYJICU, & B OCHOBHOM
eUHUIEL]

Nuorpa monesna KoHbIOHKMUSHAAL HOPMAAbHAL Popma,
KOTOpas TPENCTABIAET COOON KOHBIOHKIWIO OU3BOHKIMOSE.
Kaxapil Au3BIOHKT COCTOUT U3 JUTEPAJOB, COEIUHEHHBIX
TU3BIOHKIMAME. TeopeMy 3 MOXHO Telepb YCUIUTh TaK:

Teopema 4. Beskas GysneBa pyHKIUSI MOXKET OBITH BBIPa-
KeHa POPMYION, HAXOIAIICNCA B U3 HIOHKTUBHON HOPMAJIh-
mou ¢opMme, a Takxke (POPMYJIOU, HAXOIAIIENCA B KOHBIOHK-
THUBHOU HOPMAaJbLHOU (POpME.

< Illepmas wacTh yTBEpKACHUSA y¥Ke AOKazaHa. Bropas
YaCTh aHAJIOTMYHA, IEPBON, HAMO TOJLKO /I KX 10U CTPOKH
¢ HyJEM HAMUCATD TMONXOIANUNN TU3BIOHKT.

MoxHO Tak¥ke TMPeICTABUTEL (PYHKINI — B AN BIOHK-
TUBHOU HOPMAaJbHOU QOPME, a 3aTeM BOCIOJAb30BATHCA 3a-
xonamu e Moprana, 94T0o6bI BHECTH OTPULIAHUE BHYTPH. [>

6. [IpoBeguTEe BTOPOU BAPUAHT PACCYKAEHUA IOAPOGHO.

Boo6iie rosops, ompeneneHne HOPMATLHOU (HOPMBI HE
Tpebyer, 4TOOB B KAXKI0M KOHBIOHKTE (WIM AU3BIOHK-
Te) BcTpedanuck Bee nepeMenssie. ([loBropars nepeMennyo
fOBIE OJHOTO Pa3a CMBICJIA HET; €CIU, HATTPUMED, TIePeMeH-
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Hasd U e€ OTPUIIAHUE BXOMAT B OJHY KOHBIOHKIIUIO, TO DTa
KOHBIOHKIWS BCEIAa JIOXKHA U €€ MOXKHO BLIGDOCUTD. )

7. IIpusBegure npumep Oy1eBOU (PYHKIMM 7. apPUyMEHTOB, Y
KOTOpOfI 1rob0asn AU3BIOHKTUBHAA WIN KOHBIOHKTUBHAA HOPMaJab-
Has ¢GOpMa COAEPKUT VLI LIEHBl JIUHEL 1. (YKa3aHme: paccMo-
TpuTe GYHKINIO, KOTOPASA MEHAET CBOE 3HAYEHUE DU N3MEHEHUN
3HAYEHUs JI000U [epEeMEeHHON. )

3aMeTuM, 9TO IPU JOKA3ATEILCTBE TEOPEMEL 3 MBI 060-
IUIICH 0€3 UMILIMKALAUA. DTO U HE YIUBUTEJIHHO, TAaK KAK
OHA BBRIPAXKAETCSA Uepe3 MU3BIOHKIINIO U OTPUIAHUE:

(p—4q) < (-pVg)

(zposepbre!). Mbl Moruyn 661 060UTUCH TOABKO KOHBIOHKIIU-
€U U OTPUIAHUEM, TaK KaK

(pVag) < =(-pA—q),

UJIN TOJBKO rE[I/IB’bIOHKL[I/IQIL/)I U OTpUIaHHEM, TaK KaK

(pAqg) < —(=pV—q)

(06€ DKBUBATEHTHOCTH BHITEKAIOT U3 3ak0HOB /e Moprana;
UX JIerKO IPOBEPUTH U HenocpencrsenHo). Kak rosopsr, cu-
CTeMa CBA30K /\, 7, & TakKXe CUCTeMa CBA30K V, - ABJIAIOTCSI
noanvimy. (110 ONpPEIETeHNI0 DTO O3HATAET, ITO C UX TIOMO-
[IBI0 MOXKHO 3aIUCATH JI00YI0 OyaeBy (yHKIMIO.)

8. [okaxwure, 9TO CuCTEMA CBA30K —, — IHOJHA. (YKa3aHue:
KAaK 3aIKCATH I€pPe3 HUX NU3BIOHKIMIO?)

A BoT 6e3 oTpuIaHuA 060UTHUCH HEMb3s1. CucTeMa CBA30K
A, V, — HEIOJHA — U [0 OYeHb IPOCTOU MPUYIUHE: €CIU BCe
IepeMeHHbIE UCTUHHBI, TO JTI00ad nX KOMOMHAIINA, COqepXkKa-
aA TOJBKO YKa3aHHBIE CBA3KY, ucTunHa. (Kak rosopar, Bee
DTU CBABKU (COXPAHAIOT LUHUALYY.)

9. Jlerko moHATH, 4TO I106asg POPMyIa, COCTABICHHASA TOIBKO
C IOMOILIBIO CBA30K A U V, 33JaéT MOHOTOHHYIO OyIeBY (pyHK-
OO (B TOM CMBICJIE, 9TO OT YBEJINICHUA 3HATCHU 100010 m3
APryME€HTOB 3HAY€HUE (byHKLII/II/I MOXKET TOJBKO BO3PDaCTH — HUINU
ocrareca npexanM). [lokaxwure, 9T0 aH06a1 MOHOTOHHAA Oy/I€Ba
QYHKIIMA MOXKeT OBITH BRIPAXKEHA (GPOPMYIOU, COAEPKAILIEN TOMb-
Ko A u; V.
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10. IIycts ¢ — 1) — rTaromorus. IlokaxuTe, YTO HAUAET-
ca ¢opmyaa T, KOTOpasd BKIIOYAET B ceOsa TOABKO o0mwme nuad ¢
7 ¢ mepeMeHHBIE, 1A KOTOpou ¢popmyasl (¢ — 7) u (1 — 1)
aBastoTca Tasronoruamu. (Boaee o6mun BapmaHT >TOr0 yTBEp-
XK JEHUsA, B KOTOPOM PacCMaTPUBAIOTCA POPMYIIBI C KBAHTOPAMY,
HaseBaeTca aemmot, Kpetza.)

B npunmune MbI He 00S3aHBI OTPAHUTINBATHCA Y€ THIPbM
paccMOTpeHHBIME CBa3Kamu. Jlrobas Oy.reBa QyHKIUA MOXKET
UIPATH POJb CBA3KU. Hampumep, MOXKHO PacCMOTPETH CBA3-
Ky (p notand ¢), 3a1aBAEMYI0 DKBUBAJEHTHOCTHIO

(p notand ¢q) < —~(pAg)

(cmoBamu: (p notand ¢) JOXKHO, JULIL €CAA P U § UCTUHHEL).
Yepes Heé BrIpaxkaeTcsa orpulanue (p notand p), mocue ve-
IO MOXHO BHIPA3UTH KOHBIOHKIINIO, & 3aTEM, KaK MBI 3HA-
eM, 1 BooOLIe J100yI0 Gyukuuio. (3HAKOMBIE C LUpPOBLIMU
JOTMYECKUMU CXEMaMU MAJIOTr0 YPOBHA MHTErPALMK XOPOIIO
3HAKOMEI C DTUM YTBEPKACHUEM: TOCTATOTHO OOJBLITON 3a-
nac cxem U-HE nosBossieT peanmmsoBats mobyio Tpebyemyio
3aBUCUMOCTD BBIXOZA OT BXOOB.)

Jlpyras uHTepeCcHas MOJTHASA CUCTEMA, CBI30K — CJIOXKEHUE
O MOAYJIIO 2, KOHBIOHKIUA U KOHCTAHTa 1 (KOTOPYIO MOXKHO
cauTarh 0-apHOU CBA3KOU, 33MA0MIEN (DYHKIUIO OT HYJISA ap-
rymeHTOB). [IpencTaBieHHse B 3TOU cucTeMe GyJIeBhl (PyHK-
AU CTAHOBSTCS MOJIAHOMAME ¢ KO3(P UIUEHTAME B KOJbIE
BBEIYETOB 110 Moayaio 2. Waes paccmaTpuBaTh OyJaeBH (DyHK-
UM KAK TTOANHOMEI (OKA3aBIIAACA HEOKUIAHHO TIOJIOTBOD-
HOW B HOCJeLHUE OJAbl) ObLIa BeicKazaHa B 1927 r. poccun-
ckum maremarukoMm Ueamom UsanoBuvem ZKeraakmeeiM.

HazoBéM MoMOMOM KOHBIOHKITHIO JIOOOTO HAbOpa Tepe-
MEHHBIX WK KOHCTAHTy 1 (KOTOPYIO €CTECTBEHHO paccMmar
TPUBATH KAK KOHBIOHKLUIO Hy/sa lHepeMeHHBIX). Haspanue
5TO €CTECTBEHHO, TaK KAK TPU HAImMX corviamenuax (1 o6o-
3Ha4aeT ucTuHy, 0 — JOXb) KOHBIOHKIWA COOTBETCTBYET
YMHOXKEHUIO.

HazoBéMm nosuromom CymMMy TakmX MOHOMOB TO MOTY-
a0 2 (o710 sHauuT, uT0 00 =0,001 =100 =1mn
1®1=0). fcuo, 4o gBa HOBTOPAIOLIMXCA MOHOMA MOXKHO
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COKPATUTDL (BEIb CIOKEHUE M0 MOAYMII 2), TaK 9TO OyreMm
PacCMATPUBATEH TOJABKO IOIMHOMEL 6€3 IOBTOPSIOMIMXCSI MO-
HOMOB. [Ipm 5ToM, €CTECTBEHHO, MOPAIOK WICHOB B MOHOME
(KaK ¥ MOPALOK MOHOMOB B TIOJMHOME) POJU HE UTPAET, UX
MOXKHO [IEPECTABIATE.

Teopema 5 (0 noauHomax Merankuna). Besaxas Gysaesa
(GYHKINSA OTHO3ZHATHO MPENCTARMACTCA TAKUM MOJUHOMOM.

< CymecTBOBaHAE MCKOMOI'O MOJUHOMA CJAEIYET U3 Te-
opeMbl 4, TaK KaK KOHBIOHKINA €CTh YMHOXKEHUEe, OTPUILA-
HIEe — TPUOABIEHNE € TUHUIIEI, & TU3BIOHKIINIO MOXKHO Tepe3
HUX BBIPA3UThH (noayuurcs p + g + pg). Hago roabko 3a-
METHUTh, YTO CTEIEHU HE HYXHBI: IEPEMEHHBIE TPUHUMAIOT
sgadeHus 0 m 1, Tak 9TO 2" MOXKHO 3aMEHUTDH HA X.

MoxHO Takxe COCIATBCSI HA H3BECTHOE U3 aireOpsl
YTBEPKICHUE O TOM, UTO BCAKAS (PYHKIUA C apryMEHTAMI
U3 KOHEYHOTO TOJA (B JAHHOM CIydae 3TO IBYXDJIEMEHTHOE
IIOJIe BBIYETOB IO MOAY0 2) 3amaérea moauaoMoM. (O1cro-
13, KCTaTH, IOJIYy9aeTCAa HOBOE JOKA3aTeAbCTBO TEOPEMEL 3.)

Manree MOXHO 3aMETHUTDL, TO TOJUHOMOB CTOMBKO XK€,
CKOIBKO OyJeBbIx (pyHKIui, a umenHo 22 . B camom nee,
O6yneBa (PYHKUMSA MOXKET IPUHUMATH JI0OOe U3 ABYX 3HAUe-
HUU B Kaxjaou u3 2" Todex Oyaesa KyOa B", a MHOrOWIEH
MOXKET BKJIIOYATL WM HE BKINYATE JIOO0U 13 2" MOHOMOB.
(MounoMoB poBHO 2", HOTOMY YTO KaXKALI MOHOM BKJIOYa-
eT WM He BKIKYAET IOy U3 7l mepeMeHHbX.) [losTomy
n30BITKA MOJTMHOMOB HET, U €CI! J100asd PYHKIINA npeacTa-
BUMAa IIOJMHOMOM, TO €IUHCTBEHHBIM 00pDa3oM.

Moxuo u He cchLIATHCSA Ha CBEIEHUs U3 aareOpbl U TEOo-
pemy 4, a naTh ABHYI KOHCTPYKIIKIO. DTO YIOOHO CIEJATh
uHAyKIuen 1o n. I[IycTh MBI yike yMeeM IpeacTaBlIaTh Ji0-
Oyto Oy/1eBy PYHKINIO OT 1 — 1 apryMEeHTOB C ITOMOIIBIO IIO-
auroma. Torga @(p1, ..., Prn) MOXKHO MPENCTABATL KaK

So(pla v 7pn) = @(071727 v 7pn)+
+ [¢<Oup27 v 7pn> + 4,0(17]92, s 7pn)]p1

(mposepbTe). OcTagTea 3aMeTUTE, YTO IPABYI IaCTh MOK-
HO NIPeICTaBUTh IOIHHOMOM IO IPETIONOKEHUIO NH IYKIIIH.
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[ eIMHCTBEHHOCTH TAKXKe €CTh IPYToe NOKABATETh-
CTBO: MYCTH OBA MHOTOWIEHA (MMEIONME CTENEeHE 1 0 KaXk-
[0V TIEPEMEHHON) PABHBI MDY BCEX 3HAMEHUAX MEPEMEHHBIX.
Torga ux cymma, (MU Pa3HOCTb — BBIMUCICHUA TIPOUCKOIAT
0O MOAYJIO 2) ABIAETCA HEHYJEBBIM MHOTCOWICHOM (COmep-
KUT KAKUE-TO MOHOMBI ), HO TOXK JECTBEHHO paBHa Hymo. Tax
He OBIBAET, W DTO JIETKO JOKA3aTh IO MHAYKIWUA. B camoMm ne-
ae, mo6ou muorowien A(pi,...,pn) MOXKHO IPEJCTABUTHL B
BUE

A(pl;---,pn) = B(anapn) +p10(p2,---,pn),

rae B u C — MHOTOWIEHBI OT MEHBIIIEr0 YUCIa TEPEMEHHBIX.
Honcrapasas cuadana p; = 0, a 3aTem p; = 1, yoex aaemcs,
410 MHOrOWeHbl B v C paBHBI HyJI0 BO BCEX TOYKAX, W
noToMy (COMIACHO MPEIIOIOKEHUIO UHAYKIUK) PABHLI HYJIIO
KaK MHOIOWIEHH (HE COIEPXKAT MOHOMOB). [>

11. IIycts F' — npowusBoasHOe mote. HazoBéMm myabmuasuneti-
#oti PYHKIWEN MOJMHOM OT N MEPEMEHHBIX C KO3 PUIUeHTaMU
u3 F, B KOTOPOM BCe IOKa3aTeIn CTEHeHed paBHBI Ju6o 0, Jau-
60 1. (Takmv 06pa30M, Kaxk BN MOHOM B HEHM €CTh IPOU3BEICHNE
kK0d>(dduIreHTa 1 HeKOTOPOro Habopa mepeMeHHBIX 6e3 IMOBTope-
mmu.) Byaem paccmarpusare B = {0,1} xax nmogmuoxectso F.
Joxaxure, 9To BCakaa OyreBa dyuknua B" — B ognosmauHO
IPOJOIKAETCA A0 MyabTuanHenHou dyukunu F" — F| u kodd-
pUIUIEHTH MyJIbTUIMHENHON (DYHKIWKA MOXKHO CUATATEH LEIBLIMU
InCJIaMMH’.

Ecin paccmarpuBars HIpOM3BOJIbHEE Oy/I€BEL (DYHKIUY B
KadeCTBe CBA30K, BOBHUKAET BOIPOC: B KAKOM CIydae Habop
OyJaeBBIX (QYHKIUU 00pasyeT moaHbiin 6asuc? (JTO 3HAYAT,
410 Jiobag OyJseBa (PYHKUIMA IIPEICTABIACTCS B BUAE KOM-
no3unuy PYHKIUA U3 HAOOPa, T.€. 3AMUCHIBACTCS B BHU[IE
hOPMYJIBL, TI€ CBABKAMHU CAyxKAT QyHKInu Habopa.) [logxo6-
HBIE BOIPOCHI BHI3BIBAINA B CBOE BpeMs OOJBIION UHTEPEC U
6bLIM XOpOIIo n3yvyersl. HaganbHBIM DTAoOM SBWIOCH TaKOE
YTBEDXK IeHUE:

Teopema 6 (kputepuii Nocta). HaGop GyneBbix QyHK-
AU ABIAETCA MOJHBEIM TOTAA U TOJIBKO TOTIA, KOTAA OH
HE COLEPXKUTCA LEJUKOM HU B OJHOM U3 IATU CJACTYIOIINX
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(MPETIONHEIX KIACCOBY:
® MOHOTOHHEIE (DyHKITUM;
o (DYHKIINM, COXPAHSIIONNE HYJIh;
o (PYHKIMH, COXPAHAIONINE €IMHUAILLY;
® JIMHEWHbIE (DYHKITNH;
® CaMOZBOUCTBEHHLIE (PYHKITWUM.

(Dyuxumsa f MOHOMONHG, €CIUM OHA MOHOTOHHO HEyOBIBA-
eT O KaXIOMy M3 CBOWX apryMeHToB. Dyuxuus f coxpa-
naem wuyav [ edunuyy, ecan f(0,...,0) = 0 (coorBercrsen-
o f(1,...,1) = 1). Oyuxuua f aunetina, ecim OHa mpen-
CTaBUMa MHOT'OWJIEHOM, B KOTOPOM BCE MOHOMBI COJepXKaT
ue Oosee ogmou nepeMennon. Hakomen, gyuknusa f Ha3b-
BaeTcA camodsoticmeennoti, eciu f(1 — py,...,1 — py) =
=1—f(p1,---,pn)")

< Ecr Habop cogepxuTcs B OLHOM U3 KJIACCOB, TO U BCE
KOMITO3UIINY TaKxXKe HE BLIXOIAT 33 MIPeIeJabl 3TOr0 KJIACCa
(IerKO TPOBEPUTD A KAXKIOTO U3 KAACCOB B OTACIBHOCTH )
¥ TO3TOMY Ha0Op He ABAAeTCS MOTHBIM. /Jokaxkem obparT-
uoe yrBepxkaenue. [lycTs mis xaxgoro kiacca BEIOpaHA Ka-
Kasg-To (PYHKIINA, B HEM He Jexamasd. YOeauMcsa, SITO C To-
MOUIBI0 KOMOMHAIMY BEIOPAHHBIX (PYHKIIMYA MOXKHO TOJLY9ATh
BCce OyJaeBbl (DYHKIIAN.

Y Hac ecTb QYHKIINA, He COXpaHAomasa Hyab. [logcTaum
BMECTO BCEX apr'yMEHTOB OJHY U Ty ke nepemenHyio. llo-
Jy9nTcsi (PYHKIWSA OT ONHOI'O aPryMEHTAa, OTOOPAXKAIIAL
HYJb B €IWHUITY, TO €CThb JAu00 KOHCTaHTa 1, aubo OoTpwm-
narue. Cpenas TO xe caMoe ¢ (PYHKIMEN, HE COXPAHSIONIEN
€IVHIUILLY, TOLyIUM Jub0 KOHCTAHTY HYJb, JuO0 OTPULIAHUE.
Taxum o6paszoM, y Hac OO0 €CTh OTPUIIaHKE, 100 00€ KOH-
cTanTel O u 1.

Ecau ecth 06e KOHCTAHTEI, TO BCE PABHO MOXKHO IIOJIY-
YUTH OTpullaHre. Bo3pMEéM HEMOHOTOHHYIO (DyHKINO. Jler-
KO TMOHATBH, YTO OHA MOJKHA MEHATH 3HAYEHUE C €TUHUITHI
HA HYJb IIPU W3MEHEHWHW KAKOI'O-TO OZHOI'O apryMeHTa C
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HyJA Ha elmHUIly (B caMoM nefie, OyJIeM YBeIWYUBATHL ap-
CYMEHTBL 10 OJHOMY, B KaKOW-TO MOMEHT 3HAYEHUE (PyHK-
UH yMEHBIIUTCA. ) 3adUKCAPOBAB 3HAYEHUA OCTAIBHBIX AP~
CYMEHTOB (BeIb MBI CIATAEM, UYTO KOHCTAHTHI €CTh), TIOLY-
qaeM OTpPULIAHUE.

WUwmes oTpunanme n HECAMO JTBOUCTBEHHYIO (DYHKIINIO, JIeT-
KO TIOMYYUTh KOHCTAHTHI (ecaum mx He ObLIo). B camom 1ae-

Jie, HECAMOJBOICTBEHHOCTh O3Hadaer, 4ro f(z1,...,x,) =
=f(l—x1,...,1—x,) A1 KAKUX-TO BHAYECHUN L1, . .., Ty €
€ {0,1}. BMeCTO HyJeBLIX 3HAYEHNN TIEPEMEHHBIX L1, . . ., Ty

HOJICTABUM P, BMECTO €IMHMUI TOACTABAM —p, IOLYIUTCA Ol
HA U3 KOHCTAHT. BTOpaa MOAyIUTCA OTPUIAHAEM.

Teneps y HAC €CTh KOHCTAHTHL, OTPUINAHNAE W HEIMHCHHAA
dyuxuus f(p1,...,pn). Heruneltnocrs osnadaer, 4ro B eé
OPEACTABICHAN B BIJE MHOTOYICHA, €CTh MOHOM, COCTOSIIAN
fosee TeM M3 OJHOU TepeMeHHOu. IlycTh, HampuMep, 3TOT
MOHOM COJEPKUT MEPEMEHHBIE P 1 Po. CrpynmupyeM 4ieHb
[0 YeTHIPEM CPYIIAM ¥ IOLYIMM BEIPAKCHHAEC

p1p2A(p37~--) +plB(p3a---) +p20(p37---) —l—D(pg,...).

IIpu sToM MuOTOUTeH A(p3,...) 3aBEIOMO OTJIMYEH OT Hy-
JsI, TIO3TOMY MOXHO TaK MOACTABATHL KOHCTAHTHEI BMECTO
P3, ..., Pn, ITOOBL IEPBOE CIaraeMoe He 06PATUIOCH B HYIb.
Torga nomyydum aubo pips + d, mubo pips + p1 + d, aubdo
p1p2 + P2 + d, b0 p1ps + p1 + p2 + d. CBoGogHEm wieH d
MOXKHO MEHATb, €Ciau HYyxkKHO (y HAC eCThb OTPULAHME), TaK
9TO TMOMYYIAETCA JUO0 P1Po (KOHBIOHKIWA, U BCE TOKA3AHO),
60 p1p2 + p1 = p1(p2 + 1) = p1 A —p2 (y6mpaem orpuma-
HUE, IIOJLy4aeM KOHBIOHKIUIO, BCE TOKa3aHO), JubO0 p1Pa + Po
(amamoru<Ho), aubo p1ps +p1 +p2 = (1 +p)(1+p2) —1=
= =(=p1 A —p2) = p1 V p2 (IU3BIOHKINA, BCE NOKA3AHO). >

1.3. CxeMbl 13 PYHKUNOHANBHBIX ONIEMEHTOB

DopMyJIHl TTPEACTABAAIOT COOOU CITOCOO 3ATUCH KOMIIO-
sunvy pyukuun. Hanpumep, eciu MBL CHAYA/Ia [IPUMEHAEM
dyuKIUIO f, a TOTOM QPYHKIUIO g, 3TO MOXHO 3aIK1CAThL (HOp-
myaon g(f(x)). Ho ects u gpyron cmocob: MOXHO m300pa-
3UTH KaX VIO (DYHKIIWIO B BUAE IPAMOYIOJIBHUKA C ¢BXOLOM»
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M (BBIXOAOM» ¥ COCIUHUTHL BHEIXOA (PYHKIMU f CO BXOIOM
¢yuxnuu g (puc. 1).

o(f (@)

Puc. 1. [IBa cnocoba n306pa3uTh KOMIO3UIUIO g o f.

Taxoe mpegcTaBieHNe OTHIOAL HE ABISETCS SIUCTO Te-
opeTHuecKuM. B TedeHuu HEeCKOJAbKUX AeCATKOB JET DJeK-
TPOHHAS MPOMBIIUIEHHOCTE BHITYCKAET MUKPOCXEMBI, KOTO-
pble BHITIOMHSIOT JOTUYIeCKre oneparuu. Takas MUKpocxeMa
HMEET 3IEKTPUIeCKNe KOHTAKTHI, HAPAKEHUE HA KOTOPBIX
komupyert Jorundeckue suadenua U u JI. Koukpernoe namnps-
KEHUE 3aBUCUT OT TUIA CXEMEI, HO OOBIYHO DTO HECKOIBLKO
BOJLT, U BLICOKUM IOTEHUUAX (OTHOCUTENLHO 3a3€MJCHI)
CUYNTAETCSA €IUHUIEY, & HU3KAN HyJIEM.

Opguon w3 Tunuvabx cxem ssiasercs cxema W-HE, ona
UMEEeT BA BXOAA U OAUH BuIX0A. CUTHAT HA BHIXOJE SABIACT-
€S OTPUIAHNEM KOHBIOHKIINU CUTHAIOB Ha BXOfge. [pyruvu
CJIOBAMM, HA BBIXOJE HOSB/SAETCA BHICOKUI IIOTEHIUAN (CUr-
Haax 1) TOrga W TOMBKO TOrAA, KOUAA HA OJHOM U3 BXOIOB
noreriman Huskun (0). U3 Takol CXeMBI JErKO MOJYYUTh
cxemy HE (u3mensiomyio ypoBeHb curuaia Ha IPOTUBOLO-
JIOXKHBIN ), COEIMHUB IIPOBOAOM 1Ba Bxoaa. Ilpu sToMm Ha 06a
BXO/a TTOCTYIIAeT OJWH M TOT JKe CUTHAJ, u onepanust U ero
ue meusier (p A p = p), a HE mensier na nporusBonosox-
unii. Basas gea siaementa U-HE u ucmoansys sropon us Hux
B KadecTne saeMenTa HE, vHBepTUDYOMIEro CUTHAT ¢ BBIXO-
& IIEPBOrO 3JIEMEHTA, HOLYIaeM CXeMY, KOTOPas Peain3yer
dyukmmio U. A ecin mocrasurs asa saementa HE mepen
KaXABIM U3 BXOa0B aaemenTa M-HE, momyumMm cxemy, pea-
ausytowyio ¢oyuxuuo UJIU: ~(-p A —g) < (pV q).

Teopema 3 0 MOTHOTE CHCTEMBI CBA30K TEMEPh TapaHTU-
pyet, uro 00y 6yneBy (PYHKIUIO MOXKHO Peajiu30BATH B
Buge cxeMbl. Hajgo uMeTh B BUAY, OJHAKO, 9TO TpEIara-
eMaa B €é MOKA3aTEIbCTBE KOHCTPYKIUA ([U3BIOHKTUBHAA
HOpMaJIbHAs1 (POPMA) MMEeT CKOpPee TEeOPeTHYECKUM UHTe-
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pec, MOCKOJLKY TPUBOAUT K CXEMaM OYeHL OOJLIIOrO pas-
Mepa 4axke A IPOCTHIX QYHKUUY (eCau 9UCI0 apryMEeHTOB
Beanko). Hampuwmep, cxema, cpaBHUBaKOMas 18a 16-OMTHBIX
qUCaa, JOMXKHA WMETh 32 BXOMa W TIOITOMY B €€ peatusa-
UMM C IIOMOIIBI0 IU3BIOHKTUBHOU HOPMAaabLHOU (HOpMBL Oy-
aeT mopanka 2%? aieMeHTOB — ITO Mato pearsHO. (Mex Ty
TeM TAKYI0 CXEMY MOXKHO TTOCTPOUTE TOPA3I0 MPOIIE, U3 He-
CKOJIBKUX COTEH 3JIeMEHTOB.)

TTosTOMYy BOIPOC O TOM, CKOJLKO DJIEMEHTOB HYKHO /A
peanusanuy TOU WM WHOW (DYHKIIUHU, TPEACTABIACT GOIb-
LIOA MHTEPEC — KaK IPAKTUYECKHAU, TaK U (PUIOCOPCKUN.
(OgHa U3 HEHTPATBHBIX IPOOIEM MATEMATUKU U UHDOPMAa-
TUKHW, TaK Has3bBaeMasd «IIpodbiaeMa mepedbopay, MOXKeT OBITH
cPOPMYIUPOBAHA B DTUX TEPMUHAX.)

Mu cendac maguMm 0ojee (pOpMAILHOE OlPeNeIeHre CXe-
MBI U peanmsyeMon eu Oymeson ¢dpyukuun. Ho mpexae Bcero
OTBETUM Ha TAKOU BOMPOC — TOYEMY MBI BOOOIIE TOBOPUM O
cxemax? Benb MOXHO 3anucaTh KOMIO3ULINIO Oy I€BEIX (DyHK-
1uu B BuAe GOPMYJIRI, He OYAET JU DTO TO XKe caMoe?

OKa3bIBACTCA, HE COBCEM, U PABHUILY JEMKO YBUAETH HA
upumepe (puc. 2).

hg1(f()), 92(f (x)))

Puc. 2. DnemenT BxoauT B GOPMYILY ABAKIHI.

3mecs oauH W TOT ke daeMeHT cxembl (f) mpmxonwt-
€A YKA3BIBATL B (POPMY.JIe ABAKIALI, IOCKOJBKY €0 BEIXOJ
UCTIONB3YeTCA B KAYMECTBE BXOAa NBYX APYTUX DJIEMEHTOB.
CxeMBI, B KOTOPBIX TAKOTNO BETBJICHUA HET (HA TPAKTUKE Be-
TBJCHAE BIIOJHE BO3MOXKHO, XOTA U OUPAHUYIEHO «HAPY30d-
HOU CIIOCOGHOCTBIO BHEIXOa», KAK TOBOPAT MHKEHEPHI), KaK
pa3 m cooTBeTCTBYIOT popmynaM. Ho B obitieMm caytdae mory-
YCHHAA U3 JAHHOU CXEMEI (pOpMYyJa MOXKeT OBITH JJIMHHOI,
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JayKe eClM CXeMa CONEPXUT HeOOJBINOe HUMCIO 3JIEMEHTOB,
[OCKOJIBKY 9HCIO KOIMI MOXKET PACTH KCIOHEHIUATIBHO C
POCTOM IIyOUHBI CXEMBL.

XoTsa uaes oGPa3OBAHUA CXEMBI M3 (DYHKIMOHATBHBIX
AJEMEHTOB, PeANUu3yIOmUX OyaeBbl (DYHKIUU, NOCTATOYHO
HAMVIAAHA, aauM Hosee popMaabHOe onpenenenue. Pukcu-
pyeM HekOTOpbIn HaGop OyaeBbix Gyukmun B. [lycts ume-
ercsa n OyaeBbix (upunumaromux 3uadenus 0 u 1) nepemen-
HBIX Z1,...,%,, HA3BIBaeMBIX 6z0damu. IlycTh Takwxke mme-
eTCs HEKOTOPOE TUCIO OYIEBBIX TEPEMEHHBIX Y1, - - - , Y, Ha-
3BIBAEMBIX NP08odnuKamu. IlycTh LIS KaXK JOro NPOBOTHUKA,
cxeMbl 3aJaHa OyJeBa PYHKIUA U3 B BEIpaXKaiomas ero 3Ha-
YeHUWE Yepe3 ApYTue MPOBOJAHUKY U BXOAHL. [lpm »ToM Tpe-
Gyercs, 9To0bL He ObLIO LUKJOB (LUK 00pa3yeTcs, KOraa ¥;
33BUCUT OT ¥;, KOTOPOE 3aBUCUT OT Y, ..., KOTOPOE 3aBU-
cut oT ¥;)- IlycTh, KpoMe TOrO, Cpeau TIPOBOIHUKOR BEIEICH
OVH, HA3LIBAEMbIN 6biz0d0oM. B TakoM CiIydae rOBOPAT, YTO
3aJaHa crema u3 GYHKYUORAAbHBIT daemenmos 6 basuce B ¢
n Bxomamu. Uucao m HasbBaoOT pazmepom cxemsbl. (C Tod-
KU 3DEHUS UHKEHEPA PA3ZMED — BTO TUCIO UCTOIB30BAHHEIX
AJEMEHTOB, a 6azuc B — 3T0 acCOPTUMEHT NOCTYIIHBIX €My
DJIEMEHTOB. )

OTCyTCTBIE MUKIOB TAPAHTUPYET, YTO €CTh MPOBO THIK,
3ABUCALINY TOABKO OT BXOJLOB (MHAYEe MOXKHO ObLIO Obl HAU-
TH UK/ BO3bMEM KAKOU-TO IPOBOAHUK, 33T€M BO3BMEM TOT
IPOBOJHUK, OT KOTOPOT'O OH 3ABUCHAT U T. II.). SHAYEHUE ITO-
IO MPOBOJHUKA, TAKUM OOPa3oM, OJHO3ZHAYHO OINpPeNeiseT-
cs curHamaMu Ha Bxogax. Cpefu oCTABHIMXCA TPOBOJAHUKOB
TaKXKe HEeT UK, TODTOMY MOXKHO HAWTH OJUH U3 HUX, 3a-
BUCAIIMU TOABKO OT YK€ U3BECTHBIX, U OLPEJIEIUTh ero 3Ha-
venue. [lepeHyMepoBaB MPOBOJAHUKU B TAKOM HOPALKE, MBI
MOYXKEM BAMNCATE MOCIEIOBATEILHOCTD TPUCBANBAHNN
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B MPABHIX YaCTAX KOTOPBIX CTOAT (ByHKIUEU u3 B, mpume-
HEHHBIE KO BXOAAM U YK€ HalIeHHbIM 3uadeHusaM. [Ipu arom
MOXKHO CIMTATh, 9TO PE3YILTAT CXEMBI €CTh ¥y, (BCe mocie-
AYIOIIUe TPUCBAVBAHUA YK€ He HyKHBI). Takasa mporpaMma
ONIPEIENSET Yy, UPU M3BECTHBLIX 3HAYMEHUAX BXOJOB, U TEM
CaAMBIM 8bIUUCAALET, HEKOTOPYIO OYy/IeBY (QyHKINIO.

Teneps Habop GyIeBLIX GYHKINU B MOXKHO HA3BATL N0.-
HbIM, eciil Jo0as OyreBa PYHKIUA MOXKET ObITh 331aHA CXe-
MOU u3 B-pieMeHTOB (CylIECTBYeT HPOrpaMMa, eé BhIud-
CJIATOMIAA, TIPU DTOM B MIPABBIX YACTAX TPUCBANBAHUU CTOMT
dyuxnuu u3 B). flcuo, 4To 310 onpeneseHue HOIHOTH PaB-
HOCKJIBHO TIPEXHEMY, TO €CTh BO3MOXHOCTH 3alUCATL GyJe-
By QyHKIUIO B Buje HOPMYJBI CO CBA3KaMHU U3 B (kKak MBI
POBOPWJIM, PA3HUIA TOJIBKO B TOM, 9TO OJUH U TOT XK€ DJe-
MeHT OygeT GurypupoBaTh B GOPMyIe MHOIOKDATHO).

Caoxcnocmpio Oyneson GpyHknmu f OTHOCUTEIBHO B Ha-
3LIBAIOT MUHUMAJILHLIA PA3Mep CXeMEBI n3 B-3IeMeHTOB, BHI-
qucasiomen pyuxuuio f. Ero o6osuavaor sizeg(f).

Teopema 7. Ilycty By u By — aBa moaubix Habopa 6y-
JepeiX (pyHKuU. Torga COOTBETCTBYIOMINE MEPHI CIOKHO-
CTU OTIMYAIOTCA He Gosee YeM Ha MOCTOSHHBIU MHOXKUTENb:
Hangércea rakoe uucao C, uro sizep, (f) < Csizep,(f) u
sizep, (f) < Csizep, (f) ana mo6on dbyukmn f.

<1 YTBepk IeHue MOUTH OYEBU JHO: TTOCKOIBKY HAOOPHI B
u Bs noiHbL, TO Kax 1asa GYHKIMA OJHOT0 U3 HAGOPOB MOXKET
OBITH BBEIUMC/ICHA, KAKOW-TO CXEMOH, COCTABJICHHOU U3 DJe-
MeHTOB Apyroro Ha6opa. Tenepb MOXkHO B3aThH B KatecTse C
HarGOJBIINN Pa3MeP TAKUX CXeM, M HEPABEHCTBA Oy1yT BbI-
MOMHATHCA: KAXKAYIO CTPOKY MPOrPAMMBI MOXKHO 3aMEHUTH
Ha C (MM MEHBINE) CTPOK C UCHOML30OBAHUEM (DYHKIUN NPY-
roro zabopa. >

YT0 MOXKHO CKa3aTh O CJIOXKHOCTH IIPOU3BOILHON 6yJIeBON
dyukimn n aprymenTos? Clreayoias TeopeMa MOKa3hIBAeT,
YTO OHA BKCIOHEHLUUAIBHO 3ABUCUT OT 7 (M «HAyran B3s-
TOW (PYHKIINN).

Teopema 8. (a) IIycts ¢ > 2. Toraa CIOKHOCTD IGO0 OY-
JMeBOU (PYHKIIUY 7 APTYMEHTOB He TPEBOCXOMUT ¢’ Iy BCEX
gocrarouno Goapumx 7. (6) Ilycrs ¢ < 2. Torga ciaoxHOCTH
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OOMBIIMHCTBA OYJIeBLIX (PYHKIUA 7 apCyYMEHTOB He MeHb-
mre ¢ @i BCeX JOCTATOYHO OOJLIIUX 71,

< Ilpexae BCEro 3aMeTuM, UTO TO NPEABIAVIIEH TeOpe-
Me He uMeeT 3HAYeHUs, KAKOU [ONHBIN 6asuc BbIOGpaTh (13-
MEHEHVEe 3HAUEHUs ¢ Holee CYIMIECTBEHHO, YeM YMHOXKEHUE
CJI0OKHOCTY Ha KOHCTAHTY ).

TlepBoe yTBepikaeHUE TEOPEMBI OYEBHAHO: PA3MED CXe-
MBI, PEAIM3YIOMIEN AM3BIOHKTUBHYIO HODMAIBHYIO (HOpMY
¢ n mepeMeHHBIMH, ecThb (O(n2™), MOCKOABKY WMeeTCA He
Gonee 2" xoHbBIOHKTOB pasmepa O(n). (HamomumMm cMbica
O-o6o3nadenun: O(n2"™) 03HAYAET, ITO CYWIECTBYET BEPX-
HAA omneHka Buga Cn2" maa mekoTopon koucTaHTel C.)
Ocranoce samerurs, uro O(n2") < ¢" mpu JOCTATOYHO
Goabmux 1 (HAIOMHEM, 9TO ¢ > 2).

Y106bI TOKA34THh BTOPOE YTBEPKJEHUE, OLUEHUM YUCJIO
pasamaHbx cxeM (ckaxeM, B Gazuce U, UJIU, HE) pasme-
pa N ¢ n aprymentamu. Kaxmas Takas cxema MOXKET OBITh
OIUCAHA TOCAENOBATEILHOCTHIO u3 N IPUCBAMBAHUY, BBIPA-
JKAIOUIMX OJHY U3 MePEeMeHHLIX Yepes npenbiayime. [lis ka-
KIOTO TIPUCBaMBaHuA ecTh He 6otee 3(N + n)? BapmanTOB
(Tpu TUMA OMEpAIUE — KOHBIOHKIUA, TU3BHIOHKINA, OTPU-
[AHUEe, U KAXKIBIU U3 He 6ojee 4eM NBYX apryMEHTOB BbI-
oupaerca cpenu He Gonee gem N + n BapuanToB). OTcrona
nerko noayunts onenky 20(V108N) ma qucno Beex ymkImn
caoxkuocru e 6omee N (cuuras N > n).

Bcero 6yIeBEIX (DYHKIWM C 1 apryMeHTaMu uMeeTcs 22 .
U3 cpaBueHus >tux (GopMys BUIHO, 9TO 4UTO Ipu ¢ < 2 U
IpU JAOCTATOYHO OOJBIIUX 7 OyJAeBHI (DYHKIUU CIOKHOCTH
MeHBIIE ¢ COCTABIAIOT MEHBIIMHCTBO, Tak Kak 20(¢"108¢")
MHOTO MeHpie 22 . [>

12. IIpoBeguTe BTOPYIO YaCTh PACCyXK aeHus 6oJee moapoOHO
U OKaXWUTe, ITO IPU HEKOTOPOM £ > () CT0XKHOCTH GOJIBIINHCTBA
OyaeBeIX QYHKIUU C 1 apryMeHTaMu He MeHbie 2" /n.

Bepxmiowo onenky B TeopeMe 8 MOXHO YCHINTL U TOKa-
34Th, 9YTO CJOKHOCTH JIOOOU GYIEBON (DYHKIWU 7 apTyMeH-
TOB He npesocxogut O(27/n).

13. (a) IlokaxkwTe, ITO MOXKHO IOCTPOUTH CXEMY pa3Me-
pa O(2™) ¢ 2™ BeIxOgamm, peaam3yiomyio Bce 2 BO3MOMXKHBIX
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KOHBIOHKTOB [JIWHBI 1 (48 KaXJOTO — CBOU BRIXOX). (Ykasa-
HUE: TaKylO0 CXeMy MOXHO IOCTPOUTH HHAYKTUBHO.) (6) [Tokaxn-
T€, YTO MOXHO IIOCTPOUTH CXEMy pa3Mepa 0(22”1) ¢ 22" Boxo-
JaMU, peaIn3yIoLlyio BCe 22" 6y1eBBIX (DYHKUIWUU M apryMEHTOB.
(Yrazanme: 5Ty cxeMy Takxke MOXKHO IOCTPOUTH UHAYKTUBHO.)
(8) Iycts @(z1,..., %k, Y1,-..,Yy) — OyreBa GyHKOWA, apryMeH-
TBHI KOTOPOU Pa36UTHI Ha ABe IPynnsl. IlokaxmuTe, 9TO €6 MOXKHO
3anuCcaTh B BUOE AU3BIOHKIINN 2k JIE€HOB, Ka,)K,I[BIIL/’I U3 KOTOPBIX
mveer Bug C(x1,...,25) A D(y1,..., %), rae C — KOHBIOHKT,
a D — OIPOU3BOJIBHAA 6y.}IeBa (I)yHKHI/If:[ BBIBeCTI/I OTCIOda YIIOMA-
HyTyio Beuue onenky O(2"/n). (Yxazanue: pasyMHO IOIOXWUTH
k=mn—logn+c¢, | =logn —c. Cm. Takxe [9] u [33].)

Teopema 8, 04HAKO, HUYUETO HE TOBOPUT O CJIOKHOCTU
KOHKPEeTHBIX OyjeBblx (yukiui. CuTyanus 3nech TAaKOBa.
Ectb pazHoo6pasubie METONBI U TPUEMBL IIONYYIEHUA BEPX-
HEUX OIeHOK. HO mpo HUKHUE OIEHKY HEM3BECTHO TPAKTUYIE-
cku Hudero. [Ipo MuOrHEe (QyHKUMU MBI TOZO3DEBAEM, UTO
UX CIOKHOCTH BEJUKA (DKCIOHEHUUANLHO 3aBUCUT OT HU-
CJa BXOZOB), HO NOKa3aTh DTO TOKA HEe ynaéTca. Becbma
HETPUBUATLHBIE AN TO3BOMAIT NOKA3LIBATH DKCTIOHEHIIN-
AJIbHbIE HAXKHUE OLUEHKH /151 HEKOTOPBIX CIIEIUATBHBIX KIAC-
COB CXeM, HATIPUMED, CXEM U3 MOHOTOHHBIX DJIEMEHTOB WU
CXeM OrPAHUYIEHHOUN TIyOUWHBI (MCTIOMB3YIONINX BIeMEeHTH U
u WIN ¢ npouspossubivm uucaom sxogos). Ilonyuenue skc-
TIOHEHIMAIBHBIX OIEHOK MJa OoJiee OOImMX CXeM — ONUWH u3
BO3MOXKHEIX TIOAXOJ0B K 3HAMEHUTOU npobaeme nepebopa,
LHEHTPAILHON MPOG/IEME TEOPUN CAOKHOCTY BLIYUCICHHIN.

Mger He 6yaeM yIyOaaThCA B OTY TEOPUIO, a TPUBEIEM
JIAIIB HECKOJBKO BEPXHUX OLUEHOK I KOHKPETHBIX 3aad.
[Ipu »>TOM MBI He TpETEHAyeM Ha MOJHOTY, & XOTUM JUIIb
MOKA3aTh HECKOIBKO MHTEPECHBIX AU U TPUEMOB.

Pacemorpum QyHKINIO CpABHEHUS ABYX N-OUTOBLIX YU-
cex. OHA UMeeT 21 APTYMEHTOB (1 U OHOTO YUCIA U 7 A
APYroro); eé 3HadeHue PaBHO 1, eciy nepBoe 4ucjao 60JbLIe
BTOpOro, u 0 B IPOTUBHOM CIydae.

O603uaquM 5Ty pyskuuo Comp,,.

Teopewma 9. Ilycte B — moaubm Habop ¢yukmmu. Cyrme-
cTByeT Takas koucranta C, 4ro sizeg(Comp,,) < Cn.
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< 3aMeTuM, ITO TOCKOIBKY B (POPMYJUPOBKE TEOPEMBI
OLIEHKAa, Pa3Mepa IPOBOAUTCA C TOYHOCTHIO 10 KOHCTAHTHL,
TO BBHIOOD KOHKPETHOTO 06a3uca He mMeeT 3HadeHud. [pyru-
MU CJIOBAMU, MBI MOXKEM TIPEATIONATATE, SITO JI000e KOHETTHOE
YUCI0 HeOOXOAUMEIX HaM (PYHKIMKU B 5TOM 0a3uce eCcThb.

Cxema cpaBhenus uucesa OygeT PeKypCUBHOU (4TOOLI
CPABHUTDL [BA INCIA, MBI OTEIHHO CDABHUBAEM UX JEBHIEC U
IPaBHIE TIOJOBUHEL, & 3aTeM O0BeIUHAEM Pe3yIbTaThl). [lpu
3TOM, KaK 9aCcTO OBIBAET, HALO YCAINTH yTBEDK IEHUE, ITO-
OBl UHAYKITUA TTPOINLTA. A UMEHHO, MBI 6y I€M CTPOUTE CXEMY
C 21 BXOAAMY L1, ..., Tn, Y1, - -, Yn U IBYMS BBIXOJAMU, KO-
TOpas yKA3bIBAET, KAKOU U3 TPEX caydaeB x < ¥, & = i WK
x > y umeer MecTO. (31ech &,y — UNCIA, 3AIUCEIBAEMOE B
JIBOMYHOUN CHUCTEME KK L1 ...Ty A Y1,---,Ypn.) JBA BEIXOM-
HBIX OMTa KOAUPYIOT Y€ THIPE BO3MOKHOCTH, & HYKHO TOIBKO
TPHU, TaK UTO €CTh HEKOTOPHIN 3anac. /i omperenréunocTu
MOYXKHO CYUTATh, ITO TEPBHIU BBLIXOJHOU OWT WUCTUHEH, €C-
JII IUCJAA PABHBL, a BTOPOU — ecim = < Y. Torga BO3MOXK-
HBL TPY BapUAHTa CUTHAJIOB Ha Bhixoge: 10 (pasencrso), 01
(mpu = < y) u 00 (pm = > y).

O0BscHUM Temephb, Kak coOpaTh, CKaXeM, CXeMy CpaB-
Herus aByX 16-paspsaueix qucen. Cobepém OTAEIBHO CXeMy
CpPaBHEHUS CTAPIINX 8 PA3PAAOB U Maaammx & paspagos. Ka-
KIad U3 HUX AacT OTBET B popMe AByX 6mToB. Temepn m3
STUX 4eThIpEx 6uToB HaLo cobpars asa. (Ecau B crapumux
Pa3psagax HEPABEHCTBO, TO OHO ONPELEISIeT Pe3yaAbTaT CPAB-
HEHUS; €CJAN CTAPIINE PA3PAILI PABHBI, TO PE3YJIbLTAT CPaB-
HEHUs onpejeiseTcs MiamuuMu paspsgamu.) Hanucannas
B cKOOKax ¢pasa onpenendgeT OyaeBy (PYHKIUIO C 9€THIPbM
OmTaMm Ha BXOJE N IByMA OUTaMU HA BBIXO/€e, I MOXET OBITH
peaTm30BaHA HEKOTOPOU CXEeMOU (PUKCUPOBAHHOIO pPa3zMepa.
Takum obpasom, ecau depes T'(n) o6o3HAMUTL PazMep Cxe-
MBI, CPABHUBAIOIIEN 7-GUTOBBIE TUCIA, TO TIOIYIAEM OIEHKY
T(2n) < 2T(n) + ¢, TOe ¢ — HEKOTOPAA KOHCTAHTA, 3ABUCA-
mas oT BEIOOpa 6asmca. Orcoga crenyet, aro T(2F) < /2%
npu HEKOTOpoM ¢'. B camoMm gere, mas 1oCTATOMHO GOMBIIO-
ro ¢ MoxHO goKazaTh mo mEAyKimm, uTo T'(2%) < ¢'2F — ¢
(MBI ZOJDKHBL yCUIUTL HEPABEHCTBO, BBIYTS U3 IIPABOU Ha-
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CTU ¢, 9TOOLI MHAYKTUBHBLIA IAT TPOIEN; 6a3a WHIYKIAN
0CTaeTCS BEPHOU, eciu ¢ TOCTATOYHO BEJUKO).

Ty ke caMyIo OLIEHKY MOXKHO OOBACHUTE U HANAAHO. Ha-
I CXeMa UMeeT BUJ UePapXUYIecKoro nepesa. Ha kawxaom
YPOBHE U3 OBYX ABYXOUTOBBEIX CUTHAJOB NOIYIaeTCA OJUH.
OcTaéTca BCIOMHUTE, 9TO B IIOJHOM ABOMYHOM [EPEBE H-
CJI0 BHYTPEHHUX BEPIIUH (KOTOPOE ONpENeseT Pa3sMep CXe-
MBI) HA EJVHWUILy MEHBIIE YnCIa JucTheB. (B TypHmpe mo
OJIMMIUIACKON CUCTEME YUCIO0 UT'P HA €IMHUIY MEHBIIE “IW-
CJIa, KOMAH, TaK KaK TMOCAe KaXKIOW WIPhl OJHA KOMAHA
BELIOBIBAET. )

Bce BHYyTpEHHUE BEPIIUMHLI U BCE JUCTHA (T CPABHUBA-
IOTCA IBA OMTA) MPENCTABIAIOT COGOM CXEMBI OrDAHUIEHHO-
ro pasMepa, OTKyJa u BEITekaeT onenka T(2F) < ¢/2%.

OcTanoce AUIb CKA3aTh, 9T0 AEIATh, €CIN PA3MED THCEeT
(KOTODPHIT MBI OOO3HAIAMA IE€PE3 71) HE €CTh TOYHAA CTEIEHb
OBOMKH. B 3TOM CiIydae MOXHO YBEJAMIUTH pa3Mep a0 Ouu-
KAUIIeN CBEPXY CTeleHu ABONKHU (He Goxee UeM B 1Ba Pa3a)
U TOJATh Ha CTApIINe PaspAabl Bxoaos Hyau. O6a 1encTua
OPUBOIAT K YBEIMICHUIO Pa3Mepa CXeMbl HE Oojee 9eM B
KOHCTaHTy pas. [>

Iepenaém K CI0KEHUIO ABYX N-paspAgubx ducel. (CTpo-
0 TOBOPA, TYT BOZHUKAET He OyaeBa PYHKIUA, 8 QYHKINAA
B" x B® — B"*! Ho Bce Hamm OIpee/eHHA OYCBUIHO IIe-
PEHOCATCS HA DTOT CIydail.)

Teopema 10. Cymecrayer cxema pasmepa O(n), ocyre-
CTBJIAIMAA CIOKEHNE OBYX N-OMTOBBIX IHCE.

< HamomuuMm cmeica o6osuadenus O(n): HaM HALO TO-
CTPOUTH CXEMY CJOKEHUA 71-OMTOBBIX IMCeN, UMEOIIYI0 Pas3-
Mep He 6oJee ¢ 11 HEKOTOPOr'o ¢ U IJA BCEeX M.

BenomumM, Kak CKIATEIBAIOT YACAA B CTOJOUK:

011
1001
1011

10100

BepxHsas cTpoka — OUTH MEPEHOCA, HUKHAA — PE3yIbTaT.
3aMeTuM, YTO KAXKALIM U3 OUTOB MEPEHOCA WIN Pe3y/abTa-
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Ta, ONpeneIaeTCs TPEeMA ApyruMu 6utamu (OUT pe3yabTaTa
paBeH cyMMe ABYX OMTOB CIaraeMblX U OMTa IEPEHOCA IO
MOZYTIO 2, a 6UT mepeHoca paBeH 1, ecaum XOTa OBl IBA U3
5TUX TPEX 6uTOB paBHbL 1). [I05TOMY MOXHO COCTABATE CXE-
My, KOTOpas BBEIYUCISIET HTU OUTHEL CIPABA HAJIEBO U MMEET
pasmep O(n). >

3aMeTuM, 9T0o TeopemMy 9 1erko BeIBecTu u3 TeopeMur 10:
9TOOBL CPABHUTD YUCAA T U Y, CJAOXKUM 4uciao (2" — 1) —z
(TO €CTh ¥IMCAO &, B KOTOPOM BCE €IMHUIEI 3AMEHEHbl HYJIA-
MU ¥ HA060pOT) u 4mcao y. Ecau B cTaprmeM paspaie mo-
SBUTCA €IUHWLIA, TO y > , a ecau Her, 0 Yy < z. Ocra-
€TCa 3aMEeTUTD, UTO U CJIOXKEHUe, U 00paleHne OUTOB B IU-
cie £ TpeGyIoT CXeM JMHEMHOTO pasMepa. Takum ofpasom,
CpPaBHEHUE YHCe] CBOAWTCA K BEIYUCJICHUIO OMTA IEPEHOCA.
BepHo u o6paTHOe: BBIMECACHUE OUTA TEPEHOCA CBOAUTCA K
CPaBHEHUIO IBYX 4ncen (0OpaTuM B ONHOM U3 CAATAEMBIX
BCE GUTEHL).

TeMm He MeHee KOHCTPYKIIUA, UCIOIb30BAHHAA IPU JOKa-
3aTeNbCTBE TeOpeMHI 9, MMeeT HeKOTOpHIE IPEUMYIIECTRA.
HazoéM eaybunoti cxeMbl MAKCHMAILHOE SHUCIO DIEMEHTOB
Ha IyTH OT BXOZa K BhIXoAy. Ecam mpencraBuTh cebe, ITO
CUTHAJ HA BBIXOJE JIEMEHTA MOABIAETCA He CPa3y MOCJe To-
Ja49U CACHAJIOB HA BXOMALL, & C HEKOTOPOU 3aJepPKKOH, TO
TIyOMHA CXEMBI ONpeNeIseT CYMMapHYIO 3a1epxkKy. Jlerko
TIOHATD, ITO PEKYPCUBHAA CXEMa CPABHEHUSI UMeTa TUIyOuHy
O(logn) (4ucao ypoBHEH IPONOPLUOHALLHO JOIapudMy pas-
Mepa BXOJa), B TO BPEMs KaK [OCTPOEHHAS TOJBKO UTO CXe-
Ma CITOKEHWUA MMEET TUIyOUHY, MPONOPINOHAIBHYO 7 (OUTHI
LEPEHOCA BEIYUCASAIOTCS IOCIEA0BATEIBHO, CIPABA HANEBO).
Ho moxHO coequHATE 3TH 1Ba PE3yabTaTa:

Teopema 11. CymecTByeT cxeMa CJIOKEHUS IBYX 7-OUTO-
BeIx gucen paszmepa O(n) u ruy6urer O(logn).

< Kak Mpr Bugenn, mpo6ieMa B TOM, UTO OUTHI IEPEHO-
ca BEIMUCJAAIOTCA MOCTEIOBATENBHO, a He MapawLieabHo. Ecan
YAACTC UX BCE BEIYUCAUTE cxeMou pasmepa O(n) u ruyOGuHbl
O(logn), To nambHenuIEE OUEBUIHO.

Kax MBI ymoMuHa M, BEITUCAEHNE OUTOB TIEPEHOCA PABHO-
CUJIBHO CPABHEHUIO, TAK YTO A AOKA3ATEJHLCTBA TEOPEMEI
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MTOCTATOYHO HAYYNTHCSA CPABHUBATH MTApPALIEIbHO Bee «Cydh-
PUKCHY IBYX N-OUTOBLIX IUCET X1 ... Ln U Y] - .- Yn, T.€. 011
KaxX0T0 ¢ CPABHUTD MUCTA T;Tjy1 ---Lp A Yilitl - - - Yn-
BenoMuuM, 9TO MBI feJaay TP CPABHEHUU ducea (CKa-
xKeM, giunel 8). Ha nuxuem ypoBHe Mbl CDaBHUBAIKM OUTHL:

Ty T2 T3 T4 T3z Teg T7 I
Yr Y2 Ys Ys+ Ys Ys Yr Y8

Ha cregymomem ypoBHE MBI CDABHUBAIM [BY3HAYHEBIE YUCIA

T1xT2 T3T4 TsTe T7T8
Y1¥Yy2 Ys3Ys YsYe YrYs

3aTeM YeTHIPEX3HATHLIE

LT1X2XT3L4 T5TeL7LY
Y1Y2Y3Ys  YsYsY7Ys

1, HAKOHELl, BOCBMMN3HAaTHEBIC!

T1T2X3L4T5T6L7TY
Y1Y2YsYaYsYe Yrys

Takum obpasom, gus cyddukcos maunsl 8, 4, 2 u 1 pesyis-
TATHI CPABHEHUs yxkKe ecThb. s cyddurca gauusl 6 pesyin-
TAT MOXHO TOJYYUTH, KOMOUHUDPYA PE3YJIBTAT CPABHEHUS
T34 7Y3Ys U T5TeT72L8 YsYeYr7Ys. [locae 3TOro y Hac ecThb uH-
dopmarusa o cyddurcax BceX IETHBIX IIUH, U COETUHAT €€
¢ MHQOPMAIINEN ¢ TIEPBOTO DTAMA, TIOIYIAeM CBEICHUA PO
Bce cyddukcel. Hanpumep, 111 cpaBuenus cypPUKCOB 1am-
HBL 7, TO €CTb X3 ...ZLg U Ys ...Ys, Mbl COEJUHIEM PE3yIbTa-
THI CDABHEHUA Lo U Yo C PESYIBLTATAMU CPABHEHUS CyhhUK-
COB JJIMHBL 6, TO €CTb T3 ...T8 U Y3 ...Ys.

B obuem cayvuae kapTUHA TAKasg: OOCHE «CyKAOMIETOCs
JepeBay MBI CTPOUM «DACHUINPSIIONIEECsy; 3a k MIaroB 10 KOH-
I[a MBI 3HAEM Pe3yJIbTATHI CDABHEHUs BCeX Cy(PPUKCOB, LIn-
HEI KOTOPEIX KpaTHer 2. DTo mepeso umeeT pasmep O(n) u
ry6ury O(logn), 9T0 3aBepIIaeT N0KA3ATEIBCTBO. [>

14. TloxaxuTe, ITO BLINUTAHUE ABYX N-OUTOBBIX IHCEN IO MO-
Ayao 2" pemoanseTcs cxemon pasmepa O(n) u ray6uns: O(log n).
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(Ykasanme: BLIMUTAHWE JETKO CBOAUTCA K CIOXKEHUIO, €CIU 3aMe-
HUTH HyJIu Ha €UHWILI 1 HA060POT.)

Teneps 3anmMémcs ymHOxKerneM. CXeMa yMHOKEHUA ABYX
N-Pa3spAIHBIX YUCEJI MMEET 27 BXOJ0B (IO 7 IJIA KaXKIOro
MHOXUTENsA) U 27 BHIXO/IOB [ TPOU3BEICHNUA.

TMocMoTpuM, Kakue ONEHKY AT OOBIYHBIN CIIOCO0 YMHO-
KEHMSA IUCET CTOTOMKOM. B HEM yMHOXEHHE IBYX n-pasps-
HBLIX 9UCET CBOAMTCA K CAOKEHUIO 7 KOIUH IEPBOTO HTUCIA
(YaCTUYIHO 3aMEHEHHBIX HA HYJU B 3aBUCAMOCTHU OT udp
BTOPOTO 9MC/IA) CO CABUTAMI.

[onyenwre >Tux Kommin TpedyeT cxembr pasmepa O(n?)
(oburee uucao nudp B komuax) u ruybunsl O(1). Croxenue
OBYX 2n-Pa3pAAHBIX YHCET MBI MOXEM BBINOJHUATE C [IOMO-
mpo cxembl pasmepa O(n) u raybuast O(logn), Tak 910
HEOOXOqUMEBIE N — 1 CIOXKEHHMH MOXKHO BBITOJHUTL CXEMOU
pasmepa O(n?) u ray6uns: O(log” n) (ecian cKiaIsBATE CHA-
a8 TIOMAPHO, TOTOM PE3YJIbTATHL CHOBA, MOMAPHO U T. I.).
OKa3BIBAETCA, BTOT PE3YJILTAT MOKHO yaIydmuTh. Haubosee
SKOHOMHBIE CIIOCOOBI OCHOBAHLI HA MpeodpasoBauun Pypbe
(0 Hmx MOXHO mpodecTs B KHure [1]). C ux moMombio, Ha-
OPUMEDP, MOXKHO IOCTPOUTHL CXEMY YMHOKEHUS 7-OMTOBBIX
qHCes1, IMEIOHIyIo pasmep 1 logt n.

OTH METONBI JATEKO BEIXONAT 34 PAMKHM HAIIETO 0OCY-
WK IEHUA, HO [BA YJIYIIIEHUS MBI IPUBEIEM.

Teopema 12. CymecTByeT cxeMa YMHOXKEHUA ABYX 71-Pa3-
pagaerx wucen pasmepa O(n?) u nry6urer O(logn).

< Kak MBI yxe TOBOPWIM, YMHOXKEHUE ABYX N-Pa3paj-
HBIX 9UCET CBOIUTCA K CJOKEHWIO 1 TAKUX IHUCEN, U OCTAETCA
BEITIOJIHATL TaKoe caokenme cxemoin pasmepa O(n?) u ruy-
ounsl O(logn). KioueBbIM MOMEHTOM 31€Ch SBJSETCA CBE-
TEHUE CAOKEHUA TPEX IUCeT K CJAOKEHWIO NBYX C MOMOIIBIO
npocron cxeMmbl pasmepa O(n) u ruybunsr O(1). B camom
[ee, IyCTh €CTh TPU YUCIA T, Y U 2. Ecau Mer OyaeM ckia-
IBIBATL OTIEJIBHO B KAXKIOM PAa3pALe, TO B PA3PALE MOKET
HAKOMUTHCA Jio6asg cymMmma o 0 10 3, TO eCcTh B IBOMHYHOU
sanucu o1 00 go 11. Chopmupyem m3 Maagmux OUTOB DTUX
IBYXOUTOBBLIX CyMM YHUCIO U, & U3 CTAPIIUX (CIBUHYTHIX BJIE-
Bo) — uucio v. Toraa, oueBugno,  + y + z = u + v. Houy-
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YeHre mudp IUCTA & U U TPOUCXOMUT MAPALIETLHO BO BCEX
paspsigax u Tpedyer pazmepa O(n) u raybunst O(1).

Teneps, ecay HALO CIOKUTDL 7 IUCEJ, MOXKHO PA30UThb UX
Ha TPOUKU U U3 KAXKIBIX TPEX IUCET TOAYIUTE O ABa. B ce-
AYIOLIAN KPYL, TAKUM 00pa3oM, BELAYT (2/3)n uucen (upu-
MEPHO — TPAHUYIHBIE PPEKTH GOIBIION POIM HE UTPAOT).
Wx cHOBa MOXKHO CTPyNIUPOBATHL TIO TpoukaM u T. 1. C ka-
KILIM YPOBHEM YHCIO CIATAEMBIX YOLIBAET B IOITOPA Pa3a,
TaK 4TO IVIyOMHA cXeMbl Oyger jorapudmudeckon. Kaxnoe
Mpeodpa30BAHUe TPEX CAATAEMBIX B TBA TPEGyeT CXEMBI Pa3-
mepa O(n) 1 yMEHBIIAET YUCI0 CJIAraeMbIX HA eAUHULY, TaK
9TO noTpebyeTca n Takux npeodpaszopauun. MTak, 3Ta KOH-
cTpyktms mveeT obmmit pasmep O(n?) n ray6ury O(logn).
Hano TOIbKO OTMETHTB, 9TO B KOHIIE y HAC IIONY9IA€TCA HE
OHO YHCJIO, 8 ABA, M UX HAMOCIENOK HATO CJIOXKATEH — ITO
Mel yMeeM feaats ¢ raybunon O(logn) u pasmepom O(n). >

15. Jokaxwure, 4T0 CXeMa, BBIYUACIAIOWAA OyiaeBy GyHKuuio f
OT N apryMeHTOB, y KOTOPOU HU OJUH APTYMEHT HE ABJIAETCA
(JUKTUBHBIM, UMeET pa3Mep He MeHee cn U TIyOHMHy He MeHee
clogn, rge ¢ > (0 — HEKOTOpasA KOHCTAHTA, 3aBUCAIIAA OT BHI-
6paHHOro HAGOpPa 51eMEHTOB. (APrymMeHT (QYHKIWM HA3BIBAIOT
PurmuenbIM, €CTA OT HETO 3HAICHNE (PYHKIAU HE 3ABUCHT. )

OTa 3a71a¥a MOKA3KIBAET, UTO €CJU B TIPOIECCe YMHOKE-
HUA OBYX 7i-PA3PATHBIX TUCEJT MBI CyMMUPYEM 71 CAAra€MBIX
pasmepa n, To omenku O(n?) mra pasmepa u O(logn) ara
DIYOWHBL, MOJYIeHHBIE TIPYU JOKA3ATEIBCTEE TEOPEME 12, Cy-
[IECTBEHHO YJIyYIIATH HEIb3.

O 1HAKO HUKTO HE OOA3LIBAET HAC CJIE€IOBATEL TPA,IAIOH-
HOMY CIIOCO0Y YMHOXEHUA CTOIOMKOM — OTKA3ABIINCH OT
HEro, Mbl MOXKEM yMEHBIIUTEL PA3MED CXEMBL.

Teopema 13. CymecTByeT cxeMa YMHOXEHUS IBYX N-pa3-
pagHbIX uncen pazmepa O(n'°823) u rayounsr O(log® n).

<1 Haumém ¢ Takoro 3ameuanus. Boraucias mpoussege-
HUE ABYX KOMILIEKCHBLIX 9UCET

(a + bi)(e + di) = (ac — bd) + (ad + bc)i

OOBITHBIM CTIOCOOOM, MBI feJaeM UeThIpe yMHOKeHus. Ho
MOXKHO OGOUTHCH W TPEMS € IOMOIIBI0 TAKOO TPIOKA: BbI-
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uneanTs ac, bd u (a + b)(c+ d), a morom mHanTu ad + be kax
pasuocts (a + b)(c + d) — ac — bd.

Ananornyabn GoKyC MOXKHO IPOIETATH U AJIA EJBIX UU-
cen. Pa3obném 2n-6mToBOE IMCIO HA ABE N-OUTOBLIE ACTH,
TO eCThb npencrasuM ero B Buge a2™ + b. Teneps 3anummem
IIPOU3BECHNE ABYX TAKUX UUCEJ:

(a2™ 4 b)(c2™ + d) = ac2*™ + (ad + bc)2™ + bd.

Tenepes BUAHO, 9TO NOCTATOYHO HAUTH TPU TIPOM3BEICHUA
ac, bd u (a+b)(c+d), 9TO6HL ONPEIETATE BCE TPHU CAATAEMBIX
B TPABOM YaCTU PABEHCTBA. 1l0AydaeTcsa, YTO yMHOKEHUE
ABYX 2n-Pa3spAIHBIX 9UCEN CBOIATCA K TPEM YMHOXKEHWAM
N-Pa3PAIHBIX ¥ K HECKOJILKUM CJIOKEHUAM ¥ BBIMUTAHUAM.
(Ha camom nene mpu ymHOXKenun (a+b) Ha (¢+d) comHONKET-
Teau MOryT ObITh (1 + 1)-paspagHeIMu, HO HTO HE CTPALIHO,
TaK Kak 00paboTKa JUIIHETO PAa3PsIaa CBOAUTCA K HECKOIb-
KM CJIOKEHUAM. )

st pasmepa CXeMbl, TAKUM O0pA30M, MOIYIAETCA Pe-
KYPCHUBHAS OIEHKA

S(2n) < 35(n) + O(n),

u3 koTopon caexyer, aro S(n) = O(n'°823). B camom me-
Jie, MU YMHOXKEHUS N-Pa3pPIJHBIX JYucesg TpebyeTcs AepeBo
PEKYDPCUBHBIX BBI3OBOB TMIYOMHEBI l0g, 7 M CTENEeHN BeTRJe-
HEs 3. 3aMeTHM, 9TO pPa3Mep CXeMEHI B BepINHHE NPONIOp-
IUOHATEH 4YUCIy CKIaabBaeMbix O6utor. Ilpum mepexome ot
OHOTO YPOBHA K caeayiomemy (Gosee GIU3KOMY K KODHIO)
pa3Mep caaraeMbelX PAcTET BABOE, & YUCJIO BEPIIWH yMEHBb-
UIAETCA BTPOE, MODTOMY OOIIee <HCI0 HIEMEHTOB Ha 3TOM
YPOBHE YMEHBIIAETCS B moaTopa pasa. Takum o6pazom, mpu
OBIZKEHWM II0 YPOBHAM OT JHUCTBHEB K KODHIO IIOJNy9aeTCs
yOBIBAIOMIAA [€OMETPUIECKAA IIPOrPECCUs CO 3HAMEHATEIEM
2/3, cyMMa KOTOpPOH BCEO JIWIIL BTPOE IPEBOCXOAUT €€ Tep-
BbIn wieH. OCTaéTCsa 3aMETHTh, YTO YUCIO JUCTHEB PABHO
?)log2 n _ n10g2 3.

Orenka NIyOMHBI TakK¥Ke OYEBHIHA: HA KaXIOM YPOBHE
MBI BMeeM cxeMmy caoxkenus riyounst O(logn), a aucio ypos-
ment ects O(logn). >
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Ha sToM MBI 3aBepiiaeM 3HAKOMCTBO CO CXEMaMU W3
(PYHKIMOHAILHEIX HIEMEHTOB, BBLITOJHAKMIMMEA APU(PMETH-
veckue orneparmu. O HUX MOXKHO IIPOYECTh B Tiase 29 yuet-
unka Kopmena, Jlensepcona n Pusecta [18] n B kunre Axo,
Xonkpodra u Yiemana [1].

PaccMoTpuM Teneps (GYHKIHIO «COJOCOBAHUAY (majori-
ty). OHa uMmeeT HEUETHOE YUCIO APTYMEHTOB, W 3HAYEHUE
e€ paBuo 0 mwmm 1 B 3aBUCHMOCTH OT TOI'O, KAKO€ U3 IBYX
3HAYMEHUN YaIlle BCTPEIACTCA CPEIU BXOOB.

Teopema 14. CymwecrByer cxema pasmepa O(n) u riuybu-
uet O(lognloglogn), Boraucasoman GyHKIKIO NOIOCOBAHUSL.

< Ha caMoM [feie MOXKHO [axKe BEUCIUTD OOIIee IuCJI0
eIVMHULL CPeau BXOAOB. JTO MNEIAETCA PEKYPCHBHO: CIMTA-
€M OTAENbHO IIA KAXKIOU IOJOBUHEI, IOTOM CKJAIBIBAEM.
IMoxyuaeTca dorapudmmuaeckoe ducio yposren. Ha Bepxuaem
yPOBHE HAMO CKIANBIBATH IUCAA pasmepa logn, Ha caemy-
romenm — pasmepa (logn — 1) u Tak o camoro Husa, rge
CKIAIBIBAIOTCA OTHOOMTOBBIE YUCaa (TO €CTh GUTHL BXO-
na). Kakon cpeinun pasmep CKIaIbIBaeMbIX qucen? ITomo-
BUHA BEPIIMH B [IEPEBE MPUXOIUTCA HA HYKHUU YPOBEHD
(vucaa nuuHbL 1), 9eTBEPThL — HA CACAYIOUMH (IUCAa, IIn-
uer 2) u T. 1. Benommmas, aro pag Y (k/2F) cxonures, su-
UM, 9TO CPesHUl pazMep CKIagbIBaeMbrx 4ducesa ectb O(1)
u o0y pasmep cxeMsl ecTb O(n). A obmas rIy6uHa ecTh
O(lognloglogn), Tak kak Ha kKaxa0M u3 log n ypoBHEN CTO-
ut cxema ruy6unsl O(loglogn). >

3aMeTuM, 9TO XOTA (DYHKIWA MOJOCOBAHUA MOHOTOHHA,
NOCTPOEHHAA CXEMa €€ BHIUUCJACHUA CONEPKUT HEMOHOTOH-
HBIE DAEMEHTEL (IIOCKOABKY OlePALys CAOKEHUsI He MOHOTOH-
Ha). MBI yXe rOBOPWIM, 9TO BCAKYH) MOHOTOHHYIO (DyHK-
IO MOYKHO COCTABUTD U3 KOHBIOHKITN W IU3BIOHKIAN. 1
(PyHKIHE rOM0COBAHNA €CTH O9E€BUIHBIA CIIOCO0 3TO CAEAATD:
HANNCATH TM3BIOHKINIO BCEX KOWBIOHKINY pasMepa (n+1)/2
(HATIOMHUM, 9TO YUCIO BXOJOB 71 MPEINOIAraeTca HEeIET-
HeiM). OQHAKO IPU HTOM IOLYYUTCH CXEMA DKCIOHEHIUANb-
HOT'0 TI0 7, Pa3Mepa.

Teopema 15. Cymecrsyer cxema pazmepa O(n¢) u ruybu-
uet O(logn), cocrapnennas Toapko u3 snementos 1 u MLJINA
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(¢ AByMs BXOJaMM), BHIMUCIOMAS QYHKIWIO TOJ0COBAHUAL.

< [Jna Hadana 3aMeTHM, 9TO OrDAaHWYEHME HA PasMep
ABIAETCS CJAEACTBUEM ODAHWYEHWs Ha DIyOWHY, TakK Kak
saeMeHTH U m UJIU uMmeioT TOABKO MBA BXOAA M IUCTO DJe-
MeHTOB B cxeme Tury6unnt d ects O(2%).

CxeMa OygeT CTPOUTHCS U3 DIEMEHTOB GOMBIIMHCTBA C
Tpems Bxogamu. (KaxkIb n3 HUX MOXKHO COGPATH U3 KOHB-
IOHKIUK ¥ Ju3BIoHKImN 1o Gopmyse (aAD)V (aAe)V (bAc).)
Brixog cxembl OygeT GOJBIIMHCTBOM U3 TPEX 3HAYEHUH, Ka-
®KJT0€ W3 KOTOPHIX €CThb OOMBIIMHCTBO M3 TPEX 3HAYEHUN
u T. 1. (puc. 3).

Puc. 3. lepeBo u3 saeMeHTOB 3-00/IBIIMHCTBA.

IIponomxas >Ty KOHCTPYKIIUIO HA k YPOBHAX, MBI IOJIY-
1M cxemy ¢ 3% Bxomamvm. (OTMeTuM, 9TO 5Ta cxema He Oy-
JIeT BEYMUCIATD OOJBITUHCTEO CPEU CBOMX BXOJ0B — IO TOU
K€ MPUYUHE, IO KOTOPOU PEe3yJbTAT HENPIMOrO COJ0COBa-
HUS MOXET OTJIMYATBCA OT MHeHus GoupmmHcTBa.) Ho MBI
cllenaeM BOT KaKyI CTPAHHYIO Bellb: BO3BMEM Kk DABHBIM
clogn npm gocraTrodHo 60.bIIOM KOI(DDUIMEHTE IPOIOp-
NUOHAILHOCTY ¢ (IIPU 3TOM HUCIO BXOLOB TAKOHM CXeMbL Oy-
€T MOJIMHOMUAIBHO 3aBUCETH OT 71) U HAMUIIEM HA BXOAX
CJIy9alHO BHIOPAHHEIE IIEPEMEHHBIC M3 NAHHOIO HaM Habo-
pazi,...,z,. (llepemennsie, 3anuceBaeMble Ha PA3HBIX BXO-
1ax, BEIOUPAOTCA HesaBucuMo.) OKa3bIBaeTCsA, ITO C HEHY-
JIEBOU BEPOATHOCTBIO 3T CXeMa Oy eT BEUUCIATL (PYHKIINIO
GOJIBIIVMHCTBA CPEAU X1, . . . , Ly, ECIA KOHCTAHTA C JOCTATOY-
HO Besmka. CreroBaTeqbHO, NCKOMAS CXEMA CYIIECTBYET.

O6paTuTe BHUMAaHME: HAM yAACTCS TOKA3ATH CYIIECTBO-
BaHWE MHTEPECYIOIe HAC CXEMBI, HE NMPEIbABUB €€ SBHO.
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(Takoe MCMONBL30BAHUE BEPOATHOCTHHIX METONOB B KOMOHU-
HATODPHBIX PACCYXKACHUIX 4aCTO ObIBAET LIOJIE3HO. )

Urak, moyeMy ke CXeMa C IOJOKUTEJIHHON BEPOATHO-
CTHIO BHIYUACIACT (BYHKITMIO OOJBIIMHCTBA? DTO MOKA3LIBA-
eTCA TaK: PACCMOTPUM KAKOU-TO OJMH HAOOpP 3HAYEHHH HA
BXOAX W JOKAXKEM, UTO HA 3TOM KOHKPETHOM HaGOpEe CIy-
YanHAaA CXeMa BHLITAET MPABWILHBIN OTBET C BEPOATHOCTHIO,
OveHb OU3KOU K efuHune (paBHON 1 —& Npu 0YeHb MAIOM €).

Ecau qucio € HACTOABKO Mao, YTO OCTAETCsA MEHbLIINM
eIUHUITHL JaXKEe TOCTE YMHOKEHUA Ha, IUCJIO0 BO3MOXHBIX BXO-
0B (2™), To moaydaem Tpebyemoe (kKaxkgoe u3 2" coOBITAR
UMEEeT BepOsSTHOCTD He MeHbIle 1 —&, 3HAYUT UX IepecedeHue
UMeeT BEPOATHOCTH He MeHbine 1 — 2% > 0).

Wrak, oCTamoCh OIEHUTEH BEPOATHOCTEH TOTO, 9TO CIy-
YalHas CXeMa [ACT IPABWILHBEIA OTBET Ha, JAaHHOM BXOJE.
IIycTh mons eguuuil cpeau BCeX BXOAOB paBHa p. Torma Ha
KK BN BXOAHOW TIPOBO/J] CXEMBI TTONAETCA IUHUIIA, C BEPO-
ATHOCTBIO P U HYJIb C BEPOSTHOCTHIO 1 —p (BBIOOD C1y4arHOn
[epeMEHHOU 1aéT eIUHUILY C BEPOATHOCTLIO P), IPUIEM CUT-
HAJBT HA BCEX BXOAAX HE3ABUCUMBL.

Ecmn va Tpéx BXOTax a1eMeHTa 3-OOJBITMHCTBA CUTHA-
JIBI HE3ABUCHUMEL, U BEPOSTHOCTD TIOSBICHUS €IMHAILL HA Ka-
HKIOM BXOAE €CTh P, TO BEPOATHOCTDL TOSBICHUS €IUHUIILI
Ha BEIXOJE ecTh o(p) = 3p?(1 — p) + p> = 3p® — 2p®. Ha
CIENYIOINX YPOBHAX BEPOATHOCTH MOSBICHUA €JUHUIEL Oy-
et pasta ¢(¢(p)), p(¢(p(p))), ... I'paduk dyrkumm o(z)
Ha orpeske [0,1] (puc. 4) MOKA3RIBAET, UTO PN NTEPAIUIX
dyuxnuy ¢ gucbasanc (OTKIOHEHUE 0T CEPEAUHBL) HAPACTa-
€T U MOCIeA0BATEIBHOCTE CTPEMUTCS K Kpato oTpeska. Hano
TOJBKO OIEHUTDH YUCIO TIATOB.

Ecaur BHawase equHUNBL COCTABILIOT OOMBUIMHCTBO U3 N
apryMenToB (HAIOMHUM, 1 HEIETHO), TO UX KAK MUHUMYM
(n+1)/2, rtak uyto p = (n+ 1)/2n = 1/2 + 1/(2n). Taxum
00pa3zoM, HAYAIBHEIN OUCOATAHC COCTABIAET KAK MUHMMYM
1/2n. A B KOHUE HAM HYKHO HIPUOIM3UTHCI K KPAIO OTPE3KA
Ha paccTosHue 277,

Urak, HAM OCTaJIOCh IOKa3aTh TAKYIO JeMMy (OTHOCA-
LIYIOCS CKOpee K MaTeMaTHIeCKOMY AHAIU3Y):
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Puc. 4. Urepupyemas dyaxums .

Jlemma. Tlycts mocmenoBaTensHoCcTh Z € [0,1] 3aana
pPeKyppeHTHOU GOpPMYyJIoN Tii1 = (X)), Dae

o(z) = 327 — 22°.

Iycts 29 > 1/2 + 1/(2n). Torga mocaeroBaTEIBLHOCTD Ty
MOHOTOHHO BO3pacTaeT u npubaukaeTcsa K 1 Ha paccTos-
ure 2-" 3a O(logn) mwaros. [CuMMeTpUIHOE YTBEPKICHUE
BEpHO W IpH o < 1/2 — 1/(2n).]

Naea moka3aTelIbCTBa: IIOCMOTPUM Ha (PYyHKINIO BOII3M
Touku 1/2 u y kpaés orpeska. B Touke 1/2 npoussognasn
Goabine 1, mopToMy ynasenne otT 1/2 pacTéT Kax reoMeTpu-
9eCKad IPOUPECCHA, U TOYKA IEPENaéT KAKyH-TO (PUKCH-
poBauuyio rpanuny (manpumep, 0,51) He mozzmee uem 3a
O(logn) maros. 3atem morpetyerca O(1) maros, 9To6k!
moutu, cxkaxem, 10 0,99. B exunune nepsas mpousBOgHAA
(DYHKIMK paBHA, HY.JIO, IO3TOMY PACCTOAHUE AO €IUHULEI
KaX B pa3 MPUMEPHO BO3BOAUTCA B KBAAPAT, U TMOTOMY
A1 pocTmxkeHusa norpemmocTn 2° " morpebyerca O(logn)
mwaros (kak B meroge Heiorona orbickanus kopus). Beero
noaygaercsa O(logn) + O(1) + O(logn) maros, 4To u Tpe-
00BAJIOCH. >

Ha camoM mene cIpaBemImBo IOpaszio Oojee CAILHOE
YyTBEPKIEHHUE: CyIecTByeT cxema pasmepa O(n logn) u ruy-
ounsr O(logn), cocToamas ToIbKO u3 saemenTos U u WJIN,
KOTOpasA UMEET 74 BXOJOB U 7 BEIXOJOB H OCYIIECTBIACT COP-
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TUPOBKY MOCIENOBATEILHOCTY 7 HYJeU U €IMHUIL (3TO O3HA-
YAeT, YTO HA BBIXOLE CTONBKO XK€ eJUHUIL, CKOJILKO HA BXOE,
MPUYIEM BHIXOJHAA MOCAENOBATEILHOCTE BCET /I HEBO3PACTA-
omas). SIcHO, 9TO cpenHUA OUT BEIXOLA B TAKOW CATYAIAN
peamusyer QYHKIUIO GOILIINHCTBA.

Ilpu kaxymencs npocrore (GOPMYIUPOBKEU €IUHCTBEH-
HAsg W3BECTHAs KOHCTPYKLUS TAKOU CXEMBI (COPTUPYIOMIAs
cets AKS, mpuaymannas Auraum, Kommomom u Cruemepenn
CPABHUTENBHO HeaaBHO, B 1983 rogy) BecbMa CIOXKHA, U 10-
ABJIEHNE KAKOU-TO 60Jee IIPOCTON KOHCTPYKIUY OBLIO OBL 3a-
MEUIATEIBHBIM JOCTURKEHUEM.

Muorue HeTPUBHAILHBIE PE3YALTATHI TEOPUU AJTOPUT-
MOB MOXHO Teped@OpPMYJINPOBATL B TEPMUHAX CJOKHOCTHU
KaKIX-TO OyJIeBLIX (hyHKIuU. HanpumMep, ecTh BEpOATHOCT-
HBLU &I0OPUTM IIPOBEPKU IPOCTOTHL GOALIIOro ducia (npu-
MEHAEMBIM B CUCTEMaX IMu(pPOBAHUA I IPOBEPKU IPOCTO-
THL IUCEJ U3 HECKOIBKUX THICAYT D). Mcnomssysa 3ToT ar-
COPUTM, MOXHO JOKA3aTh TAKOU (PAKT: CYIIECTBYET CXEMa
IPOBEPKY IIPOCTOTHI 1-GUTOBOTO YUCaa (HA BXOI HOLAIOTCA
n uudp, Ha BHIXOJE TMOABIICTCA €INHUIA, €CAN TUCIO TIPO-
CTO€, U HyJIb, €CJU TUCJIO COCTABHOE), PAa3Mep KOTOPOHU Orpa-
HUYEH IIOJUHOMOM OT 7N.

Bepuémcs x obmmM yTBEPXKACHUAM O CXeMaX U (HhOPMY-
aax. MBI ye TOBOPIIN, YTO C TOUKHA 3PEHUS U3MEPCHUS Pas-
Mepa CXeMBI U POPMYJILL — BTO PA3HBIE Bl (CXEeMBI DKOHO-
MUYHee, TaK KaK B HAX OJUHAKOBBIE MOA(MDOPMYJLL yIATHI-
BAIOTCA TOJABKO O1uH pa3). OKa3weBaeTCs, 9TO pazmep Gpop-
MYJIBI MOXKHO CBSI3ATH ¢ TIYOUHOU CXEMHI.

Bynem Has3uIBATE pasmepom GOPMYIBI INCTO JOTUIECKUX
CBA30K B HeH. MEI mpeamnosaraenM, IT0 (pOpMyJIa HCIOIb3YeT
KOH'BIOHKIIWY, TU3BIOHKIUA U OTPULIAHUA, U B cXeMax OyaeM
NCIIOJB30BATh TaKHe XKe DJECMEHTHI. Ha,l'IOMHI/IM7 ITO pa3Me-
POM CXEMBI MBI Ha3BIBAJIN YUCIO DJIEMEHTOB, a CIOXKHOCTBIO
Oy/1eBON (DYHKLIMYM — MUHUMAJILHLEIA Pa3Mep CXEMLI, €€ BLI-
qucamomen. CaoxuOCTh QyHKImu h o603Havatach size(h)
(Tounee sizeg(h), rae B — HaOOp paspeméHHbIX (DYHKINO-
HaJbHBIX BJIEMEHTOB, HO Ceﬁ‘{ac MBI JOT'OBOPUINCH UCIIOAB30-
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BATHb KOHBIOHKIINY, TU3BIOHKIIMYA W OTPULIAHUS U OMyCKAEM
ungexc B).

MunyManIbHEI pasMep (POPMYJIbI, BEIPAXKAIOMEN (DyHK-
muo h, Gynem o6GosHadaTh fsize(h). Ouesmano, size(h) <
< fsize(h). Bosee unTepecHo, 04HAKO, caeayiouiee yTBep-
K IEHUE, CBA3BIBAIOIIEE PA3MED CXEMBI € IIYOUHOU (DOPMY L.
O6osuaunM gepes depth(h) MEHEMATBLHYIO NIyOMHY CXEMEL,
BBIMUCIAOIIEN QyHKUAO h.

Teopema 16. Umeror mecTo omenku fsize(h) < c(llepth(h) u
depth(h) < ¢y logfsize(h) (414 HEKOTOPEIX KOHCTAHT €1 W €9
u st Beex h). Jpyrumu caoBamu, mepsl caoxkuocru depth u
log fsize oTauuatoTca He Homee YeM B KOHCTAHTY Pas.

< IlepBas oleHKa OU€BUIHA: €CAN MBI CKOIUPYEM IOBTO-
pamommecs GpparMeHTHl CXeMbBI, YTOOBI Pa3BEePHYTDL €€ B ne-
peBo, TO riiybuma He m3MenuTcsa. Ecin ona pasua k, TO B mo-
JTy<eHHOM fepese GyaeT He G6ombire 2F — 1 aemenToB 1 cooT-
BETCTBYyIOMAA (POPMY.Ia mMeeT pasmep He 6omee 2F — 1. (Ha-
[IOMHHUM, 9YTO 3JIEMEHTAMU ABIAIOTCS KOHBIOHKIUM, IU35-
IOHKIIVY U OTPULIAHNUSA, U TIOTOMY BETBJAEHUE HE 6oJbiie 2.)

To xe camMoe MOXHO CKazaThb MHAYKTUBHO. IlycTh miy-
O6uHa cxeMbl paBHA k. BBIXOX CXEMBI ABIAETCA BBHIXOJAOM He-
KOTOPOrO dreMeHTa. Torga Ha ero BXOLEL [TOIATCA OyJIeBEI
dyukiun rybunsr He 6oabine k— 1. [lo npeamosoxkenuio uu-
JYKIUH UX MOXKHO 3aIcaTh (popMyraMu pasmepa 2F~1 — 1.
Takux HOpMyJs MAKCUMyM [BE, TAK 4TO OOIIUU pasMep He
mpesocxomuT 2(2F 71 — 1) + 1 =2F — 1.

Bropas omnenka caoxuee. FEean Mbr 6yneM mpeoOpasoBhI-
BaTh POPMYILy B CXeMy €CTeCTBEHHBIM 00pa3oM (BBejs BCIO-
MOTaTeJIbHYIO0 MEePEMEHHYIO /1 KaKJOU HOA(GOPMYJIbL), TO
mIyOMHA TTOMYYUBIIENCA CXEMBI MOXKET OBITH OJAM3KA K Pas-
Mepy dopmyasl, a He K ero Jorapudmy. Hampumep, ecan
dopmyaa umeer Bug (... ((p1 Ap2) Ap3) A...p,), TO y HaC
MOTYIUTCA METOYKA DJIeMeHTOB W, v KOTOPBIX KaXK BN CJie-
OVIOIUN TIOABEINEH K JEeBOMY BXOIY TPENLIAYINErO, W TIIy-
6uua pasua n — 1. KoHewno, eciu mCIOJb30BATH ACCOIMA-
TUBHOCTb KOH'BIOHKIINYN, CKOOKM MOXKHO MEPECTABUTDL U IIO-
JAyYIUTh Oomee cOATAHCUPOBAHHOE AEPEBO IMTyOWHBI ITPUMED-
uO logn, xak u Tpebyercsa. Ho kak BrImoIHWTE Takoe mpe-
o6pa3oBaHue B CIydae IPOU3BOJLHON (HOPMYJIBI?
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O60o3uaunm manuyo HaMm Gopmyay depes F. Buibepem y
Heé HekoTopy1o noadopmyty G (Kak UMEHHO, MBL OOBICHUM
nozxke). Pacemorpum dopmyay Fp, KOTOpas MOLyIUTCA, €C-
au BMecTo G mogcrasuTh 0 (103Kb), a Takke dpopmyay Fi,
KOTOPAsA [MOLYyIUTCs, ECIN TOACTABUTE 1. JIErKO IOHATE, 9TO
F pasraocmibHa popmyre ((Fo A—G)V(F1AG)). Ecan Teneps
yaacTcsa 3ameruTs popmyast Fy, F1, G cxemamu riuyOuHbBL He
6oapmre k, To gt F momayumTcs cxema DIyOMHBEL HE OOJIL-
me k + 3.

Taxoe npeo6pa3oBanue TOJAE3HO, €CIN BCE TPU (POPMYIBI
Fy, Fy, G umMeioT 3aMeTHO MEHBIIMA Pa3dMep, YeM HCXOIHAsA
dopmyaa F.

Nemma. Y mo6ou ¢popMyast pazmepa n (Ipu JOCTATOIHO
foabmux 1) ecThb HoAdopMysa pasmepa or n/4 no 3n/4.

JoxazarerscTBo. Kaxgas ¢opMyna ecTb KOHBIOHKIINA
OBYX HOA(DOPMYJI, AUIBIOHKIUA ABYX [IOAMOPMYJI HIX OT-
punanue noadopmyanl. Hagas co Bcen gopmyanl, Oygem me-
pexoanTh K €& momdopMynaM, Ha KaxX/OM Iare BHIOMpasd
u3 IBYX MOAMDOPMYJI HAUOOJBINY0. TOrga HA KX JOM IIare
pa3Mep yObIBaeT He HoJiee YeM B IBA pasa, U MOTOMY MBI HE
MOXKEM MMHOBATHL IPOMEXKYTOK [1/4, 3n/4], KOHIBI KOTOPO-
ro oramdarorca srpoe. (Ha camom mene TyT ecTb HEGOML-
Iasg HETOYHOCTH: pasMep (OPMYJIEl MOXeT yOBIBATH IyTh
OvICTpee, €M BIBOE, TaK KaK pasMmep (OPMYyJabl HA efu-
HUIY OOJBINE CYMMBI PA3MepOB YaCTe’, HO ¥ HAC €CTh 3a-
[1aC, IOCKOJBKY KOHIBL IIPOMEXYTKA OTIAXYAIOTCSI BTPOE, &
He BABOE.) JlemMa T0Ka3aHa.

Bribupas mongopmyay G ¢ TOMOIIBIO DTOU JEMMBI, MbI
rapaHTupyeMm, 9To pasMep Bcex Tpéx dopmya Fy, F1, G ue
IpeBOCXOAUT 3/4 pazmepa MCXOIHON HPOPMYIBI (IIOACTAHOB-
Ka HyJS WM eJUHUIB MOXKET TOJbKO YMEHBIINTH Da3Mep
(POPMyJIBL — HEKOTOPLIE YaCTH MOXHO OyeT BLIGPOCUTD).

Ipumenum xo Bcem Tpém dopmyaam Fy, F} u G ToT xe
mpuéM, BBEIIEIUM B HUX MOAMOPMYJLI CDETHETO Pa3Mepa u
TaK JaJjee, IOKa MBI HE CIIyCTHUMCA A0 (GOPMYJa MaJOro pas-
Mepa, KOTOpBIE MOXHO 3aINCATh B BUJE CXeM Kak yrogHo. B
UTOTe TOAYUIUTCSA AEPEBO C JOrapUDMUIECKAM IUCIOM YPOB-
HEW, HA KAXJOM U3 KOTOPBIX CTOAT CXEeMbI TyOUHBL 3, & B
JUCTBAX HAXOAATCA cxeMbl nayounsr O(1).
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[pyrumu croBamMu, WHAYKIIUEW TO pa3Mepy (HOpMYJIb,
BBEIDAXKAIOIIEN HEKOTOPYI (PYHKIUIO h, JErKO MNOLYYATH
ouenky depth(h) = O(logfsize(h)). >

16. Ompegenum ruy6uHy pOPMYIBI KaK MAKCUMAILHOE TUCIO
BJIOXKEHHBIX ITap CKOOOK; NIA efMHOOOpa3usa OyaeM OKPYXKaThb OT-
punanue cko6kamu n nucatb (—A) Bmecto —A. Ilokaxwure, 1aTO
IpU 3TOM HE IMOAYYIUTCA HUYIEr0O HOBOI'O: MUHUMAJBHAA r‘nyﬁuHa
(OpMyIBI, 3aNKUCHIBAIOIIEN HEKOTODPYIO GYHKIMIO f, COBIAJAET C
MUHUMATBLHOU TWIyOMHOU CXeMBl, BEIYUCAAIONER f.

Omnpenenenune GopMyabHON ciokHOCTU fsize(h) s3aBucut
oT BHIGOpa Gaszmca. OxasbBaeTCsA, 9TO 37eCh (B OTIMYINE
OT CXEMHOU CAOKHOCTH) BBIOOD 6asuca MOXKeT U3MEHUTH
fsize(h) Gomee 4eM B KOHCTAHTY Das.

17. O6bacuuTe, TOUYEMY AOKA3ATEIHLCTBO TEOPEMBI 7 HE Tepe-
HOCHTCA Ha CIydaul GOPMY.I.

Tax npoucxoaut ¢ GyHKIUEN p1 D pe D ... D p, (3HaK ®
00603HAIAET CJAOKEHUE IO MOAYID 2). DTa PYHKIUA UMEET
HOPMYIBHYIO CAOKHOCTE O(n), eciu CA0KEHUE [0 MOLY IO 2
BxoauT B Oasuc. Oguaxo B Gasuce W, NJIN, HE ouna ume-
eT GOMBIIYIO CIOKHOCTD, Kak fokaszana b. A. Cy66oTosckas.
N nest nokasaTeabcTBa TAKOBA: €CIU 3AMEHUTDH CJIYIalHO BbI-
OpaHHYIO IEePEMEHHYIO B (OPMYJIE C KOHBIOHKITUAMYA U U3 b-
IOHKITUAMEA Ha CIy9IanHOo BeIOpaHHOe 3HaveHue O wmm 1, To
opmMyaa yupocTuTcs (He TOIBKO DTA IIePEeMEHHAs IPOIa-
6T, HO C HEKOTOPOU BEPOATHOCTHIO IPOUNALYT U APYTHE).
Ecan genart Tak MHOTOKPATHO, TO OT (POPMYJIBI OCTAHET-
¢ HeOOJIbIIAS 9aCTh — C APYI'OU CTOPOHBI, 9T YaCTh BCE
PABHO IOKHA PEATN30BBIBATE CJIOXKEHUE OCTABIINXCA apry-
MEHTOB IO MOAY.JIIO 2.

18. [okaxuTe, 4TO PYHKINA OGOTBLIIMHCTBA MOXET OBITH BBI-
YUCJACHA HE TOJBKO CXEMOHU, HO W (HOPMYJION HOIMHOMHUAILHOTO
pasMepa, cogepxkaien Toabko cBa3ku U u WJIN.

19. [okaxwure, aT0 3HadMenus fsize; (h) u fsizes(h) mna ogaon
OyneBorl pyHKIuM h U PA3IMIHBIX HOJHBIX 0A3WCOB IOJMHOMU-
ATBHO CBA3AHBL CymECTByeT noamuoM P (3aBucamumi oT BBEIGO-
pa 6a3ucoB), a1 xoroporo fsizes(h) < P(fsizei(h)) npu Bcex h.
(Ykazanue: ucrnoapsoBars Teopemy 16.)



2. Vicuncnenmne BbicKasbiBaHUM

HamoMHnM, T0O TABTOMOTMEN MBI HA3LIBATA TPOMO3UIIN-
OHATBHYIO (POPMY.Ty, UCTUHHYIO IIPM BCEX 3HATEHUIX Iepe-
MeHHBIX. OKa3BIBAETCA, ITO BCE TABTOJOIMU MOMKHO IIOJIY-
IUTH U3 HEKOTOPOTO HA0OPA «aKCHOM» C TOMOIIBIO (ITPABIIT
BBIBOLa», KOTOPBIE UMEIOT 9UCTO CUHTAKCUIECKUH XapaKTep
U HUKAK HE ANELIMPYIOT K CMBICLY (GOPMYJIBI, €€ UCTUHHO-
CTH U T. J. Ty 34134y PEIIAeT TAK HABEIBAEMOE UCUUCACHUE
svickazbiéanud. B 3TON ruaBe MBI HEPEUUCIMM AKCHOMBL ¥
IPABUIA BBIBOAA DTOr0 UCIVUCICHUA, U IPUBEIEM HECKOIBKO
JOKa3aTeJILCTB MeopemMbl 0 Nnoanome (KOTOPasT yTBEDXK -
eT, 9TO BCAKAA TABTOJNOIWS BEIBOAMMA B MCIMCJICHUN BbIC-
KA3LIBAHUN).

2.1. Ucuucnenue Bbickasbisaruii (UB)

Kaxkoswt 6b1 HE Obun hopmyant A, B, C, crenytontme ¢hop-
MYJIBEI HA3LIBAIOT GKCUOMAMY UCUUCAEHUA BbICKA3bLEAHUTE:

(1) A—(B— A

(20 A-B-0)—=((4—-B)—A-=0));
(3) (AAB)— A4

(4 (AAB)— B;

(5) A—(B—(AAB));

(6) A4—(AVB)

(7) — (AV B);

8 (A—-C)—(B—-C)—=(AVB—=C0))
(9) —A—(A—B);

(10) (A— B) = ((4 = ~B) — ~4);

(11) Av-A.

Kax roBopAT, MBI IM€EM 31€Ch OIUHHAIIATE (CXEM AKCHOMY;
M3 KAxKIOU CXEMBI MOXKHO TIOMYYUTE PA3INIHBIE KOHKPETHRIE
AKCHOMBI, 3aMEHASA BXOAAMME B HEE OYKBLI HA IIPOIMO3UIIAO-
HaJIbHBIE (POPMYJIBL.

EauHCTBEHHBIM IIPABUMIOM BBIBOJA WCUMCIEHUS BBICKA-
BLIBAHWN SIBJACTCA MPABUAIO CO CPETHEBEKOBLIM HA3BAHUEM
«modus ponensy (MP). DT0 mpaBuIo pasperaer noIy9InTh
(BoBectu) us popmya A u (A — B) ¢popmyay B.
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Buisodosm B NCINCIEHNN BLICKA3HIBAHNA HA3BIBAETCA KO-
HEYHAsA HOCAELOBATENBHOCTE POPMYIL, KAKAAA M3 KOTOPBIX
eCTh AKCHOMa, WK MOMY9aeTCs U3 IPEABLIYIINX 10 IPABIILY
modus ponens.

Bor npumep BoiBoga (B méM nepsas gopmyna ABIAET-
¢l JacTHBIM clIydaeM cxeMbl (1), Bropas — cxemsl (2), a
TMOCTENHAA TOAYIACTCA W3 ABYX TPEALIAYIINX 1O TPABIILY
modus ponens):

(p— (¢ —p)),
(p—(g—p)—((p—q — (—Dp),
(p—q) — (p—p)-

IIponosunmonansuas gopmyaa A HasbIBaeTCa 6bi800U-
MOTh B MCUMCJICHUN BLICKA3LIBAHUN, WIN MEOPEMOT NCIUCTE-
HUA BHICKA3BIBAHWN, €CJU CYNIECTBYET BLIBOJ, B KOTOPOM TO-
caennsa gopmyaa paBua A. Takol BEIBOA HA3BIBAIOT BBEIBO-
goM (opmyasl A. (B npunnune MoxHO GbLI0 OB U HE TPEGO-
BaTh, 9TOOH (popMmyaa A OBLIA MOCACAHEN — BCE JATLHEN-
e GOPMYJIBL MOXKHO IPOCTO BEIYEPKHYTh.)

Kak MBI yxe roBOpWIM, B MCIUCJACHUU BBICKA3BLIBAHUN
BBEIBOJATCA BCE TABTOJOTMM W TOJBKO OHU. OQOBIYHO DTO
yTBEPXKIeHAE Pa30UBAIOT HA ABE YACTU: IPOCTYIO M CJIOXK-
uyio. Hauném c npocron:

Teopema 17 (o koppekThocTu MB). Beakas Teopema mc-
YNCIEHUA BLICKA3BIBAHUN €CTh TaBTOJOTHA.

< Hecao:kHO mpoBEpUTH, YTO BCE AKCHOMBI — TaBTOJO-
run. [[1a mpuMepa mpojesaeM 3TO A CAMOU [IAHHOU aK-
CUOMBI (TOYHEE, CXeMbI aKCUOM) — [JA BTOPOU. B Kakom
cay4ae popMy.Ia

(A= (B-0)—(A—=B)=(4—0)

(roe A, B, C — HeKOTOpBIE (POPMYJIBI) MOTJIA GBI OBITH JIOK-
uon? [lms sroro nockika A — (B — C) momxHa OLITH UC-
THHHOH, a 3akmodenue (A — B) — (A — (') — poxHbIM.
Yro6b1 3aKI0MeHNe OBLIO JOXKHBIM, GopMyta A — B momx-
Ha OBITH UCTUHHON, & dhopmyaa A — C — moxwuon. [ocren-
Hee o3Havaer, 4To A uctunua, a C jgoxua. Takum obpasom,
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Mbt 3HaeM, 9T0 A, (A — B) n (A — (B — () ucTHHHEL
Orcioga caegyer, uro B u (B — () UCTHHHEL, U HOTOMY
C ucTMHHA — TPOTUBOpEYHE. SHAUUT, HAmA (GOPMYJIa He
OBIBAET JIOXKHOMU.

KoppekTrnocts npasmia MP Takxke oueBuana: eciau (pop-
myanl (A — B) u A Bcerga UCTUHHBI, TO [0 ONPEIEICHIO
nMmmKanuun Gopmytaa B Takxke Bcerga ucTuHHA. Takum
o6pasom, Bce GOpPMyJbl, BXOsIUMe B BBIBOABLL (BCe Teope-
MBI) ABSIIOTCS TABTOMOIMAMHA. [>

Topaso cioxkHee 10Ka3aTh 0OPATHOE YTBEPKICHUE.

Teopema 18 (o nonHoTe UB). Besikas TapTosorns ectsb
TEOPEMA, HCIMCAEHUA BLICKA3BIBAHUI.

<1 MEr mpeiokuM HECKOMTBKO AlbTEPHATUBHBIX JOKA3a-
TEJIBCTB DTOU TeopeMbl. Ho mpexk e BCero Mbl JOMKHEI TIPU-
06PECTH HEKOTOPBIM ONBIT MOCTPOEHUS BLIBOJIOB M HMCIIONb-
30BAHMA AKCHOM.

Jlemma 1. KakoBa 6u1 Hu 6buta dopmyna D, dopmyaa
(D — D) siBasercst T€OPEMOU.

Jokaxewm aemmy, npeabasus BeBog dopmyant (D — D)
B MCYUCJICHUA BHICKA3LIBAHUN.

1.(D— (D — D) — D)) —

~ (D= (D~ D))~ (D— D))

[akcuoma 2 mpu A = D, B = (D — D), C = DJ;

2. D — ((D — D) — D) [akcwoma 1];
3.(D—(D—D))— (D— D) [u31u 2 no npasury MP];
4. D — (D — D) [axcuoma 1];

5. (D — D) [u3 3 u 4 no npasury MP].

Kak BugHo, BLIBOA maxke TakKOU NPOCTOU TaBTOJOIWH,
kak (D — D), TpebyeT HEKOTOPOU U300PETATEIBHOCTH. MEI
obneryuM cebe XKW3Hb, HOKA3aB HEKOTOpOe 0Oliee yTBep-
K AEHUE O BHIBOAUMOCTH.

YacTo MBI paccykaIaeM Tak: TPEANONAraeM, ITO BHITOJ-
HEHO KaKOe-TO YTBEepKAeHNEe A, U BLIBOIUM DA3IUIHLIE G-
creus. Ilocae Toro kak mpyroe yreepxkiaenue B mokasamo,
MBI BCIOMUHAEM, UTO WUCIOJB30OBAIN TIPEANONONKEHNE A, u
3aKII09aeM, 9TO MBI fokKazaau yTeepxkiaenune A — B. Cae-
OYIOIAS JEMMAa, HA3BIBAEMAasi MHOT 1A WIEMMOU O MeXyKIIWNY,
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MOKA3BEIBAET, UTO DTOT MOAXOJ MPABOMEPEH U [ UCUUCTE-
HUS BLICKA3LIBAHUNL.

Iycte I' — mexoTopoe MHOXKECTBO (GopMmya. Beisodom
u3 [ HasbIBAETCA KOHEYHAS TOCAENOBATEILHOCTE (DOPMYII,
KaXKJ1asg M3 KOTOPBLIX SABIACTCA AKCHMOMOU, NpUHALIeRuT [
WY IOy 9aeTCs U3 npegblaynux o npasury MP. (Ipyruvmu
CTOBAMU, MBI KaK ObI JoOaBIsgeM GhopMyas u3 [ k akcmoMam
MCYUCICHUST BHICKA3BIBAHUM — MMEHHO KAK (POPMYJIbI, a He
kak cxeMmbl akcuoM.) Popmyaa A eweoduma uz T, ecau cy-
IeCTBYeT BRIBOA U3 [', B KOTOPOM OHA ABIAETCSA TOCJIETHEN
dopmyaon. B arom ciygae mer mumem I' - A, Ecau I' mycro,
TO peYb UAET O BEIBOAUMOCTHU B UCUUCICHUY BHICKA3HIBAHUM,
u BMecTO & F A mumyt mpocto F A.

Jlemma 2 (o peaykumu). Ilycte T' — MHOXECTBO GOPMY.I.
Torazal H A — B rorgau Toisko torga, korga TU{A} - B.

B omHy cTOpOHY yTBEpXKAEHHE MOYTH OYEBUIHO: MYCTh
'+ (A — B). TornanT',AF (A — B). ([I1a kpaTkocTn
MBI OIIyCKaeM (PUTyPHBbIE CKOOKM U 3aMEHseM 3HAK 00benu-
menus 3amsarou.) Ilo onpenenenuto I'y A - A, orkyna no MP
nonxyvaem ', A - B.

Mycte Temeps I', A - B. Ham Hago TMOCTPOUTH BEIBOJ
dopmyast A — B uz I'. Bosbméwm sesog Cy, Co, . .., C) dop-
myasl B = C,, w3 I'; A. llpunumem ko Bcem GhOpMyTIaM 3TOTO
BEIBOJIA, CJIEBA TIOCHLIKY A:

(A= C1), (A= Co)yny (A= C).

JTa NOCIe10BaTEIBHOCTE OKaH4uuBaeTca Ha (A — B). Cama
o cebe oHa He OyAeT BBHIBOAOM m3 I', HO M3 HEE MOXKHO IO-
JYYUTH TAKOU BHIBO[, TOOABUB HEMOCTAIINE (HOPMYJILI, U
TEM CAMBIM JOKa34Th JEMMY O JEIyKIIWU.

Bynem n1o6aBiaTh 3Tu GOPMYJIEL, TBUTAACEH CJIEBA HAIPA-
Bo. Ilycts Mer mogonwm k ¢opmyae (A — C;). Ilo mpexamno-
aoxennio popmyaa C; 6o copnagaer ¢ A, nubo mpuna,iie-
xut [, mu60o aprseTca akCumoMou, TuO0 MOTyIaeTCa U3 TBYX
npenpaymmx no npasuwry MP. PaccMoTpuM Bce aTu caydan
[0 OYEpen.

(1) Ecam C; ects A, TO ouepesnas GpopMyaa UMeeT BUL
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(A — A). Tlo nevMMe 1 OHA BHIBOAWMA, TaK UTO THepen HEU
MBI 100aB/IgeM €€ BLIBOI.

(2) Mycte C; npunammexut ['. Torga MBI BCTaBIAEM
dopmyaer C; u C; — (A — C;) (axcmoma 1). Ilpumene-
mue npasuwia MP k srum dopmyaam gaér (A — C;), uro u
TPeOOBATOCE.

(3) Te xe popmyasr MoxHO H0GaBUTD, ecau C; ABIIETCA
AKCHOMOW MCYNCICHUS BHICKA3BLIBAHNN.

(4) IIycre, naxonen, dpopmyaa C; HOLydaeTcs U3 ABYX
npeapaymmx ¢popmya mo npasuay MP. OTo sHaumrT, 91O
B HCXOIHOM BHIBOJe eH mpemmecTBoBaty dopmyrsr C; u
(C; — C;). Toraa B HOBOI HOCIELOBATEILHOCTH (¢ H0OOa-
BICHHON mOCELIKOM A) yixke Obwm dopmyasr (A — Cj)
(A — (C; — C))). TlosTOMy MBI MOXKeM HPOJIOTKATE HAII
I'-BoiBOn, Hamucas GopmyJIB!

(A= (C; = C) = (A= Cj) = (A — () (axcmoma 2);
((A — () = (A — C;)) (modus ponens);
(A ,) (modus ponens).

NTax, BO BceX YETHIPEX CAyUIadX MBI HAYIMIUCH TOTOM-
HATH MOCAEIOBATEILHOCTD 4O BRIBOAA 13 I', Tak 4TO JemMMma
0 JeJyKIWN TOKa3aHa.

20. Joxaxwure, uro aius aiobbx popmya A, B, C dopmyaa

(A—=B)=(B—-0C)=(4-0)

BBEIBOVMA B UCIUCICHAN BBICKA3BIBAHUN. (YKa3aHUE: UCTIOTb3Y -
Te aeMMmy O gepyknym u ToT daxrt, ¥ro A — BB — C, A+ C.)
21. [MMoxaxwure, uto ecim 'yt H A u 'y, A + B, To T';y U
Ul F B. (9T0 CBONCTBO MHOI4A HA3BIBAIOT (IPABHIOM Cetde-
Hws» (cut); rosopar, aTo popmyra A «OTCEKAETCA» WIX (BBICEKA-
ercar. CXoqHBIe TPAaBUIA WTPAIOT NEHTPATLHYIO POIb B TEOPUM
NOKA3aTeqsCTB, TAe (GOPMYIUPYETCA U JOKA3LIBACTCA «TEOpPEMa,
06 yCTPAHEHWU CEICHUA» U PA3IMIHBIX JOTMICCKUAX CHCTEM. )
22. To6aBUM K UCUYUCICHUIO BHICKA3BIBAHUNT, TIOMUAMO IIPABUIA,
modus ponens, emé 0JHO MPABWJIO, HAZBIBAEMOE NPAGUAOM NOO-
cmanosku. OHO Pa3pEIIAeT 3aMEHATD B BLIBEJEHHOU (hOPMYJIE BCE
epEeMeHHBIE Ha IPOU3BOIbHEBIE (hOPMYJIH! (€CTECTBEHHO, BXOXK €~
HUSA OJHOW TMEePEeMEHHOW NOMKHBI 3aMEHATLCA HA OJHY U Ty XKe
dbopmyay). Ilokaxure, 9TO mOCIE TOOGABICHWA TAKOIO MIPABIIA
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KJITaCC BBIBOAMMBIX (OPMYJT HE M3MEHUTCA, HO TeOpeMa O AeIyK-
LU IepecTaHeT OBITHL BEPHOU.

3aMeTuM, ITO MBI [OKA YTO MCIOAL30BAINA TOIBKO TBE
TIepBBIE AKCUOMBI NCYNCICHNS BLICKA3BIBaHUU. BuaHo, KeTa-
TH, 9TO OHHU CIEIHUAIBLHO INOJ0OpaHbI Tak, 4TOOBI IOKa3a-
TE€JBbCTBO JIEMMBI O MeIyKIUK IPOIILIO.

[ pyrue akCMOMEI ONMUCHIBAIOT CBOUCTBA JOTMIECKUX CBS-
30K. Akcuombl 3 1 4 TOBOPAT, KAKUE CICACTBUA MOXHO BbI-
BecTu u3 KouboOHKIMY (AABF Au AABF B). Hanporus,
aKCMOMa 5 TOBOPHUT, KAK MOXKHO BBIBECTH KOHBIOHKITIIO. U3
Heé Jerko ciaenyer taxoe npasuiao: ecim ' A u I'E B, To
I' - (A A B) (npumenseMm 5Ty akCUOMY U ABaXKAbl IPABU-
a0 MP). YacTo nogo6HbIe TPABUIA 3ATMCHBAIOT TAK:

r-A4 I'=nB
''-AAB

(Hax 9EepTOUM TMUINYT «MOCHLLIKA» TPABUIA, 8 CHU3Y — €ro
«3AKJIOYCHUEY , BEITEKAIOLIEe U3 IIOCLLUIOK).

23. Jlokaxure, aro popmyra (A — (B — C)) — (AN B) —
— (), Tak xe Kak 1 06paTHaa K Helt popmy.1a (B KOTOPOU HOCHLI-
Ka 1 3aKJII1YeHue HepeCTaBJIeHBI), ABJAAIOTCA T€OpeMaMU UCIUCIe-
HUA BBICKA3LIBAHUU. [[OKAXUTE AHATOTMIHOE yTBEDXKAEHHUE PO
dopmyasr (AANB) — (BANA)u (AANB)AC) — (AAN(BAQ)).

Akcuomer 6 -7 nospossioT yrBepxkaaTh, ¥to A - AV B
u B+ AV B. Akcuoma 8 06ecrnednBaeT TaKoe MPABIIO:

T AFC T,BFC
[LAVBFC

OHO COOTBETCTBYET TAKOU CXeMe paccyxkaeHus: «(IIlycTh BoI-
moaueno A V B. Paz6epém aea cay4as. Ecan somonneno A,
10 (...) mnoromy C. Ecau Bemonnerno B, to (...) u moro-
my C. B o6oux cay4dasx sepuo C. Suauut, AV B Breuét C.»

O60cHOBaHME: TBAXKIBI BOCIOIB3YEMCSA JEMMON O AEAVK-
mn, nonyams ' H (A — C) n T + (B — (), a 3arem asa-
XKaul npuMennM paeuio MP k atuM dopMyraM u akcmome
(A—-C)— (B—C) — ((AV B) — ()). Hoayuaus ¢pop-
myay (AV B) — C, onarts npumenuM npasuao MP k Hven u
dopmyae (A V B).
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24. [Toxaxwure, 4To caegyiomme GOpMyTIbl, a TaK¥ke 00paT-
Hble K HAM (MEHAeM MECTaMF HOCBLIKY W 3aKJIIOIEHUE) ABIAOTCA
TeopeMaMy UCUYUCJICHUA BHICKA3bIBAHUIL:

(AVB) = C) = (A= C)A (B — (),
(ANC)V(BAC))— ((AVB)ANQO),
(AvC)A(BVC))— ((AANB)VO).

Y Hac ocTamMCh emé TPpU AKCUOMBI, KACAIOUINEeCs OTPHU-
nanuma. Axkcroma 9 rapaHTHpyeT, YTO U3 MPOTUBOPEIUBOTO
HabOpa MOCBLIOK MOXKHO BBIBECTH UTO yrogHo: ecam I' H A
ul -4, o T' - B gua mo6oro B. Akcuoma 10, mampo-
THUB, OOBACHAET, KAK MOXKHO BBIBECTH OTPHUIAHUE HEKOTOPOU
dopmyant A: Hamo JOMycTUTH A U BLIBECTU IBa TPOTUBOMIO-
JOXKHLIX 3axiaodenus B u - B. To4unee roBops, uMeeT MecTo
TaKOe MPABUIO:

TA-B T,A--B
TH-A

(B camoM geine, ABAXKABI OPUMEHsEM JEMMY O ALyKLWM, a
3arem npasuio MP ¢ akcnomon 10).

Axcuomer 9 u 10 mO3BOJIAIOT BLIBECTH HEKOTOPLIE JJOIIYe-
CKUe 3aKOHBI, CBA3AHHLIE C oTpullanueM. /[okaxkeM, HAIpU-
Mep, 4ro (s mobbx popmyr A u B) ¢popmyna

(A— B) — (B — -4)

(¢3aKOH KOHTDALO3ULMNY) SABIAETCS TEOPEMOU UCIUCICHUS
BBICKA3HIBAHNA. B caMoM fmene, 1Mo JeMMe O AeAYKINH [O-
CTATOYHO YCTAHOBUTH, 9TO

(A— B),~B+ —A.

715t 5TOro, B CBOIO 04€PEb, JOCTATOYHO BBIBECTU U3 [TOCHI-
a0k (A — B),—B, A kakyo-1mu60 GHopMyLy U €€ OTPULAHNE
(B mamHOM caydae ¢popmyast B u —B).

25. BemseauTe dpopmyast A — ——A u =——A — —A ¢ momo-
B0 AHAJOTUIHBIX PACCY K JEHUN.
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TMocrenusaa akcmoMa, HABLIBAEMAA «3AKOHOM MCKIIOYEH-
HOI'O TPETHErO», U MHOLIA GUTAEMas KAK «TPETHEro He Na-
HO» (tertium non datur B JTaTMHCKOM OpWrHHAJE), BHI3BA-
JIa B TEPBOU TIOJOBUHE BEKA OOJBINOE KOJIMYECTBO CIOPOB.
(Cm. pazgea 2.4 06 MHTYMLUOHUCTCKOU JOI'MKE, B KOTOPOU
STOU AKCHOMBI HET.)

W3 HeE MOXKHO BBHIBECTU 3aKOH «CHATUA TBOUHOT'O OTDHU-
uanusy, uMeommu sug -—A — A. B camom mere, gocra-
TOYHO TOKa3aTh, 4T0 AV - A, ~—A + A. Ilo npasuiy pas-
fopa CIy9aes, JOCTATOYHO YCTAHOBUTH, 9T0 A,——A F A
(ar0 oueBugno) u uro ~A,-—AF A (a 310 BepHO, Tak Kak
73 ABYX OPOTUBOPEIAIINX IPYT OPYTLY (GOPMYJ BEIBOIAUTCS
9TO YIOJHO ¢ TMTOMOIIBE) AKCHOMEL 8).

26. Mokaxwure, aTo popmyaa (-B — —A) — (A — B) aBasa-
€TCA TeOPEMOH UCYMCICHUA BBHICKA3bIBaHUU. (YKa3aHUe: UCIOJb-
3yUTE 3aKOH UCKIIOIEHHOI'O TPETHEro.)

27. I/ICKJIIO‘{I/IM "3 YUCIa aKCUOM MCYUCICHUA BBICKaBBIBaHI/Iﬁ
3aKOH I/ICKJIIO‘IéHHOFO TpeThero, 3aMEHUB €r'0 Ha 3aKOH CHATHUA
ABOIZHOFO OTPUITAHUA. HOKa,)KI/ITe, 9TO OT 3TOr0 KJIaCC BBIBOOU-
MBIX (OPMYJI HE U3MEHUTCA.

28. [Mokaxure, YTO IPU HAJAYUA AKCHUOMBI HCKJIOYEHHOI'O
Tperbero (11) akcuoma (10) ABrgeTcs amuaen — eé (TodHee Cie-
JOBAJIO OBI CKa3aTh: JI000M YaCTHBIN CLy9all YTOM CXEMBI AKCHUOM)
MOZKHO BBIBECTH N3 OCTAJBbHBIX aKCHOM.

Teneps yxke MOXHO NOKA33aTh TEOPEMY O LOIHOTE: BCSH-
Kasi TABTOJOTUA BHIBOMUMA B WCYMCJIEHNN BBICKA3LIBAHWM.
Naes mokaszaTeabcTBa COCTOUT B pasdope ciayudaen. Ilosc-
muM eé ma mpumepe. [Iycte A — mpomsponbras gopmya,
comepiKalas mepeMenusre p, ¢, r. [Ipegnomoxum, aro A uc-
TUHHA, KOTA BCE TPU TePEMEHHLIE UCTUHHLL Tor1a, Kak MbI
TOKAXKEM,

D¢, F A

Boo6ime kax10u ¢TpoKe TAOMUILI UCTUHHOCTY IS POPMY-
JBI A COOTBETCTBYET YTBEDXKICHUE O BRIBOAUMOCTHU. Hampu-
Mep, ecan A JOXHA, KOTIA P U ¢ JOXKHBL, & ' UCTUHHO, TO

-, q,T F A

Ecau popmyaa A apiserca TaBTOJOrMEN, TO OKAXKETCH, YTO
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OHA BBIBOJWMA U3 BCEX BOCHMU BO3MOMKHBIX BAPUAHTOB IO-
CBLIOK. [TOMB3yACH 38KOHOM UCKIIOYEHHOI0 TPETHErO, MOXK-
HO TOCTENeHHO M30aBMATHCA OT TNOCHLIOK. Hampumep, us
p,q,r = Awup,q-rt AMoxHO mOIyInTh P, q, (1 V 7)) F A,
TO ecThb p,q F A (mockonpky (r V —r) ABIAETCS AKCHOMOH).

IIposeaém »To paccyxaenne moapooHo. /s Hadama mo-
KAXKEM TAKYIO JEMMY:

Jlemma 3. las mpousBoasubIx Gopmya P u @

P,QF(PAQ); P,Q+(PVQ);
P,=Q F=(PAQ); P,=Q = (PVQ);
—P,QF (P AQ); —P,QF(PVQ)

P, =Q; F~(PAQ) P, =Q F (P VQ);

PQF(P— Q)

P,=QF (P — Q) PE=(=P);
-P,QF (P — Q) -PF —P.

P, =Q (P — Q);

OTa JeMMa TOBOPHT, ITO €C/JIM IPUHATE B KAIECTBE TUIIO-
Te3 UCTUHHOCTD WU JOKHOCTL (hopmya P u @, apastommxca
9aCTAMEM KOHBIOHKIWAN, AM3BIOHKINY WIA MMILIAKAIAL, TO
MOXKHO 0yIeT N0Ka3aTh WK OLPOBEPrHYTH BCIO (pOpMyLy (B
3aBHCUMOCTHU OT TOI'O, NCTUHHA OHa WU JoxkHa). [locaen-
HAA 9aCTh CONEPKUAT AHAJOTMIHOE yTBEDKIEHHE PO OT-
punanme.

Ilocre mpeaATpUHATON HAMM TPEHWPOBKM NOKA3ATH DTH
VTBEpXKIeHUA Hecaoxkuo. Hampumep, ybemumcs, aro —P
F —(P A Q). [lna 5TOro ZOCTATOYHO BBIBECTU ABA NPOTHU-
BOIONOKHBIX yTBepxaeHus uz —P, (P A Q) — umu 6yayT
yrBepxaenus P u —P.

ITposepum emé onuo yTBepxkaenue: P, —Q - =(P V Q).
Ham Ha 10 BEIBECTH IBA MPOTUBOTOAOKHBIX Y TBEPIK ICHAA N3
-P,—Q, (PVQ). llokaxewm, uro uz ~P,—Q, (P V Q) caegyer
BCE, uTO yroauo. Ilo mpaBuny pazbopa ciydaeB J0CTATOTHO
ybenqutbes, uro u3 P, —Q, P u uz - P, =@, Q crenyeT BCE,
9TO YyIOAHO — HO HTO MBI 3HAEM.
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YTBepK ACHNA, KACAIOMNECA NMILIAKAIINY, TIPOCTH: B Ca-
MOM gese, MEL 3HaeM, 4To () F (P — ()) Guarogaps axcuo-
me 1, a ~P F (P — @) 6aarogapsa akcuome 9.

OcTansHEe yTBEPKICHNAA JeMMBI CTONb e TPOCTHL

Teneps MBI MOXEM CHOPMYJUPOBATL YTBEPKACHUE O
paszbope CIyYaes Iis TPOU3BOILHOU (POPMYJIEL.

Nemma 4. Tlycts A — mnpomssoabHas GOpMyTIa, CO-
CTABIEHHAA W3 IMEPEMEHHBIX Pi,...,Pn. LOraa mIId Kax-
IOU CTPOKM TabGIUIEl MCTUHHOCTU (popmyasr A mmeeT Me-
CTO COOTBETCTRYIOMIEE YTBEPKICHAE O BEIBOAUMOCTH: €CIU

€1,.-,En,€ € {0,1}, u 3nagenue popmyisl A ecrs £ npu
P1=¢€1,...yPn = €pn, TO
Te1 Py e P F e A

rae -y, obo3HavaeT @ npu u = 1 u — npu v = 0 (Hamom-
HuM, 410 1 06o3Hauaer uctuny, a () — J0XKb).

Jlemma 09€BHIHO TOKA3LIBAECTCA MHAYKIMEH IO TOCTPO-
enmio opMyabl A. MBI MMeeM TOCHLIKY, YTBEPK AN
UCTUHHOCTD WM JOKHOCTH IMEPEMEHHBIX, W MJIA BCEX IOJ-
dopmMya (HAIMHAA C IEPEMEHHBIX U U KO BCell GopMye)
BBEIBOJUM WX WM UX OTPUIAHUSA C ITIOMOIIBIO JEMMEI 3.

Ecar popmyna A apaserca TapToJOTHen, TO u3 BCex 2"
BAPUAHTOB IOCHLIOK BLIBOAMTCA UMEHHO OHA, a HE €€ OTpu-
nanne. Toraa npaBmiIo pa3zbopa CIydaeB U 3aKOH MCKIIIOYMEH-
HOT'O TPETHETO MO3BOJAIOT U30ABATHCA OT TOCKLIOK: CTPYTI-
NUPYEM UX B NAPbI, OTAMYAIOMAECS B HO3ULUYL P (B OJHOM
HabOPE TOCBUIOK CTOUT Pi, B APYTOM —p1), TIO IPABUIY Pa3-
f0pa CIyYaeB 3aMEHUM UX Ha TOCHLIKY (p; V —p1), KOTOPYIO
MOXKHO BBIOpOCHTE (OHA sABIAeTca akcmomon). CpenaB Tak
I BCeX Tmap, moxyduM 27! BEIBOJOB, B HOCHLIKAX KOTOPBIX
HET p;; MOBTOPAM BTOT MPOIECC ¢ TOCHLTKAMU Py, —Po U T. 1.
B konne koHIOB MBI yOEnquMmcs, 9To GopMyaa A BLIBOIUMA
6e3 MOCHLIOK, KAK U YTBEPKIAET TEOPEMa O MOJTHOTE.>

2.2. BTopoe n0Ka3aTenbCTBO TEOPEMbI O MOMHOTE

ODTO TOKA3ATEIBCTBO, B OTJINYNE OT IPEABIIYIIEr0, 0600-
MAETCA Ha HOJIEE CJIOKHBIE CIyIan (MCIUCICHUE TIPEIUKATOB,
UHTYULIUOHUCTCKOE UCIUCICHNE BHICKA3BIBAHUN).
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Haxumém ¢ Takoro ompemeneHus: MHOXeCTBO dopmyn I’
HA3BIBACTCA COBMECTNHbIM, €CAU CYIIECTBYET HAabOp 3HA4e-
HUU TIEPEMEHHBIX, TTPYU KOTOPHIX BCe GopMyast us [' uctun-
HBL. 3aMeTUM, 9TO (POPMYJIa o ABIAETCA TABTOJOTUEN TO-
A U TOJBKO TOIJA, KO MHOXKECTBO, COCTOSIIEE U3 eAUH-
CTBEHHOU (hOPMYJIBI —p, HE ABIACTCA COBMECTHRIM. [l Ci1y-
1aA OMHOU (POPMYJILI €CTh CTIEIUATLHEIN TepMUH: hOPMYJIa T
BBINOARUME, €CIU CYIIECTBYIOT 3HAYEHUS [EPEMEHHBIX, [IPU
KOTODBLIX OHA WCTWHHA, TO €CTb €CAM MHOXKECTBO {7} Cco-
BMeCTHO. TaBTogorum — 5T0 HOPMYJIBI, OTPULAHUST KOTO-
PBIX He BBIIOJIHUMEL.

MuoxectBo dopmya I' HABLIBAETCA NPOMUBOPEUUBHIM,
€CJIU M3 Hero OJHOBPEMEHHO BRIBOAATCA dopMyasl A u —A.
Mgt 3Ha€M, YTO B DTOM CIy4ae W3 HEro BBIBOAATCI BOOOIIE
Bce popmyasl. (B nporusnom ciayuae I’ maswiBaercs nenpo-
UG OPEUUGHIM. )

Teopema 19 (KOPPEKTHOCTb MCHUCNEHMS BbICKA3bIBAHUM,
BTOpas popma). Besikoe coBmecTHOE MHOXKECTBO (POPMYJI He-
MIPOTUBOPEYUBO.

<1 B camowm mese, mycTs coBMecTHOE MHOXKeCTBO ' mpoTu-
BopeunBo. Tak Kak OHO COBMECTHO, CYyHIECTBYIOT 3HAYEHUs
MEPEMEHHBIX, PU KOTOPBIX BCe (opMyabl u3 [ MCTUHHEL.
C npyrou cToponsl, u3 I’ BRIBOUTCs HEKOTOpast ¢popmyaa B
u eé orpunanue. MoxeT iy Tak ObITH?

OxkaspiBaercs, 9o HeT. MBI yxe Bugeau, 9TO BCAKAA
BBIBOAUMAS (GOPMYJia UCTUHHA IIPU BCEX 3HAYEHUAX IEPE-
MeHHBIX (ABAsgeTCA TapTogaoruer). CopaBeiauBo U HECKOMb-
ko Gojiee ofbmee yrpepxgenue: ecau I - A u npu mekoro-
PBIX 3HAYEHUAX [TEPEMEHHBIX BCe (POPMYJbl U3 [ MCTUHHEL,
TO U (popMyna A UCTUHHA TPU DTUX BHAUEHUAX TIEPEMEH-
werx. (Kak u panbuie, 370 JerKO JOKA3BIBACTCS MHIYKLIUEH
no nocrpoenuio BeiBoga A us I.)

B mamen cutyarum 3TO TPABOAUT K TOMY, UTO HA BHI-
MOJHSAIOMEM Ha0Ope 3HAYEHUU MEPEMEHHBIX A [ JO/KHEBI
O6bITH UCTUHHEL 06e dopmynsl B m —B, «T0, pasymeercs,
HEBO3MOXKHO. >

Mu1 Ha3BIBaEM DTO YTBEPKACHUE IPYTOou (hOPMOU TEope-
MBI O KOPPEKTHOCTH UCIUCICHU BEICKA3BIBAHUY, TOCKOJIBKY
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u3 Hero (hOPMAJBHO MOXKHO BBIBECTH, YTO BCAKAS TEOPEMA
ABJASETCA TapTodOruen: ecaum A — Teopema, TO MHOXKECT-
Bo {—A} mporuBopeunBo (n3 Hero BEBOAATCS A 1 —A), mO-
TOMY HECOBMECTHO, 3HAYUT, A Bcerga JOoXKHA, mo3ToMy A
BCErja UCTHHHA.

Teopema 20 (NonHOTA MCUUCAEHMS BbICKA3bIBAHUMN, BTOpPas
cdopma). BeAkoe HENPOTUBOPEIUBOE MHOKECTBO COBMECTHO.

<1 Ham pgano menpormBopedmBoe MHOXkecCTBO ', a HazIO
HAUTHU TAKUE 3HAYEHUS IEPEMEHHBIX, IIPU KOTOPHIX Bee (Hop-
myasl u3 [ mcrurns. (Boobmme rosops, MEOKecTBO I MOXKET
OBITH OECKOHEYHO U COAepKATH OECKOHEYMHOE UCI0 PA3HBIX
[epeMEeHHELIX. )

IlycTes ecTh Kakas-TO MEPEMEHHAsA P, BCTPEYAIONIAACT B
dopmymax u3 cemenctsa ['. HaM HATO pelmTh, CACAATL JU
eé uctunHou wiu Joxuon. Ecam okasamock Tak, 94ro m3 I
BRIBOAUTCA (POPMYJIa P, TO BEIOOPA HET: OHA 006A3aHA OBITH
HUCTUHHOU B TexX HaGopax, rae ¢popMyasr u3 [ uctunns (Kax
MBI BUAEIY IPU JOKa3aTenbcTBe KoppekrHocty). ITo rem xe
npuyurHaM, ecau u3 ' BBIBOOUTCS —p, TO B BBIIOJHSIOIIEM
HA0OpE MepEeMeHHAA P 00A3ATEIBLHO Oy AeT JOXKHON.

Ecam okazanock Tak, 9TO A1 JIOCOU TIEDEMEHHOU P JU-
60 oHa cama, b0 €€ OTPUIAHKE BBIBOAATCA U3 I, TO BBI-
MOJHAIOIINY HAOOP 3HAYCHUN OIPEIeJEH OTHO3ZHAYHO, U HA L0
TOJBKO MPOBEPUTH, YTO OH JAEUCTBATEILHO OyAET BBHITOIHA-
OMEM. A ecan Ui KaKux-TO MEPEMEHHBIX HEJIb3S BHIBECTH
HU UX, HA UX OTPUIIAHUE, TO MBI MOIOJIHUM Hamr Haoop [ Tax,
9TOOBI OHM, KAK TEMEPb MOJHO TOBOPUTE, «OMPENEIIINCEY.

IIposeném »To paccyxaenne nmogpobuo. PaccmoTpum Bee
IEPEMEHHbIe, BXOAIME B KaKre-aIu00 pOpMyJIbl U3 MHOXKe-
ctBa ['; 0603HAYMM MHOXECTBO DTUX MTEPEMEHHEBIX 1epe3 V.
3adukcupyeM 3TO MHOXECTBO U IO KOHUA JOKA3ATEAbCTBA
TeOpeMHL 0 MOoAHOTE OyAeM PacCMaTPUBATEL TOABKO (HOPMY-
JBI C TIEPEeMEHHBIMU M3 MHOXKECTBa V/, HEe OroBapuBas DTO-
ro ocobo.

Hazosém nenpoTuBopeduBoe MHOXKECTBO [ noanvim, eciu
aa aoboun gopmyast F' umeer mecto qubo I' B F' auGo
' b —F (0mHOBpEMEHHO 3TOr0 OBITH HE MOXKET, TaK KaK
I' nenporusopeduso).
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YTBepxkaeHUe TEeOPEeMBI O TOTHOTE OYMEBUIHO CIeAyeT u3
IBYX JIEMM:

Jlemma 1. Beskoe mempoTusopednsoe MHOXeCTBO ' co-
IEPKUTCA B HEIPOTUBOPEIUBOM HOJHOM MHOXKecTBe A.

Jlemma 2. [Ins BCAKOTO HEIPOTUBOPEUUBOIO IIOJHOIO
MHOXECTBA A CyIIECTBYET HAOOD 3HAYMEHWN MEPEMEHHBIX
(u3 V, HanomMuuM), npu KOTOpPOM BCe GOpMyJanl u3 A
UCTUHHEI.

JokazaTeascTBO JeMMbI 1. OCHOBHYIO POJIB 3J€Ch UT'Da-
eT Takoe yTBepxkgeHve: ecau [ — HenpOTUBOpEIUBOE MHO-
KECTBO, a A — mpousBoabHAA HGOPMYIA, TO XOTS ObI OJHO U3
mHOkecTB I'U{A} u I'U{-A} memporusopeuuso. B camom
zeae, ecam 06a muokecrsa I'U{A} u T'U{—-A} nporusope«u-
Bel, TOI'F mAuTl F ——A, o muoxecrso I' npeanonaranocs
HETPOTUBOPEUUBEIM.

Ecin muOXeECTBO mepemeHHBIX V' KOHEYHO WM CYETHO,
TO NOKA3ATEILCTBO JEMMEL | JIErKO 3aBEPIINTh: MHOXECTBO
BCcex (bOPMYJ TOrAA CIETHO, M MPOCMATPUBAA UX MO OYepe-
ou, MBI MOXKeM 100aBaaTh K [ mmbo camy dopmyay, aubo
eé oTpuUllaHKe, COXPAHIA HEIPOTUBOPEIUBOCTD. [lotyuurcs,
OYEBHU/THO, TMOJHOE MHOXKECTBO. dyTh MeHee OYeBHIHA, ero
HEIIPOTUBOPEYUBOCTD: OHO OBLIO HENPOTHUBOPEYUBO HA Ka-
KIOM LIare, HO IIOYEMY IPeIeIbHOe MHOXKECTBO (06begune-
HUE BO3PACTAIONIEN MOCIEIOBATEILHOCTH ) Oy €T HETIP OTUBO-
peuuBo? [leso B TOM, 9TO B BHIBOJE IBYX IPOTUBOPEUAIINX
OPYr apyry GOpMyJa MOXKeT OBITH 3a1eHCTBOBAHO TOJBLKO
KOHETHOE 1ucio popmya u3 [ (o onmpeseseHnio BHIBOMMO-
CTH: BLIBO[ €CThb KOHEYHAA MOCACIOBATEILHOCTD (HOPMYJ).
IMosTomy BCce 5Tu GOPMYABI JOJKHBI HOABUTHCSI HA HEKOTO-
POM KOHEYHOM IIIare KOHCTPYKINU, & DTO HEBO3MOXKHO (HA
BCEX IAraX MHOXKECTBO HEPOTUBOPEYIURO).

s caydas npor3BOIBHOIO HAOOPA IepeMeHHEIX V pac-
CYK JEHUE MOXKHO 3aBEPIIUTE CCHITKON Ha JemMy LlopHa: pac-
CMOTPUM YACTUIHO YIOPATOIEHHOE MHOXKECTBO, DJIEMEHTA~
MH KOTOPOIO OyAyT HEIPOTUBOPEUMBBIE MHOXKECTBa (HOp-
MYJ, & TOPSAAKOM — OTHOIIEHUE «OBITh ITOIMHOXKECTBOM).
Paccyxaenne mpensiayinero ad3ana MOKa3kIBAET, ITO BCA-
Kas Lelb B 3TOM MHOXECTBE UMeeT BEPXHIOI0 IpaHuny (06b-
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eIVHEHNE JUHENHO YIOPAAOUEHHOTO 10 BKIIOYECHUID CeMeu-
CTBa HENPOTUBOPEUUBBIX MHOXKECTB ABIACTCA HEIPOTUBOPE-
YUBBIM MHOXECTBOM ). ClIeI0BATEIBHO, A4 JH0O0T0 HEIpO-
TUBOPEYMBOTO MHOKECTBA HAUJETCA COMEPIKAIIEE €0 MaK-
CHUMAJIBHOE HEIPOTUBOPEUYMBOE MHOXKECTBO. A OHO 06A3aHO
OBITH TOMHBIM (MHAYE €0 MOXKHO PACIIUpUTh, H0Gasus A
i —A).

Jlemma 1 gokasama.

HMokazarenbcTBo aemMer 2. Ilycts ' — menpoTuBopetin-
BOE TIOMTHOE MHOXKECTBO. T0raa 11 KaxkK [0 epeMeHHOn (u3
MHOXKeCTBa V') DOBHO oaHa u3 (OPMYJI P U —P BEIBOAUMA
u3 I'. Ecan nepsas, 6ygeM CIMTAThL NEPEMEHHYIO P UCTUH-
HOW, €CJU BTOpad — JOXHOU. TeM caMBIM TOABIACTCA HE-
KOTOPHII Ha0Op V 3HAMEHUHU IEPEMEHHBIX, M HAIO TOJBKO
IpPOBEPUTD, 4TO Jio6Gast (popmyna u3 [' npu Takux 3HaYEeHU-
AX MEPEMEHHBIX UCTUHHA. JTO ATACTCS TAK: WHAYKIIHEN 110
TOCTPOEHNIO (POPMYILI A MBI JOKA3LIBAEM, ITO

A wcruuna Ha Habope v = ['H A,
A noxua na mabope v = I'F —A.

Basuc ungyxnuu (korga A — nepemennas) ofecneduBaercs
OIpeeIeHneM UCTUHHOCTHU [epeMeHHbIX. s mara naayk-
[N UCTIONB3YETCA Ta ¥KE JeMMa, 9TO U TIPU JOKA3ATEIbCTBE
HNOHOTHL C IOMOIIBIO pasbopa cay4daes. IlycTh, manpumep,
A mmveer Bug (B A C). Torga ects 4eThIpe BO3MOXHOCTHU
s uctuarocty B u C. B omsom ms mux (korga B u C
UCTUHHBL Ha V) IO IPEANOJOKEHUI0 UHAYKIMUA MBL MMEEM
F'BulkC,orkyga ' (BAC), Toects I' - A. B npy-
roM (B uctunna, C J0XHA) TPEATONOKEHNE NHIYKIAA JAET
F'BulF —C, orkyga I' - =«(BAC), To ects ' F —A.
Ananornano pazbuparOTCa U BCE OCTAMLHLIE CIYIad U JOTH-
qeckue CBA3KU. JlemMMa 2 10Ka3aHa, 1 TEM CAMBIM 3aBEPIIEHO
JOKa3aTeIbCTBO TeopeMsbl 20. >

Mer nokasanu, 9T0 BCAKOE HEMPOTUBOPEINBOE MHOKECT-
BO dopmyn coBMecTHO. OTCHOAA JETKO CIEnyeT, 9TO BCA-
Kasg TaBTOJOTHUA ABIAETCA TeopeMon. B camom nere, ecam
@ — TaBTOJOIMsA, TO MHOXECTBO {1} HECOBMECTHO, IO-
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3TOMY U3 — BBIBOAUTCSI TPOTUBOPETNE, TODTOMY F ——p, U
10 3aKOHY CHATHSA JBOMHOTO OTPULAHUA F (.

Kpome Toro, TeopemMa 0 TIOIHOTE BO BTOPOU (pOpMYyIH-
DOBKe HMeeT TAKOe OUeBUIHOE CIEICTBUE:

Teopema 21 (TeopemMa KOMNAKTHOCTYW ANt UCHNCAEHUS Bbl-
ckasbiganui). Iycts T' — MHOXKECTBO GOPMYI, BCAKOE KO-
HEYHOE IIOJMHOXKECTBO KOTOPOI'O COBMECTHO. lorga u BCE
muoxkecTBO I' coBMecTHO.

< Kax MBI 3HAE€M, HECOBMECTHOCTH PABHOCUIbLHA MPOTH-
BOPEYNBOCTH, & BEIBOJ IIPOTUBOPEINA IO OIPETENECHUAI0 MO-
XKeT UCIOJb30BATDH JUML KOHEIHOE IUCA0 (POPMYI. >

ITockonbky B (HOPMYAMPOBKE TEOPEMBI KOMIIAKTHOCTHU
HeT yNOMUHAHUS 00 UCUUC/IEHUU BBICKA3bIBAHUY (pedb UAET
Jub 06 UCTUHHOCTU (POPMYJ, & HE O BHIBOAUMOCTH), BO3-
HUKAET BOMPOC, HEJAL3A JU €€ MTOKA3aTh HETMOCPEICTBEHHO.

29. anTe npAMOe NOKa3aTEILCTBO TEOPEMBI KOMIAKTHOCTH
07 CIyd4as, KOr'ja MEePEeMEeHHBIX B MHOXKECTBe V KOHEYHOe |u-
cao. (Ykasarume: B 3TOM Caydae a1:060€ HECOBMECTHOE MHOXKECTBO
MMEEeT HECOBMECTHOE II0IMHOKeCTBO MomuocTy He 60mpme 2!V J)

M caydas CIETHOTO <MCIa MIEPEMEHHBIX MOXHO BOC-
MOMB30BATHCA KOMIAKTHOCTBIO (B TOMOJIOTMYECKOM CMBI-
CJIe CI0BA) KAHTOPOBCKOI'O mpocrpaHcTBa. Ero siemenramu
SABJAIOTCA GECKOHEUHBIE MOCIEI0BATEILHOCTU HyJeU U eIu-
uut. Ecam aBe mOCIeroBaTeIbHOCTH OTATIAOTCA B N-U TO-
3UNUY, & BCe NPEIBbIIYIIAe WIEHEL COBIALAIOT, TO PacCTOA-
HUE MeX Yy HUMHU CIATACTCSA PABHBIM 2~ ™. DTO METPUIECKOE
IIPOCTPAHCTBO KOMITAKTHO.

IIycte V cogepxut cuérroe qucio mepemenssbrx. [locme-
JOBATEJbHOCTD 3HAYEHUU MEPEMEHHBIX OyjJeM pacCMaTpu-
BaTh KaK TOYKY KAHTOPOBCKOTO IPOCTPAHCTBA; (hOpMyJe
COOTBETCTBYEeT O0JaCTh, COCTOAMIAA U3 TOUIEK, rae GpopMy-
aga uctrHHA. llockoabky GOpPMyIa COLEPKUT JIUINL KOHEH-
HO€ YUCJIO TIEePEeMEHHBIX, Ta 00JaCTh ABIAETCA 3aMKHYTHIM
¥ OTKPBITHIM MHOXKECTBOM OJHOBpeMeHHO. IlycTh mMmeeTcs
MHOXKeCTBO (HOopMy.I, M1000e KOHETHOE IIOIMHOKECTBO KOTO-
POr0 COBMECTHO. JTO 3HAYUT, YTO COOTBETCTBYyMOIIHE HOpP-
MyJaM TTOAMHOXKeCTBa KAHTOPOBCKOT'O TPOCTPAHCTBA 00pa-
3YIOT, KAK DOBOPAT, UEHTPUPOBAHHYIO cucTeMy (mo6oe Ko-
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HEYHOE WX YUCIO0 MMeeT OOIIYI TOYKY). A B KOMIAKTHOM
IPOCTPAHCTBE JMI000E MEHTPUPOBAHHOE CEMEUCTBO 3aMKHY-
TBEIX MHOXECTB UMEET OOIIYI0 TOUKY (MHAYE UX NOTOJHEHUA
00pazyIT OTKPBITOE MOKPHITUE, ¥ KOTOPOTO HET KOHEYHO-
'O HOAIOKPBITHS). JTa ux oblwas To4ka u Oyger HabopoM
3HAYEHUN, HA KOTOPOM BCE (POPMYJILI UCTUHHEL.

To xe camoe paccyxkjgeHWe TOAUTCA W IJId HECUETHO-
rO0 MHOXKECTBA, TEPEMEHHBIX, HO TOr'a BO3HUKAET HECUET-
HOE IPOM3BEAEHUE [BYXTOYEUHBIX IIPOCTPAHCTB, KOTOPOE
ABJAAETCA TOMNOJOTMYECKUM MPOCTPAHCTBOM (HO HE METDHU-
YECKUM ); HAJO 3aMETUTh, 9TO 3TO MPOCTPAHCTBO KOMIIAKT-
HO 10 TeopeMe THUXOHOBA, MOCTE YEr0 HAIIE PACCYXKAEHUE
MIPOXOMANT.

Mnst caérHoro HabOpa TEpPEeMEHHBIX TeOpeMa KOMIaKT-
HOCTY CBA3AHA C TAK HA3HIBAEMOUN Jdemmoti Kénuea. Koned-
HBIE [IOCJAE10BATEAILHOCTY HyJIeH U e JUHUL (BK/IOYAs [y CTYIO
HOCJIEI0BATEILHOCTD) MBI HA3LIBAEM [BOMYHBIMU CJIOBAMHU.
JIBOMYHBIM J1€pEeBOM MBI HA3BLIBAEM MHOXKECTBO IBOMYHBIX
CJIOB, KOTOPOE BMECTE CO BCAKHM CJOBOM COLEPXKUT BCE €I'0
Hadata (HadaabHBIE OTPE3KH). BeCKOHEUHOU BETBBIO IBOM-
HOT'O AepeBa 1’ MBI Ha3BIBAEM OECKOHEUHYIO TOCIETOBATEIEb-
HOCTH HYJIEd U equHull, Jo00e KOHEYHOE HAYAI0 KOTOPOU
npuHaaIexuT 1.

Teopema 22 (nemma Kénura). Jlxo6oe 6eckonedHOe 1epeBo
nMeeT OECKOHEUHYIO BETBb.

< Tl'oBopsa o GeckoHeUYHOCTM AepeBa, MBI WMEeM B BU-
Iy, 9T0 COOTBETCTBYIOIIEE MHOXKECTBO Oeckonedno. Orcio-
Ja cIefyeT, ITO OHO COJEPKUT CJIOB3 CKOJb YIOTHO OOIb-
MOU AAuHEL. IlycTh p1,p2,... — CIETHOE MHOKECTBO TIEpe-
MEHHEIX, KOTOpbIe npuHuMaior 3Hadenus ( wizm 1. Juas ka-
XKJOCO N PACCMOTPUM (POPMYILY Py, KOTOPAs YTBEPKIAET,
9TO CJAOBO P1ps - - - Py, IPUHAMICKUT AepeBy T (5TO BO3ZMOK-
HO, TaK Kak J00as OyseBa (QyHKOMs BBIPA3KMA (POPMYION).
IMockoneky T — gmepeBo, ¢; Bred€T @; npu j < i. Joboe
KOHEYHOE MHOXECTBO (POPMYJI BUAA (Y; PABHOCWIBLHO, Ta-
KuUM 00pa3oM, OGHOU POpMyJIe ¢ MAKCUMAABLHEIM § M IIOTOMY
coBmecTHO. Cle10BaTENBHO, U MHOXECTBO BCEX (DOPMYI (0,
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COBMECTHO, U BBIMOJHAIOINNAN HAGOD ONpENeaAeT GeCKOHeU-
HYIO BETBb. >

(Koneuno, MblL «6b6M U3 IyIIEeK 110 BOPOOBAMY: JOCTATOY-
HO MHIVKIUEN TI0 | CTPOUTD CJAOBO JJIUHEL 4, KOTOPOE UMEET
OECKOHETHOE YUCJI0 MPOJIOIKEeHUN B aepese 1'.)

O6braH0 yTBepxkaeHue JemMMmbl Kéuura ¢GopMyampyoT
TAaK: €Cad KOJOHMA OakTepull, BO3HUKINAS U3 OAHOKN Oak-
TEepuM, HUKOI'Ia HE BHIMUPAET MOJTHOCTBHIO, TO CYLUIECTBYET
0eCKOHEYTHAA TIOCTENOBATEILHOCTE OAKTEPUN, KAK TAA CIETY-
I0IIAs. U3 KOTOPBIX IOMYYAeTCA OPU NEJEHUU IPEIBLIYIIEH.
[Anasoruvaaas GOPMYIMPOBKA PO JIOLEU OCJIOKHAECTCS BO3-
MOXHOCTBIO KTOHNPOBAHUS, HATUTINEM MBYX TIOJOB 1 MPOOIe-
MaMU IOJUTKOPPEKTHOCTH. |

2.3. lNMounck KoHTpnpumepa
U UCUUCNEHNE CEKBEHLINN.

B sToM pasmese MBI TOCTPOUM APYTOUN BAPUAHT UCIUCIE-
HUSA BHICKA3BIBAHUN — TAK HABHIBAEMOE UCUUCAEHUE CEKEEH-
yut. TakOTo poga UCUUCICHUS U3YIAIOTCSA B TEOPUN JOKA3A-
TeascTB. OHM OKA3LIBAIOTCA GOJee YIOOHBLIMU JIA AHAIA3A
CUHTAKCAYIECKON CTPYKTYPHI BHIBOAOB. VX HA3LIBAIOT MCYUU-
CJeHMAMU eHIeHOBCKoro Tuna (no umenu [ennena, xoro-
DB HAYaI UX M3Y4YaTh). PaHee MpUBEIEHHBIN BAPUAHT WC-
UUCIEHUA BHICKA3BIBAHUY HA3LIBAIOT UCUUCICHUEM THILGED-
ToBckoro tuna (no umenu 'uinGepra, KOTOPBHIM MCIOAL3O-
BaJI NONOOHBIE UCYIUCICHNS B CBOEU IporpaMMe (pOpMaIbHO-
T'0 MOCTPOEHM MATEMATHUKH).

[nsa madamza MBI BooOIe He OyneM TOBOPUTH HUYETO 00
AKCHMOMAaX ¥ MPABUJIAX BBIBOAA, 4 PACCMOTPUM 33134y HO-
ucka KoHTprpumepa. IlycTs gama mekortopas dgopmyaa A,
PO KOTOPYIO MBI TIOJIO3PEBAEM, 9TO OHA HE ABJIAETCSI TaB-
TOJOTUEH, M XOTUM HAUTHU 3HAYEHUs IEPEMEHHBIX, [IPU KO-
TOPLIX OHa JoxkHa. Kax »ro merars? EcrecTBenno mocmo-
TpeTh Ha CTPYKTYpY dopmyast A. Hampuwmep, ecoim A nme-
et Bt B — C, T0O HANO HAUTHU 3HAYECHUA [EPEMEHHBIX, [IPU
koTopeIX dopmyaa B uctunna, a C' goxua. Eciu A umeer
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sug BVC, To HALO HAUTY 3HAYMEHNUA IEPEMEHHEBIX, TIPU KOTO-
peix 06e Gopmy.ast B u C' noxunt. Eciu A umeer sug BAC,
TO HAJO HAWTU JUOO 3HAYUEHUA TEPEMEHHBIX, MPU KOTOPHBIX
B noxua, mub0 3HAYEHUS TEPEMEHHBIX, IPU KOTOPBIX C' JIOXK-
mHa. Tem caMmbIM 3agada MOUCKa KOHTPHpUMepa Nt GOpMy-
Jbl A CBOAWTCA K OJHOU WM HECKOJIBKUM 331aYaM TAKOTO
xe uru 6oree o0Iero suaa (Hano 06eCHeInTh UCTUHHOCTD
WY JOKHOCTH OJHOU WU HECKOABKUX (HPOPMYJI).

Bremém HE0OXOAMMYIO TEPMUHOJOTHIO M OOO3HATEHUS.
Bynem naseiBaTh cexsewyueti Boipaxkenme I' - A, rme I
u A — mexoTopble KoHeuHble MHOXecTBa opmyrt. (IToka
YTO 3HAK - HE MMeeT HM4Yero OOIIEro C BRIBOAUMOCTBIO, &
TOMBKO pasfeiseT nBa MHOXecTBa (popmya.) C kaxmnou ce-
kpennuern I' H A OygeM CBA3BIBATL 3a4a4y IOUCKA TAKUX
3HAYMEHUN TIEPEMEHHBIX, TTPU KOTOPHIX Bee PopMyast u3 I uc-
TUHHEL, & BCe popMyant uz A goxubl. Takon HAOOP 3HATCHUN
MBI [I0 HEKOTOPLIM MPUIUHAM OyAeM HA3LIBATH KOHMPNAPU-
mepom K cekserruu ' H A. Jlerko mpoBepuTh, ITO KOHTP-
mpuMepsl K cekBeHmuu [ H A — 5TO KOHTPIPUMEpHI K
dbopmyae

AI' = VA,

(AL oGosnadaer konboHKLUIO popMya u3 I', a VA — nusb-
1OHKIMIO (popmya u3 A); TO eCcThb Te HABOPLL 3HAYEHUN, [IPU
KOTOPHIX 3Ta (HOPMYJIa JOXKHA. [IpU 3TOM KOHBIOHKIINIO IIy-
CTOTO MHOXKECTBA (POPMYJ MBI CUMTAEM TOXKIECTBEHHO WC-
TUHHOH, 8 AU3BIOHKIUIO — TOXKIECTBEHHO JIOXKHOU.

Hamma mcxonmas 3amada TMOWCKA KOHTPIIpUMEpa K (Hop-
mysne A moxer GbITh Tenepb chOPMYJUPOBAHA KAK 3313493
noucka KoHTpupuMmepa kK cexsenimu — A. (Msr nmossomsem
cefe MUCATh TaK JJIA KPATKOCTY; TMOTHOCTHIO CIACTOBAIO OBI
manucates & - {A})

3amady MOMCKA KOHTPIPUMEpPa K CEKBEHITNU MOXKHO De-
IAThH ¢ MOMOINBIO CASAYIONNX MpaBuia. B kax 1oM u3 npuse-
[JEHHBIX IPABUJ HUKHUAU 33Ka3 HA KOHTPIPUMED BBIIOIHUAM,
€CIU W TOJBKO €CJAV BHIMOJHUM OIUH U3 BEPXHUX 3aKa30B,
T. €. HKHAA CEKBEHINA UMEET KOHTPIPUMED TOTIA U TOJb-
KO TODJA, KOrAa XOTs Obl OHA U3 BEPXHUX CEKBEHIIMU HUMEET
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KOHTPIPUMED.
I'A,A TFBA A,BTFA
TFAAB,A AABTFA
A BA ATFA BTFA
T-HAVB,A AVB,TFA
T AF B,A I'-A,A T,BFA
T-A—B,A A->BTFA
ATFA THAA
T —A4,A “ATEA

Kaxnoe u3 npaBmi cOOTBETCTBYET aHAAU3Y OXHOU U3 (POp-
MyJl HUXKHEN CeKBeHIMU. [IpaBmia pasmeseHbl Ha TPYIINLL B
3aBUCUMOCTHU OT TVIABHOU CBA3KY AHAIU3UPYEMOU (POPMY.IHL,
U COIVIACOBAHBL € TAOJUIAMEI UCTUHHOCTU NJISI 3TOU CBI3KH
(4TO JErKO MPOBEPUTH). 3AIATAA B IPABUIAX UCIOIb3YETCA
kak coxpamenne: I', A o6osmagaer I' U {A} u T. 1.

Kak noab3oBarsea sTuMmu npasuaamu? BosoMéM cekpen-
IIUI0, K KOTOPOU MBI WIeM KOHTprpumep. Beibepem B Hen
onHy u3 hOPMYJI CJIeBa WIN CIPABA, TOCMOTPUM Ha TVIABHYIO
CBSI3KY U LIPUMEHKM COOTBETCTBYIOLIEE NPABUAO (HAUCAB
OJHY WM [IBE CEKBEHUWUM HAJ UCXOAHOMU). 3aTe€M K KaXKJIOU
U3 HUX CHOBA TIPUMEHUM OJHO U3 MPaBUaI U T. 1. llocTenen-
HO OyJeT PacTU «IEPEBO IOUCKA KOHTPIPUMEPAY, HMPUIEM
UCXOAHAA CEKBEHIUs OylJeT UMEeTh KOHTPIPUMED TOra U
TONBKO TOTZA, KOT/14 OJHA U3 BEPXHUX CEKBEHIMA (CTOAIINX
B WIMCTBSX») DTOr0 AePEeBa UMEeT KOHTPIPUMED.

Korga sror mpouecc obpeiBaeTcsa? DTO OPOUCXOIUT B
TOM CAyYae, eI’ BCe (POPMYIBI B OCTABIINXCA CEKBEHITUAX
OPEACTABIAIT COOOU IIEPEMEHHBIE, TOT A HI ONHO M3 HAIIMX
[paBWi MOUCKA KOHTpIpuMepa ue npumMenumo. Ho k sTomy
MOMEHTY BCE CTAHOBUTCA ACHBIM: €CJIU B JEBOU W TIPABOU
YACTU CEKBEHIIMU €CTh OOIasd MEePEeMEeHHas, TO K HEU HeT
KOHTpHpuMepa (0gHa U Ta XKe IePeMEeHHas He MOXET ObITh
OJHOBPEMEHHO UCTUHHOU U JoxkHON). Ecaun xe neas u mpa-
Basgd 9ACTh TAKOW CEKBEHIIMU HE TIEPECeKarOTCs, TO KOHTD-
IpuUMep eCTh.



66 Hcuucaenue 8vickasvieanut [ra. 2]

Bor xax »T0 nenaerca ¢ ceksennuen - (p — ¢) — ¢

Fp.q qkgq
P—atg
Fp—a) —q
KonTpnpuMmep HAUACH: p U ¢ JOXKHE (OH ABIACTCA KOHTP-
IpUMEpPOM K CekBeHuuu F p, q).

HanpoTus, NONEITKa MOUCKA KOHTPIPUMEPA, K CEKBEHIIAN
F((p — q) — p) — p me maér pesyabTara:

PEp.gq -
Fpp—q PP

(p—q —pkp
F(lp—q)—p) —p

3xech o6e CekBeHIUM p - p,q U p F p HE UMEIOT KOHTD-
npumepos. Crenosarensuo, gopmyaa ((p — ¢) — p) — p
ABJIACTCSA TABTOJOTUECH.

TTocTpoeHHbI aJropuT™M MOXKHO OJHOBPEMEHHO PACCMar-
TPHUBATL KAK JOKA3aTEILCTBO MOJHOTHI HEKOTOPOr'O «HACYU-
CJICHUST CEKBCHITUI.

Axcuomamy, NCIUCIEHUA CeKBEHIUY Oy 1eM Ha3BIBaTh Ce-
KBEHILINN, B JIEBLIX U IPABLIX YACTAX KOTOPHEIX BCTPEYAIOTCA
TOJBKO IepEeMEeHHEIC, IPUIEM HEKOTOPaI IEPEMEHHAA BCTPe-
4aeTcsa B 00enx JacTsix.

IIpasusamu 6616004 B MCUNCICHAN CEKBEHIWH ABIAIOT-
CA TIpaBmIa Hawen Tabaunsl. Kaxgoe ns 5Tux mpasmil 00b-
ABJAET BBIBOAUMOM HUXKHIOK CEKBEHIIUIO, €CIM BBIBOIMMBI
Bce Bepxuue. (IIpouecc BEIBOZA €CTECTBEHHO NPEACTABIATH
B BUJE J€peBa, KAK B HAIIMX IPUMEPAX, HO MOXKHO Pa3Bep-
HYTb U B IOCTEI0BATEIBHOCTD CEKBEHIWN. )

Teopema 23 (KOPPEKTHOCTb U MONHOTA UCHUCTIEHUS) CEKBEH-
umnin). CexBeHIMA BLIBOJUMA TOTIA W TOJBKO TOT[a, KOTAA
OHA, HE UMEET KOHTPIPUMEpPA.

<1 AkcroMbI He UMeoT KOHTpIpuMepa. Ecan Bce Bepxuue
CEKBEHIINN KAKOI'O-TO IPaBUJIA BEIBOJA HE HMEIOT KOHTP-
IpUMEpa, TO U HUXKHAA CCKBEHINA HE MMEET KOHTPIPUME-
pa. (Amenno Tax MbBL I0AOUpALY OPABUIA: KOHTPIPUMED K
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HUXHEN CEKBEHIUY Oy 1eT KOHTPIPUMEPOM K OTHOU U3 BEPX-
uux.) Cre1oBaTenbHO, BCE BBIBOUMELE CEKBEHIUY HE UMEIOT
KOHTPIPUMEPA.

O06paTHO, MYyCTh CEKBEHIINA HE MMeeT KOHTPIpHUMepA.
Torna ONMCAHHBIN IPOLECC MOMCKA KOHTPIPUMEPA OOPLIBa-
€TCA Ha aKCMOMaX W TeM CaMbIM Taé€T €€ BHIBOX. [>

B wactaOCTH, ecau dpopmysa A ABIAETCA TABTOJOTHEH,
TO CeKBEHINA - A BHIBOANMA B MCIUCICHAN CEKBEHIMMI. DTO
06CTOATEABLCTBO MOXKHO UCIOAB30BATL JJIA €IIE OMHOTO M0-
Ka3aTeMbCTBA MOMTHOTH UCINCICHAA BHICKA3BIBAHUN (B CTAH-
JapTHOU, ruasbepToBcKon ¢popme). B camom gese, g kax-
gon cexkpenmuu I' H A paccmorpum npedcmasasiowyro eé
dopmyay, To ecth popmyay Al — VA (B aeson u mpason
9aCTAX CTOAT KOHBIOHKINA ¥ AU3BIOHKIMA popmya u3 ['m A
cooTBeTcTBEHHO). Teneps MHAYKIUEN 110 IOCTPOEHUIO BEIBO-
Ja B UCUNCICHUY CEKBEHINN HAIO0 JOKA3ATH TAKOU (haKT: €C-
JIY CEKBEHITUSA BBHIBOIMMA B UCIUCICHUN CEKBEHIMN, TO IIPE-
craB/smomast eé GopMyIa BbIBOAUMA B (OGBIYHOM) MCUHCIE-
HUU BBEICKA3LIBAHUMN.

D10 TpeGyeT TOBOJBHO XJIOMOTHOU IIPOBEPKU, BIPOUEM.
Cravama HALO MPOBEPUTE, 9TO KOHBIOHKINA U M3 BIOHKIINA
JOKA3yeMO aCCOIMATUBHBI, U TIOTOMY BCE PABHO, KaK Pac-
CTABJIATH CKOOKU B (GOPMYJIE, MPEACTABIAIONIEN CEKBEHITIIO.
3aTeM IOME3HO yOeIUuTHCA, ITO TPABUAIA, CBABAHHLIE C OTPH-
naHveM ([Ba NOCJAETHUX TPABUIA TAGIUIBI) MOXKHO TIPUME-
HATH B 00€ CTOPOHKI, HE MEHAA BLIBOJAUMOCTYU COOTBETCTRY-
omen Gopmyael. [Ipyrumu caoBamMu, HAIO IPOBEPUTE, ITO

GOpMyIBI

Fr—-(AvA) u (TA-A)— A
a Takxke (POopMyJIbL

Fr-(Av-4) u (ThA4) — A

BBIBOAUMEL OfHOBpemMenuo (3geck I' u A moxuO cuurarsb
dopmynamm, a He MHOXecTBaMu (HOPMYJ, PACCTABUB CKOO-
KU HaJIeKAIM 00pa3oM ). Tlocse 5Toro Mbl MOXKEM MepPeHo-
cuTh GOPMYJILL U3 OAHOU YACTH B APYLYIo (MEHss UX Ha IPO-
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TUBOMOJOKHEIE), W TIOTOMY MOMXKEM CUYATATh OJHO W3 MHO-
xkectB I' 1 A mycroiM, ecau 10 HaMm ya06u0. Tenepn ccoui-
Ka Ha JEMMY O MeAYKIUW W YK€ U3BECTHBIE HAM CBOUCTBA
BBIBOIUMOCTH 33aBEPIINALT PACCYKIEHUE.

30. IIposecTu 510 paccyxgeHue noapobOHO.

EcrecTBeHHO BO3HUKAET BOOPOC — 4YEM VXK TaK UHTE-
pecHO ucuucaenune cexpeHimu? Kakas, cOOCTBEHHO TOBOPSI,
pa3sHWIA — HMETH AeI0 C CEKBEHIWAMU WIN C (HOPMyJia-
MU, Pa3 BCAKYIO CEKBEHINIO MOXKHO IIPEICTABUTH (HOPMY-
qgou? [lpuHnUmUATEHOE pAa3aAnyIne TYT B creayiomeM. [Ipasu-
JIa BBIBOJIA B MCYUCICHUYN CEKBEHIIMA TAKOBBI, 9YTO B UX BEPX-
HIOI0O 9aCTh BXOAAT TOJABKO HOAMOPMYJIBL POPMYJI, BCTpPeE-
YAIOMUXCA B HUXKHEN TaCTU. [[03TOMY B BBEIBOAE KAKOU-TO
CEKBEHIINY HE MOXKET BCTPETUTHCSI HUYErO HPUHIUINAILHO
HOBOI'O, Y€ro He OLLIO B CaMOH CekKBeHIuu. B ruanGepros-
CKOM HUCYUCJIEHUM DTO MAJEKO HE TAaK: MBI MOXKEM BBIBECTH
dopmyay B uz ¢opmyn A — B u A, npu sTOoM dopmy-
ga A MOXeT OBITH COBEPIIEHHO MTPOU3BOIBLHOR. DTO XKe pa3-
audue 0OBACHAET, MOYEMY TOUCK BHIBOIA CHU3Y BBEPX (KaK
MOXHO Telepb HAa3bIBATL TO, UTO PAHBINE HA3BIBAJIOCH IIO-
HCKOM KOHTDPIIPUMEPA — Mbl HAXOAUM JUOO KOHTPIPUMED,
auOO0 BHIBOJ) [JIA UCIUCIEHUA CEKBEHIUI MPOUCXOIUT CPAB-
HUTEIBHO OTHOBHAYHO (MBI MOXKEM MO-DA3HOMY BHIOHPATH
pacuienseMyio GOpMy.ly, HO U TOJBKO), B TO BPEMs KAaK HUC-
KATb BRIBOJ B OOBLIMHOM WCYUCJIEHUU BBLICKA3BIBAHUN, HAYAB
¢ MHTEpeCcyoIen Hac POpMyasl B 1 cMOTPA, U3 ¥ero OB OHA
MOIVIA [IOJLY YU THCS, He y1aéTcs (eciau TOAbKO He nepebuparhb
BCE (POPMYJIBI OAPAL).

3aMeTuM, 9To f0CABICHNE K NCINCICHNIO CEKBEHITUN Y KE
YIOMWHABIIET OCS IPABIIA CEICHIS

TFAA T,AFA
TFA

HAPYIIAET CBOUCTBO «TOL(MOPMYILHOCTHY, TAK KaK (POPMY-
Jaa A MOXeT OBITH HUKAK HE CBA3aHA C HUKHEY CEKBCHIIMCH.
OTMeTuM, 9TO TOOABIEHNE TMPABUIA CEUEHUA HE HAPYIIAET
KOPPEKTHOCTH, KAK JETKO MPOBEPUTH, U HE MOXKET Hapy-
HIUTH IOJHOTEL
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3aJavu O TOUCKE BLIBOAA U AHAIU3E €T0 CTPYKTYPHI, XO-
T 1 OBLIX OJHO BPEMs MOJHBIMU B CBA3U C (ACKYCCTBEHHBIM
UHTEILIEKTOMY, TPEICTABIAIOT GOMBINION HWHTEPEC, U PO HUX
eCTh TIeas HayKa, B KOTOPOU HUCUUCICHUA TEHIEHOBCKOTO
THUIA UT'PAIOT UEHTPAIBHYIO POab. MBI paccMOTpenn OquH u3
BapUAHTOB UCUUCICHUA CEKBEHITUN [ KAACCAIECKOTO UCTU-
CJTCHUS BBICKA3BIBAHUN; OBIBAIOT UCIUCICHUSA [ WHTYUITHO-
HUCTCKUX U MOJAJbHBIX JOTUK, /IS UCIACACHUS IPEIUKATOR
u 7.1 VcxonHoun MOTHUBANMEN [IA PACCMOTDPEHUA TAKOTO
POJIa UCIUCTCHUN OBLIO KEMAHNE NOKA3ATH HEMPOTUBOPETIN-
BocTh apudmeruku. COrnacHO 3HAMEHUTOU BTOPOH Teope-
Me I'é€nens o memosnore 6e3 JOMOMHUTEILHLIX AKCHOM DTOIO
CHIeJATH HEIB3sA, HO €CIU MPUHATE CXeMY aKCUOM A TPAHC-
(PUHUTHOU MHIYKIUYU 10 OPAUHALY Eg, 3TO YAAETCS CLENATD,
Kak MoKa3aJ | eHreH.

2.4. IHTyMumnoHUCTCKasi Npono3mumnoHanbHas
noruka

WckmounM n3 Yucaa aKCUOM 3aKOH MCKJIIOUEHHOTO Tpe-
Thero AV —A. Ionyyuennoe ucaucienre HA3LIBACTC UHMY-
UYUOHUCTNCKUM UCUUCAEHUEM Bbickaabieanut. (OOBaHOE UC-
UUCIEHNE BHICKA3HIBAHUU HA3BLIBAIOT KAGCCUHECKUM, TTOOBI
u36eXaTh [IyTAHUUEL IPU €r0 CPABHEHUN C UHTYHUIINOHUCT-
ckuM. BooOie maTeMaTuseckue pacCy K IeHUA, OMUPAOIIN-
ecd Ha aKCUOMY MCKIIOUEHHOTO TPEThET'0, HABLIBAIOT «KJAC-
CUYECKUMUY, & U30eralonme e€ — «MHTYULUOHUCTCKAMID . )

Komeuno, cpasy »xe BO3HUKAIOT €CTECTBEHHEIE BOIIPOCHL.
[Touemy mMeHHO 3Ta akCHOMa BHI3BIBAET COMHeHuA! Boo6-
1IIe-TO aKCUOM MHOT'O, M MOXKHO OBLIO ObI MCKITIOYUATH JIOOYI0
¥ CMOTPETH, YTO MOJYIUTCsA O€3 HE€ — HO ACHO, YTO CKOpee
BCEr0 MOIYYUTCA ITO-TO CTpaHHOe. Kak moHATL, kKakue Ghop-
MYJIBI OCTAHYTCA TeopeMaMu 6e3 3aKOHA MCKIIOMIEHHOTO TPe-
Thero? PaHblle y UCUUCACHNs BHICKA3LIBAHUU ObLIA «CBEPX-
3a/a4a» — BBIBECTH BCE TABTOJOTUU U TOABKO UX, & TENEPh !

WHTYUIMOHNCTCKAA JOTUKA, BOSHUKIIA KAK TTOMLITKA, (CAe-
aaaHaa LenTurrom) hopMatn3oBaTh (MyCTh TaCTUTHO) Me-
TOABI PACCYXKICHUN, TPAKTUKYEMEIE B (MHTYUIMOHUCTCKOUN
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MaTeMaTuKe. [OLIaHICKuN MaTeMaTuK bpaysp mupoko u3-
BECTEH KaK aBTOP KJAACCUYECKOU (BO BCEX CMBICJAAX) T€O-
pembl Bpayspa 0 HEmogBIKHON TovYke (OHA yTBEPKAAET,
4T0 JI000€ HempepHIBHOE O0TOOpaKeHe MHOT'OMEPHOTO IIIa-
pa D™ B cebs uMeer HenoaBuxKHYIO TOUKy). Ho oguospe-
MEHHO OH CO3/aJ IEIYI0 [IKOJY B 00JACTH OCHOBAHUU MATE-
MaTUKA — MaTeMaTHIeCKUU MHTYyuIrmon3M. OT4aero, cupa-
muBail bpaysp, B TeOpuM MHOXKECTB BO3HUKINA MAPATOKCHI?
MoOXHO CYMTATBH, ITO DTO OTTOrO, YTO MBI CTAIA PACCYXK-
JaTh O KAKUX-TO YK OYE€Hb a0CTPAKTHHIX 0OBEKTAX, KOTO-
pBIE CYLIECTBYIOT JUIIbL B Hamel (HOpPON HPOTUBOPEIUBON)
auTazUM, TAK UTO CACAYET MPOABIATH OCTOPOKHOCTD U HE
MOAXOAUTH K omacHou aepTe. Ho Bpaysp momten gaawiie, To-
BOPSI, 9TO MPOTUBOPEUUs JUIL CAMITOM OOJE3HU, & HAILO
yCTPAHUTD e€ npuauny. [IpuauHy OH BUIET B TOM, 9TO MaTe-
MaTUYECKUe PACCYKIEHUA U MOHATUS YTPATWINA UHTYUTUB-
HBIA CMBICJ, U HYKHO BEPHYTHCA K OCHOBAM U IEPECMOTPETH
CMBICJI CAMUX JOTUIECKUX CBA3OK.

Yro MBI uMeeM B BUAy (AU TONKHBI UMETH B BULY ), [O-
BOPSA O TOM, 9TO MBI YCTAHOBUAN, 9TO «A wiu B»? D10 3Ha-
quT, 10 Bpayspy, 9To aub0o Mel ycramoBuan A, aubo ycra-
mosuu B. Koraa Mbl yeranaeausaem, 9To «A u By, 3T0 3Ha-
auT, 9T0 MBI yecranosuwm u A, u B. «Feim A, 7o By o3Haua-
€T, 9YTO Mbl PACIOJIATaeM KAKAM-TO OOIIUM PACCyKICHUEM,
KOTOpPO€ MO3BOJUT HAM YCTAHOBUTHL B, KaK TOIBKO KTO-TO
ycranosuT Ham A. OTpuranue A 03HAYaeT, 9TO MBI PaC-
TMOJArAaeM PACCY K ACHUEM, KOTOPOE MPUBOAUT K TPOTUBO-
pequto npeanonoxenue, uro A ycranosreno. (Kak ¢ Touku
3PEHUA UHTYUIUOHUZMA, TAK W ¢ KIACCUIECKON TOYUKU 3De-
HUsA, A BO BCEX CMBICAAX DKBUBaICHTHO A — 1, rge 1 —
3aBeIOMO JOXHOe yTBepkaenue. Moxno 6b110 661 BOOOIIE
HE UCIOJB30BATL OTPUIAHUS, 4 UMETh KOHCTAHTY | — 5TO0
He OYEHb MPUBLIYHO, HO TEXHAIECKH yA0GHO.)

NHTynnmonwaM OTBEPraeT Uaer O TOM, YTO BCE BBICKA-
3BIBAHUS IE/IATCS HA UCTUHHBIE U JIOXKHLIE (IIyCTh HEU3BECT-
HEIM HaM 06pa3oM). C 5TOM TOYKU 3PEHUA 3aKOH UCKIIOUEH-
HOT'O TPETHETO COBEPINeHHO GesocHoBaTeaeH: A V - A ozma-
YaeT, YTO [UIA MPOU3BOIBHOIO YTBEPXKAeHUA A MBI MOXKEM
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yCTaHOBUTE au60 A, 160 ero orpurianue (TO €CTh 0OBAC-
HUTDL, II09eMy A B NpPUHLIMIIE HE MOXET OLITL YCTAHOBJE-
HO) — a moveMy, COGCTBEHHO?

OO6LIIHO, TOBOPS 00 MHTYUIMOHU3ME, IPUBOIAT CJIETYEO-
LMY IPUMEP PACCY K ICHUA, HEIPUEMJIEMOrO C TOYKK 3PEHUSA
MHTYUIHOHE3MA. [JOKaXKeM, ITO CYIIECTBYIOT UPPAIIMOHAIL-
HBIE YUCAA @ U (3, A KOTOPBIX af panonaabao. B camom

V2
Jese, PACCMOTPHM [IBa cIydas. Ecim /2  pammoHaisrO, TO

2
MOXXHO TIONOXUTL ¢ = 3 = \@ Ecou xe \/if UPpaImo-

V2
HAJILHO, TO MOJOXKUM @ = N g = \/ﬁ; JIETKO IIpOBe-

puTh, 910 &° = 2. HTYMIMOHUCT CKaXKeT, UTO BTO Pac-
Cy¥IeHne HeKOPPEKTHO: TOKAa3aTh CYIIECTBOBAHUE TET'O-TO
03HAYAEeT IOCTPOUTH 3TOT OOBEKT, & MBI TAK U HE IIOCTPO-
WK 9UCeT @ U 3, TTIOCKOJAbKY He YCTAHOBWIN, KAKOU U3 MBYX
CIy9aeB UMeeT MecTO. (3aMeTuM B CKOOKaX, 9TO CIIelna-

o V2
JUCTHI TI0 AIre6pantieckol TEOPHH uceT 3HAIOT, ITO \/2
UpPAIMOHAILHO U fake TpaHcueHxeHTHO. Kpome Toro, me
HYXKHO OBITH CIEIUAIUCTOM, YTOOBI 3aMETUTH, ITO MOXKHO
nonoxuTh @ = 2 u 3 = 2log, 3.) DTOT TpEMEp MOKHO
KPUTUKOBATE U ¢ APYTOU TOYKU 3PEHUs, TOBOPS, UTO CAMO
[MOHATHE NEUCTBATEILHOIO YHUCIA HE ABIACTCS WHTYATUBHO
SACHBIM U TpeOyeT 00OCHOBaHUA.

Boobme mHTYHIMA — €10 TOHKOEe: eCIN JOJITO PACcCyiK-
IaTh, CKAXKeM, O TeUCTBUTEIBHEIX IUCIAX, TO HATUHAET Ka-
3aTHCsA, 9T0 OHU B KAKOM-TO CMEICJIE CYLIECTBYIOT HE3ABUCH-
MO OT HAIIUX PACCYK AeHUN. VIMEHHO OTOMY IICUXOMOTHYe-
CKU ONPABJAH BOIPOC O TOM, CKaxXeM, KaK OOCTOAT Aeta C
KOHTUHYYM-THIIOTE30U (HA CAMOM [eJe»: CyLIECTBYeT JIi He-
CI6THOE MHOXKECTBO JEUCTBUTEABHBIX MUCENT, HE DABHOMOIII-
HOE BCEM MEUCTBUTEIBHBIM YNCJIAM, WA HE CYIIeCTBYeT?!

Mzt He 6yfeM TOBOPUTH O (DUIOCOMCKUX MPEATOCHLIKAX
MHTYUIIMOHI3MA IOApoOHO. BKpaTie ynpouménnas ucTopus
BONIPOCA TAKOBa. Bpaysp HaMeTW1 ILUIAHBI MEPEyCTPOUCTBA
MaTeMaTUKN Ha WHTYUIMOHUCTCKUX MPUHIMIAX ¥ OTCTaW-
BaJI MX HACTONBKO IOPAYO0, 9TO OfHAXKIH [uinbepT B pas-
JPaKeHUM 3aMEeTUI: OTMEHUTBH 3aKOH MCKJIIOYEHHOI'O Tpe-
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THETO — DTO BCE PABHO UTO OTHATH ¥ ACTPOHOMOB TEIeCKOT
IIN 3AIPEeTUTh OOKCEPAM IIOMb30BATHCA KydakaMmu. Ho, mpo-
MOJKAJ OH, HUKTO HE MOXKET U3THATHL MATEMATUKOB U3 Pas,
KOTOpHIU co3gan Kautop.

B mnamer Bpayspa me Bxoamna ¢poOpMaIX3aNua UHTYUIIN-
OHUCTCKOU JOTMKM U MATEeMATHKHU, cKopee Hao60opoT. Tewm
HE MEHEee AHAIN3 TMPUHIIUIOB WHTYUIIUMOHU3MS, TIOIEN UMEH-
HO IO DTOMY IyTH, KOrja [eNTuHr cTas usaydarhb IpOorno3u-
[UOHAJBHYIO JOTUKY 0€3 3aKOHA WMCKJIIYEHHOTO TPETHETO.
Paznuunbie cnopHble MHTYUIMOHUCTCKUE TPUHIIUNEL CTAJTA
[IPEIMETOM U3YUEHUS € TOYKU 3PEHUI (POPMATLHOU JOTUKWY;
OBLIN TOCTPOEHBI MHTYUIMOHUCTCKUE BAPUAHTHI (POPMATH-
HOU apudpMETUKHU, TEOPUU MHOKECTB, JOTUKW MPEIAKATOB,
a TAKXKe IEHIEHOBCKNE BAPUAHTHI WHTYUIUOHUCTCKUAX CHU-
cTeM. Buumm mpeaokeHbl pasauvHble WHTEPIPETAINN WH-
TYUIMOHUCTCKON JOTUKYU. KOIMOTOPOB MPEIIORIT TPAKTO-
BaThb €€ KaK «IOrMKy 3a4awy, KIWHW IpeIoKWUI IIOHITUE
«Peann3yeMOCT!y, UCIOAB3YIOMEee TEOPHUIO AJTOPUTMOB [JIA
TONKOBAHUS (DOPMYJT; OBLIU TIPEIOKEHBI TOMOJIOTUIECKUE
MOJENU [ MHTYUIUOHUCTCKOU Joruku u T.a1. B CCCP
suama Bbpayspa moaxsarmia mkosna Mapkosa, Hammcas Ha,
HEM, BIOPOYEM, (KOHCTPYKTHUBU3M» BMECTO HICOJOTHUYIECKU
COMHUTENBHOIO (MHTYHUIIMOHUOHM3Ma» U Oojee IIOCIeL0Ba-
TEJIHHO OIPAHWYMBAACH KOHEYHBIMU OOBbekTamu. Kpumke B
1960-e rOABI MPENIOKIIT HEKOTOPYIO CeMAHTUKY (Ompeaene-
HUE UCTUHHOCTH), COIVIACOBAHHYIO C UHTYULUOHUCTCKUM UC-
YUCIEHIEM BBICKA3BIBAHUI U BECbMa €CTECTBEHHYIO (axke
CTPAHHO, 4TO €6 He MPUAYMATU DAHbBIIE); 3AMEYATEIbHBIM
00pa3oM OKa3aJ0Ch, YTO OHA B HEKOTOPOM CMBICTE OJM3KA
K MeTony (OPCUHTa, KOTOPHIM IPUMEPHO B DTO K€ BpeMsd
npuayMaa KooH, 9T06B 10Ka3aTh HE3ABUCUMOCTE aKCHOMBI
BBEIOODA M KOHTUHYYM-TUMOTESHl B TEOPUU MHOXKECTB.

Bospparmasace K HHTYUIMOHACTCKOMY HCYUCJICHUIO BBI-
CKA3BIBAHUY, TIPUBEIEM HECKOJIBKO BRIBOIUMBIX (hOPMY.I.

e YIT06H MOHATE cMBICT GopMyasl (A — B) — (=B —
— —A), BcmoMHMM, 9T0 oTpunaHe =X MOXKHO TOTKO-
BaThb Kak (X — 1), rge | — 3aBegoMo a0xkHOe yTBEp-
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xKaeHne. JTa HOpPMyJIa TOBOPUT, UTO ecan w3 A cie-
ayetr B, a u3 B caenyeT 3aBEIOMO JIOXKHOE yTBEPHK IE-
Hue, TO u3 A clregyeT 3aBefOMO J0XKHOE YTBEDXK ICHNIE
(YacTHBIN CIydYall TPAHAWTUBHOCTYU OTHONIEHUS CIEN0-
BaHus). BeiBog € He ucnoib3yeT 3aKOHA UCKIIOIEHHO-
ro TpeThero. B camoM gesne, o 1eMMe O neAyKIun (go-
Ka3aTeJLCTBO KOTOPOU OCTAETCS TEM K€ U IS UHTYU-
[IMOHKUCTCKOIO NCYNUCICHUS BEICKA3BIBAHUN) JOCTATOY-
HO JOKa3aTb, 4T0 u3 (A — B) u —B BeiBoguTCa —A.
[las 5TOro0, B CBOIO OUYEpEab, AOCTATOYHO NOKABATH,
qro u3 (A — B), B u A BBIBOAATCA ABE LIPOTHUBO-
pedampe apyr apyry GopMydasl (4TO O9EBHIHO: 3TO
dbopmyast B u —B).

Yrober BuBecTu dopmyay (A — ——A), nago noka-
3aThb, YTO U3 A BHIBOAUTCA ——A, 1 9€r0 JOCTATOIHO
u3 A m —A BLIBECTH ABE TPOTUBOPEUAIIME APYT IPYTY
bopMyaBL (4TO TPUBUAILHO — DOLATCH caMu (hOPMy-

ael A u —A).

Popmyaa (A — —A) noayyaercs U3 AByX Hpenbl-
OYIIUX: MOM0XKKUM B paBHbiM ——A B IepBOU U3 HUX.

dopmyaa (mA — ———A), ¢ APYrOU CTOPOHEHI, €CTh
YACTHBEIU CIydall BTOPOHU (POPMYJLI, TAK 9TO TPU OT-
PUIIAHAA PABHOCWILHEL OTHOMY .

KoMMyTaTHBHOCTE M ACCOUMATHBHOCTH OHEpAlMi A
1V, TakK e KaK U [IBA CBOUCTBA IUCTPUOYTUBHOCTH,
HEe OMUPAJIUCH HA 3aKOH MCKJIIOUEHHOT'O TPETHErO.

ITo-npexuemy ((AVB) — C) pasrocuisro ((A — C)A
A (B — () (ummmkanuu B 06€ CTOPOHBI, CBA3BIBAIO-
mme 5>Tu GOPMYJILI, BHIBOJUMEL B MHTYUIMOHACTCKOM
MCUUCICHUY BBICKA3LIBAHUIL).

Basas L B xauectBe C' B mpeasigymmx GopMyIax, MbI
BUJUM, 9TO OauH u3 3ak0HOB Jle Moprana (a umenHo,
3akoH —(AV B) < —~A A —B) He onupaercsa Ha 3aKOH
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HCKMIOYEHHOTO TPETHEro (UTO JErKO MPOBEPUTH U HE-
LOCPEACTBEHHO).

o dopmyay (A V —A) coxparusmmicsa 3akon ae Mop-
raHa Mmo3BoJfgeT nepenucath B Buge —(—A A ——A), u
HYy>KHO Juiib BeiBecTd u3 (A A ——A) aBe nporusono-
JIOXKHBIE (POPMYJIHI, ITO OUEBUIHO.

31. IIpoBecTn moApO6GHO JOKA3ATEIHLCTBO BEIBOIUMOCTH B WH-
TYUIUOHUCTCKOM HCYIUCJICHUN BbICKaBI:,IBaHI/Iﬁ BCeX IIepevunucJeH-
HBIX (pOopMy.I.

C Apyrou CTOPOHBI, MHOTHE 3aKOHBI KJIACCAICCKON JOTHU-
KU [ePeCTAOT ObITH BBIBOQUMBIMU 0€3 3aKOHA UCKJIIOYEHHO-
ro Tperbero. TakoBbI, HAIPUMED, POPMYJILI

-—p —p,
pV p,

-pV —p,

(¢ ——p) = (p—q),
~(pAq) — (=pV —q),
(pva) —p)VvlpVa —a).

Mpr nuimem 31ech OepeMeHHBIE P U ¢, & He IPOU3BOJLHEIE
GOpMYIBI, TOCKOABKY PE3YJIbTAT MOJACTAHOBKU HEKOTOPBIX
GopMyT BMECTO p U ¢ MOXKET OBITH BEIBOAUMOHU (hOPMYJIOH.
Hanpuwmep, eciu BMECTO p B IEPBYIO U3 IEPEUUCICHHBIX (POP-
MyJ TOACTABATHL POPMYIAy —A, TO HOLYIUTCA BBIBOLAMAA
dopmyma A — —A.

JIOBOMBHO SICHO, 9TO 3TU (POPMYJIBI HE CONVIACYIOTCS € UH-
TYUIMOHUCTCKUM TOAX0A0M. Hampumep, B mpeanocienHen
popMyse TOBOPUTCS, ITO €CIM MBI OMPOBEPTVIN TPEATIONO-
xeHne (p A ¢), TO MBI MOXKEM YKAa3aTh HA OHO W3 TIPE[-
MOJIOXKEHUU P U ¢ U NPEIbIBATH €ro onposepikenue. Bpsg
JIU TAKOU TEPEXO] MOXKHO CIUTATH OOOCHOBAHHBIM C WHTYU-
IIMOHUCTCKOU TOYKY 3penud. Ho, pazymeercs, popMaTbHbIN
BOIIPOC O BBIBOAUMOCTH TpeGyeT hOpMATBHOIO OTBETA.

Hauném ¢ 3akoHa MCKIIOYEHHOTO TPETHETO.

Teopema 24. ®opmyna pV —p He BHIBOAUMA B UHTYUIINO-
HUCTCKOU JIOTHKE.
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< B kJ1accuvueckou JOTUKE KXk Iasa MPOMO3UINOHATLHAA
HepeMeHHas MOXKeT IPUHUMATE ABa 3Hadenus — ucruna (H)
u 10%b (JI). B 3aBUCAMOCTH OT 3HAYEHUN TEPEMEHHBIX KaXK-
gou (opMmyse Takke TmpunuckiBaeTca suadenue U wim JI.
PacmmprM MHOXECTBO MCTUHHOCTHBIX 3HAYEHUU, TOGABUB
HOBOe 3HaveHne H (ecau yroqHo, MOXKHO CIATATH 3TO COKPA-
MIEHWEM CJIOBA (HEU3BECTHO»). MuI oTox aecTriaamu U ¢ enu-
uunen, a JI — ¢ myaéum, Tak 94TO JOrMIHO OTOXKAeCTBUTE H
¢ qucaom 1/2.

Mui moKaxkeM, 9TO UHTYUIMOHUCTCKYU BHIBOIUMBIE (hOp-
MyJbl BCerga npuHuMaior 3uadenue W, a popmyaa pV —p ue
TAKOBA, U TIOTOMY HE BHIBOAUMA.

YTo6b1 ompenenuTs 3HaUeHUuA GOPMYJI B TPEXZHATHON
JOTHKe, HeOOXOMUMO 33,1aTh TAOAUIbl UCTUHHOCTHU IS BCEX
MPOMO3UIIMOHANBHBIX CBA30K. KOHBIOHKINIO OIpefennM Kak
MUHAMYM U3 ABYX 3HaIeHUn (Tak 9ro, Hanpumep, JIAH = JI,
aUAH=H), a guspionkuuio — kax MakcumyM. Orpuna-
uue geucrsyer tak: ~A = JI, -JI = U, -H = JI. (locaeguee
MOXKET MOKA3ATHCA CTPAHHBIM: TOYEeMY ObI HE CIUTATh, YTO
—H = H? OxaspiBaeTcs, Tak HEJAb3sT — HAIPUMED, IOTOMY,
410 Torga ¢opmyaa —(p A —p), KOTOpas BEIBOAUMA B UHTYU-
[MUOHUCTCKON JIOTUKe, Oy1eT uMeTh 3Haderre H npu p = H.)

CroxHee BCEro ONpeneneHne NCTUHHOCTY NI UMILINKA-
nuu. MBI moaraem, <To

A—-2z)=2z uw (I—-z)=H
A5 OOOr0 MCTUHHOCTHOrO 3HAMEHUS &, & TAKKE ITO
H-I)=J, H—-H)=Uu(H-HN) =N

Hazosem dopmyny 3-masmoaoeuet, ecaium OHA IIPUHU-
MaeT suHadenre W mpu JOOLIX 3HAYEHUSIX MIEPEMEHHBIX U3
muoxkectBa {,JI, H}. Temeps HAZO TPOBEPUTH [BE BEIW:
(1) BCe aKCHOMBI UHTYUIMOHUCTCKOTO UCIUCICHUA ABJIAKOT-
cs 3-raprosorusamy; (2) ecau HOCHLIKA UMILIAKALAA U BCs
AMILIIKALINS ABIAIOTCS 3-TABTOJOTUAMY, TO U 3AKIOYEHUE
TOXE ABIACTCA 3-TaBToMOTTen. BTOpOe cpasy sACHO U3 ompe-
[JeJeHUs UMILITKALIY, & TIEPBOE HAI0 aKKYPATHO IIPOBEPATD,
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COCTABUB TAOJUIBI 1Js Beex akcuoMm. Mur He Oyaem >TOro
moapOo6HO IemaTh, MOCKOABLKY 3TO YMCTO MEXAHUIEeCKAA IIPO-
BEPKA U TOCKOJIBKY IyTh MO3JKe MBI CMOXKEM BBIBECTU 3TO U3
Oomee OOIIETO YTBEPXK IEHNUA.

CrenoBaTeabHO, BCAKASA MHTYULIUOHUCTCKU BBIBOAUMAS
dopmyna aBaserca 3-taBrosoruen. Temepb 3aMeTuM, UTO
dopmyna pV-p npuanmaet 3uadenne H mpu p = H u moTomy
HE SBIAETCA 3-TABTOJOTUEN — 3HAYUT, HEBBIBOAUMA. [>

32. IlokaxwuTe, 9TO BCAKAA 3-TABTOJIOTUSA ABIAETCA TABTOJIO-
ruenr B OOBITHOM CMBICITE.

Wcnonb3oBanubil HaMu OpUéM roiuTcs He Bcerga. Ha-
npuMep, HHTYUIUOHUCTCKY HEBEIBO AUMAast (popMyaa —pV-—p
ABJAAETCA 3-TABTOJOTUEN, TIOCKONBKY (COMMIACHO HAIIEMY OIT-
pegeseHuio) GOpMyJaa P MOXKET IIPUHUMATH TOALKO 3HAYe-
ousa U u JL

33. KaKI/Ie U3 MEPEIUCICHHBIX HAMU UHTYUIVUOHUCTCKU HEBBI-
BOAUMBIX (POPMYJI ABIAIOTCA 3-TABTOJOTUAMU?

Bosee o6mmyu crnocob yCTAaHOBIEHUA HEIOKA3YEMOCTH
(HEBBIBOIUMOCTY) PABIMIHBEIX (HPOPMYJ JOCTABIAIOT WKA1bI
Kpunxe (nmu modeau Kpunxe, kaxk €mé roBOPAT).

Yrober 3agars mxaxy Kpumnke, myxHo:

® YKa3aTh YACTUYHO yIOpAAOUeHHOEe MEHOKECTBO (W, <),
HA3LIBAEMOE MHOXKECTBOM MUPOE;

e I KAXKIOTO MUPA YKa3aTh, KAKAE U3 MIPOMO3UIINO-
HATBHBLIX TTEPEMEHHBIX CIUTAITCA UCTUHHbLMUY B DTOM
mupe (OCTajbHbIE [IEPEMEHHBIE CIUTAIOTCH A0HCHBIMU
B ToM Mupe). Eciu nepeMennas  ucTuHHa B MUpPe W,
MuI mmieM w |k x.

IIpu sToM TpebyeTcs, YTOOLI OBLIO BEIIOJHEHO CJIETYIOIIee:
ecim w < v uu bz, To v IF 2z (o6racTe ncTunHOCTH JMHOGOU
MePEMEHHON HACJAEICTBEHHA BBEDX).

Korga mkana 3agzaHa, MOXHO OIPEIEIATh UCTUHHOCTH
m0601 GHOpMyYJIHL (B JAHHOM MUPE) UHIYKIMEN [0 IOCTPOoe-
uuio Gpopmyasl. Mur numem w |- A, ecim B Mupe w UCTUHHA
dopmyna A. Bor HHAYKTUBHOE OIpEIeICHNUE:

e wiFAANB,ecom w - Auwl- B;
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wlk AV B, ecm w - A wimm w - B;

e wlF A — B, ecin B mo60oM MuUpe U > W, B KOTOPOM
uctunHa popmyna A, uctunHa Takxke u Gpopmyaa B;

e wlk—A, ecim nu B kakom mMupe u > w ¢popmy.ia A me
ABJIACTCSA UCTUHHOM.

dopmyaa, He ABAAIOMIAACA UCTUHHON (B JAHHOM MUDE), Ha-
3BIBAETCS JIOKHON (B HEM).

Omnpenencane MCTUHHOCTH [JA OTPUIAHMA, KAK JETKO
MPOBEPUTD, COTVIACOBAHO ¢ ToHmMauumeMm —A kak A — L,
rge 1 — TOXAECTBEHHO JOKHAA (BO BCEX MUPAX) POPMYyJIa.

Nmenno onpegenenue umMmivkanuu (M OTPULAHUS) KUC-
NOb3yeT MOPATOK HA MHOXKECTBE MHPOB. Ecmum ¢opmyaa
CONIEPXUT JUIIb KOWBIOHKIINU U NU3BIOHKIN, TO €€ MCTHH-
HOCTB IO CyIIECTBY ONPEAENACTCA OTAEIBHO B KAXK IOM MUDE.

Wuaykumen mo mocTpoeHuio (hopMyasl A Jerko mpoBe-
pPUTB, 9TO €CAU OHA MCTHHHA B KAKOM-TO MUPE, TO HCTUHHA,
u BO Bcex O6npmwmx mupax. B camom gene, mepecedenue u
0OBLEIMHEHNE IBYX HACACICTBEHHBIX BBEPX MHOXKECTB TAKKE
0618 12T DTUM CBOUCTBOM, TAK ITO MIA CIYIad KOHBIOHK-
UM W OU3BIOHKIUEA MOXKHO COCIATHCA HA IMIPEAMOIOKEHUE
MHAVKIAA. A IS UMIIAKAIAY JaxKe W DTOrO HE HYXKHO, J0-
CTATOYHO NOCMOTPETH HA ONPEIeICHHe.

Dunocodckun cmbica mkan Kpunke naorga 06bLACHAOT
Tak. [Iycte W ecTh MHOXKECTBO BO3MOXKHLIX COCTOAHUM I~
BWIM3ALNY (MUPOB); w < ¢ O3HAYAET, 9TO MHUD % MOMKET IO~
JAYIATHCA U3 MUAPA W B PE3YJIbTATE PASBATHA IVBUIA3AIINA.
Yreepxaenue w |- A o3HavdaeT, IYTO B MUPE W YCTAHOBJIECHO,
910 BeickaseiBanue A uctunno. (IIpu sToM OHO ocTamercs
HUCTUHHBIM 1 TIPU JaJbHEUIIEeM DasBUTUY IuBuansanun.) M-
TUHHOCTL —A B MHpE W 03HAYAET, YTO HYU IPU KAKOM pPas-
BATUY IWBWIM3AIUEA U3 COCTOAHUA W BHICKA3EIBaHUE A He
CTAHET WCTUHHBLIM.

Omnpenenesne NCTUHHOCTY OTPUIAHKA B ITKanax Kpumke
npeaBoCXUTII IIyIIKIH, KOT A2 MICAT (HET TPAB ALl HA 3eMJIC.
Ho npasaer mer u Beuue. . » (Mouapt u Canbepu).



78 Hcuucaenue 8vickasvieanut [ra. 2]

34. Bo uT0 mpeBpamaeTca onpeaereHne UCTUHHOCTY B IIIKAJIE
Kpunke, ecu B HeI TOJIBKO OAMH MUP? €CIM B HEW HUKAKWE IBa
MHpA HE CDABHUMBI!

Teopema 25 (KOPPEKTHOCTL MHTYMLUMOHUCTCKONO MCHUCTE-
HUSI BBICKA3blBaHWA OTHOCUTeNbHO wkan Kpunke). dopmyaa,
BBEIBOJVMAA B WHTYUIMOHUCTCKOM UCIUCICHUU BHICKA3LIBA-
HUU, UCTUHHA, BO BCEX MUPAX BCEX MKaa Kpurke.

<1 Hago mpoBepuTh, 9TO BCe aKCHOMBI UCTUHHEBI BO BCEX
MEpPAax, & TAKKe ITO MPaBUIO Mmodus ponens COXpaHaeT 2TO
cBoncTBO. BTOpoe oueBnano: eciu A — B ucTuHHA BO BCEX
Mupax U A wmecTMHHA BO BCEX MHUPAX, TO IO ONPENEICHUIO
UCTUHHOCTY UMILTAKANUU B 6y1eT UCTUHHA BO BCEX MUPaX.

Ocranocs TpoOBEpUTH UCTUHHOCTDH BCEX AKCHOM. 1TOOBI
YCTAHOBUTH, YTO UMILIUKAIUA  — 1) UCTUHHA BO BCEX MU-
pax, HaJO MPOBEPUTH, 9TO B TEX MUPAX, e UCTUHHA (HOp-
MyJa @, UCTUHHA U (opMmyaa . [aa nepon axcuombr A —
— (B — A): ecu popmyna A UCTHHHA B HEKOTOPOM MUDE,
TO B CWJIY MOHOTOHHOCTY OHA MCTHUHHA W BHIIE, TAK UTO
B — A makxe UCTUHHA.

IIposepum BrOpy®0 akcuomy (A — (B — C)) — ((A —
— B) - (A - (). lycts u I+ A — (B — C). Hano
y6emutbea, uto u IF (A — B) — (A — C). 910 o3Ha-
qaeT, yro ecimt v > uu v Ik A - B, tov Ik A — C.
Mocaearee, B CBOW0 OYepenb, 3HAYAT, UTO €CAU W > U U
w Ik A, To w IF C. Ho B cumly MOHOTOHHOCTM MBI 3HAEM,
gro wlFA— (B—-C)uwlk A— B. Ilostomy uz w I- A
crienyer w IF B, w - (B — C), u, nakoren, w - C, 910 u
TPeOOBATOCE.

OcranbHble aKCHOMEI IPOBEPSAIOTCS €I IpoIe. >

TakuM o6pazomM, YTOOBI TOKA3ATH, YTO HEKOTOpas (op-
MyJa He BBIBOAUMA B UHTYUIUOHUCTCKOM HCUUCICHUY BbI-
CKa3BIBAHUY, TOCTATOYHO IPeAbaBuThb mKary Kpunke, B on-
HOM U3 MUPOB KOTOPOU OHA, JOKHA.

35. Ilokaxure, 9TO B DTOM CIydae €CTh IIKAAa, B KOTOPOU
cpeau MUPDOB €CThb HaI/IMeHBH.II/Iﬁ nB HeM (bOpMyJIa JIO2KHAa.

[t popMyas pV —p TaKas MIKada CTPOUTCA Jerko. Bosb-
MEM ABA MUpPA, IEPBBIA MeHbIne BTOporo. IlycTs p uctunna
TOJBKO BO BTOpoM Mupe. Torga —p ne Gy1eT UCTUHHA HUTIE,
a pV —p OyIeT UCTUHHA TOJBKO BO BTOPOM MUDE.
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Ha camom mene 5To HOKa3aTEIBCTBO B CYIIHOCTH COBIIA-
JaeT ¢ IpuBeAEHHBLIM Bblle (€ TPEX3HAYHOU Jorukon). B ca-
MOM JI€JIe, B OTOU MIKaIe AJA (POPMYJBI €CTh TPU BO3MOXKHO-
CTH: OHA UCTUHHA B OOOUX MUPAX, OHA MUCTUHHA TOJBKO BO
BTOPOM MEPE, WIU OHA HE MCTUHHA HA B OJHOM K3 MHUPOB.
OTHU TPU BO3MOKHOCTH COOTBETCTBYIOT TPEM 3HaveHusaM U,
H u JI B paccMOTpeHHON HAMU TPEX3HATHON WHTEPITPETA-
nuu. JIerko npoBepuTs, 9TO TAGAUIEL OMEPAINT KAK Pa3 Co-
OTBETCTBYIOT ONPEAENEHUI0 UCTUHHOCTY B Mogenu Kpumke.

Ternepb MBI MOXKEM YCTAHOBUTE, YTO BCE MEPEINCACHHLIE
BBHIIE (POPMYJIEI HEBLIBOMUMEI B MHTYUITMOHUCTCKOM HCIH-
CJICHUY BBICKA3BIBAHUN. [l (hOPMYyaBI ——p — p TOAWTCA Ta,
xe caMas MKaTa (p UCTUHHO TOABKO B GosbiieMm Mupe). OHa
xKe rogures piust Gopmy.asl (g — —p) — (p — ¢q), ecau p uc-
TUHHO B 060UX MUpPax, a ¢ — TOJBKO B GouabeM. [[iasa Tpéx
OCTABIIMXCA (POPMYJI MOXKHO PACCMOTPETH ITKAILI ¢ TPEMS
MUPAME: HAMAIEHEIM MEPOM U, 3 KOTOPOT'O MOXKHO ITOMACTH
BYU 2 UUBW 2> U, MUDEL v 1 w He cpaBHuMBI. Ecan dop-
MyJa p UCTUHHA TOILKO B MUPE U, TO (GOPMYIa —1p UCTUHHA
TOJIBKO B MHUPE W, & ——p UCTUHHA TOJIBKO B MHUPE ¥, TAK
9TO B MEUPE U 00€ (POPMYJIEI —p W ——p JOKHEl U IU3BIOHK-
A —p V ——p J0KHA. ITO6B TOCTPOUTH KOHTPMOIEIb A
dopmyasl 7(pAg) — —pV g, OygeMm CHUTATH, YTO P UCTUH-
HA TOJLKO B MEPE ¥, & ¢ UCTUHHA TOJLKO B Mupe w. Ta xe
mKana roguTcea u aas popmyast ((pVe) — p)V{((pVe) — q).

Oka3eIBaeTCA, 9TO 3TOT IPUEM YHUBEPCANEH, KAK IIOKA-
3LIBAET CJAEIVIOUIAS TEOPEeMa.

Teopema 26 (MOAHOTHI WHTYULUOHWUCTCKONO WMCHUCAEHUS
BbICKAa3bIBaHNI OTHOCMTENBHO WwKan Kpunke). [luis aobon He-
BBEIBOJVMON B WHTYUIMOHUCTCKOM UCIUCICHUN (POPMYJIHL ©
MOXKHO TOA00paTh WKaTy Kpunke, B KOTOPOHU (@ JOXKHA B
HEKOTOPOM MUDE.

< HamoMuuM cxXeMy A0Ka3aTeIbCTBA TMOJHOTHL KIACCH-
9YECKOr0 UCHYUCJAEHUS BBICKA3LIBAHUE, IPUBEIEHHOIO B Pas-
geae 2.2, Ilycts Gopmyna ¢ HeBbiBoguUMA. MBI XOTUM HAU-
TY 3HAYCHUA TTIEPEMEHHBIX, IPU KOTOPHIX (POPMYJIA ¢ JOXKHA,
TO ecThb (popmyna — uctuaHa. Camo mo cebe TpebGoBaHue
HUCTUHHOCTH —( HE ONPEIETACT 3HAYEHWA IePEMEHHBLIX Of-
HO3HAYHO. YTOOL M36ABUTHCA OT MPOM3BOJIA, MBI PACIINP-
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€M HENPOTWBOPEINBOE MHOKECTBO { ¢} 10 MOIHOTO MHOXKE-
crBa [' 1 06bABIAEM MCTUHHLIME T€ MEPEMEHHLIE, KOTOPEIE
BXO1AT B .

11 MHETYMIMOHUCTCKOrO CAy4as B 9TON CXeMe TpeGyioT-
€Sl HEKOTOPEIC M3MEHCHWA. PaHbBINe JOXKHOCTH (POPMYJIET 0
ObL1a PABHOCHIBHA MCTUHHOCTH (POpMyJabl —p. B mkamax
Kpunke 510 yxe me Tak, u Mbl 6ygeM OTAEILHO TOBOPUTH
00 UCTUHHBIX U JOXKHBIX (HE MCTUHHBIX) (hOPMYIAX.

Mycts A m B — KOHEYHBIE MHOXKECTBA MPOMO3UITAOHATb-
ubx Gopmya. Bynem rosopurs, aro mapa (A, B) cosmecm-
#@, €CIU CyIEeCTByeT mKaaa Kpunke m €€ Mup, B KOTOPOM
BCE (POPMYJIBI M3 A MCTUHHBL, & BCe (POPMYILI U3 B J1oXHEL
Bymem rosoputs, uro mapa (A, B) npomusopeuusa, ecau B
MHTYUIMOHUCTCKOM WCUMCAEHUN BBICKA3LIBAHUM BLIBOIUMA,
dopmyaa

(AlAAQ/\/\An)—)(Bl\/Bz\/\/Bm),

rae Ay, ..., A, — dopmyasr muokecta A, a By, ..., B, —
dopmyasr MEOKecTBa B. (Bes orpanndenna o6IIHOCTH MOK-
HO CYHTATH, YTO IIEPEYUCAeHB Bce POPMYJIbl MHOXKECTB A
u B, moCKOIBKY IpoOmyleHHsie (POPMYJIbl MOXKHO T0OABUTD,
He HAPYIINUB BBIBOIUMOCTD. )

IIpumep: ecan omHa U Ta XKe GHOPMYJIa BXOAUT B 00€ ta-
CTU IapBI, TO TAKas apa IPOTUBOPEIUBA.

Jlerko mpoBepuTh, YTO MPOTUBOPEYINBAS ITapa HE MOXKET
6BITE cCOBMecTHA. B camoMm gese, eciu B HEKOTOPOM MEPE BCE
dopMyast u3 A UCTUHHEL, a BCe HOPMYJILI U3 B JOKHEL, TO
MOCBLTKA UMILTUKAIINY B 3TOM MUPE UCTUHHA, 3 3AKIIOYECHUE
sa0xkHO. [lopTOMY MMILIHKANWS TOXKHA, ITO IPOTUBOPEUNT €€
BBIBOAUMOCTHU (TEOpPEMa O KOPPEKTHOCTH).

Mur goxaxem, ITO BEPHO U OOPATHOE: BCAKAA HEIPOTU-
BOpEYUWBAs Mapa cOBMecTHa. B wacTHOCTH, KOoTaa B cocTo-
UT U3 €JUHCTBEHHOU (DOPMYJBI, IOIYIALTCSI YTBEPKICHUE
Teopembl 0 moiuoTe. (Mbl mpeamonaraeM, Kak 3TO OOBIY-
HO [efaeTcs, YTO KOHBIOHKIUA MMyCTOr0 MHOXeCTBa (hop-
MyJ €CTh TOXKJIECTBEHHO WCTUHHAS (POPMYJIA, & AUIBIOHK-
U — TOXIeCTBEHHO JoxkHasA. [losToMy npoTrBOpedInBOCTh
napel (&, {¢}) O3HATAET BHIBOAUMOCTB (POPMYIHL (. 3amMe-
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TUM KCTaTH, 9TO NPOTUBOPEUMBOCTDL mapsl ({¢}, &) osHa-
4aeT BBIBOAUMOCTL (POPMYJIBL —p.)

Urak, mycTs uMeeTcsa HempoTUBOpedmBas mapa (A, B).
Kaxk noxaszathb eé coBMecTHOCTH? Kak U B KIACCHIECKOM CIIy-
qae, Mbl yeTpanuM npousson, pacmmpus A u B. OcHOBHBIM
CPEICTBOM 31€6Ch ABIACTCA TAKAA JEMMA.

JNlemma 1. Tlycte (A, B) — HenmpoTHBOpEYMBaA mapa, a
T — mpom3BoabHAA (opmyaa. Torma xors 661 ogHA W3 TAp
(AU{r},B) u (4, BU {7}) HenpoTusope4usa.

MokazaTeabcTBo JeMMbI 1. [IycTh 00e mapwl ¢ 106aBICH-
HBIM T IPOTUBOpedmBEL. Hano 10Ka3aTh, 1TO IPOTUBOPEYH-
Ba mcxomgHaa mapa. [pyrumm croBaMu, HATO MOKA3ATh, ITO
€CIM B MHTYUITMOHUCTCKOM WCIMCICHNN BHLICKA3EIBAHUN BEI-
BOAUMEL (pOPMYJIBEL

(ANT) — B,
A— (BVT),

TO BBIBOAUMA U (popMmysa A — B (s npocToTe MBL OTO-
XKJIECTBIAEM MHOXKECTBA A 1 B ¢ KOHBIOHKICH U U3 BbIOHK-
[UEN UX DIeMEeHTOB U cuutaeM A u B gopmyaamu).

B camom gmese, mo jemme 0 FeIyKIUU JOCTATOYHO TOKa-
3aTh, 9T0 A F B. [I14 5TOro 10CTATOYHO yCTAHOBUTL, 9TO

AR (BVT)— B,

nockonbky (BV7) B mpennonoxenunu A y Hac yxke ects. [laa
5TOTO0, B CBOIO 0YEpPEIb, JOCTATOYHO YCTAHOBATHL, 9TO A
F (B — B)u AF (1 — B). Ilepsoe oueBuauo (u noceuika A
He HYXKHA), BTOPOE DPABHOCWIBHO BEIBOAMMOCTH (DOPMYJIBI
(AAT) — B, xoTopas HaM [aHa [0 YCJAOBUIO JeMMHI. Jlem-
ma 1 mokasama.

IIpoBeaénnoe paccyxgeHue, KaK TOBOPAT, YCTAHABIABA-
er donycmumocms (B MHTYUIMOHUCTCKON JOTUKE) NPGEUAL
ceuenun, MO3BOJAIOIICIO «HUCCEYby (PopMyaLy T U3 POpMy.T
(AANT) - Bu A — (BV 1) u noryauts popmyay A — B.

Bosppamasck K JOKa3aTETLCTBY TEOPEMBI, PACCMOTPHAM
IPOM3BOJBHYIO Hermporusopeuusyio mapy (A, B). Paccma-
TPUBAA IO OYEPEI PABAMIHLIE (POPMYJILL T, MEI Oy 1emM 106a-
BJIATH UX K JEBOU WIN IIPABOM 9acTU. UTOOLI 3TOT IPOIECC
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(«rmonoHeHNey ) OBLT KOHEIHBIM, MBI ONPAHIIUMCA POpMYIa-
MU 3 HEKOTOPOI'O MHOXKECTBA.

DukcupyeMm HEKOTOPOE KOHETHOE MHOKECTBO (popMya F,
KOTOPOE COMepKUT Bee hopMyast u3 A, B n 3aMKHYTO OTHO-
CUTENBHO nepexona K nogdopmyaam (ecau GopMy.ia BXOLUT
B F, 10 Bce eé noadopmyast Bxoasat B F'). Hanpumep, moxuo
BKJIIOUUTE B F' BCe moadopMyast Beex dopmya u3 A u uz B.

IMapy (X,Y), y xoropon X,Y C F, 6ymeMm Ha3sHIBATH
N04101, €CIM OHA HETPOTUBOPeInBa u Jiobdas popmyaa u3 F
Bxoaut jaub6o B X, mbo B Y (1o ecte X UY = F'). 3ameTnm,
MTO U3 HEIPOTUBOPETUBOCTHU caeayeT, uTo X NY = &, Tak
9TO mojHasd napa 3agaér pasbuenue I’ ma ase wactu. (Bo-
Jiee TOYHO IOJHEBIE MAPHI CIEI0BAN0 OBl HA3BIBATD (IIOJHBIMUI
OTHOCUTEIBHO F», HO y HAC MHOKeCTBO F' QpuKcupoBaHo.)

Jlemma 2. Ucxonuas napa (A, B) MoxkeT ObITh paciiupeHa
10 mouHou: cywecrsyer noaxas napa (X,Y), nus koropoun
ACX,BcCY.

JloxazaTeabCTBO OUYEBHIHO: IPUMEHIEM IO OUYEPEeIN JeM-
My 1 Ko Bcem ¢opmymnam u3 F.

Touno Tax xe J00YI0 HETPOTUBOPEUUBYIO MAPY, COCTA-
BJIECHHYO u3 (HopMysa MHOXKECTBA F', MOXHO PaCIIMPUTEL IO
nomHON. (DTO 3aMEYaHUe HAM BIIOCICACTBAM ITOHALOOUTCA. )

st 3aBepiieHns JOKa3aTeILCTBA TeopeMbl 26 HaM ocTa-
JIOCH TIOKA3aTh, YTO BCAKaa momHad mapa (A, B) coBmecTHa
(cymecTByer mkaga u MUP, B KOTOPOM Gopmyasl u3 A uc-
TUHHBL, a GOpMyJsl u3 B moxuer). B oTimdne or kiaccu-
TECKOT'O CIy€as TOCTPOEHUEe Oy IeT NCIONH30BATh HE TOIHKO
napy (A, B), Ho 1 BCe LOJIHbIE HAPEL.

Illkana Kpunke crpourcs Tak. Mupamu 6yIyT ITOJHBIE
napsl (R,S) (TO eCTb BCEBO3MOXHEBIE HEMPOTUBODEIUBLIE
pasbuenma MHOKecTBa F Ha JeByio m mpasyio wactm). Uc-
THHHOCTH NEPEMEHHBIX OIIPENE/NAEeTCA €CTECTBEHHBIM 00pa-
30M: BCAKasg MEpPEMEHHAas p, BXOAAMIAsd B OAHY u3 (POPMYJI
MHOXECTBa F', camMa mpuHAIICKAT MHOXKECTBY F' (3aMKHY-
TOCTH OTHOCUTEALHO IOADOPMYJ); €CAU P BXOAUT B JEBYIO
gacTb noaHon napset (R, S), To p ucrunna s mupe (R, S), ec-
JU B IIPABYI0 — TO JoxkHa. (BmocaeacTsum 3T0 CBOKCTBO MBI
pacnpocTpasuM Ha Bce (popmyJasl: aobdas popmyna u3 R oka-
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werca uctuanon B Mupe (R, S), a mobas Gpopmyna uz S —
JIOXKHOIL. )

Ocranocs onpegenuTsb NOPALOK Ha MHOKeCTBe map. Cuu-
TaeM, 9to (R1,51) < (R, S2), ecmm Ry C Rs. (Takoe onpe-
ETEeHMe He yANBATEIBHO, €CIN BCIOMHNTD, YTO MCTUHHOCTD
opMyJI HACJAELYeTCs BBEDX.)

JNlemma 3. B nocrpoennon mkane B mupe (R, S) ucrunus
Bce popmyJbl u3 R u j0xHBI BCe hOpMyasl u3 S.

[0Ka3aTeIBCTBO JEMMBl 3 MPOBONUTCA UHIYKIUEN IO
nocTpoerno Gopmya. Jlia mepeMeHHBIX OHA BEpHA TIO Ol
pemenenuio UCTUHHOCTH. IlycTh HekoTopas ¢gopmyaa u3 F
He ABIAETCA mepeMeHHOn. Torga OHA €CTh KOHBIOHKIIWA,
MM3BIOHKIINA, MMILTAKAITASA WM OTPULIAHNE U I €€ JacTen
YTBEPK IEHUE JEMMEL BEPHO II0 IIPEIIION0KEHUIO WH Ty KITHH.
Paccmorpum Bee cayduam mo odepeny, Havap ¢ KOHBIOHKIAN
U IU3BIOHKIAA (MCTUHHOCTH KOTOPBIX HE 3ABUCAT OT IPY-
rUX MUPOB).

(Ar) Ilycre Gopmyaa ¢ A1 sxogur B R. Torga ¢opmy-
JIBL ¥ 1) He MOT'YT BXOAUTH B S, unade napa (R, S) 6bu1a 661
IPOTUBOPEUIUBON (U3 0 A 1) BHIBOAUTCA @ U ). SHAUAT, @
u ¢ Bxogar B R (mosHoTa), H03TOMY OHU UCTHHHEL (IIPEAIO-
JIOXKEHUE VHIYKINAN ), ¥ IIOTOMY ¢ A ¢ HCTUHHA (OIpeLeSeHre
HCTUHHOCTH).

(As) Mycrs dopmyaa ¢ A1 Bxoaut B S. MoryT au 06e
dopmyast ¢ u Y Bxoguth B R? Her, Tak kak B 5TOM CJIy-
4ae napa (R,S) 6buia 6L IPOTUBOPEYUBOU. SHAYUT, XOTs
OBl OIHA U3 (HOPMYJ BXOAUT B S, TODa MO MPEITOI0KEHIIO
UHIYKIUA OHA JOXKHA, M TMOTOMY (HOPMYyTIa A1) JOXKHA B
mupe (R, S).

(Vgr) Ecau popmyana ¢ V1 Bxogur B R, TO HopMysl ¢
U 1) HEe MOTYT ONHOBPEMEHHO BXOJWUTH B S, U MOTOMY XOTA
Obl ONHA W3 HWX HUCTUHHA, TAK 9TO U BCA (PopMyaa @V ¢
UCTHUHHA.

(Vs) Ecau ¢popmyaa ¢ V¢ Bxogur B S, TO GOPMYJIEL ¢
U 9 He MOI'YT BXOAUTH B R, I03TOMY 06€ OHHU JIOKHEL U (HOD-
Myaa @ V i) JoXKHA.

(—gr) Oycrs dopmyaa ¢ — ¢ sxoaut B R. IIposepum,
4yro ona ucrunua B (R, S). JTo 3Hadur, 4To B 11060M MUpe
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(R',S"), koropwin BEIIE Hamero (To ectb R D R) u B KO-
TOPOM UCTHUHHA HOPMYIa @, JOMKHA OBITH HCTUHHA U HOp-
myaa 1. B camom gere, ecam ¢ ucrtunua B (R, S’), To oHa
pxoquT B R’ (mpemnonoxenue wugykmuu). C apyrou cro-
POHEL, ¢ — ¢ BxoauT B R’, mockoapky R’ D R. Tenepn
ACHO, 9TO GPOPMYJa 1) HE MOXKET BXOAWTHL B S’ Tak Kak B
sroM caydae mapa (R',S’) 6buta 661 IPOTUBOpPEYUBOU (U3 @
u ¢ — ¢ BoBOgUTCA 1), 3HauuUT, ¥ BxoauT B R’ w motomy
ucturHa B (R’ S’) 10 IPEANONOKEHIIO NHIYKIUN.

(—s) Do naubosee UHTEPECHBIN CIyHal, [4e HAM CHOBA
noTpebyercsa nononnenue. llycts dopmynta ¢ — ¢ BxoguT
B S. MBI IOMKHBL [OKA3aTh, 9TO OHA JOXKHA B Mupe (R, S).
CormacHO ONpEeNeIeHUIo, DTO O3HAYAET, YTO HAWAETCSA MU
(R',S"), mna xoroporo R O R u B xoTOpoM (dopmyna ¢
UCTUHHA, a GopMyJaa v JoxHa (To ectb p € R'my € S, co-
[VIACHO IIPEANONoKeHuo nHaykuuy ). Kak nauTu rakou Mup?
Pacemorpum napy (R U {p}, {#}). Dra napa senporusope-
quBa. B camom mene, ecau 6w1 popmyaa R A @ — 1) Obuia
66l BEIBOAUMA, TO U dopmyaa R — (¢ — 1) GbLia Obl BB
BoguMa (nemma 0 gepykuuu), u noromy napa (R, S) Gbuia
OB TPOTUBOPEYMBA. Temeps MOXKHO paclMpUTEL HENpPOTH-
Bopeumsyo napy (RU{¢},{¥}) mo mommon mapm (R’,S’),
KOTOpas u OyIeT HCKOMEIM MUPOM.

OTpunanue paccCMaTPUBASTCA AHAIOIMYIHO MMILTUKALN
(KaK MBI y2Ke TOBOPUIM, MOXKHO BMECTO OTPULAHUSA BBECTU
TOXIECTBEHHYIO JOXKE | U BOOBIIE €ro He PACCMATPUBATD).

(-r) Oycrs dopmyaa —p Bxogur B R. Hano mzoxasarso,
aT0 popMyaa ¢ Joxua B J06oM mupe (R')S’) Bhmue Mu-
pa (R,S). ®opmyaa ¢ He MOXKeT BXOOUThH B R/, Tak kak
B R’ BxoguT dpopmyna —¢ (manomumm, uto R C R'), a u3
© A @ BEIBOAUTCA JEO0AA (POPMYJIa. SHAYAT, 0 BXOIUT B S’
M 1O MHIYKTUBHOMY TPEITONOKEHUIO (POPMYIa ¢ JOXKHA B
(R, S").

(—s) Oycts popmyna — BxoguT B S. B sTOoM caydae
napa (R U {y}, @) Henporusopedusa (eciu u3 R u ¢ BEBO-
AWTCs IPOTUBOpeYne, TO u3 R BeBOAUTCA —vp). Pacmmpus
e€ 1o moaHou, moaydaeM seictmi Mup (R, S’), B KoTOpOM
dopmMyaa @ ucTUHHA (10 UHAYKTUBHOMY [IPEAIIOJOKEHUIO).
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Caenosareasbno, ¢popmyna —p joxua B Mupe (R, S).

JlemMma 3 mokasama. OHa 3aBepIaeT JOKA3ATEILCTBO Te-
opemsl 26. Hanomuuwm emé pas ero cxemy. Ilycts dpopmyaa ¢
HE BBIBOAUMA B MHTYUIUMOHUCTCKOM UCYUCICHUM BLICKA3BI-
Bauun. Torga mapa (&, {¢}) HenpoTusopeunsa. Pukcupyem
MuOkecTBO F' Becex nondopmyn dopmyast ¢. Pacmupum za-
Iy HEIPOTUBOPEUUBYIO APy A0 MOJHOU (oTHOCUTEAbHO F').
OTa nomHas mapa 6yIeT OJHAM U3 MUPOB IKaabl Kpunke (B
KOTOPOU MUPAMU SIBJSIOTCS HOAHbIE napbl). MeHHO B 5TOM
Mupe u GyaeTt JoKHOU popMyaa p. >

36. Ilokaxwure, uro ecau popmyasl P u () J0XHBI B HEKO-
TOPBIX MUpPAX HEKOTOPBIX mKaa Kpumke, TO MOXHO MOCTPOUTH
mwkany Kpunke u Mmup B Hen, aaa koToporo ¢gopmyaa PV Q 6y-
ner A0xKHOU. (YKa3aHWe: COeUHMM LIKAJIBI, B KOTOPBIX JIOXKHBL
dopmyaer P u @, B 0qHy, 106aBUB HOBBIA MUP, KOTOPHIX MEHbIIE
MupOB, rae P u () J0XHEL )

W3 »Tou 331841 U U3 TEOPEMBI O TOJIHOTE BHITEKAET Ta-
KO€ CJEICTBUE: eCJAU AUIBIOHKIAA MBYX (POPMYJ BHIBOAAMA B
MHTYHAIUOHUCTCKOM UCUUCICHUY BEICKA3BIBAHUN, TO XOTS Obl
OflHA U3 (POPMYJ TOXKE BBIBOAUMA. JTO CBOUCTBO BHIMOIHE-
HO [JiA MHOTMX UHTYUIIMOHUCTCKUX WCIUCACHUN U COOTBET-
CTByeT Ha4YaJbHOU miee: nokasarb A V B osmadaer moka-
3aTb onHy u3 gopmya A wiu B. Ilogo6uble CBOMCTBA MOXKHO
JOKA3BIBATD U CUHTAKCUIECKN, UCTIONb3YA TEHIICHOBCKUE Ba-
PUAHTHL HHTYUIAOHUCTCKUX UCIUCACHUN.

37. (a) Iokaxwure, uro gopMyra ——(p V —y) BEBOAUMA B
MHTYUIHOHUCTCKOM WCIHUCIeHUY BbICKasbiBanmi. (6) Iloxaxwure,
aT0 ecan Gopmyasl “p u (¢ — 1)) BBIBOAWMBL B MHTYHIO-
HUCTCKOM UCYVCICHUY BHICKA3BIBAHUNU, TO U (POPMYIa 1) BBIBO-
OUMa B MHTYUIAOHUCTCKOM HCYUCICHWU BBICKa3biBaHuu. (B) [o-
KaxuTe, 4TO ecau (GHOpMyJIa @ BBIBOANMA B KIACCUIECKOM HKC-
YUCJIEHUN BBICKA3BIBAHUN, TO (HOPMYyJIa ——¢ BBIBOAMMA B UHTY-
NIOINOHNCTCKOM HNCYUNCICHUN BBICKaBI)IBaHI/IIL/'I (TeOpeMa FJII/IBQHKO)
(r) Hoxaxure, 9T0 s GOPMYJI, COAEPKAMMAX JIUIIb KOHBIOHK-
U0 U OTPULAHWE, PA3HUIBI MEXAY KIACCUICCKUM ¥ WHTYUIN-
OHUCTCKNM HNCYUCICHUAMU HET: U3 KJIaCCI/I‘IeCKOIL/'I BBIBOIMOCTHA
caeayeT MHTYyHOUOHUCTCKaA (Teopema ['éxems).

38. I—IOKaJ)KI/ITe7 YTO UHTYUIMOHUCTCKOE MCYUCICHUE BBICKA-
3BIBAHUN PA3PEIIIMO: CYMIECTBYET AJTOPUTM, KOTOPBIU MO HPO-
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W3BOJIBHOU (OpMyJe OmpefenseT, BEIBOAMMA JX OHA B WHTYU-
LOVOHUCTCKOM HCYUCJICHUU BBICKA3bIBAHWU. (YKa3aHWe: OLEHUTE
MOIIHOCTH KOHTpMOgenu Kpunke; MOXHO 060UTHCH U (€3 3TOro,
3aMeTUB, YTO ¥ MHOXECTBO BBEIBOAUMBIX (DOPMYI, U MHOXKECTBO
dbopMya, EMEmIX KOHEIHBIE KOHTPMOLENN, II€PEIUCAUMBL. )



3. S3bIku neporo nopsiaka

TloMuMO JOTUIECKAX CBA3OK, B MATEMATHIECKAX PACCY-
KIEHUAX TACTO BCTPEUAITCA KEAHMOPbL «11a J1060roy (V)
u «cymectsyets (3). Hampumep, onpegenenue HeNpepuIBHO-
CTH HAMHHAETCA CAOBAMHU LI JHOOOr0 MOJOXKUTEILHOTO &
HAUAETCA TOMOKUTENBHOE §, IIA KOTOPOro...». A onHa u3
AKCHOM TEOPUH T'PYNI (CYMIECTBOBAHNE OOGPATHOTO BJIEMEH-
Ta) 3anuceBaercs Tak: VeIy((zy = 1) A (yz = 1)).

MOXHO COPMYINPOBATH PABIAIHBIE JOTUICCKUAE 3AKO-
HBI, BKJAIOYAONME B €08 KBAHTOPBL Hampumep, BHICKA3BI-
BaHUe «CyllecTByeT Takoe z, 4ro A» (rge A — mekoropoe
CBOMCTBO OOBEKTA ) JOTMIECKN SKBUBAICHTHO BHICKA3HIBA~
HUIO (He s BceX T BepHO —A».

Mu1 Gy1eM 3anKUCHIBATH TAKOT'O POA 3AKOHEI ¢ TIOMOIIBIO
BhopMya, TaguM OIpeneJeHne UCTUHHOCTU (opMya (mpu
JAHHOU MHTEPIPeTALUH BXOIAIUX B HUX CUMBOJIOB) U KC-
caefyeM, Kakoro POja CBOMCTBA MOXKHO BBIPAXKATH € IIOMO-
b0 GOPMYI U KAKAE HEJIb3A.

3.1. dopmMynbl M UHTEpNpeTaUnm

Haxuém ¢ mpumepa. Ilycte M — mexoTOpoe HemycToe
MHOXKECTBO, a R — OuMHapHOEe OTHOIIEHUE Ha, HEM, TO €CTh
TTOIMHOXECTBO fekapToBa npomsBenenus M x M. BmecTo
(z,y) € R mb1 6ygem nucars R(x,y). Paccmorpum gopmyay

Ve Iy R(z,y).

IATa popMyTa BHIPAKAET HEKOTOPOE CBOUCTBO OMHAPHOTO
orromenus R (mas mo6oro saementa x € M HanméTcs dae-
MEHT, HAXOAUIMACA ¢ HUM B OTHOUeHuu R) u Moxer GbITh
ncTUHHA win JjJoxkHa. Hampumep, ecim M ecTh MHOXKECTBO
HaTypaJbHLIX "ucen N, a R — OTHOIIeHNEe «CTPOTO MEHBIIIE)
(apyrumu crosamu, R ects MHOXeECTBO Beex nap (z,y), A/
KOTOPBIX & < ), TO 3Ta (GOpMyJa UCTUHHA. A g OTHOIIE-
HUA «CTPOTO 6OIBIIE (HA TOM K€ MHOXECTBE) 3Ta (POPMYyIa
JIOXKHA..
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Bonpoc o Tom, 6yaet iu ucturHa POPMYyIa
Jy R(z,y)

UL TAHHOT'O MHOXKecTBa M u mis MaHHOrO GHHAPHOIO OT-
HomeHus: R Ha HEM, He UMeeT CMBICIA, TTOKa He YTOTHEHO,
KaKOBO 3HaveHue nepemennou x. Hampumep, ecim M = N
u R(z,y) ects x > y, TO »Ta QopMmyaa GyAeT UCTUHHOU
mpu x = 3 u jgoxuou nipu £ = 0. [lna gameex M u R ona
3a1a€T HEKOTOPOE CBOUCTBO DJIEMEHTA & U TeM CaMbIM Olpe-
JenseT HEKOTOPOe ITOAMHOXeCTBO MHOXkecTBa M.

TMepengém x popmanbaeiM onpepeteruam. [ycts M —
HemycToe MHOXKecTBO. MuoxkecTso MF* cocTout u3 Beex mo-
caegoBarensbHocTen (Mmy, ..., My) AIUHBL k, COCTABAEHHBIX
u3 »aeMenToB MuHOxkecTsa M. HazoséMm k-mecmuot Pynryu-
eti Ha, MHOXKecTBe M moboe orobpaxenue M* s M (ompe-
nenérnoe Ha BeéM MF). CumomnmMver: «pymxmma k apryMen-
TOB», «QYHKIUA BAJCHTHOCTH k», «pyHKIUA MeCTHOCTH k»
u naxe «pyHKIUA apHOCTH k» (MOCJAETHEE CJIOBO TPOUCXO-
OUT OT CJAOB «yHApHas» A QYHKIUE OJHOI'O apryMEHTA,
«Ounapuasp (omepauus) Lis (PYHKIUU ABYX apryMEHTOB U
«TEepPHAPHAM JJIA TPEX apryMEHTOB).

Hazosém k-mecmuvim npeduxamom Ha MHOXKeCTBe M
n06oe orobpaxenne M* B mmoxecrso B = {HM,JI}. Ta-
KOU OpeIuKaT OyLeT WCTUHHBIM Ha HEKOTOPLIX Habopax
(mq,...,my) MHOXKeCcTBa M 7 JOXKHBIM HA OCTAJIBHBIX Ha-
6opax. IlocTaBuB eMy B COOTBETCTBHE MHOMXKECTBO T€X Ha-
60pOB, I'le OH HCTUHEH, MBI IOIyYaeM B3aUMHO OJHO3HAY-
HOE COOTBETCTBUE MKy k-MeCTHBIMU nperukaraMu Ha M
I IO IMHOXKECTBaMu MHOxecTBa MF. ToBopsa o mpegukarax,
TaKXKe yHnoTpebJsaioT TEePMUHBI «BAJCHTHOCTDY, «IUCIO ap-
TYMEHTOB» U [Ip.

Mg 6ymeM paccMaTpuBaTh Tak:ke (PYHKIUU U MPEeIUKa-
TH BAJCHTHOCTH HY.Th. MEOKecTBO MY 01HORMIEMEeHTHO (CO-
QEPKUT eJUHCTBEHHYIO NOCIegoBaTebHocTh fuuHbl (). ITo-
sromy pyuxmma M° — M 0TOXICCTBIAIOTCA ¢ DICMEHTAMIY
MHOXeCTBa, M, a HyJIbMECTHBIX TPEINKATOB POBHO IABA —
UCTUHHLIN U JIOXKHLIA.
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EcrecTBenno, 9T0 B GOPMYJIEI OyAyT BXOAUTEH HE CAMU
(YHKIMU ¥ OpeIuKATHL, a 0O03HAYEHUs IS HUX, KOTOPHIE
HA3BIBAIOT (PYHKUUOHAADHBIMY U NPEeJUKAMHLIMY CUMBOAG-
Mu. B KadecTBe CUMBOIIOB MOYXKHO UCTIOIB30BATE JMHOOBIE 3HA-
K. BaxHo 1unib, 4T0 KaX J0OMY CUMBOJIY IPUIIMCAHA BaJEHT-
HOCTB, KOTOP&SI OIPEIeIIeT, CO CKOIBKIMU API'yMEHTAMU OH
MOXKeT BCTpedaThes B ¢hopmyae. [IponsBonbHBI HAGOP Tpe-
JUKATHBIX U (PYHKIMOHAIBHBIX CUMBOJOB, A KAXKJIOTO U3
KOTODPBIX YKA3aHO HEOTPULATEILHOE YACIO, HA3BIBAEMOE 60G-
AEHIMHOCMBI0, MBI OyI€M HA3BIBATE CUSHAMYPOTL.

Ocraéres onpeeauTh TPU BEHIU: 9TO Takoe (HOopMyaa
JAHHOU CUTHATYPHL, 9TO TAKOE UHTEPIPETAIN JAHHOU CUT-
HATYPHL ¥ KOr[a (OPMYJa ABJIACTCA UCTUHHOU (B AAHHOU
UHTEepPIpeTALNY).

DuxcupyeM HEKOTOPBIM HAOOP CHMBOJIOB, HA3BIBAEMBIX
uHOUBUIHBIMY, Nepemenubimty. OHU MPeTHASHAMEHEI I 000~
3HAYEHWUS DJIEMEHTOB MHOXECTBA, HA KOTOPOM OIpe[ese-
HbI (DYHKIIMY ¥ NPEIUKATHI; OOBIYHO B TAKOM KAYECTBE MC-
MONBL3YIOT JATUHCKME OYKBHI T, Y, 2, U, U, W ¢ WHAeKcamu. B
KaXKI0u (opmynae GyAeT HUCIOIB30BATHCSI KOHEIHOE HHCJIO
MepeMeHHBIX, TaK 49TO CYETHOT'O HabOOpa IEPEMEHHBIX HaM
XBaTUT. MBI TIpeamonaraeM, 9To MePEMEHHBIe OTJIUIHEL OT
BCEX (DYHKIMOHAIBHBIX ¥ IPEINKATHBIX CUMBOJOB CUCHATY-
pBL (MHAYE BHIMAET IyTAHWULA).

OmpegenuM TOHATHE MepMa JAHHOU CUTHATYDPHL Tep-
MOM HA3BIBAETCS HOCICIOBATENBHOCTH MMEPEMEHHBIX, 3aIsi-
TBHIX, CKOOOK ¥ CUMBOJIOB CUT'HATYPHI, KOTOPYIO MOXKHO HO-
CTPOUTD TO CJIEAYIOMINAM MPABAIAM:

o unuBuinas nepeMeHHas €CTh TEPM.
o DYHKIMOHATBLHLIU CAMBOJ BATCHTHOCTH () €CTHL TepM.

e Kcmm t1,...,ty — TepMel, a f — QYHKINOHAILHBIN
cumBoa BaseaTHOCTH K > 0, 7O f(t1, ..., %)) €CTH TepMm.

B nmpuHnumne Mox#HO OBLIO HE BHIACAATE (DYHKITMOHAILHEIE
CUMBOJBI BATEHTHOCTU () (KOTOPBIE TaKkKe HABHIBAIOT KOH-
CMANMAMU) B OTLEIBHYIO I'DYIIY, HO TOr4a Obl [OCJAe HUX
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OPUILIOCH TTACATH CKOOKH (KaK 5TO JEJAeTCA B IIPOrPAMMAaX
Ha a3bike Cu).

Ecim A — mpeaukaTHBIN CUMBOJ BaJeHTHOCTH k, a
t1,...,tx — TepMbl, TO BEIpaxenue A(ty,...,t;) cauraerca
amomaproti popmyaot. Kpome Toro, aodOU IpesnKaTHLIA
CUMBOJ BaJeHTHOCTU () CIMTACTCA ATOMAPHON (POPMYJION.

DOpPMYJIBI CTPOATCA TIO TAKUM TPABUIAM:

e Aromapuas Gopmyaa ecTb POPMyJIa.
e Ecan ¢ — dopmyna, To ~¢ — dopmy.aa.

e Ecau ¢ u ) — dopmyast, To Beipaxkerus (@ Av), (¢ V
V1), (¢ — 1) Takxke ABIAOTCA GOPMYIAMHU.

e Ecam ¢ ectb dhopmyaa, a & — MHAWBUIHAA TEPEMEH-
Has, TO BeIpaxkeHus VE ¢ u 3¢ ¢ aBasoTca GopMyIaMu.

Bo MHOrmx ciydasx B CUTHATYPY BXOAMT ABYMECTHBIA
OPeIUKATHLIN CUMBOJ =, HA3LIBACMBIN paséencmeom. 1o
TpaIuIUu BMECTO = (t1,ts) mumyT (t; = ts).

Urak, mouarue GOpMyaEl B NAHHOH CUTHATYPE IIOJHO-
cThI0 onpeneneno. MHorga Takue popMyJIBl HABHLIBAIOT (Hop-
MYAGMU NEPB020 NOPAOKG TAHHOU CUTHATYPHI, UAN (POPMY-
JAMU A3bIKG NEPE020 NOPAOKE C TAHHOU CUHATYDPOU.

Hamr crenyrommy mar — ONpemeneHne uHmepnpemayu
TAHHOU CUTHATYPHL I1ycTh (DMKCHPOBaHA HEKOTOPAA CUTHA-
Typa o. UTo6L 3314TH HHTEPIPETANNIO CATHATYPEL 0, He-
06X0IMMO:

® YKa3aTb HEKOTODOE HEeIyCTOe MHOXKeCTBO M, Ha3bIBa-
eMoe HoCumeseM MHTEePIPETAINY;

® IS KAXKIOTO MPEINKATHOTO CHUMBOJIA CUTHATYPHL O
YKa3aTh MOPEIUKAT C COOTBETCTBYIOMIMM HUCAOM ap-
CYyMEHTOB, OIpeneJéHHbI Ha MHOXecTBe M (Kak MbI
yxke ropopuiau, 0-MECTHBIM TPEIUKATHBIM CHMBOJAM
crasurcsa B coorsercrsue jaubo U, nubo JI);

® A KaXJI0ro (YHKIMOHATHHOI'O CUMBOJA CHUTHATY-
PBEl 0 YKa3aTb (PYHKIWIO COOTBETCTBYIOLIE'O YMCJIA
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apryMeHTOB C apryMeHTaM¥ 1 3HadeHusMu u3 M (B
gacTHOCTH, AaA 0-MEeCTHBIX (DYHKINOHAIBLHEIX CHMBO-
JIOB HAaI0 YKa3aTh DIEMEHT MHOXecTBa M, ¢ HUME CO-
[OCTABJISAEMBIN ).

Ecam curmaTypa BKIOYIaeT B ce6sS CUMBOJI PABEHCTBA,
TO Cpeu €6 UHTEPIPETAIMA BEIIEIAIOT HOPMAAbHbIE UHTED-
IPETAWH, B KOTOPEIX CHMBOJ PABEHCTBA HHTEPIPETUDPYET-
CSl KAK COBIIAICHUE DJEMEHTOB MHOXKecTBa M.

IlpuBeaéM HECKOIBLKO IIPUMEPOB CUTHATYD, HCIOIb3Ye-
MBIX B Pa3JUIHLIX TCOPHUAX.

CurraTtypa TEOPUH YyHOPALOIEHHLIX MHOXKECTB BKIKOTA-
eT B ceba 1Ba IBYMECTHBIX MPEIUKATHBIX CUMBOIA (paBeH-
CTBO ¥ TOPANOK) U He MMeeT (PYHKIUOHAIBHBIX CUMBOJOB.
3pech Takxke BMecTO < (z,y) 0O TpaiMnMu DUMYT T < Y.

AxcuoMbl nopagka (pedaeKCUBHOCTD, aHTUCAMMETPUAY-
HOCTB, TPAH3UTUBHOCTE) MOTYT GBITH 3AIMCAHBL (hOPMYJIa-
MU DTOU CUTHATYPHL. Hampumep, TpebGOBaHWE AHTUCAMME-
TPUIHOCTH BATMCHLIBACTCS TaK:

Ve Vy(((z <y) Ay < x) — (& =y)).

WNHorzga B curHATYpPy TEOPUH YOS JOUEHHBIX MHOXECTB
BMECTO CUMBOJMA < BKIIOYAIOT CAMBOI <; GOJBIION DA3HU-
LBl TYT HET.

39. Kax 3annucaTs ¢ HOMOIIBIO (POPMYJIBI CBOUCTBO JMHETHON
YHOPALOYEHHOCTH! CBOUCTBO HE MMETH HAMOOJBIIETO DJIEMEHTA!
CBOICTBO IMIOTHOCTH (OTCYTCTBHA COCEIHUX HIEMEHTOB)? CBOH-
CTBO (PYHAUPOBAHHOCTU (OTCYTCTBUAA GECKOHEIHBIX yOBIBAIOIIAX
HOCJIeAOBaTeJILHOCTeI;’I — WIH, 9TO 3KBHUBAJICHTHO, HAJUYIUA MU-
HUMAJBHOIO 3JIEMEHTA B I060M IOAMHOXECTBE)? CBOUCTBO IIOJI-
HOU ymopagodeHHocTu? (YKa3aHWe: HE NI BCEX IEPEIUCICHHBIX
CBOICTB 3TO BO3MOXKHO.)

Curnatypy Teopum T'DYNI MOXKHO BBHIOMDATH MO-PA3HO-
My. MoxHO cumTaTh, 9T0 (MOMUMO DABEHCTBA) OHA UME-
er ABYMECTHBIN (DYHKIMOHAJIBLHBIN CUMBOJI X (KOTODLIA 1O
TPAJULNA 3AMACHIBAIOT MEXKIY MHOKUTENAME), KOHCTAHTY
(HYJIBMECTHRIN (DYHKIIMOHAJIBHLIM CAMBOJA) 1 ¥ OZHOMECT-
HB QYHKIUOHAABHBIN cuMBOA inv(z) gas obpamenus. To-
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T'Ia aKCUOMBI TCOPUU TPYHN 3aNUCHIBAIOTCA C UCIOJIb30BA-
HueM JUIIb KBAHTOPOB BC606H_[HOCTI/II

Vo Vy Vz(((x x y) x 2) = (2 x (y x 2))),
Vo (2 x 1) = 2) A (1 x 2) = 2)),
Vz (((z x inv(z)) = 1) A ((inv(z) x z) = 1)).

Ecin ve BrIIOYATH Onepannio OOpalneHus B CUIHATYDY,
IPUIETCA UCHOIB30BATE KBAHTOP CYIIECTBOBAHUA U IIEPEIn-
CaTh MOCIETHIO AKCUOMY TakK:

Vo 3y (((z xy) =1) A ((y x ) = 1)).

40. Kax 3ammcaTh aKkCHOMBI T€OPUU T'PYII, €CIN B CUTHATYpe
HeT KOHCTaHTHI 17 (Yka3aHue: akcuoMa O CyLeCTBOBaHUM 0GpaT-
HOI'O CTaHET IaCThI0 aKCHUOMEBI O CyII€eCTBOBAHUN e,Z[I/IHI/II.H:pI.)

41. Kaxk 3anucaTts B Bue (pOPMYJILI TPeOOBAHIE KOMMY TATUB-
HOCTW TPYNIEBI? YTBEPXK JEHUE O TOM, ITO JI0001 31eMeHT (KpoMe
epuaune) mMeeT nopanok 117 xoneunocts rpynnet? (Ykasanme:
HE BC€ U3 IMEPEINCICHHOI'O MOXHO 3alI1CaTh, XOTA IIOKa Y HaC HET
CPEACTB 3TO YCTAHOBUTD. )

Curmarypa TEOpUU MHOXKECTB COMEDIKUT NBA IBYMECT-
HBIX IPEIUKATHBIX CUMBOJA: AJIA IPUHA IEXKHOCTU U IJIA Pa-
BEHCTBA. AKCHOMEI TEOPUM MHOXKECTB MOXKHO 3aIIUCLIBATEL B
BrIe GOPMYJI DTOU CUTHATYPHL. Hare Bcero paccMaTpUBAIOT
BAPUAHT aKCUOMATUICCKON TEOPUN MHOXKECTB, HA3HIBAEMBIN
Teopuen Lepmeno—Ppenkens u o6osuadaemuin ZF. IIpuse-
IEM JJII IPUMepa OAHy u3 akcuoM Teopun ZF, HasbiBaeMyio
AKCUOMOT 00HEMHOCTNU, WIN IKCTNEHCUOHAALHO CTTIUY:

Vay (V2 (2 € 7) — (z €9)) AVz((z € 4) — (z € 2))) —
~ (=)

42. CpopMyanpoBaTh CIOBECHO TY aKCHOMY.

43. 3anucaTts B Buge GOPMYIbl GKCUOMY PE2YAAPHOCTNU, UIA
Pyrduposarus, KOTOpPas TOBOPUT, YTO y BCAKOI'O MHOXKECTBA
€CTb MUHWMAJBHBLIM (C TOYKU 3DEHUA OTHOUICHWA €) DIEMEHT,
TO €CTb DIEMEHT, He MePECEeKAIIIUINCA C CAMAM MHOXKECTBOM.
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44. KakoBa eCTECTBEHHAs CUMHATYpa A TEOPUU TOTEU?!
Moxno au 3amucaThs B BuAe (GOPMYIbI 3TOU CUTHATYPHI yTBEP-
XKJEHME O TOM, UTO II0JEe MMEeT XaPAKTEePUCTUKY 27 KOHETHYIO
XapaKTEPUCTUKY! aIre0paniecKu 3aMKHYTO?

3.2. OnpegeneHne UCTUHHOCTH

W3 npuBeféHHBEIX BLINIE IPUMEPOB, BEPOATHO, IMOHATEH
CMBICT (POPMYJIBI, TO €CTh ACHO, B KAKUX MHTEPIIPETAINAX
JAHHOU CUTHATYPHI W MJIA KAKMX 3JEMEHTOB (POPMyJa KC-
TuHHA. TeM He MeHee IIA JIOOUTEIEH CTPOrOCTH MBI IpPHU-
Beném popmarbHOe onpenenenue uctuarOCcTH. (Ero geramm
HNOHATOGATCA, KOr4a MBI Oy €M IPOBEPATH UCTHHHOCTD BEI-
BOAUMEIX GOpMyJ, cM. paszgen 4.3.)

Ipex e Beero, onpegeanM GOPMATEHO TOHATHES TP aMe-
mpa GopMyJbl (IEPEMEHHON, 0T 3HAYEHUsT KOTOPOU MOKET
3aBUCETH UCTUHHOCTE (OopMyant). Cormacuo sToMy ompese-
JEHWIO, cKaxkeM, ¢popmyaa Ve Jy A(x,y) He uMmeeT mapame-
TpOoB, a dopmyasr Iy A(z,y) u (A(z) A Vo B(z,z)) umetoT
eIUHCTBEHHLIA MMApaMeTp Z. BOT KAk BEIMIAZUT BTO OIpe-
JeTeHne:

o [lapameTrpaMu TepMa ABIAIOTCA BCe BXOAAMNE B HETO
VHANBYATHLIE TIEpEMEHHBIE.

e IlapamerpamMu aTOMapHOU (POPMYJIBI ABIAIOTCA MAPa-
MeTPHI BCeX BXOIAMUX B HEE TEPMOB.

o [TapameTpsl POPMYIALI —¢ Te Ke, ITO YV POPMYJIHI .

e lapamerpavn dopumyn (¢ A1), (¢ V¢) u (¢ — )
ABIAIOTCA BCE MAPAMETPHI (POPMYJIBL (0, & TAKKE BCE
mapaMeTpsl (pOpPMYJIBI 1.

o ITapamerpamu dpopmya VE ¢ um I€ ¢ ABIAIOTCA BCe ma-
paMeTphl (POPMYJIEL (0, KPOME IEPEMEHHON &.

ITapameTper HHOT A HABBIBAIOT C80000HbLMY NEPEMENHbL-
MU POPMYJBI. 3aMeTUM, YTO (POPMYJId MOKET MMETH OJ-
HOBPEMEHHO MapaMeTp & W HUCIOJb30BaTH (B ADYIOM Me-
cre) xksauTop V. Kak ropopar B aTom ciydae, ogHa u Ta
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K€ TIEPEMEHHAA UMEET C80000Hble U CBA3AHHbIE BXOXK TEHU.
CBo0O0qHOE BXOXKIEHME IEPEMEHHOM — DTO TAKOE BXOXKIE-
HEUe, KOTOPOE HE BXOIUT B OOJACTDH NEUCTBUA OTHOUMEHHOTO
KBaHTOpPa. ECau akKypaTHO OMPEmeNuTh 3Ty O0JACTh Jeu-
CTBUA, HECJAOXKHO IIPOBEPUTD, YTO MAPAMETPEL (POPMYJILI —
2TO KaK pa3 MePEMEHHBIE, UMEIOIINE CBOOOMHBIE BXOXK [€HU.

Temepb MBI XOTWM ONPEAEIUTH TMOHATHE (POPMYILI, UC-
TUHHOUA B TAHHOW MHTEPIPETAIMK IIPU NAHHEIX 3HATEHUAX
mapaMeTpoB. TexHudecku mpoIre CIuTaTh, YTO BCEM WHIU-
BUIHBIM TIEPEMEHHBIM TPUMTHACAHBI KAKUE-TO 3HAYEHUA, 8 TO-
TOM J0Ka3aTb, 9YTO MEPEMEHHBIE, HE ABAAIONIMECA IIapame-
TpaMu, He BIUAIOT HA UCTUHHOCTE (POPMYJIEL

UTax, mycTh PUKCUPOBAHA CUTHATYPA W HEKOTODAs WH-
TepIpeTanus >Tou curHaTypel. Oyenkoti Ha30BEM OTOGpA-
KEHWE, KOTOPOE CTABAT B COOTBETCTBUE KAXKIOU WHIWBHI-
HOU MEPEMEHHOU HEKOTOPHIN DIEMEHT MHOXKECTBA, ABJIAI-
IErocs HOCHTENEM MHTEPIPETANNU. JTOT DJIEMEHT Oyaem
HA3EIBATD 3HA%EHUEM NEPEMENROT TPU TAHHON OIEHKE.

OmpeaenuM UHAYKTUBHO 3HAYEHUE MepMma t TP TaAHHOU
OLIeHKe 7, KOTOpoe Mbl OyaeM 0603navars [t](7).

o [/ mepeMEeHHEBIX OHO YiKe OIIPeIeeHo.

e Ecau ¢ sBrseTca KOHCTAHTOW (HYJIBMECTHBIM (DYHK-
LUOHAJBLHBIM CUMBOJOM), TO [t](7) He 3aBucur or 7
U PABHO 3HAYEHUIO 3>TOU KOHCTAHTLI [IPU TAHHOU WH-
TeprpeTanyuu (HATIOMHUM, B UHTEPIPETALINY C KK JOU
KOHCTAHTOU COTIOCTABMACTCA HEKOTOPHIM BIEMEHT HO-

cuTesns).

e Ecau ¢ mmeer Bug f(ty,...,tm), Tae f — dyHKIWO-
HAJIBHBIA CUMBOJ BAJIEHTHOCTH M, & b, ...,L, — Tep-
meL, T0 [t](7) ects [f]([t1](x), . .., [tm](7)), rae [f] ecTn

(YHKIWA, COOTBETCTBYIOMAA CUMBOLY [ B HAIIEH WH-
Tepuperanuu, a [¢;](7) ecTh 3HaUeHWe TepMa t; IpU
OLICHKE .

Temepb MOXHO ONDEAEINATH 3HaueHue GOPpMyabl © TPU
JAHHOH OLCHKE ¥ B JAHHOU MHTEPIPETALMH, KOTOPOoe 060-
suadaerca [p](n) u Moxer 6brrh pasno W wiau JI; B nepsom
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caydae popMyIa HA3BIBAETCA UCMUHKOU, BO BTOPOM — 40%HC-
#0t. DTO OIPENeNeHIe TAKKe UHIYKTHUBHO:

o 3uauenue aromaprou popmyast A(fy, ..., t,) oupene-
asercsa kak [A]([t1](7),...,[twm](7)), roe [A] — upe-
IWKAT, COOTBETCTBYIONN PEIUKATHOMY CUMBOTY A
B PACCMATPUBAEMON WHTepnperanuu. Fcim GhopMmy-
Ja IpeacTaBiseT cOO0M HY/JILMECTHLIM IPEeIMKaTHLIN
CUMBOJI, TO €& 3HAYEHNUE HE 3aBUCUT OT OLUEHKHU U €CTh
3HAYEHUE D>TOr0 CUMBOJA.

o [—yp](7) ompeaensiercs kak —[¢(7)], Tae - HOHUMAETCS
kak omnepanus B B. Jpyrumu ciaoBamu, (opmyaa —¢
HUCTHUHHA IIPU OLOECHKE 7T TOr'Da W TOJbKO TOr'La, KOT'Ia
opMyma @ JOXKHA MPU STOU OIIEHKE.

o [ A 9](m) onpegenserca kak [p](w) A [¢](r), rae A B
OPaBOM YaCTH TOHUMAETCA Kak omeparua B B. (py-
ruMu caoBamu, Gopmyaa (¢ A1) UCTUHHA IPU OLEH-
K€ T TOIJa U TOJBKO TOLAA, KOrga 00e GOpMYJBL
U ¢ MCTHHHBLI IPY DTOW OIeHKe.) AHATOTUYHBEIM 06pa-
3oM [ V ¥](n) oupeneasercs xak [p](m) V [¢](n), a

[p = ¢)(m) — wax [p](m) — [¢] (7).

o Dopmyna V€ @ uUCTHUHHA HA OLEHKE T TOLLA U TOJIb-
KO TOTa, Korga popMyJia ¢ UCTUHHA HA JHOO0U OIEeH-
Ke 7', KOTOpasA COBMAJAET C 7 BCIOLY, KPOME 3Hade-
HUA TepeMenHON ¢ (KOTOPOE B OLEHKe T’ MOXKeT OBITh
mobbiM). Ipyrumu ciaoBaMu, ecau OGO3HAYUTH depes
7+ (£ — m) OUeHKY, IPU KOTOPOU 3HAMEHUE TIEPEMEH-
HOU & PABHO M, & OCTAJIBHBIE IEPEMEHHEIE IPUHUMAIOT
T€ XK€ 3HAYEHUs, 9TO U B OLIEHKE T, TO

VEel(m) = N Tel(m + (€ = m)).

meM

(B mpaBom 4YacTu CTOMT GECKOHEYHAA KOHBIOHKIINA,
KOTOpas UCTUHHA, €CAU BCE €8 WIeHbl UCTUHHEL )
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o dopmyna I ¢ UCTUHHA HA OIEHKE T TOTAA U TOJILKO
TOraa, Koraa GopMyJ/a ¢ MCTUHHA Ha HEKOTOPOU OIEH-
Ke 7', KOTOpas COBMAAACT C T BCIOAY, KPOME 3HAMCHUA
nepeMeHHON ¢ (KOTOPOE B OLIEHKe T/ MOXKET OBITH JIHO-
661M). Ipyrumu crosamu,

VEel(m) = \/ Tel(m + (& = m)).

meM

(B mpasom wacTm cTOUT GECKOHETHAS AUIBIOHKIW,
KOTOpasg MCTUHHA, €CAN XOTA OBl OJWH M3 €€ WIEHOB
UCTVHEH. )

3aMeTuM, 9TO B IBYX MOCJETHUX MyHKTAX 3HAUEHUE TIe-
peMeHHOU £ B OLIEHKE T He UCPAET POIU. JTO [IO3BOJIAET JEr-
KO [I0Ka3aTh (MHIYKIMEN MO MOCTPOEHUIO (hPOPMYJIHI) TAKOE
VTBEPKICHNUE: €CIN MBE ONEHKU T U Mo MPUIAIOT OTNHAKO-
Bble 3HAUEHUs BCeM mapamerpam (Gopmyasl ¢, 1o [p](m1) =
= [¢](72). IpyrumMu cIOBaMU, HCTUHHOCTL (HOPMYJIBL OIpe-
TETIeTCA SHAYECHUAMI €€ TTapaMeTpPOoB.

45. IIpoBegure 3TO MHAYKTUBHOE PACCYXK J€HUE IOAPOGHO.

46. IIpuBenéHHbIE BBHINE ONpENEJeHUA NPUMEHUMBL K JTH0001
dbopmyae, B Tom umcae u k crpannoun gopmyre Vy A(z). Kaxue
y Heé mapamerpsr! IIpu Kakux 3HAYEHUAX IAPAMETPOB OHA KC-
turHa? (OTBET: OHA WMEET eJUHCTBEHHBIU IAPAMETD T W JKBU-
BanenTHa dopmyre A(z).)

47. B kakom ciy1ae Gyaer ncturga popmyaa Vz Jz A(z)? Tor
xe Bonpoc aiaa ¢opmyasr Iz Vo A(x). (OTser: mepsas m3 >Tmx
dbopmyn sxBuBamenTHa dopmyre Jr A(r), a Bropas — dopmy-
1e Vr A(x).)

PDopMyaa HA3BIBAETCA 3AMKHYMOLU, €CIU OHA HE MMEeT
[IapaMeTPOB. 3AMKHYTHIE (POPMYJIbI HA3BIBAIOT TAKXKE ClYHC-
denusmu. Kak MBI 10Ka3ain, HCTUHHOCTL 3aMKHYTOH (op-
MYJBI OMPEIEIACTCA BEIOOPOM HHTEPIPETAINY (M HE 3aBU-
CUT OT 3HAYEHUU [IEPEMEHHBIX ).

3.3. Boipasumble npeaukaTsl

IycTes pukcupoBana HEKOTOPAsA CUTHATYPA 0 U €€ MHTEP-
nperanusa ¢ mocureaem M. MBI XOTuM OonpeseanTsb MOHITHE
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6b61pa3uM020 (C TIOMOIIBIO (POPMYILI TAHHOU CUTHATYDHI B
JAHHOU MHTEepPIpeTalun) k-MeCTHOIO IPeAUKATA.

Bribepem k mepeMeHHBIX X1, . . ., L. PACCMOTPUM MpOM3-
BOJIBHYIO (DOPMYITY (0, BCE MapaMeTPhl KOTOPOU COAEPKATCA
B CIUCKE X1,...,L5. VCTUHHOCTL 3TOU (POPMYJILI 3aBUCUT
TOJBKO OT 3HAUEHUU TEPEMEHHBIX X1,...,T. LeM CaMbIM
BosmmKaeT oTobpaxenne M* — B = {U,JI}, To ecTb He-
KOTOpBIU k-MecTHBIU Tnpenukar Ha M. ['oBopAT, ITO 3TOT
mpenuKaT swvipaxcaemcs dpopMmyaon . Bece mpenukaTh, ko-
TOPBIE MOXKHO TIOLYYUTh TAKUM CIOCOOOM, HABBIBAIOTCS 6bl-
pasumblmy. (CHO, 9TO KOHKPETHHI BBHIGOD CIUCKA IEPE-
MEHHBIX pouau He urpaet.) COOTBETCTBYIOMINE UM TOAMHO-
xecTBa MHOKecTBa M* (061acTV MCTUHHOCTH BEIPA3EMBIX
IPEIVKATOB) TAKXKE HA3BIBAIOT BLIPA3UMBIMU.

48. [okaxure, 4YTO ImepecedeHne, OObEAUHEHNE U PA3HOCTh
ABYX BBIPDA3UMBIX MHOXECTB ABJIAITCA BBIPA3UMBIMU. ﬂOKa}KH-
Te, YTO HPOEeKUNs k-MEepHOr0 BHIPA3MMOI'0 MHOXKECTBA BJOJb Of-
HOU M3 «OCEU KOOpAuHAT» ABLAeTCA (kK — 1)-MEpHBIM BBIpA3AMBIM
MHO2KECTBOM.

Mpumep. Curnarypa COAEPRUT OTHOMECTHHIN (hYHKIIU-
OHAJILHBIM CUMBOJA S U IBYMECTHBIA NPEIUKATHBIM CUMBOJ
paBeHCTBa (=). PaccMOTpUM MHTEpUPETANMIO DTOU CUCHA-
Typel. B kavecTBe HOCUTENA BHIOEpEM HATYypadbHbl pasg N.
CumBon S Gyger o603Ha4aTh PYHKIUIO TPUOGABICHUSA €I~
HUIBL (MOXHO CIATATH S COKPAILEHUEM OT CJOBA, SUCCES-
SO — MOCTENOBATENb). SHAK PABEHCTBA WHTEPIPETUPYETCA
KaK COBIIAJCHUE DIEMEHTOB.

Jlerko TpoOBEpUTDH, UTO OJHOMECTHLIU TPENUKAT «OBITH
HyJEM» BBIPA3UM B 3TOU UHTEPIPETALUN, HECMOTPS HA TO,
YTO KOHCTAHTHI JJIA HYJsA B CUCHATYPE HE MPETyCMOTPEHO.
B camom nene, o BRIpazkaeTCsa GOpMyJIOnN

—Jy(z = S5(y))

¢ eIVHCTBEHHBIM IapaMeTpoOM Z.

Emé mpomie BLIpa3uTh B 3TOU CUTHATYPE IBYMECTHBIN
TIPeINKAT «OBITH OOJBINE Ha, 2y, IPU DTOM AaXKe He HYXKHBI
kBaHTOpLL: Yy = S(S(x)).
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JII06GOMBITHO, UTO y3Ke B TAKOW MPOCTON CUTYAIINU MOXK-
HO CcOPMYIAUPOBATH COLEPXKATEIHLHYIO 334a49y: BHIPA3UTH
npeaukar y = ¢ + N, rae N — Gombinoe 9ucao (CKakeM,
MUWLIAAPT), ¢ TTOMOIIBIO CYIIECTBEHHO 00Iee KOPOTKOU (hop-
myaer, e y = S(S(...(S(z))...)). Kax Hu yaueurensno,
3TO BIOJHE BO3MOXKHO, 1 COOTBETCTBYIONIYIO (JOPMYJIY BIOI-
HE MOXKHO YMECTUTH Ha, JUCTE OyMAaru.

49. [loxaxuTe, 4YTO NpeAuKkaT y = & + [N MOXHO BBIpa-
3UTh (OPMYJON YKA3aHHOU CUTHATYDHI, IJIUHA KOTOPOU €CTh
O(log N). (Ykasauue. Ecau MBI Hay IuInCh BBIPAXKATh Y = T + N,
MOXHO BBIPDA3UTh Y = & + 21 C MOMOIIBIO (POPMYJIBI

z((z=z+n)A(y=2+n))

(B xOoTOpOU €EPE3 2 = T + M U Yy = 2 + N 0603HAIEHBI COOTBET-
crByfomme (GopMyabl). ITO caMO IO cebe HWIero He NaéT, Tak
KaK JIWHA (POPMYJTBI YBEIMYUIACH BABOE, HO MOXHO UCIOIB30-
BaTb TAKOU TPIOK:

BVuVo(u=zAv=2)V(u=zAv=y)) = (v=u+n)).

llajee MOXHO BOCIOJB30BATHCA 3ANUCHI0 Yuciaa N B ABOUIHON
CuCTeMe CIUCICHUSL. )

Mo¥HO JOKa3aTh, 9TO B 3TOU CUTHATYPE KBAHTOPHI TO-
YTU HE YBEJUYMBAOT HAOOD BBIPA3UMBIX IPEIUKATOB: BCHA-
KUY BHIPA3UMBIN TPEAUKAT OYAeT BRIPAKATHCA OECKBAHTOD-
HOU (OpMYJIOU (BO3MOXKHO, TOPa3a0 6ojee IIMHHON), €Cau
nobaBuTh K curHarype koucrauty (. Mer Bepaémcs k sTomy
BOIIPOCY B pazgaene 3.6.

Y7066 NPUBBIKHYTH K TMOHATUI BBIPA3UMOCTH, PACCMO-
TpUM enié ofuH npuMep. [lycTh curHaTypa COAEpXUT mpe-
JUKAT PABEHCTBA U TpéxmMecTHbI npegukar C. Paccmorpum
UHTEPIPETAINIO, B KOTOPOU HOCUTENEM ABAACTCS MHOXKECT-
BO TOYEK TUIOCKOCTH, PABEHCTBO UHTEPIPETUPYETCA KAK CO-
Buagenue rouex, a C(z,y,z) 03HAYaET, YTO TOYKU T U Y
pPaBHOYHaJeHbI 0T TOYKH z. OKAa3bIBAETCSA, UTO DTOrO Mpe-
JUKATA JOCTATOYHO, YTOOH BRHIPA3UTE GoJee WA MEHEe BCe
TPAJUIUOHHBIE NOHATHSA JIEMEHTAPHON TeOMETPUH.

Kaxk, manpumep, 3anmucaTth, 9TO TPU PABIUIHBIEC TOUKU
A, B,C nexat ua oguou upsamonu? Bor kak: «me cymecTBy-
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et gpyrou Touku C’, KoTopas HaXoAuaach OBl HA TEX XKE
paccrosuusax ot A u B, uro u Touka C».

50. Hanwimmre cOOTBETCTBYOMYO GOPMYIy YKA3aHHOU CHUI-
HATYPBHL.

Tenepn Jerko BHIPA3UTH TAKOE CBOUCTBO YE€THIPEX TOUEK
A, B,C,D: «rouku A u B pasmuunsr, Touku C' u D pazind-
Hbl u npsambie AB u C'D napamuieasssh. B camoM gese, Hamo
HAUCATH, YTO HET TOYKHU, KOTOPas Obl OJHOBPEMEHHO Jie-
xKana Ha ofHOu ipaMon ¢ A u B, a Takixke Ha OTHOU TPAMOU
cCuD.

TTocae »>TOro MOXKHO BHIPAZUTH CBOUCTBO Y€THIPEX TOTEK
«OBITH BEPIIMHAMY IaPALIEJOrPAMMaY . DTO IO3BOJIIET Iepe-
HOCHTBH OTDPe30K napantenbHo cebe. Ilocne 5Toro HecI0:KHO
BEIPA3UTH TAKOE CBOUCTBO: «paccroauue AB paBHO paccTo-
stauio C'Dy.

51. 3anuumre COOTBETCTBYOUIYIO POPMYILy.

AnanormaHeiM 06pa3zoM MOXKHO IBATATHCA W TAJIBIIE.

52. Bripasure couctso |OA| < |OB| Tpéx Touek O, A, B.
(Yrazamme. Hanummmre, 4T0 BCe mpsamble, npoxogsamue depe3 A,
HEepPEeCeKaTCA ¢ OKPYXKHOCTHIO panumyca OB ¢ uertpom B O.)

53. 3ammunTe B Buge GopMyasr: (a) PaBEHCTBO TPEYTrOIbLHA-
KO0B; (6) PaBEHCTBO yra0B; (B) CBOMCTBO yIia OBITH IPAMBIM.

54. PaccMOTpUM €CTECTBEHHYI0 MHTEPIPETANNIO CUMHATY DB
(=,<) HA MHOXeCTBe membix wmcen. Kak BBIPA3UTh NpEIUKAT
y=x+17

55. PaccMOTpUM MHOXKECTBO AEHCTBATEIbHBIX YUCEI KAK WH-
Tepuperanmo curEarypsr (=, +,y = 7). Kak BeIpasuTs Tpéx-
MECTHBIU IpeauKaT ry = 27

56. PaccMOTpUM MHOXKECTBO MEJBIX IOJOXKUTEIbHBIX YHCENT
KaK MHTEPIPEeTAIio CATHATYPHI, COAepPKAIel DPABEHCTBO U JABY-
MECTHBIU IPEIUKAT «T ACIAT Y». BHIPa3suTe CBOUCTBA (DABHATHCA
eAUHUIE» U «OBITH TPOCTHIM THUCIOMY.

57. PaccMOTpUM IIIOCKOCTE KaK MHTEPIPETALNIO CUI'HATYPEL,
COnepKaIell IpeauKaT PABEHCTBA (COBIAQACHWE TOIEK) W ABY-
MECTHBIU MPEIUKAT «HAXOAUTHLCA Ha paccToauuu 1». Bripasure
OBYMECTHBIE IPEAUKATHI «HAXOAUTHCA HA PACCTOAHUU 2» W «HAa-
XOOUTHCA HA PACCTOAHMU He Gomee 2». BrnipasuTe AByMeCTHBIX
IpeAUKAT (HAXOAUTHCA Ha pacCTOAHMM 1/2.
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3.4. Bblpa3umMocTb B apudpmMeTUKE

PaccmorpuM curHaTypy, UMEOUIYIO [IBA [BYMECTHBIX
(DYHKIMOHAIBLHBIX CUMBOJIA — CJAOKEHUE M yMHOXKeHue (Kak
OOBIYHO, MBI OyaeM THucaTh & + y BMecTO +(r,y) u T.1.)
U IBYMECTHBIN MPEIVKATHLIU CUMBOJ PABEHCTBA. PaccMmo-
TPUM UHTEPIPETAIUIO 3TOU CUCHATYPBI, HOCUTEIEM KOTO-
POU ABIAETCA MHOXKECTBO N HATYPATBHBIX HUCET, & CJO-
JKEHNE, YMHOXKEHUE U PABEHCTBO WHTEPIPETUPYIOTCA CTAH-
IapTHHIM 06pa3oM.

Bripasumbie ¢ moMoIb0 GOPMYI DTOU CUTHATYPHI MPe-
JUKATHL HA3BIBAIOTCA GPUPMEMUUECKUMY U UTPAIOT B MATe-
MaTUYECKOU JOTMKE BAXKHYIO POab. COOTBETCTBYIOIINE MHO-
KECTBA TAKXKE HABBIBAIOTCA apudmemuueckumy. O HIX TO-
JIPOOHO PACCKA3aHO B APYTOU HAIlEN KHIXKKE [5]; OKasbIBaeT-
Csl, 9TO MOYTHU BCAKOE MHOXKECTBO, KOTOPOE MOXKHO OMKCATD
CTOBAMU, SABIAACTCA apUPMETUICCKIM.

58. [loxaxwTe, 4TO CyWIECTBYeT MHOXKECTBO HATYPAIbHBIX
qmceln, He ABJsLIomeecs apudmernieckum. (Yka3zaHue: CEeMENCTBO
BCeX IOAMHOXeCTB MHOXecTBAa N HecuéTHO, a apudMeTHIeCKUX
MHOXECTB CI6THOE TUCJIO. )

s Hadana MBI yCTAHOBUM apUPMETUIHOCTDH JOBOJILHO
TMPOCTHIX TPEUKATOB.

o IIpenukar x < y ABAgeTCA apudMeTnIecKuM. B camom
JeJe, ero MOXHO 3anucarh Kak 3z (x + 2 = y).

o Ilpegukarer x = 0 m z = 1 sBasaorcs apudmeTnde-
ckumu. B camom gene, + = 0 Torga u TOABLKO TOTIA,
Korjaa x < y A Jo6oro y (a Takxke KOraa T+ = ).
A z = 1 Torga u TOALKO TOrAA, KODAA T MPEICTABLACT
co0ON HAaMMEHbINee YUCI0, OTIndHOe 0T Hyad. (Mox-
HO TaK¥Xe BOCTOJB30BATHLCA TeM, 4To Y - 1 = y upu
1060M Y.)

e Boobme man m060ro (pUKCHUPOBAHHOIO WHCIA C IIpe-
IuKaT T = ¢ asagercsa apubmerndeckuM. (Hanpuwmep,
MOYKHO HAIUCATH CYMMY 13 GOJBIIOTO YUCIA €IUHMUIL. )
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o [Tonesmo Takoe ob1Iee HAGTIO IEHTE: €CIN MBI VKE yCTa-
HOBIJIN, 9TO KAKOU-TO IIPEIUKAT ABIACTCA apupMeTy-
YECKUM, TO B JAJBHEUIIEN €r0 MOXKHO HUCIOJb30BATH
B ¢opMmyaax, Kak ecau Obl OH BXOIWI B CUTHATYDY,
IIOCKOJBKY €I'0 BCer'ga MOXKHO 3aMEHUTDb Ha BBIPDAXKAIO-
IIyI0 ero (popMyIy.

o Ilpeaukar x|y (uucio x ABIAETCA JeIUTENEM TUCIA Y ),
04eBuHO, apudMeTndeH (popMyaa Iz (zz = y)).

o IIpenukar «r — mpocToe \ucao» apudmeruder. B ca-
MOM JeJe, YUCJIO IPOCTO, €CIM OHO OTIMYHO oT 1 u
JIO60U ero JenuTenb paBeH 1 wiv caMoMy HHcIy. DTo
Cpasy ke 3aMuChIBACTCA B BUAE (hOPMYJIBL.

e Omepamnuu 9acTHOTO U OCTaTKa apUGpMEeTUIHH (B TOM
CMEBICTE, ITO TPEXMECTHBIE TIPEIUKATHI (g €CTh TaCT-
HOE TIPY JEJEHUN ¢ HA by U «F €CTh OCTATOK TIPH JeJe-
HuY @ Ha by apudmernansl. Hanpumep, nepBei 3 HEX
sanmceiBaeTcA Gopmyqaon Ir ((a = bg + ) A (r < b))
(kax MBI y2K€ FOBOPH/IN, HCIIOIB30BAHUE apudMeTnde-
cxoro npeaukata (r < b) He co3zaéT npodIEM).

e DTOT CHOUCOK MOXKHO IMPOAONKATH: I MHOTHX Hpe-
IUKATOB UX OMpPEIEJEHNE TI0 CYIIECTBY yKE SABJIAETCSA
HyKkHOU (popmyaon. Hampumep, cBoucTBa «OLITH HAK-
60BIIIUM OOIM JeauTeNeM», «ObITh HauMEHbIIUM 00-
UM KPATHBIMY , «OBITH B3AUMHO TTPOCTHIMUY BCE OTHO-
CATCA K DTOU KATETOPUH.

e Ilpequkar «OBITL CTEMEHBIO IBOUKMY ABJIACTCA apud-
METU9EeCKUM (XOTs DTO ¥ He CTOJIb OYeBUIHO, KaK B
OpPeBIIYIINX IPUMEpax). B caMoM jgere, 3TO CBOICTBO
MOXKHO TIepe(OPMYTUPOBATL TAK: JIOOOU ACIATEND JIU-
60 paBeH eguHUIE, JUOO YETEH.

Tlocnenmee n3 HAIUX PACCYXKJEHUM TONUTCA [JA CTETe-
Hell TPOUKMU M BOOOINE MJs CTeleHey Jio00ro IpocToro 4Yu-
cra. OaHAKO, CKaXKeM, [UIA CTETeHen MeCTEPKN OHO He TPO-
XOIUT, U, TIOXKAIYU, MBI TIOMOILIN K TPAHUIE, TAe 663 HeKO-
TOPOro OOIIEro MeTOAa He OOOUTUCE.
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[IBa manbomee M3BECTHRIX CTOCOOa TOKA3KIBATEL apudMe-
TUYHOCTL OCHOBAHBI HA BO3MOXKHOCTH «KOAUPOBAHUAY KO-
HEYHBLIX MHOXKECTB U nocaeaopaTenbaocTen. OIrH BOCXOIUT
k Téxemo (Tak naseiBaemaa S-Qpyuxmusa [éxens), BTopon us-
a0xeH B kuure «Teopus popmanbubix cucrems [24]. Eé nanu-
can P. CManimas, m3BeCTHLIN TAKXKE KAK ABTOP IIOIYIAPHEIX
COOPHUKOB WIOTUIECKUX 33439y U aHeK10ToB. (Oxun us Ta-
KuX COOPHHKOB MMEET IapagokcanrbHoe Haspanue «Kak xe
HA3BIBAETCS 2Ta KHUrad» [23].)

B mexoToprix otHoOmenusax meron 'émens mpeamouTu-
TEJLHEH, U MBI PACCKA3EIBAEM O HEM B KHIDKKE O BEI'UC/IN-
MBIX (QYHKIUAX [5], HO cervac A PasHOOOpPasus PACCMO-
TPUM ADPYTOU Crocob. 3apuKCHpyeM B3aMMHO OJHO3HATHOE
COOTBETCTBHUE MEXKAY HATYPAILHBLIMU IMCIAMUA W JBOUTHEI-
MU CJIOBAMU:

012 3 4 5 6 7 8
A 0O 1 00 01 10 11 000 o001

ODTO COOTBETCTBUE 3aMa8TCA TaK: ITOOLI MOAYUUTH CJIOBO,
COOTBETCTBYIOIIEE UUCIY N, HAAO 3amucaTh N + 1 B gBOMH-
HOU CHCTEME U yAAIuTh HepByio eauHuity. Hampumep, my-
JIIO COOTBETCTBYET IycToe ¢IoBO A, uucay 15 — caoso 0000
n T. 1. Teneps MOXKHO TOBOPUTH 00 apupMETUTHOCTH Tpe-
OUKATOB, ONPELETEHHBIX HA TBOMYHBIX CIOBAX, AMES B BULY
apupMeTUIHOCTL COOTBETCTBYIOMNX IPEIUKATOB HA N.

e Ilpeaukar «CJIOBO & COCTOUT M3 OJHUX HyJeW» apud-
MeTuyeH. B camom gese, mpu mepexone K IucIaM eMy
COOTBETCTBYET IpeaukaT «r + 1 ecThb cTeleHb JBOU-
KWy, KOTOPBIU (KAK MBI BUEIN) apUQpMETUIEH.

o IIpegmkar «CcI0Ba T M § UMEIOT OJUHAKOBYIO IJIAHY»
apudmeruyer. B camoM nene, 3To 03HAYAET, YTO HAU-
TETCA CTENeHb TBOUKM ¢, M KoTopon ¢ — 1 < z,y <
< 2¢ — 1 (MMEHHO TAKOU IIPOMEXKYTOK 3AlOJIHAIT U~
CJ1a, KOTOPBIM COOTBETCTBYIOT CJAOBA OLHOU JJIUHEL).

o IIpemgukar «CIOBO 2z ABIAETCA KOHKATEHAINEH CJIOB X
u y» (upole roBops, z HOLY4aeTCs IPUNUCHLIBAHUEM Y
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crpaBa K CIOBY %) apudgmeTudeH. B camom geme, ero
MOKHO BBIPA3UTh TAK: HALAETCS CJIOBO Y U3 OJHUX Hy-
JIeH, UMEKIIEE Ty XK€ [UIMHY, 9TO U CJIOBO Y, TIPU DTOM
z+1) =(z+1DE +1)+ (y —y) (ymHoxeHUE Ha
y' + 1 coorBeTcTBYeT IONMCLIBAHWIO HyJeH, a goba-
BJCHUE Y — i 3aMEHAET HyJu HA OYKBHI CIOBA ¥).

o IIpeamkaT «CJIOBO T ABIAETCA HAYAJOM CJIOBA Y» apud-
MerraeH. B camom gese, 5T0 03HaUAET, 9TO CyILIECTBY-
eT CJOBO ¢, IpU KOTOPOM Y €CTh KOHKATEHAUuI = U .

e To xe camoe BEpHO A MPEIUKATOB «T €CThb KOHeIl
CJIOBA Y», «T €CTH TOACIOBO CJAOBA Y» (MOCTETHEE O3HA-
9aeT, YTO HAMAYTCA CJAOBA U U ¥, IS KOTOPLIX Y €CThb
KOHKATEHAIUA U, & U ¥; KOHKATEHAIUA TPEX CJIOB BbI-
pasuMa Iepe3 KOHKATEHAINID MBYX).

e CymecTByeT apudpMeTUIecKuu TPEXMECTHLIN TPeIu-
kat S(z,a,b) c Takumu ceoucTBamMu: (a) A JIOOBIX
u b MmuOKECTBO Sop = {x | S(x,a,b)} komeuno; (6) cpe-
I MHOXECTB S,p TPU Pas3JMyiHBIX Mapax a,b BCTpe-
9AI0TCA BCE KOHEIHEIE MHOXKECTBA. Hanpumep, B Kade-
CTBE TAaKOI'O NPEINKATA MOXKHO B3ATDH «ALG €CTh MOJ-
CJIOBO CJIOBa by (31€Ch ara eCTh KOHKATEHAIUA TPEX
CJIOB: @, T U CHOBA Q).

B camom mene, ACHO, YTO CIOBO X HE IJINHHEE CJIOBA b,
7 TIOTOMY MHOXKECTBO S,; Beeraa koneuno. C apyrom
CTOPOHBI, MIYCTh UMEETCS HEKOTOPOE KOHEYHOE MHO-
XKECTBO CJOB I1,...,%y,. Llomoxum a = 100...001, rae
YUCTO HyJen GOJbIe MIUHBI JI00T0 U3 CJIOB L;, U b =
= aT10T2a . ..ATHa.

Tlocnennee yTBepx)AeHUE HE YIOMUHAET SBHO O CJIOBAX,
7 OOJIBIIIE OHM HaM He TIOHAJ00ATCA: TOCTATOYHO 3HATH, YTO
KOHEYHBLIE MHOXKECTBA HATYDPAJIbHBIX THCENT MOXKHO KOTUPO-
BATh IapaMU HATYPAJBLHBIX YKUCEJN B OIUCAHHOM CMEICJE.

Tenepsb MBI MOXEM BHIPA3UTD, UTO MUCIAO & ABIIETCA CTE-
[IEHBI0 9XCIa 4, caeqyomuM 06pa3oM: CyILIeCTByeT KOHEIHOE
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MHOX€eCTBO U, KOTOPOE COAEPKUT YUCJAO T U O0JATACT Ta-
KHM CBOUCTBOM: BCsakuit saeMenT u € U aubo pasen 1, auGo
gemuTca Ha 4 u u/4 Takxke npunagrexnt U. Tenepw HaI0
Be3jle 3aMEHUThL MHOXECTBO U Ha €ro KOf Up,Us, & YTBEp-
xpuenue x € U ua S(z,u1,us), rie S — NOCTPOEHHBIN HAMU
KOJUPYIOIIAN MPEINKAT.

HewmBOTrO cI0XKHEE BEIPA3UTEL IBYMECTHBIN TPEANKAT T =
= 4. 3neckr maMm xoTenock 6bI CKA3aTh TAK: CyLMIECTBYET
MOCAEI0BATEIBHOCTD L, L1, - - -, Lk, A KOTOPOU Ty = 1,
KX LI CACAYIOMAN ICH BICTREPO OOMBIIE TPEaLIAYIEro
(2,41 = 4x;) u z, = z. Kak nayaurbes rosopurhs o nociue-
NOBATEMILHOCTSAX, €CIA MBI YMEEM I'OBOPUTEH O MHOKECTBAX !
BenomuamM, 9TO B TEPMUHAX TEOPHA MHOXKECTB TOCICIOBA-
TEABLHOCTE €CTh (PYHKIWA, ONPENeaEHHAS HA HATAILHOM OT-
PE3KE HATYPATLHOrO PALA, TO €CTh KOHEIHOE MHOXKECTBO
map {(0,z), (1,21),...,{k,z)}. Tlaper MOXHO KOAUPOBATH
qucnamu. Hanpumep, MOXKHO cauTaTh KOLOM Hapel (T, y) 1u-
cio ¢ = (z+y)?+2, TOCKOTBKY MO HeMy apudMeTHIeCKH BOC-
CTAHABIUBACTCA X + ¥ (Kak HAMOOMBIIEE IUCI0, KBAIPAT KO-
TOPOI'O He [IPEBOCXOAUT C), & 3aTeM T U . Tenepb KOHEIHOE
MHOXKECTBO Map MOXHO 3aMEHATL KOHEIHLIM MHOXKECTBOM
UX KOJOB, KOTOPOE B CBOI OYEPEAb MOXKHO 3aKOAUDPOBATH
HApPOU THCE.

59. IIpoBenuTe 5T0 paccyxaenue moapo6HO.

60. IToxaxxmre, YTO ABYMECTHBIN NPEAUKAT «I €CTb 7-0€ IO
MOPAAKY MPOCTOE YNUCAO» apUPMETUIEH.

3.5. HeBblpa3umble npeankaTbl: aBTOMOPUIMbI

MEer Bugem, Kak MOXKHO JOKA3aTh BEIPA3NMOCTE HEKOTO-
puIX cBOUCTB. Cenvyac Mbl MOKaXKEM, KAKAM 0Opa30OM MOXKHO
DOKA3BEIBATHL HEBLIPA3UMOCTD.

Haxuém ¢ Taxoro mpumepa. Ilycts curaarypa comepxuT
IBYMECTHBLIN MPEIUKAT PABEHCTBA (=) M IBYMECTHYIO OIe-
panuio caoxenus (+). Paccmorpum eé unrepnperanuio, Ho-
CUTEJIEM KOTOPOU ABIAKTCA IEIBIe YUCAA, 8 PABEHCTBO U
CJTOYKEHUE MHTEPIPETUPYIOTCA CTaHIapTHEIM o6paszoM. Oka-
3BIBAETCSA, YTO IPEIUKAT T > Y HE ABIETCA BHIPAZHUMEIM.
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Tpuunsa oUeBUAHA: C TOUYKU 3PEHUS CIOKEHUA IIEIBIE TU-
CJIa yCTPOEHBI CUMMETPUYIHO, MOJOKUTEAbHBIE HUIEM He OT-
JUFAIOTCA OT OTPUIATENbHBIX. KCIM MBI M3BMEHUM 3HAK ¥
BCEX MEPEMEHHEIX, BXOIAINX B (DOPMYIY, TO €€ UCTUHHOCTD
HE MOXET m3MeHUuThcsa. Ho mpu >ToM & > Y 3aMEHHUTCS Ha
Z < ¥, U IOTOMY 3TO CBOUCTBO HE ABIACTCA BHIPAZUMBIM.

DopMaTBEHO TOBOPS, HAJAO AOKA3BIBATD M0 WHAYKIIUU Ta-
KO€ CBOUCTBO: ecau (pOpMyIa ¢ yKA3BAHHOU CUTCHATYDPBI UC-
TUHHA OPHU OLEHKE 7, TO OHA HCTUHHA W [P OLIEHKE 7', B KO-
TOPOU 3HAYEHUA BCEX TIEPEMEHHBIX MeHAIT 3HAK. (I[loapo6-
HO MBI OOBACHUM 3TO B OOIIEN CUTYAIUN JATBIIE. )

Cdopmyiupyem OOIIyI0 CXEMYy, KOTOPOU CIAEAYET 3TO
paccyxkaenue. [lycTs uMeeTcs HEKOTOPAsS CUTHATYPA 0 U UH-
TEPIPETAIUA DTOU CUTHATYPHI, HOCHTEIEM KOTOPOU ABJIA-
eTcs MHOX)ecTBO M. BaamMmMHO OZHO3HAMHOE OTOOpaKeHUE
a: M — M HasbiBaeTca a86momop@uamom MHTEPIPETALNS,
ecan Bce PYHKINU U TIPEIUKATEL, BXOIANINE B UHTEPIIPETA-
LU0, YCTOUYUBEL OTHOCUTENBLHO «. Ilpm sTOM Kk-MecTHBII
npeaukaT P HaspBaeTCA ycmoduusbim OTHOCUTENBHO
ecan

Pla(my),...,a(mg)) & P(my,...,my)

Ui JIOOBIX BJIEMEHTOB My, ...,my € M. AHajoraaasiM
obpazom k-mecTHas GyHKIUA [ HA3BIBAETCA YCMOUuu80l
OTHOCUTEJBHO (v, ECJIN

fla(my),...,a(mg)) = a(f(m,...,mg)).

ITo ompeenreHne 0600mMAeT CTAHAAPTHOE OMPEICTCHIE aB-
TOMOpGU3MA IJIA PYIIL, KOJEL, IIOJeA U T. 1.

Teopema 27. [Ipegukar, BEIpa3uMbIN B JAHHOU UHTEPIIPE-
TAINA, YCTOUYIUB OTHOCATEIBHO €€ aBTOMOPQU3MOB.

< TIposeném N0Ka3aTEIBCTBO 3TOrO (JOCTATOYHO OUE-
BUIHOI'O) yTBEPK IeHUs (HPOPMAILHO.

Ilycte ™ — HexoTOpas OLEHKA, TO eCTh 0TOOpaXKEHUE,
CTaBAIICE B COOTBETCTBUE BCEM WMHIWUBUIHBIM II€CDEMEHHBIM
HEKOTOPBIE DJIEMEHTHl HOCUTENsA. depe3 « o m 0003HAYMM
OLIEHKY, KOTOPasA MOJYyIUTCHA, €I K 3HAYCHUIO KaXKIOU IIe-
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PEMEHHOU MPUMEHUTHL OTOOPAKEHUE (r; TPYTUMU CIOBAMU,
aow(f) = a(n(§)) aia mobon nepemennon &.

IlepBBIN MIAT COCTOUT B TOM, ITOOBI UHAYKINEU TIO TO-
CTPOEHUIO TEPMa, t [OKA3AThL TAKOE YTBEPXK ICHUE: 3HATCHUE
TepMa ¢ IPW OUEHKE (¥ O T IIOAY9IAETCA MPUMEHEHHEM (¥ K
3HQUEHUIO TepMa ¢ IpU OLIEHKEe 7:

[tl(om) = a([t](m))-

[ mepeMeHHBIX 3TO OUEBHUIHO, 4 IIar MHAYKIINN HCIOIb-
3yeT YCTOUYIUBOCTH BCEX (PYHKIINU WHTEPTPETAINA OTHOCH-
TEJIbHO Q.

Teneps MHAYKIMEN IO MOCTPOEHUIO (POPMYJIBI (0 JET'KO
MTOKa3aTh TaKOe yTBEDK TEHUE:

[p)(aom) = [p](x).

Mgt #He 6yaeM BBIMUCHIBATH DTY MPOBEPKY; CKAaXKeM JNIIIb,
9TO B3aUMHasA OOHO3HAYTHOCTH (¢x HUCIOJB3y€TCsda, KOI'la MBI
pasbupaeM ciaydan kBauTopos. (B camom gese, ecam ¢ on-
HOHM CTOPOHBL M30MOPQPU3Ma, OEpETCA KAKOU-TO OOBEKT, TO
B3aMMHasA OOHO3HAYHOCTH IIO3BOJIACT B3ATH COOTBETCTBYIO-
mui eMy OOBEeKT C APYTOM CTOPOHBL U30MOpdU3Ma.) >

Teopema 27 mo3BOASET AO0KA3aTh HEBBIPA3UMOCTH KaKO-
ro-To OpejuKaTa, NPpeLbABUB aBTOMOP(PU3IM HHTEepIpeTa-
AU, OTHOCUTEILHO KOTOPOI'O KHTEPECYIOMINH HAC IPEIUKAT
HEYCTONYIUB. BOT HECKOJIBKO MPUMEPOB:

e (Z,=,<) Curnarypa COAEPKUT PABEHCTBO U OTHOIIE-
Hue nopagka. Murepnperanus: neasie ducia. Hepsrpa-
sumbin npeguxat: € = 0. Apromopdusm: z — x + 1.

e (Q,=,<,4) Curnarypa COIEPKUT PABEHCTBO, OTHO-
IMeHre MOPAIKA 1 ONepaImio caoxkeHwus. MaTepopeTa-
[VA: PAMUOHAILHLIC TUCIA. HeBRIPAsHMEIN IIpeIuKaT:
x = 1. Asromopdusm: z — 2x.

3aMeTHM, 9TO CJIOKEHUE MO3BOJIAET BHIPAZUTE MPEIU-
kaT = 0. Kpome Toro, ormMeTum, ITO BMECTO PAINO-
HAJIBHBLIX UCEI MOXKHO B3AThb JEUCTBUTEIbHbIE (HO HE
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[eJgble, TAK KaK B 3TOM CIyHae eIWHUIA ONUCHIBAETCS
KAaK HaMMEHbIIee 9UCJ0, GOJbIIee Hyls).

(R,=,<,0,1) Curuarypa cOgepKuT PaBEHCTBO, LOPsI-
nok m koHcTauTel 0 m 1. UnTepnperarnusa: nencTBU-
TenbHBle uncaa. HeBwipasuMbin mpegukat: x = 1/2.
(ABTOMOpP(DU3M YHOPsLOYEHHOO MHOXKeCTBA R, co-
xpamsmoi 0 u 1, HO He 1/2, MOCTPOUTS JIErKO. )

(R,=,+,0,1) Currarypa COAEPXKUT DABEHCTBO, CJIO-
xkenmue, KoHCTauTel 0 u 1. UuTepnperamnus: [encTeu-
Tenbubie ducad. OTHOMECTHBIA IPEJuKaT T = 7 BbI-
pasuM [ PAIUOHAILHBIX 7Y U HEBLIPA3UM [UIA UPPA-
[IHOHATBHBIX 7.

B camom gene, BBIDA3UMOCTDH ST PALUOHAIBHBIX 7Y
oueBUIHA. HEBLIPA3UMOCTh NI UPPANUOHAILHBIX 7Y
CIeyeT U3 TOrO, YTO MJISA JIOOBIX MBYX UPPAIUOHATIb-
HBEIX Y] U 7 CYIIECTBYET ABTOMOP(U3M, MEpeBOIs-
muit 7y B 2. (B camom gene, paccmorpum R kak Gec-
KOHEYHOMEPHOE BEKTOPHOE mpocTpancTBO Haa Q. Bek-
TOpHI 1,7 JUHENHO HE3aBUCUMEI U MOTOMY WX MOXKHO
gonoaHuTh 40 6asuca amens (mogpoGuocTu cMOTPY B
KHIDKKe [0 Teopun MHOKecTB [0]). Caenaem To xe ca-
Moe ¢ BeKTopaMu 1,7s. Ilody1aTcsa papHOMOIIHEIE 6a-
3UCHI, IOCAe 4ero Mbl GepéM Q-aumennnii omeparop,
nepesogsamui 1 8 1 u vy B 2.)

(C,=,+,x,0,1) B curHarypy BXOAAT NpPEIUKAT Pa-
BEHCTBA, OMEPAINY CIOKEHUA U YMHOXKEHUA, & TaAKKe
kouctanTel 0 u 1. UnTepnperammsa: KOMILIEKCHEIE U
cra. llpegukar x = 7y, rae v — HEKOTOPOE KOMILIEKC-
HO€ YUCJIO0, BEIPA3UM A PAMOHAJBLHBLIX Y W HEBHIDA-
3UM [JIs1 UPPALUOHAIBHEIX 7.

B camom pmene, ecim <y mppanmmOHAILHO, TO OHO MO-
KT OBITH AIre6panvIecKuM WM TPAHCIEHICHTHEIM. B
[EPBOM CIy4dae pAcCMOTPUM MHOTOWIEH n3 Q[x] Munn-
MaJbHOU cTenenu, obpamaiomuucst B 0 B ToUke y; 0o
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MPEAMNONOXKEHUIO OH UMEET CTEMeHb 0Ooabiie 1 U moTo-
My UMeeT Ipyrou kopenb 7. B amrebpe moxaswizaer-
ca (C UCTIONTB30BAHNEM TPAHCOUHUTHON WHIYKINYA AN
aemmul Llopra, a Takxke 6a3UCOB TPAHCIEH IEHTHOCTH ),
aro cymectByeT asromopdusm C mazg Q, mepesoms-
mma y B .

B crydae TpaHCIEHAGHTHOTO Y MBI UCTIOIL3YEM TAKOU
dakT: as A06BIX TPAHCIEHAEHTHBIX Y1, ve € C cyme-
creyer aBroMopdusm mona C mag Q, koTopwiu mepe-
BOJAUT 7Y, B 2.

Ormerum, yro gua nmoasi R Bmectro C rTakoe paccy-
XKJEHUE He MPOXOIUT, TAK KAK DTO TOJE HE UMEET He-
TPUBAATLHBEIX aBTOMOP(u3MOB. (OTHOMEHE TOPAIKA
BBIPA3UMO: TIONOXKUTEABHBIE YUCJAA CYTh KBAIPATHI, 10~
2TOMY JIH000M aBTOMOPGU3M COXpaHsaeT mopsagok. Ilo-
CKOJIbKY aBTOMOD(MDU3M OCTABIAET HA MECTe BCE Palu-
OHAIBHBIE YUCIA, OH JOIKEH OBIThH TOXKAECTBEHHBIM. )

B sToM cayuae mpemumkar x = 7y BBIPA3UM TOTI3 U
TOJBKO TOT[IA, KOTA Y — AIreGpandecKkoe Yucao. DTO
Jerko caenyer u3 Teopembl Tapckoro—3angenbepra
(pasnen 3.8, c. 134).

61. Iloxaxure, 4To upegukar y = = + 1 HEBLIPA3UM B MHTED-
nperamuu (Z,=, f), rae f — ogromecTHas dyrkuma x — (z+2).

62. IlokaxuTe, YTO MPEIUKAT T = 2 HEBHIPA3UM B MHOXe-
CTBe LEJBIX ITOJOXKUTEIbHBIX YUCeN C IPEINKATAMU PABEHCTBA U
«X OETHT Y».

3.6. HeBblpasumbie npeamkaThi:
3NMMUHALMUSE KBAaHTOPOB

Ilpu Bcew mpocToTE METOX NOKA3ATEILCTBA HEBBLIPA3U-
MOCTH C IIOMOIIBID aBTOMODP(MU3MOB CTPAJAET OYUYEeBUTHBIM
HEeTOCTATKOM: OY€Hb 9acTO TPebyeMoro aBToMOphu3Ma HeT.
Hanpuwmep, HaTypanbHBIE YUCAa ¢ OIepanued npubaBIeHUs
€IVHUIIBEI BOOOIIIe He JOIYCKAIT HUKAKOTO HETPUBUAJIBHOI'O
asToMopdusma. (Tem He MeHEE TaM BHIPA3UMO OUE€HB HEMHO-
roe, kak Mbl Bckope yBuauMm.) Ileawie ducia ¢ onepauuen
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NpUOABICHUA EIUHULEI TOMYCKAIT ABTOMOPQU3MEL (CIBU-
ru), HO 3TH aBTOMOP(U3MEL HE [IO3BOJIOT AOKA3aTh, 4TO
OTHOIIIEHNE TIOPAAKA HEBBIPA3ZUMO (ITOCKOJIBKY OHO YCTOUYU-
BO OTHOCATEILHO CIIBUTOB).

Boaee mpsaMon MeToa MOKA3aTEILCTBA COCTOUT B TOM,
YTO MBI TIPEIBABIAEM HEKOTOPHIN KIACC £ MPEeIuKaTOB, KO-
TOPBIX COAEPXKUT BCE BLIPABMMBIC NPEAUKATHI U HE COJep-
KUAT WHTEPECYIOIIEro HAC mpeaukaTa. [lpu 3ToM MBI 10Ka-
3BIBAEM, ITO £ COAEPKUT BCE BHIPA3UMEIE TIPEAUKATHI, Ta-
KUM €nocob60oM: mpoBepsieM, 9T0 £ COIEPKUT BCE IIPEeNuKa-
ThI, BHIPA3UMBIE ATOMAPHBIMEU (DOPMYJAMU, 8 TAKKE 3AMK-
HYT OTHOCUTEIBHO JOMMIECKUX Onepanui (00bequHenne, me-
pecedenye, IONOJHEHUE) U OIepauuu Ipoekuuu (CooTBeT-
CTBYIOUIEN HABEMIMBAHUIO KBAHTOPA CYIIECTBOBAHUMA; KBAH-
TOD BCEOOITHOCTH BHIPAKAETCA Hepe3 KBAHTOD CYIIECTBO-
Bauus). Yacro kiacc £ coBnagaeT ¢ KIACCOM BCEX IPELU-
KAaTOB, BBIPA3UMBIX GECKBAHTOPHBIMU (HOpMyJaMu (MHOIAA
HA0 PACHIUPUTH CATHATYPY), W IMOTOMY 3TOT METOJ Ha-
3BIBAIOT METOLOM (IMMUHALUY KBAHTOPOBY. (DTO KpaTKoe
ONKCAHUE, BO3MOXKHO, CTAHET JCHEE U3 IMPUBOAUMBIX JaJjee
IPUMEPOB. )

Haxuém ¢ Takoro npumepa. Ilycts curmarypa comepxuT
PaABEHCTBO, OJHOMECTHYI (QyHKIMIO S (npubaBieHue eIu-
munpl) u koucranry 0. Hocurenem unrepuperauuu Gyger
MHOXECTBO Z IEJBIX YUCEN, CUMBOJIBI CUTHATYPBI HHTEPIpe-
TUPYIOTCA €CTECTBEHHBIM 00pasoM. B nTou cuTyarmm uso-
MOP(QU3MOB HE CYIIECTBYET, TaK UTO MPEILIIVIIAU CIOCO0
TOKA3aTeILCTBA HEBLIPA3UMOCTH 34€Ch HEIIPUMEHMM.

Tem He MeHee KJIACC BBIPA3UMBIX IIPEIMKATOB BECHMA
OrPAHUYEH: STO MPEIUKATHI, BEIPA3UMBIE GECKBAHTOPHBIMU
dopMysamu. ByneMm HasbiBaTh aBe GOPMYJIBL (PACCMATPH-
BAE€MOU HAMU CUTHATYPHI) DKBUBAJICHTHHIMU (B TAHHOU WH-
TepUpeTAlyn), €CAU OHU BLIPAXKAIOT OJUH U TOT XKe Ipe-
JUKAT, TO €CTh UCTUHHBLI TIPA OJHUX W TEX K€ BHATCHUAX
TIEPEMEHHBIX.

Teopema 28. [las BCAKOU (hOPMYIBI PACCMATPUBACMON Ha-
MU CUTHATYPHI CYIIECTBYET DKBUBAICHTHAA €U OECKBAHTOD-
Hasa popMyaa.
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< ByzaeMm IOKa3HBATEH WHAYKIWEH TIO TIOCTPOCHUIO (WK,
ecay yUrOAHO, 10 AiuHe) (POPMYJEL ¢ CyLIECTBOBAHUE DKBU-
BaseHTHOU en B (Z, =, S,0) 6eckanropuon ¢popmyast. [lia
yao6¢TBa (4TOOB paccMaTpPUBATHL OIWH CAy9al, a He IBA)
OyfeM CYUTaTh, 9TO HAIA (OPMYAa MOXKET CONEPKATDH
TOJBKO KBAHTOPHI CYIIECTBOBAHNA, HO HE BCEOOITHOCTHA. D TO
3aKOHHO, TaK KakK (GopMyast V€ n ~3€ —1) DKBUBAJEHTHBI.

Caydan, KOrga ¢ ecTh aToMapHas GOPMYaa, OIeBUIEH —
OHA W TaK OECKBAHTOPHAA. KCiIn ¢ ABIACTCA KOHBIOHKITHEH,
NU3BIOHKIMEN WM AMILIMKALIMEH IBYX YaCTeH, JOCTATOYHO
3aMEHUTH KAXKAYIO YaCTh HA DKBUBAJEHTHYIO OECKBAHTOD-
HYIO (970 MOXKHO CAEIATH M0 TPEINONOKEHNIO HHITYKIIUN).

EnuncreeHdn cogepkaTelbHbIN CIydaln — Koraa ¢gpop-
MyJa (p HAYUHAETCA C KBAHTOPA CYIIECTBOBAHUSI, TO €CTh
uMeeT Bu J27 (TyCTh MO KBAHTOPOM CTOUT NEPEMEHHAA T ).
Mgt paccyxkjgaeM M0 MHIYKIWU, IO3TOMY MOXEM CUYATATD,
910 dpopmyaa T — GeckBanTopHas. OHa uMeeT (BO3MOXKHO)
U IpYTUe MapaMeTpHl, CKaXeM, X1, . . ., Ly,. 1TOOH O TIepK-
HyTb 3T0, OObIMHO BMecTO 7 numyT 7(z,Z1,...,%,). Ham
HAJ0 HaUTH OECKBAHTOPHYIO (POPMY.JIy HAIIEW CUCHATYPHI,
SKBUBAJICHTHYIO (hOpMyJIe

xr(z,T1,...,Z0).

Popwmyaa 7(x, 1, .. ., Ty,) IPEICTABIACT COOOU OyJAEBY KOM-
OMHAIMIO aTOMapHBIX dopmya. [locMoTpuMm Ha Te aToMap-
HBIEe (POPMYIIBI, KOTOPBIE CONEPKAT IMEPEMEHHYI0 . AToMap-
Hast POPMYJa TPEACTABIACT COGOU PABEHCTBO ABYX TEPMOB
S(S(...(S(u))...)) = S(S(...(S(w))...)); smecs u m v —
aubo nepemenusre, an60 koncrtanTa (. Ecin nepemennas x
BXOJUT U B JIEBYIO, U B IPABYIO 49aCThb, TO (B 3TOU MHTEpIpe-
TanuMu) Takasd aToMapHasd QopMyaa Jub0 BCErja MCTUHHA,
aubo Bcerga JOXHA, M e€ MOXHO 3aMEHNTh Ha, KaKylo-HU-
6y4b TOXAECTBEHHO UCTUHHYIO WM TOXJECTBEHHO JOXKHYIO
dopmyay, He comepxamyto . [locre sToro ocranyrca aTo-
MapHBIe (POPMYJILI, KOTOPHIE MOXKHO 3aIMNCATEH KaK

=1, x=t, ..., x=1g.
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3aeck t; — aubo 1enas KOHCTAHTA, 00 BHIDAYKEHWE BUIA
Zj+c¢, TOe ¢; — KAKai-TO APyrasd IePeMeHHAs, & ¢ — IeJI0e
qucao. Mbl o3BOIMIN ce0€ CAETKA, OTCTYIUThH OT KAHOHOB,
paspemms TpUGABIATL U BHIYUTATH IIEIBIE KOHCTAHTHl BMe-
CTO TOro, YTOOLL IPUMEHATH (PYHKIUIO S B JIEBOU U IPABOU
YaCTAX PABEHCTBA. SICHO, UTO HTO HE MEHAET KJIACCA BBHIPA-
3UMBIX (hOPMYJI, 3aTO TMO3BOMACT OCTABUTE L B JEBOU YACTH,
a4 KOHCTAHTY MEPEHECTH B MPABYIO.
Teneps cpaBHUM (HOpPMyYTy

p=3x7(x,21,...,20)
¢ ¢popMmyJon
T, T,y ) VT(t2, T1y o, ) Voo VT (b 1y - o, T,

KOTOPYK MHI OyaeT obosnadars . Dopmyaa ¢’ mpencra-
BJASET COOOU MUIBIOHKINI (POPMYJI, TIOTYIEHHBIX B DE3YJIb-
TaTe MOJACTAHOBKU DPA3IUYHLIX t; BMECTO Z B OECKBAHTOD-
uyio dopmyay 7(x,x1,...,%,). (locre nogcranosku Mox-
HO BEPHYTHCA K OOBLITHOMY BUIY 3amucu (pOPMYJIbl, 3aMEHUB
MPUOABIEHNE KOHCTAHT HA HYXKHOE KOMUIECTRO TPUMEHEHUN
dyuKnuy S ¢ TOU WM APYI'OU CTOPOHLL PABEHCTBA. )

OueBUIHO, 9TO €CAU I KAKUX-TO 3HAYEHUN TIePEeMEeH-
HBIX T1,...,T,; (POPMYIa @’ MCTUHHA, TO AJSI DTUX 3HAYCHUN
Z1,...,T, UCTUHHA # (popMmyaa ¢. B camom mene, ecam uc-
TUHEH -1 9IeH QU3BLIOHKIANA, TO B (POPMYJIE B KAIECTBE T
MOYXKHO B3STh 3HAYEHNE BHIPAKECHUA ;.

Bepuo qm obparnoe? He obasarensno. Buosane BozMoxk-
HO, 9TO TOT %, KOTOPEIA CyIIECTBYET U AEAAET POPMYILY
UCTUHHOU, OTIAMYAETCA OT Beex t;. Ho MbI mpomycTwau mo
CYIIECTBY TOJIBKO OJMH CAYYIadl — BCE TAKUE & B HEKOTOPOM
CMEIC/IE ONWHAKOBEL, TAK KAK OHU NEJAIOT BCE ATOMAPHEIE
dopMyaBI, cogepxkamue &, JOXKHBIMU, TO3TOMY BCE PABHO,
KaKOU M3 TaKUX & BHIOPAThL. OTMETUM TaK¥kKe, 9TO XOTA OBl
ONVH TAaKOU & HAMAETCH, IOCKOILKY 7 GECKOHEYHO, a BLIPa-
KEHWH t; AL KOHETHOE IUCIO.

O603Ha9MM Yepes ¢ popMyIy, KOTOpas TOTyINTCA U3 T
3aMEHOM BCEX ATOMAPHLIX (POPMyJ, COAEPKAIIUX L, HA TO-
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XK IECTBEHHO JOXHEE GopMyanl. CKazaHHOE BHIIIE O0hBACHA-
erT, moueMy (GOPMyYJIa  SKBUBAMEHTHA, AW3bIoHKIAT @'V .
Mur gocTuram tenm — HAILM GECKBAHTOPHYIO (DOPMYy,
SKBUBAJIEHTHYIO (hOpMYyJIe . >

JIerko moHATH, 9TO OTHOUIEHUE TIOPAIKA T > Y HE BBIPA-
XKAeTCA OECKBAHTOPHON (GOPMYJION HAILIEW CUTHATYPEI, IIO-
CKOMBKY Takad GOPMYJIa MOKET BKIHYATH JUITh ATOMAPHBIE
opMyabl Buga £ = y + ¢ 1 I Heé caydan, KOraa i CHIBLHO
GOJbIIE T, HEOTJIUIUM OT CIY4as, KOAa i CUILHO MEHbIIE .
TeMm caMBIM MBI TOKa3aau (9ero HEMb3A OBLIO CACNATH METO-
JOM aBTOMODP(U3MOB), YTO OTHOLICHUE T >  HEBLIPA3UMO
(B AaHHOU MHTEPIPETALNN JAHHOM CUTHATYDHI).

Hewmuoro 6osee c10:xHOE paccyX)aeHUe MOHATOOUTCS, €C-
Ju 106aBUTHL K CUTHATYPE OTHOIEHUE MOPAIKA.

Teopema 29. Beskas dopmyna B (Z,=,<,S) (rme S —
$yHKOMsA TPUGABIEHUA €IUHULBI) DKBUBAJICHTHA HEKOTODOU
6eckBanTopHOn dopmyae. (Kax rosopar, (Z,=, <, S) donyc-
KAem dAuUMUHAUUIO KEARMOPOB.)

< [MosmHOCTRIO yTBEPXK AEHUE TEOPEMBI 3BYUUT TaK: JJIA
BCAKON (POPMYJIBI CUTHATYPHI, COAEPKAIIEH PABEHCTRO, TMO-
PANOK M cUMBOI S, HANAETCA GECKBAHTOPHAA (POPMYIA TOU
K€ CUTHATYPBI, KOTOPas 3KBUBAJICHTHA €l B MHTEPIPETAa-
IIUY, Te HOCUTENEM ABIACTCA 7, & CUMBOJIBI CATHATYPHI WH-
TEPIPETUPYIOTCA €CTECTBEHHEIM 06pa3oM. (B marbuenmem
MbL Gy A€M OILyCKATh TAKUE HOSCHEHUS. )

[oxazaTenscTBO caenyeT mpexHen cxeme. Ilpasmpa, Te-
eph ATOMAPHEBIX (POPMYIT HOMBITIE — TOMUMO POPMYT & = t;
y Hac OygyT dopmyasl ¢ < t;. llosTomy Henb3s paccauThr-
BaTh HA TO, YTO BCE 3HAYEHUS I, HE BCTPEYAIOIIUECA CPe-
an {t1,...,t;}, BEAYT ceOs OJNHAKOBO, W HAII TIPUEM C BhI-
DeJeHueM CIydasi, KODJa BCE PABEHCTBA JOXKHBL, Oojiee He
MIPOXOIUT.

Kak xe OuiTh? [lnA MaHHLIX 3HAYEHUU L1, ..., T, TUCIA
t1,...,t; OEMAT YUCAOBYIO OCh (TOYHEe, MHOXKECTBO 7, Iie-
JIBIX YUCENT) HA IPOMEXYTKU, ¥ 1/ BIACHEHUS UCTUHHOCTH
(OPMYJIBI (¢ HAM HAJ0 MOMPOOGOBATH (IOMUMO BCEX t;) XOTA
OBl TIO OHOMY HYMCIY W3 KAXKJIOT'O MPOMEXKYTKA. JTO OyaeT
PapaHTUPOBAHO, €CIW Mbl HAIUIIEM AU3BIOHKIWIO, B KOTO-
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Py, moMUMO Beex Gopmyr T(t;, &1, ..., Ty), BOULYT TAKKe
dopmyast 7(t; + 1,21,...,2,) u 7(t; — 1,21,...,2,). DTO
MO3BOJAET HAM OOOUTHUCH 6e3 POPMYJsl ¢ n 6IaronosyaHO
3aBEPIIUTEL JOKA3ATEILCTBO. >

63. IIposepnbTe, 9TO H00aBIeHME KOHCTAHTHL () K DTOM CUTHA-
Type HE€ IMPEImATCTBYET JJINMUHAIIUU KBAaHTOPOB.

Yro GymeT, ecau Mbl U3 3TOU CUTHATYPHI YIATUM (DYHK-
1m0 S? Jlerko moHATH, 9TO KJIACC BHIPABUMEBIX MHOXKECTB He
U3MEHUTCs, TaK KaK § = S () MOXKHO BEIPA3UTh KAK «Y ABILA-
€TCsA HAMMEHBIIUM SJAEMEHTOM, 6OIbmmM o». OaHako mpu
5TOM MBI MCHOJB30BAIN KBAHTOPHL, Tak 9T0 mid (Z,=, <)
SIMMUHALNA KBAHTOPOB HEBO3MOXKHA.

64. Y6emurecs, aTo B camom gexe popmyna y = S(z) He 5KBU-
BAJIEHTHA HUKAKOU OECKBAHTOPHOU (POPMYJIE 3TOU CATHATYPHL.

YacTo Takou mepexol MPUXOAUTCA BHIIOIHATL B 0OPAT-
HOM HAMpPABJICHWH: ¥ HAC €CTh HEKOTOpPAas CUTYaIlls, B KO-
TOPOU AIMMUHANNA KBAHTOPOB HE mpoxoauT. Mer 06xomum
3Ty TPYAHOCTH, JOOABUB HEKOTOPHIE BHIPAZUMEIE TPEIUKA-
TH U GYHKIUU B HAIITY CUTCHATYDPY, MOCIE 9€r0 DAMMUAHALIAA
KBAaHTOPOB yaaéTcsa. B »ToM caydae MBI IOMy<daeM OIMCa-
HUE BCEX BLIPA3UMBIX TIPEIUKATOB ([MPEINKAT BEIPA3UM, €CJIH
OH 3aNUCHLIBACTCA OECKBAHTOPHOU (GOPMYJION PACITUPEHHOU
curHaTyper). MBIl BCTPETUMCA € TAKOU CUTyaLUel AaJblue,
roeops 06 apudmeruke [IpecGyprepa (pasgen 3.7).

B HekoTOpHIX CIyYasx pacCyXAeHWe YIPOIIAETCA, €C-
JY WCIOML30BATH NMPUBENEHNE GECKBAHTOPHOU (POPMYJIBL K
IU3BIOHKTUBHON HOpMaJabHou ¢gopme. BoT omuna w3 Takux
IPUMEPOR.

Teopema 30. Besaxas ¢popmyaa B (Q, =, <) sxBuBajseHTHA
HEKOTOPOU OECKBAHTOPHOU (hOPMYJIE.

< Kax Bcerga, moCTaTOIHO PaCCMOTPETL Caydanm ¢pop-
MYJIET BIIA

Jxr(z,T1,...,2,),

rge 7(z,x1,...,%,) — OeckBanropHas ¢opmyisa. Dopmy-
JIY T MOKHO CIUTATE (POPMYJION B U3 BIOHKTABHON HOPMAJh-
o (opme (Teopema 4, c. 19). HamomuuM, 510 03HATaET,
YTO T MHPEACTaBAAeT COOOH NUALIOHKIWIO KOHLIOHKIMU, &
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KaXK 1A KOHBIOHKIVA COEIMHAECT HECKOTBLKO JATEPAIOB (aTO-
MapHBLIX (POPMYJ WU UX OTPULAHUL).

B namHOM ClIydae MOXHO M30GABUTCA OT OTPULAHUY, 38~
meruB ~(z = y) Ha ((z < y) V (z > ¥)), a ~(z < y) —
Ha ((x = y) V (z > y)). locae 5Toro HazoO BOCIOAB3OBATE-
€Sl MUCTPUOYTUBHOCTBIO M BHOBB IPUATH K AU3BIOHKTUBHON
HOPMAJBLHON (POpMe — € OOJBIIMM YUCIOM WICHOB, HO YKE
0e3 OTPUIAHUAN.

Temeps HaJ0 BOCIOAB30BATBHCA TEM, UTO KBAHTOD CY-
MIECTBOBAHUA (KOTOPBIN €CTh «GECKOHEYHAA MUIBIOHKITIA) )
MOXKHO IEPECTABIATD ¢ MU3BIOHKIMEN. TOYHEe TOBOPSA, MBI
HOoAB3yeMcs TeM, 9T0 Gopmyast 3z (11 V 72) u Iz 71 V Iz 7o
oKBUBAJEHTHBL. (Belbill min 9épHBIN MHOPOT CYIIECTBYET
TOrAa M TOABLKO TOTZA, KOrAa CyMECTBYET GEeNbI €TMHOPOT
WM CYyIIECTBYeT YEPHLIM €QMHOPOr.) DTO 0GCTOATEABCTBO
TO3BOJAET 3aMECHUTD (DOPMYIY

Jx(nnVrV...Vm)

Ha,
e VIzrV...VdrT,

U Jajblie pa3bupaTbes ¢ KaxkIou u3 GOPMYJ MO0 TUHOIKE.
Nrak, HamM oCcTaI0Ch MPeobpas’soBaTh K OECKBAHTOPHOMY

By popMy.Ty
Fz(pr Apa Ao A pg),

rae kaxaaga u3 GOPMyJ p; COCIUHAECT KAKUE-TO IBE TEpe-
MEHHBIE BHAKOM = win < (HAIIOMHUM, 9TO OT OTPULAHUL
MBI y2K€ M30aBUIUCE).

Hexoropnie u3 GopMya p; He COAEPKAT TMEPEMEHHON .
Torma uX MOXHO BEIHECTH 33 KBAHTOP: €CJAH I HE ABIACTCA
napaMerpoM popMyast a, To popmyast 3z (aAf) u a Az [
OKBUBAJCHTHBL (€CAM ( UCTUHHO A HEKOTOPHIX 3HAMCHUN
napaMeTpoB, TO B 06euX (HOPMYJIaX €ro MONKHO OMyCTUTD;
eCIn (¢ JOXKHO, TO 06€ (POPMYJIBL JIOKHEL IIPU 3TUX 3HAICHUAX
HapaMeTPOB).

Brineca Takue pOpMYJIBI, MOXKHO CIUTATH, 9TO MO KBAH-
TOPOM OCTAIUCH JIHIIL GOPMYJIEL BUAA & < Tj, T = T U
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Z > x;, CDABHUBAIOIINE TIEPEMEHHYIO T ¢ KAKUMU-TO JPYTHU-
MU IIepeMeHHbIMEA. ECIn TaM eCTh XOTb OZHO PABEHCTBO, TO
KBAHTOD CYLUIECTBOBAHWA BBHIPOKIACTCA — €0 MOXKHO yIa-
JUTH BMECTE C TIEPEMEHHON I, 3AMEHUB €€ Ha Ty EePEeMeH-
HyI0, KoTopou oHa pasHa. Hanpumep, popmyay 3z ((z = y)A
A A(x)) moxHO 3amenuThb Ha A(Y).

Urak, ocrancs crydai, KOra MepeMeHHas & BCTPEIaeTCA
JIMIIb B HEPABEHCTBAX. JIpyruMu ¢JIOBaMu, HAC CIPALIABAIOT,
HAUAETCA U 3HAYMEHUE &, OOMbIIee KAKUX-TO [EPEMEHHBIX U
MEHBINee KAaKNX-TO Apyrux. Ecim Bce orpanvyennsa Ha T O
HOI'O 3HAaKa (TOJBKO CHU3Y MIU TOJBLKO CBEDXY), TO TAKOEe
3HAYMEHUE T CYMECTBYET IIPU JIOOBIX 3HAYCHUAX APYTUX IIe-
PEMEHHBIX ([TOCKOIBKY B MHOXKECTBE (Q HET HU HAMGOJBIIETO,
HY HAMMEHBIIErO 3JIEMEHTOB). UTO IenaTh, eCa’ eCTh Orpa-
HUYCHUA PasHbX 3HaKk0B? IlycTh Hama ¢popMy.Ia, HATpUMED,
nMeeT BU/I

Tz ((z>a)A (x> A(x <c)A(z<d).

Kak s3anucars yciaoBus Ha a, b, ¢, d, mpu KOTOPBIX 3TO BEPHO,
He UCnoab3ysa kBauTopos? Hano manucate Takyio dopmyy:

(a<e)N(la<d)N(b<e)N(b<d).

Mgbr XOTUM HANIMCATH, YTO HAUOOJBINAS U3 HIUKHAX TDAHIIL]
MEHBINE HAMMEHBIIEN W3 BEPXHUX, HO TMOCKOJBKY 3apaHee
HEU3BECTHO, Kakasa OymeT HauOOJbIIeN U KaKas HAUMMEHb-
ey, MBI IUIIEM, 9TO JI00asd HAXKHAI TPAHUIA MEHBIIE J0-
oou BepxHen. [ockombKy MHOXKECTBO Q ABIACTCA TWIOTHBIM
(Mexay JIOOBIMU ABYMS DJEMEHTAMU HAUAETC TPETUn), TO
3Ta (POPMyYJIa PABHOCUIBHA MCXOTHOM.

Tak, mocTeneHHo CBOAA AeJ0 KO BCE 60Mee TTPOCTHIM CIy-
9asgM, MBI 3ABEPIIAIN PACCYXKIACHUE. >

3aMeTuM, YTO B 3TOM [TOKA3aTEIbCTBE U3 CBOUCTB PALU-
OHAJNBHBLIX YUCEJ MBI UCHIOIB30BAIN JUIIL OTCYTCTBUAE HAU-
OOJIBINIEr0 M HAWMEHBINErO DJIEMEHTa W IUIOTHOCTBL. [103TOo-
My BCe Hamu npeodpa3’OBaHUA OCTAITCSA SKBUBAJCHTHBIMI
A JH60TO YIOPAJOIEHHOTO MHOXKECTBA C TAKUMU CBOU-
crBamu, a He Toabko misd Q. I[pumenus opTu mpeobpasoBa-
HUS K 3aMKHYTOU dopmy.e (popmyae 6e3 napaMeTpos), Mbl
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TMOJYYUM WU TOXKJECTBEHHO UCTUHHYIO (POPMYJIY, WIHA TO-
K IECTBEHHO JOXKHYIO (TOIBKO HAJO AO0ABUTH B A3BIK KOH-
CTAHTHI JIA UCTUHBL W KW, YTOOBI HE MCIIONB30BATEH (DUK-
TUBHBIX TIEPEMEHHBIX, KOT'1a HAI0 HAMUCATHL TOXKIECTBEHHO
UCTUHHOE WIM TOXAECTBEHHO JIOkKHOe Bblpaxenue). Orcio-
& MBI 3AKJIIOYAEM, YTO BO BCEX ILIOTHBIX YHOPSIOYEHHBIX
MHOXECTBaX 0€3 MepBOr0 U MOCIETHEr0 DJIEMEHTa, CIPABE-
JIUBBI ONHU U Te Xe (HOPMYJabl HAIlen curHarypsol. Kak ro-
BODSIT, BCE TAKIE MHOXKECTBA IACMEHINAPHO IKEUE AACHITIHDL
€ TOYKW 3PEHUs HAIEH CUTHATYPHI, cM. pasaen 3.9. (/[Ipyroe
JOKa3aTEIbCTBO DTOr0 (PaKTa MOMKHO IIOLYUUTH, UCIOAb3Ys
Teopemy Jlepenrenma — Ckonema 0 CIETHOU TOAMOIEIN U Te-
opeMy 006 mzoMopdu3Me CIETHBIX TMIOTHLIX JUHENHO YIOPA-
JOYEHHBIX MHOXKECTB 6€3 IIePBOr'O U [IOCJAELHErO 3JIEMEHTOB,
cM. pazger 3.11.)

B uwacTHOCTH, MBI fOKa3aau, 9TO I PANUOHAJILHBIX U
TENCTBATENBHEIX YUCET UCTUHHLI OJHU U Te e (hOPMYJIBI
curnaTyper (=, <).

Emé oxuum moGOYHLBIM IPOAYKTOM HAIIErO PACCyKIe-
HUA (KaK U IPYTUX PACCYXKIEHUN 00 DIMMUHALUN KBAHTO-
POB) ABJAAETCA CIIOCOO BHIACHUTD, OyIET JU TAHHAA 3aMKHY-
Tasg (popMyaa UCTUHHOU WIM JOXKHOU B PACCMATPUBAEMOU
nHTEepupeTauuu. [ag >3Toro Hago mpuBecTH €€ K OECKBAaH-
TOPHOMY BUIY ¥ TOCMOTPEThH, moxyuutcsa au W wiu JI. [Ipy-
IUMH CJIOBAMU, DIMMWHALNSL KBAHTOPOB yCTAHABAUBAET Pa3-
PeUWUMOCTb DIEMEHTAPHON TEOPUU PAIUOHAIBHBIX YUCES C
OTHOIIIEHNAMU PABEHCTBA U MOPSATKA.

DJIMMUHALWSI KBAHTOPOB OCTAETCs BOBMOKHOU (1 paccy-
XKIEHUE aKe HEMHOIO YIPOIIAETCA), €CIN PANUOHAIBHbIE
(Mnm [ENCTBATENBHBIE) YUCIA DACCMATPUBATE HE TOJBKO C
PABEHCTBOM ¥ MOPAIKOM, HO U CO CAOKEHUEM W PAITMOHAND-
HBIMY KOHCTAHTAMU. B 5TOM CIydae MOXKHO BOCIOIb30BATE-
Cs TPUBEIEHHON PAHEe CXEMOU ¢ KOHEUHBIM TTPEICTABUT M-
HBIM HAGOpOM TepMoB. B camom nene, mycTh & — mepemen-
Has, KOTOPYIO (BMECTE ¢ KBAHTOPOM CyIIECTBOBAHUA O HEN)
MBI XOTUM BAAMUHUDPOBATHL. Bee aToMapHbie GOPMYILI, €€
ConepKamme, MOKHO «Pa3PEIuTE OTHOCUTENLHO I, IIOLY-
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9UB HEKOTOPO€ KOAMYIECTBO POPMYJI BUIAA T = t;, = > t;
uzx < t;, rae t; — JUHEHHBIE KOMOMHAIMN OCTAALHLIX ITe-
PEMEHHBIX C palMOHAIbHEIME Koddduumentamu. (Pasperme-
HIE PAIMOHATHLHBEIX KO3(M(MUIMEHTOB BMECTO TIEJBIX HUYIETO
HEe MEHSeT, TaK KaK MOXHO IIPHUBECTH BCE K OOLIEMY 3Ha-
MEHATEII0 U MOIYYUTDL Heable KO3(PQUINEHTH, 3aTeM Iepe-
HECTU OTPUIATENbHBIE KO3(M(MUIMEHTH B IPYTYIO UacTh, a
HOMOKUTENLHBIE 3AMEHUTH MHOIOKPATHBIM CJIOKEHUEM. )
3areM B KadecTBe OPEACTABUTEIBHOIO HAOOpa HAIO
B3ATb HAGOD, COCTOAIINN, BO-TIEPBBIX, U3 BCEX f;, BO-BTOPHIX,
U3 BCEX CpegHux apudmermdeckux (t; + t;)/2, u, HakowHern,
u3 Beipaxkenun t; — 1 u t; + 1. fAcHo, 4TO Kak GBI HU pacno-
JIOKUIUACH TOYKY f; HA IUCIOBOU OCHU, TOT HAGOD 3aXBATUT
KaK MUHUMYM TI0 OJHOU TOYKE U3 KaXKJOTO MPOMEKYTKA
(cpennue apudMeTUIECKIe HYXKHbL 11 UHTEPBAJIOB, 4 DU~
HaB/JeHUe U BLIMUTAHUE €IUHUILI — A JIy<9ed IO KPasM).

65. IIpoBecTu 510 paccyxgeHue noapobHO.

BosmoxHOCTE dianMMUHAINKM KBAHTOPDOB B TOJIBKO YTO
paccmorpennon curyanuu (Q, =, <, +, pauuoHajibHLIE KOHC-
TAHTHI) UMEET MHTEPECHOE IMeOMETPUIECKOE TPUMEHEHNE.

Teopema 31. [IycTh e IMHUYHBIN KBAAPAT PA3PE3AH HA HE-
CKOJBKO MEHBIMX KBaApaToB. Torga Bce OHM MMEIOT palln-
OHAJILHBLIE CTOPOHEL.

< Ilycte pano Takoe paspesaHue C 1 MEHBUINMU KBa-
aparamu. Hanwmem dopmyay ¢ 3n mapamerpamu (n u3
KOTOPBIX COOTBETCTBYIOT PasMepaM MEHBINX KBaIPaTOB,
a 2n — KOOpMHATAM UX JIEBBIX BEDXHUX yIVIOB), KOTOPAs I'O-
BOPUT, UTO BTU MAPAMETPHI IEUCTBUTEILHO 33a10T pa3pe-
3aHME KBaApaTa (KBaIPATHI COAEPIKATCA BHYTPHU €IUHATHO-
0, He IMEIOT OOMUX TOYeK U BCAKAA TOIKA €JUHIIHOT'O KBa-
apaTa MOKPHIBAETCA XOTA Obl OJHUM U3 MEHBIINX KBaIpa-
ToB). HaBecuB KBaHTOPHI CYIIECTBOBAHUA MO MEPEMEHHBIM,
3a0AI0LIUM KOOD AMHATEL, noayauM dopmyay F(zy,...,z,) ¢
mapaMeTpaMu i, ..., ~Ln, KOTOPAd UCTUHHA, KOI'Da U3 KBa-
TPATOB PA3MEpPOB X1, ..., L, MOXHO COCTABATDL €IMHUTHBLIN
KBaJapaT.

DIVMUHAINNA KBAHTOPOB MO3BOJSAET CIUTATH, 9TO (POp-
MyJa F 6eckBaHTOpHAsA, TO €CThL NPEACTABLAET COOOU JIOrU-
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YECKYI0 KOMOWHAIINIO PABEHCTB M HEPABEHCTB BUIA €I +
+...4+ecpxp+co=0uciz1 + ...+ chzy, +cog > 0 c pas-
JUIHBEIMYA DPANUOHATBHEIMU KopdduimenTaMu. [locMoTpum
Ha BCE BHIPAXKEHUA, CTOAIAE B JEBOU YaCTU TAKAX PABEHCTB
u HepaseHcTB. IlogcTaBuM B HUX YUCTA T, - . . , Ly, COOTBET-
CTBYWOUINE JaHHOMY HaM paspesanuto. llpu 3ToM mosyyunT-
ca uctunHaA popmyaa F(Ty,...,T,), B KOTOPOU HEKOTOPLIE
U3 JIEBBIX YACTEU PABEHCTB U HEPABEHCTB OyAyT PABHBI HY-
J10, a apyrue HeT. BpemenHo 3afymeM mpo Te, KOTOpHIE HE
PABHEI HYJIO, 4 PABHBIE HYJIO OyJ1eM BOCIPUHUMATEL KaK Jie-
Bble YaCTU YPABHEHUU C HEU3BECTHLIMU I, - .., Ly (C HYIEM
B IPABOU YACTH) HE3ABUCUMO OT TOrO, BXONWIN JU OHU B
F xax JieBBIe 9aCTU YPABHEHUN WK HEPABEHCTB. llomyvauTcsa
CUCTEMA YPABHEHUH, M KOTOPOU YUCAA T1,...,TLn OyAYyT
pemenusanvu. Ecau 5Ty aucaa SBASIOTCA IUHCTBEHHBIMEU €€
PEIIEeHNAMH, TO OHU PALMOHATBHEL (HAPUMED, TOTOMY, 9TO
npasuiaa Kpamepa mis penieHus cucTeMbl yPABHEHUH COep-
JKAT OTHOIIEHUS ONPEAETATENEH ¢ PAUOHAILHBIME DIEMEH-
ramu). [TokaxeM, 9TO APYroro GLITHL HE MOXKET.

B camom fmene, eciu perieHne He €IMHCTBEHHO, TO €CTh
nesas npsaMas, IPOXOAAIAL Yepe3 TOUKY T = (T1,...,Tn) U
JIEXKAIIAA B MHOXKECTBE PEIICHUN CUCTEMBI. BCe TOYKM mps-
MOH, JOCTATOYHO OJUBKHE K T, HCOTIUIUMEL OT T ¢ TOIKHU
3penus ¢opmyasl F' u motomy memaror gopmyray F umcTun-
uwou. B camom gene, JeBble 9acTU, paBHBLIE HYJIO B T, PABHEI
HYJIIO HA BCEU TPAMOU, & JEBBIE YACTH, OTJANIHBIE OT HYJA B
TOYKE T, COXPAHAIOT 3HAK B HEKOTOPOU OKPECTHOCTHU DTOU
rouku. lycre (hy,...,h,) — HAIPABIAIOUMA BEKTOD HTOU
mpaMon. Torga npu BCex JOCTATOTHO MAJHIX 3HAYCHUAX | U3
KBaIPATOB Pa3MEpPOB

Ty +thy, s + tho,..., Ty + th,

MOYXKHO COCTABUTEL IUHUIHEIN KBaApaT. Ho 5TO HEBO3ZMOXK-
HO. Y1068 yOEAUTHECS B HTOM, JOCTATOIHO OCTABUTE JOTUKY
U BEPHYTBHCA K T€OMETPUN: IIOMIA AN 3TUX KBATPATOBR B CyM-
Me TOMKHBI PABHATHCA 1, HO TIOMIAIE KaXK TOT0 €CTh MHOT'O-
YJICH BTOPOI CTEHeHH M0 ¢, ¥ KO3(P(MUIUCHT Ipy {2 [OJ0XKHI-
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TeJeH, TOPTOMY CYMMa TaKUX MHOTOWICHOB HE MOXKET TO-
KIECTBEHHO PABHATLCA €IMHUIE HU HA KAKOM HHTEpBaJe. [>

Hackoabko cymecTBeHHA B DTOM PACCYXKIECHUUM CCHLI-
Ka Ha BO3MOXKHOCTL DSANMMHAINKA KBAHTOpoB? B mpumHim-
me MOXHO 6bLI0 OBl paccyxkmarTh Tak. IlycTh gaHo paspe-
3anme kBagapata. [locMoTpuMm Ha koHUTYpaluio, obpasye-
MYI0 MEHBITNIMU KBa,APATAMU, U HATIUIIIEM PABEHCTBA U HEPA-
BEHCTBA Ha Pa3MepLl YacTel, KOTOpPLIEe FapaHTUPYIOT, 9YTO B
2TOU KOH(DUrypauuy HeT menen u nepexpoitui. (Jatee mpo-
JOMKAEM PACCYXKeHUE KaK paHblie.) KOoHedHO, BOBHUKAET
BOIIPOC: TIOYEMY MBI YBEPEHBI, 9TO TAKYI0 CHCTEMY ypPaB-
HEHUU U HEPABEHCTB MOXHO HAMUCATHL! LJIA4A Ha KOHKPET-
HYI0 KOHGUTYPAIINIO, DTO CAEJIATH JErKo, HO KaK TMPOBECTHU
3TO PaCCyXIEeHWE CTPOro s OOIIErO Caytas, He BIIOJIHE
TTOHATHO.

Mznoxkenuble METOIBI HO3BOJAIOT IPOBECTHU DINMUHA-
1IN0 KBAHTOPOB U OMUCATDL BHIPA3UMBIE MHOXKECTBA BO MHO-
I'UX CATYAUWSIX; HECKOIBKO IIPOCTHIX IIPUMEPOB TAKOI'O PO-
Ia MpemIaralTcsa B KadecTBe 3anad. [/IBa 6ojee CIOKHBIX
npumepa (apudmernka [Ipecbyprepa u Teopua CIOKEHAA U
YMHOXKEHUs NeHCTBUTEIbHBIX 4UCed) pasbupaoTcs B ABYX
CTEAYIOUMX Pa3Ieaax.

66. OmmcaTe BBIPA3WMBbIE NPEAWKATHI, TPOBEAA DIMMUHA-
U0 KBAaHTOPOB (U DACIIUPUB CUTHATYDY, €CIM HYKHO) U
(a) (M,=), rme M — npom3BoabHOE GECKOHETHOE MHOXKECTBO;
(6) (Q,=,4); (8) (Q,=,85), rae S — onepanmsa TpubGABJICHUA AU~
mauuer; (r) (N,=,S5), roge S — onepamua npuGaBICHUA €IUHAIE;
(m) (N, =, S, P), rge S — onepaums npubasrenus eguamnnsl, a P —
OJHOMECTHBLIR TIPEANKAT (GBITH CTETEHBIO ABOUKMIY.

3.7. ApudmeTuka lNpecbyprepa

B 5TOM pasgene MbI OMUCHIBAEM BEIPA3MMEIE MHOXKECTBA,
B (Z,=,<,+,0,1). OTmeTnm cpasy xe, 9TO C TAKOU CUT-
HATYPOU DINMUHAIIAA KBAHTOPOB HEBO3MOXHA. B caMoM 1e-
ae, popmyaa Jy(x = y + y), MCTUHHAS AAA YETHBIX T, HE
DKBUBAJEHTHA HUKAKOU GeckBaHTOpHOU dopmyse. [losTomy
HaM HYXHO, TTPEXIE YeM TPOBOAUTL HAUMUHAIINIO KBAHTO-
POB, PacCmMpUTEL CUTHATYPY. llpuBenénuem npumep ¢op-
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MYJIBI MIOACKA3LIBAET, KAKOE PACIIUPEHNE HAM HEOOXO0TUMO.
Paccmorpum cuéTHOE CEMEUCTBO [IBYMECTHBIX IIPEIUKAT-
HBIX CUMBOJIOB =s,=3,=4,... CumBox =, OymeT maTepnpe-
TUPOBATHCA KAK PABEHCTBO TO MOy ¢. [Ipyrumu cioBa-
MU, popMmyaa & =, y OyJeT UCTUHHA B HAIIEU UHTEPIPEeTa-
WU, €CAU & CPABHUMO C Y TO MOAYJIIO ¢ (OCTATKM TI0 MOIY-
JIO ¢ PABHBL; & — Y KPATHO C).

Bak#o nMeTh B BUY, 9TO UHAEKC ¢ B T =, Y HE ABJISETCA
TMEPEMEHHON: V HAC He TPEXMECTHBIA MPEAUKAT, & CIETHOE
CEeMEUCTBO ABYMECTHBIX NPEIUKATOB.

Takoe paciumpenne He MEHET KIaCCa BEIPA3UMBIX TIPe-
OUKATOB, IOCKOJBKY, HALPUMED, T =3 Y MOXKHO BBHIPA3UTH
Kak 3z (x = y+2z+2+2). 3aT0 OCAE DTOrO BCAKAA POPMYIa
SKBUBAJEHTHA OE€CKBAHTOPHOU, KAK TTOKA3KIBAET CJIETYIONIAA
TeopeMa (HasblBaeMas TEOPEMOU 00 IMMUHALMY KBAHTOPOB
6 apudmemure Ilpecbypeepa).

Teopema 32. B (Z,=,<,+,0,1,=5,=3,...) BolIOaHUMA
DIMMUHALNA KBAHTODOB.

< Mu1 6yjgeM IpUMEHATH METO[, ONPOOOBAHHBIA B Ipe-
OBIIYIEM pasjene: BhIOOD MPeNCTABATEIBHOIO MHOXKECTBA
TepMOB (TTOCJIE HEKOTOPHIX TPEOOPA3OBAHAN (DOPMYJIBI).

HamomuuM, kak 570 meaaeTcsa. MBI XOTUM 10Ka3aTh, UTO
BCAKas POPMYJIa SKBUBATCHTHA OeCKBaHTOpHOU. Paccyx nas
10 WMHAYKINH, MBl JOJRKHBEL JWIObL IPOBEPUTH, 9TO BCAKAS
dopMmyna BUIA

Jrr(z,T1,.. ., 20),
rae 7(z, %1, ..., T,) 0603HAYACT GECKBAHTOPHYIO (POPMYIY,
BCE TICPEMEHHEIC KOTOPOU COAEPKATCA CPENU T, T1,- - -, Tn,

SKBUBAJIEHTHA HEKOTOPOU GeCKBAHTOPHOK (popMy.e (C TeMu
XKe TIEPEMEHHBIMU, He CIUTAA T ).

TlocmoTpumM, Kakue aToOMapHbIE (POPMYJILI, COIEPKAIIAE
NepEMEHHYI0 T, BXOJAT B T. IlepeHoca WeHB B OAHY CTO-
POHY, BTH ATOMAPHEIE (POPMYJIET MOKHO 3aIMCATEL B OJHOM
u3 tpéx Bugos: L(z,xy,...,x,) = 0, L(z,21,...,2,) > 0
wm L(x,x1,...,2,) = .0, rae L(z,x1,...,%,) OpeacTaBii-
eT cobOou IUHENHYI0 KOMOWHAIINIO TIEPEMEHHBIX I, T1, . .., Ty
¢ TeTeIME KOD(DPUITMEHTAMEA ¥ IETOIUCIEHHBIM CBOOO THEIM
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wieroM. (B orimame or cutyanuu B Q, 316CH HEMB3A AEIUTH
Ha koadduuuent upu x.) [lepenocsa z B aeByIo yacTh, a Bcé
OCTAJIBHOE — B MPAaBYI0, NOJyIaeM COOTHOLICHUE OJHOTO W3
TEeTHIPEX BUIOB:

kr =1l(z,...,2,);
kr <l(zy,...,%q);
kx> 1l(z1,...,2,);
kr =, lxy,...,2,),

rae k — MOJOXKUTEIBHOE [EI0e IUCA0 (PA3HOe MU PA3HBIX
aTOMApHBIX QOPMYJI), a | — JUHEUHAA KOMOWUHAIUA TIEPEe-
MEHHBIX T1,...,ZTn C LUEJLIMU KOd((duumentTaMu u cBoOOI-
HBIM <JIEHOM.

Kak mbr ropopuin, x03p@uuueHTH B JeBOM YacTu (a
TAKIKE, PA3yMEeeTCs, IPaBhle Y9aCTU) y PA3HBIX aTOMAPHBIX
dopmya pasuere. OTHAKO MBI MOXEM WX YHUDUIMPOBATD,
mepenisa K 00IeMy KpaTHoMy. B camom nmese, HepaBeHCTBA U
PABEHCTBA MOXKHO YMHOXKATh Ha YUCIO, CDABHEHUA — TOXe,
ecayM MOAYJb CPABHEHWA (MHAEKC ¢ B =.) YMHOXUTb HA TO
xe camoe qucyao. [TopToMy MOXKHO CIMTATh, UTO Haa, Ghop-
myaa umeer sup 3z 7(kx,zq,...,T,), HIOHUMAS [OJ DTUM,
qTO T MOABIAETCA TOIBKO B JEBBEIX ACTAX U Be3je C KOd(P-
durmenTom k. Takyro GoOpMynsy MOXHO MEPENUCATH KAK

Hy (T(ya-rlv cee 7$n) A (y =k O))

Takum obpaszom, 6e3 orpaHu<IeHrs OOIIHOCTH MOXKHO CH-
TaThb, ITO k = 1, MOCKOIBKY HOBast (pOpMyJa NUMEET TOT Ke
CAMBIN BU

HyT(y,.Tl,...,l'n),

9TO U UCXOAHAA, HO ViKe 630 BCAKOTO KO PUINEeHTa IPH Y
(u ¢ Mmogudunuposarson dopmyaon 7). lyers Iy, ... 0 —
BBIDAXKEHUs, CTOALNME B NPABBIX YaCTAX PABEHCTB, HEpa-
BEHCTB U CPABHEHUH C JEBOU YaCTLIO .

Mui X0TUM, Kak ¥ B TIPEIBIAYIIEM pa3fefe, yKa3aTh
[IpeICTABUTENLHLI HA0Op 3HaveHuu Yi,...,Yn. Kaxmgoe
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u3 Y; mpeacTaBiseT coOOM JMHENHYID KOMOMHALMIO Tepe-
MEHHBIX T1,...,ZTn C LUeJbIMU KOd(duiumentTaMu u cBoOOI-
HBIM wieHOM. «(IpencTaBuTensHOCTEY 03HAYAET, UTO €C-
JU JIA KAKUX-TO I1,...,L, HAUAETCA Y, MId KOTOPOTO
7(y,21,-..,Tp), TO TAKOU Y MOXKHO HAUTH U CPEAM 3HAYUE-
Ul Y7, ..., Yy (Opu Tex ke T1,...,Tp)-

YTo6b yKa3aTh NPEACTABUTENBHBIN HAGOP, PasiequM
BCE aTOMApHBIE (POPMYJIBI B T, COAEPKAIIUE ¥, HA ABA THU-
[a — CPABHEHWs [10 MOAYJ/IO U OCTaJbHLIE (DABEHCTBA U He-
pasencTBa). [locMOTpUM, MO KaKAM MOXYJAM MTPOBOAATCA
cpasuenus. [lycts D — o0Imee KpaTHOE BCEX DTUX MOIYJIEH.
B srom caydae maMeHeHUe 3HAYEHUS MEPEMEHHOU §j HA Be-
JUUUHY, KpaTHYIO D, He BIMAET HA PE3yAbTATH CDABHEHUN.
Temeps BO3bMEM BCe BRIPAKEHUS, BCTPEYIAIONINECA B TPABBIX
YACTAX PABEHCTB WM HEPABEHCTB, W OyaeM NpubaBiIiTh K
HUM BCEBO3MOXKHBIE LIEJIbIe YUCIa u3 orpeska or —D mo D.
ITo u OyJeT IpeacTaBuTeIbHEIN Habop. JIpyrumnu croBamu,
B IPEACTABUTEIBHBIA HAGOP BXOMAT BCE BbIpaxeHus [ + c,
rae | — ogHA W3 MPABBIX YaCTEU PABEHCTB WU HEPABEHCTB,
COMEpPKAIMMX Y B JEBOU YACTH, & ¢ — IEI0e YNUCJI0, HE TIpe-
Bocxogsmee D 1o abGCOMIOTHON BeIUYrHE.

TTokazxkeM, 9TO IOy YeHHBIN HAOOP AEUCTBUTEILHO OyaeT
MpeacTABUTEIbHBIM. [IyCTh IpU AAHHBIX X1, ..., T, HALIAET-
€A HEKOTOPOE ¥, IJIA KOTOPOrO T(Y, L1, - - -, Tp). LllocMOTpHUM,
KaK/e 3HAYCHWS MPUHUMAIOT IPABLIE YaCTU PDABEHCTB U He-
PABEHCTB MPU JAAHHBIX I1,...,%,. LCIX 3HAYEHUE § TOMAJO0
B oObequHeHne D-OKPeCTHOCTEN DTUX 3HAYEHUU, TO JOKAa-
3bIBATH Hedero. Eciau ke HeT, HAYHEM CMEINATh ¥, ABUra-
ACH maraMu pasmepa D B HAIPABICHUN KAKOU-TO TOYKU U3
5TOro oOBenuHeHns. MUHOBATE MBI €€ He MOKeM (IIMpUHA
okpecTHOCTE paBHA 2D, a pasmep mara pasen D), mosTomy
B KAKOU-TO MOMEHT MBI BIEPBBIE MONAAEM B DTO 0ObeIUHe-
mue. O603HATUM BTy TOUYKY (MEPBYIO MOMABIIYIO B O0BEIN-
menue) uepes y’. Torga iy’ npu nogcTaHOBKE B T 1aéT Te XKe
CaMbIe Pe3yabTaThl, ITO U Y. B camMoMm gene, mis CpaBHe-
HAU 3TO TAPAHTUPOBAHO, TTOTOMY UTO CABUT KPATEH MOIY-
a0 cpasHeHun. Ho 3TO BEPHO U 1A PaBEHCTB U HEPABEHCTB,
OCKOJIBKY Ha MPENBIIVINEM Iare Mbl Obliun BHe D-0Okpect-
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HOCTU BCEX IIPABBIX t‘Ia,CTeﬁ U TOTOMY HE MOTVIN HepeﬁTH C
OJHOU CTOPOHBI HAa APYLYIO.

Takum 06pazom, cpear MpeacTaBuTEILHOr0 Hab0pa eCTh
3Hadenue (a UMEHHO, '), yaoBIeTBOpsomee GopMyIe 7, 94To
u TpeOOBaJIOCh NOKA3aTh. >

WTax, MBI TTOMYyYMAM OTBET HA WHTEPECYIONMUA HAC BO-
npoc: BeIpasuMble B apudmeTuke IlpecGyprepa npeamka-
TBHI — DTO NPEINKATHI, BEIpA3UMble O€CKBAHTOPHEIMU (HOP-
MYJaM", COMCPKAIMUMU Teable KOHCTAHTHI, CJIO0XKCHUE, Da-
BEHCTBO, OTHOIIIEHNE IIOPAIKA U CPABHEHUSA 10 JIOOBIM (PUK-
CUPDOBAHHBIM MOIYJAM.

3.8. Teopema Tapckoro—3anaeHbepra

B sTom pazgene MBI MOKaXKeM, ITO B DIEMEHTAPHOU Te-
OpUU MEUCTBUTEIBHBIX YUCET CO CJAOKEHUEM W YMHOXKEHU-
€M BBIIOJHUMA DIMMUHALUA KBAHTOPOB. Boaee Touno, pac-
CMOTPHUM CUTHATYPY, COAEPKALLYIO MPEIUKATH = U <, KOH-
cTtauTel 0 m 1, a TakXke OmepaIuy CIOXKEHUI W YMHOMKE-
unA. PaccMOTpUM HHTEPIPETAIINI0 3TOU CUTHATYPHI, HOCH-
TeeM KOTOPOU SABIACTCA MHOXKECTBO NEUCTBUTEILHBIX Y-
cesl, a TPeJUKATHl U ONEPAIUN TOHUMAKTCA €CTECTBEHHBIM
ob6paszom. Torga ama kaxka0u GOPMYIEL CYIIECTBYET SKBUBA-
JeHTHAs (BBIPAXKAIOWIAsA TOT XKe [IPEeIUKAT) GeCKBAHTODHANL
dopmyna. ITO yTBEPKIEHUE HA3BIBAT meopemots Tapcro-
20 — 3atidenbepea.

Ilpex e weM AOKA3BIBATL DTY TEOPEMY, CAEIAEM HECKO-
JBKO KOMMEHTAPUEB:

e CBOMCTBO & < ¥ MOXKHO BHIPA3UTh KAK (CYIIECTBY-
eT HeHyJIeBOe %, MIA KOTOPOro  + 22 = y». Takum
06pa3oM, KJIaCC BBIPA3UMBIX NIPEIUKATOB HE U3MEHUT-
cA, eI MBI ygaauM cuMBoa < u3 curHaTypel. (Ho
IPEeINKATOB, BEIPA3UMBIX OECKBAHTOPHBIMU (hOpMY.Ia-
MU, CTaHeT MeEHLIne: cBOUCTBO & > (), KaK JIerko Imo-
HATH, HE DKBUBAJICHTHO HUKAKON O€CKBAHTOPHOU (POp-
MyJie, COEepKAIIeN KOHCTAHTHI, CIOXKEHNE, YMHOXKEHNE
U PABEHCTBO. )
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e BeckBanTopHyI0 (OPMYIy HAIEH CUTHATYPH MOKHO

[PUBECTH K IU3LIOHKTUBHON HOPMAJILHOK (popMme, mo-
cJle “Iero OHa MPEBPATUTCA B COBOKYIHOCTH CUCTEM
ypasuerun Buga P = 0 u mepasencts Buga P > 0.
B camom mene, B KOHBIOHKIIMAX MOL'YT €I OBITL OT-
PUIAHUA, TO €CTh OTHOIIEHUA 7# U 2>, HO MOXHO Da3-
oute P # O ma (P < 0)V(P > 0),a P > 0 Ha
(P =0)V (P >0), nocie 4ero BOCIOIb30BATHCA JUC-
TpuOyTUBHOCTEIO.

IMoagvuoxecTra R", 3amaBaeMble YpaBHEHUAMU BUIA
P = 0 u nepasenctsamu Buga P > 0 (rge P — mpo-
U3BOJBHBIM MHOTOWIEH OT HECKOJILKUX MEPEMEHHBIX C
HeIBIME KOD(MQUIMEHTAMY), 8 TAKKE MHOKECTBA, I10-
Jy9aeMbIe M3 HUX JIOOBIM YUCIOM ONepauuil 00bemu-
HEHUs U [IePECeYCHUs, HA3BIBAIT NOAYAA2E0DAUNECKU-
mu. IIpensrinymee 3aMedanne MOKA3BIBAET, ITO BCAKAA
6eckBaHTOpPHAA (POPMYIa 3a4aET MOJIyaaredbpandecKoe
muoxkecTBo. ([loayarrebpanteckue MHOXKECTBA ABIA-
F0TCST 00OGIIEHUAMN a.42e0P AUYeCKUT MHOKECTB, 3a1a-
BaEMBIX CUCTEMaMU [OJIUHOMUAIBHBIX YDABHEHU. )

N3 reopembr Tapckoro— 3augentepra BEITEKAET, YTO
MPOEKITNA MoMyarrebpanieckoro MEoxkecTsa A C R
BJOJb OJHOU M3 OCEH ABAAETCA IOJyAIreOpandeCKuM
HOAMHOXKecTBOM mpocTparcTsa R? 1. B camom geue,
TEPEX0[] K TPOEKITUY TPUBOANUT K NOOABICHUIO KBAHTO-
pa CYIIECTBOBAHUS, KOTOPBIA MOXKHO 3aT€M DJIUMIHU-
poBaTb. (YTBepxkaeHue o mONyasreGpaudHOCTH IIPO-
EKINY TIOIY AITe0PANIECKOTO MHOKECTBA TIO CYIIECTRY
paBHOCWILHO Teopeme Tapckoro-—3augeHbepra, Tak
KaK 3JIMMUHALKMA KBAHTOPA CYHIECTBOBAHWSA SBIACTCS
€IMHCTBEHHBIM HETPUBUAIBHEIM IIIATOM B JOKA3ATEIb-
CTBE DTON TEOPEMHI. )

IIpumep: paBencTBo 22 + pr + ¢ = 0 3a12éT mOTY-
anreOpamdeckoe (U Taxke aIredpamIeckoe) MHOXKECT-
BO TPOeK (x,p, q). KakoBa GygeT ero mpoeKuus BAOTE
0oCH T Ha ILNIOCKOCTL P, 7 Kak yuar B mkosae, 3To Oy-
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JZeT MHOXKeCTBRO p° — 4q > 0, KOTOpOe OKa3LIBaeT-
€A oMy anrebpanvIecKuM B MOJHOM COIVIACHE C Teope-
mou Tapckoro— 3angentepra. [Ipo anamoruvnse Kpu-
TEPUY PA3PEINIIMOCTY YPABHEHUN OOJBIIEN CTETICHN B
IKoJ€e He y4daT, HO TeopeMa Tapckoro—3augenbepra
rapaHTUPyeT UX CYUIECTBOBAHUE.

Kak m Bo Bcex mpeabIgymmMX CIydasX DIANMUHAIIU
KBaHTOPOB, IpeobpazoBanue GOPMYJIbl B OECKBAHTOD-
HYI0 POPMYIy 3(PPEKTUBHO (BBITOTHACTCA HEKOTOPHIM
anropuT™MoM). B wacTHOCTH, 5TOT aaropuTM MOKHO
OPUMEHUTE K 3aMKHYTOU dhopmyse (dopmysae 6e3 na-
pameTpos). Torga nonyaunrcsa 6eckBaHTOPHAA (HOPMY-
Ja 6e3 mapaMeTpoB ((HPOPMAIBHO TOBOPA, TAM MOT'YT
OBITH MApaMeTPHI, OT 3HAYEHWU KOTOPHIX HUYETO HE
3ABUCAT, HO UX MOXKHO 3aMEHUTH, CKAXEM, HYJSIMH).
UcTtunaOCTE Takon (GOPMYJIBI MOXKHO AITOPUTMUUIE-
CKU [IPOBEPUTH. 1eM CaMBIM MOXKHO aIrOPATMUYECKU
MPOBEPUTH UCTUHHOCTD JIOO0I0 YTBEPKACHUA O NeU-
CTBATENBHBIX UUCIAX, BHIPAKEHHOTO (DOPMYJION Ha-
mer curHaTypol. Kak roBopsar, sieMeHTapHas Teopus
IEUCTBATENBHBIX YHCET CO CIOXKEHUEM U YMHOKEHU-
eM Pa3peutuma.

BonpmuHCTBO yTBEPK AEHUHN IKOJILHOI'O KyPCa MeoMe-
TPUU C TOMOIIBI0 METO1a KOOPIUHAT MOXKHO 3aIINCATH
KaK YTBEDXKACHUA O MAEUCTBUTEILHBLIX UUCAAX B Ha-
wen curnarype. (Mckiaodenue, BopoueMm, COCTABLIIOT
YTBEPKIEHUs, I'le PeUIb UAET HE O TPEYLOIbHUKAX U
YeTHIPEXYTOJBHIKAX, & O N-YTOJIBHUKAX 03 YKa3aHUsI
KOHKDETHOTO 7). 3ANKCAB TEOPEMBL B BIE 3AMKHY THIX
(bopMys HAIIEW CUTHATYPBI, MOXHO AICOPUTMUIECKA
MPOBEPUTH WX UCTUHHOCTH. 1eM CaMBIM MBI TTOIYIaeM
O0IINT METO[ NOKA3ATEILCTBA OOMBIIMHCTBA TEOPEM
LWIKOJALHOU reoMeTpuy (BIPOHUEM, OH MMEeT JIAIIL Te-
OpeTUYecKoe 3HAYEHNe, TaK KakK aIropuTM padoTaer
He0003PUMO JOJITO Ha CKOJBKO-HUOY B CJAOXKHBIX (hOp-
MyJIax).
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Teopema 33 (Tapckoro—3anaenBepra). [luaa Beakon pop-
MyJIbl curHaTypel (=, <, 0,1, 4+, X) cymecrByer 6eCKBaHTOD-
Haa (HOPMYJIA, 3aTAK0MAA TOT XKe MPEIUKAT Ha MHOKECTBE
IENCTBATETLHBIX THUCET.

< Kak 06BIMHO, DOCTATOMHO PacCMATPUBATEL (POPMY.IY
C €IMHCTBEHHBEIM KBAHTOPOM CYIIECTBOBAHUA, TO €CTh (hOp-
MYy © BHAA

Jx B(z,z1,...,2Tn),

rge B(z,z1,...,T,) — GeckBaHTOpHAL (HOPMYJIA, BKIIOYA-
omasg B ceba TOJBKO NEepeMEHHBIe U3 UHCAd T,ZL1,...,Tn.
Hamo moxasaTh, YTO HAUAETCA DKBUBAJCHTHAA (HOPMYJIE @
6eckBanTopHas Gopmyaa B'(xq,...,x,).

TlocmoTpum Ha aTOMapHBIE (POPMYJIBLI, BXOIAIINE B (POP-
myay B. IlepeHocst Bce mepeMeHHBIE B OMHY YaCTh, MOXK-
HO CUMTATB, YTO KaXIasd aToOMapHad (POpMYyJa MMeeT BUI
P(z,z1,...,2,) = 0 wiu P(z,21,...,2,) > 0, rge P —
HEKOTOPBIM MHOTOWIEH C TMETBIMU KO3 PUIIMEHTAMU OT TIe-
DPEMEHHBIX &, L1, . - - , Lp. KOJBIIO MHOTOMICHOB C TIETBIMU KO-
addunrmeHTaMu OT IEPEMEHHBIX &,Z1,...,L, 0003HAYaeT-
cs uepes Z[x,x1,...,%,]. I'DynnupoBka «wieHOB mo cTeme-
HAM TIEPEMEHHOU I NAaéT MHOTOWIEH OT &, KOd(DPUIMEHTHI
KOTOPOI'O MPEACTABIIIOT COG0M MHOT'OWIEHBI OT Iy, . .., L.
CHUMBOIMYECKT DTO 3AMUCHIBACTCS TaK:

Zle, 21, 20] = (Zlas, .., 2a)o]

(MHOTOYJIEHET OT 7 + | IePEMEHHBIX MOXKHO PACCMATPUBATD
KAK MHOTOYWIEHBI OT ONHOH MEPEMEHHON, KO3(PPUIMEHTH KO-
TOPBIX JIEKAT B KOJbLE MHOIOWIEHOB OT 71 I€DEMEHHBIX).

IIpu pukcarIyM 3HAMCHUT TTEPEMEHHEBIX L1, . . . , Ty BXOIA-
mpe B B MHOTOWIEHBI IPEBPAIIAIOTCA B MHOIOWIEHBL OT OJI-
HOU IEPEMEHHOU T C YUCAOBLIME Kodpduiuentamu. Pop-
MyJIa, (0 BHIPAXKAET TOTJa KAKOe-TO CBOMCTBO DTUX MHOTO-
YWICHOB M MOXKET OLITh MCTWHHOM Wy JoxkHOW. Ham Hamo
JOKa3aTh, 4TO T€ (I1,...,%Ly), IPU KOTOPLIX OHA WCTUHHA,
00pazyoT noayanrebpandeckoe MHOXKECTBO.

[lnst 5TOrO BBEIEM TIOHATHUE OUG2PAMMbI CEMENCTBA, MHO-
rowrienos. Ilycres Q1 (z),...,Qk(z) — mMuOrOwIEHH OT T
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¢ DeNCTBUTEIbHBIMU KodddunuenTamu. JuarpamMMon Ha0O-
pa@1,...,Q Oyger Tabauia, KOTOPas CTPOUTCA TaK. Bo3b-
MEM BCE KODHM BCEX MHOIOWIEHOB (); (HE CIMTasA HyJEBHIX
MHOTOYWICHOB) M PACIONOXKAM WX B MOPALKE BO3PACTAHUA.
IMonyuum mexkoTops HAOOp wucea o < s < ... < Q-
OTH 4ncaa pazdUBAT IUCIOBYIO OCh HA 1M + 1 IPOMEKYT-
KOB (1Ba ay4a u m — | UHTEPBAJIOB), HA KaXKJIOM U3 KO-
TOPBIX 3HAKU Beex (); mocrosmubl. CocTaBuM Tabauily, B
KoTopou 6yger k cTpok (IO ONHOM IS KaXKIOrO U3 MHO-
rOwWieHOB) U 2m + 1 CTOJAOLOB, COOTBETCTBYIOMIUX 11, KOD-
M U1 m + 1 npomexyrkaMm (CTOIOLBI UAYT B LHOPALKE BO3-
paCTaHWUs, TAK ITO KOPHU IEPEAYIOTCA C MPOMEKYTKAMHE).
B kaxmon svuenke TaOAUIBI 3AMUIIEM OJWH M3 TPEX CHM-
BOMOB +, — mwiu () B 3aBUCUMOCTH OT TOLO, SBAAETCS JIU
MHOTOYJIEH TTOJOXUTENABHBIM, OTPUIATEIBHBIM WM HYJIEBBIM
HA COOTBETCTBYIOUIEM MPOMEXYTKe (MU B COOTBETCTBYIO-
eM KOpHe).

Mpumep. Brimuiem auarpaMMy s CHCTEMBI MHOTOIE-
uoB z2 — 1, z, 0. Kopuamu 3gecy Gyayr umena —1, 0, 1,
TaK 9TO CTOAOUBI COOTBETCTBYIOT YETHIPEM MPOMEKYTKAM
7 TPEM PasIeJAIOIINIM UX KOPHAM.

—~
—
~
—
=)
=
—~
—
~

?—-1+ 0 - - — 0 +
z|l—-— - - 0 + + +
00 0 0 0 0 0 0

OrmeTnM, 9TO 3HAYEHUS KOPHEU He ABJIAITCA JaCTHIO IHA-
I'PaMMBI, TaK UTO, HATIPUMED, CUCTEMa MHOTOIEHOB 12 — 4,
2z — 1, 0 mMeeT TOYHO TAKYIO JKe TUuarpaMmy.

Ecan uu 01uH 13 MHOTOYWIEHOB HE MMEET KODHEH, TO OHU
COXPAHSIOT 3HAK HA BCEU MPAMOM, M AMACDAMMA COCTOUT
U3 €IMHCTBEHHOI'O CTOJOIA, B KOTOPOM 3AlMCAHBLI BCE HTHU
3HAKU.

Tenepr paccmoTpuM HAGOP MHOTOWIEHOB (q,...,Qr €
€ Zlz,x1,...,xy). lIpn QUKCHPOBAHHBLIX 3HAYEHUSAX MEPe-
MEHHBIX Z1, ..., Ty MBI HOIyIaeM HAOOP MHOT'OYIEHOB OT OJ-

HOU IIEPEMEHHOU C NEUCTBUTEILHLIMU KOD(PQPUIMEHTAMEA U
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MOXKEM MOCTPOUTH €r'0 JUArpaMMmy. JTa IuarpaMmma Oyaer
3aBUCETH OT BBIOOPA BHAYEHWUU X1, ...,T . TUCAO CTPOK B
quarpaMme paBHO k, & IIMPUHA €€ 3ABUCUT OT TUCJIA PABIAI-
HBIX KOPHEU U MOXET MEHATHCA, OTHAKO BO BCEX CIyUaaX He
npepocxoauT 2N +1, roe N — cyMMa cTenener BCex MHOIO-
“WIeHOB (PacCMaTPUBAKTCA CTENEHU TI0 &, TO €CTh CTEIeHN
COOTBETCTBYIOIINX MHOTOWIEHOB OT & € KO3 PUIIMEHTAMEI
B Zlx1,...,Ty)).

Takum 00paszoM, YUCIO BO3MOXKHBIX AUATDAMM KOHEY-
HO, ¥ IPOCTPAaHCTBO R"™ BO3BMOXHEBIX 3HAYEHUU II€PEMEH-
HBIX Z1, ..., T, PAa30uBaeTCA HA KOHEYHOE YHUCJI0 YaCTEn: Ka-
XK IasA JaCTh COOTBETCTBYET ONHOMY U3 BO3MOXKHBIX 3HAYE-
HOU JUACPAMMEL

s IOKasaTeabLCTBa TeopeMbl Tapckoro-— 3anmeHtep-
ra JAOCTATOYHO [AOKA3aTh, YTO DTU YACTU OYAYT MOIYAI-
refpanvecKuMu MHOXKECTBaMU. B caMoMm jgere, eciu B Ka-

9ECTBE MHOIOWIEHOB (1, . . . , (), B3ATH MHOTOWIEHBI, BXOIA-
mme B dopmyay B(x,z1,...,T,), TO 00JaCTH UCTHHHOCTH
dOpMYyIBL

=3z B(z,z1,...,%,)

OyIeT OOBENUHEHUEM HECKOJBKUX YACTEN COOTBETCTBYIO-
uero paszbuenus. B caMoM gese, ecau MBI ABUIAEM TOUKY
(x1,...,%Zn) B TpeeTax OAHOM YACTU Da3OUEHUs, TO IUA-
rpaMMa, HE MEHAETCs, 3HAYUT, M UCTUHHOCTH (DOPMYJIBL ¢
He MeHseTcs (IO OMArpaMMe MOXKHO OLNPEAeIUTh UCTHH-
HOCTBH (POPMYJBI, EPenpOOOBAB 3HAYEHUS &, COOTBETCTBY-
FOIIUE BCEM CTOIOIAM).

Wrax, HaM OCTAIOCH NOKA3aTbh, YTO IJIA JIOO0T0 HAbO-
pa MHOTOWIEHOB Q1,...,Q; € Z[z,x1,...,T,] 9acTn mpO-
cTpaucTBa R"™, cOOTBETCTBYIONME PA3JIUIHBIM 3HAMCHUAM
OUATPAMMEBL, SIBJIAIOTCA 0Ly aIreOpandecKuMu MHOXECTBA-
Mu. Hawyném ¢ Takoro ov1eBMAHOTO HAOTIOMEHUA: €CAU DTO
BEPHO 1A KAaKOro-TO Habopa (Q1,...,{k, TO DTO OCTaHET-
¢ BEpPHBIM U I J060ro Membirero mabopa. B camom me-
Jie, MTUArpaMMy MEHBIIEr0 CEMENCTBA MHOTOWIEHOB MOXKHO
TMOJIYYUTE U3 JAATPAMMBL GOJIBITIEN0 CEMENCTBA: BHIKUILIBAA
MHOI'OY/IEH, HaZ0 BEIOPOCUTH COOTBETCTBYIOIIYI) CTPOKY, &
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TaKXKe CTOJOUBI, KOTOPHIE COOTBETCTBOBAIN KOPHAM 3TOT'O
MHOrOwIeHa, (eciu OHK He ObLIM KOPHAMY APYIUX MHOIOWIe-
HOB). [Ipu BEIOpachBaHUEM CTOAONA ABA OKPYKAMIIAX €0
CTONOA CIUBAIOTCSA B OTUH.

IlooToMy MBI MMeeM mpaBo st ygoOCTBA PaCIIMPUTH
JAHHBIM HAM HAO0OP MHOI'OWIEHOB U JOKA3LIBATHL HOJIyaJre-
OpaVvHOCTH YaCTeN A PACHIMPEHHOro Habopa. Pacmmpe-
Hue OyZIeT COCTOATH B 3aMBIKAHUM OTHOCUTENBHO HEKOTO-
PLIX OIEPAIUi, KOTOPEIE MEL CEAYAC OMNUIIEM.

HamomuuMm emé pas, 9TO MBI PACCMATPUBAEM CeMEU-

CTBO MHOT'OWIEHOB 13 Z[Z, 1, ..., Lp], KOTOPHIE PA3IOKEHBI
O CTENEeHAM &, TO €CTb 3alUCAHBI KAK MHOTUOWICHBI OT &
¢ xoddouuuenramu B Z[x1,...,xy]. Paccmorpum cregyio-

1€ OTIePATIN:

o OTGPACHIBAHUE CTAPIIErO “LIeHA (¢ HAUGOMBIIEN CTeme-
HBIO [IEPEMEHHOM ); 3Ta OHEPALA NOHUKAET CTEIEeHb
(o ) Ha eguHULY;

e pasTue crapuero koadogunrenTa (koadduurenTa apu
HAUOOMBbILEY CTEIEeHN NEPEMEHHOU I); HTa Olepanus
MOHMKAET CTENEHb (0 Z) N0 HYJLA;

o nudpepeHIupPOBAHNAE IO Z; DT OIEepAlUa IIOHUKAET
cTemeHb (MO ) HA €NHUILY;

® B3ATHE MOJUMUIUPOBAHHOIO OCTATKA TIPU [CICHUN
OMHOTO MHOTOWIEHA Ha APYTOU.

T'oBops 0 «MOAMMUITMPOBAHHOM OCTATKE», MBI UMEeM B BU-
oy caenymomee. IIpu gerenuu «yroaxkom» Muorowiena A ma
MHOrOWIeH B ¢ 0CTaTKOM HaM HEOIHOKPATHO IPUXOIUTCS
JTeMUTH Ha cTapumi KoagduimenT Muorowiena B. [losTomy
B o01eM ciaydae KO>pPUIueHTh YaCTHOI'O U OCTATKA IIPEI-
CTaBJIAIOT COG0K APOOH, B 3HAMEHATEAAX KOTOPEIX CTOAT He-
KOTOPBIE CTEMEHN CTAPIIET0 Ko duimenTa MHOTOWIeHA B.

TeMm caMBIM IPU BHIYUCICHUN OCTATKA OT Aetenusa A ua B
MBI BBLXOAUM 33 NPEAeJBl KOAbLa Z[T, T1,. . ., Ty]. DTOrO He
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CITYYIUTCA, €CAU CTAPIMKA KO(P(PUIUEHT MHOTOUWIeHa B pa-
Ben equnune. Ho B ofmieM ciaydae Mbl JOMXKHEBL IPUHATH Ka-
KHe-TO MEPHI, eCJIA XOTUM OCTABATHCA B YKA3AHHOM KOJBIIE.
Mepnt 5TU COCTOAT B CAEAYIONIEM: TPEXAe UeM AeIuTh A
ua B, mul ymooxaem A Ha crapimmi KO3((GUIMEHT MHOIO-
wreHa B B gocTaToYHO GOJIBLION CTerneHH. Kcan BCIOMHUTE
TPONEAYpPY [ETeHUs YTOAKOM, JErKO COOOPA3UThb, UTO MO-
CTATOYHO B3ATHL CTemeHb ¢ — b + 1, roe ¢ m b — crenenn
muOrOwIeHOB A u B (mo mepemennou z). Hampuwmep, mpu
a = b TpebyeTcsa BCErO OAWH MIAT MEJEeHUSA, U NOCTATOTHO
YMHOXUTL A Ha crapmmi kospduiuedT MHOroOwIieHa B B
IIEePBOY CTEIIEHMN.

Nrax, onepanus MOAU(MUITPOBAHHOIO OCTATKA IIPUMe-
HUMA K JI06bIM AByM MHOrouneHaMm A, B € (Z[xy, ..., z,])[z]
cremeren a n b (M0 #) W AaéT TPETUHN MHOTOWIEH HTOTO
KOJIBIIA, KOTOPLIM €CTh OCTATOK oT getenus AB% P! ua B
(3mecy B — crapumn xoddduuuent muorowena B). 3ame-
TUM, 9TO CTEMEHB DTOTO MHOTOWICHA MEHBIIE CTEMEeHN MHO-
rowieda B. Mul Gygem npegnosarars, 4ro a > b (unade
ocraTok coBnanaer ¢ A u gesenve He gaéT HUUErO HOBOLO).
Taxum 06pazoM, Pe3yIbTAT DTOU OMEPAIINN UMEET MEHbBIITYIO
CTeleHb, YeM 00a OmepaHa.

3aMeTuM, 9TO ONpeeaeHne MOMUpAIUPOBAHHOTO OCTa-
TK& UMEET CMBICJ IS MHODOYIEHOB ¢ KOX(PPUIMEHTAME U3
[IPOM3BOJIBHOIO KOJIbLA (HE TOABKO Z[Z1,. .., Zy]).

Jlemma 1. /I BCAKOrO KOHEYIHOrO MHOXKeCTBa F' MHO-
rowienoB u3 (Zlzy,...,x,])[x] cymwecrByer ero konednoe
pacmmpenne, 3aMKHYTOEe OTHOCATENBHO YKA3AHHBIX YEeTHI-
péx omeparumu.

OTO yTBEpXKIEHUE BEPHO [JA JIO00T0 KOJIBIA KO3hdU-
[MEHTOB U [IOYTU OYEBUIHO CJICAYET U3 TOrO, YTO CTEIEHb
pesyJbTaTa Onepanuu MeHblie crenexu (106oro) onepas-
na. Boree ¢popMaapHO paccyxkaaTh HAIO Tak. PaccMoTpum
BEIPDAJKEHUA, COCTABICHHBIE U3 DIEMEHTOB F' ¢ TOMOIILIO |e-
THIPEX YKABAHHBIX Olepanuid. [yOuHa TaKoro BBIPAKEHUs
HE MPEBOCXOAUT MAKCUMATLHON CTETEHN MHOTOYMICHOB U3 F|
TMOCKOMBKY KK [ast OTIEPAIINA YMEHBIIIAET CTEMeHb. [103ToMYy
TAKUX BBIPAXKEHUU KOHEYHOE UHMCIO, U UX MHOXKECTBO O4e-
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BUIHBIM O0PA3OM 3AMKHYTO OTHOCUTENBHO YKAZAHHBIX OTIe-
panui. Jemma 1 noxaszama.

lokazanHas JeMMa MO3BOAAET 6€3 OTPAHMIEHUI OOIITHO-
CTU CIUTATh, YTO JAHHOE HAM KOHEYHOE MHOXKECTBO MHOIO-
YJIEHOB 3aMKHYTO OTHOCATEIHHO YeTHIPEX YKA3AHHBIX BBIIIE
omepamun.

Jlemma 2. Ilycte F' — xonedHnoe MHOXKECTBO MHOIOUJIE-
OB u3 (Z[z1,...,T,))[z], 3aMKHYTOE OTHOCATEJBLHO IEpe-
qncaeHHbx oneparuu. Ilycts Fy — ero 9acTh, COCTOAMAA
TOIBKO U3 MHOIOWIEHOB creneHu O 10 ¢ (OHU LpecTaBIA-
10T cOGOU MHOTOWIEHEL U3 Z[Z1, .. .,T,]). Torga guarpavMma
MHOXKECTBa F' Ipu MaHHBIX Z1, ..., T, TOJHOCTHIO ONPEIes-
eTCA AUarpaMMOu MHOXKECTBa Fy mpu Tex &e X1, ..., Ty.

3aMeTuM, 4TO guarpaMMma MHOXecTBa Fj umeer Bcero
OJIMH CTOJOEI], YKA3BIBAIONINN, KAKUE U3 MHOTOWICHOB TOJIO-
KUTEJNbHEL, KAKIE OTPUIATEIbHBL I KAKUE DABHBL HYIIO IIPU
OAHHBIX Z1,...,Ty. 1[03TOMY pasIudHBIM BAPUAHTAM IWA-
TPaMMBI I MHOXKEeCTBa Fj COOTBETCTBYIOT TOJyaaredopa-
nYecKue TOAMHOXKecTBa B R", u u3 JeMMBI 2 ClefyeT, uTo
T€ XK€ CaMBble MHOXXECTBA COCTABAT MCKOMOE pa3bueHue nis
moaHon cuctembl F. Takum 06paszoM, HaM OCTAIOCH JIUIIb
JOKa3aTh JeMMYy 2.

Bynem no6aBaaTh B MHOXeCTBO Fy MHOIOWIEHHI ITO OJI-
HOMY, B TODSAAKE BO3PACTAHWUA (HEyOBIBAHWUA) WX CTEIEHEH,
TTOKa He TOJAYIuM BCé MHOXKecTBO F'. /[ocTaToOvHO TOKA3aTh,
YTO HA KAXK/JIOM IIare AWArpaMMa PACIIMPEHHOIO MHOXKe-
cTBa (C HOBBIM MHOTOYIEHOM ) MOXKET OBIThH OJHO3HATHO BOC-
CTAHOBJEHA TI0 AMArpaMMe MPEeILIAYINero MHOXKeCTBa. Mbl
cerdac ONUIIEM, KaK DTO JIeJaeTCs.

IIycts gobasmserca Muorowren P € (Zlzq,...,z,))[x],
Opu 3TOM MHOTOWIEHBI BCEX MEHBINIMX CTErneHen ms F' yxe
ecTb B guarpamme. B cumiay samxmyroctu F' crapumyu Ko-
s¢gputineHT MHOTOWIeHa P cogepxurcsa B F' u, umesa MeHb-
iy (HyJeBYH) CTENEHb, YK€ MPEICTABICH B IUATDAMME.
(CoorBercrByomas CTPOKA COCTOUT U3 OAUHAKOBBLIX 3HA-
KOB, TaK KaK OH He 3aBUCAT OT x.) Ecam Tam croaT Hyam,
70 (IIpU TAHHBIX T1,...,%T,) CTAPIIAA KOS(POUIMEHT PABEH
HyI0, ¥ MHOrOwWieH P coBmagaeT ¢ MHOIOY/IEHOM, IIOJXyYa-
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IOIUMCA TP OTOPACHIBAHUN CTAPIIETO WieHa. DTOT MHOTO-
wWieH TOXe ecTb B F' w B amarpaMme, Tak 9TO HALO JUIID
MPOAYOINPOBATE COOTBETCTBYIONIYIO CTPOKY.

NTax, 10CTATOYHO PACCMOTPETH CIYYIal, KOTIa CTAPIITUT
Koa(dunuent muorowena P (upu pamubix zi,...,x,) He
paseH Hyuio. [lomosHeHne [uarpaMMBbl BKAOYIAET B ¢e0A 1B
mara: CHavYajla MBI JOMKHBI ONPENeIUTh 3HAKU MHOTOUJIE-
Ha P B Toukax (kOpHsX), yKe BXOIALIUX B AUarpaMMmy. 3a-
Te€M HAM0 TOMOIHUTL AUATPAMMY KOPHAMHU MHOrOWwiIeHa P
(TIpu 3TOM YUCIO CTOAOIOB B HEW YBEAUIUTCA).

Kak mantum smak MHOroweHa P B OgHOM M3 CTapbIX
touek? Ilo onpenenenuio gumarpamMmer B 3Tou Touke (060-
3HAYUM €€ () OJVH M3 CTapbIX MHOTOWIEHOB DABEH HYJIIO.
IIycre () — Taxkon MuOrowaeH. MOXHO CIUTATH, 9TO CTApP-
muy koadgdunmenT ) (KaKk MHOTOWIEHA OT &) OTJIMYEH OT
HYJA TPU JAHHBIX L1, ..., T,. LCIN DTO He Tak, 3aMeHUM ()
H& MHOTOWIEH, MOMYYaIOMUUCca OTOPACBIBAHUEM CTAPILETrO
wiena. MbI 3HaeM, 9T0 MHOXKECTBO F' 3aMKHYTO OTHOCUTEIb-
HO YeTHIPEX OMEPANNU W 9TO BCE MHOTOWICHH u3 F', uMero-
1€ MEHBIIYIO CTEIEeHb, yKe BXOAAT B nuarpammy. [losTomy
BCA HeoOxoauMas nuGOopManus Lig 0TO0pa IOAXOAAIIErO ()
y HAC €CTh.

Kpome Toro, mo TeM ke NpUIMHAM HAM U3BECTEH 3HAK
crapuiero koagduimenta Mmuorowiena (). [Ipumennm onepa-
170 MOAUMDUIMPOBAHHOTO [eJeHUA ¢ OCTATKOM K P u Q:

B°P = (vactHoe) - Q + R

(3zecy f — crapuwmi koaddunrent muorowena (). Hoa-
CTaBUM B DTO PaBEHCTBO 4uciao «. Ilpu srom ) obparur-
¢S B HYJIb, TaK KaK ( ABJAETCA KOPHEM () TO TTOCTPOEHNIO.
Muorourer R BXOZUT B AHAPAMMY B CHLY HAIIUX HPELNO-
JIOKEHWH, TaK 9TO €ro 3HaK B TOYKE (v HAM U3BECTEH, KAK U
sHak (. TeM caMbIM MOXHO HauTH 3HaK P(q).

WTak, MBI ONPETEANIN 3HAK HOBOTO MHOT'OWIEHA B CTa-
perx KopHAX. I[lokaxeMm, 9TO 3TOr0 ZOCTATOYHO, ITOOBL
IPEeACKa3aTh, HA KAKUX YIACTKAX IMACDAMMEL HOSBATCS HO-
BBIE KOpHU (MHOTOWIeHa P). TIpu sToM HaMm mpuroanTtes (mo-
KA 9TO0 He UCIOJIb30BAHHAsM) onepanus 1udGepeHnupOBaHus.
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Ecaz B aByx cocegHUX CTApBIX KOPHAX (], iy MHOTO-
wien P umeer ogun 1 TOT XKe 3HAK (CKaKeM, [IOI0KUTEIEH ),
TO MEXK Ty HUMHU HET HOBOT'O KOpHA. B camom mere, ecau ObI
Ha wHTEpBaNe ((, Q) MHOrOWEH P o6pamanca B Hyab, TO
MuHEMYM MHOrowena P ua [aq, o] gocrurasncs 661 B HEKO-
TOpPOU BHYTPEHHEHW TOYKE, B KOTOPOU Tpou3BoaHaa P’ pas-
HATACH 6L Hy 0. HOo mpomspognas P’ BXoquT B MHOXKECTBO
F u npepcraBiaeHa B fuarpaMme, TaK 9TO TOTAA (4 U (g He
ObLTM OBI COCETHMMY KOPHAMU AMATDAMMEL.

Ecan B 0gHON M3 TOYEK (i U (& MHOTOWIEH P oOparmna-
ercsi B Hydb, TO Ha uHTEepBaje ((7,Qs) OH KODHEH UMETHb
ue moxer (o Teopeme Pomwns Takon kopeHb HoBIEK ObI 3a
cO00U KOPEHb TIPOUBBOTHON ).

Haxonen, ecim P(ay) n P(as) NMeIOT pasHBIe 3HAKH, TO
IO T€OpEMeE O MPOMEXKYTOUYHOM 3HAYCHUN MHOrOWIeH P umMe-
eT Ha wHTEpBate ((,qs) XOTA OBI OAWH KOPEHb. [Ipu sTOM
MO yXKe MOHATHBIM HaM mpudmHaMm (Teopema Pomna) aByx
KODHEH OH UMEThL HE MOXKET. DTO [TO3BOJIAET BCTABUTH CTOJ-
6err 1t 3TOro KOpHs B guarpammy. [Ipu 5ToMm cooTBeTCTBY-
IOIUY UHTEPBAT JUATPAMMEL PA300LETCA Ha [Ba, KOTOPHIE
Gy AyT OTAUYATHCS JUIIb B CTPOKE s MHOrO4wiIeHa P.

Ocranock IPOBECTU AHAJIOTUIHOE PACCYKACHUE UL Jy-
9eU, CTOANMMX C Kpad AuarpaMMel. [loBefeHune MHOTOMIE-
Ha P Ha 6eCKOHEYHOCTHU ONpEeIeJseTCS ero CTapimM Kodd-
unmenToM (KOTOPHL, HAIIOMHIM, HE DABEH HYJII0 — Cendac
MBI BIEDPBHIE UCTIOIB3yeM 3T0 Ipeanoaokenne). [losTomy ec-
au P cTpeMuTcsa, cKaxeM, K +00 IpU & — 400, a 3Hade-
Hue P B caMoM mpaBoM KOpHE OBLIO OTPUIATEILHBIM, TO HA
STOM JIy4€ TMOABJAETCA HOBBIM KODEHB (TOJBKO OJUH IO Te-
opeme Pomna). Ecan xe sHavenune P B cAMOM ITpaBoM KOpHE
PABHO HYJIIO WIK UMEET TOT XK€ 3HAK, YTO U CTapIIui Ko3d-
pUIIIEHT, TO MBI IOBTOPAEM PACCY K ACHUE U3 TPEIBIIYIIETO
abzara u yoexgaeMca, ITO KopHen P Ha TpaBoM Jyde HeT.
Anajoruvno onpegenserca u mopegenue P ciaeBa oT cAMOro
JIEBOT'O KOPHA.

Ha sToM J0Ka3aTerbCTBO JEMMEL 2, 8 C HEU U TEOPEMBbI
Tapckoro — 3angenbpera, 3aBepuraeTcs. >

67. [lokaxwmre, 9T0 MHOXECTBO TPOEK (P, (,T), IPA KOTOPBIX
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MHOTOUIeH &2 + palc2 + qx + r UMeeT POBHO [Ba MOJOXKUTEIbLHBIX
KODHSA, ABIAETCA MOLyaIreOpauIeCKuM.

TTomo6HOTO pofa 3amatiu paccMaTpUBAIUCHL B aarebpe
ewé B IPOLLIOM Beke (4ucJo nepeMen 3uaka, upasuio Hlryp-
Ma U Ip.).

68. [Jokaxure, YTO mpeAUKAT T = Q, I'Je ¢ — HEKOTOPOe
AeﬁcTBHTeJIBHOe YUCI0, BBIPDA3UM TOTI'la U TOJBKO TOr'Ta, KOT'Ta
a ABIAETCA arrebpandeckuM (MBI oTMedaaM >TO Ha c. 108).

Pazo6paBimcs ¢ 1eUCTBUTEIBHBIMY TUCIAMEA, MOKHO TIe-
pentu kK KommiekcHbM. Ha camMom nene (kax 9acTo OBIBAET)
34€Ch CUTYALMs IPOIIE.

Ha KOMILTEKCHEIX YMCIaX HET €CTECTBEHHOTO OTHOIIEHNA
HOpsAKA, HOPTOMY paccMmorpum curHarypy (=,0,1,4, X).
Bymem, kak Bcerga, cIuTaTh ABe POPMYIBI SKBUBAICHTHEI-
MU, €CJY OHY MCTUHHBI TIPU OJHUX U TEX KE 3HAYCHUAX Tapa-
meTpoB (B ecrecreenHon unrepuperanuu ¢ zocuresem C).

Teopema 34 (anumMuHaALMS KBAaHTOPOB B NOME KOMMIEKCHBIX
uucen). Beskan ¢opmyna 9TOU CUrHATYDPHI SKBUBAJEHTHA
0ECKBAHTOPHON.

< DTa TeopeMa MMEeT MHOIO PA3HBIX JOKABATEIbCTB,
HO TIOCJIE MOKA3ATeJLCTBA TeopeMbl Tapckoro—3anmentep-
ra HaM TIPOIIE BCEro MOMUMUINPOBATE ET0.

Teneps B AuarpaMMax GyayT CTOATEL He 3Haku —,0, +, &
Tonbko 3Haku 0 u #0 (mockomeky nopsagka za C mer). Tlo
TOU e IPUIUHE MBI HE MOXKEM YIOPALOYIATH KOPHU, TAK UTO
guarpaMMa OyIeT COCTOSATH W3 HEYIOPAJIOYEHHBIX CTOJIO-
IIOB, COOTBETCTBYIOUINX KOPHAM, ¥ OJHOT'O CTOIONA, COOT-
BETCTBYIOLIEr0 JOIOJHEHUIO K MHOXECTBY KOPHeR (B KOTO-
pPOM OYAYT CTOATH 3HAKU 7#0 A BCEX MHOTOWIEHOB, KPOME
HyJeBbIX). [OBOPA O HEYMOPATOIEHHBIX CTOJOIAX, MBI UME-
€M B BHAY, YTO He Pa3JudaeM AUArPAMMBI, OTIAYAIOIMECs
JUITH TOPAIKOM CTOJIOIOB.

OCHOBHOU IIar B IOKa3aTeJbCTBE TeopeMbl Tapckoro—
Sangenbepra (eIMHCTBEHHBIN, T€ BAXKEH MOPAIOK HA Ned-
CTBUTEJIBHBIX YUCIAX) COCTOAN B TIOMOJHEHUW NUATDAMME
HOBBIM MHOTOWIEHOM. 1O 6ygeT ¢ HuM Temnepb?

Kaxk u panbIme, MBI MOXEM OMPEIEIUTh, B KAKAX CTaPHIX
KOPHSX HOBBIU MHOI'OYWIEH PaBeH HyJi0. Boaee TOro, Mbl Mo-
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JKEM OTPEIeNUTh KPATHOCTE DTUX HYJeU, TaK KaK 3HAEM BCE
Heo6X04UMOe PO ero NPOU3BOAHLE (KOTOPBIE YXKe BKIIOUe-
HEL B guarpamMmy ). [losToMy 0CHOBHaA TeopeMa aareGpsL ro-
BOPUT HAM, CKOJBKO OyI€T HOBEIX KODHEHN (3aMeTuM, 9TO BCE
HOBBIE KOPHM UMEIOT KPATHOCTD 1, Tak KaK MHa4Ye OHU ObLIN
Obl KOPHAMY IPOU3BOIHON U HE ObLI ObI HOBBIMHE ). IT0CKOMB-
Ky TIOPAAKA Ha KOPHAX HET, OOJBINE HUKAKOU WH(POPMAITAN
HaM 1 He HYXHO. >

69. ITpoBecTu HOKA3aTEIBLCTBO HINMUHAINY KBAHTOPOB B IIO-
e C, He mcmoab3yromee AmarpaMm (3TO MOXHO CAEIaTh, HAIAB
¢ mpuBegeHna 6eCKBAHTOPHOU (GOPMYIbl K MU3BIOHKTUBHOU HOD-
MaJIbHOU (HOPMe, a 3aTeM NPUMEHAA PAa3HBIE COOOPAKEHUA U3 All-
re6pel 0 HAMOOABIIEM OOLIEM AEIUTENe MHOTOYICHOB). [las Te-
opeMmbl Tapckoro—3augen6epra 3To0 HECKOIBKO CIOXKHEE; PACCy-
XK JEHUE TaKOr'0 POaa NPHUBEIEHO B KHIXKKE JHrexepa [32].

70. [loxaxuTe, 94TO MHOXECTBO T€X YETBEPOK KOMILIEKCHBIX
qucen (p,q,r,S), IPU KOTOPBIX MHOTOWICHBI Z24pz+q=0mu
22 +rz+4 s =0 uMeror 06LIMI KOPEHb, 3a,Ja6TCA GECKBAHTOPHOM
dopmynon. Hautu sty dopmyay.

3ajgada 70 xoporo 3HakoMa aarebpaucram. OTBeT B HER
MOXHO 3anucarh B Bujge R(p,q,r,s) = 0, rne R — mHOrO-
WIEH, HABLIBAEMBIN PEe3YAbIMaARINOM U PABHBIN OIIPENEIUTE/I0
MaTPUIIEI

O = O =
_ s mR3
S VW
w O O

71. Joxaxure, 9YTO MHOXKECTBO BCEX IaP KOMILIEKCHBIX IUCEJ
(p, q), IPU KOTOPLIX MHOTOYIEH 2° + pz + ¢ MMeeT XOTA GbI OJuH
KPATHBIA KOPEHb, 33aéTCA GeCKBAaHTOpHOU ¢opmyaou. Hauru
a1y dopmyry. Kak Beiraaaur anarorudaas GpopMyIa LIS MHOIO-
warena 22 + pz + q?

(Oteer x 3agade 71 ToKe XOpOIIO W3BECTEH B Alre-
Ope; COOTBETCTBYIOIIUU MHOI'OYWIEH HA3LIBAETCA OUCKPUMU-
HAHMOM. )

72. O6006mUTE yTBEPXK JeHNE MPEABIAYIIEN 3349l Ha, MHOTO-
YIEHBI POM3BOALHON CTEIMEHU CO CTapimM Koddounmentom 1 u
HaWTU BLIPAXKEHNME AMCKPUMHUHAHTA B BUAE ONPENeIUTENA.
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3.9. DnemeHTapHast 5KBUBANEHTHOCTb

TToka 9TO MBI B OCHOBHOM WCITOAB30BAIU TEXHUKY DJIU-
MUHAIUU KBAHTOPOB A KAKOU-TO OTHOU WHTEPIIPETAIN
(popmyna 3aMeHATACH Ha OECKBAHTOPHYIO, KOTOPAA DKBUBA~
JIEHTHA MCXOMHOUW B JaHHOU mHTeprnperannn). OnHAKO, KaK
VIOMUHAIOCH Ha ¢. 116, 3TOT MeTOx MO3BONSIET CPABHUBATL
Pa3JIuYHbIe MHTEpPHIpeTanuu. Mbl TpUBEIEM HECKOJILKO IIPU-
MEpOB TAKOTO POa.

Haxumém ¢ onpenenenus. [lycTs dpukcupoBana HEKOTOPasd
curHaTypa o. [[Be MHTEpIPEeTAUT TOU CUCHATY PhI HA3bIBA-
I0TCS IAELMERTNAPHO IKBUBCGAECHMHBLMU, €CIUA B HUX UCTUHHBI
OJTHU W TE YK€ 3AaMKHYTHIE (DOPMYJIBI 3TOU CUTHATYPHI.

Jlerko goka3aThb, ITO M3OMODPMHLIE UHTEPIpEeTAlnu Oy-
OYT DJIEMEHTAPHO DKBUBAJEHTHREI — HAIO0 TOJIBKO MaTh GOp-
MaJIbHOE OIPEJeNeHre H30MOP(hU3Ma, 11 JBYX UHTEPIPEeTa-
IUU JAHHOU CUTHATYPHI.

IIycte My, u My — nBe muTepupeTanuy CUTCHATYPHL O.
Buexknusa (B3auMHO OJHO3HAYHOE OTOOpakeHwe) «: My —
— M, HasbBaeTcsa u30MOPPUIMOM DTUX HUHTEPIPETALUN,
€CIM OHA COXPaHsAeT BCe (PYHKUUU K IPEJUKATHL CUIHATY PHL.
10 o3HauaeT, 4To ecau P; u P, — nBa k-MecTHBIX mpenu-
xaTa B M1 u My, COOTBETCTBYIOIIAX OJHOMY TIPEIUKATHOMY
CHUMBOJLY CUTHATYPEHL, TO

Pi(ay,...,a;) & Py(alar),...,alag))

[V BCEX A1, ..., € M. Ananoruanoe ycioBue s pyHK-
uun: ecan k-mecTtanle GyHKmun fi u fo COOTBETCTBYIOT Of-
HOMY (hYHKIMOHATBHOMY CUMBOIY, TO

a(filar,...,ax)) = falalar), ..., alag))

IJIS1 BCEX Aq,...,a € M.

llpe upTepupeTany HA3LIBAIOTCA U30MOPEPHbIMU, €CIN
MeXIY HUMHU CYHIECTBYET U30MOP(pU3M.

Jlerko moHAThL, YTO TO onpeaeaeHne 06001MaeT 0OBITHBIE
OnpefeNeHnsa N30MOpdU3Ma LI TPYII, KOJell, YIOPATOIeH-
HBIX MHOXKECTB U T. 1.
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73. Joxaxmure, YTO TOXJIECTBEHHOE 0TOOpaKEHNE €CTh M30-
mopdusm. [Jokaxure, 9T0 oTOOpaXeHue, o6paTHOE U30MOPhU3-
My, ecTb m3oMopdu3aM. [Jokaxkmure, ITO KOMIO3UIUA JBYX H30-
MopdusMoB ecTb m3omopdusm. (OTcroga cregyeT, 9TO OTHOIIE-
HYE N30MOP(PHOCTHU €CTh OTHOIICHNE YKBUBAJICHTHOCTH HA MHTEP-
IpeTAnuAX TAHHOU CUTHATYPHL.)

Tenepsh MOXKHO CPOPMYIUPOBATE U TOKA3ATH OOCIIIAHHOE
Y TBEDXKAEHUE:

Teopema 35. UzomopdHbIE HHTEPIPETAIIIY JIEMEHTAPHO
DKBUBAJEHTHEL.

<! EcrecTBeHHO AOKA3BIBATH 3TO yTBEPXKAEHUE IO UH-
ayknuu. [lis »Toro ero Hago o600UINTL HA MPOW3BOJLHEIE
dopMyasl (HE TOJIBKO 3aMKHYTHE). BoT 5T0 00600meHune:
nyctb «: M; — Ms — m3omopdusm, a F' — TPOM3BOIL-
Has GopMyJia Halleld CUIHATYpLL. Toraa ona ucTuHHa B M
MpU OLEHKE T TOrAa W TOJBKO TOrAA, KOTJa OHA MCTUHHA
B M, mipm oneHke o o 7.

O6br4H0 UCTUHHOCTE (opMmyasl F' B unTepnperanuun M
obosuavawT kak M F F. Ecan dopmyra umeer mapame-
TPHL L1, ...,Ty, €6 acTo obozHavaioT F(xy,...,T,); Upn
srom sanuck M E F(my,...,my) (rge m; € M) osnagaer,
4T0 (popMmyaa F' UCTUHHA MPU OLEHKE, KOTOPAs CTABUT B CO-
OTBETCTBUE MAPAMETPY X; 3HadeHme m;. llocme Bcex pTux
[IPUTOTOBICHUN [TOKA3BIBAEMOE N0 MHIYKIUA YTBEPKICHUE
MOXKHO 3aIACATH TAK:

My E F(ay,...,a,) © My E F(a(ar),. .., aay))

st jiobou popmyast F'(zy, ..., 2,) 1 45 106X 2IEMEHTOB
ar,...,0y € Ml.

ITocae Taxoro 0060601IEHNA TOKA3ATETHLCTBO IO WHTYKITAL
CTAHOBUTCA OYEBUIHBIM. [>

74. B xakoM MecCTe MHAYKTUBHOI'O PACCYKIEHUA CyIIeCTBEH-
HO, YTO @ — B3aUMHO OpfHO3Ha4HOe coorBercTeme? (OTmet:
CIOPBEKTUBHOCTh (¢ HUCHOJB3yEeTCA, KOr'Ja MBI DaCCMaTPpUBAEM
dopMyILy, HAYMHAIOMIYIOCA C KBAHTODPA CYIIECTBOBAHUA, U U3 €€
UCTUHHOCTHU B M5 BEIBOAUM UCTHHHOCTH B M. IHBEKTUBHOCTD (v
He WCIOJB3YEeTCA, HO OHA ABTOMATUYECKU CAeAyeT U3 OIpenese-
HUA I30MOPOdU3Ma, €CIu CUIHATYPa COAEePXKUT PABEHCTBO M HMH-
TepupeTanuy HOPMAJIbHBI, TO €CTh PABEHCTBO WHTEPIPETUPyeT-
Csl KaK COBIIAE€HUE DIEMEHTOB. )
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75. Paccyx neHne, ICIOIB30BaHHOE DU JOKA3ATEIbLCTBE TEO-
peMsr 35, HAM O CyLIECTBY yXke BcTpedanoch. ['me?

UsomopdHble MHTEPIPETALNE — 3TO IO CYIIECTBY OJ-
Ha U Ta Xe WHTEPIPETAIns, TOJAbKO €€ DJIEeMEHTH Ha3BaHbI
no-pasHomMy. UHTepecHBT cKOpee MPUMepHI, KOT1a MHTEePIpe-
Tauy He H30MOPQHEBL, HO TeM He MeHee dJIeMEeHTapHO dKBU-
BaseHTHBI. O IUH TAKOU MIPUMEDP MBI YIKe€ KOPOTKO 06CY XK 1a-
Ju pasblre, chOpMyaupyeM ero Hosmee moapoOHO.

Teopema 36. EcTecTBeHHBIE MHTEPIPETAIINYA CATHATYPHI
(=,<,4+,0,1) B MHOXECTBE DALMOHAIBHBIX U IEUCTBUTENb-
HEIX YIHCET 3JIEMEHTAPHO DKBUBAJICHTHEI.

< Ias HAAIa 3aMETHUM, ITO ITH UHTEPIPETALNY HE M30-
MOPQHBI (TOCKOIBKY MOITHOCTH pasau<asl). OnHako ¢op-
MyJabl 3TOU CUTHATYPBI JOMNYCKAIOT, KAK MBI BUIEJU HA
c. 116, snuvunanuo KBaHTOPOB. llpm »TOM mOLydaroIIas-
ca dopmyna OyJeT SKBUBAJCHTHA WCXOMHOM B 0GEUX WH-
Tepuperanuax. Hauas ¢ 3aMKHyTOR QOPMYJIBL, MBI IO TUM
6eCcKBaHTOPHYIO (POPMYJLy 6e3 nepeMeHHbIX (Uid ¢ (PUKTUB-
HBIMY TIEPEMEHHBIMY, OT 3HAYEHUU KOTOPHIX HAYETO HE 3aBU-
CUT, TOTJa BMECTO HUX MOXKHO HOJCTABUTE, CKAXKEM, HYJIH).
Idra popmyaa 6yIeT cOAepKATh TOILKO PALMOHANIBHEIE KOH-
CTAHTHI U TIOTOMY OGyAeT 0AMHAKOBO ncTUHHON B R u B Q. >

3aMeTuM, 9TO MPU YMEHBIIEHUHA CUTHATYDHI DJEMEHTaP-
HAA DKBUBAJICHTHOCTD COXPAHACTCA (MO OUEBUIHBIM TIPUYU-
HaM), TaKk 49T0 u3 TeopeMbl 36 oueBMgHO caegyer, 4ro R
u Q bIeMeHTAPHO DKBUBAJIEHTHHI KAK YIOPSIOYEHHBIE MHO-
®ecTBa (5TOT GaKT MBI OTMeYaIn Ha C. 116).

B »ToMm mpuMmepe daeMeHTAPHO SKBUBAJCHTHBIE, HO HE
#30MOD(QHEIE CTPYKTYDPBL UMEIOT PA3IAYHYI0 MOIIHOCTL. B
CIeqYIOUIEM IIPpUMEDPE 3TO yKe He TakK.

Teopema 37. Ynopsagodenusie MHOKeCTBA Z U Z~+7Z (BTO-
pPOe COCTOUT M3 ABYX KOTIUU MHOXKECTBA Z, TPUIEM BCe DJe-
MEHTBI TIEPBOU KOIUY CIMTAIOTCA MEHBIIUMEI BCEX DJIEMEHTOB
BTOPOU KOIUU) BIEMEHTAPHO SKBUBAJEHTHLL KAK UHTEPIPE-
TaIuy CUTHATYDH (=, <).

< 31ech Tak¥ke MOXKHO TPUMEHUTH DJIUMUHAINI) KBAH-
TOPOB, TOJILKO HAJZO JOOABUTH OJHOMECTHEIE (DYHKITAW B3s-
TUA OOCAEAVIOIEr0 U IPEABIAYINero sneMeHToB. 1locre »To-
TO HAJ0 3aMETUTh, ITO CTAHIAPTHAA MPONEAYPA DINMUHA-
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UM KBAHTOPOB (CM. JOKA3aTEILCTBO T€OPEMEI 29) coCcTOUT
13 IpeoOpPa30BaHNUl, COXPAHAIOIINX SKBUBAJEHTHOCTE B 00e-
X MHTEepIpeTanuax. >

76. Mo HO 111 TOCTPOUTD CIETHYIO MHTEPIPETALNIO CUTHATY-
pet (=, <), B KOTOPOU PABEHCTBO MHTEPIPETUPYETCA KAK COBIA-
[EHUE DIEMEHTOB (Takue WHTEPHPETAUUM HA3BIBAIOT HOPMAAb-
HbIMU ), DIEMEHTAPHO DKBUBAIEHTHYIO MHOkecTBY Q, HO He m30-
Mopduyio emy? ToT xe BOIPOC A MHOXKECTBA HEOTPULATEIb-
HBIX PAIMOHAIBHBIX 4Yncel. Ilogemy cylmecTBeHHA HOPMAJIbHOCTD
WHTEepIpeTanuu’

77. CywecTByeT au yIOPALOIEHHOE MHOXKECTBO, DJIEMEHTAP-
HO DKBUBAJIEHTHOE YIODPALOIEHHOMY MHOXeCTBY R, HO mMeroree
60IBLUIYI0 MOIIHOCTE 7

78. CymiecTBYOT 11 BA HECYETHBIX HEM3OMOD(MHBIX DIEMEH-
TApPHO DKBUBAJEHTHBLIX YIOPATOUEHHBIX MHOXKECTBA OJAMHAKOBOU
MOIIHOCTH?

79. ByayT mm ynopagodeHHbIe MHOXECTBA Z u Z X 7, (maps
LEIBIX YKUCEeNT; CPABHUBAIOTCS CHAYAIA BTOPBIE KOMIIOHEHTHI Iap,
a IPU MX PABEHCTBE — MEPBEIE) H30MOPQHEI? SIeMEHTAPHO KB~
BAJEHTHBI !

80. Byaer au ynopsgogennoe maoxectBo N+ N saementapuo
s>kBuBateHTHO N7 Byner au N+ 7 saementapuo sksusBasenTHo N7

Paccyx menve, ncnoss30BaHHOE MIPU TOKA3ATEILCTBE Te-
opembr Tapckoro —3angenbepra, Takxke MOXKHO IPUCIOCO-
OUTH U5 TOKA3ATENbCTBA SIEMEHTAPHON SKBUBAJCHTHOCTH.
Cenvac MBI PACCMOTPUM 00Jee MPOCTOU Cay€au aaredpa-
UYIECKU 3AMKHYTHIX TIOJEN, COOTBETCTBYIOMINN SINMUHAIIAY
kBaHTOPOB B C; K BEIIECTBEHHOMY CIy9al0 MBI BEPHEMCS HA,
c. 222.

TTose HazBIBAETCA 042€0PAUNECKY 3AMKENHYMBLM, €CIU BCSA-
KAU MHOTOYJIEH, OTIMIHBIN OT KOHCTAHTHI, UMEET B HEM XO-
Ta 6Bl oauH KopeHb. (OTCIoma Jerko creayer, 9To Jo0Oon
MHOIOWIEH Pa3jiaraercs Ha JUHelHble MHOXuTeu.) Xapak-
mepucmukot O HA3LIBAIOT MUHAMAIBLHOE YUCJIO CJAArae-
MBIX B cymMMe Bujga 1+ 14 ...+ 1, mpu KoTOpOM OHA 00pa-
m@aeres B Hyab. Ecin HuKakas cyMMa Takoro BUA HE DABHA
HYJIIO, TO MOJE HA3BIBAIOT MOJeM Tapaxmepucmuxy 0.

B anre6pamvecku 3aMKHYTHIX DOJMAX Xxapakrepuctuky ()
COPABEIJIUBLL BCe OGBIYHBIE CBOUCTBA MHOIOWIEHOB C KOM-
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IEKCHBIMY KOod(dpunmenTamu. B 9acTHOCTH, KOpEHb SABJIS-
€TCsA KPATHEIM TOTJA M TOJBKO TOLJa, KOI'4a OH OyxeT KOop-
HEM TIPOU3BOIHON, CYMMa KOPHEHN € YIETOM KPATHOCTH PAB-
HA CTEMEHNW MHOTOWIEHA W T. . ITO MO3BOJIAET 3aMETUTD,
9TO BCe IPeodpPa30BaHUsL, KOTOPHIE BHIMIOJHSINCEH [IPU DJIH-
MUHAIUU KBAHTOPOB, SIBIAIOTCA DKBUBAJIEHTHBIMU B IIPOU3-
BOJIBHBIX AMreOpANYIECKN 3aAMKHYTHIX MOMSX XapPaKTEPUCTHU-
kxu 0. Tem caMBIM MBI IOIYyYa€M TAKYIO TEOPEMY:

Teopema 38 (0 nonHOTE Teopun anreBpanyecku 3amkHY-
TbIX NOMEN XapaKTepUCTUKM Hysb). Jlrobbe gBa anredbpaude-
CKU 3aMKHYTBHIX HOJA XapakTepucTuku ( DreMeHTapHO DK-
BUBAJEHTHHI.

(HasBanue »Tol TeOpeMBbL CTAHET NOHATHBIM, KOI'4a MbL
Gy1eM FOBOPUTH O IIOJIHBIX TEOPUAIX. )

81. IlokaxwuTe, 4YTO JMO0BIE ABA AIre0pAWIeCKH 3aMKHYTHIX
MOJA OJHOU M TOU € KOHEIHOU XapaKTEePUCTUKHU 3JIeMEHTaPHO
DKBUBAJCHTHBI.

Teopemy 38 MOxHO HECKOIBKO ycuauTh. [lisa aToro mam
[IOHAJOOUTCS MIOHATHE «IIEMEHTAPHOI'O PACIINPEHU) .

Iycte ¢puxkcupoBana CUTHATYpa ¢ W ABE UHTEPIPETa-
LUK 3TOU CUIHATYPLL ¢ HocuTenaamu My u Ms. Ilycrs npu
stom My C M> v uuTepmpeTanuu nNpeiuKaTHLIX U (PYHK-
NIUMOHAJBHBIX CUMBOJOB B Mp m M, cormacoBaHbl, TO €CTh
Ha apryMmeHTax u3 )| CHMBOJIBI MHTEPIPETUDPYIOTCH ONU-
HAKOBO. (3aMeTHM, YTO OTCIOa CJAEAYeT 3aMKHYTOCTbH M
OTHOCUTEJIBHO CUTHATYDHBIX omepaiuit.) B aTom crywae My
UHOT'Ia HA3LIBAIOT nodcmpykmypoti B My, a Ms — pacwu-
penuem M.

Hampumep, ecau MBI paccMaTPUBAEM TDYIIIB KAK UHTEP-
uperanuu CUrHaTypel (=, X, 1, ofpawenue), TO HOACTPYK-
TYPBI — 3TO HOATPYIIIIHL.

82. Ilouemy 3xech BaXxHO, 9TO Omepamusa 00pAIIeHNs BKIOIe-
Ha B CUTHATYpy?

WNuTepuperaruio Mo HA3BIBAIOT 3A4EMEHMAPHBIM PACULL-
penuem e€ noacTPYKTYphl M7, eciu BBIIOJHEHO TAKOe CBOU-
CTBO: I BCAKOU (He 06s3aTeNBHO 3aMKHYTOU (popMyast) F
U 1A BCAKOU OIEHKU 7 CO 3HadeHuaAMu B My ¢popmymna F uc-
TUHHA B M) HA DTOU OUEHKE TOIAa U TOJLKO TOrAA, KOIAA
oHa ucTuHHA B My HA TOU XK€ OIEHKE.
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B wacTHOCTH, ecium GopMyaa 3aMKHYTa (He CONEpXKUAT
HapaMerpoB), TO €€ UCTUHHOCTHL He 3aBUCUT OT OLEHKU U
MBI TOay4daeM, 9to My u Mo baeMeHTapHO SKBUBAJEHTHEL.

83. IlycTep curmarypa cOZepXUT KOHCTAHTHI AJIA BCEX DJe-
MeHTOB mHTepIperanmuur M, KOTOpas ABIAETCA MOACTPYKTYDPOU
untepuperauun M. [lokaxure, 4To ecau mHTepmperanuu M
u M> paeMeHTapHO DKBUBAJEHTHBI, TO My ABIAETCA DIEMEHTAP-
HBIM pacmuperueMm M.

Ham nmonano6urcs Takou NpuMep: IyCTh UMeeTCA moJe kq
u ero pacimpenue ks. Mubr OygeM paccMaTpuBaTh moas kq
u k» Kak JABe MHTepuperanuu curHaryps (=, +, x,0,1).
IIycTes umeeTcs HEKOTOPAS CHCTEMA [TOJNHOMUATILHEIX YDAaB-
HEHUM ¢ HECKOJIBKUME MEPEMEHHBIMU € KOX(DPUITUEHTAMY
u3 k1. Torga yTBepxaeHue 0 TOM, ITO OHA UMEeT peIleHue,
3AIMCBIBAETCS B BUge GOPMYJILL (COAepKALIEN KBAHTODEL Cy-
IIIECTBOBAHUS O TIEPEMEHHBIM U KOHBIOHKIINI YDABHEHUN;
KOD(PUIUEHTH MHOTOWIEHOB ABJIAIOTCA TAPAMETPAMU 3TOU
dopmyast). [losTomy ecau ko sSBAAETCS DIEMEHTAPHBIM Dac-
IUpenneM kq, TO BCAKAA CUCTEMA yPaBHEHUN ¢ KOd(hduirm-
eHTaMI B k1, IMEIOIIAA PeIeHne B ko, MMeeT pelIeHne n B k.

Teopema 39. Ilycte k1 — moamone momsa ko, mpuaém
00a oHM anrebpanvyeCcKy 3aMKHYTHI 1 UMEIOT XapaKTEPUCTU-
Ky 0. Torga k> (kak unTepnperanus yKa3saHHOU CUTHATYPHI)
ABJISETCSA DIEMEHTAPHBIM DACIINPEHUEM UHTEPIPeTAINn k1 .

< B camom gese, samMuHALNSA KBAHTOPOB Ipeobpasyer
a0y popMyay (¢ mapamMeTpaMu uiu 6e3) B DKBUBAJECHT-
HyIO €l 0eCKBAHTOPHYIO, IPUYEM DKBUBAJICHTHOCTL HMEET
MeCTO B 000uX mousax. A mis 6ecKBaHTOPHOU (POPMYJIEL €€
UCTUHHOCTE TPHU OIEHKE CO 3HAYEHUAMU B k) HUKAK HE MO-
€T 3aBUCETH OT TOI'0, BHY TPU KAKOI'O IO/ DTA UCTUHHOCTH
BBIYUCIAETCA. >

DTy TEOPEMY HA3BIBAIOT TEOPEMOU O MOAEILHOU [TOJHOTE
TeopUu arreGpandeckKy 3aMKHYTHIX TTOJEN XapaKTePUCTUKY
uysb. U3 Heé ¢ yaéroM saMedanus mepeq eé (hopMyInpOBKOU
BBLITEKAET TAKOU XOPOIIO M3BECTHLIN aaredpaucraM (PakT:

Teopema 40 ([mnsbepTta o Hynsx). Besikas cucrema no-
JUHOMUAILHLIX ypaBHeHuN ¢ Ko3puimenTaMu B airebpa-
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UYCCKU 3aMKHYTOM IIOJE XaPAKTEPUCTUKU HYIb, UMEOIIAs
pellleHre B HEKOTOPOM PACIIMPEHUHU >TOI'O IIOJSA, UMEET pe-
IICHUE U B CaMOM IIOJIE.

< B camoMm gese, pacimpeHnue MOXKHO €Ilé PACIIupUTE M0
anre6pandecKy 3aMKHYTOrO ([IpU TOM DeLleHUe He IPOIa-
I6T), a 3aTeM BOCIOJIb30BATLCA TeopeMon 39. >

84. Ipyrou BapmaHT TeopeMul ['manbepTa 0 HyI1X (hOpMyIn-
pPyeTcsa Tak: MyCTh JaHA CHCTEMA yPABHEHUI

rae Bce P; — MHOrOwWIEHBI C KOMILIEKCHBIME KOD(DPUIIEeHTAMH,
mpuiém 5Ta cucrema He uveet pemennus B C. Tor ga MOXHO HauTH
Takue MHOTOIeHbl Q;(Z1,. .., Tyn), ITO

Pi(z1,...,20)Q1(x1,. .., xn)+...+Pr(T1,...,20)Qk(T1,...,Tn)

TOX JeCTBEHHO DABHO €JUHUIIE.

BriBeguTe 5T0 yTBEpK A€HWE U3 NOKA3AHHOI'O HAMU BapUAH-
Ta TeopeMsl ['mib6epra 0 Hymax. (YkaszaHue: paCCMOTDPHM B KOJIb-
ue Clz1,. .., z,] ngean, nopox 1éHHBIN MHOTOWIeHAME Py, . .. Py;
€CJIM OH CONEDXKUT eJUHUNY, TO BCE TOKA3aHO, €CIU HET, TO Pac-
LIIPUM €ro 10 MaKCHMAJILHOrO mpeana I; Torga (paxTOPKOIL-

uo Clz1,...,zs]/I 6ygeT moxem, pacumpsiomnv C, u B 3TOM 10-
M€ KJACCHI MHOT'OMICHOB 1, ..., T, COCTABIAIOT PEIICHUE HAIICH
CHCTEMBL. )

3.10. Urpa JpeHdonxTa

Bepuémcsa ot anre6pnl K Joruke u chOPpMyIUPyeM OOIIUn
KPUTEPUU DIEMEHTAPHON 3KBUBAJICHTHOCTY IBYX HHTEPIpe-
TaIuil HEKOTOPOU CUTHATYPEHI. BymeM CYuTaTh, 9TO HAaIla
CUTHATYPA COAEPKUT TOJBKO MPEINKATHBIE CUMBOJHL. (DT0
OrpaHUYeHNEe He OYeHb CYUIECTBEHHO, TaK KaK (PYHKIIUIO
f(z1,...,z,) MOXHO 3aMenuTh HpeiukaToM f(x1,...,x,) =
= y, UMEUM Ha OWH apryMeHT Ooubime.) Kpome Toro,
OyeM CIMTaTh, 9TO CATHATYPA KOHEYHA, (B HEKOTOPHIU MO-
MEHT HAIIUX PACCYXKACHUU 3TO OyAeT CyLIeCTBEHHO).
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Kputepun 6ymeT chOpMyIUpOBAH B TEPMUHAX HEKOTO-
pPOU Urpbl, HA3BIBAEMOU u2poti Ipendotrzma. B wen yuact-
BYIOT JBa UIpOKa, HasbiBaemble HosaTopom (H) m Komncep-
satopoM (K). Urpa onpenenerca BEIOpAHHON TApOU MHTED-
[IpeTalui; KAK MBI JOKAKEM, MHTEPIPETALNN DIeMEHTAPHO
SKBUBAJEHTHHI TOIJA U TOJBKO TOTAa, Korga K mMeer BhI-
UTPLINIHYI0 CTPATETUI0 B DTOU UTPE.

B nmavame mrpor HoBaTop o0bABISET HATYpPATHLHOE HU-
cao k. Janee oun xomat mo ovepenu, Hauunas ¢ H; xax o
13 UCPOKOB fedaeT k XOJ0B, HOCJHe Hero ONpPeneaseTCs Io-
OenuTeNh.

Ha i-m xony H BLIGUpaeT 5IeMeHT B OJHOU U3 WHTEPIpE-
Tanui (B 060K U3 ABYX, HPUIEM BHIOOD MOXKET 3aBUCETH
OT HOMEpa X0[1a) U moMedaeT ero ducaoMm i. B orser K Bor-
OVpaeT HEKOTOPHIA BAEMEHT U3 APYTOU WHTEPIPETAIUU U
TaKkKe IMoMedaeT ero duciaoMm ¢. Ilocre k XxoaoB urpa 3akamH-
quBaeTCA. [Ipu 5TOM B KaX JOU MHTEPIIPETAINN k DJIEMEHTOB
OKA3BIBAIOTCA TOMEYEHHBIMU uucaaMu oT 1 1o k (Mbr He yuaun-
TBIBAEM, KTO UMEHHO U3 UI'POKOB ux nomeru). O6osnadum
OTU DJIEMEHTHL d1,ds, ..., d; ([JId NePBON WHTEPIPETALNY;
DIEMEHT G; UMEET TIOMETKY 4) u by, ba, ..., by (s BTOpON).
dneMeHTH a; ¥ b; (¢ ogHUM U TeM xe i) OygeM HasbIBATH
coomeemcemayrowumy, aApyr apyry. IlocMmorpum, Haugércs
JIU TIPEJIUKAT CUTHATYPHI, KOTOPLIN Pa3IndaeT TOMETCHHBIE
DJIEMEHTH [IePBOU ¥ BTOPOK MHTEpnperauuu (T0 €CTh UCTU-
HEH HA HEKOTOPOM HAGOpE MOMEYEHHBIX DJIEMEHTOB B OJHOU
UHTEPIPETAINN, HO JOXKEH HA COOTBETCTBYIONNX HIEMEHTAX
apyron). Eciau takoll npenuxar HalgéTcs, TO BEIUIPLIBAECT
Hosarop, B npoTtusnoM caydae — Koncepsarop.

Tlpexme wem mOKA3BIBATHL, YTO 3Ta UTPa AAET KpUTe-
PHUU DIEMEHTAPHOUN SKBUBAJEHTHOCTH, PACCMOTPUM HECKOJIb-
KO IPOCTBIX IIPUMEPOB.

e Cpenu DIEeMEeHTOB G1,...,a; U by, ..., by MOryT OBITH
oxvHAKOBBIE. EC/U B HAIIEU CUTHATYPE €CTh IPEeJUKaT
PABEHCTBA U B O0€MX MHTEPIPETANUIX OH MHTEpPIpe-
TUPYETCSA KAK COBIAJEHNE DIEMEHTOB, TO Komcepsa-
TOp 06SI33aH MOBTOPATH XOXBI, €cau ux nosropua Ho-
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BaTOp (CKaxkeM, ecm a; = aj, a b; # b;, To Hoarop
BHIUT'PHIBAET, HNOCKOJLKY IIPEIUKAT PABEHCTBA WUCTU-
HEH B OHOU WHTEPIPETAINN, HO JOXKEH HA COOTBET-
CTBYOIIAX IEMEHTAX JAPYTOn).

Ecan marepuperarnuu nzomopdusl, To y Konceprarto-
pa €CTb OYEBUAHBIN CHOCOOG BHIUIDATH: U30MOPOU3M
3apaHee I'PYIIOUPYET BCE DIEMEHTHI B IMAPHI COOTBET-
CTBYROIMHUX. (DTO COMMIACYETCA € TEM, ITO U3OMOPPHBIE
UHTEePIPEeTALNY 3IeMEHTAPHO SKBUBAJIEHTHEL. )

PaccmoTpum curnaTypy yHIOPSAOUEHHBIX MHOXKECTB
(mpenukaThl = u <) U €€ eCTEeCTBEHHbIE UHTEPIPETAa-
uru B N n Z. OHN He ABIAIOTCSA DIEMEHTAPHO DKBUBA-
JIEHTHBIMY, IIOCKOJIBKY CPEIN HATYPAJbHLIX TUCET €CTh
HAMMEHBIIEE, a CPeIu IMeNbX — HeT. IlokaxkeM, ITo B
urpe DpeHdOonXTa JIA NAHHBIX WHTEPIPETAIUN BbI-
urpoiBaeT Hosatop.

H ob6bwasiaser, 9wTo urpa GygeT MpOBEIEHA B ABA XOIA
U Ha IEpPBOM XOony moMmedaer umcino 0 u3 mHTepupe-
Tanuu N. B orBer K BHIHYX 1€H TOMETHTL HEKOTOPOE
qucao m u3 Z. Ha sropom xony H nomewaer B Z Hexo-
TOpOE YuCaI0, MeHbInee 1m (Hanpumep, m—1). Temeps K
IPOUTPHIBAET IPHU TI0O0M OTBETHOM XOJ€, TTOCKOIBKY
[IOMETHUTH YUCJIO, MEHBIIEE HYyJs, OH HE MOXET.

s ToU Xe CUTHATYPBHI PACCMOTPUM HHTEPIIPETALNN
B Z u Q. 3Tu mHTEpIpeTanun He DJEMEHTAPHO SKBU-
BAJIEHTHHI, MMOCKOJIBKY MOPAMOK HA, PAIMOHAIBHBIX YU~
CJIax IJIOTEH, a Ha Heabix — HeT. [lokaxkem, 4To B urpe
OpendonxTa CHOBA BHIUTPLIBaeT HoBaTop.

Urpa 6yaer npoxoauTsk B Tpu xoga. Ha mepBbix aByx
xonax H momewaer umcaa 0 u 1 w3 Z. K momxken mo-
METHUTDb HEKOTOpPbIe daeMeHThl b1 u by u3 Q. Ilpu sTom
TOMKHO OBITE by < by (mmave H 3aBenoMo BRIUTDAET).
Torma wa Tpethem xony H mnomedaeT mr060€ parmo-
HaJILHOE YUCJIO, Jexkalnee cTporo mexay by u by, Tax
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kak Mexay 0 m 1 "Her HaTyparbHbIX uncen, K He Mo-
xKeT cobmocTr TPeOOBAHUA UI'PHL U IIPOUTPLIBAET IIPHU
JI000M XOTe.

e PaccMoTpuM Tenepb yHOPsIJOUEHHBIE MHOXKECTBA Z U
Z + 7. Kak wmbl Bugenu (c. 138), oHu sieMeHTApHO
SKBUBAJEHTHBI, U TIOTOMY [TOJKHA CYIIECTBOBATL BEHI-
urpeimHas crparerus aas KoucepsaTopa. Kak xe on
nokeH urparhb! KaxeTcs pasyMHBIM IO AEPKUBATH
OAWHAKOBBIE PACCTOSHUA MEXKIY COOTBETCTBYIOMIAMU
asaeMeHTaMu B Z u Z+ 7. llpobaema B ToM, ITO B Z+ 7
HEKOTODLIE PACCTOAHUS OECKOHEYHEL (MEXKAY BJeMeH-
TaMy Pa3HbIX caaraeMoix). dro xe geaars Koncepsa-
Topy, ecin HoBaTop moMeTna gBa TAKnWxX dIeMeHTa?!

K cuacteio mia K, om 3HaeT 3apanee, CKOIBKO XO-
OB OCTAJOCH 10 KOHIA WUIPBL. SICHO, 9TO ecam wurpa
CKOpO KoHuuTCA, TO H He ymacTesa oTaumduTb GECKO-
HEYHOE PACCTOAHUE OT OCTATOYHO Goubioro. Bouee
TOYHO, €CAN M0 KOHIA UTPBI OCTAETCAa S x0a0B, To K
MOXKET CYUTATH BCE PACCTOSHUS, OOJBIINE WIA PAB-
uele 2%, Geckorneuno Gonbmumu. B xonue (mpu s = 0)
DTO O3HAYAET, UTO BCE HEHYJEBbIE PACCTOSHUA OTOXK-
IECTBIAIOTCA (ITO MPABWIBHO, TAK KAK B KOHIE Ba-
XKeH Juib Hopsagok). Takum obpaszom, K crpemurcs
O/ IEPKUBATH TAKOU (MHBAPUAHTY (KAK CKA3AIM OBI
IPOrPAMMUCTHL): COOTBETCTBYIONIME 3IEMEHTH B A 1
B B uayT B OJHOM U TOM K€ MOPSAKE, U PACCTOSHUA
MEX Ty COOTBETCTBYIONIMME MAPAME COCENEN OJUHAKO-
Bbl (OPU DTOM BCE GECKOHETHO OOJBIIME PACCTOAHUA
cuuranoTcs oguHakoseivu). flcwo, uro Takas crpare-
CUS TAPAHTUPYET €My BBIMIPHINI; HAJAO JUIb TPOBE-
PUTBH, 9TO MO/ AEPKATH UHBAPUAHT MOIKHO.

IIpu ouepeanom xome H BO3MOXKHEI HECKOTBLKO CIytIa-
es. H Mor paz6uTh «KOHEUHBIN (MeHbIIAN 2%, Tae § —
YUCIO OCTABLIUXCA XOA0B) IPOMEKYTOK HA IBE YACTH.
B sTOM caydae COOTBETCTBYIOIMINY TPOMEXKYTOK B IPY-
TOM MHOXECTBE TAKXKe «KOHEUEH» W UMEeeT TY Ke MIu-
Hy, Tak 470 K no/mxen auins BEIGPATH 3JEMEHT Ha TOM
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XKe paccTosauuu oT KoHnoB. Ilycts H paszbun «Gecko-
HeuHBI (LauHer 2° wiau GOAbIIE) IPOMEXYTOK Ha ABE
vactu. Torga xoTa OBl OfHA U3 YacTen OyIeT UMEThb
AruEy 2°7! wim 60MbIe, TO €CTh HA CIeIYIONEM IMare
Gy xeT cauraThesa «beckonednom . Ecau 06e yactu «Gec-
KOHEYHBD (C TOYKM 3PEHUA CIeAYIOmero mara), 1o K
TOMKEH Pa3bUTh «OECKOHEIHBIN (IInHEBL 2° wiu 60Jee)
[IPOMEXYTOK LPYI'OI'0 MHOXKECTBA HA ABe «OeCKOHEedY-
HBIE) (JIXHBL 251 wn 60Jsee) 9aCTH; DTO, OUEBUIHO,
BO3MOXHO. Fcam onna JacTh «OeCKOHEYHA»Y, & APYrad
«KOHEYIHa», TO HANO OTJIOXKUTH TO XKe «KOHEIHOe» Pac-
crosHue B 1pyrom MHOxkecTse. Hakowner, o6e qacTu ne
MOT'YT OBITH (KOHETHBIMID (ECaM Kask Jas MeHbme 2° 1,
TO B cymMme Oyger MeHble 2°).

Haxoseln, HOBEIM DJIEMEHT MOI OLITHL OOJBIIE (I/IJII/I
MEHBIIIE) BCEX Y2Ke OTMEYEHHBIX JIeMEHTOB HHTEPIpe-
ranuy; B >ToM ciaydae K nomken ormeruTs saemeHT
JPYTON MHTEPIPETAINN, HAXO/AIINACS HA TOM e DAaC-
CTOSIHUYM OT HAMOGOAbIIErO (HAUMEHBILEr0) OTMEIeHHO-
ro sjeMeHTa (Wi Ha «GeCKOHEIHOM) PACCTOAHUM, €CIU
TakoBa ObLTA CUTyalua ¢ BuIOpanHsM H bmemenToMm).

85. KTo BRIMTpBIBaET B Urpe JpeHdOUXTa AIA yIOPITOIeH-
merx MuOkecTB (a) Zm R; (6) Ru Q; (8) Nu N+ Z? Kak on
NOMKEH UTPATh?

IlpuBenéunnie TpuMepsl I€IAI0T IPABIOIOL00HON CBA3L
MeX Iy HATnIueM hOPMYJIbl, PA3IXYAIOIEN MHTEPIPETAIIHY,
u BomrpeinHOn crpareruu mgas H. [Ipm sTom wmenao xo-
OB, KOTOpOe noHaxoburcsa HoBaTopy, cOOTBETCTBYET K8aH-
moproti 2Aybune Pa3Iudaloel UHTepupeTanun GopMyILL.
KpanTopuaa ryouHa GOPMYJIHI ONIPEAeNaeTcsa TakK:

o ['nyObuna aToMapHEIX (GOPMYI PABHA HYJIIO.

o [ry6una dopmyn ¢ V ¢ u ¢ A 1) paBHA MaKCHUMyMy
rry6uH GopMmya ¢ u .

o ['ny6una (popmMysl —@ paBHA IVIyOuHe (GOPMYJIEL Q.
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o [ry6una dpopmyn 3¢ ¢ u V€ ¢ Ha equHUIY GOJIBIIE TIIY-
OUHLL (POPMYAEBL (.

dpyrumu croBamu, riyOuHa (HPOPMYJIBI — 3TO HAXOOID-
mas «rIyOuHA BJIOKEHHOCTHY KBAHTOPOB (MaKCHMAIbHAS
JUIMHA TIEMOYKY BJIOKEHHBIX KBAHTODPOB).

PacemorpuM mo3unumio, KOTOpas CKIALBIBACTCS B UIPE
nocue k xogos H u K (nepen ouepeansiv xonom H) u 3a l xo-
J0B 710 KOHIIA UI'PhI (TakuM 06pa3oM, o0Iad JJIMHA UCPHI
ectb k +1). B oT0T MOMEHT B KaxKAOU U3 UHTEPIPETALUN
coBmectubiMu yemmuamu H u K BeiGpano mo k sieMeHTOB.
[MycTs T0 GyAyT DJAEMEHTH @, - .., 05 B OJHOW WHTEPIDE-
Taunu (HazoséMm e€ A) u by,..., by B apyrou (B).

Jlemma. Ecau cymectsyer popmyaa riuybunst [ ¢ mapame-
TPAMU L1, ..., Lk, OTIXIAOMAA A1,...,0q; OT bi,..., by, TO
B yxaszaHuou mosunur H uMeeT BEIUTPHLIMNHYIO CTPATEruio;
B IpoTUBHOM ciydae eé umeer K.

TMosacuum cumbica ycaosus aemmur. [lycts ¢ — opmyaa
DIYOUHBL [, BCe MapaMeTphl KOTOPOU COAEPKATCA B CIUCKE
Z1,...,2ZE. Torga UMeeT CMBICA CTAaBUTL BOIPOC O €€ uc-
TUHHOCTY B UHTEpUpeTanuu A mpu 3HAMEHUAX MapaMeTPOB
ai,--.,0, & TAKKE B HHTEpUpeTanny B PN 3HAYEHUAX Ta-
pameTpoB by,...,by. Ecaum okaxercs, 1TO B OZHOM CIydae
dopMyna ¢ UCTUHHA, & B APYLOM JOXKHA, TO MBI TOBOPUM,
9TO (0 OTJAUYAET G, ..., 0 OT by, ..., bg.

IIycrs Takas popmyaa ¢ cymecrsyer. Oua npeacrapis-
eT coBOU JOrnIecKyl0 (6eCKBAHTOPHYIO) KOMOUHALIUIO HEKO-
TOpHIX dopmya Buaa VE ¢ u I€Y, rae Py — dopmyaa riydwm-
el | — 1. XoTs 661 onHA 13 POPMYJ, BXOIAIINX B TY KOM-
OUHALAIO, TOMKHA TAKKE OTJINIATD (1, ...,0) OT by,...,bg.
[Mepexoasa K OTPUMAHAIO, MOKHO CIATATD, ITO 3Ta (POPMYIa
HaYUHACTCA ¢ KBAHTOPA cymecTBoBaHus. IlycTs popmyaa ¢,
UMEIOIAs BUJ

El-rk+11;[}($17 v 7xk7mk+1)7

UCTUHHA IJIA G1,...,Q; U JOXKHA 1A by, ..., b;. Torna mau-
DETCSA TAKOE Qpy1, MIA KOTOPOro B A ucTuHHO

Y(ay, ..., a, Ggr1)-
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ITO ap41 n Oyaer BeMIpbIBaomM xoxoMm Hoearopa; mpu
Job6oMm orBeTHOM Xozne biy1 KoncepBaropa dhopmyna

by, ..., b, bri1)

Oyaer joxkuon. Takum obGpasoMm, HEKOTOpas (poOpMyJa IiIy-
OouHbl [ — 1 oTIMYaeT Gy, ...,G5, Ggtr1 OT by,... bk, bpy1 @
OTOMY, PACCYXKJas IO MHAYKIMK, MBI MOXKEM CIATATH, UTO
B octasmencs (I — 1)-xonoson urpe H umeeT BRIMCPLIIIHYO
crparernio. (B KOHIE KOHIIOB MBI IPUAEM K CUTYAIAN, KO
HEKOTOpasa 6eCKBaHTOPHAA (popMyaa oTamdaeT k + [ dremeH-
TOB B A 0T cooTBeTCTByIOmUX »/1eMedToB B B, T0 ectb H
BHINTDAET. )

O6parHoe paccyxenue (ecau HaBOPLL HE OTIUIUMBbL HU-
kakou ¢opmysaon riaybunsl [, To K uMeeT BBIUIDBHILHYIO
CTPATErni0 B OCTABIIENCA [-XOJ0BON UrDe) aHAJOTUYIHO, HO
9y Th 0OJee CIOXKHO. 3IeCh BAXKHO, UTO MO CYIIECTBY €CTh
JIIIIB KOHEYHOE YUCJAO PA3JIMYHLIX (POPMYJ TiiyOuHbL k.

Tounee roBops, GyaeM Ha3BIBATH B (HOPMYJHI (C Ta-
paMeTpaMu) SKBUBAJCHTHEIMY, €CTU OHU OJHOBPEMEHHO WC-
TUHHBL WK JOXHBI B JIOOOU HHTEPIPETALNA HA OO0 OleH-
ke. I[lockonbKy cCUrHATYpa KOHEYHA, CYIIECTBYET JWIIb KO-
HEYHOE YUCJIO ATOMAPHBIX (POPMYJ, BCE MapaMeTPHl KOTO-
PBIX COAEPKATCA CPERU Uq,...,us. CyIIECTBYET JHUIIb KO-
HEYHOE YUCI0 OYJIEeBHIX (DYHKIUU ¢ JaHHBIM HAOOPOM ap-
T'YMEHTOB, MOJTOMY CYIIECTBYET JIUIIL KOHEYHOE YUCIO He-
SKBUBAJEHTHLIX OECKBAHTOPHBIX (POPMYJI, BCE HAPAMETPBI
KOTOPHIX COAEPKATCA CPEmu i, ...,us. OrTcioma crenyer,
YTO CYHMIECTBYET JUIIbL KOHEYHOE YHUCJIO HEDKBUBAJIEHTHBIX
dbopMya Buga

Elus 77[1(“17 s 7“8)7

¥ IOTOMY JWIIb KOHEYHOE YHCIO0 HEeSKBUBAJIEHTHBIX (Op-
MYJ TIyOWHBI 1, mapaMeTphl KOTOPBIX COMEPKATCA CPeIu
Ul,---,Us_1. (3AECH MBI CHOBA UCIOJB3YEM yTBEPXKICHUE O
KOHEYHOCTH 9UCIA OyIeBBIX (DYHKIUN ¢ JAHHBIM KOHEYHBIM
CIIMCKOM apryMeHTOB, a TaKKe BO3MOXKHOCTD ITepenMeHOBHI-
BaTh MEPEMEHHYIO MO KBAHTOPOM, BJIar0o1apsa KOTOPOU MBI
MOXKEM CUUTATh, YTO ITa [IePeMeHHas eCTh Us.) [Ipoxonkas
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STU PACCYXKIEHUS, MBI 3aKII0YAEM, YTO A JH000r0 | u nis
J60ro Habopa MePEMEHHBIX Uj,...,U, CYLIECTBYET JUIIb
KOHEYHOE YUCJI0 HEIKBUBAJIEHTHBIX (OPMYJ TIyOuHbI [, BCE
NapaMeTPhl KOTOPBIX CONEPKATCA CPEIA Uy, - - - , Up. (30eCh
MBI CYLIECTBEHHO UCIIOAb3yeM KOHEYHOCTH CUIHATYDHL.)

Temepb MOXKHO BAKOHIUTH PACCY K IEHUA [IPO UTPY DPEH-
donxra. IycTh >JAEMEHTHL @y, ...,a; HEAL3A OTINIATH OT
31eMeHTOB by, ..., by ¢ momormipio dopmya niyduust [. Onu-
meM BuIMCphImHEYIO crpareruto aaa K. Ilycrs H BeiGpan
IPOU3BOJLHEIN DJICMEHT B OJHOU U3 MHTEPHOPETAIWH, CKa-
XKeM, apy1. Paccmorpum Bce dopmynsr ruybusbr [ — 1
¢ k + 1 napamerpaMu (¢ TOYHOCTBIO JO 3KBUBAJEHTHOCTU
UX KOHEYHOE 9MCJIO0); HEKOTOPHIE U3 HUX Oy 1yT UCTUHHEL HA
Q1,...,05+1, & HEKOTOPBIE JOXKHBL. Torga gpopmysaa, yTBep-
K JAIOIIAA CYIIECTBOBAHNUE (41 C POBHO TAKMMU CBOUCTBA-
MU (TIOCTIE KBAHTOPA CYIIECTBOBAHUA UAET KOHBIOHKIIAA BCEX
UCTUHHBIX (POPMYJI U OTPULAHUN BCEX JOKHEIX) Oyxer Gop-
MYJIO [VIyOMHEI [, MICTUHHOM HA G, ... ,ay. 110 npenmonoxe-
Huio 5Ta GHOPMYJIa MOMKHA OBITH UCTUHHOA U HA by, . .., by,
I MOTOMY CYIIECTBYET bpy1 € TE€MHU K€ CBOUCTBAMU, UTO
O Qpy1. DTOT IeMeHT bpy1 u pomxken nomeruts K. Te-
Mephb TPEANOJOKEHNE NHAYKIINY TO3BOMAET 3aKII0UYUTh, ITO
B BO3HUKIIEH no3unyu (Tae 10 kouma urpst [ — 1 xonos) y K
€CTh BBIMIPHIIIHASA CTPATErUA.

JlemMma, nokaszana. E€ wacTHBIM cIydaeM ABIAETCS 00e-
IIAHHBIA KPUTEPUU DIEMEHTAPHON SKBUBAJEHTHOCTH:

Teopema 41. Nurepunperanuu A u B sremenTapHO 3KBU-
BaJIEHTHBI TOT'/Ia U TOJBKO TOT /4, KOUIA B COOTBETCTBYIONIEN
urpe JpeHdonxTa BHIUTPHIBACT KOHCEpBaTOP.

86. [Toxaxure, 94TO yCIOBME KOHEYHOCTU CUHATYDHL CyIle-
cTBeHHO (6€3 Hero m3 HJICMEHTAPHOU SKBUBAJICHTHOCTH HE CJIELY-
€T CyIEeCTBOBAHUE BHIUTPBHIIHON cTparernu aua K).

3aMeruM, 49TO B HEKOTOPBIX CiAy4asx (Hampumep, 1ias Z
u Z + Z) urpa Dpendouxra JaET HAM HOBBIU CIOCOO JOKa-
3aTEIBCTBA DICMEHTAPHON DKBUBAJEHTHOCTH.

3.11. MNoHuxxeHne mowHOCTH

B »Tom pazgene Mbl omumem mpuéM, TO3BOJIAIONIEH B WH-
TEPIPETAIUA GOJIBIION MOITHOCTH BHIAGIATH YaCTh, KOTO-
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pas GyIeT >IeMEHTAPHO SKBUBAJEHTHA MCXOAHOU (1, Gosee
TOr'0, UCXOAHAsA OymeT e€ HIeMEeHTApHBIM PAaCIIUPEHUEM B
cMBICTe onpenenenus Ha ¢. 140). Hampumep, Bo Beakom Gec-
KOHEYHOM YTOPAIOYEHHOM MHOXECTBE DTOT TPUEM MO3BO-
JUT HAUTHU CYETHOE IMOAMHOXKECTBO, 3JEMEHTAPHO DKBUBA-
JIEHTHOE UCXOJHOMY KaK MHTEPIPETAINA CUTHATYPHIL (=, <).

C nOMOLIBIO 3TOM KOHCTPYKUUK (COCTABIAIOLIEN COAED-
xkauue Teopembl Jlepenrenma— CkomeMa 06 dIeMEHTAPHOU
HOMOJIENN) JETKO JaTh obemanHoe Ha c. 116 apyroe mno-
Ka3aTeJIbCTBO TOrO, YTO JI00BIE ABA IIOTHO YIOPSIIOIEHHBIX
MHOX€eCTBa 6€3 MEPBOT0 U NOCIEIHEr0 DJIEMEHTA DIEMEHTAD-
HO DKBUBAJEHTHBI. B caMoMm [ese, BLIOEpEM B HUX CUETHBIE
YACTHU, DIEMEHTAPHO DKBUBAJICHTHBIEC LEJBIM MHOXECTBAM.
Aru yacTu OyAyT NIOTHBIMU U HE OYAYT MMETH IIEPBOTO
U TIOCJETHErO DIEMEHTOB, TaK KAaK DTU CBOUCTBA 3ATUCHI-
BatoTcsa gopMyramu. Kax mssectHo (cM., Hampumep, [6]),
J0ObIE 1Ba CYETHBIX [IOTHBIX YIOPSALOYEHHBIX MHOXECTBA
0e3 mepBOro U MOCAETHErO BJIEMEHTA, U3OMOP(HLI, U TIOTOMY
(Teopema 35, c. 137) smemenTapHO dKBuBaseHTHHL. Creno-
BaTeJbHO, ¥ MCXOTHBIE MHOXECTBA OyIyT DJIEMEHTAPHO HK-
BUBAJCHTHEI.

IIpex e BCero yrodHUM CJIOBA «9aCTh UHTEPIPETALIIY.
Ecnu curaarypa cOCTOMT TOJBLKO U3 TPEIUKATHLIX CUMBO-
JIOB, TO MPOOJEM HeT: B3SAB MPOU3BOJBLHOE HEMYCTOE MOJ-
MHOX€eCTBO X IPOU3BOJIBHON WHTEPIPETAIUN, MBI MOXEM
OrPAHUYUTL NMPEIUKATH Ha X U IOIYIUTH HOBYIO UHTEp-
nperanuio. Fcan B cursarype ecTh PYHKIMOHAIBLHBIE CHM-
BOJIbI, MBI JOJDKHBI emé moTpeboBarh, 9ToOb X OBLIO 3a-
MKHYTO OTHOCUTEILHO COOTBETCTBYOIIUX (DYHKIUI (3Hade-
HUA DYHKIAU HA DAEMEHTAX MOAMHOKECTBa X [OJKHBI Je-
*aTh B X ). Bo3HUKA0OIIAA IPU 5TOM MHTEPIPETALAA C HO-
cureseM X Ha3BIBAETCA Nodcmpyrmypot UCXOTHON.

Teopema 42 (flesenrenma — Ckonema 06 anemeHTapHOM Nof-
mogenu). Ilycrs umeercs KonedHas win CY8THAS CUCHATY-
pa ¢ m HeKoTopaa OeckoHedHas wHTepmperanusa M sTon
curHaTypsel. Torga MOKHO yKa3aTh CI€THOE TIOIMHOXKECTBO
noaMuoxkectBo M’ C M, xkoropoe GygeT MOACTPYKTYpPOU
M (3aMKHYTO OTHOCUTEJHHO CUTHATYDHBIX (DYHKIWN) U 5
KoToporo M 6yaeT sieMeHTapHBIM pacmupernem M.
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<1 Hauném ¢ mepsoro Tpebosaana TeopeMbr: M/ 1omKHO
6bITh ogcTpykTypou. Camo mo cebe ero BRIIOJIHUTD JErKO,
KaK TOBOPUT CJIEAYIOMIAA JEMMA.

Jlemma 1. llycte A C M — npousBOIBHOE KOHEYHOE WA
CI6THOE MHOXECTBO. TOra CymecTByeT KOHEYUHOEe I CIET-
HOe MHOXKeCTBO B C M, comepxkaiee A, KoTopoe ABIgET-
€A TOJCTPYKTYPOR (3AMKHYTO OTHOCUTEILHO CUTHATYPHBIX
dyuxnun B M).

YTBepxKAeHUE JeMMBI TMOYTH OYEBUIHO: HAAO JOOABUTH
K A pe3yabTaThl IPUMEHEHUS BCeX (PYHKIUU K €ro DIeMeH-
TaM, MOTOM Pe3yJAbTATHl IPUMEHEHUsA BCeX (DYHKIUU K NO-
OABJIEHHBIM BJEMEHTAM U TaK CIETHOE Imucao pas. ([Ipyrumu
CTOBAMY, HAJO TOOABUTH 3HAUEHUS BCEX TEPMOB CUTHATYPHI
HA OLUEHKAX, IPU KOTOPBIX WH IUBY THBIE IEPEeMEHHBIE TIPUHA-
maioT 3Hadenusa B A.) flcHO, 9TO mOTYyIUTCA KOHEUHOE WK
CYETHOE MHOXKECTBO, TaK KaK Ha KaXKIOM Iare pacIimpe-
HUsA JOOABISETCA CIETHOE MHOMXKECTBO HOBBIX DJIEMEHTOB W
maros ¢4éTHOEe Yuca0. (MOXKHO 3aMETUTH TAKXKe, 9TO Tep-
MOB cuéTHOe umcio.) Jlemma 1 gokazana.

3aMKHYTOCTH noaAMHOXecTBa A mMuHOXecTBa M oTHOCH-
TEIBHO CUTHATYPHBIX (PYHKIINU TMO3BOIAET PACCMATPUBATD
UHTEPNPETANIO ¢ HOCHTETeM A W ¢ WHAyIHPOBAHHBLIMU
u3 M dyuxnuavu u npegukaramu. O 1HAKO OHA, KOHEYHO, He
0063aHa OBITH DJIEMEHTAPHO DKBUBAJTCHTHOU M, Kax TMOKa-
3BIBAET MHOXKECTBO O4YeBHIHLIX mpuMepos. (Ecmu, ckaxkewm,
B CUrHATYpe HeT (PYHKIWMU, & ONHU IPEIUKATHI, TO JI060e
[OIMHOXKECTBO OyIeT 3aMKHYTO.)

TTosToMy HaM HEOOXOAMMO €IIE ONHO CBOUCTBO 3aMKHY-
rocru. Ilycre A — mekoropoe nogmuoxecrso M (namom-
HUM, 9TO MBI PACCMATPUBAEM MHTEPITPETAIINI) CUTHATYPHI O
¢ Hocuresem M). MHoKecTBO A HA30BEM 3K3UCTEHUUALD-
HO BAMKHYMbLM, €CIU A1 BCAKOU GOPMYasl o(X, T, . .., Ty)
CUTHATYPHL 0 U JJIA JIOOBIX DJIEMEHTOB a1, . ..,d, € A BBI-
TOJHEHO TAKOE YTBEPKACHUE: €CIU CYIecTryeT m € M, nna
koroporo (8 M) ucrunno @(m,a,...,a,), TO 3IEMEHT M
€ TaKWM CBOUCTBOM MOXHO BHIODATH U BHyTpHU A.

(Bomee popMaTbHO CAETOBANO OBl CKA3ATH, UTO [AJA BCA-
KOU (POPMYJIBL (0, MAPAMETPBl KOTOPOU COAEPKATCA CPEIn
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T,T1,..., Ly, U I JHOOBX DIEMEHTOB Qf,...,dn € A BHI-
[IOJIHEHO TAKOe yTBEpXKJAeHwue: ecau cymecrsyer m € M,
IUIsI KOTOPOT'O (¢ MCTUHHA B mMHTEepnperanuu M Ha OleHKe
(z — m,x1 — Qy1,...,Tn — Ap), TO CYIIECTBYET U DJICMEHT
m € A ¢ TeM 3Ke CBOICTBOM.)

O6parure BHIMAHZE, 9YTO B DTOM OIpEAeNeHUN (B OTIU-
qmre 0T HOPMYJIUPOBKA TEOPEMBI) HE UAET pPedb 06 UCTUH-
HOCTH KaKOU Obl TO HE ObLIO popMyJbl B A — TOJBKO 06 uc-
TuHHOCTH B M. B HEM roBOPUTCA MPUMEPHO BOT UTO: €CJIU
BOOGIIE (BO BCéM M) HAMAETCA DAEMEHT, CBA3AHHBIL HEKUM
(pOPMYIBHBIM OTHOIIEHUEM C DIEMEHTAMHU a1, . . . , Gy € A, TO
TaKOU BJIEMEHT HaUAETCA U BHyTpHU camoro A.

Nemma 2. Tlycts A C M — mpousBOIBHOE KOHETHOE WU
CU€THOE MHOXKeCTBO. ToT1a CyIlecTByeT KOHEYHOE WIN CIET-
Hoe MHOXecTBO B C M, comepxainee A, sBisiomieecs 5K3u-
CTEHIIUAJIBLHO 3aAMKHYTHIM.

JloKa3aTEeIBCTBO JEMMEL 2 AHAJOTUYHO JOKA3ATEIBLCTBY
IPEeIBIAYIIEN JEMMBL: (POPMYI (0 CIETHOE YUCAO U KOHEIHBIX
HabopoB 31eMeHTOB u3 A Toxke cuérHoe umcao. [losTomy
MOXKHO TTIOCMOTPETH, B KAKNUX CIYYAAX DJIEMEHT 171 U3 ONpee-
JICHUs DK3UCTEHIUATBLHON 3aMKHYTOCTHU CYLUIECTBYET, U AO-
6aBUTH ONUH M3 TAKUX DJIEMEHTOB (34eCh UCIOAb3YeTCs aK-
cuoMa BEIGOpa). OMuH pas Tak CIeIaTh HELOCTATOTHO, TaK
KakK 100aBIEHHBIE BJIEMEHTHL TAKXKE MOI'YT HCIIOIB30BATHCI
B Ka4eCTBE a1, ...,0, B OIPEICJEHAN, IO3TOMY TAKYIO IIPO-
1eAYPY HAJAO0 MOBTOPUTH CIETHOE UCIO PA3 U B3ATH 00Hen-
HEHUE TONyYeHHBIX MHOX)eCTB. OHO yike OyIeT 3K3UCTEHI-
aIbHO 3aMKHYTO (060K HAGOP IOAYYaeTCsS HAa KOHEYHOM
mare u Ha CJAEAYIOUIEM Iare OH 00CIYKNBAECTCS, €CIN HY K-
HO). Jlemma 2 mokasaHa.

Ha camom mene teMMEr 1 1 2 MOXKHO COEIUMHUTD.

Jlemma 3. Tlycte A C M — nOpOU3BOILHOE KOHEYHOE
WM CIETHOE MHOXKeCTBO. TOraa CymecTByeT KOHEYHOE WU
cuéraoe mMHOXecTBO B C M, comepxkamee A, 3aMKHyTOe
OTHOCUTEIBHO CUCHATYPHBIX (PYHKIUA U DK3UCTEHIMAIBLHO
3aMKHYTOE.

B camomMm mene, ITOGHI MOTYYIUTH TaKOEe MHOXKECTBO B, mo-
CTATOYHO YePEeNOBATH LIArY 3aMBIKAHWUSI OTHOCATEIHHO CHUI-
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HATYPHBIX (QYHKIUA U DK3UCTEHIVAJLHOTO 3aMBLIKAHUA, &
[OTOM B3ATH OOBEIUHEHUE IOJLYYE€HHOU MOC/IeI0BATEALHO-
ctu MHOXKecTB. JlemMMma 3 moxazana.

Jlemma 4. lycte M’ C M 3aMKHYTO OTHOCUTEIBHO CHUT-
HATYPHBIX (PYHKIWU U DK3UCTEHIUAIBLHO 3aMKHYTO. Torma
M saBaseTCs daeMeHTapHBIM paciuupenueMm M.

OTcrona yXe BHITEKAET YTBEPXKIeHUEe TeopeMbl 42: mpu-
MEHUM JeMMY 3 K HEKOTOPOMY CYETHOMY IIOIMHOXKECTBY
MHOkeCcTBa M, a 3aTeM BOCHOIB3yeMCsS J1eMMOn 4.

okazaTeabcTBO JeMMBI 4 Tak¥ke TOBOJBLHO mpocTo. Ha-
IIOMHEUM OIpEeJeNeHNe DIeMEHTAPHOrO pacimpenus: Tpeby-
eTcs, 9TO0bI

M Eo(ar,...,an) & MFEy(a,...,a,)

1J1s1 J:0601 GopMyast (T, ..., Ey) U L JIOOBIX BIEMEHTOB
ai,...,an € M'.

(PopMATBHO CIenoBATO OBl CKA3ATh: 1A JI060U (OpMy-
JIBL C TApaMeTpaMu U JI000K OLEHKH, DK KOTOPOU BCE Iapa-
METPHI MPUHAMAKOT 3HAYeHNA B M, mCTUHHOCTE »Tou Gop-
Myael B M’ Ha 5TON ONEHKE PABHOCUILHA MCTUHHOCTU TOU
xKe Gpopmysl B M Ha TOU xKe OueHke.)

ByneMm 10Ka3bBaTh 3TO MHAYKIIMEHN IO IIOCTPOEHUIO (pop-
Myael . s aToMapHEIX GOPMYJa DTO OYCBUIHO: 3HAMCHUA
TEPMOB HE 3aBHUCAT OT TOrO, MPOBOIMM JU MBI BLITUCJACHUA
B M nwm M', a npeaukarer Ha, M’ vagynuposannt w3 M.

Ecam ¢popmyta ¢ ecTh KOWBIOHKINA, AU3BIOHKIINA, M-
IMKAIAA WAY OTPUIIAHUE, TO ¢¢ MCTUHHOCTh Kak B M, Tak
u B M’ ounpegensierca ucTuHHOCTBIO €€ dacTell (M MOXKHO
COCJIATHCA HA TPEANONOKEHNE UHIYKIAN).

EIVHCTBEeHHBIN HETPUBUAILHBEIN CIYIal — €CIu POPMY-
J8, ¢ HAIMHAETCA C KBAHTOPA. MBI MOXKEM COKPATUTH Ce-
Oe pabOTy M pacCMaTpUBATBL TOJIBKO KBAHTOD CYIIECTBOBa-
Hus, Tak Kak V& MOXHO 3amMeHuTb Ha —3€—. UTak, mycThb
p(x1,...,z,) UMeeT BUL

Jx(z,x1,...,20).

Ecmu M’ F ¢(ay,...,a,) 018 HEKOTOPHIX G, ...,0n, € M’,
TO TI0 ONPEAENEHNIO NCTUHHOCTH HAUAETCA anemenT m € M/
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s koroporo M' E 4(m,ay,...,a,). Torga mo mpeanomso-
KeHuio uaayknuu (dpopmysaa ¢ Kopode (GOPMYIBLL () MOXK-
HO TIEPEUTH K COJBIIEN WHTEPIPETANNA U 3aKIIOYUATD, UITO
M EY¥(m,ay,...,a,), 1 TOTOMY 10 ONPEIETEHUIO UCTUHHO-
cru M F ¢(aq,...,a,). ObparHoe paccyx 1eHue IpoCcTo TaK
HE MPOXOAUT, TMOCKOJbKY CYIIECTBYIOIUN DIEMEHT 17, CYIIe-
ctByeT B M, a He B M, n IpeanonoKeHne WHAYKINA TIPU-
MEHUTL Heab3a. OIHAKO POBHO IJIA 3TOr0 y HAC €CThL Tpe6o-
BaHUE DK3UCTEHINAIBHON 3aMKHYTOCTH, KOTOPOE TIO3BOJIAET
3AMEHWTBL DJIEMEHT 1 Ha ApYyTrou »ieMeHT ms M’ u saBep-
IINTL JOKA3aTEJALCTBO. >

Bot npumep npumenenus reopemsr Jleserrenma — Ckoe-
Ma B anarebpe: CyIIeCTBYeT aaredpanieckn 3aMKHY TO€ CIET-
woe moamone noaa C xommiexcubix umcen. (B camom ge-
Je, TpeboBanue aIreCpandecKon 3aMKHY TOCTH MOXKHO 3aIll-
CaThb B BU/IE CIETHOU MOCIE0BATEILHOCTH (POPMYI — TIO O
HOM /I KAKJOM CTEIICHN MHOIOWICHA. AKCHOMEI OIS TaK-
K€ MOXHO 3allUCATEL B BUAE (POPMY/I. SHAIAT, CIETHAS DJe-
MenTapHasa noamoaens nouas C 6yreT Takxke aarebpandecku
3aMKHYTHIM TIOJEM. )

Brpouem, anre6bpancToB Takoe MPUMEHEHVWE CKOPee Ha-
CMENIAT — OHU U TAK 3HAIOT, 9TO AAre0PAMIECKAE DIEMEHTEHI
nomss C (KOpHH MHOTOWIEHOB C HEABIMEU KO PUINEHTAMMN)
00pa3yoT CUETHOE arreOpamdeckn 3aMKHYTOe TOJe.

JIIoGONBITHEI MApPagOKC CBA3AH C IOMBITKAMHA ITPUME-
uuTh Teopemy Jleeenrenva—CkoneMa B TEOPUU MHOKECTB.
[IpeacTarum cebe MHTEPIIPETAINIO AZBIKA TEOPUU MHOKECTB
(upegukarsl = U €), HOCUTEIEM KOTODOU ABJISAETCS MHO-
KECTBO BCEX MHOKECTB. TaKOI'0 MHOXKECTBA, CTPOT'O IOBO-
pA, He OBIBAET, HO €CAN PO DTO 3a0LITh U NMPUMEHUTH TEO-
pemy Jlepenrenma— Ckonema 06 BIeMEHTAPHOU II0IMOIEH,
TO MOXKHO OCTABUTH JUIIL CIETHOE TUCJAO MHOXKECTB TaK,
4TOOBI UCTUHHOCTD YTBEPXKICHUN TEOPUN MHOXKECTB HE W3-
MeHmIach. Ho cpeau »TuxX yTBEPXKACHUN €CTh U YTBEPXKIe-
HUE O CyMECTBOBAHMU HECIETHOIO MHOXKECTBA — KAK KE
TaK? ITO PACCYXKJEHUE COMEPKUT CTOJBLKO MPOOENOB, YTO
yKa3aTh OJUH U3 HUX COBCEM HETPYAHO. TeM He MeHee OHO
MOXKET OLITH IEPEBEAEHO B AKCUOMATHIECKYI) TEOPHIO MHO-
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KECTB U Ta6T WHTEPECHBIE (XOTsA yKe He Mapa oKCaIbHELE)
PEe3YJIbTATHI.

[Ba TOMOJHUTENLHEIX 3aMEYAHUA YCUINBAIOT TEOPEMY
Jlesenrenma — Ckosema. Bo-epBHIX, JETKO BUAETH, 9TO II4
BCAKOI'O KOHEYHOI'O WM CUYETHOrO mogmHoxectBa A C M
HaUETCS CIETHAS DIEMEHTapHas moAcTpykTypa M’ C M,
cogepxkamias Bce samemenTH A. (B camom mene, mpornecc 3a-
MBIKAHUS, UCIOIL30BAHHBIN DU AOKA3ATEALCTBE, MOXKHO Ha-
YMHATDH ¢ MHOXKecTBa A.)

Bo-BTopLIX, MOXKHO 0TKa3aTHCA OT TPEOOBAHUS CIETHO-
CTU CUTHATYPHL U CKA3aTh TAK: IS BCAKOI'O MOIMHOXKECTBA
A C M mampércsa anemeHTapHas mogcTpykTypa M’ C M,
comepxamas A, MOIIHOCTE KOTOPOU HE MPEBOCXOAUT MaK-
cuMyMa 13 Ng, MOIIHOCTH MHOXKECTBa A u MomHOCTH CHUr-
HATYPBL. B camom fese, u KOHCTPYKITUS 3aMBIKAHUSA OTHOCH-
TEMBLHO CUTHATYPHBIX OMEPANNN, ¥ KOHCTPYKIUA DK3MCTEH-
IUAJBHOI'O 3aMBIKAHUA, U CYETHOE OOBEeAMHEHNE BO3PaCTa-
IOIIEU [ENU HE BBIBOAAT MOIIHOCTH 33 IIPEJeNbl YKA3AHHO-
0 MAKCUMYMa, TIOCKOABKY M (pOPMYJILI, M TEPMBI ABIAIOTCA
KOHEYHBIMU [TOC/IEIOBATEIBHOCTAMY CUMBOJIOB CUTHATYPBL U
CUETHOIO Yucaa APYIUX CUMBOJOB (CM. mogpobuee B [6]); To
K€ CaMOe MOXKHO CKa3aTh 0 YHCJIEe BO3MOXKHBEIX HAOOPOB 3HA-
YCHUN TIAPAMETPOB.

Mbl HAyYMIMCH YMEHBIIATH MOIIHOCTL CTPYKTYPBI, HE
MEHsS MHOYKECTBA, UCTUHHBIX B Hen ¢hopMya. MoxHO, HApo-
THUB, YB&IUIABATH MOITHOCTD (COOTBETCTBYIOIIEE YTBEPK 16
HUe WHOTJa Ha3bIBaIoT Teopemon Jlesenrenma — Ckonema 06
sMeMeHTapHOM pacimpennn). Ho 5Ta KOHCTPYKIUA UCIOMb-
3yeT TeOpeMy KOMIAKTHOCTHU [JS A3BIKOB TIEPBOTO TOPAIKA,
KOTOpas B CBOIO O4€pElb BBITEKAET U3 TeopeMbl [ éxens o
nosnuoTe. [losToMy MBI OT/IONKMM 06CYKAEHNE 3TOIO yTBED-
KICHUA 10 CICAYIOMEN DIABhL.



4. VlcuucneHnne npegmkaToB

4.1. ObwesHaunmblie hopmynbi

Ucuucnenue BoickaspiBaHull (VaBa 2) MO3BOJSIO BBIBO-
JUTH BCE TABTOJOTUYU U3 HEKOTOPOTO HAGOPA OA3UCHBIX TAB-
Tonorull (HA3BAHHBIX AKCUOMAMHU) C [OMOLIBIO HEKOTODPHIX
IPaBWI BEIBOAA (HA CAMOM [€Je eIMHCTBEHHOrO IIPABUIA 110~
dus ponens). Cengac MBI XOTUM DENIATL AHAJOTHIHYIO 34~
gady mist popMya nepBoro nopsagka. CooTBeTCTBYIOIIEE UC-
YUCJIEHUE HA3LIBAETCA UCUUCACHUEM NPEIUKAMOS.

MycTs pukcupoBana HEKOTOpasA curHaTypa o. dopmyaa
(0 DTOU CUrHATYPHL (BO3MOXKHO, C IAPAMETPAMY ) HA3BIBACTCs
ob6ue3nanumot, eCIiu OHA UCTUHHA B JIOOOU MHTEPIPETALUN
CUTHATYPHL 0 Ha, JHOOOU OIEHKE.

OobmesHaunMbie (POPMYJILI B JOTUKE MPEAUKATOB WTPa-
0T TY e POJb, 9YTO TABTOJOI'MU B JOTUKE BBICKA3HIBAHUM.
Mexx 1y HUMU €CTb U POPMATbHAA CBA3D: €CAN B3ATDH JIO0YIO
TABTOJOTHIO M BMECTO BXOJAIIAX B HEE MPOMO3UIINOHATBHBIX
[ePEMEHHBIX O ACTABATD IPOU3BOIBHBIE (POPMYJILL CUPHATY-
PHL 0, moxyuuTca obme3HadnMas gopMmyaa. B camom gene,
MyCThb €CTh HEKOTOpas WHTEPIPETAINA CUTHATYPH 0 U He-
KOTOPast OLeHKa (TO ecTh PUKCUPOBAHBL 3HAUEHS MHJUBU -
HBIX TepeMeHHbIX). Torga Kaxaas u3 MOACTABACHHBIX (Op-
MyJ CTAaHET UCTUHHOU WM JOXKHOU, 8 3HAYUEHNE BCEU POPMY-
JIBL OTIPENENSACTCS € MOMOIMIBIO TAOAUI UCTUHHOCTH IS JIOT -
YECKUX CBA30K, TO ECTH IO TEM K€ MPABUIAM, 9TO B JOTUKE
BBICKA3HIBAHUN.

Kone4no, 6pBaoT u apyrue odmesHaIuMbe (OPMYIEL,
HE ABJSAIOIMIUECA YACTHBIM CIYYaAMU POMNO3UIMOHATBHBIX
Tapromorun. Hampumep, popmyna

Vo A(z) — JyA(y)

o0mesnaIuMa (31eCh CYIIECTBEHHO, YTO HOCUTEIb JIOOOU
uHTepIpeTanuu HemycT). [pyrue mpuMepsr 06Ie3HaanMbIX
dopmMya (BO BTOPOM CIydae ¢ — MPOU3BOIbHAA (HOPMYJIa):

Jy Ve B(x,y) — Yz Iy B(x,y), —Vx - — 3z p.
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87. Byaer mm o6mesrauuma dopmyna (a) Vr Iy B(zr,y) —
— JyVz B(z,y); (6) -Vz Iy B(z,y) — JzVy-B(z,y)?

Msorue BOpoch MOXKHO COPMYJIUPOBATH KAK BOMPOCH
006 OOIE3HATNMOCTH HEKOTOPHIX (opMmya. Hampumep, Mox-
HO 3alUCATH CBOUCTBA PEMIEKCUBHOCTH, TPAHZUTUBHOCTY U
AHTUCUMMETPUIHOCTHY B Buae Gopmya R, T u A curHaTyps
(=, <) u 3arem HanmMCATH HOPMYILY

RATANA— JzVy((y <z)V(y=1)).

OO6Ie3HaIUMOCTD DTOU (POPMYJIBI O3HAYANA OBbI, UTO JIO-
00€e JUHENHO YNOPALOUCHHOE MHOXKECTBO MMEET HAMGOIb-
MU DJIEMEHT, TaK YTO OHA He OOIIE3HAYnMA.

88. Hanumwure dopmyast R, T, A u nposepbTe, 9TO mpuBe-
néHHaA HamMu GopMy.aIa He OOUIEe3HAUNMA, XOTA UCTUHHA BO BCEX
KOHEYHBIX MHTEPOPETANUAX.

89. UspecTHO, 4TO dOpPMyJIa UCTUHHA BO BCEX KOHEYHBIX U
C‘-IéTHBIX UHTEPIIpETAINAX. MO)KHO JX U3 3TOr'0 3aKIKYIUTH, ITO
oHa obmesHaumma? (YkazaHume: BOCHOTB3yUTECH Teopemon Jle-
Berrenma— Ckorema 06 2I€MEHTAPHOU II0AMO JEJIH. )

[Be dopmyast ¢ u ¢ (¢ napamerpaMu uiu 6€3) HA3LIBA-
0TCA IKEUBAACHMHBIMUY, €CIN B JIOOON MHTEPIPETAITNYN U HA,
JIO00U OLIEHKE, Ha, KOTOPOU MCTUHHA OJHA U3 HUX, UCTUHHA,
U Opyras. OTO OIPENeNeHre PABHOCIIBHO TaKOMY: (GOpMY-
Ja @ <> 1) oOIIe3HAYNMA. 3MeCh, HAOMHUM, ¢ < 1) €CTh
coxpamente 111 (¢ — 1) A (¥ — ).

O6uIe3HAIUMOCTD AIO60U (POPMYJIBL (0 OYEBUIHO PABHO-
CUIBHA OOUIE3HAMUMOCTHY €€ 3aMbIKaGHUS — (POPMYJIBI, KOTO-
pas MOJYYUTCA, €CIN CIEBA K (0 TIPUMKACATE KBAHTOPHI BCE-
OOIIHOCTH TIO BCEM MapaMeTPaM.

[/lBorCTBEHHOE K OOIIE3HAMUMOCTHU TIOHATHE — BBITOJ-
HUMOCTL. POpMyJIa HABHIBAETCA 8bINOARUMOL, €CAU OHA UC-
THUHHA B HEKOTOPOU MHTEPIPETALNM Ha HEKOTOPOU OLEHKE.
OueBuHO, HOPMYIIA @ OOIIE3HATNMA TOT' 1A U TOJBKO TOT I,
Koraa hpOPMyJIa — HE ABIACTCA BHITIOIHAMOMN.

90. 3aKOHYIMTE YyTBEPK AEHUE: BBITOJIHUMOCTE (DOPMYJIEL C Ha-
paMeTpaMu PABHOCUIBLHA BBIMOJHUMOCTH 3aMKHYTOU (GOPMYIIHI,
KOTOpas MOIYyUIUTCA, €CIn. . .

Y106bI IPOBEPUTD, ABIACTCS JU (POPMYIA TABTOJOIHEH,
MOCTATOYHO IOICTABUTE B HEE BCE BO3MOXKHBIE HAOOPHI 3Ha-
YEHUM TIEPEMEHHBIX. XOTA JTOT MPOIECC MOXKET OLITh Ha



158 Hcuucaenue npeduramos [ra. 4]

NPaKTUKE HEBBITOMHUM (HAOGOPOB CJIUIITKOM MHOTO), T€OpPEe-
TUYECKU MBI MMEEM IPOCTOH aJIrOPUTM IIPOBEPKU, ABIAETCI
au dpopmyaa TapTosoruen. /s oOmesHAMUMBIX (DOPMYT B
00IIIeM CJIyYae TAKOrO AITOPUTMA HE CYIIECTBYET, KAK MBI
yBuauM B pazgene 5.4 (reopema Uépua, c. 232); paspewaio-
AN AJTOPUTM €CTh TOJIBKO JJIA O9€Hb ONPAHUIEHHBIX KIAC-
coB dopmya. Hanpumep, eciu cUrHaTypa COAEPKUT TOIBKO
HY/JIbMECTHEBIE MPEIUKATHLIE CUMBOJLBL, TO 33,03€a II0 CyIle-
CTBY CBOAUTCS K MPOBEPKE TABTOIOIMYHOCTU (B DTOM CJIy-
9ae KBAHTODPBI (GUKTUBHEL). UyTh 6ojee CIOKEH Caydal ¢
OJHOMECTHBIME IIPEIUKATAM.

91. [IycTe curHaTypa 0 COAEPKUT TOIBKO OTHOMECTHEIE Ipe-
OUKATHL. [JOKaXXUTe, 9TO BCAKAI BEIIOTHUMAA (hOPMY.IA DTOU CHUT-
HATYDPBI, COAEPKAINASA N PABIUIHBIX IPEAUKATOB, BBIIOJIHIMA B
HEKOTOPOU KOHEYHOHU MHTEepIpeTalnn, cogepxKamen e 6omee 2"
a1eMeHTOB. Kak nCnoas30BaTh 3TOT (PaKT A1 Il OPUTMUAIECKON
TIPOBEPKY BHIMOIHUMOCTH (POPMYT TAKOU CUTHATYDHI?

Mer BepuéMcs K aToMy Boupocy B pasgene 5.4 (c. 229) u
VBUAUM, YTO PA3PEIIMMOCTE COXPAHIETCS NpU 100ABICHIN
AKCMOM DaBEHCTBA.

4.2. Akcuombl M npaBuna BbIBOAA

BosBparuMmcs k Hamen 3ajade: KaKue akCUOMBL U IIPABU-
Jia, BBIBOJIA HAM HYXKHBI, ITOOBI MOJYIUTE BCE OOME3HAMU-
MBIe (POPMyYJIBI HEKOTOPOU CUI'HATYPEL 0?! EcrecTBeHHO HC-
noAB30BaTh Bee cxeMbl akcuoM (1) —(11) ucuucaenus Boicka-
swBanun (pasgea 2.1), Ho Toabko BMecTo GykB A, B u C
Tenepb MOXKHO IOACTABIATH IPOU3BOILHEE POPMYJIbL CUL-
HaTYpH 0. TeopeMa 0 HOMHOTE UCIUCACHUS BHICKA3BIBAHUL
PapaHTUPYET, YTO MOCAE DTOCO MbI CMOXKEM BHIBECTH JIO-
60U YaCTHBIU CIyYIau JIOOOU TPOTO3UITUOHATLHON TABTOMO-
ruu (To ecTh J00yio GOpMy.Ly, KOTOPAs IOLY YaeTCs U3 PO~
MOBUIMOHAIBHON TABTOJOTMY 3aMEHON TIPONO3UITNOHATBHEIX
NEepEMEHHBIX Ha (POPMYJBI CUTHATYPHL o). B camom nere,
BO3bMEM BLIBOJ DTOU TABTONOIME B UCIUCACHUN BBICKA3BI-
BaHUN (KOTOPOE, KAK MbI 3HAEM, TIOIHO) U BBIIIOJHUM COOT-
BETCTBYIOIIYIO 3aMEHY BO BCeX (hOPMYJIAX DTOTO BHIBOJA.

Tlouru croan xKe HPOCTO MOHATH, YTO HUUErO APYLOro



[m. 2] Axcuombi u npasuaa 6v1600a 159

TaKWe aKCUOMBI He MaIyT: €CIM MTONb30BATHCA JUIIL CXEMa-
mu axcuoM (1)—(11), paspewas 6parh B HUX B KadecTse A,
B, C npomussoabHble HOPMYJILI CUTHATYPHL 0, & B KadIecTBe
MpaBmWja BRIBOAA MCIOIB30BATH Mmodus ponens, TO BCE BHI-
BoguMEIE (POPMYJIBL Oy YT YACTHBIMU CIYIAAMU [IPOIO3ULIA-
OHAJBHBIX TABTOJOTMU. B camoMm gere, ecim Kakas-TO MOJ-
¢ opMyIa HAUMHAETCSA C KBAHTOPA, TO B BHEIBOJIE OHA MOXKET
BCTPEYATHCA TONBKO KAK €IWHOE LIEJI0€e, TO €CTh TaKasd IO[-
dopmyna BegéT cebda Kak MPOMO3UNUOHAILHAA TePEeMeHHA.

92. IIpoBeauTe 3TO pacCyXkaeHne aKKypaTHO.

ODTO0 HaOJIIOIEHUE CKOPEe TPUBUAILHO, UeM Y IUBUTEIb-
HO — €CJIA CPEAV HAIIWX AKCHOM ¥ IPABWI BHIBOLA HET HU-
Iero O CMBICJIE KBAHTOPOB, TO (POPMYJIHLI, HAYNHAIOMINECH C
KBaHTOPOB, OyayT BecTH cebs KaK HexeauMbre 6ok, Takum
00pa3oM, HAM HYKHBI AaKCHOMBI 1 [IPABUJIA BEIBOIA, OTPAXKA-
IOIME WHTYUTUBHBIA CMBICT KBAHTOPOB.

BcnomunM, Kak BEIVISALEIN AKCAOMBL HCINUCIEHUS BEICKA-
3pIBaHUU. Y HAC OBLIO ABA TUIA AKCUOM NI KOHBIOHKIUYA 1
IU3BIOHKIAA: OMHYU TOBOPWIM, 9TO W3 HUX Cleayer (Hampu-
Mep, u3 A A B crenosano B), a Apyrue — Kak UX MOX-
HO noka3arTh (Hampumep, akcuoma (A — (B — (A A B)))
COBOpPWIIA, 9TO AIA AokasarenbcTBa (A A B) Hamo moxa-
3amh A u B). KBaHTOpBI BCEOOIIHOCTY U CYIIECTBOBAHUA B
HEKOTOPOM CMBICJIE AHAJIOIMYHBI KOHBIOHKIVY U AW3BIOHK-
U7, U AKCUOMBEI JJIs HUX TOXe Oy ayT noxoxumu. Hanpumep,
cpeam akcuoM oyaeT hopMyJia

Vx A(x) — A(t),

rae A — OJHOMECTHBIM IPEIUKATHBEIM CUMBOJ HAIIEH CHUI-
HATYPHI, & T — KOHCTAHTA, MEPEeMEHHAA WX BOOOIIE JHOOU
tepM. (Ecom A BepHO 101 BCEX 2, TO OHO NOIKHO GBITH BEp-
HO ¥ IJI7 HAIErO KOHKPETHOrO ¢. MOXHO cKa3aTh n Tax: u3
«0eCKOHETHON KOHBIOHKIMN BceX A(Z) BHITEKaeT OJUH u3
eé 1IeHOB. )

Komewno, Takyo akCuoMy HaI0 HMETH HE TOABKO [JIA Of-
HOMECTHOI'O IPEINKATHOI'O CUMBOIA A, HO 1y a:060u Ghop-
MYJB (o, JI000U TepemenHon & m Jawodoro Tepma t. Ecre-
CTBEHHO CKa3aTb, UTO ecau ¢ — Jaobas gopMmyna, a & —
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JI060U TEPM, TO (hopMyIa

VEp — p(t/8),

rge o(t/£) obosuadtaer pesyabTal HOACTAHOBKYU ¢ BMECTO
BCEX BXOXKJIEHUU TepeMeHHOU £ B POPMYILY , ABIAETCA aK-
cromon. (3amnck ¢(t/€) MOXKHO INTATH KaK «pH OT T BMe-
CTO KCH».)

K coxanenuto, Bcé e Tak npocto. Hampumep, ecau gpop-
MYJa  UMEET B

A(x) A Jz B(z,z),

TO MOACTAHOBKA TepMa f(y) BMECTO T HacT abCypIHOE BBI-

paKeHue
A(f(y) N3f(y) B(f(y), f(y)),

BoOOLLIE He sB/someecs GopMmy.on. A ecau nogcrasuts f(y)
TOJMBKO BHYTpH A m B, TO MOMYyYUTCA BLIPAXKEHUE

A(f(y)) A3z B(f(y), f(¥),

KOTOpOE XOTsA 1 Gyaer GhOPMYyJIOn, HO UMEET COBCEM HE TOT
CMBICT, KOTOPLIU HAM HYYKEH.

Korevno, B 1aHHOM CJIy4a€ MO CMBICIY ACHO, 9TO IIOACTA-
BIATH f(y) HAZO JWIIB BMECTO CAMOIO MEPBOTO BXOXK ICHMS
nepementon x. Ho eciu MBI XOTUM ompeaennTh (hOpMATLHYIO
CHCTEMY aKCHOM U MTPABIT BEIBOAA, TO HAIO MATH (POPMATL-
HBIE OTPEIEICHUS.

[asa xkaxmoro kBaHTOpa B (HOPMYJE PACCMOTPUM €T0
obaacmy deticmeus — HAIUHAIOIIYIOCA C HEro HoaAghOpMyIy.
C60600nbim sroxcdenuem MHINBUIHON IEPEMEHHOU B (Op-
MyJy HA3LIBAETCA BXOXKICHWE, HE TIOMAJAIONIee B OOJIACTD
OEACTBUA OTHOMMEHHOTO KBAHTOPA. JIErKO OHATE, 9TO 3TO
OIIPEmENCHNE MOXKHO TIEPedhOPMYyIUPOBATL MHIYKTUBHO:

e 11000€ BXOXK I€HIe IEPEMEHHON B TEPM UK ATOMAPHYIO
dopmyay cBOOOTHO;

e CBOGOMHBLIE BXOXKICHUA TIEPEMEHHOU B (hOPMYJIY ( AB-
JAIOTCA €€ CBOOOTHBIME BXOXKIEHUAMYU B (POPMYILY —¢;
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e CBOOOIHBLIE BXOXKIEHUA JIOO0U TIEPEMEHHON B OAHY U3
GOPMYT @ 7 1) ABIAIOTCA CBOOOTHBEIMEA BXOXK TEHUAMUI

B (pAY), (p Vi) m(p — ¥);

e mepeMeHHasa £ He mMeeT CBOOOMHBIX BXOXKACHUU B (hOP-
Myl V€ @ u 3 ¢; CBOGOAHBIE BXOXJEHUA OCTATBHBIX
[NEPEMEHHLIX B ¢ ABIAIOTCA CBOOOTHLIMYU BXOXK NEHUA-
MU B 3TU ABe (POPMYJIBL.

CpaBHMBAs DTO ONpeAeNeHne ¢ UHIYKTUBHBIM OIpeIese-
HEeM IapaMeTPOB (pOpPMYJIBl B pasgene 3.2, MBI BLIUM, ITO
IapaMeTPLl — BTO IEPEMEHHEIE, IMEIOMUE CBOOGOIHLIE BXO-
XKAEHUA B POPMYIY.

BxoxaeHus mepeMeHHOU, He SABIAIIINECS CBOOOTHBIMU
(B TOM YmCIe CTOSLIME PAIOM C KBAHTOPOM ) HA3bIBAIOT C64-
s3annvimy. Hanmpumep, mepeMennas & umeeT OJIHO CBOOOIHOE
U TPU CBA3AHHBIX BXOXAeHUA B popmyay A(x) A Iz Bz, ).

Teneps MOXKHO BHECTH NMONPABKY B CKA33HHOE BBINIE U
CINTATD, ITO AKCUOMAMH ABIAIOTCA (POPMYJILI

VE© — o(t/§),

rae ¢(t/£) ecTb pe3yabTaT MOACTAHOBKU ¢ BMECTO BCEX CBO-
60HBIX BXOX feHun mepementon £. O THAKO TaKOU OTOBOPKY
HENOCTATOYHO, KAK MOKA3LIBAET CJICTYIONMI IIPUMED.

Toacrasuan f(y) smecro z B dopmyay Vz B(z,z), Mbl
noxy4uaeM (B TIOJHOM COTVIACHY C HAIIEW UHTYWUIUEn) popMy-
ay Vz B(f(y), z). Teneps paccmorpum dopmyay Vy Bz, y),
KoTOpasg oTamdaercs 0T Vz B(x, z) 1uub nMeHeM CBA3aHHOU
NEePEMEHHOU U JOKHA MMETh TOT XKe cMbIca. [lepemennasn x
B HEU TMO-TIPEXHEMY CBOOOJHA, HO TOACTAHOBKA f(y) BME-
cro z gaér ¢opmyay Vy B(f(y),y), B koropou f(y) Heoxu-
JAHHO Ma cebs TMomajaeT B OOJaCTb AEUCTBUS KBAHTOPA
no y. Takoe sBIeHWE MHOIIA HABBLIBAIOT Kogauduet nepe-
MERNBIE; TIPH DTOM IOACTAHOBKA TaéT (POPMYITY, HMEIOIYO
COBCEM HE TOT CMBICT, KAKOU MBI XOTEJH.

93. IIpuseaure npumep dbopmyast Buga VE ¢ — p(t/€), B ko-
TOPOU MPOUCXOAUT KOLINU3UA IMEPEMEHHBIX U KOTOPaA HE ABIACT-
ca obmesnaunmon. (Orser: Ve Iy A(z,y) — JyA(y,y).)
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TTosToMy HaM TPUAETCA NPUHATE €IIE OTHY Mepy TpeIo-
CTOPOXKHOCTH ¥ (POPMAIBHO ONPENEIUTE IOHITHE KOPPEKM-
#01 TOJCTAHOBKU TEPMa BMECTO MepeMeHHOUu. Mbi Oymem
TOBOPUTD, ITO TOLCTAHOBKA TepMa, ¢ BMECTO MEPEMEHHON &
KOPPEKTHA, €CIM B IIPOIECCE TEKCTYATLHOU 3aMEHBI BCEX
CBOOOHBEIX BXOXKJICHUU TEepEMEHHOU £ Ha TepM f HUKaKasd
TepeMeHHasA U3 ¢ He momajaeT B o0JaCTh JEUCTBUA OJHO-
UMEHHOI'O KBAHTOPA.

IleganTUYHBIN 9UTATENL MOT OBl TIOMPOCUTL AOKA3ATh,
YTO PE3yJbTAT TAKOU TOACTAHOBKU OyAeT (POPMYJIOon. ITO
[IPOIIE BCETO CIEJATH TAK: JATH UHIYKTUBHOE ONPEIeIeHUe
KOPPEKTHOU MOACTAHOBKY, PABHOCUIBLHOE UCXOTHOMY .

Cuadana onpeeJnM NHIYKTUBHO PE3yIbTaT MOJACTAHOB-
KU TepMa { BMECTO IepEeMEHHOU & B TEPM U} DTOT PE3yabTaT
Gynem obosuadars u(t/£):

o &(t/€) ectnb t; pasa OGOU NEPEMEHHOU 1), OTIAIHOU
ot &, MBI osaraem 7)(t/£) paBHBEIM 7).

e eciu f ecTb k-MeCTHLIN (PYHKINOHANLHLIM CUMBOJ, &
t1,...,tg — TEPMEHI, TO

fl, s t)(E/6) = F(E/E), - -tk (E/8))-
Teneph MHAYKTUBHOE OUPEAETCHUE TMPOAOIKACTCA MJIA
dopmy:

e [ ATOMApPHEIX GOPMYT: ecan R ecTh k-MeCTHBIN Tpe-
OUKATHBIA CUMBOJ, & {1,...,t; — TEPMLI, TO

R(ty, - te)(8/§) = R(tL(H/€), - .-, 1k (t/£))
7 TOJCTAHOBKA ABJIACTCA KOPPEKTHON;

® MOJCTAHOBKA TE€PMa ¢ BMECTO TiepeMeHHon & B (popMy-
JIy — KOPPEKTHA, eCAN OHA KOPPEKTHA MIA (pOPMYJIBI
(0, IIPH DTOM

[=¢](t/€) = =lp(t/8)]

(KkBAAPATHBIE CKOOKM YKA3BIBAIOT MOPAIOK ACUCTBUM,
He SB/AACH YACTBIO (POPMYJIEL);



[m. 2] Axcuombi u npasuaa 6v1600a 163

e MOJCTAHOBKA TEPMa ¢ BMECTO TIepeMeHHon & B (popMy-
ay (¢ A1) KOppeKTHA, eciu OHA KOPPEKTHA 1Js 06eux
dbopmys ¢ u Y, Ipu 3TOM

(P N)(E/E) = (p(t/E) NY(E/E));

aHanoru4dHo gasa gopmya (o V) u (¢ — ¥);

® HAKOHEI, IIOACTAHOBKA t BMecTo ¢ B dopmyny Vi@
KOPPEKTHA B ABYX CJIydasax:

(1) ecam € me aABIAETCA TMapaMeTpoOM (GOPMYJHL Vi) @
(T0 BO3MOXKHO, KOTAA £ HE ABIAETCA MAPAMETPOM
wim Korga £ COBHANAET C 7]); IPU DTOM TOACTAHOBKA
HUYIEro He MeHsAET B (popMye;

(2) nepemennas £ sBAsSeTCS apaMeTPOM (DOPMYJIbL
V1 @, HO TepeMeHHaA 7] HE BXOAUT B TepM § W TOJ-
cTaHOBKA (p(t/€) KOPPEKTHA; NPU HTOM

[V @l(t/€) = Vn[p(t/E)].

Ananornyno onpegenseTcs KOPPEKTHAA NOICTAHOBKA,
B dopmyay .

T'naBHAs 9acTh B DTOM OHPEIETCHUN — MNOCJAETHUU €r0
MYHKT, KOTOPBIN, BO-IEPBLIX, TOBOPUT, YTO BMECTO CBA3AH-
HBIX BXOXIE€HUY TEPEMEHHBIX HUYEr0 MOACTABIATE HE HATO,
a BO-BTOPEIX, TpeOyeT, 4TO0bI IPpU KOPPEKTHOU 110 JCTAHOB-
Ke TIePEMEHHBIE U3 TepMa | He TOAIAJAMN O JeUCTBUE Of-
HOMMEHHBIX KBAHTOPOB.

Tlocae BCex >TUX TPUTOTOBICHUN MBI MOXKEM CHOPMYIn-
pOBaTH ABE OCTABIINECH CXEMBI AKCHOM KCYUUCIEHU [IPENu-
KaToB: (pOpMy.Ia

(12) V€ — o(t/€)

U IBOUCTBEHHAA el POpMyJIa

(13) p(t/&) — Ko
Oy 4y T aKCHOMAMU UCIUCACHUS IPEINKATOB, €CJAU YKA3AHHEIE
B HUX TIOCTAHOBKM KOPPEKTHHI.
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[IBa 9acTHBIX Caydas, KOrga MOACTAHOBKA 3aBEJOMO KOp-
PEKTHA: BO-IEPBBIX, MOXHO 6E30IIaCHO NOJCTABIATL KOH-
cTauTy (mim J60u TepM 663 TaPAMETPOB ), BO-BTOPHIX, IO~
CTaHOBKA MIEPEMEHHON BMECTO ce0s BCEraa KOPPEKTHA, (1 HU-
4ero He MeHser B GOpMyJe).

Otciona crenyer, 9To popmyas VE@ — o u ¢ — I
OyIyT AKCHOMAMHU UCIUCICHUA TPENUKATOB (71 JE0O0U hOop-
MyJIbL 0 U HepeMeHHou &).

Hyxubl gu mam emé kakue-HUOYIb aKCHOMBI U TPABU-
Jaa BeIBOAA! KOHEYHO, HYXKHEBI, TOCKOIBKY yXKe ChOpMYJIn-
POBAHHBIE AKCUOMBI HE IMOJHOCTBIO OTPAKAIOT CMBICA KBAH-
Topos. (Hanpumep, oHM BIOJHE COMVIACYIOTCS € TAKAM IIO-
HHMaHWeM DTOT'0 cMbIcaa: (opmyna V€@ Bcerjga JOxKHA, a
dopmyaa 3€ ¢ Beerga ucrunna.) [losromy Mul BBegéM B Hate
UCYUCIEHUE BA TMPABUAA BHIBOIA, HA3BIBAEMBIE NPAGUAAMLU
Bepuadica, m Ha 5>TOM OIpeeIeHNe UCINCICHIS MPEITKATOR
Oyner 3asepueno. (Ilosxe MBL paccMOTPUM AOLOJIHUTENb-
HBIE AKCHOMBI, OTPaXKAIONIAE CHENUAIBHBIA CTaTyC ITPeru-
KaTa PaBeHCTBa, CM. pasner 5.1).

Ecin nepemennas & me sBaseTcs mapaMeTpoMm (hopMy-
JBlL %), TO npaBuaa BepHalca paspelaT Takue IePeXOnLl:

Y — o —
Y=V p—v

MEI TOBOPYM, UTO CTOAMAA CHU3Y OT YePTH (B KAXKIOM U3
upaBui) GHOpMyJIa HOLYYAETCA IO COOTBETCTBYIOWIEMY DA~
Buty u3 BepxHeud. COOTBETCTBEHHO AOMOJIHAETCSI U ONIpe[e-
JIEHUE BBIBOMA KAK TMOCJIEI0BATEILHOCTH POPMYJI, B KOTOPOU
Kax gas GopMyJia aubo ABAAETCA aKCHOMOM, JUOO [I0Ay IaeT-
€A U3 TMPENBIAYIINX 10 OJHOMY U3 MPABWI BLIBOAA (paHbIIe
OBLIO TONBKO TipaBwio MP, Temeps 106aBUANCH ABa HOBBIX
[PABUIA).

TMosicHYM MHTYUTUBHBIN CMBICT DTUX TpaBui. [lepBoe ro-
BOPUT, YITO €CIN U3 1) CAeAyeT (o, IPUIEM B ¢ €CTb mapa-
MeTp &, KOTOPOro HET B %), TO DTO O3HAYMAET, ITO (POPMY-
JIa ( UCTUHHA [IPU BCEX 3HAYEHUAX MapaMeTpa &, ecam TOgb-
K0 dopMyJIa ¢ NCTUHHA.
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Wcnoanaysa neproe mpasuio Bepuanca, 1erko yCTaHOBATH
JOIIYCTUMOCTD NPaAsuAd 0000uLenus

14
@ (Gen)

(ecau B MCIUCICHUY TIPEAUKATOB BEIBOAUMA, (DOPMYJIa CBEPXY
OT 9epThI, TO BEIBOAUMA U (HOPMYJa CHU3Y). B camom me-
Jie, BO3bMEM KaKyI0-HHOYIb BEIBOAUMYIO (pOpMyIy 2 6e3 ma-
pameTpoB (HAmpuMmep, aKCUOMY, B KOTopou Bmecto A, B
u C moACTaBIEHEI 3aMKHYTHIEe (OpMyJnsl). Pas BEBOAMMA
dopmyaa @, TO BeBOAUMA U GopMyIa P — ¢ (LOCKOIbKY
¢ — (¥ — @) ABIAETCA TABTOJIOIUEN U HAXKE AKCUOMOMN).
Temeps mo nmpaemty Bepraiica sriBogUM ¢ — VE 0 M puMe-
usem npasuio MP k sTon ¢popumyse u kK popmyae .

IIpaBuno (Gen) (or Generalization — o600wmeHue) Koxu-
dunmpyeT CTAHAAPTHYIO MPAKTUKY PACCYXKACHUN: MBI MO-
Ka3BIBAEM KAKOe-TO YTBEPIKIEHUE © CO CBOOOTHON TIEpEMEH-
HOU £, TIOCTE 9ero 3aKMI0YaeM, 9TO MBI JoKasamm VE ¢, Tak
KaK & OBLIO IPOW3BOJIBHEIM.

Bropoe npasuio Beprainca Takxke BIIOIHE eCTECTBEHHO:
XKejad MOKa3aTh 1) B NPEANOIOKeHUH JE o, MBI TOBOPUM:
OyCcTh Takoe & CYMECTBYET, BO3BMEM €ro W TOKaxkeM 1 (To
eCTh JOKaXeM ¢ — 1) cO CBOGOLHON [IePEMEHHOU §).

94, Tlokaxxure, 4TO KJIACC BBIBOAUMBIX B UCUUCJACHUN IIPEIU-
KaTOB q)OpMyJI HE U3MEHHUTCA, €CJaIU Mbl BMECTO IIPDAaBUAI BepHaﬁca
n00aBMM Tyga HPaBWIO 0OOOIEHUA U JBE AKCUOMBI

VE(W — @) = (Y = VEp)

VE(p =) — (3 — 1)
(B xKOTOpBIX TpebyeTcsa, YTOOBI mepeMeHHaA  He ObLIa HmapaMe-
TPOM HOPMYIBI ).

Kaxk u B ciyvae MCUNCICHUA BHICKA3BIBAHUN, TTEPE] HAMUI
CTOST [ABE 334a49W: HALO NOKA3aTh KOPPEKTHOCTH UCUUCTE-
HUA TPEIUKATOB (BCAKAA BHIBOAMMAA (POPMYIa OOMIE3HATA-
Ma) M ero TmoJHOTY (BeAKasA obmesHadnMans HOpMyJia BEBO-
AUMA). DTUM MbL U 3aUMEMCS B CAEIYIOLIUX Da3ae/1ax.
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4.3. KOppeKTHOCTb UCHUCNEHUSI NPeAUKATOB

Teopema 43. Besaxkas BHIBOAMMAA B UCUNCICHUN MIPETNKA-
TOB (POPMYJIa ABIAECTCA OOIIE3HATUMOMN.

< JIist MCYUCTeHrs BBICKA3BIBAHUU IPOBEPKA KOPPEKT-
HOCTH OLLITa TPUBUAILHOM — HAJ0 OLLIO IO TabJuile MIpo-
BEpUTh, 4TO Bce akcunoMel (1) —(11) sapasioTcsa TaBTOIOTAA-
mu. C >TuMu akcuoMaMu u cemvac HeT nmpobrem. Ho B aByx
CTEYOUNX AKCUOMAaX €CTh OIDAHMYEHNE HA KOPPEKTHOCTH
TIOICTAHOBKM, 0€3 KOTOPOI'0 OHM MOT'YT He OBIThb OOINe3Ha-
unMBIMU. ECTeCTBEHHO, DTO OrpaHUYeHNe TOTKHO OBLITH UC-
[IOJB30BAHO U B JOKA3ATEIHCTBE KOPPEKTHOCTU, U HTO IIO-
TpebyeT MOBOJIBHO CKYYHBIX DACCYXKIEHHUM — TeM OoJee
CKYYHBIX, YTO caM (PAKT KaXKeTCsd ACHBIM U Tak. TeM He Me-
HEe TAKWE PACCYXKJEHUd HATO yMETh HIPOBOIAUTH, TAK UTO
MBI HIYET'0 IPOMYCKATh He OyaeM.

Urak, nycTs GUKCHPOBAHA CUCHATYPA 0, & TAKXKE HEKO-
TOpasA MHTEPIPETANNA DTON CUTHATYPHL. Bcony manee, ro-
BOPs O TepMax u (GOPMyJIaxX, MBI IMEEM B BILY T€PMEL 1 HOp-
MyJbI DTOU CUTHATYPHI, & TOBOPA 00 WX 3HAUEHUAX, UMEEM
B BUIY 3HAYEHUA B DTOU WHTEPIPETAIAN.

Jlemma 1. Ilycte u u t — TepMmel, a £ — mepeMeHHA.
Toraa

[u(t/O)](r) = [ul(m + (€ = [t](7)))

[JISL TIPOM3BOIBHOK OIEHKH 7.

HanomuuM 0603HAMEHNA: B JIEBOU YACTH MBI IIOICTABJIA-
eM t BMecTO £ B TepM u, 1 O6epéM 3HAMEHUE MOy IUBIIEr0-
€A TepMa Ha OIEHKE 7. B MpaBOM 9aCTU CTOUT 3HAYMEHUE
TEpMa U Ha OIEHKE, KOTOPAd IOAYIUTCA U3 T, ECAN 3HATe-
HUE TIEPEMEHHON £ M3MEHUTH U CIMTATL PABHEIM 3HAYEHUIO
TepMa t Ha OIEHKE 7.

B cymmOoCTH, 5TO yTBEPXKICHNE COBEPIIEHHO TPUBUAIb-
HO: OHO TOBODWT, HANPUMED, 9TO 3Hadenue sin(cos(z)) mpm
xz = 2 pasHO 3uadenuio sin(y) upu y = cos(2). Ho pas yx
MBI B3AJNCh BCE MOKA3BIBATH (POPMATBHO, NOKAKEM €r0 WH-
OYKIHER 0 MOCTPOEHUIO TepMa . Ecam TepM u ecTh mepe-
MEHHAA, OTAUIHAA OT &, TO HU MOACTAHOBKA, HU M3MEHEHHE
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OIIEHKU He CKAa3BIBAIOTCA HA 3HadeHmMH TepMa u. [laa cuy-
vag u = & noayvaem [t](m) caeBa u cupasa. Ecau Tepm mouy-
JaeTCAa U3 APYTUX TEPMOB IPUMEHEHNeM (DYHKIIMOHAJIBLHOTO
CUMBOJA, TO TIOJCTAHOBKA BHITIOTHAETCA OTAETHHO B KAXK JOM
13 DTUX TEPMOB, TAK 9TO UCKOMOE PABEHCTBO TAKIKE COXPa-
usgercsa. Jlemma 1 gokasaHa.

Ananormunoe yTBepx aeHue 1 GOPMYJa TAKOBO:

Jlemma 2. Ilycte ¢ — dopmyna, ¢ — Tepm, a £ — me-
peMeHHas1, TpUIEM IOACTAHOBKA ¢ BMECTO £ B GOpMYyIy ¢
xoppekTHa. Toraa

[p(t/O))(m) = [p](m + (€ = [t](m)))

[UISL IPOU3BOIBHOM OIEHKH 7.

IoscuuM cMEBICa >Ton JeMMBI Ha ipumepe. [lycTts € apis-
€TCA eIMHCTBEHHBLIM MapaMeTPOM (HOPMYJIbI P, & ¢ — KOH-
craura. Torga dopmyaa ¢(c/€) 3aMxuyTa; JeMMa yTBEp-
HKIAET, 9TO €€ UCTUHHOCTH PABHOCWIBHA UCTUHHOCTH (© HA
OLIEHKE, [IPX KOTOPOU 3HAYEHUE [IEPEMEHHON £ €CTh DIEMEHT
MHTEPIPETANNN, COOTBETCTBYIOIINA KOHCTAHTE C.

[JlokazaTeabCTBO JEMMBL MPOBENEM WMHIYKIMEN MO TO-
cTpoeHnio GpopMyasl . /11 aTOMapHBIX (HOPMYJI DTO YTBED-
KIEHNE ABIACTCA IPAMBIM CaeacTBueM JsemMer 1. Kpowme To-
r0, U3 ONpPENeJNEeHNs UCTUHHOCTHOTO 3HAYEHUs A HOPMYJILI U
u3 OMpeNeNeHNUs MOACTAHOBKY ACHO, YTO €CJIN YTBEPK ICHNE
JeMMBL 2 BEPHO A ABYX (POPMYJ @1 M Y3, TO OHO BEPHO
U UX JEO0ON UX JOTMYECKOW KOMOMHAINY (KOHBIOHKIWH,
IU3BIOHKIAA U UMILIAKAINAY ); QHAJOTWYIHO [ OTPUIIAHUA.

EnuncTBeHdn HeTPUBUAILHLIN CIy4Yan — (popMy.Jia, Ha-
MHAOMIAACA ¢ KBAHTOPA. 3A€Ch HAIIY OIPEeIeIeHNs BCTYIIa-
0T B urpy. llycts ¢ umeer Bug Vn . Ecth nBa mpuHumnm-
ATBHO PA3HBIX CIydas: aubo ¢ aBraeTca mapameTpoM ¢pop-
MyJasl ¢ (T. e. popmyast Vi 1), mubo ver. Bo Bropom ciaydae
p(t/€) coBmagaer ¢ ¢, a M3MEHeHNe 3HAYMEHNS TTEPEMEHHON &
B OIEHKE T HE BIMACT HA 3HAYEHHE (POPMYJBLI 0, TAK ITO
BCé cxoauTcsa. Ocranoch pazobpars ciaydau, korga & ABis-
erca mapamMeTpoM Gopmyasl Vni (oTcwona caeayer, 9to &
He cosuagaer c 7). Ilo onpexeneHu0 KOPPEKTHOU HOACTA-
HOBKH, B 3TOM CIydae IMEPEMEHHAd 1) He BXOAUT B TEPM ¢ U
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noxcTaHoBka ¥ (t/¢) koppekTHa. Torga

[(Vn)(E/))(m) = [vn (L (E/E)](x) =
= Am[ (/) + (n —m)) =
= Am[Y)(m + (n = m) + (€ = [t](x + (= m)))).

MBI BOCHOIB30BAINCEH OMPENEIeHNeM 10 ICTAHOBKHU, OIpere-
JEHVEM HCTUHHOCTH (A, O3HAYAET KOHBIOHKIIUK MO BCEM
DIEMEHTAM M3 HOCUTEL UHTEPIPEeTALUN) U IPENION0KEHU-
eM MHAYKIun 1 popmyJasl 0. Teneps HAIO 3aMETUTH, YTO
MEPEMEHHASA 1) He BXOAUT B t MO TPEANOJOKEHNI) KOPPEKT-
HOCTH, U HOTOMY 3HAYEHUE TepMa { He U3MEHUTCS, eCJIU 3a-
MeHuThb 7 + (n — m) Ha 7. [Janee, £ u 1 pasIMIHBL, TO-
DTOMY [Ba W3MEHEHWS B T MOXHO IEPECTABUTH MECTAMHU.
Ucnonbays sTu cooOpazkeHns, MOXHO IPOJAOKATEH HEMOYKY
PABEHCTB:

= Am[l(m + (€ = [H](7)) + (n = m)) =
= [V ¢l(zr + (£ = [t](m))) =
= [pl(m + (£ = [](m))),

110 U TpeboBanoch. Caydau ¢popmyas Buga 3¢ ¢ pazbupa-
€TCS AHAJOTMIHO, HAI0 TOILKO A, 3aMEHUTH HA V,,. Jlem-
Ma 2 MOKa3aHa.

Temneps yxe sicHO, oueMy $HOpMy.Ia

VEp — o(t/§)

OygeT UCTUHHA HA JIOO0U OLeHKe 7 (eCau IOACTAHOBKA KOD-
pexTHa). B camom gese, ecau JeBas 9acTb UMILUIMKALAK KC-
TUHHA HA T, TO ¢ OyJIeT UCTUHHA HA JIOOOU OUEHKE T, KO-
TOpas OTJIMYAETCA OT 7 JMIIb 3HadeHueM mnepeMennon . B
YaCTHOCTH, (¢ OyaeT UCTUHHA ¥ Ha oueHke w + (& — [t](m)),
YTO TIO TOABKO 9TO JOKABAHHON JeMMe 2 03HAUAET, ITO Mpa-
Basl 9aCTh UMILUIUKAIUN UCTUHHA HA T.
O6uIEe3HaIUMOCTD (POPMYABI

p(t/§) — Ky

JOKA3BbIBACTCA aHAJOT'MTIHO.
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Ham ocranocs mpoBepuTh, YTO TPABUIA BHIBOAA COXPa-
uaioT obme3naduMocThb. [Laa mpasmia MP »To odeBummnHO
(kaK u B CaIyvae UCIUCIeHUA BhICKasbiBauun ). [Iposepum 510
A mpaBua Bepranca. DTO COBCEM HECIOKHO, TaK KaK 31eCh
HET PeYd HU O KAKUX KOPPEKTHBIX II0ACTAHOBKAX.

Ilycte, Hanpumep, dopmyaa i — @ OOLIE3HAMUMA U IIe-
peMenHas & He sBIseTCA napaMeTpoM ¢opmyasr ¢. [Ipose-
puM, 910 dopmyaa Y — V& ¢ obmesHanmMa, TO €CTh UCTUH-
Ha Ha JI060U oueHke 7 (B m0GoU uHTepuperanuu). B camom
Jefe, MyCThb 1) UCTUHHA, HA OlleHKe 7. Torma OHA MCTUHHA U
Ha 060 OlleHKe 7/, OTIMYAIOIIENCs OT T TOJbKO 3HAYCHUEM
nepemennou ¢ (3Hadenue nepeMeHHou £ He BAUsSeT HA UCTUH-
HOCTB 1), TaK KakK £ He ABIACTCA TMAPAMETPOM). SHAUUT, U
dbopmyta ¢ mcTUHHA Ha JIOO0M TakOM omeHke 7. A 5TO B
TOYHOCTH O3HAYAET, YTO V€ (¢ UCTUHHA HA OLEHKE T, 9TO U
TPeOOBAJIOCE.

[lns sToporo mpasmia BepHauca paccyXIeHHE CUMMe-
Tpuuno. IlycTs dpopMmyra ¢ — 1) obiiesHadnMa u epeMeH-
Has & me aBageTcsa mapaMmerpoMm Gpopmyasl 1. [lokaxem, 1To
dbopuvyra I — ¢ obmesnauuma. B camom gere, mycThb
eé JieBasi 4aCTh UCTUHHA HA HekoTopou ouenke 7. [lo ompe-
JEJEHUI0 UCTUHHOCTH (POPMYJIBI, HAYUHAIOMIENCA ¢ KBAHTO-
pa CYUIECTBOBAHWSA, 5TO O3HATAET, ITO HANAETCA OIECHKA 7',
KOTOpas OTJIMYAETCA OT T TOJBKO HA IEpeMeHHOu &, mis
koropou [¢](n") ucrununo. Torga u [¢](n’) ucrtunno. Ho ne-
peMeHHas { He ABIAETCA MapaMeTpOM (pOPMYJHI 1), TAK YTO
[V](7") = [¢](7). CnemoBaTenbHo, dbopMyaa ¢ NCTUHHA HA

7

OLIEHKe 7, ITO U TPeOOBaIOCh NOKA3aTh. [>

4 4. BoiBosibl B MCHUCNEHNM MPEAMKATOB

[MpumMepbl BBIBOAUMBIX pOpMYN

IIpexae wem moka3bBaTh TeopeMmy L'€nesns o moaHoTe uc-
YUCJAEHUA TPEAUKATOB, Mbl JOIXKHBI HIPUOOPECTH HEKOTOPHIN
ONBIT TTOCTPOEHUS BHLIBOJOB B DTOM HMCYUUCJIECHUMN.

e IIpex e BCEro OTMETUM, ITO BO3MOXHOCTE COCIATHCS
HA TEeopeMy O IOJHOTE UCUUCICHWS BBICKABLIBAHUU U
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CYUTATEH BLIBOJUMBIM JIOO0U YaCTHBIN CIYYIAH TPOTIO-
3UNMOHAILHOM TABTOJOTMY CUJALHO OOJErvaeT KU3Hb.
Hanpumep, mycTh MBI BEIBEIH ABE (POPMYJLL © U ¢ U
XOTUM Teneph BhBeCTH GOopMyay (¢ A1)). ITo IpocTo:
sameTuM, 4ro Gopmyaa (¢ — (¥ — (¢ A1))) asiser-
CA YACTHBIM CJIY9IaeM IMPOIO3UIMOHATLHON TABTOJOT I
(a HA caMOM JeJie M AKCHMOMOW) M JBAXK LI TIPUMEHAEM
npasuio MP.

[pyrou npumep Takoro xe poja: ecau GOpMyaa @ —

— 1) BBIBOAMMA, TO BBIBOUMA ¥ (HOpMyaa — — -,
[MOCKOJIBKY UMILIHKAIWS

(o —=1p) = (- — —p)

ABJIACTCA IaCTHBIM CJIYyYaeM HpOHO3I/IL[I/IOH3JH:HOf;I TaB-
TOJOT' .

Fié oguu mpumep: ecan BEIBOAUMEL (DOPMYJIBL (0 — 1
1 ) — T, TO BEIBOAUMA U (POPMYJIA Y — T, IOCKOIBKY
dopmyaa

(=)= (Y =7)=(p—71))

ABIACTCA YaCTHBIM CAyYTaeM HpOHOSI/IHI/IOHaJIBHOIU/I TaB-
TOJIOI'MHU.

[1a Tpon3BOMBLHON (POPMYJIHI (o BEIBEAEM (HOPMYIY
Ve — Jz .

B camom mene, moACTaHOBKA TIEPEMEHHOUN BMECTO Ce-

65 BCErga AOMyCTUMA, IOSTOMY (POPMYJIEL VI @ — @ U

¢ — Jxp apaswoTca akcuomamu. OCTaéTCs BOCIOIb-
30BATBHCA IPEALIAVIINM 3aMeTIaHueM.

o Jlist IPOU3BOJILHON (POPMYJIBIL (© BEIBEIEM (DOPMYILY

Jy Ve — YV Iy p.
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Dopmyarr Ve — @ u ¢ — Ty ABIAIOTCA aKCU-
omamu. C mx moMompbio BeBOAuUM (opmyry Ve —
— Jy . Temeps 3amMeTUM, UTO JEBAA IACTH UMILTAKA-
MU HE WMEET TapaMeTpa &, a MpaBasd YacTh HE UMeeT
mapaMeTpa Y, TaK 9TO MOXKHO NPUMEHUTH [Ba IIPABU-
aa Bepnanca (B m11060M TOpAAKe) U JOOABATEL CIPABA
KBAHTOp VI, a cleBa — KBAHTOD Jy.

IIpeamonoxum, aTo popMmyaa ¢ — P BEBOAUMA, & £ —
MPOM3BOMbHAA TIepeMeHHaA. [lokakeM, 9T0 B DTOM CaIy-
1ae BHIBoAUMA dopmyaa V€ — VE. B camom gere,
dopmyna V€ p — ¢ aBaserca akcuomoun. [Jajee BLIBO-
auM (¢ TIOMOIIBI TPONO3UIAOHATBHEX TABTOJOTMH 1
npasmia MP) gopmyny V€ ¢ — 1); ocTaéresa BOCTIOND-
3oBaTbCs HpaBuioM Bepualica (ieBas 4acTh He uMmeeT
napaMerpa §).

AnamoruaaeiM 06pa3zoM U3 BBIBOAUMOCTE (POPMYJIBI
(p — Y crepgyeT BHIBOAUMOCTE (HopMyasl J€ ¢ — €Y,
TOJBKO HAM0 HAYATh C aKCHMOMBI ¢ — I, 3aTeMm
MOJMYyduTh ¢ — 3€1, a MOTOM IPUMEHUTH IIPABUIO
Bepuaiica.

Takum ob6pasoM, ecan (GOPMYIBI @ U ¢ NOKA3YEMO
SKBUBAJICHTHEL (3TO 3HAYUT, YTO UMILVIMKALUU @ —
u Y — @ BRIBOAUMEL), TO opmyast VE ¢ u VE ¢ Takxke
MOKA3yeMO DKBUBAJEHTHHI. (AHAJOTHYIHOE YTBEDPKIE-
Hue BepHO 1 st dpopmya € ¢ u IE1.)

Temepb HECIOKHO IOKA3ATL U HOTee OOUUN PAKT: 3a-
MeHa TohOPMYILl Ha, JOKA3YEMO DKBUBATCHTHYIO Ja-
ér IoKazyeMo »KBUBANEHTHYIO Gopmyay (cm. c. 190).

Brisenem dopmyay Vo A(x) — Vy A(y) (smece A —
OJHOMECTHBIN MPEIUKATHLIM CUMBOJ). DTO HECAOKHO:
Ha4HEM ¢ akcroMEL Ve A(z) — A(y), B Hell 1eBas 4acThb
HE UMeeT MapaMeTpa Yy U MOTOMY IO IpaBuiy BepHan-
ca m3 Heé TONYyYaeTCsa UCKOMas (PpopMyJaa. DTOT TPU-
Mep HNOKA3EIBAET, YTO CBA3AHHEIE IIEDEMEHHBIE MOXKHO
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NEePEVMEHOBHIBATE, HE MEHAA CMBICAA (hOPMYJILI (T0-
apobuee 06 >TOM MBI CKaxkeM B pasgese 4.6.)

Brisenem opMyibl, CBA3BIBAIOMIAE KBAHTOPEL BCEOOIII-
HOCTH ¥ CYIIECTBOBAHUA:

V€ < —3E ~p;
3 p — 2VE .

HamomuuM, 910 (v <= [ MBI CIMTaEM COKPAIIEHUEM JJI5
(o — B)A(B — @), Tak 9TO HAM HAI0 BHIBECTH IETHIPE
P OPMYIBL.

Hauuém ¢ popmyast 3€ ¢ — —VE —p. Nmes B Bugy npa-
Buio Bepnanca, gocraTouno BeiBecTH GOpMyay @ —
— V¢ . Tasronorusa (B — —A) — (A — —B) mos-
BOJIZIET BMECTO 3TOrO BBIBOAUTH (opmyry V€@ —
— =, KOTOPAs SABIACTCSI AKCUOMOU.

B Toabko uTo BEIBeAeHHOUM dopmyae IE @ — VE p
MOXKHO B KAUECTBE (0 B3ATH JIO0YI0 (GOPMYIY, B TOM
YUCIE HAMMHAIOIIYIOCA C OTPUIAHEA. llogcTasus —@
BMECTO (p, MTOJYIUM

3§~ — ~VE -,

rae =@ JOKa3yeMO DKBUBAICHTHA, O U TIOTOMY MOXKET
OBITH 3aMEHEHa Ha (. Ilocae 3TOro npaBmio KOHTPAIIO-
sunuu (ecau u3 A caegyer —B, To uz B caegyer —A)
TagT

V€ — 3.

BriBegem Tpetbio dopmyay: —3€ ~¢ — VE . Ilo mpa-
Buwiy bBepmaiica poctaTodHO BhIBECTH —JE D@0 — (0,
YTO [IOCJAE KOHTPAIO3UIUN IPEBPAIIAETCI B AKCAOMY
- — 3E .

YerrépTas ¢dhopMyaa TOJYINTCA, €CAN 3aMEHUTL B
TPETHEN (Y HA — U MPUMEHUTH KOHTDAIO3ULKIO.
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Bel BOANMOCTb U3 NOCLIIOK

B ucuumcienny BEICKA3LIBAHUE BAXKHYKO POIb UTPAIO IIO-
HATHE BLIBOIVMOCTHU W3 MOCHUIOK W CBA3AHHAA C HUM JeM-
ma o geaykumu (c. 50). [as ucuucieHus IPeiUKATOB CU-
Tyanmsa HEMHOTO MeHaeTca. Eciu paspemmTs uCnoib3oBaTh
MNOCHLIKKA HAPABHE ¢ AKCMOMAaMU 6€30 BCAKNX OTPAHWYICHWN,
TO yTBEpXKICHNE, AHATOTHIHOE JEMME O NeAyKIuu, OymeT
uesepubiM. Hanpumep, us gopmyast A(z) MOXKHO BelBeCTH
dopmyay Ve A(x) (kax Mb1 Bugean Ha c. 165 npu o6cyxae-
mun npasuia 0606menus). Ho ummmukamma A(x) — Vo A(x)
He SIBIAETCS BHIBOAUMOU (LIOCKOIBKY HEe OOLIE3HAYMMA).

IlosTOMY MBI OrPAHMYUMCA CIYIAEM, KO BCE TTOCHLI-
KV ARIAIOTCA 3aMKHYTEIMEI popmytamu. [yets I' — npous-
BOJIBHOE MHOXKECTBO 3aMKHYTEIX (hOPMYJ PACCMATPUBAEMON
Hamu CUTHATYDPHL 0. (Takue MHOXKeCTBa HA3BIBAIOT MEOPU-
AMu B curHaType o.) LoBopar, 9To dopmyaa A eweoduma
u3 I', ecim €€ MOKHO BEIBECTH, MCIIONL3YA HAPABHE C AKCHO-
mamu popmyasr m3 ['. Kak n 111 ncaucienna BLICKA3LIBAHNH,
mul mummeM [ F A. BreiBogumere n3 ' GOpMyIRl HABEIBAIOT
TaKKe meopemamy, Teopun I

Jlemma o geaykuum ansi ucuucnenust npeamkaTos. IlycTo
I' — MHOXECTBO BAMKHYTHIX (GopMyJa, a A — saMKHyTas
dopmyaa. Torga I' - (A — B) Torga u ToabKO TOr1a, KOrga
FTu{A}+ B.

JlokazaTeapCTBO TPOXOAUT MO TOW KE CXEMe, 9TO U JIAd
ucuucienus BeickaseiBanui (c. 50): k popmyaam Cy, ..., Ch,
o6pasyiomuM Beeog C,, = B uz I' U {A}, Mb1 npunuceisaem
NOCLIKY A M JOTOMHAEM TOMYYEeHHYIO TOCIEN0BATEILHOCTD

(A= C),...,(A—Cp)

1o BeBoga u3 I'. Oraudure 0T NpONO3UIIUOHAIBLHOIO CAyYast B
TOM, ITO B BEIBOJIE MOT'YT BCTpPEYATHLCA MpaBumia Bepuauca.
Hampumep, oT BEIBOAUMOCTH (HhOPMYJIBI

A= (Y —yp)

HAJO0 TMEPENTH K BBIBOIUMOCTHU (POPMYJIBI

A— (Y — V)
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(B KOTOpPOU TEepeMeHHAA £ He ABIACTCA MApaMeTpoM (hop-
MyJbl ). DTO HECJHOKHO CAEJATH, €CIU 3aMETUTh, 4TO B
CUy TPOMO3UITUOHATBHBIX TABTOJOTUN MOXKHO TIEPEUTH OT
A — (¥ — ) x (AAY) — p, 3aTeM TPUMEHUTH TPABUIO
Bepuaiica (310 3aKOHHO, Tak Kak lepeMeHHas & He sABJIAeTCs
mapamMeTpoM GOpPMYJIH ¥, a hopMmyna A 3aMKHYTA MO Tpes-
nonoxernio). Monyuaurca suBoguman u3 [ popmyaa

(ANT) — Y,

7 OCTAéTCA BEPHYTH A W3 KOHBIOHKINN B TMOCHLIKY .

CxoaHBEIM 06PaA30M PACCMATPUBAECTCA U BTOPOE IIPABUIO
Bepnanca. Eciu BuBoguma dpopmysa A — (¢ — 1), T0 B
CUIY TTPOTIO3UIMOHAILHEIX TABTOJOTMN BEIBOANMA, (pOpMYy.JIa
p — (A — ¢), K KOTOPOUI MOXKHO IPUMEHUTH IpaBui1o Bep-
Hauca u noayauthb 3§ ¢ — (A — 1)), mocsae 1ero BepHyTh A
Haza[ ¢ MOMOMIBIO MPOMO3UITMOHATLHON TaBTomornn. Jlemma
0 ZeAyKIWH JOKA3AHA.

OTMeTHM Ternepsb HECKOMLKO MOME3HEX CBOMCTB BLIBO M-
MOCTY U3 TIOCBLIOK.

e Ecu T'FAul' DT, oIV A. (OueBngro caepyer
U3 OLPEeAEJNCeHUs. )

e Eciu I' H A, To cymecrByeT KOHEYHOE MHOXKECTBO
I ¢ T, gaa xoroporo IV + A. (BmBoa xoHedeH u
HOTOMY MOXET WMCIOIb30BATE JUITL KOHCIHOE HHCIO
dbopmy..)

e Ecau I' xomeuno u pasuo {v1,...,7.}, To I' - A pas-
HOCWIBHO BBIBOIUMOCTH (6€3 MOCHLIOK) (POPMYJIET

(M A Ay,) — A

B camowm gene, eciu {7v1,...,7n} F A, TO MHOrOokpar-
HO€ MPUMEHEHME JEMMBI O JeAyKIUN AaéT

Fyn—= (e = (= 4)0);

7 OCTaETCsA BOCIOIB30BATHCA HAIEKAIIEN TPOIO3UO-
nHaasHOU TapTonoruen. (B oOpaTHyH CTOPOHY paccy-
XK IEHUE TAKKE IPOXOIUT 0e3 TPyAa.)
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o KoMOUHUPYS TpU MPEABIIYINNX 3aMEUAHU, TPUXO UM
K TAKOMY SKBUBAJEHTHOMY OIPEIEJEHUIO BBIBOIUMO-
ctu m3 mockuiok: ' F A, ecam mamayrcs GpopMyast
Yy Yn € ', 119 KOTOPHIX

Fyr—= (e —(G..(m—A4)...)).

DTO oupeneeHne IMEeT CMBICT U 1Jis GOPMY.JI € Imapa-
METPaMH, TaK UTO €CJIHU YK OIPeIeIATh BEIBOIUMOCTE
I3 TTIOCBLIOK C TapaMeTpaMu (Mero 00BIYHO N36eraoT),
TO UMEHHO TaK.

TMonaTHE BHIBOAUMOCTY U3 TTOCHLIOK TIO3BOIAET TIepedop-
MyJUPOBATH TEOPEMY O KOPPEKTHOCTH UCUUCACHUA ITPELU-
KATOB.

T'osopaT, uTo uHTepnpeTanua M CUTHATYDHI 0 ABJIACTCA
modeavio Teopuu L', eciu Bce popmyant u3 I' uctunner 8 M.

Teopema 44 (o koppekTHOCTH; nepedopmynuposka). Bee
TeopeMbl Teopun [ uctunHb B M0060u Mogenu M Teopun I.

< Ecau ¢popmyna A ssisercs teopemon reopuu I' (. e.
'+ A), mangyrces GOpMyast v1, ...,y € I, 411 KOTOpBIX

Fyr—=(re—=>0..(m—4)...)).

ITo TeopeMe 0 KOPPEKTHOCTH (B yKe U3BECTHOU HaM (GopMe)
3Ta (opmysa OyLeT HCTUHHA BO BCeX HMHTEPIPETANUAX, B
gactaoctu B M. Ilockoaeky vi, ..., Y, BeTUHHEEL B M, TO 1
dbopmyna A uctunna B M (Ha m060u oreHke). >

B crenyromux 3amavax — 1 TOIHKO B HUX — 3HAK F mMo-
HUMAEeTCs B OIUCAHHOM BBIIE CMBICJE (B IOCBLIKAX OIYC-
KAIOTCA MapaMeTph).

95. [Iycts [' — MHOXECTBO TPOU3BOIBHEIX (HE 00A3ATEIHHO
3aMkHYTEIX) dopmya. (a) IlycTs cymecTByeT «BBIBOZ» HEKOTO-
pou GpOPMYIBL ¢, B KOTOPOM HAPABHE ¢ AKCHOMAMU UCIOIb3YIOT-
ca ¢opmyast w3 I, mpu 5TOM BCe IpUMeHeHUsA mpaBuiI BepHanca
npeaurecTBy0T nosasiaeruio ¢opmyr us ['. Ilokaxwure, aTo I' - ¢.
IokaxwTe, 9T0 BepHO M 06paTHOE yTBepKk Aenume. (6) [loxaxure,
€CIU B «BBIBOJE» (POPMYJIBI (0 HapaBHE C AKCHOMAaMU HUCIOJIB3Y-
oTca popmyasl u3 I, Ho mpaBuiaa BepHauca He TPUMEHAIOTCA O
nepeMeHHBIM, cBOOoaHEIM B ', To ' - 0.
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96. TToxaxwuTe, 4TO mpaBuaa BepHamca MOXKHO IepENncaTh
TakK:

LA B I,BF A
T,A-VéEB T,%FA

rae nepeMeHHasA £ He ABIAETCA TapaMeTpoM GopMyasl A, a Taxxe
napameTrpoM dopmya u3 I'. (B mepsom mpasmie MBI A1A CEMMe-
TpUM BHIACTUIA HOpMyTy A, XOTA OHA HUYEM He OTIMIACTCA OT
dbopmya m3 I'.)

nepeMeHHble N KOHCTAHTbI

OTMeTuM eI HEeCKOJIBKO MPOCTHIX CBOUCTB BHIBOAMMO-
CTU, KOTOpHIE HaM TOTPeOyITCA:

Nlemma o ceexux koHcTanTax. IlycTs BEIBOAUMA DOPMY-
aa p(c/&), roe ¢ — npousBoAbHAL HOPMYJa, & — IepeMeH-
Has, ¢ — KOHCTaHTa, He BXOAANAA B hopMmyy . Torga Bei-
BOIUMA 1 POPMYIaA ©.

WHTYUTUBHBIN CMBICT JEMMEL: €CJIN MBI TOKA3ATA ITO-TO
PO «CBEXKYIO» KOHCTAHTY ¢ (He BAIATHABILYIO cefsl y4acTu-
eM B popMyae ), TO (PAKTUIECKU MBI JOKa3a1u GOPMYIy @
JIIA TIPOU3BOJIBHLIX 3HAYCHUN ITEPEMEHHOM.

JloxazaTeabcTBO JeMMbL. 110 YCIOBUIO CYNIECTBYET BHI-
BOg hopMyasl ¢(c/&). Bo3sbMéEM «CBEXKYIO» TEPEMEHHYIO 1), HE
BCTPEYAIOIIYIOCS B DTOM BBIBOJE, U BCIOAY 3aMEHUM B HEM
KOHCTAHTY ¢ Ha DTy MEPEeMeHHYH. [Ipw 3TOM BHIBOA OCTa-
HETCA BHIBOLOM, TaK KaK TPABUIA OODAIIEHUA C TIepEeMeH-
HBIMY ¥ KOHCTAHTAMU HHUYEM He OTAMYAIOTCsa (KBaHTOPOB
IO HOBOU MEPEMEHHON B HEM HET, TaK UTO KOPPEKTHHIE MO-
CTAQHOBKW OCTAHYTCA KOPPEKTHLIMU U MPUMEHEHUS TPABUAT
Bepuanica ocramyres gonycrumbiMu). Takum o6pasoM, BbI-
BoguMa, hopmyaa p(n/€).

Tlo npaBury o606mmenus BeiBogUMa hopmyaa YV p(n/E).
Ocranocs mpumMennTs akcuomy Vno(n/&) — o(n/€)(&/n);
[MOACTAHOBKA B IPABOW 4YaCTU KOPPEKTHA U HAaéT POpMy-
Jy (p, TAK KaK CHAYAMA Mbl 3aMEHUIU CBOOOIHBIE BXOXKIE-
HuA £ Ha 77, & 3aTeM O6paATHO (Tak 9TO B 30HY ACUCTBUA
KBAHTOPOB 110 £ OHU nonacts He moruu). Jlemma gokasaxa.

97. CpopMyIupyuTe U AOKAKUTE AHATOTUYHYIO JEMMY /I
HECKOJBbKNX KOHCTaHT.
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AmanoruvyHoe paccyXJeHue MO3BOMACT AOKA3ATh U APY-
roe yTBEPKAEHUE, KOTOPOe HAaM IOTPelyeTcs:

Jlemma o gob6aeneHun koHcTaHT. Ilycts dpopmyia ¢ HEKO-
TOPOU CUTHATYPHL 0 BLIBOAUMA B MCIUCICHUU NPEIUKATOB
PaCITMPEHHON CUTHATYPHI o, TOAYIEHHOU U3 ¢ NOOABICHN-
€M HOBBIX KOHCTAHT. 10riga ¢ BEIBOAMMA U B KCYIUCICHII
IPEIUKATOB CUTHATYPEL 0.

HoxkasarenscTro. llycts dopmysa o, He cogepxamas Ho-
BBIX KOHCTAHT, UMEET BHIBOM, B KOTOPOM HOBHIE KOHCTAHTHI
BerpedaroTcsa. Kak ux orryaa ygamts? Jlerko nOHATH, ITO
X MOXKHO 3aMEHWUTH HA CBEXUE [IEPEMEHHEIE, He BXOIALINE
B BBIBO/, 1 OH OCTAHETCA BBIBOJOM, HO yke 6€3 HOBBIX KOH-
cTanT. JlemMa gokaszaHa.

Ha camom geme sTa JeMMa BepHa MIA TPOU3BOJBLHOTO
paclupenus CUrHaTypol (MOKHO 106aB/IATH HE TOILKO KOH-
CTAHTHI, HO U (PYHKIMOHAIBHBIE CUMBOJIBL JIO0O0OU BAJEHTHO-
CTH, & TAKKe TPEIAKATHBIE CUMBOJEL). UTOGH yIAJINTE HO-
BBIE CUMBOJBL M3 BBEIBOZA, NOCTYIAeM Tak. Bce TepMbl Bu-
na f(...), rge f — noGaBIEHHBIN OYHKIMOHAILHBIA CUMBOL,
MBI 3aMEHAEM Ha HOBYH TIEPEMEHHYI (MOXKHO B3ATH OXHY
I Ty XKe IePEMEHHYIO I BCEX HOBBEIX CHMBOJIOB U BCEX UX
BxoxaeHunn). Bce aromapube GoOpMyabl ¢ HOBLIMU IPEIU-
KATHBIMYM CUMBOJAMHU 3aMEHIeM Ha KaKyIo-Iu00 3aMKHYTYIO
dopmyay (ofHy # Ty Ke; Kakas MMEHHO (OpPMy.Ja, POJU
HE UI'DAeT).

98. IIposeure 3T0O paccyxaeHue mogpOGHO.

Takum 06pazom, MBI MOXKEM I'OBOPUTH O BEIBOJAMMOCTH
HOPMyJIBl, HE YTOUHAA, B KAKOM UMEHHO CUIHAType (co-
Jep KaIien BCe MCTIOMBb30BAHHBIE B (POPMYJE TPEIUKATHBIE
U QYHKIMOHAJBLHBIE CUMBOJIBL) MbL UIIEM €€ BEIBOQ.

Ecau npuaATE TEOpEMY O MOJHOTE, IO KOTOPOU BBIBOIU-
MOCTBH PABHOCH/IBHA OOIIE3HAYMMOCTH, HE3ABUCUMOCTEL BEHI-
BOJAVMOCTY OT CHUTHATYPHI CTAHOBUTCA OYEBUIHOU: UCTUH-
HOCTH (hOPMYJILI HE 3aBUCUT OT WHTEPIPETAIMN CUMBOJOB,
koropsle B Heé ue Bxonar. (Eciau unrepnperuposars orcy-
CTBYIOIIE B POPMYJI€e CUMBOMBI KAK TMOCTOAHHEBEIE (DYHKITUU
¥ IPEINKATHI, MBI TPUXOIUM K CHHTAKCUUIECKOMY PacCyXae-
HUIO, YIIOMsHYTOMY BBbLILE. )
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4.5. lNonHoTa McUUCNeHns NpeauKaToB

B sroMm pazgene MBI JOKAXKEM, 9TO BCAKAA OOIIE3HAYUMAT
dopMysa BEIBOAMMA B MCYNCICHUN TPEIUKATOB. MBI Oyaem
CIEI0BATH CXEMe, UCIIOJIL30BAHHON B pasmaete 2.2, U BBEIEM
[MOHATUA HENPOTUBOPEIUBOYN U IOJHOU TEOPUM.

PDukcupyem HexoTopylo curHatypy o. lycts I' — Teo-
pus B CHTHATYPE 0, TO €CTh IPOU3BOILHOE MHOXKECTBO 3aMK-
HYTHIX (OPMYJ dTOU cUrHATypHl. ['oBopaT, wro Teopusa I
NPOMUBOPEUUBE, €CIU B HEU BBIBOANTCA HEKOTOPAA (hOPMY-
Jga ¢ u eé orpunanue —p. B sToMm cayuae w3 I' BeiBoguTCs
aoban popMyIa, Tak Kak umeeTcs akcuoma A — (A — B).
Ecau Teopus I e aBasgeTcA TpOTUBOPEINBON, TO OHA HABHI-
BaeTCA HENPOMUBOPEUUBOT.

99. [loxaxxuTe, ITO TEOPUsA IPOTUBOPEINBA TOT'JA U TOIBLKO
TOrga, KOrga B Hel BeIBOgmTCA opmyra ¢ A -y (3mece p —
IPOM3BOJBbHAA GOPMYJIA CUTHATYPHI).

HenocpencTBenHo n3 onpeneneHns CAeAyeT, ITO BCIKOE
IO MHOXKECTBO HEIIPOTUBOPEUIUBOIO MHOKECTBA HEIIPOTUBO-
peuanBo. Kpome Toro, eciim 6eCKOHETHOE MHOXKECTBO MPOTHU-
BOPEUMBO, TO HEKOTOPOE €0 KOHEYHOE MOAMHOXECTBO TOXKE
IPOTUBOPEYUBO (IOCKOIBKY B BBIBOAE yHACTBYET JIULIL KO-
HEYHOE IUCI0 (POPMYJI).

CUHTAKCHUYIeCKOE TOHATHAE HEIIPOTUBOPEIUBOCTU MBI GY-
M CPaBHMABATL C CEMAHTUYECKUM IOHATHEM COBMECTHO-
cru. Ilycts umeercs HexoTopas muaTepnperanus M curua-
Typel ¢. HamoMumM, 9TO OHA HA3BIBAETCS MOJeabio TEo-
puu I', ecu Bce popmyast w3 I' uctunansr 8 M. Muoxectso I’
Ha3bIBAETCS COBMECTIHBIM, €CIN OHO MMEET MOJgeNb, TO €CTh
ecau Bce ero (hbOpMyJIbl HICTUHHBI B HEKOTOPOU MHTEPIIPETAa-
IUY.

Teopema 45 (0 KOPPEKTHOCTH; nepedopmyanposka). Jlio-
60€e COBMECTHOE MHOXECTBO 3AMKHYTBIX (DOPMYJ HEIIPOTHU-
BOPEYUBO.

< Hycre Bce Gopmyast u3 I' HCTUHHBL B HEKOTOPOU WH-
Tepupetaiuu M. MoxeT qu okazateest, 4To ' u I'F —p
[UTA HEKOTOPOU 3aMKHYTOU (popMyhl ¢ JIerko moHATE, 4TO
uer. B camom gese, B oM ciyuae Teopema 44 (c. 175) noxa-



[m. 5] Hoanoma ucuucaenus npeduramos 179

3BLIBAET, ITO (POPMYJILL Y U @ TOJKHBI OBITH OTHOBPEMEHHO
UCTUHHEBL B M, 9T0, O49€BUIHO, HEBO3ZMOXKHO. [>

[ust nokasarenbcTBa 0GPATHOrO yTBEpKIAeHUs (O COB-
MECTHOCTH HETMPOTUBOPEIUBON TEOPUM) HAM TOHALOGUTCA
[OHATHUE IIOJHON TEOPUHU.

Henporusopeuusoe muoxecTBo I', cocrosmee u3 3aMK-
HYTBIX (POPMYJ CUTHATYPHI 0, HABBIBAETCA NOAHbIM B 3TOU
CUTHATYPE, eCJaUu A JIOOU 3aMKHYTOU (hOPMYJIBLI (¢ DTOU
CArHATYPHL 1160 hopMmyaa @, Iub0 e€ OTPUIlAHNE —@ BLEIBO-
aares us L.

JpyruMu ciaoBamMu, TEOPUS MOJHA, €CAN U3 JHOOBIX ABYX
hopmMya ¢ 1 —p (COOTBETCTBYIOIIEN CUTHATYPbI) POBHO OJIHA
ABJIAETCA TEOPEMOU DTOU TEOPUH.

TTosHOE MHOXECTBO MOXKHO IOJIYYUATH, B3AB KaKYIO-JId-
00 UHTEPIPETALNIO U PACCMOTPEB BCE 3AMKYThIe (DOPMYJILL,
UCTUHHBIE B 5TOU MHTepnpeTanuu. (Bmocaencrsum Mbl yBu-
IUM, 9T0 J000€ MOJTHOE MHOXKECTBO MOXKET OBITH IOLYIEeHO
TAKUM CIOCOG0M — DTO JIEFKO CAEAYeT U3 TeopeMbl 46.)

B ompenenennyr MOTHOTHI CYIMIECTBEHHO, YTO MBI OI'Da-
HAYIUBAEMCS 3AMKHYTHIMA (DOPMYJIAMU TOU K€ CUTHATYPHIL.
Hanpuwmep, eciu MBI BO3bMEM ONHOMECTHBIM IPEIUKATHBIN
cumBoa S, #e Bxogamuu B [, To dopmyant uz [ mpo mero
HUYErO He YTBEPXKIAIOT, U MOTOMY, CKAXKeM, HU (hOpMyJaa
Vz S(z), uu eé orpunanue He BeiBOAUMEL U3 I'. 3aMKHYyTOCTD
dopmyasl ¢ Toxke Baxua. Hampumep, MHOXKECTBO BCEX HC-
TUHHBIX B HATYPATLHOM DALY (GOPMYJa CUTHATYPHL (=, <)
IOJHO, HO HE (OPMYJIa T = Yy, HU (POPMYJIa T F Y U3 HECO
HE BBIBOAATCS, UHAYE IO MPABUIY OGOOIIEHNA MBI MOLY TR
ob1 moxkHy0 B N popmyay VaVy (z = y) wm VaVy (x # y).

ITonHOE MHOXECTBO MOTOOHO MUPOBO33PEHUIO YETOBEKA,
JOCTUTMIErO TPefeaa yMCTBEHHOIO Pa3BUTHUSA: HA BCE, UTO
BXOMUT B KPYD' €0 MOHATUN (BLIPAXKAETCA (POPMYJION CUT-
HATYDHL ), OH UMeeT TOYKY 3peHud. Ho 5TO He oTHOCHTCA
HU K QopMyaam GoJblIer CUIHATYPBL (COAEPKAIUM HOBLIE
[JIS HErO TOHATHA), HU K GOpPMyaaM ¢ mapamerpamu (mo-
CKOJIBKY 3HAYEHUA TIAPAMETPOB He (DPUKCUPOBAHHI).

Temeps MBI TOTOBHI K [0OKA33aTEJBLCTBY OCHOBHOT'O pe-
3yJAbTATa DTOrO pa3iena.
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Teopema 46 (NONHOTa MCHMCNEHMS MPEAUKATOB, CUALHAs
cdopma). Jliobas HenpoTUBOpeUMBasL TEOPUSL COBMECTHA.

<! HanomuuM, Kak MBI TOKA3BIBAIN AHAJIOTUIHOE yTBED-
XK IE€HUE M7 BEICKA3HIBAHUN. MBI pACIUpAIN HAIE HETTPOTH-
BOpeYMBOE MHOKecTBO ' [0 momHoro muoxecrsa 17, a mo-
TOM MOJAraju IPONO3UNNOHAILHYIO IEPEMEHHYIO P UCTUH-
Hom, ecom [ = p. 3peck oToro 6yaeT HEJOCTATOYHO, KAK MbI
yBuAuM (HAIIPUMED, HEMTOHATHO, OTKY A3 6PaTh HOCHTENb UC-
komou Mogean). Ho magano paccyxnenus 6y1eT TAKAM Ke.

Jlemma 1. /Ins1 BCAKOTO HENMPOTUBOPEINBOIO MHOXKECTBA, I
3aMKHYTHIX (D)OPMYJ CUTHATYPHL 0 CYIIECTBYET TOJHOE HE-
IPOTUBOPEIMBOE MHOKECTBO |/ 3aMKHY THIX (hOPMYJI TOH KE
CUTHATYDHI, comepxkaiee [

JokazaTeabCTBO TOBTOPAET PACCYXKIEHUE pasgena 2.2:
paccMaTpuBas o oYepenu 3aMKHYThEe POPMYJIBL, MBI 106a-
BisieM Jub0 UX, JUO0 UX OTPUIAHUA B MHOXKECTBO L.

DTO MOXKHO CIEIATH 03 TPYAA [IA KOHETHOU WM CIET-
HOU CAUHATYDPHL (TOr[a MHOXKECTBO BCEX 3aMKHYTHIX (Op-
MyJ DTOU CUTHATYDBHL CYETHO); A OOLIEro Ciay<as Hago
BOCTIONB30BATLCA TPAHCHUHATHON WHIYKIMEH WIN JEMMOU
Hopna, kak 06bACHATOCH B pasaene 2.2. Jlemma 1 moxasama.

Kak xe Ham Tenepp HOCTPOUTH MOLETIH LIOJHOI'O MHO-
xkectsa I'? IIpex e Bcero uago pemwuTs, 410 6yI€T HOCUTE-
JIeM DTOUW MOAEIN. 3aMEeTUM, 9TO B CUTHATYPE MOTYT OBITH
HEKOTOpbIe KOHCTAHTH ((PyHKINOHAIBHEIE CUMBOJIBL BAJICHT-
soctu 0). VM JOMKHBL COOTBETCTBOBATH HEKOTOPHIE HJIE-
MEHTHI HOcuTeId. KpoMe TOro, 3aMKHYTEIM TepMaM (KOTO-
pBIE HE COIEPKAT HUKAKUX IIEePEMEHHBIX, TOJIBKO KOHCTAH-
TBL) TAKXKE NOJKHBEL COOTBETCTBOBATE BJIEMEHTHI HOCUTEJIS.
[ompo6yem B3ATEH B KAYECTBE HOCUTEIA KAK PA3 MHOKECTBO
T Bcex 3aMKHYTBIX TEPMOB Hamey curHarypwl. IIpu sTom
IOHATHO, KAK HAO ONPEIeNATh CUHATYPHBIE (DYHKIINN HA
DTOM MHOXECTBe: (PYHKIIUs, COOTBETCTBYIOIIAA CUMBOIY f

BAJEHTHOCTH K, 0OTOOPaXKaeT 3aMKHYTBbIE TE€PMBI ti,...,tk
B Tep™m f(t1,...,tg). (DTO oupeseseHre HUKAK HE 3ABUCUT
orI')

TpeaukaTel HA >TOM MHOXKECTBE ONMpEAEIaeM TakK: €C-
au A — IpesuKaTHLIA CUMBOJ, 8 i1,...,t, — 3aMKHYyTLIE
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TEPMBI, TO MPEIUKAT, COOTBETCTBYIONINA CUMBOIY A, UCTH-
HEH Ha TepMax lq,...,L,, ecau popmyaa A(ty,...,L,) BEBO-
auMa u3 L.

TeMm caMbIM MHTEPIPETAINA TOJHOCTHIO OMNCAHA, U MBI
xoTenu Obl OKA3aTh, YTO BCe (pOpMyabl u3 [' B HEW UCTUHHEL.
Mzur 6yaeM JOKa3BIBAThL IO MHAYKINANA Takou GakT: ecau [ F
F ¢, To dpopMyaa ¢ UCTUHHA B MOCTPOEHHOU WHTEPIPETA-
uuu, a ecau I' = —p, 10 dopmysa ¢ moxkHA.

Oxnako 6e3 JOMOMHUTEILHBIX [IPEIIOJ0KEHUN O MHOKE-
crBe [ »TOT MIaE OOpevéH Ha HEYAATy, MOCKOIBKY 3aMK-
HYTEIX TE€PMOB MOXKET OBITH COBCEM MAt0 (WIM HaXKe BO-
BCe He OBITH), B TO BpeMs KAK COOTBETCTBYIOLUIAA TEOPUs
HE WMeeT KOHEYHBIX Mofeaen. Kciw HavaTh WHIYKTUBHOE
pPacCyXAeHne, TO BHIACHUTCA, 9TO TPYAHOCTL BO3HUKAET B
crydae, Korga popMyJa (¢ HAIXHAETCS ¢ KBanTopa. Hampu-
Mep, MOXKET 0Ka3aThCA, 9T0 Gopmyna Jx A(x) BeiBogUMa U3
MHOXECTBA [, B TO BpeMaA KaK HU A KAKOTO 3aMKHYTOTO
Tepma ¢ Gopmyaa A(t) me Buoguma us I'. Torga dopmyaa
Jx A(z) GyeT JOKHOU B OMMUCAHHON HAMU MOJEIU (XOTs BbI-
BOAUMOM ). UTOOH IPEOI0JIETH BTy TPYAHOCTH, MBI HAJOK UM
JOMOMHUTENbHBIE TPeOOBAHUA HA MHOXKECTBO .

Hazosém Teopuio (MHOXKECTBO 3aMKHYTHIX (POPMYJL CUI-
HATYDPHL 0) 9K3UCTNEHYUAALHO NOARKOT B CUTHATYPE O, €Can
VIS BCAKOU 3aMKHYTOU POPMYJIBL J€ ¢ CUIHATYPHL 0, BBIBO-
quvon u3 I, HanaéTcsa 3aMKHYTLIL TEPM ¢ 3TOU CUTHATYPEL,
a1 koroporo I' F ¢(t/€).

Ecan muOX)ecTBO [ TOMHO U DK3UCTEHIMATHLHO TTOTHO, TO
ONMCAHHAS BBIIE KOHCTPYKIUA € 3AMKHYTHIMA TE€PMAMU 14~
éT ero Mogensb. IIpex e veM IpPOBEPATH DTO, MOKAXKEM, KaK
pacmmputs [ 10 TOIHOTO U HK3WCTEHIMATBLHO MOJHOTO MHO-
kecTBa. Kilo4eByio posib 3[€Ch UDPAET TaKasd JeMMa:

Jlemma 2. Ilycte I' — HempoTmBOpednBOE MHOXECTBO
3aMKHYTHIX (POPMYJI, M3 KOTOPOTO BHIBOJUTCA 3aMKHYTAasA
dopmyna 3¢ . llycts ¢ — KOHCTAaHTA, HE BCTPEYAIOMIALC
uu B ', vu B . Torga muoxectBo I' ocranercs menporuBo-
peuuBHIM mocae nobasaeHus GopMyast p(c/E).

(3amedanue. 31eCh U fanee, TOBOPA O HEMPOTUBOPEIUBO-
CTU U BBIBOJUMOCTH, MBI HE YTOYHAEM, B KAKOU CUTHATYDE
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CTPOSATCA BHIBOALI: BCE HAIM CUTHATYPHI Oy IYT OTIAIATHCA
JIAIIBL HAOOPOM KOHCTAHT, U JeMMa O JOOABIEHUN KOHCTAHT
Ha c. 177 gaér Ham Takoe Ipaso.)

HMokazareabctBo jgemmbr 2. Ilycts I' cramoBuTcesa mpo-
TUBOpEYUBHIM Tocae gobasiaeHus dopmyiasl o(c/€). Orcro-
na caenyeT (ACIOMB3yeM TMOIXO0AAIY 0 TPOTO3UINOHATBHY O
TABTOJNOIMIO), YTO OTPULAHUE 3TOU (POPMYJEI BHIBOAUTCS
u3 I, To ecTs BRIBOgUMa dopmyaa v — —p(c/E), rae v —
KOHBIOHKITUA KOHeYHOro “nciaa dopmya u3 . Mo memme o
cBexxux koHcranrax (c¢. 176) BeBoguma Qopmyna v — —p
(HAIOMHUM, 9TO ¢ He BXOAUT HU B ¢, Hu B 7). Konrpanosu-
A a6t GopMyay ¢ — —vy, a nmpasuno bBepmanca — dop-
Myay 3¢€ o — —y. Ilo npegmosnoxenuro dopmyaa 3¢ ¢ BEIBO-
muma u3 ') u maOXKecTBO I OKa3BIBAETCSA TIPOTUBOPEIUBBIM.
JemMma 2 1oKazaHa.

100. JoxaxwuTe Takoe ycuieHre meMMEL 2: 1pu go6asrenun B [
dopmynst p(c/€) (B IPeAIOIOKEHUAX TEMMBI) MHOXECTBO BBIBO-
ouMBIX 13 [ pOpMYyT MCXOZHOM CUTHATYPHI (6€3 KOHCTAHTEL C) HE
MEHAETCA.

Jlemma 3. Ilycre ' — HEmpOTHMBOPEYNMBOE MHOKECTBO
3aMKHYTBEIX dopMmya curHaTypsl 0. Torga cymecTByer pac-
IIUPEHNE CUTCHATYPLI O HOBBLIMU KOHCTAHTAMU ¥ HEIPO-
TUBOPEIUBOE, TIOJHOE W JK3WCTEHIUATILHO TOMHOE (B pac-
MUPEHHON CUTHATYPE) MHOKECTBO 17 3aMKHYTBIX QOpMyJI,
cogepxkariee I

HMokazareabcTBo. IlycTh curHarypa KOHEYHA WIM CIET-
ua. Torga 3aMkHYTHIX GopMmya Buga 3¢ ¢, BEIBOAUMBIX u3 [,
He Gosmee deMm cuéTHOe wmeao. K kaxkaon um3 HUX TO Ode-
peau OymeM NPUMEHSATH JeMMY 2, BBOJS HOBYIO KOHCTAH-
Ty. CormacHo >TOU JeMMe, Ha KaXXIOM Hiare MHOXecTBo I
0CTaéTCA HEMPOTUBOPEIUBHIM, TTOITOMY OHO OYAEeT HEmpOo-
THUBOPEYUBBIM U [TOCJAE JOOABICHUS CIETHOrO IUCHA POPMY.I
(BBIBOJ IPOTUBOPEYUs 3aTPArMBAET JULIL KOHEUHOe TUCJIO
dopmya).

OaHAaKO HENb3s YTBEPKAATL, ITO MOLYICHHOE MHOXKECT-
BO GYIET DK3UCTEHITNATBLHO TTOJHBIM B HOBOM CUTHATYPE, TO-
CKOMBKY PO hOPMYJIE BuAa I 0 ¢ NOOABIEHHBIMA KOHCTAH-
TaMU MBI HEYero He 3HaeM. [[OmoaHrM 5T0 MHOXKECTBO, [IPHU-
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MEHUB JeMMy 1, U TTOBTOPUM DACCYXICHUE: A KAXKIOU 3a-
MKHYTOH BEIBOAMMOU (POPMYJILI, HAIUHAIOMIENCA ¢ KBAHTOPA
CYUIECTBOBAHUSA, BBEIEM HOBYIO KOHCTAHTY W T. 1.

3aTeM CHOBA TOMOJHUM €r0, CHOBA, 10OABAM KOHCTAHTHI,
CHOBA MONOJHUM WM TAaK CAeraeM cIéTHoe umcao pas. O6b-
€IUHEHNE BCEX ITOJNYIEHHBIX MHOXKECTB Oy1eT HeIpOTUBOpe-
YUBBIM, TIOJHBIM UM DK3UCTEHIIMAILHO MOJTHBIM. B camoMm mre-
Jie, OHO HEePOTHUBOPEYNBO, TaK KAK MPOTUBOPEYNE TOTKHO
BBIBOAUTHCA U3 KOHEYHOIO 9uc/Ia GOpMyJ (1 IODTOMY JOIK-
HO TOABUTHLCA yXkKe Ha KoHedHOM mmare). OHO momHO: aoban
3aMKHYTasT GOPMYJIa, © COAEPKUT KOHEUHOE UUCJIO HOBBIX
KOHCTAHT, IOITOMY HA KAKOM-TO IIIare [IOIOIHEHWSI OHA LI
eé OTpHUIlAHNWE CTAHyT BBIBOAUMBIMU. HaxKoOHEl, mOCTpPOEH-
HOE MHOXECTBO DK3UCTEHIMAMLHO TOMHO MO TOW K€ TPUYn-
HE: BCSIKAA (DOPMYJIa COLEPKUT KOHETHOE HKUCI0 HOBBIX KOH-
CTAHT, IOTOMY Ha CJEAYIOIIEM IIare M He€ IPeIyCMOTPEHA
CBOSI KOHCTAHTA.

Yo mensercsa, ecin curHarypa Hecuétua?! Torma el
y2Ke He MOXKeM PAacCMaTPUBATH BCE DK3UCTEHIUAILHEIE (hOp-
MYJIBL IO OUepenu, u Ha 10 o0padaThIBATL UX BCe cpasy. [lpu
5TOM MIPOTUBOPEYNE HE MOABUTCA: B CAMOM JIeJie, OHO MCITOMb-
30BaJjI0 ObI JIUIIb KOHEYHOE 4YUCIO0 JOOABIEHHBIX (DOPMYIL, a
M1 KOHEYHOT'O IUCIA BCE yKe TOKA3aHO.

Tocne 5TOro T0KA3ATENTLCTRBO MPOXOAUT KAK PAHBIIE (MBI
MO-TIPEXKHEMY TeJAEM CIETHOE YUCIO YEPEIYIONINXCs TOMOI-
HEHUI MHOXKECTBA U PACLIMPEHUN CUIHATYDEL).

Jlemma 3 mokasaHa.

Tlocregaum marom B 1OKA3aTEIBCTBE TEOPEMBL O IIOJHO-
Te (BCAKOE HEMPOTUBOPEINBOE MHOKECTBO 3AMKHY THIX (hOp-
MyJI COBMECTHO) SBJETCS TAKAs JEMMAa:

Jlemma 4. Ilycte I' — moaHoe u 3K3UCTEHITHANLHO IOJHOE
MHOXECTBO 3aMKHYTHIX (POPMYJI HEKOTOPOU CUTHATYPHI 0.
Toraa cymecTByeT muTepnperausa M CUTHATYPH 0, B KO-
TOPOU UCTUHHEBL Bce (popMyasl u3 .

Mer yxe roBopuin, KaK HaJO CTPOUTH TAKYI0 UHTEPIIPe-
Tanuio. [loBTopum »T0 6osee moapobHO. PaccmoTpum Bee
3aMKHYTHIE TEDMBI CUTHATYPHI 0, TO €CTh TEPMHI, HE COIEp-
JKaIye [I€PEeMEHHEIX, 8 TOJIbKO (DYHKIIMOHAIBLHEIE CIMBOJIEL 11
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KOHCTAHTHL (Takue TepMBI CYIIECTBYIOT, MOCKOJIBKY TEOPUA
I’ sk3ucrennuanbHo HoaHA.) DTO MHOXKECTBO OyAeT HOoCUTe-
JIEM MHTEPIPEeTAINN.

Kax unrepupeTnpoBaTh GyHKINOHAILHLIE CAMBOJILL, IO
HATHO (3TO HE 3ABUCAT OT MHOXKeCTBa ): ecam cumBoa f
AMEET BAICHTHOCTB 71, TO €My COOTBETCTBYET (DYHKITUA, KO-
TOpas OTOOpaXKaeT 7T 3aMKHYTBIX TEPMOB ii,...,l, B 3a-
MKHYTBI TepM f(t1,. .., t,). KoncTanTs! (pyHKINOHAIBHEIE
CUMBOJIBI BATEHTHOCTH () HHTEPIPETUPYIOTCA CAMEU COOOM.

WnTepnperanna NpeInKaTHEIX CUMBOJIOB TakoBa. 11ycThb
A — TIPEIVKATHLIA CUMBOJ BATCHTHOCTH 1. ITOOHI y3HATH,
UCTHHEH MU COOTBETCTBYONIMU €My IPEIuKaT Ha 3aMKHY-
TBIX T€pMax i1, ..., I, HALO COCTABATH ATOMAPHYIO (POPMY-
ay A(ty,...,t,) W BEACHUTD, YTO BHIBOAUTCA 3 [ — ca-
Ma dTa (popmyaa umu eé orpunanye. (34eCh MbL UCIONB3YEM
noxHoTy.) B nepsom caydae npegukat 6ygeT UCTUHHBIM, BO
BTOPOM — JIOXKHBIM.

NBayknmen mo Imery JOruIeCKuX CBA30K M KBAHTOPOB B
3aMKHYTOU (pOPMYJIe  CUTHATYPHL 0 NOKAYKEM TAKOE YTBED-
KIEHUE:

I'+ ¢ < ¢ ucrunna B M.

[l aTOMapHBEIX (GOPMY.T DTO BEPHO MO TTOCTPOECHUIO MHTED-
nperamun M.

st TPOTIO3UIIMOHATBHBIX CBA30K PACCY XK IEHIE HUUEM He
OTINYAeTCA OT HpuBemIéHHOrO B pasgene 2.2. Ham myxHO
IPOBEPUTDH, UTO BBHIBOAMMOCTEL u3 I’ mogumHsgeTCa TeM xe
TIPABWJIAM, ITO U UCTUHHOCTD:

F'--A&THA,
'-ANB&THAul'F B,
r''HrAvBs T THAwmE B,
r'r-A-Bel'/Auwm '+ B.

Bce »Tu cBOUCTBA HECI0XKHO JOKA3AThL. [lepBoe u3 HuX BLIpa-
XKAET TMOJHOTY (M HENPOTUBOPEYIUBOCTD — HAIOMHUM, 9TO
[0 ONPEAEJNCHNIO TIOJIHAA TEOPUA BCErIa HEMPOTUBOPEINBA)
muoxkecTBa ['. OcTanbHBe CBOUCTBA JErKO IPOBEPUTD, €C/IN
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UMETHb B BUAY, YTO BCE YACTHBLIE CIyYIaW TPOTO3UITNOHATD-
HBLIX TABTOJOTUHA BLIBOTUMEL

IIycTs Temeps dopmyaa ¢ ummeer Bug I, vae ¥ —
opMyaa ¢ eguHCTBEHHBIM HapaMmerpoM ¢ (uwau 6e3 mapa-
merpos). [Ipeanmonoxum, uro oua BeBoguma u3 I'. Torga
B CIIY DK3UCTEHIMATBHOU TOJTHOTH HAUASTCA KOHCTAHTA C,
st koropou I' F (c/€). Popmyna (c/E) nmeer Menbiee
YUCI0 JOTMIECKAX CBA30K, MOSTOMY K HEHd MOXKHO ITpUMe-
HUTH MPEANONONKEHNE NHIYKINA ¥ 3AKII0UYATh, YTO OHA WC-
Tuuua B M. Torma ¢popmyaa ¢ ucTuuHA Ha OneHke & — ¢
(cM. aemmy 2 Ha c. 167 u 3amedanue mocie Heé), O>TOMY
dopmyaa I€ ¢ uctunna B M.

Hanporus, nycts dpopmyna 3¢ uctununa B M. Toraa
(10 openeIeHUI0 UCTUHHOCTY ) HAUAETCA dieMeHT (3aMKHY-
THIA TepM) ¢, A1 KOTOPOrO 1) MCTUHHA Ha OUeHKe & — ¢
u oromy dopmyna ¢ (t/€) ncturna B M. Tlo mpenmonoxe-
Huo MHayKuuu dopmyaa ¥(t/€) susoguma us I'. Ocranocs
BOCHIOIB30BATHCSA TeM, ITO dopmyaa ¥ (t/€) — IE ¢ apaser-
€A AKCMOMOHW (HAIIOMHUM, TIOJCTAHOBKA 3AMKHYTOI'O TEPMA
BCEra KOPDPEKTHA).

Hakowmerr, paccMoTpuM ciaydan, Korga GOpMyJIa ¢ uMe-
et Bug V€. llycrh ona BeiBoguMa u3 I'. dopmyaa VE ¢ —
— P(t/€) saBasiercs akCuoOMOU 1Jist L0600 BAMKHYTOIO Tep-
ma t. HosTomy u dopmyna (t/€) BeBonuma n3 I'. B men
MEHBIIE JOTUYECKUX CBA3OK, YeM B (o, TIO3TOMY II0 TIPEIO-
JIOKEHWIO MHIYKIMKA OHA MCTUHHA B M. 3HaduT, popMyaa ¢
UCTUHHA Ha JI060U orenke & +— ¢, u noTomy (opmyaa VE ¢
ncTuHHa B M.

Ecau popmyaa VE ¢ ue Boisoguma u3 I', To 3 I' BeiBoguT-
ca eé orpunanne. OHO, KAK MBI BUIEIN, JOKA3YEMO SKBUBA-
aenTHO popmyie I —1). [lopTOMY B CHIY DK3UCTEHINATHLHON
HOAHOTHL BhIBOAUMA (opmyaa —(c/§) mas HEKOTOPOU KOH-
CTAHTHI ¢. JTa (POPMYJIa UCTUHHA, HODITOMY 1) JOKHA MPU
HEKOTOPOM 3HAYEHUM TIePpEMeHHON &, Tak I4To (popmMyaa VE ¢
goxua B M.

Takum 06pazoM, MBI JAOKA3aJIM, UTO BCAKOE HEIPOTHU-
BOPEUNBOE MHOXKECTBO BAMKHYTHIX (POPMYJ UMEET MOMeTh
(paclpuB €ro A0 HOJHOIO M DK3UCTEHLUAIHLHO IIOJIHOIO
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MHOXECTBA, ¥ KOTOPOT'O €CTh MOIETh U3 3aMKHYTBIX TEp-
MOB). >

Ananm3 [oKa3aTeNbCTBA MO3BOIET CAEIATH TAKOE Ha-
6J110 1eHue:

Teopema 47. HempoTuBOopedInBOE MHOKECTBO 3aMKHY THIX
GOpMYyT KOHETHON WU CIETHOU CUTHATYPLI UMEET CIETHYIO
MOJIEJb.

< B camom gerne, pIeMEHTAMU TTOCTPOEHHOU HAMU MO-
[eJu SBJSIIOTCS 3aMKHYTBIE TePMbl, OOpAa30BaHHBIE U3 J0-
GaBJICHHBIX KOHCTAHT U (PYHKIMOHAIBHBIX CUMBOJOB CUT'HA-
Typel. Ha kaxaoMm mare mo6aBiseTcs CIETHOE MHOXECTBO
KOHCTAHT, MO3TOMY BCEX KOHCTAHT CUYETHOE UMCJIO, 3HAUUT,
¥ TepMOB CIETHOE THCIO. [>

AHnanoru4Hoe pacCyXKIeHue C UCIOJAb30BAHUEM CBOUCTB
OIepAIUY ¢ MOIIHOCTAME (O KOTOPBIX MOXKHO IIPOYecTh B [0])
YCTAHABINBAET TAKOU (DAKT:

Teopema 48. Besakoe HEMPOTUBOPEIUBOE MHOXKECTBO (POP-
MyJl CUTHATYDPHI 0 WMeeT MOJenb MommocTu max(Ng, |o|)
(rge Ny 0603HaMaeT CYETHYIO MOLIHOCTD, 8 |0| — MOLIHOCTD
CATHATYDHL).

Kcrarn, npu gokazareascree Teopem 47 u 48 M0xkHO OBI-
JI0 OB cocTaThea Ha TeopeMy Jlesenrenma — Ckonema 06 sie-
MEHTAPHOU MOAMOJAENA (TTOCTPOUTEL MOMAEIEL TPOU3BOJLHON
MOILHOCTH, & IOTOM YMEHBUIUTh, €C/JAK HAJ0).

BosspaTumcs Tenepb K uCX0THOU (hOPMYJUPOBKE TEOPE-
MBI O TIOJHOTE.

Teopema 49 (nosaHOTa MCYMCNeHWs NpeauKaToB, cnabas
cdopma). Besxan obmesHadumas (OpMyJa BHIBOAAMA B HC-
YUCTEHUN TPEIUKATOB.

< Hycts popmyaa ¢ samkuyTa. Kcan oHa HeBBIBOAUMA,
TO MHOXECTBO {0} HEIPOTMBOPEYMBO U MOTOMY COBMECT-
Ho. B ero mogenu gpopmyaa ¢ OyeT JOXKHOU, 9TO IPOTUBO-
PEYUUT TIPETIOIOKEHUIO.

Yro kacaeTca HE3AMKHYTHIX (OPMYyJI, TO UX OOIIE3HA-
YUMOCTB W BBIBOAUMOCTE PABHOCUIBHA OOIIE3HAMUMOCTH U
BBIBOJAVMOCTY WX 3aMBIKAHUA. [>

Kak u B pazgene 2.2, u3 TeopeMbl O MOTHOTE MOXXHO BBI-
BECTHU TAKOE CAENCTBUE:
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Teopema 50 (KOMNaKTHOCTb AN UCHUCNEHUSI NPEAMKATOB).
IIycre I' — MHOXKECTBO 3aMKHY THIX (POPMYJI HEKOTOPOU CHUI-
HATYPHI, u 11000 ero KOHEYHOE IOIMHOXKECTBO UMEET MO-
meas. Torma u camo MHOXecTBO [' MMeeT MOIETb.

< B camom pgene, o Teopeme 0 moaHore (U KOPPEKTHO-
CTH, eCIU OBITH TOYHBIM) HAIUYHE MOJeIN (COBMECTHOCTH)
PABHOCWIBHO HEMPOTUBOPEINBOCTU. A TIO OTIPEIEICHUIO TIPO-
THBOPEYMBOCTL 3aTPArMBAET JWIIL KOHEYHOE 4IUCIO (Op-
Myrus I'. >

101. TTokaxuTe, 9TO TeOpeMa O MOTHOTE B CHILHOU (hOpMe
ABJAETCA CIEeACTBUEM TE€OPEMbl KOMIIAKTHOCTH 1 T€OPEMBI O II0JI-
HOTE B crabou dopme. (Ykasanme: ecim MHOXKECTBO [ HE mmeeT
MOJeJ’, TO €r0 KOHEYHAsA JYacTh HE UMeeT MOJeau, T03ToMYy (op-
Myaa (...) oOle3HAIMMA, IOITOMY . .. )

IIpsmMoe NOKa3aTEILCTBO TEOPEMBI KOMIAKTHOCTH (6e3
ACTIONB30BAHUA TIOHATUA BEIBOJAUMOCTH) MBI NaUM B CJIEIY-
fomen riase (paszgen 5.6).

Emié oaun BaX)HBII PEe3yabTaT, BEITEKAIONMNA U3 TEOpe-
MBI O TIOJTHOTE — COBIAIEHNE CHHTAKCUIECKOT'O TOHATHUA BHI-
BOJUMOCTH ¥ CEMAHTUYIECKOI'O HOHATH caexoBanus. IlycTe
JaHa HekoTopad curHarypa o. Paccmorpum MuHOXKeCTBO I
3aMKHYTHIX (DOPMYJ DTOM CHTHATYDHL (TAKWe MHOXKECTBA
Mbl HA3LIBAEM TEOPUAMU B CUIHATYDE O) K ewé OHy 3a-
MKHYTYIO (popMyay ¢. [oBopsAT, 9T0 ¢ cemanmuuecky cae-
dyem u3 I, ecu ¢ nCTUHHEA BO BCAKOU MOfean Teopuu [, TO
€CTh BO BCSIKOU MHTEPIPETALUN CUIHATYPHL 0, D¢ UCTUHHBI
Bce dopmyant u3 I'. (O6osnagenue: I' E ¢.)

Teopema 51.

'FpeTEoe.

<A Ecmu T'F ¢, 1o T' F ¢ (kak mbl Bugenu B reopeme 44
Ha c. 175).

Hamporus, mycth ¢ He BRIBoguUMa n3 . Torma Teopus
I'U {—¢} menporuBopeunBa u (B CHIy TEOPEMBL O IIOJIHOTE)
nMeeT MOJe]b. JHAUUT ¢ He creayeT us . >

102. KakuMu HyKHO B3ATH ¢ u [’ B 5>TON Teopeme, 9TOOBI TO-
JLy9UThH IPUBEAEHHBIE paHee (POPMYIMPOBKH TEOPEMBL O IIOIHOTE?
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(OTBet: mpu ¢ =1 (TOXACCTBEHHO JOXKHAA GOPMYJIA) TMOLYIAEM
cuibHYI0 (GOpPMY TEOPEMEI 0 moaHOTe, npu [' = & — caabyo.)

4.6. lNepenmeHoBaHME NEpeMEHHbBIX

B sToM paszmene MBI MONMBITAEMCA aKKYPATHO Pa3obpaTh-
€S ¢ TIPOCTHIM BOMPOCOM O TOM, MOYEMY U KaK MOXKHO Tie-
PEMMEHOBLIBATL CBA3AHHLIE NIEPEMEHHLIE, HE MEHAA CMBICIA,
dopmya. Mer yxe Bugean, uto dpopmydst Vi A(x) u Vy A(y)
JOKa3yeMO DKBUBATEHTHHI (¢. 171), TO €CTh WX DKBUBATEHT-
HOCTE IOKa3yeMa B MCIUCIEHAU MpeankaToB. Cendac Mur Xo-
TUM [0Ka3aTh O0lllee yTBepXKAeHUE 00 3TOM.

KoppekTHas GpOpMyIUpOBKa yTBEPKIEHUA O MEPEUMe-
HOBAaHUU IEPEMEHHLIX TpebyeT ocTopoxuOcTH. Hampumep,
HEJB3S1 CKa3aTh, 9TO (Gopmyna V€ Bcerga DKBUBATEHTHA
Vi o(n/€). Ipex ne BCero, MOACTAHOBKA MOYKET OBITH HEKOD-
PEKTHOH, KaK B ClIy4dae GopMy.Ja

vévn B(E,n) =u VnVnB(n,n)

(IerKo MOHATEH, 9TO0 3T HOPMYJILL He dKBUBaJeHTHEL). Ho na-
JKe eCr TIOACTAaHOBKA KOPPEKTHA, (pOPMYJIbl MOT'YT He OBITH
SKBUBAJICHTHBIMY, KK B CiIydae popMy.I

VEB(&,m) m VnDB(n,n).

Kax xe chpopMyInpoOBATH yTBEPKICHUE IPABUILHO?

Harnsgaee Bcero, suaumo, caenaTs Tax. [laBante sa-
KIIOYUM B PAMKY BCE CBA3AHHBIC BXOXKACHWS BCEX [IEDEMEH-
HBIX (B TOM 9KCIe BXOXKAEHUA 1ocIe KBaHTOpoB). [locae sTo-
T'O COENVHUM JUHISAMHA MEPEMEHHYIO MOCIe KBAHTOPA U BCE
€€ BXOXKIEHNA, CBA3AHHBIE NMEHHO DTUM BXOXKIEHWEM KBaH-
Topa. CBOGOAHBEIE BXOXKICHUA [EPEMEHHBIX OCTAIOTCA [IPU
sToM 6e3 pamok. [loxyuuTcsa 1To-TO Bpoae

v (a B(, )/\C())/\D(m,y,z).

Ecau mocie 5Toro crepeTh mepeMeHHbIe BHYTPH PaMOK, TIO-
JAYyHIUTCA crema (POPMYJBL, KOTOpasg COLEPXKUT BCIO CYyIe-
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CTBEHHYIO WH(OpMaNWio O Hen. ByaeM HaswBaTh oBE (Hop-
MYJIBL 1000 01bimMy (OTIMIAIOUIMMICS JULIIL UMEHAMY CBI3aH-
HBEIX TIEPEMEHHBIX ), €CJIM OHU UMEIT OHY U TY K€ CXEMY.

Teopema 52 (nepeMMeHOBaHME CBA3AHHBIX NEPEMEHHBIX).
IlogobubIe GopMyaBI JOKA3yEMO DKBUBAJIEHTHEHL.

<1 JokaxkeMm ABe MPOCTHIE JEMMHBI.

Nemma 1. Ecau dopmyna ¢ HE COAEPKUT TIEPEMEHHOU 1)
(HU CBSI3aHHO, HU CBOGOHO), TO (HPOPMYJIEL

Vép um Vne(n/é)

JOKa3yeMO DKBMUBAJEHTHBL.
HMokazareabcTBo. B camom zmese, moacTaHOBKA KOPPEKT-
Ha, TAK KaK B ( HET KBAHTOPOB 10 7). I[lopToMy BBIBOAUMA
dopmyaa
VEp — (n/§).

JleBasg 4acTb €€ HEe COJEpPKUT MEPEMEHHOU 1), TMOITOMY IO
mpaBuiay bepHanca MOXHO BHIBECTH

VE @ — Vne(n/€).

B o6paTHy0 cTOpOHY: IOACTAHOBKA & BMECTO 1) B POPMY-
ay ¢(n/€) xoppekTHa (IOCKOIBKY 1) ObLIA OACTABICHA BMe-
CTO CBOOOMHBIX BXOXKACGHUU £, TIPU OOPATHOU TIONCTAHOBKE
nepeMennas  He nouagéT B 00MACTL NEUCTBUS KBAHTOPOB
no Hen) u gaér gpopmyiay . [losromy dopmyaa

Vnp(n/&) — wn/&)(E/n)

wiy, 9TO TO XKe caMoe,

Ynen/&) — ¢

ABAgeTCA akcnoMon. OcTanroch TpUMeHnuTs Tpasuio bepuan-
ca, 3aMeTHUB, UTO B JIEBYIO YacTh HepeMeHHas & cBOOOIHO He
BxOAuT (BCe CBOGOIHbIE BXOXKIEHWs OLLIM 3AMEHEHBL HA 7]).
Jlemma 1 goxazana.

AmanoruvyHoe yTBepKIeHUE A1 KBAHTOPA CYIIECTBOBA-
HUA OOKa3BbIBACTCA TOYHO TaK 2Ke€.
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Jlemma 2. 3amena moapOPMyJIEI HA TOKA3YEMO DKBUBA-
JEHTHYIO Oa8T HOKA3YEMO DKBUBAIECHTHYIO (DOPMYJIY.

JokazareabcTBo. Kak MbI Bugenu Ha c. 171, nokaszyemas
SKBUBAJEHTHOCTL COXPAHACTCA TIOCTE HABEITNBAHNA KBAHTO-
pa:ecmm a ~ o', To V€ ~ Vo' m I a ~ F¢ &' (cumBon ~
31eCh 0003HAUAET JOKA3yeMYIO DKBUBAJIEHTHOCTH). Kpowme
Toro, w3 @ ~ & u § ~ ' caemyer, uro (a A B) ~ (&' A B),
(@VB) = (@ VA, (a—B) = (@' —f) u ~a = -
(B sToM Jlerko y6eauThCs, HANUCAB IOAXOSIINE [IPONO3U-
[UOHAJBHBIE TABTOJOTHH. )

Temept yTBEpXKIEHUE JEMMBI JETKO A0KA3ATh WHIYKIIA-
e (Ha4aB ¢ 3aMeHEHHOU mOADOPMYJIEL U PACCMaTpUBas BCE
foJee IIMHHBE 9acTH (HOPMYJH). Jlemma 2 qoka3aHa.

JlemMmbr 1 11 2 TO3BOJIAIOT HAM 3aMEHATD TTEPEMEHHBIE BHY-
TPU PAMOK CXEMBbL Ha, HOBEIE (paHee He UCIOAL30BAHHLIE) 116
PEMEHHBIE, TOMyHas JOKA3YEMO SKBUBAJIEHTHYIO U TIOTOGHY IO
ucxoauon Qpopmyay. TakuMu 3aMeHAMET MOKHO U3 IBYX TO-
DOOHBIX (POPMYJ MOJIYYUTH TPETHIO, UCHOIB3YS IS 3aMe-
HBI ONHU W T€ Xe mepeMmeHubie. [Ipu 3ToM 06€ UCXOMHBIE
GopMyIBI TOKA3yeMO DKBUBAJEHTHBI TPETLEU, a 3HAYUT, U
APYT APYTY.

(AcnonbzoBanue Tperhen GOPMYIILL CyMIECTBEHHO: MEL HE
MOXKEM TPeoOPa3OBaATE TEPBYI0 (POPMYIY Cpas3y BO BTOPYIO,
TaK KaK TPU 3aMEHe TEPEMEHHBIX B PAMKAX MOXKET HE BHI-
HOMHATLCA yCIOBUE JeMMEL 1.) [>

AkkypaTHOe 0OpallieHne CO CBA3aHHLIMU U CBOGOHBI-
MU TIePEMEHHBIMEA — TPAJUIUOHHASA TOMOBHAS GOIb aBTOPOB
y4e0HUKOB 10 Joruke. Haubosee pasuKaibHLIA 1I04X01 —
BOOOINE U3THATH CBA3AHHBIE TEPEMEHHBIE, 3AMEHUB UX KBa-
JPATUKAMU CO CBABAMU MeXAy HuMu. Torga mpu moncTa-
HOBKE MOXHO HU O 9éM HE 3a00TUTHCA. 3aTO (POPMYJILL IIe-
PECTAIOT OBITH MOCAENOBATENLHOCTAMEA CUMBOJIOB, 8 CTAHO-
BATCA OOBEKTAMHI CO CJAOKHOU CTPYKTYPOU. (DTOT MOAXOM
ucnonb3oBad B kuure Bypbaku Teopus muoocecms [3).)

Menee paguKaIbHBIA BAPUAHT COCTOUT B TOM, ITOGHI
pPa3equTh MePEMEHHBIE HA ABa TUMA — CBOOOAHBLIE W CBA-
3aHbbie. Tak nenaeTcs, HAPUMED, B KJIACCUIECKOU KHUT'E
Iuis6epra u Bepranca Ocnosanus mamemamury [8]. Torga
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MOXKHO CMeJO MONCTABAATEL TEPM BMECTO CBOOOMHOU TEpe-
MEHHOU, 3aTO [IPY HABEIIMBAHUKA KBAHTOPA HATO 3aMEHATDH
CBOOOIHYIO TIEPEMEHHYIO Ha CBI3aHHYIO.

Emé oqun BapmaHT — AOTOBOPUTHCA, UTO TPU TOACTA-
HOBKE TepMa BMECTO CBOOOTHOU MEPEMEHHLIX aBTOMAaTHh4e-
CKU MPOUCXOAUT [EPENMEHOBAHNE CBA3AHHBIX MEPEMEHHBIX,
CO3AIOMNX KOITU3NH.

Bcé »10, KOHEUHO, MEJIOYH — HO AOCATHBIE, OCOOEHHO ec-
JIX CTPEMUTHCSA K KPATKOCTH, ACHOCTH U HaryagHocTu. Cie-
OB MYYUTENBHBIX PA3AYyMUNM HA TOMOOHLIE TEMLI BUIHBEI B
npuMedanun Ha c. 101 -102 xuuru Kawau Mamemamuue-
cxan aoeura [16]: Tunsbept n Bepwanc (...) u gpyrue as-
TOPBI UCIOJB3YIOT JAJs OOO3HAYEHUA CBOOOMHBIX U CBI33H-
HBIX [IEPEMEHHEIX pPa3Hble OyKBEHL (. ..) MbI ciegoBanu 31o-
My mpaBuiay B Tedenue gecaruietus (...) Cemdac xe Mbl
TBEPIO YOEK IEHBI, 9TO UCIOIB30BAHNE IMHOTO CIIUCKA, TIe-
PEMEHHBIX 1T CBOOOAHBIX U 3aMKHYTBHIX BXOXJICHUU AT
HeOOJIBIIOe, HO TyBCTBUTEJILHOE MPEUMYIIECTBOY.

C 5TuM CBA3AH U IPYTON BHIOOP: KAK OMPENEIATH UCTUH-
HOCTH (popmyan. TyT ecTh ABE BO3MOKHOCTH: MOXKHO OIIPeLe-
JSITH UCTUHHOCTH (POPMYJIbl Ha OneHKe (IPU NAHHBIX 3HAe-
HUAX MapaMeTPOB), & MOXKHO POBOPUTH TOJBKO O 3AMKHY THIX
dopmynax, BBOAsS KOHCTAHTBL M BCEX DJIEMEHTOB UHTED-
nperanuu. U ToT, 1 Apyrou crnocobbl UMEIOT HEJOCTATKHA, &
BBIOOD HAMU MEPBOr0 MOAX0Ma — PE3YJILTAT HE €IUWHO IV I
aBTOPOB, a BOJIEBOT'O PelIeHNA.

4.7. NpensapeHHas HopManbHas dopMa

ToopsaT, 4To GopMyna HAXOAUTCA B NPedsapénnoti nop-
MaAbHOT Popme, €CIU BCE KBAHTOPLI B HEU BLIHECEHLI HaJe-
BO, TO €CTh €CIM OHA UMEET BU]

Q161 - - Qrrps
rae Qq,. .., Qr — KBAaHTOPLI BCEOOIIHOCTY WX CYIIECTBOBA-
uus, &1, ..., & — MEepeMeHHsIe, a ¢ — OEeCKBAHTOPHAA (HOp-

MyJa. DTa (OPMYJIa MOXKET MMETh mapaMeTphl (ecau dpop-
MyJIa (¢ UMEeeT IapaMeTpbl, OTAWIHbIe OT &1, ..., E¢L).
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OCHOBHOU pPE3yIBLTAT DTOTO Pa3jgena TVIACHT, UTO BCA-
Kag (popmyaa (IOKa3yeMO) SKBUBAJICHTHA HEKOTOPOH (Gop-
MyJe B NpeIBapéHHON HOPMaabHOU dopMme (npedsapénmnot
Popmyae). Mbl moKaxkeM ero, OJHOBPEMEHHO MOCTPOUB He-
KOTOPYIO KIacCupuKauuio Gpopmy.1 (B KAKOM-TO CMBICJE OT-
PaXKAIIIY UX IOTHIECKYH0 CJAOKHOCTH»). B kKauecTse me-
PBI CIOKHOCTU MOYKHO OBLIO OBl B3ATH YUCJAO KBAHTOPOB B
npeasapéuuon HopMaibHon (opme. Ho npasuibuee yauThI-
BaTh YUJIO TPYII KBAHTOPOB (CIATAA OJHOMMEHHBIE PAIOM
CTOAIME KBAHTOPHI 38 OJIVH).

ToBopsar, uTo npeaBapéHHas HGOPMYIa ABAAETCA X,,-DOP-
MyJIOH, eCau €€ KBAHTOPHAA MPUCTABKA CONEPKUT 7 TPYIII
KBAHTOPOB, IPWIEM MEPBEIMU CTOAT KBAHTOPEI CyIECTBO-
BaHUA. FKCau mepBBIMYM CTOAT KBAHTOPHI BCEOOITHOCTH, TO-
Bopsar o kiacce II,,. (Ananoruyuueie 0603HAMEHUS UCLIOAL3Y-
I0TCA B TEOPUU AATCOPUTMOB [Ad Kaaccupukanuu apudme-
THYECKUX MHOXKECTB, CM. [5]).

ITpumep: Gopmyaa VeIyIzVu (A(z,u, z) — B(z,u)) upn-
HaguexuT kiaccy Iz, popmyaa Fuve C(u,v) npunagiexur
Kaaccy Yo, adopmyaa Ve (A(x) — JyB(z,y)) Boobe ue Ha-
XOJUTCA B MPEABAPEHHON HOPMATBHOU (popMe.

103. Yxaszars GopMyILy B IpeaBApEHHOM HOPMAIBHOU (HOP-
Me, NOKA3yeMO JKBUBAJCHTHYIO MOCHCIHEN U3 TEPEIUCICHHBIX
dopmyI.

Hac maTepecyer, 9TO NPOUCXOAUT C U3MEPAEMON TAKAM
06pa30oM «WIOTUYECKOU CJIOKHOCTHIOY (POPMYJILI IPU JOTUIE-
ckux omeparuax. HavuéM ¢ coBceM TPOCTHIX HAGJIIOCHUN.

e Bcesaxkas dopmyna ms kiaacca X, wim I, mokasyemo
DKBUBAaJEHTHA (POPMYJIE U3 KIacca Yy 11, a TaKKe dhop-
Mye u3 kiaacca 1, 41. B camom mene, ecim dopmysna
1) He UMeeT mapaMerTpa 1), TO OHa OyJeT KOKa3yeMmo
SKBUBAJEHTHA GpopMmyaam Jn ¢ u Vn v (ogHa nMminka-
WA ABIAETCA AKCUOMOU, TPYTAT MOTYIAeTCA U3 1) —
— ¢ no upasuny Bepuaiica). Takum 06pasom, MOXKHO
T00aBUTL (PUKTUBHBLIM KBAHTOD B HAYAJIO KBAHTOPHOU
MPUCTABKU WM B €€ KOHEel; BO BTOPOM CJIydae HamIo
COCIATBCA Ha JeMMy 2 pasgena 4.6 (c. 190).
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e Orpunanve a1060u HOPMYJILI U3 KIACCA X, TOKAZYE-

MO KBUBAJIEHTHO HEKOTOPOU dropmyJe u3 xiacca I, u
Haobopot. B camom meme, Ml Bugenn, 9o —3€ ¢ BBI-
BOIUMO DKBUBAJIECHTHO VE —1) m Hao60poT (c. 172), Tak
YTO OTPULIAHWE MOXKHO IPOHOCUTL BHYTPb, MEHASI IO
XOIy [eJa KBAHTODPHI HA, TBOUCTBEHHBIE.

TToxaxkem, 9T0 KOHBIOHKITHA ABYX (popmys u3 II; moka-
3yeMO DKBUBAJCHTHA HeKoTOpou dopmynae u3z I1;. Ha-
npumep, KouboHKIUA Vo A(x) A Vy B(y) nokasyemo
skBuBaseHTHa Qopmyie VeVy (A(x) A B(y)). B camom
JeJie, UCTIONb3YA AKCUOMBL IPO KBAHTOP BCEOOGIIHOCTH,
MoxkHO 3 Vz A(x) BeBecTn A(z), a us Vy B(y) BB
Bectu B(y), no>TOMY U3 MX KOHBIOHKIAW BBIBOJWTCS
A(xz) A B(y), mocae 9ero MOXKHO HABECUTDH IBA KBAHTO-
pa BceobumocT. B npyryro cTOpoHY: BEIBOAUM (HOD-
myay VaVy (A(z) A B(y)) — A(z), 3arem npumensem
npasuio Bepuanca u T. 1.

104. TTokaxxuTe, YTO MOXHO COKOHOMUTEL OAWH KBAHTOD U
ucnoab3osBaTh Gopmyry Ve (A(z) A B(z)).

Obmiee paccyxaenue (Aaa mOOBIX IBYX (HOPMyJ U3
kiaacca II;) mouru cToab xKe mpocTo, HALO JULIL Le-
PEMMEHOBATH CBA3AHHLIE TIEPEMEHHBIE, TOIb3YACH TE€O0-
pemon 52 (c. 189).

AHATOrUYIHO MOXHO JA0KA3aTh, UTO AUIBIOHKINA IBYX
hOpMYT M3 KIACCA X TOKAZYEMO DKBUBATEHTHA HEKO-
Topont ¢popmyste kaacca Yq. (Moxuo Takxke neperTu
K IBOUCTBEHHOMY Kaaccy Ilj, BOCIOIB30BABIIACE yKE
U3BECTHBIMA CBOUCTBAMY OTDUIAHUA. )

ITokaxxeMm Tenepb, YTO KOHBIOHKINA IBYX (HDOPMYJI U3
KJjacca Y, JOKa3yeMo HKBUBAJEHTHA (OpMYyJe KIac-
ca Y1 W 9TO OU3BIOHKINA OBYX ¢popmya Kaacca II; mo-
Ka3yeMoO DKBUBAJIEHTHA (popmyae kaacca Iy, Mg sTo-
O HAJO0 BOCIOAB30BATHCA DKBUBAJCHTHOCTAMU BUIA,

Jdz A(xz) A Jy B(y) < Jx3y(A(x) A B(y))
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Vo A(z) V Vy B(y) < Vavy(A(z) V B(y)).

OTMeTuM KCTaTw, YTO B HAX YK€ HEIb3s COKOHOMUTH
KBaHTOD; Hanpumep, popmyaa 3z (A(x)AB(x)) ue pas-
HocwibHa dopmyte Jx A(x) A Iz B(x). (B oxnom us
BRICTYILICHUE BpeMmén Havana mepecrpouku M. C. ['op-
6a4€B CKa3aJs, YTO HyXKHBI «IIPEeIaHHbIE €Ty COLUANN3-
Ma, HO KBAIUQUIMPOBAHHLIE CTENUAJUCTHY — BIPO-
YeM, B Ta3eTHON MyOIMKAIIMN «HO» OBLIO 3aMEHEHO Ha
HEUTpaabHOe «@». Tak BOT, UX CYIIECTBOBAHUE HE BBI-
TEKAET U3 OT/IEIBHOrO CYIIECTBOBAHUA TEX U IPYTHUX.)

Yka3aHHBIE 3KBUBATEHTHOCTU, KAK JETKO BUIETH, 00-
MIE3HAYUMBI ¥ IOTOMY BBIBOAMMEBL. JTO COBCEM IIPOCTO
HOHSATH [1JIs IEPBOU U3 HUX (ITOOBI HAUTY APy 0O HEK-
TOB C 33JaHHBLIMU CBOUCTBAMH, HAZO HAUTHU OTIEIHHO
LEPBLI ¥ BTOPOU WIeHHL napsbl). Bropas sksusasent-
HOCTH HEMHOTI'O CJOXKHEE — IPOIIE BCETO 3aMETHTD,
YTO OHA TEPEXOAUT B TEPBYH TPHU JOOABICHUU OT-
punanusd. (Boabmas cI10KHOCTDL OTpaxkaeT TOT (PaxT,
9TO BTOPAA DKBUBAIEHTHOCTH, B OTJIMYIUE OT IIEPBOH,
He ABIAETCA UHTYUIMOHUCTCKA BEPHOU. )

Teneps Jerko MOHATH, YTO KOHBIOHKINA U IU3BIOHK-
nuA 1ByX (GopMya u3 Kaacca %, (mmm II,) nokasyemo
SKBUBAJEHTHEL (pOPMyJaM M3 TO'O ke Kiacca. B ca-
MOM [JeJie, ¢ IIOMOIIBI0 YKA3AHHBIX BBIIIE DKBUBAJICHT-
HOCTEU MOXKHO CJUThH KBAHTOPHLIE TpUCTaBKU. Hampu-

mep, dpopmyaa
Vz3dy A(z,y) V YuTv B(u,v)
IOKa3yeMO SKBUBAJICHTHA CHada1a dhOpMyIe
Vavu (3y A(x,y) V Jv B(u,v)),
a 3areM popMmyae

VaVudydv (A(z,y) V B(u,v)).
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105. Kax CoKOHOMUTH OAWH KBAHTOP B DTOM Ipeo6pa3oBa-
‘7
HUM!

Temneps BCé rOTOBO Il JOKA3ATEILCTBA, YIIOMAHYTOIO B
Havajge pa3jena pe3yabTaTa.

Teopema 53 (0 npengapénHoii HopmansHo dopme). Jlio-
6as (popMyJIa MPOU3BOILHON CUIHATYPEL JOKA3YEMO DKBUBA-
JIEHTHA HEKOTOPOU (GOPMYyJIE TOU XK€ CUTHATYDHI, UMEIOIIEeN
TIpeIBAPEHHYI0 HOPMATBHYIO (POPMY.

< Mapyknua no nocrpoenuto ¢opmynasl. Jas aromap-
HbIX Qopmyn 310 oveBuauo. OTpuuanue mnepeBogut GHop-
MyJay Kiaacca X, B kiaacc I, m mHao6opoT. KoHbIOHKIINA U
TUIBIOHKINSA: TIPUBEIEM KaXK Y0 (POPMYLY K IPEIBAPEHHON
HOpMAIbLHOU (popMe, 3aTeM 106aBuM (PUKTUBHEIE KBAHTOPLI
TakK, ITOOBI OHU TIOTIAIN B OMWH KJIACC, & 3aTEeM BOCTIOIb3Y-
eMCs JOKA3aHHBIM yTBepxkgeHuneM. UMminkanus ceogures K
[AU3BIOHKIAU 1 OTPULAHUIO (¢ — 1) JOKA3yeMO SKBUBAJEHT-
HO ¢ V). >

OrmeruM, 9TO HE (POPMYIAUPOBKA, HU TOKAZATEABLCTBO
JTOU TEOPEMEI HE NMPEANOIaraloT 3aMKHYTOCTH (OPMYJIBL.

106. IIpusecTu kX mpegBapEHHON HOPMAALHOU (popMe popMy Iy
Vo A(z) — Vz B(x).

107. ®opMyanl ¢ U 1) IPUHAAIEKAT KIACCY Ly, . Hamaém pop-
MyIy B IpPeIBApEHHOM HOPMAJIBHOU (OpMe, BEIBOAUMO DKBUBA-
aenTHYIO hopMmyae ¢ — 1. B kakom kmacce ona okaxerca? (Yka-
3aHME: BO3MOXKHEI DA3HBIE BAPUAHTEL )

108. TIprMeHUM OTUCAHHBIA METOM K 00Ie3HaauMon Gopmy-
e JxVy A(z,y) — VyIrA(z,y). Kakas npegsapénnas popmyaa
noayunrca?! (Ecrecrsenno, ona Oyger 00we3HAIMMON. )

4.8. Teopema JpbpaHa

EcrecTBeHHO 0XKKUAATE, YTO BOLPOC O BEIBOAUMOCTH (WK
00LIE3HAMUMOCTH) (POPMYJIBLL TEM CJIOKHEE, UeM CAOKHEE Ca-
Mma dpopmyaa. B oToM pasgene (a Takke B CACTYIOMIEM) MBI
paccMoTpuM ero mia GOpMyJI Kracca L, u IL,.

Haxuuém ¢ camMoro mpoctoro ciaydas — OeCKBAHTOPHBIX
dopmya. IlycTs p — 6eckBanTopHaA popmyaa. [locmoTpum,
73 KaKUX aTOMAPHBIX (DOPMYJ OHA COCTABJEHA, U 3AMEHHUM
UX HA IPONO3ULUUOHAJBHLIE epEeMeHHbIe (pa3Hble — Ha Pa3-
HEIE, OJIMHAKOBLIE — Ha OJUHAKOBHE). [loayuaurca ¢popmyaa
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JIOTUKU BHICKA3LIBAHUN, KOTOPYIO MBI OyIe€M HA3KIBATH NpPO-
momunom Gopmyast @. Umeer mecro cregyiomee (nodru
OYEBUHOE) YTBEDXK ICHUE.

Teopema 54 (BbIBOANMOCTb BeCKBAHTOPHBIX hopmyi). Bec-
KBAHTOpHAA (POPMYIa BHIBOAMMA (OOIIE3HATMMA) TOTAA U
TOJBKO TOI[a, KOrAa €8 MPOTOTHUIL ABISETCS TABTOJOMUEN.

< Ecan mpoToTun $hopMyasl ¢ ABIAETCA TABTOJOTUEH,
TO (OpMyJIa @ FABASETCS HACTHBIM CJAy4YaeM IIPOMNO3UIUO-
HAJIBHOU TABTOJOTUU U TOTOMY BBIBOAUMA U OOIIE3HATUMA.

IlycTe mporoTun GpopMyJasl (¢ HE ABIACTCA TABTOJOLHU-
en. MOXHO cInTaTh, ITO POPMYIa © BAMKHYTA, TTOCKOIBKY
CBOOOHEIE TIEPEMEHHEBIE ¢ TOYKU 3PEHUA OOIIe3HAYUMOCTU
U BBIBOAMMOCTM HUYEM He OTAMYAOTCA OT KOHCTAHT (Mbl
y&Ke OTMEYAIN DTO MPU JA0KA3ATEIbCTBE TEOPEMBI O TIOJ-
soTre). [MocTpouM mHTEpHpeTanun, rae hopMyJaa ¢ OyaeT
aoxuou. Hocurenem eé 6yayT 3aMKHYTBIC TEPMBL. SHAYEHU
MPEINKATOB MBI TOA0EPEM TaK, YTOOLI aTOMAPHLIE (POPMY-
JILI TPUHUMAIA T€ CAMBIE 3HAMEHUA, KOTOPHIE JEMAI0T IPOTO-
TUI POPMYJIBI  JOKHBIM. DTO BO3ZMOKHO, TAK KAK 3HAYECHUS
PA3HBIX ATOMAPHBIX (GOPMYJI MOKHO BHIOUPATH HE3ABUCUMO
(570 3HAYEHUA MO0 PABHBIX MPEIUKATOR, 100 OJTHOTO U TO-
IO XKe NPejuKaTa, HO HA PA3HBIX TepMax). [

Y10 MOXKHO CKa3aTh MPO OOIIE3HATUMOCTE HhOPMYJIT KAAC-
cos II; u X7 Lius knacca II; Bcé npocTo: oOLIE3HAMUMOCTE
GopMyABI CO CBOGOTHBIMU TIEPEMEHHBLIMYU PABHOCUIBHA 06-
MIE3HAYAMOCTH €6 3aMBIKaHUA (KOTOPOE TOMYYIACTCA, €CIu
HABECUTH KBAHTODPLL BCEOOUIHOCTH II0 BCEM IEDEMEHHLIM ),
moaToMy GopMyas! kaacca Il mo cymecTBy HUYEM HE OTiIU-
qaITCA OT OECKBAHTOPHBIX.

Bompoc ans kaacca Y; pemaeTcsa CIeAyoIen TeOpeMOn:

Teopema 55 (Ip6pana). Popmysa 3¢ ... I ¢ (rae dop-
MyJa ¢ — OGeCKBAaHTOpHAA) OOCIIE3HAYAMA TOTIA M TOJBKO
TOra, KOrAa HAMAETCA KOHEYHBIN CIIMCOK I10ACTAHOBOK

o(ti/&, .-ty /Er)s
o(ur /&, .. ur /&),

o(wi /&1, wi /&)
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(BMeCTO IepEMEHHBIX IMOJACTABIAIOTCA TEPMbI Hameﬁ CUT'HA~
TYPBL), SU3BIOHKINSI KOTOPBIX OOLIe3HAMUMA.

3aMeTuM, UTO AUIBIOHKIINA, O KOTOPOU UAET PEUb B Te-
opeme, ABIACTCA OeckBaHTOpHOU hopmyaon. 1o Teopeme 54
OHa O6H_[e3Ha‘{I/IMa TOr'Ia U TOJBKO TOr'Za, KOrga sABJIAETCA
TaCTHBIM Cayvae HpOHOSI/IHI/IOHa,JIBHOIU/I TaBTOJOT'NNU.

IIpexae weM AOKA3LIBATL DTY TEOPEMY, IPUBEIEM TIPU-
mep. Pacemorpum ¢popmy.ry

Jz (A(c,z) — A(z,d))

(B xoropou ¢ u d — koHcTaHTEL). OHa OOLIE3HAYNMA; COOT-
BETCTBYIOLMI HAGOP COCTOUT U3 IMOACTAHOBOK ¢/x u d/z. B
caMoM fene, (hopMyIa

(A(e,¢) — A(e,d)) V (Ale, d) — A(d, d))

UCTUHHA KakK npu ucTurHoM A(c,d), Tak u mpu J0:KHOM. 3a-
METHM, 9TO B DTOM TPUMEPE HAM MOHATOOWINCEH TBE TOI-
CTAHOBKU.

< [lokazarenbCTBO Teopembl JpbOpana. B omny cropo-
HY YTBEPXKIEHWE OYEBUIHO: €CJIU OOIIE3HATUMA MTU3BIOHK-
Ius IOACTAHOBOK, TO Ob6mIe3HaduMa (hOpMyIa ¢ KBAHTOPOM.
(MBI y2Ke UCHOMB30BAIN DTO IPU SIUMUHALNNA KBAHTOPOB B
pazzene 3.6 Ipu I0KA3aTEIbCTBE TEOPEMEI 28.)

HMokaxxxem o6paTHOE yTBEPKIEHNE. BymeM CIuTaTh, 9TO
opMyJIa @ He CONEPKUT IIEPEMEHHBIX, KpoMe 1, . . ., & (kax
MBI YK€ 3aMedajn, OCTAJbHBIE MEPEMEHHBIE MOXKHO 3aMe-
HUTH KOHCTaHTamu). Paccmorpum (6eckOHEUHOE) MHOXKECT-
BO pOpMYT

_‘<p(tl/€1’ s 7tk/€k)

A BCEBO3MOXKHBIX HAOOPOB 3aMKHYTBIX TEPMOB t1,...,¢x.
Ecau 570 MHOXECTBO IPOTUBOPEYUBO, BCE T0KA3aHO (Torga
BBIBOAUMA, AU3BIOHKIIUA MOACTAHOBOK, OTPUIAHUA KOTOPBIX
ACTIONB3YIOTCA TPU BBEIBONE TPOTUBOpedns). Ecau oHO He-
[IPOTUBOPEIUBO, TO CYIIECTBYET HHTEPIPETALN, B KOTOPOU
Bce 3T POPMYJIBl UCTUHHBL. MBI HE MOXEM YTBEDKIATH,
YTO B DTOU WHTEPIPETAIAN JOXKHA (POPMYIa

SIS 93
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(HOCUTENb MHTEPIPETALINA MOXKET COAEPIKATH DJIEMEHTHI, He
ABJAIOMINECs 3HAYEHUAMY 3aMKHY THIX TepMoB). OpHako ec-
JI MBI BLIOPOCUM JIUITHAE DJEMEHTHI M OCTABUM TOIBKO 3HA-
YEeHUA TEPMOB, TO 3Ta (GPOPMYJIA CTAHET JOKHOW, TaK UTO
oHa He o0Ie3HadInuMa. >

3aMeTuM, 9TO TeopeMmy JpOpaHa MOXKHO CHOPMYJIUPO-
BATh YUCTO CUHTAKCUYECKN: €CIW BHLIBOAMMA Y1-(popMmyJaa
3¢ ... Ik, TO MOKHO HAUTU KOHEIHOE TUCIO IO CTAHOBOK,
MU3BIOHKINAA KOTOPHIX BHIBOAUMA. MOXHO TNpPEIIOKUTL U
TOKA3ATEILCTBO, HE UCIOIB3YIOMIEe TIOHATHA OOIIE3HAINMO-
cru. Takoe 1OKa3aTENBLCTBO NIPUBEIEHO, HAIIPUMED, B KHUT'E
Kaunu [16] (f14 reHIEHOBCKOT0 BAPUAHTA UCIUCACHUS IPe-
aukaTtos) n B kuure [Mléudunga [31] (411 rure6epToBCKOTO
BapuaHTa). CHHTAKCUIeCKOE JOKA3ATENIbCTBO (B OTINYIE OT
HALEr0) KOHCTPYKTUBHO: IO BBIBOAY %1-(OPMYJIbI MOXKHO
AMCOPUTMUAIECKY YKA3ATh COOTBETCTBYIOIINE TEPMBL.

Ecau curaarypa He cORepxKUT (PyHKIUOHATLHBIX CHMBO-
JIOB, TO TeopeMa JPOPaHA MO3BOAAET AITOPUTMUIECKHA TIPO-
BEPUTH BHIBOJAUMOCTD (POPMYJI KIACCA X1, MOCKOIBKY TUCIO
BO3MOXKHBIX IIOICTAHOBOK KOHETHO. JTO K€ MOXKHO CKA3aTh
u 1po GpopMyasl kaacca Iy, Tak KAk BHEINIHHE KBAHTOPLI
BCEOOITHOCTH MOXKHO OTOPOCUTD, HE MEHAA BEIBOJAUMOCTH.

EcTecTBEeHHBI BOMPOC: MOXHO JU TOCTPOUTH AHAJIOT Y-
HBIE AICOPUTMBL LIS Clepyiomux kiaacco? OTpunareasHbin
OTBET AAETCA B CACAVIOUIEM Da3nese.

4.9. CkonemMoBCKHe pyHKLUM

B sTom pasgesne MBL B pasHBIX (POPMAX UCIOIB3YEM POBHO
OJHY UJ€I0: YTBepXKIeHne

Vody A(z,y)

PABHOCHIBLHO CyHIECTBOBAHKIO (PYHKIINM, KOTOPAA I10 JH060-
My % Ha€T Takou y, 910 A(x,y). DTO yTBEPKICHAE HEIb3A
3aMMCATh B BUAE DKBUBATCHTHOCTH

Vedy Az, y) < IfVz Az, f(z)),

MOCKOJIBKY B HAIIEM SI3BIKE HET KBAHTOPA MO PYHKIUAM U 3 f
MBI TICATH HE MMeeM mpaBa. (f3eIKu, comepikamme KBaH-
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TOPBI MO MHOXKECTBAM W (DYHKIMAM, HABBIBAIOTCS A3BIKAMU
8MOPO20 NOPAJKG U MBL UX HE PACCMATDPUBAEM.)

Tem HE MEHEE DTO YTBEPKICHUE MOKHO CHOPMYJIUPO-
BaTb U B HAIIMX TepMuHAX. IlycTs, Hanpumep, umeeTcs Gpop-
MyJa @ C AByMA mapaMerpamu & u y. Torma samkmyTas
dbopmyra Vrdy ¢ BHLITOTHAMA TOTAa M TOJIBKO TOTAA, KO-
rpga seioanuMa gopmyaa Veo(f(z)/y), rae f — HOBBI O4-
HOMECTHBIM (DYHKIMOHAILHBIA CUMBOIL. (AKKypaTHBII YUTa-
TeJb TONPABUT: HAMO eme TpeGoBaThb, YTOOBI MOACTAHOB-
ka f(z) BMecTO y ObLIa KOppPeKTHA. MEI yiKe 3HaeM, UTO Te-
PEMEHHLIE MOXKHO [IEPENMEHOBEIBATD, HOSTOMY Oy €M JErKo-
MBICJEHHO CIUTATh, 9TO BCE HEOOXOAMMBIC IEPENMEHOBAHIA
y¥Ke CIeTaHH. )

Ananormaroe npeo6pa3OBaHue BEIIOIHUMO U IJIA IPOU3-
BOJBHEIX MpeaBapéHunx (Gopmya. Hanpumep, ¢popmyna

VaVy3zVudv p(z,y, 2, u,v)

BEITIOJTHUIM A& TOF,E[& " TOJBKO TOI",/I&7 KOF,ZLa BBITIOJITHUM Q CbOp—
MyJaa
VavyVu p(z,y, f(2,y),u, 9(z,y,u))

(smecw p(x,y, 2, u,v) — HOpPMyJa, HE UMEOIIAA TaPAMETPOB,
KpOMe .T, y7 27 u7 U? 3aIncChb SO(:L’7 y7 f(m7 y)7 u? g(m7 y7 u)) 060_
3HAMAET PE3yJbTAT COOTBETCTBYIOIIUX IIOICTAHOBOK, KOTO-
PHIE MBI TIPEATIONATAEM KOPPEKTHEIMA, & f 1 g — (PYHKINO-
HAJbHBIE CUMBOJIBL, HE BCTPEYAOMIUecs B POPMyJE ©).

Cxoar0€ TPeoOpa30BAHIE UMEIOT B BULY IPETONABATEIN
MATEMATHIECKOTO AHAMN3A, KOTOPLIC MHOTA BAMUCHIBAIOT
oupepgenenue upegena (Ve3d . ..) B HECKOIBKO CTPAHHOU AJisl
aoruka dopme Vedd = §(¢) ... — umeerca B BUay, ITO €Cau
A KaXKJIOrO € HAUAETCA ¢, TO DTO CAMOE 0 MpEACTABIACT
coBOU (PYHKIIUIO OT E.

OTMeTnM, 9TO BTO PACCYXACHUE UCIOIB3YET AKCHOMY
BHIOODA, KOTIA U3 PA3IUIHBEIX BO3MOXKHEIX ([ JAHHOTO €)
3HaYEeHUN ¢ MBI BEIOMPaeM KaKOe-TO OLHO U OOBLABIAEM €0
3HadeHueM pyHknuu £(4).

109. Kazamochk ObI, BBIOOD ¥ B NPUBEJEHHOM BHIINIE IIPU-
Mepe 3aBUCUT OT I,Y,Z,U, TAK UTO CIEAOBAJIO OBl HANUCATH
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geMy 3TO AOIyCTUMO?

Ucnonw3ys onucanuoe mpeoOpas3oBaHue, MbI IPUXOIUM K
TAKON TEOpEMe:

Teopema 56. [lia BCAKOU 3aMKHYTOU (POPMYJILL T CUTHA-
TYPBL 0 MOXHO yKazaTh ¢gopmyry 7' kaacca II; curmary-
Pl 0 ¢ TO0ABICHHBIMU (PYHKIIMOHATBHBIMU CUMBOJAMY, KO-
TOPasA BBIIOJIHUMA, WU HEBBITIOJIHUMA, OJZHOBPEMEHHO C (hOp-
myaon 7. Ilpm sToM mpeobpasopanme T — 7' 3PEPEKTUBHO
(BBIMOMHAETCA HEKOTOPEIM ATTOPUTMOM).

< [puBens T x npegBapEHHOU HOpMaJAbHOU GOpPME, IMO-
JAYIUM [TOKa3yeMO SKBUBAJEHTHYIO GOPMY.Iy (BBIIOJHAMYIO
WY HEBHIMOJIHAMYI OXHOBpeMeHHO ¢ 7). [locae sroro npu-
MEHAEM OMMCAHHOE BEHIME MPEoOpa3oBaHue. >

DdopMysa T HEBBEIIOJIHAMA TOTAA W TOJILKO TOTAA, KO-
TIa €€ oTpulanue ooIme3HaInMo. [loaToMy HaIm paccyxae-
HUs [IOKA3BIBAIOT, YTO, CKaxKeM, ¢popmyaa —VzIy ¥ (z,y) 06-
LIE3HAYUMA OAHOBPeMeHHO ¢ dpopmyton —Vz ¥(z, f(z)). Buo-
€S OTPUIIAHNE BHYTPH U 3aMEHAA —) HA (o, TOMYIAEM TAKOe
yTBepKIeHue: HPOPMYILI

vy p(z,y) v Tz, f(z))

OJHOBPEMEHHO O0LIe3HAIUMEL. (DTO yTBEPKJCHUE TyTh Me-
Hee HATVIATHO, YeM JBOUCTBEHHOE €My YTBEPKICHUE O BHI-
noaauMocTu.) B obwem Buge gsouicTBenHOe K Teopeme 56
VTBEPKICHUE BLIDIAIAT TAK:

Teopema 57. [las BeAkon 3aMKHYTOU (HhOPMYJBI T CUTHA-
TYphl 0 MOXHO yKazaTb (POpMyJdy 7' Kiacca Yi CUTHATY-
PEL 0 ¢ TOOABIEHHBIMU (PYHKIMOHAILHEIME CUMBOJIAME, KO-
TOpas OOIIE3HAYNMA, WM HEOOIIe3HATNMA, OTHOBPEMEHHO C
dopmyon 7. Ilpu aToMm npeobpasosanue 7 — 7’ dpdeKTus-
HO (BBIIOJIHAETCSI HEKOTOPBIM aJIIOPUTMOM).

3ameTnm, 9T0 K popMysae 71 MOXKHO TPUMEHATE TEOPEMY
Opbpana (c. 196): oHa 06IIE3HAYMMA TOTAA U TOJLKO TOTA,
KOT' 13, TU3BIOHKITHA HECKOJILKIX ITOICTAHOBOK SABJIAETCSI TaB-
TOJOTUEH.

Teopema 0 TIOTHOTE MO3BOIAET 3AMEHUTH B DTOU (HOp-
MYJIAPOBKE OOMIE3HAYUMOCTD HA BBIBOJIUMOCTD: (DOPMYJIBI T
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n 7' OOHOBPEMEHHO BLIBOIWMEI. [lOCTe >TOr0 €CTECTBEHHO
HUCKATh ABHEIA METO[, KOTODPLIK Ipeobpa3yer BLIBOL (Hop-
MYJEI T B BEIBOJ (popMyJsl 7/ 1 0O6paTHO. Takoun MeTon nen-
CTBUTETHLHO CYHUIECTBYET, HO MJIA DTOr0 TpebyeTca Oosee me-
TAJILHBIA AHAIN3 CTPYKTYPHI BEIBOLOB, [IPX KOTOPOM yIOOHO
MOJIB30BATHCA UCIUCACHUAMY TEHIIEHOBCKOT'O TUIA.

Wnes ucnonbzoBanus (GyHKIWYA BMECTO TPYNI KBAHTO-
poB V3 Bocxogur k Ipbpany u Ckomemy. Takue QpyHKIMM
MHOTA HA3BIBAKOT (dPOPAHOBCKUMEUY WM «CKOJEMOBCKUMEY,
a ux go6aBIeHNe — «CKOJIeMu3anueny. KeTh Takxke TepMuH
«CKOJIEMOBCKAA HOPMATBbHAA (POPMa», HO 31ECH T00ABIAIOTCA
HEe (QYHKIUOHAIBHBIE CUMBOJBI, & MPEIUKATHLIE, U MOy Ya-
eTcsa HopMyTa He KIacca X1, Kak B TeopeMe 57, a KJaacca Xo.

Teopema 58 (0 ckonemoBCKOW HOpManbHOW dopme). s
BCAKOU 3AaMKHYTOU (POPMYJBL T CATHATYPHI 0 MOXKHO YKa-
3aTh GopMyay 7' KIacca Yo CUTHATYPHL 0 ¢ NOOABICHHBI-
MU OPEJUKATHBIMEI CUMBOJAMI, KOTOPasi OOIIE3HAYUMA, WK
HEOOIIE3HAYNMa, OMHOBPpeMeHHO ¢ gopmyaon 7. Ipu 3Tom
npeobpazoBanne T — 7' 3(PHEKTUBHO (BHIIOJIHACTCA HEKO-
TOPBEIM AJICOPUTMOM ).

< Kak u panbme, zam 6yzer yzoGHee rOBOPUTH O BBI-
TMOJHUMOCTH W JOKA3BBAThL, UTO A BCAKOU (HOPMYJIBI T
HauIETCS OTHOBPEMEHHO C Hell BRIOTHUMAS popMmyaa 7' n3
kiacca IIs. ITocTrpoenue Takon GOPMYJIEL MBI OOBACHUM Ha
mpumepe. [lycTs ucxonuas ¢popmyaa uMeeT BUI

VaeVyIzVuIv oz, y, z,u,v).

Mgt Teneps He MOXKeM BBecTH (PYHKUIUHU f U ¢, KAK 3TO Je-
Jganock Brimre, Ha ¢. 199. [losromy Mer BBegém npeguxarer F
u (G, 3aMeHANIME MPAdUKA 3TUX PYHKIUN, U HATUIIEM (HOp-

My.1y
VaVy3dz F(x,y,z)A
VaVyVudv G(z,y,u,v)A
VaVyVzvuv (F(z,y,2) NG (2, y,u,0) = @(,y, 2, u,v))

Ecau ucxonnaa ¢dpopMmysaa BBEIIOTHUMA, TO HOBAasg TOXKE BHI-
DOJHUMA: JOCTATOYHO B3AThH B KadecTtBe F u G rpaduku
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CKOMeMOBCKUX (yuknuu. Hampotus, ecim HoBas (opmyaa
BBIIOJIHUMA, TO BBIIOAHUMA U crapas (6osee TOro, us HO-
BOU (POPMYJIBL CJAEAYET CTAPasA): HANO B3ATH 2 U U COTVIACHO
TMEPBLIM [BYM CTPOKAM W 3aMETUTH, 9TO COTVIACHO TPEThEen
CTPOKE OHU IIOJOUIYT.

Taxas KOHCTPYKIIUA NPUMEHUMA K JTI000U TpeaBapEHHOn
dopmMe 1 1aET KOHBIOHKIMIO 15-popMya (MOCAeIHAS U3 KO-
Topeix Oyger gaxe u IIj-¢popmynon). A Mol 3uaem (c. 194),
YTO TaKasd KOHBIOHKIUA DKBuBateHTHA [I5-dhopmyre. >

110. JanTe CUHTAKCUIECKOE NOKA3ATEILCTBO TEOPEMBI O CKO-
JIEMOBCKOM HOPMAJIBHOU (popMe (IOKa3aB, ITO U3 BHIBOAUMOCTH
bopMyaEl cIeayeT BBIBOAUMOCTB €€ CKOJIEMOBCKOW HOPMATLHOM
dbopmer m HAO60pOT). (YKazaHue: >TO mpome, IeM Aaa GOopMyT
¢ GYHKIMOHAILHBIMU CUMBOJAMHI, U He TpeOyeTCsa UCIOTb30BATh
TPEHIEHOBCKOE VICIHCICHIE. )

YTBepkAeHUA HTOr0 Pa3jiena CBOJAT BOIPOC O BHIBOAU-
MOCTH TIPOU3BOJILHOU (POPMYJIBI UCIUCTCHUA TPEIUKATOB K
BBIBOAUMOCTH Y1 -(OPMYJIE (€ PYHKUUOHAIBHLIMY CUMBOLA-
mu). Ecau Mbl 3ampernaeM QyHKIMOHATBHBIE CUMBOJLL, TO
BOTIPOC O BHIBOAUMOCTHU TTPOU3BOJBHOUN (hOPMYJIEI CBOAUTCA
K BBIBOIUMOCTHU Xo-(OPMYJIBL.

Kak mer yBugum B pasgene 5.4 (Teopema Yépua, c. 232),
BOIIPOC O BBIBOAWMOCTHU MPOU3BOIBHBIX (DOPMYJ A3BIKA, TIED-
BOT'O HOPSIJKA HEPA3PEIIAM: HE CyMIECTBYET AICOPUTMA, KO-
TOPBIM OBI IO MPOM3BOJLHOU 3aMKHYTON (POpPMyJe OIpere-
Jst GBI, BEIBOAUMA, OHA WM HET. Pe3yJbTaThl DTOrO pasie-
JIa, [IOKA3LIBAIOT, 4TO yKe aas GpopMmy.a kiaacca X (¢ pyHk-
NUOHAJILHBIMU CAMBOJAME) Win Lo (6e3 HUX) TAKOIO aaro-
PUTMa HE CYMIECTBYET, MOCKOJBKY M3 HETO MOXKHO OBLIO OBbI
noxyuuTh u oomwuu anropurM. (B npensrgymem pasgene Mol
BUIEIHN, ITO I (POPMYJI KIACCA Y1 6€3 PYHKITMOHATHLHBIX
CUMBOJIOB TAKOHW aJTOPUTM CYIIECTBYET.)



5. Teopuu n mogenu

5.1. Akcuombl paBeHCTBa

IlycTs curmaTypa o BKIKOUAET B cebA TBYMECTHBIU Mpe-
IUKAT PABEHCTBA (3alUCHIBAEMBIN TPAIUIMOHHO & = Y).
NuTepnperariusa 5TOU CUTHATYPH HA3BIBAETCA HOPMATLHOMN,
€CaU TIPEAUKAT DABEHCTBA WHTEPIPETUPYETCA KAK TOXKIe-
CTBEHHOE COBIAJEHUE DJIEMEHTOB HOCHTEA.

Bosuukaer ecrecrsennniy Bonpoc. Ilycrs umeercs Heko-
Topas reopust T (MHOXKECTBO 3aMKHYTHIX (POPMyYJ) B s3BL-
Ke, CUI'HATYpPa KOTOPOrO BKJIIOYAET paBeHCTBO. Mbl 3HaeM
YTO TEOPUS UMeeT MOJENb (MHTePIPEeTALMo, B KOTOPOU BCe
dopmyasl u3 T UCTUHHLI) TOr4A U TOJABKO TOA, KOIAA OHA
HEIPOTUBOPEYNBa. B KakoM ciIydae OHA UMEeT HOPMAJILHYIO
MO€e1b (HOPMaJIbHY 0 HHTEPIPETALUIO, B KOTOPOU Bee Ghop-
myabl u3 T uctunHbL)?

YT106BT OTBETUTEL HA DTOT BOIPOC, BBEIEM aKCUOMBI pPa-
BeHCTBA. [lycTh 0 — mpomsBoabHaA curHaTypa. Axcuomamu
pasencmea B CUTHATYPE 0 OyayT GhOPMYTbI

Vo (x = x),
Vavy ((z = y) — (y = 2)),
VevyVz ((z =y) Ay = 2)) — (z = 2))

(Ha3pIBaEMEBIE AKCHUOMAaMU PeQUIEKCUBHOCTU, CUMMETDPUUHO-
CTU W TPaH3UTUBHOCTH). D10 emw@ He BcE. [lua xaxpmoro
PYHKIMOHATLHOT'O CUMBOJIA, MBI (DOPMYJIUPYEM aKCHOMY Pa-
BEHCTBA, KOTOPASA [OBOPUT, ITO €r'0 3HAUEHUE HE MEHAETCS,
€CJU apTyMeHTHI 3aMEHUTH Ha, paBHble. Hampumep, mas aBy-
MECTHOT'O (PYHKIMOHAIBLHOT'O CUMBOJA f COOTBETCTBYIOMIAIL
aKCMOMA, BHITVIATUT TaK:

Vo Vea Yy Vs (21 = 22) A (y1 = 32)) —
— (f(@1,91) = f(®2,92)))-
1 mpeaMKATHEIX CMMBOJIOB AKCHOMEL PABEHCTBA [OBODAT,

YTO UCTUHHBIM OPEIUKAT OCTAGTCA UCTUHHBIM, ECJAU 3aMe-
HUTH APIyMEeHTHI Ha paBHbe. Hanpumep, mis IBYMeCTHOIO
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TMPEIUKATHOTO CUMBOJIA, A aKCUOMa, TaKOBA:

Vi VooV Yy (21 = 2) A (y1 = y2) AN Az, y1) —
— A(z2,92))-

(HeT HeOOGXOAUMOCTHU CHEHUATILHO MOBOPUTH, ITO IPEIAKAT
OCTaBTCA JOKHBIM TIPU 3aMEHE apLyMEHTOB Ha PABHBIE, TAK
KaK PaBEHCTBO CUMMETPUIHO. )

Teopema 59 (nonHoTel ans HopmanbHbix Moaenen). Teo-
pus T cuUrHATYpPBI 0 C PABEHCTBOM UMEET HOPMAIBHYIO MO-
[eJb TODAA U TOJIBKO TOLIA, KOTJa OHA OCTAETCA HEIPOTH-
BOPEYMBOU NPU TOGABICHUM AKCUOM PABEHCTBA.

< Ilpex e Bcero 3aMeTUM, UTO TEOPEMBI O KOPPEKTHO-
€T U HOJAHOTE (pazfer 4.5) NO3BOMAI0T FOBOPUTE O COBMECT-
HOCTH BMECTO HEIIPOTUBOPEIUBOCTH.

B mopmansnon momenu Teopuu 1 aKCHOMBL PaBEHCTBA
MCTWHHBL, TAK 9TO B OAHY CTOPOHY yTBEPKIECHUE TEOPEMbI
ouyeBuau0. Ham ocramock nokasars, 9T0 ecam Teopus 1 co-
BMECTHA ¢ AKCHOMAMM PABEHCTBA, TO OHA UMEET HOPMAJb-
HYIO MOJEb.

BoabMéM MPOM3BOALHY 0 MHTEPITPETAIINIO, B KOTOPOU WC-
TUHHBLI popMyast u3 T m akcuoMbel paBencTra. Illycts M —
eé mocuTenb. B pToM MHTEpIpeTaluu TpeinKkaT = He 004-
3aH OBITH HACTOAIIMM PABEHCTBOM; OH MPEACTABIAET COOOU
HEeKOTOpOe GuHapHOe oTHomeHre Ha M. IlockoabpKy BBHITOI-
HEHBI AKCHOMBI PABEHCTBA, DTO OTHOIIEHUE pPedIEKCUBHO,
CUMMETPUYHO U TPAH3UTUBHO (SBJSETCS OTHOLICHUEM DKBU-
sanentaocru). CregoBarensuo, Muoxkecrso M pazbusaercs
HA KJIACCHI 3KBUBAJIEHTHOCTH; MHOXKECTBO DTUX KAaCCOB 060-
suaduM M (ero MoxHO HazBaTh GakTop-MHOKECTBOM M 10
JaHHOMY OTHOLIEHWIO 3KBUBaneHTHOCTH). Kaace saemenTa x
GyzeM 0003HAYATD [T].

AKCHOMBI PABEHCTRA, TTO3BOJIAIOT KOPPEKTHO ONMPEASTUTH
mHTEpnpeTanuio ¢ HocuTerem M'. B camom geme, meruH-
HOCTb aKCHOMBI i1 (PYHKUMOHAABHOrO cuMBona f (mpuse-
QEHHOU BELLIE B KAYECTBE IPUMEDPA) MAPAHTUDPYET, ITO KAACC
[f(z,y)] 3aBucur juws oT Kaaccos [z] u [y], HO HE OT BLIGO-
pa T ¥ y BHYTPHU Kaacca. AHAJOMMIHBIM O00Pa30M aKCHOMBI
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IS TPEUKATHRIX CUMBOJIOB TIO3BOIAIOT KOPPEKTHO OMpeIe-
JIUTH MPEIUKATHL HA KIACCAX.

Iony4ennas uaTepnpeTanusa ¢ HocuTeaem M’ 1o nocrpo-
enuio HopMaibHa. OQcTanocsk yoequThes, 9TO B HEW UCTUHHBI
Te xe caMmble (POpMyJEL, 4To u B M (B TOM dmcie Bce popmy-
apl Teopuu T'). DT0 HOYTH OYEBUAHO C UHTYUTUBHOU TOUKU
sperusa: M ormmaaerca ot M’ auinb TeM, ITO KaXKIBIA BJe-
MEHT MPEACTABICH HECKOJBKUMU PABHOMPABHLIMU KOTIMAMY,
KOTOpPHBIE CO BCEX TOYEK 3PEHUSI BEIYyT CeOsI OIUHAKOBO.

DopMaTBEHO TOBOPS, MBI TOKA3BIBAEM, UTO (DOPMYJIa (©
UCTUHHA B WHTepnperanun )/ Ha OUEHKe 7T TOrAa U TOJb-
KO TOTJa, KOTAa (¢ WCTWHHA B M’ Ha oneHke 7', mpm Ko-
TOPOU 3HAYEHUE JIOOU MEePeMEHHOU £ eCTh KJIACC, COAep-
KAIUY 3HAYEHUE TIEPEMEHHOU & TPU OIEHKE . DTO JETKO
CIeJaTh WHIYKITMEN TI0 MOCTPOEHUIO (POPMYJIHL . >

111. IlokaxwuTe, 9TO U3 AKCHOM PABEHCTBA /s CUIHATYDBL O
BBEIBOAUTCA (pOpMyIa

e N (z=1y) = ¢y/z),
ecau MOACTAHOBKA B IPABOU IaCTH KOPPeKTHA. (YKa3zaHume: 3TO
0YeBHUHO CIefyeT U3 TeOPEMBI O IIOJHOTE, HO MOXKHO IIDOBECTH 1
YUCTO CHHTAKCAIECKOE PACCYXK JEHUE MHAYKIUEN IO IOCTPOEHIIO
dbopmyasr ¢.)

112. Tlokaxwure, uTo ecmm Teopua 1 (He 06a3aTEIBHO C Pa-
BeHCTBOM) nMeeT MOaeab MOUIHOCTH (¥, TO OHa UMeeT U MO OeJdb
10607 60IbIIeN MOITHOCTH. (YKA3aHME: SAEMEHTH MOJEIN MOXKHO
(KJIOHEPOBATH» B IPOM3BOJILHOM KOIUIECTBE. )

W3 TeopeMBl O TIOMHOTE [/ HOPMATBHBIX MOJETCH Jer-
KO CJEIyeT AHAJOT TEOPEMbI O KOMIAKTHOCTH (Teopema 50,
c. 187) 114 HOPMATBLHBEIX MOJIEIEH.

Teopema 60 (KOMMNAaKTHOCTM ANS HOPManbHBIX MOAENen).
Ecan Beskoe KoHEYHOE TTOIMHOKECTBO Teopun T’ B CUTHATY-
D€ C PABEHCTBOM UMeEeT HOPMAJIbHYIO MOIeNb, TO u Teopust 1'
nMeeT HOPMAJIBHYIO MOJENIb.

< Jlroboe xoHEYHOE MOLMHOXKECTBO Teopuu I ocTaér-
Cs1 HEIPOTUBOPEYUBEIM NPU IO0ABIEHUN AKCUOM PaBEHCTBA
(IOCKOJIBKY MMeeT HOPMAJIbHYIO MOJENb). 3HAUUT, U BCA Te-
opus T ocTaéTCsa HEIPOTUBOPEIUBON IPpU 106ABICHUN AKCU-
OM pPaBeHCTBa (BLIBOJ IPOTHUBOPEUUA UCIOJIb3YeT KOHETHOE
9UCI0 POPMYJI) U HOTOMY UMEET HOPMAILHYIO MOJAEIb. [>
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113. IIpumeHUB TeopeMy O KOMHAKTHOCTH, JOKAXKUTE, UTO
BCAKUH YaCTUYHBIA MOPAJOK MOXKET OBITH IPOJOIKEH A0 JUHEH-
Horo. (Ykasamme. PaccMOTpUM 9YaCTHIHO YHODAZOIEHHOE MHO-
XKECTBO KaK MOJEIb TEOPHHU, B CUTHATYPE KOTOPOH €CTH PABEH-
CTBO, HOPANOK X KOHCTAHTBI s BCEX DJIEMEHTOB MHOXECTBA,
a dopMyraMu ABIAIOTCA PABEHCTBA M HEPABEHCTBA MEXIy KOH-
cranramu. JJ06aBUM K HEU yTBEPXKIEHUE O CPABHUMOCTH JIOOBIX
OByX daeMeHTOB. [Jokaxxmre, 9TO 11060€ KOHEYHOE MHOXECTBO
bOpMyaI HOXYIEHHOU TEOPHUU HENPOTHBOPEIMBO, MCHOAL3YA TOT
(akT, 4TO JACTUYHBIN MOPALOK HA KOHEYHOM MHOXKECTBE IPO-
NOMKAETCA AO JMHEWHOTO.)

114. Vcnonp3ya TeopeMy O KOMIAKTHOCTH, AOKAXWUTE, ITO
1A BCAKOTO TOJdA k CymrecTByeT ero pacumperme k', B KOTO-
POM BCAKUYW MHOTOWIEH C KOddduumeHTamMu u3 k uMmeeT KOpPeHb.
(Ykazarme. YTBEpK AeHUE O CYIIECTBOBAHAY KOPHA Y MHOTOICHA
C NAHHBIMU KO3 PUINEHTAMHI MOXKHO 3aIMCATh B BUAE (DOPMYIHI.
JI1060€e KOHeYHOe MHOXECTBO TAKUX (GOPMYJI COBMECTHO C AKCU-
OMaMH TOJA, TaK KaK MOXHO IO OdYepelIu IMPUCOENUHUTH KOPHU
COOTBETCTBYIOIINX MHOIOICHOB. )

115. IIycts I' — MHOXeCTBO 3aMKHYTHIX (pOPMY.TI B CUTHATY-
pe ¢ paserncrsoM. [lokaxwmre, 9T0 3aMkHyTas GoOpMyaa @ ITOU
CHUI'HATYPBI MCTHHHA BO BCEX HOPMAJIbHBIX Mogeasx [ rorga m
TOJBKO TOr'AA, KOIJa OHa BBIBOAWMA m3 I' M akCrOM paBeHCTBA.

YTBepxkaeHUe TOCAENHEN 3a, 1A 1 IBIIETCS AHAJIOTOM Te-
opemst 51 (c. 187) nus reopunr ¢ pasencrsoMm. Unorga Boo6-
11e pACCMATPUBAKT TOJLKO Takue Teopun. llpu 3ToMm paBen-
CTBO ABAAETCA 00A3aTENLHBIM DIEMEHTOM CATHATYPBL, aKCH-
OMBI PAaBEHCTBA (UX YUCAO 3aBUCUT OT CUCHATYDBI) CIUTA-
I0TCA YaCTBI0 WCYUCJICHUA NPEIUKATOB, & MHTEPIpeTalnun
pPaccMaTpPUBAIOTCA TOJBKO HOpMaJbHbIE. [Ipu sTOM Teopusa
UMeeT [HOPMaIbHYI| MOJeIb TOrAa W TOMBKO TOr[d, KO-
/12 OHA HEIIPOTUBOPEUNBA [BMECTE C AKCHOMAMNI PABEHCTBA];
dhopMyna BHIBOAUMA U3 Teopuu ' [1 aKCHOM PaBeHCTBA| TO-
IJ1a ¥ TOMBKO TOT/a, KOT/1a OHA BEPHA BO BCEX [HOPMATLHBIX|
MOaerax Teopur [ u T. 1. (B KBAIPATHBIX CKOOKAX YKA3AHBI
MOIPA3yMEBAECMBIE CJOBA).

5.2. lNoBbiWeHNe MOLWHOCTH

Teopema Jesenrenva—Ckoaema (Teopema 42 B pasge-
ae 3.11) mo3BossIa yMEHBIIATE MOIIHOCTL MHTEPIPETALNN
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(oHa yTBepxIada, 9TO IIA JHOOOU OGECKOHEYHOU WHTEp-
[IpeTaluy KOHEYHOU WX CY6THOU CUTHATYPBI CYIIECTBYET
DIEMEHTAPHO DKBUBAJCHTHAs €M CYETHasl IOACTPYKTYDA).
B sToM pasgene MBI paccMOTpUM OOpPATHYIO 3aady —
paCIIvpeHne MHTEPIPETALNN N0 SJIEMEHTAPHO SKBUBAJEHT-
HOU wmHTepIperanuu Goabiier MomHocTH. COOTBETCTBYIO-
Iee yTBEPXKIEHNE TAKXKE HA3BLIBAIOT TeopeMou JleBeHren-
ma— Ckomema.

IIpexae Bcero ormeTumM, IT0 6€3 TPEOOBAHUA HOPMAIb-
HOCTHU DTO YTBEPK JCHUE OECCONEPKATENLHO: KAK yKe TOBO-
puwiock Ha c. 205, MBI MOXeM IyOJMPOBATH DJIEMEHTHI CUT-
HATYPHL B MPOU3BOJIBHOM KOMUYECTBE. [103TOMYy MBI mpen-
MOJATAEM, ITO BCE PACCMATPUABAEMEIC UHTEPIPETAIINN HOD-
MaJbHEL (DABEHCTBO MHTEPIPETUPYETCA KAK TOXKIECTBEH-
HOe COBIA/IeHNE).

Teopema 61 (Jleeenreiima — Ckonema 0 NOBLILLEHUM MOLLHO-
ctu). Ilycts A — GeckoHeIHAA HOPMATBLHAA UHTEPIIP CTAIIAA
HEKOTOPOU CUTHATYDPBL 0 € PaBeHCTBOM. Torga cymecTByer
HOpMaJIbHas1 uHTEpHperanus B O A ckoib yrogHo 60JbIIon
MOLTHOCTH, SABIAIOIIAICS 3IeMEHTAPHBIM pacumpenueM A.

(DTo o3HauaeT, CONIACHO oupeaeenuto ua ¢. 140, nanom-
HEM, 9TO HHTEPIpeTAlrs MPEIUKATHLHIX U (PYyHKINOHAIL-
HBIX CAMBOJOB B B mpopomkaer umx unTepoperamuio B A
1 9TO POPMYJILI CUTHATYPHL 0, IapaMeTPaM KOTOPHIX MPU-
JaHbL 3HAYEeHUs U3 A, ofHOBpeMeHHO ucTuHHbl B A u B B.)

< CohopmyaupyeM yTBepKACHUE TEOPEMBI B TEPMUHAX
Teopun u mMonenen. Ilycte A — mpoM3BOMbHAA HOpMAaJbHAA
UHTEPIPETAINA CATHATYPH 0. PacCMOTPUM CUTHATYPY O 4,
KOTOpas MOIYIACTCA U3 0 N00ABJIEHUEM KOHCTAHT — IO OJ-
HOW [IJIA KaXKJOTO DJIEMEHTa MHOXKECTBa A. JTa CUrHATYpa
UMEET €CTECTBEHHYIO HOPMAJIBHYI0 WHTEPIPETAIINIO ¢ HOCH-
TeneM A: 3HAYEHWEM KaXK 10U KOHCTAHTHI ABIAETCA COOTBET-
cTByrommun enn saeMenT. (Bo3MOXKHO, 9TO B 0 M3HAYAIBLHO OBI-
JO JOCTATOYHO KOHCTAHT M BCAKHU daeMeHT A ObL1 3Hade-
HUEM HEKOTOPOU KOHCTAHTHL. TOrga 3Ta mpoueaypa JuHss,
HO U Bpeja oT Heé HeT.)

Paccmorpum reoputo Thy(A), cocrosuyio us Gopmya
CUTHATYPBL 0 4, UCTUHHBIX B A IPU YKA3aHHOU WHTEpIpe-
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Tanuu. Besakoe baeMeHTapHOe pacimpenue B uHTepripeTa-
nuu A 6y ger mogennio Teopuu Th4(A). B camom nese, sam-
kuyras gopmyaa p(a,...,a,) CUTHATYDPEL 04 LOJLY<4aeTCs
[ONCTAHOBKOU KOHCTAHT Q1,. .., d; BMECTO IIAPAMETPOB W3
Kakou-10 popmyasl p(Tq,...,T,) curaarypel o. (Mer uc-
NOIb3yeM HE BIOAHE KOPPEKTHEIE 0603HAMEHWA, B 9aCTHO-
CTH, OTOXKIECTBIAEM BJIEMEHTHL (1, ..., 0, MHOKECTBa A ¢
KOHCTaHTaMmu 1ia Hux.) Eé ucrunnocts B B (unu B A) pas-
HOCWIBHA UCTUHHOCTH (POPMYJIEL (&1, . - . , &y ) IPU 3HAYCHU-
AX TMAPAMETPOB T1 F Q1,. .., Ty — Gy — (POPMATLHO TOBO-
PA, CIeIyeT BOCIOIB30BATHCA JemMon 2 Ha ¢. 167. [TosTomy
MO ONMPEACNCHUIO DICMEHTAPHOT'O PACIINPEHUA BCE (POPMYJIHI
3 Th4(A) 6yayT nctunus u B B.

Bepno u o6parnoe: 06as HOpMAAbHAA MOIEIbL TEOPUU
Th4(A) ecrecTBeHHO ompegeseT BIEMEHTAPHOE DACILUpe-
nue uaTepuperamuu A. B camom mene, mycTs nana HopMaib-
Hasg MoneIb »>Ton Teopuu ¢ HocureaeMm B. Torma kaxanin
2MeMEeHT MHOXkecTBa A (TOuHee, COOTBETCTBYIOIIAA DTOMY
DIEMEHTY KOHCTAHTA) UHTEPIPETUPYETCA HEKOTODHIM DJIe-
MEHTOM MHOX)eCTBa B. PazuweiM premenTaMm MHOXKecTBa A
COOTBETCTBYIOT pasHBIC DJACMEHTH B B, Tak kax (opmyJa
a; # ao, uctTuHHag B A, nOomXKHA OBITH WUCTUHHOW U B B.
Taxum o6pazom, A BKIAABIBACTCA B B U MOXHO OTOXe-
CTBUTL €r0 ¢ HEKOTOPLIM MOAMHOXKECTBOM MHOXECTBa B.
ITO OTOXKAECTBACHNE KOPPEKTHO B TOM CMBICAE, 9TO TIpe-
IUKATH 1 (PYHKIUOHAIBHBIE CHMBOJIBI MHTEPIPETUPYIOTCA
COrIACOBaHHBLIM 06pazom. B camom mese, aTomapubie ¢gpop-
My Buga Plaq, ... a,), a rakxe dopmyast = Plaq, ..., ay,)
u f(ay,...,a,) = a, ucrunnsle B A, uctunusl u 8 B. Ucrun-
uele B A popmyast Buga o(ay, . . . ,a,) npuaamiexar Th 4 (A)
U IOTOMY UCTUHHEL ¥ B B; toxuEE B A (DOPMYJIEI IMEIOT OT-
punanus B Th4(A) u noromy noxun B B.

Taxkum oO6pasoMm, A1 TOKA3ATETHCTBA TeOpPeMEI JleBeH-
renva — CKoeMa 0 MOBBIIEHNY MOIMIHOCTH OCTATOCH TOCTPO-
uTh HOpMaIbHYI0 Mogeab Teopuu Th 4(A), umeromyo ckoab
yroaHO GOJIBIIYI0 MOIIHOCTE. JTO MOXKHO CAENATH TaK: NO-
6aBMM MHOXKECTBO HOBEIX KOHCTAHT ¢; U (POPMYIEL ¢; # ¢
(mas Beex @ # j) x reopuu Th 4 (A4). llonxyyennas reopus Gy-
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JeT COBMECTHOU 0 TEOPEeMe KOMIAKTHOCTU A HOPMATh-
Herx Mogenen. (B camom pgene, miobas koHedHas 4acTb eé
HMEEeT HOPMAIBHYIO MOIEIb, IOCKOABKY COIEPKAT KOHEIHOE
YHCJIO HOBBIX KOHCTAHT, U UM MOXHO IIPUAATH PA3IUIHBIE
suadenus B A.) Ilosromy u Bca Teopust umeeT HOPMAILHYIO
Mozenb. BeceM KOHCTaHTAM ¢; COOTBETCTBYIOT B 3TOU MOIe/IN
pasHbIE DIEMEHTH (IOCKOIbKY UCTHHHA GOPMyTaa ¢; # Cj),
MO3TOMY MOIIHOCTH TOU MOJEIU MOXKET OBITH CKOIb YT'OMHO
OOMBIION, €CIU UCTIOIB30BATE JOCTATOTHO MHOIO KOHCTAHT.

DToT ke npuéM OyJeT UCHOIB30BAH HAMU IIPU MOCTPOE-
HUU HECTaHAapTHOU Mogeau apudmeruxu (c. 235). >

IIpuBenénnoe paccyxaeHue TaéT ONEHKY MOIIHOCTH CHU-
3y. MOXHO TIOTYYIUTH U B TOYHOCTU HYKHYH MOITHOCTE:

Teopema 62. Ilycte A — GeckOHEYHAs HOPMAJIBHAS WH-
TepupeTauyus CUCHATYPHEL ¢ (C PaBEHCTBOM) U mycTh [ —
MOLTHOCTD, HE MEHbBINAs MOIIHOCTEH CUIHATYPLL 0 U UHTEp-
nperanuu A. Torga cymecTByeT HOPMAILHOE DIEMEHTAPHOE
pacumperne B O A mommoctu S.

<1 MOmHOCTL CUTHATYPHI 0 4 €CTh MAKCAMYM U3 MOIIHO-
cTen 0 U A; mocae 100aBICHNS HOBBLIX KOHCTAHT B KOJIMYIE-
crBe J WITYK MOLY9UTCS CATHATY PA MOIIHOCTH /3, ¥ COIVIACHO
Teopeme 48 (c. 186) maigércsa Mogens MuOXKecTBa Tha(A)
momuoctu . IIpeobpazoBanue €€ B HOPMAILHYIO MOIEIbL
(pakropusanus) MOKeT UL YMEHBIIUTL MOLIHOCTE, HO 3
PA3IMYIHBIX 3JEMEHTOB y HAC 3aBEJOMO eCTh. [>

Ananorwaani npuéM ([06aBIEHIE KOHCTAHT) MO3BOJAAET
JIETKO MOKA3aTh TAKOE YTBEPXK ICHUE:

Teopema 63. Eciu Teopus (B IpOU3BOJILHOU CUCHATYDE C
PABEHCTBOM) MMEET CKOJb YIOAHO GOJIbIINE KOHEUHBIE HOD-
MAJBHBIE MOIEAU, TO OHA UMEET U GECKOHEYHYI) HOPMAJb-
HYI0 MOJENb.

< [obaBuMm Kk Teopurm OECKOHEYHOE UUCIO HOBHIX KOH-
CTAHT ¥ AKCHOMBL O TOM, YTO BCE€ OHU DPA3JU4YHBL. JIr06ou
KOHEYHLIN ()parMeHT PACIIUPEHHON TEOPUM UMEET HOPMA/Ib-
HYIO MOAeab (BO3bMEM ZOCTATOYHO GOMBIIYIO KOHEIHYIO MO-
[eJlb U IPOUHTEPHpEeTUpyeM B Hell koucrantTsl). IIo Teopme
KOMIIAKTHOCTHU U BCsA PACHIMPEHHAS TEOPUsA UMEET HOPMAJIb-
HYIO MOZEJb, KOTOpad u OyneT OECKOHEIHOU HOPMaJbLHOU MO-
JeJBI0 UCXOTHOU TeOopun. >
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Boofme MOXHO 3aIaTh ce6¢ TAKOU €CTECTBEHHBLIM BO-
upoc. Ilycrs ects HekoTOpas Teopust (Wiu gaxe IPOCTO Of-
Ha ¢opmyaa). Kakoser MOryT GBITH MOLIHOCTH €€ HOPpMAIb-
ubix moxeten? Kak Mubl Bugenu, 1is TEOPUU C KOHETHOU CHUI-
HATYPOU BEPHO OJHO M3 ABYX: OO OECKOHEYHEIX MOIEIEN
BOBCE HeT, 160 eCTh 6€CKOHEYHLIE MOIENN BCEX MOIIHOCTEH.
ITO rapanTupyoT Teopems Jlesenrenma — Ckosema 06 sae-
MeHTapHOU moaMogenu (TeopeMa 42) U O HOBBIIEHUN MOLI-
HOoCcTH (Teopema 61).

Y10 MOXKHO CKa3aTh MPO MOIIHOCTYA KOHEYHBIX MOJe-
aen? s kaxaou GOpMyJbl PACCMOTPUM MHOXKECTBO BCEX
BO3MOXKHBEIX MOIIHOCTEH €€ KOHEIHBIX Mojgener. Ero mmo-
A HA3LIBAIOT CNEKMpPoM (POPMYJALI. ITO MHOXKECTBO MO-
XKeT OBITh YCTPOEHO IOBOJBHO CJIOXKHBIM O0Opa3oM: Halpu-
Mep, M (POPMYJIbI, BHIPAXKAOMIEN AKCUOMBL MOJS, CIEKTP
COCTOUT U3 BCEX CTEMEHEN MPOCTHIX TUCE.

116. (a) YxaxuTre GopMylLy, CHEKTD KOTOPOU COCTOUT U3 BCEX
9ETHBIX IOJIOKUTEIBHBIX ducer. (6) Ykaxure popmyry, CIeKTp
KOTOPOHM COCTOWMT U3 BCEX HEIETHBIX dmced. (B) Ykaxure (Hop-
MYJIy, CIIEKTPD KOTOPOX COCTOUT M3 BCEX COCTABHBIX IHCEJI.

JII06OIBITHO, 9TO NPobaema Koweunoeo cnexmpa (Ipu-
Benéunas B kuure Kencaepa n Uosua mox momepom 1 cpeau
«CTApBIX TMPOOJEM TEOPUM MOIETEN»), HEOXUJIAHHO OKa3a-
JACh CBA3aHA C MEHTPATBHOU TPOOIEMOU TEOPUU CIOKHO-
CTU BBIYUCJACHUN — TaK HA3BIBAEMOU «IIPOOAeMOu mepeGo-
pa». (IIpobGrema KOHEYHOIO CLIEKTPA COCTOUT B CJAEAYIOMIEM:
BepHO sy, 4To gonounenue (g0 N) k cuexrpy a060u Gopmy-
JIBL SIBJSIETCS CIIEKTPOM HEKOTOPOU APYIou (hOpMyJIBL?)

B kawecTBe mpuMepa UCTOAL3OBAHUA TEOPEMHBI O TIOBHI-
IMIEHNN MOIITHOCTHU JOKaxKeM TeopeMmy [uinbepra 0 HyJaax
(Teopema 40), He TPOBOIA DIUMUHALINI KBAHTOPOB. IIyCcTh
CHCTEMa YPABHEHHUM MMEET DelIeHne B moje k', ABIAIIIeM-
cs pacimmpenueM aaredpandecku 3aMkHyToro mous k. Iloka-
XKeM, ITO OHa uMeeT perenue u B k. IlocTpoum siremenTap-
Hoe pacmupenue k'’ D k ogens Goabmon MommuocTu. Tenepsb
k' moxuO BroxuTh B k' (3T0 BIOKEHUE CTPOUTCS 110 TPAHC-
JuHETHOU peKypcuu: HO0aBAAA aarebpamvaecKull JIEMEHT,
MBI MTOJAL3YEeMCA AAreO0pamdecKon 3aMKHYTOCThIO k', noba-
BJISIA TPAHCHEHACHTHBIA DJIEMEHT, MBI TMOJb3YEeMCA GOJBIION
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MomHOCTEIO k). 3uaunT, cucrema nmeer pemenve B k. Tlo-
CKOIBKY k' OBLIO BJeMEeHTapHBEIM PaCIIMPEHUeM, TO CUCTeMa,
“MeeT perneHue B k.

[ pyroe mo6ONLITHOE IPUMEHEHIE TEOPEMBL O IIOBBIIIE-
HUM MOIIHOCTH TakoBO. HazoBéM JMHENMHO yHOPATOIEHHOE
MHOXKECTBO M 0dnopoduvim, ecau NIa JOOBIX ABYX BO3pPa-

CTAOIINX MOCICAOBATENLHOCTEN £ < Lo < ... < Ty U 1 <
< Yo < ... < Y, HAUAETCA ABTOMOPGUIM MHOXKECTBa M,
NepeBOANMN x; B ¥y; (mpu Beex ¢ = 1,...,n).

Teopema 64. [I1a BCcAkOM GECKOHCYHOM MOIIHOCTU HAaH-
IETCS OMHOPOIHOE JUHENHO YIOPATOUEHHOE MHOXKECTBO Ta-
KOU MOIIIHOCTH.

< MHuoxecTBO panuoHaNbHLIX 4ucesa (1 Boobuie a0boe
CuéTHOE IVIOTHOE JMHENHO YIODALOYEHHOE MHOXKECTBO) Of-
HOPOIHO. B caMoMm gesie, COOTBETCTBUE MEXAY IBYMS Ha-
60paMu €ro 3JeMEHTOB MOCTENEHHO MPOJOKAETCA A0 AB-
ToMopduaMa (L00ABIAEM DJIEMEHTHL IOOUEPEIHO C TOU WK
ApYron CTOpOHBI). [Ipyron cmocob ybeiuThCA B DTOM —
BCIIOMHUTB O TOM, UTO OTO PAIUOHATBHLIE UUCAA, W B3ATD
KYCOYHO-TMHENHBIN aBTOMOP(DUABM.

Mg xaxaoro n GUKCUpyeM crmocod MPOTOTKEHNUI aBTO-
MOPQU3MOB C N-3J€MEHTHBIX II0IMHOXECTB B BUJe (PYHKIIN
fn ¢ 2n+ 1 aprymenramu: f(2,Z1,...,%n, Y15 -.,Yn) O3HA-
YAeT DJIEMEHT, B KOTOPBIU IEPEXOAUT Z IPU aBTOMOpQU3MeE,
nepeBogAeM x; B y;. Paccmorpum teneps (Q kak uuTepnpe-
TAIWIO CUTHATYPLI, BKIIOYAomen nopagok u sce f;. [lo te-
Op€eMe O MOBBIMIEHUN MOUTHOCTH MOXKHO HAUTHU DIEMEHTAPHO
SKBUBAJCHTHYIO HHTEPIPETALMIO JI000 33 IaHHON MOLIHO-
cru. IlockoabKy cBoncTBa (PyHKIUR f,, BEIpaxKaewTcsa Gop-
MyJaMU, TOJIYIATCA OJHOPOJHOE JUHEUHO YIOPATOIEHHOE
MHOXKECTBO 3aaHHOU MOIIHOCTH. [>

5.3. lNonHble Teopuu

B sTom pa3gene MBI IIONBITaEeMCA CUCTEMATU3NPOBATH
YK€ M3BECTHBIC HaM IIOHATUA U (l)aKTbI.

o Hauném ¢ manomunanuu. Cuekamypotli Mbl HA3BIBAIKA
HA0OP NPEIUKATHLIX M (PYHKIMOHAILHBEIX CUMBOJIOB.
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Cpean GopMyT IAHHON CUTHATYPHI BEIACIAIOT 3aAMKHY-
mute (popmyasr Ges napamerpos). CurhHarypa ume-
eT UNMEPNPEMAYUY, B KOTOPLIX 3aMKHYTHIE (DOPMY-
JIBL 3TOU CUTHATYPHL OBLIBAIOT UCTUHHBLMUY U AONHCHOIMU.
[IpousBoabHOE MHOXKECTBO 3aMKHYTBEIX (POPMYJ JaH-
HOM CUIHATYPLI HA3BLIBAETCA Meopuett B DTOU CUTHA-
Type. Modeabio TeOpUM HA3EIBAETCA MHTEPIIPETAINA,
B KOTOPOH BCE (POPMYJIELI TEOPUM UCTUHHLL. Teopua Ha-
3BIBAETCA COEMECTNHOMU, €CTIN OHA UMEEeT MOeb.

Teopus HA3LIBACTCA MEOPUEL, C PABEHCTNEOM, ECIU OHA,
BKJIIOIAET B Ce6A aKCMOMBI DABEHCTBA (& €€ CUrHATY-
pa CONEPKUT CUMBOJ PABEHCTBA). NHTepnpeTanma Te-
OpHU C PABEHCTBOM HABBLIBAETCA HOPMGAbHOU, €CIN pa-
BEHCTBO WHTEPIPETUPYETCA KAK COBIATEHUE DJIEMEH-
TOB HOCUTENA nHTepnpeTanun. COBMECTHAA TEOPUS €
PABEHCTBOM UMEET HOPMAIBHYIO MOJIETb (TTOIyIaeMYI0
13 [IPOU3BOJILHON MOIeI (PAKTOPU3ALUEN IO OTHOLIE-
HUIO DABEHCTBA).

ToBopaT, 9TO 3aMKHyTas POPMYJIa @ 661600UMA 6 Me-
opuu T (siBasercs meopemot meopuu T'), ecau popmy-
JIa,  TOJTYy9aeTCA U3 aKCHOM MCIMCACHUA IPEIUKATOB
u dopmya reopun T no upasunam sBeiBoga. (O6oszua-
genue: T .)

Dopwmyiaa ¢ BEIBOAUMA B Teopuu 1 TOrAa U TOJBKO TO-
ra, KOTJa B UCIUCJACHUN IPEJUKATOB BBEIBOIUTCS He-
KOTOpas (pOpMysa BULA T — p, D€ T — KOHBIOHKIIUS
KOHETIHOT0 umcaa gpopmya u3 1.

Dopuyna ¢ cemanmuuecku caedyem us T, ecam oHa
HUCTUHHA B MI000U Mojgean Teopun T (obo3HaveHmE:
T E ). CemanTUIECKOE CACTOBAHNE PABHOCUIBHO BhI-
pogumocTu (Teopema 51, c. 187). Baas B xadecTne ¢
TOXIECTBEHHO JOXKHYIO dopmyay | (ckaxem, oTpu-
UAHMAE TABTOJIOIMY ), IPUXOAUM K LHOHATUAM NPOMUEO-
pewusocmy (T +L1) u necosmecmuocmu (T'EL, T ue
umeer Mogenenn). B nporusopeduson reopun BEIBOU-
ma Juobas GopMmyaa (COOTBETCTBYIOIIEN CUIHATYDHL).
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e Hemporusopeunsas reopusa T noana (B [aHHOU CUTHA-
TYpe), ecau A J00U 3aMKHYTOR (POPMYJBL (0 3TOU
CUTHATYPEL 1100 hopMmyaa @, b0 €€ OTPULAHKE
BuIBOAUTCA U3 1.

e [lnsa MpOM3BOJIBLHON MHTEpTpeTanuu M TpOU3BOILHON
CUTHATYPH 0 MOXKHO PACCMOTPETDH 3AEMEHMAPHYIO
meopuro unmepnpemayuy M, obosuagaemyo Th(M)
U COCTOSAIIYIO U3 BCEX UCTUHHBIX B M 3aMKHYTHIX GOp-
MyJ1 curHaTypsl 0. O4eBuAHO, HTa Teopus noaHa (ogHa
u3 GopMya ¢ u v el npunagiexur). Jse unrepupe-
Tammur My u My saemenmapno 3K8U8aAEH MM, €CIT

Th(M;) = Th(My).

o Teopus T Ha3HIBAETCSA KOHEUHO AKCUOMAMUBUPYEMOT,
eCIr CYIIECTBYET KOHEIHOe MHOXKeCTBO 1’ Teopem Te-
opuu 7', M3 KOTOPBIX BBIBOLSATCS BCE YTBEPKIEHU
u3 T (Apyrumu caoBamu, €CJau CyLIeCTBYeT KOHEUHAs
TEOpUsl, UMEIOLIAS TO K€ CAMOe MHOKECTBO TeOpeM).

e Teopus ¢ paBeHCTBOM, UMEIOIIAA KOHETHYIO WU CIET-
HYIO CUTHATYPY, HA3BIBACTCI KAME20PUUHOT 6 CUEM-
HOT MOUYHOCTNU, ECJU BCE €€ CIETHBIE HOPMAJIbHBIE MO-
neau u3oMopdHEL. KaTeropuinocTs B JaHHOU HECIET-
HOM MOIIHOCTH OIPEIeNACTCA AHAJOTUIHO.,

e Teopusa ¢ KOHETHOU CUTHATYPOU HABLIBACTCA PA3PEUL-
MOTl, €CM CYIECTBYET AJITOPUTM, KOTOPBIN IO TIPOM3-
BOJIbHOW 3aMKHYTOHU (POPMYJIE ONPENEIAET, BEIBOIUMA
JI OHA B DTOU TEOPUM WJIU HET.

117. ITokaxure, 9T0 40OABICHAE K TEOPUH JTIOOOU €€ TeOPeMbI
HE MEHsAET MHOXKECTBa Te€OpeM.

IIpex e vem nepexoquTh K NPUMEpPaM, CIEJAEM ABa IPO-
CTBHIX HAOJIIOJeHUS.

Teopema 65 (kputepuit Jlocs—BooTa). Henporusopeuu-
Bas Teopusa 1 ¢ PABEHCTBOM B KOHEYHOU WM CIETHOU CHUI-
HAType, HE UMEIOIIAA KOHEYHLIX MOIEIed U KATErOPUIHASL B
CY€THON MOIIHOCTH, [IOJIHA.
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< Hpeanonoxum, 9TO HU O4HA U3 (POPMYIT 0 U —p HE BhI-
Boguma B Teopuu 1. Torga o6e Teopun T'U {—p} u T U{p}
menporusopeuussl. [To reopeme 47 (c. 186) onu umeror caér-
HBIE MOJEJIN, KOTOPBIE OCTAITCS CUETHBIME NOCHAe (PaKTOpPHU-
sanuu (Iepexosa K HOPMAIBHBIM MOJLELsAM), IIOCKOIBKY Te-
opus T He uMeeT KOHEYHLIX MOAEIEU. JTU CYETHLIE MOIE-
JIM JOJKHBL OBITH U30MODMHLIMU (B CUIY KATErOPUIHOCTH).
C npyrou CTOPOHBI, B OJHOUN U3 HUX UCTUHHA POPMYIa —(p, &
B Apyroun — GHOPMYJIa ©, TAK 9TO OHU JaXkKe HE DIEMEHTAPHO
OKBUBAJCHTHBI (MBI 3HAEM U3 pazfena 3.9, ITO Takoro OBITH
He MOXKeT). [>

Ananornyso gokasbiBaeTca U 00mas GpOpMa KPUTEPU
Jloca—Boora:

Teopema 66. HenpoTueopeunBas Teopus ¢ PABEHCTBOM B
KOHEUHOU WM CUYETHOU CUTHATYPE, HE UMEKIIAA KOHETHBIX
MOJENEN ¥ KATETOPUIHAA B JAHHOU HECIETHON MOIITHOCTH (v,
TIOJTHA.

< Iycre Teopus T He MOJTHA U K HEU MOXKHO MPUCOEIU-
HUTH 0€3 IPOTUBOpEUUA J00yI0 u3 GopMya ¢ m —p. Pac-
CMOTPUM CYETHBIE HOpMalbHEIe Monenu Teopunt T U {p} u
T U {—¢}. [To Teopeme 62 yBeam«nm nX MOIHOCTHU A0 ¢ U
TOJXYyIUM IPOTUBOpeYInE. >

118. YcaoBue KOHEYHOCTY WU CIETHOCTHU CUMHATYPBI B 3TOU
TeopeMe MOXHO ocraburs. Kak »To caerars?

Bot npumep npumenenus TeopeMsr 66. Teopua anrebpa-
MYeCKYW 3aMKHYTHIX TIOJEeN XapakTepucTuku () KaTeropuwd-
Ha B JIO60U HECIETHON MOLUTHOCTH. (DTO MOXKHO JTOKA3ATD,
UCTIONB3YA 0A3NCHT TPAHCIEHIEHTHOCTH: TAKOE TIOME MMEeeT
0a3MC TPAHCIEHIEHTHOCTH HA[ TOJEM ANreCpandecKux 9u-
CeJ, MOITHOCTBL KOTOPOT'O PABHA MOIIHOCTH BCETO TMOJA, 8
IBa TOMA C PABHOMOITHBIMY 0A3UCAMU TPAHCIECH IEHTHOCTU
uzoMopousl). CrenoBarenbHo, >Ta Teopus IOIHA.

3aMeTuM, 9TO DTO HAOMIOJEHUE COTVIACOBAHO CO 3HAME-
muTon (u Tpyauou!) Teopemon Mopau; 5Ta TeopeMa yTBep-
KAAET, 9TO TEOPUsS C PABEHCTBOM, KATETOPUYIHASA B OJHOU
HECYETHOW MOIIHOCTH, KATEIOPUYHA U BO BCEX HECYETHBIX
mowmnocTsax. (ITogpobuo o Teopeme Mopiu MOXKHO IPOYECTD,
nanpumep, B yuebuuke Kencaepa u Isna [13].)
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Teopema 67. Koneyno akcmoMaTusupyeMas MOJTHASA TEO-
pus B KOHEYHOU CUTHATYPE pa3peluMa.

< Ilycres mana nmpomsBoabHas dopmyaa . Bymem mepe-
6I/IpaTb BC€ BBIBOABL B MCYUCJICHUU NPDEINKATOB K IIPOBE-
pPATHL, He OOHAPYXKUIACL JU BLIBOAMMOCTL OIHOU u3 (Hop-
MyJ ¢ WIn ¢ N3 KOHBIOHKIUN HEKOTOPBIX aKCHUOM TeEOo-
puu T'. Papo wiy nos3 o oQHa U3 HUX OKAXKETCA BLIBOJUMOK
(IOCKOJIBKY TEOpUsA IMOJHA), M TEM CAMBbIM Mbl Y3HAEM, KAKAasl
n3 GOpMyJ BEIBOJUMA B Te€Opuu. >

STO JOKa3aTeJIbCTBO HCKOHCTPYKTUBHO B TOM CMBICIE,
9TO He MAadT HUKAKOW ONEHKW Ha BPeMsA PabOThI AJTOpUT-
Ma. OTMeTrM Takxke, IYTO He 0043aTeIbHO TPebOBATEH KO-
HETHOU aKCHOMATU3UPYEMOCTH TEOPUH; JOCTATOTHO, ITOOHI
OHa MMeJa pa3spemmnMoe NI IEPEeInCINMOE€ MHOXKECTBO aK-
cuoM (cM. [5]).

IIponnmocTpupyeM BCE DTH HOHATHA HA HECKOIBKUX (B
OCHOBHOM y2Ke O0CYXKAABLINXCS HAMU) IPUMEDPAX.

[MnoTHBIE AMHENHO YNOPSAAOUEHHBIE MHOXECTBA

PaccmoTpum curHaTypy, coJepiKallyid OTHONIEHUSA IO-
PAIKA u paBeHCTBA. PaccMoTpuM meoputo naomublx sumeti-
HO YNOPAJOUEHHBIT MHONCECTNE Oe3 Nepeo2o U Nocaednezo
IAEMENRMNA, KOTOPAA BKIIOYIAET B ceOs CIeAYIOINE AKCHOMEL

® AKCHOMBEI DABEHCTBA (B TOM YHCJE COXPAHEHUE TOPAI-
Ka [IPY 3aMEHE DJEMEHTOB Ha, DABHEIE);

o Vz (z < ) (pedreKCUBHOCTE TTOPAIKA);

o VaVyVz ((z <y) A (y < 2) — (x < 2))
(TPaH3UTUBHOCTH TOPSAIKA);

o VaVy((z <y) Ay <) — (z=1y))
(aHTHCUMMETPUYHOCTD IOPALKA);

o VaVy ((x < y) V (y < z)) (1uHENHOCTH HOPSIKA);

o VzIy (y > z) (HET MAKCHMANBHOTO DIEMEHTa; (Y > )
MOKHO CHUUTATL COKpalneHueM aad —(y < &) Wi s
(z < y)A-(z = y) — IpU HAIMYUK OCTAIBHBIX AKCHOM
5TO OQHO U TO XKe);
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® JHAJIOTMYHAA AKCMOMA PO OTCYTCTBUE MUHUMAIBHOT'O
JIEMEHTA;

o VaVy ((x < y) — Fz((z < 2) A (2 < y)) (mrOTHOCTS).

Panuonanpasie ducia o06pa3yoT CYETHYIO MOIENbL DTOU
TEOpUU, & AEUCTBUTENbHBIE — HECYETHYIO. Kak MBI yike
YIOMUHAN, DTA TEOPHUSI KATETrOPUIHA B CIETHOU MOILTHOCTH,
Bce eé cuéTHbIe HOpMaabHBIe MOaean u3omopdusl. Orcona
mo Teopeme 65 monydaem, 4To oHa moaHa. CaeroBaTenbHO,
B HEU BBIBOAATCA Bce ucTuHHbE B Q (wim B m060u apyrou
MO[IEIU, B 9aCTHOCTH, B R) dopMmyasl eé curHarypsl (B ca-
MOM fieqie, 3 GOPMYJI U —p POBHO ONHA UCTUHHA U POBHO
O/THA BBIBOAUMA, U BHIBOAUMAA (HOPMYJIa MOTKHA OBITH WC-
TunHOK). Hakonerr, mo Teopeme 67 5Ta TEOPUA PaspeIrnMa.

[dpyroe n0kasaTeiabcTBO Tex ke PaKTOB AAET DIUMUHA-
nus kBauTopos (reopema 30, c. 113). Kax mbl ormeuann
B pazgene 3.6, m1sg Kaxnon GOPMYJBL (0 HAIIEH CUTHATYPBI
CymEeCTByeT GECKBAHTOPHAA GOPMYJa ¢, SKBUBAIECHTHAA O
B 10601 HOPMAJILHON MHTEPIPETAINN TEOPUN IIOTHEIX JId-
HEUHO YIOPATOICHHBIX MHOXKECTB 663 MEPBOT0 U MOCAETHETO
omeMeHTOB. [103TOMY DKBUBAJIEHTHOCTE ¢ <> ¢’ (C KBaHTO-
paMu BCEOOIIHOCTH ) ABIACTCA TEOPEMOU TON Teopun. Ecan
bopmyIa ¢ GbLIA 3AMKHYTOR, TO GOpMyIa ¢ OyaeT Toxae-
CTBEHHO WCTUHHOW WM TOXICCTBEHHO JOXHOUW. B mepBoM
cIydae B TEOPUM BHIBOAUMA (HDOPMYJa ©, BO BTOPOM CIy-
qae — eé orpunanue. CreroBaTeIbHO, TEOPU MOTHA.

CxazaHHOE MOXHO MHTEPIPETUPOBATH U TAK: MbI JOKAa-
3AMIM KOHETHYIO aKCHOMATH3upyeMocTsb Teopun Th(Q, =, <),
MPEIBABUB CIIUCOK AKCUOM.

119. TlokaxuTe, 9YTO 3Ta TEOPUA HE ABIAETCA KATETOPUIHON
B MOIDHOCTU KOHTUHYYM.

Orcioga cregyer (no reopeme Mopau), 9T0 TEOPU IIOT-
HBIX JUHENHO YIOPAJOYEHHBIX MHOXKECTB 6€3 EePBOro U mo-
CJIeTHETO DIEMEHTA He OyAeT KATErOPUYHON HU B KAKOU He-
CI6THON MOITHOCTH.

120. He ucnoap3ys Teopemer Mopuau, ykaxure npumepsl He-
M30MOPMHBIX IIOTHBIX JUHENHO YIOPAJOICHHBIX MHOXKECTB 3a-
NAHHOUW HECIETHOU MOIIHOCTH.
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121. TTokaxure, uTo >mementapusie Teopuu Th([0,1],=,<) u
Th([0, +o0), =, <) KOHEIHO AKCHOMATU3UPYEMBI, IIOJIHEL I Pa3pe-
UMbl ByayT au OHM KaTerOpUYHBIME B MOIIHOCTY KOHTUHYYM !

122. PaccMOTPUM TEOPHUIO IIOTHHIX JUHENHO YIOPALOIEHHBIX
MHOXECTB (He 406aBIAA AKCUOM MPO HAUMEHBIIUH U HAUG OJIbIIAN
smeMenT). ByaeT i OHA KaTeropwdHa B KAKOU-TUGO MOITHOCTH?
moaHa? paspemmnma’?

Teopus Th(Z,=,5,0)

B sToM mpumepe MBI gencTByeM B 0OpATHOM IIOPSIKE,
HA4aB € KOHKPETHOU UHTepuperanuy (Le/ble YUCIa C DABeH-
CTBOM, (DyHKIMeN npubaBienus equuuubl 1 koucranron 0)
¥ IOCTPOUB SABHYIO CHCTEMY akCuOM. [[JIf 3TOr0 BCIIOMHHUM
OPOLEAYDPY SAMMUHALAU KBAHTOPOB u3 pasgeia 3.6 (reope-
ma 28). Kakumu cBorcTBaMU I0MKHA 002,12 Th HOPMAJIbHAS
WHTEPIPeTaIns A3BIKA, ITOOBI TPe0OPa30BaHUI, UCTIOJB3O0-
BaHHBIE MPU DIUMUHAIINYN KBAHTOPOB, ObLTN DKBUBAJEHTHBI-
Mu? [ToMuMO akCMoOM paBEHCTBA, HAM HYXKHO, 9TOOBI (hYHK-
nua S ObLIa OUeKIMer M YTO0BL JJA JI0O0r0 T BCE DICMEHTEI

L STHST @), ST (@), 7, S(2), S(S(2)), - .-

ObLIM pa3Im9HBL. pyruMy CAOBAMHU, SIAMUHAIAA KBAHTO-
pPOB maéT popMyIy, SKBUBAIEHTHYIO MCXOIHOU BO BCEX MO-
JelaX TAKOU TEOPUH:

® AKCHOMBI PABEHCTBA;

Vavy ((S(z) = S(y)) — (z = y));
Vady (S(y) = ©);

o Vz(z = 5());

o Vo —(x = S(S(x)));
o Vr—(x =5(5(5(x)))) ur. o

OrpanuvuBasch 3aMKHY THIMU (DOPMYyJaMK, MBI (KaK U B
npeapiaymeM npumepe) BuguM, 94ro Th(Z,=,S,0) copnaga-
eT ¢ MHOXKECTBOM BCEX (POPMYJI, BEIBOAUMEIX U3 TIEPEIUCICH-
HBIX aKCWOM, TAK YTO TEOPHUA C DTUMU AKCUOMAMY IIOJHA.



218 Teopuu u modeau [ra. 5]

Omna paspemnma (Kak Jr00as MOTHAA TEOPUA ¢ PA3PEIIIMBIM
MHOXECTBOM AKCHOM; KPOME TOr'O, ABHBIA aJIOPUTM Aa8TCA
DIUMUHALMEN KBAHTOPOB).

B otauume ot mpegwlaymiero mpuMmepa, 3Ta TEOPUs He
ABIAETCA KATEMOPUYHON B CIETHOM MOUTHOCTH — HAIPU-
Mep, Z+ 7 apasercsa €€ MOIeNblo, He M30MOP(OHON UCXOTHON.

123. OnuimmTe BCe MOJEIN 3TOU TEOPUH.

124. IToxaxuTe, YTO dTa TEOPUA KATETOPUIHA B JIO00M He-
CY6THOM MOIIHOCTI.

Ilokaxem B 3ak/II0OYEHME, YTO DTa TEOPUSI HE SBISETCA
KOHETHO aKCUOMATU3UpyeMon. B camMom feme, mycTh uMeeT-
€A KOHETHOE MHOXKECTBO F' TeOpeM 3TOU TeOPUn, n3 KOTOPOU
CTEYIOT BCE OCTATBHBIE TeOpPeMbl. Kaxk 1as m3 TeOpeM MHO-
*kecTBa F' BEIBOAUMA M3 aKCHOM, W 3TOT BEIBOJ UCTIOIL3YET
KOHEYHOE YUCI0 AKCUOM. JTO O3HAYAET, YTO BCE OCTAIBHEIE
AKCMOMBI (HE MCHOIB3yeMbIE B BEIBOJE (popMmya u3 F) BooG-
e JumHre. A 5TO He TaK: B KOHEYHOU MOJENN, COCTABJICH-
HOU 73 OCTATKOB IO MOAYJII0 N, BEDHBI BCE AKCHOMBIL, KPOME
SN(x) # x, S*N(z) # z,..., IOITOMY DPTH AKCHOMEL HE CJle-
OVIOT U3 OCTAILHBIX.

125. [loxaxwuTe, 4TO UCIOJIBL30BAHHOE HAMU PACCYXK AEHUE HO-
CUT O0IINYU XapPAKTep: €CAN TeOopusa 6ECKOHEYHA, HO KOHEYHO aK-
CHOMATU3UPYEMa, TO HEKOTOPasA €€ KOHEIHAsA JaCTh PABHOCUILHA,
BCel Teopu:u (MMEET Te XKe TEOPEMBI).

Teopuss Th(Z,=, <, S,0)

YT0 U3BMEHUTCA, €CAU MBI JOOABUM K CUTHATYPE, TOMUMO
MPUOABIEHUS €IUHUIILI, €IIE U OTHOIIEHNE TTopanka? Kak Mbl
Bugenn (CM. TOKA3aTEILCTBO TeOpeMEI 29 1 3a1ay mocie He-
ro, c. 112), sauMuHAIMA KBAHTOPOB MO-TIPEKHEMY BO3MOK-
Ha. /71 mpugaHua 3aKOHHOCTU HAM HYKHBI TAKUE CBOUCTBA
HHTEPIpeTaIny (KOTOPYI MBI IPEANOIAraeM HOPMATBLHON):
OHA MPEACTABIAET COOOU JMHEHHO YIIOPAJOIEHHOE MHOXKECT-
BO, B KOTOPOM KAaXK[IBbIA 3JIEMEHT MMEET HEIOCPEICTBEHHO
caenyomuyl (COBIAAOWUK ¢ 3HadeHueM pyHKnuu S) 1 He-
OCPECTBEHHO IpeAecTByomui. B oriryaue oT npegsiay-
Iero TpuMepa, HaM JOCTATOYHO KOHEIHOO Hab0pa aKCUOM.
Takum o6pazom, reopust Th(Z, =, <, S, 0) xoneuno akcuoma-
TU3UPyeMa, a TakxkKe (KaK U B IPeAbLAYIIEM IPUMEPE) IIOJHA,
paspemmuMa, HO He KATErOpUIHaA B CUETHOU MOIIHOCTH.
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MoxHO OGOMTHCH U 6€3 DAMMUHAINAUA KBAHTOPOB, Pac-
cyx)gas uHade. PaccMOTpUM TEOPUIO IUHEHHO YHIOPSIOYEH-
HBIX MHOXECTB CO CAEAYIOIIAM W HIPEABIIYIIIM DJIEMEHTOM
u onuineM Bce e€ Mopenu. IMEHHO, MBI IOKAXKEM, UTO JI0-
Oas HopMaubHas monels M sron Teopuu uMeeT Bug Z X A,
rae A — Ipou3BOJILHOE JUHENHO YIOPAJOIEHHOE MHOXKECTBO
(IOpsIOK HAa mapax TAaKOB: CHAYAJIA CPABHUBAIOTCH A-KOM-
HOHEHTHI, a B CAydae PABeHCTBa — Z-KOMIOHEHTHL.) B ca-
MOM Jeje, GyIeM TOBOPUTD, UTO JIEMEHTH & U I JEXKAT B
OJTHOU TATAKTUKE», €CAN MEXKAY HUMU KOHETHOE TUCJIO DJe-
MeHTOB. (JIerko mpoBepuThb, ITO 5TO AECUCTBUTEIHHO OTHO-
IIIeHNEe DKBUBAJEHTHOCTH, W HAIE MHOXKECTBO pasOuBaeTca
Ha ramakTuku.) [lasee mposepseMm, 9TO Kax1ad DATaKTUKA
u30MOphHA Z (KaK YIOPAJIOIEHHOE MHOXKECTBO) W 9UTO HA
PaaKTUKAX €CTECTBEHHO ONPENeIACTCA TOPALOK.

Teneps ¢ nomowpo urpel Jpendoixra (cm. pasgea 3.9,
TeopeMa 37) MBI IOKA3LIBAEM, YTO BCE HOPMAJILHBIE MOJe-
JII 3TOU TEOPUW DJIEMEHTAPHO >KBUBaJeHTHBL (OTciona 3a-
KJIOYaeM, 9TO Teopus HoaHa (KaK B JOKA3aTeIbLCTBE Teope-
MBI 65, TJe MBI 10 CYIIECTBY UCIOIb3OBAIN BJIEMEHTAPHYIO
SKBUBAJIEHTHOCTb MOJEJEN, a He UX U30MOpdu3M).

126. Ilokaxwure, aTo Teopua Th(Z, =, <, S,0) me xkareropmi-
Ha HI B KaKOM HECYETHOMW MOIITHOCTMH.

127. Byaer mm teopua Th(Z, =, <) kOHEIHO AKCHOMATH3UPY-
emon? paspemmMon’ KaTeropuIHOu?!

128. Byget mu Teopua Th(N, =, <) xomeuHO akcmomMaTH3Upy-
emon? paspemmMon’ KaTeropuIHOu?

Teopuss Th(Q, =, <,+,0,1)

DTy TEOpHUI0 MBI paccMaTpuBaau B pasgerne 3.6, c¢. 116.
Mgt orpanputuMcsa AByMsa KoHCcTaHTaMu 0 1 1, TOCKOABKY JIT0-
Oyt aToMapHy (HOPMYJIYy MOXKHO IPUBECTU K OOIIEMY 3Ha-
MEHATeJIIO U IIOJNYyYIUTE Ilefble KOHCTAHTEL, KOTOPEIE MOXKHO
BeIpa3uTh depe3 0 m 1.

Mpbl X0TUM yKa3aTh SIBHO Ha0Op AKCHOM 3TOU TEOPHH,
TO €CTh MHOXKECTBO (POPMYJ, U3 KOTOPEIX BEIBOJATCSA BCE
TEOPEMBI TOU TEOPUM U TOJIBKO OHU. Kak u B npeabiymux
IpuMepax, 3TO MOXKHO CIeNaTh, IPOAHAIU3NPOBAB IIPOIECC
JIMMUHAINY KBAHTOPOB U BLLIABUB BCE UCIOJIL30BAHHEBIE IIPU
sTOM cBOKCTBA uHTepnperanun. (Bce paccMaTpuBaemble Ha-
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MU UHTEPIPETALNY MTPEATOJATAI0TCA HOPMATLHBIMY, 8 AKCHU-
OMBI PABEHCTBA U3HAYAIBHO BKIIOYATCI B CTPOUMYIO HAMU
TEOPHUIO. )

IIpex e Bcero, HaM BaXKHO, UTO MO CJIOKEHUIO MBI IMEEM
abeneBy rpymny (u 0 ABasgerca e€ HyaéMm). ITO TO3BOIACT B
PABEHCTBAX HEPEHOCUTH WIEHHBI ¢ OMHOU CTOPOHBL B APYTYIO.
st onepanui ¢ HEPABEHCTBAMEI HAM HAJIO 3HATH, UTO IOPI-
[OK SIBJSIETCS JUHEHHBIM U ITO OH CONVIACOBAH CO CIOXKEHUEM
(To ecTb uTO U3 x < Yy caegyer x + z < y + z). Kpome to-
IO, MBI YMHOXKAIM PABEHCTBA U HEPABEHCTBA HA PALMOHAIL-
HBbIE 9KUCIa. ITO6BL 3TO GBLIO BAKOHHO, MBI JOJXKHBI 3HATD,
YTO TPYMINA ABIAETCA NEAUMOU: A BCAKOTO @ YPABHEHUA
r+er =g, r+r+xr =a,r+r+r+r = a,... IMEIOT
pemenus. (B yHmOpAZOYeHHON I'DYNIE TAKOE DEIIEHUE, KaK
JIETKO TIOKA3ATh, €MHCTBEHHO.) Hakonen, HaM HALO 3HATH,
aro 1 > 0.

Kpowme sTux akcnom (KOTOPBIX CIETHOE YMCJI0) MBI [IPU
SIMMUHALMYA HUYEr0 HE HUCIOJb30BAIU, TAK UTO [JA JHO-
601 (POPMYJIBLL Y CTh GECKBAHTOPHAA POpMyJa ¢, KoTopas
DKBUBAJEHTHA (0 B JHOOOU AEIUMOU YIOPATOICHHON TPYIITIE.
Hooromy mobas 3amMuyTas ¢GhOpMyaa, UCTUHHAA B CTAH-
napTHOU uHTeprnperanyu (B Q), ncTuHHA B JHOO0N TEIUMON
YIOPALOYECHHON TPYIINE, U MBI TOAYIMIA CIETHYIO CUCTEMY
akcuom mas Teopun Th(Q, =, <, +,0,1).

129. IlokaxuTe, 9TO 3T TEOPUA HE ABIAETCA KOHEYHO AKCHU-
omaTmsupyemont. (YkaszaHue: JeIMMOCTh JI060T0 SIEMEHTa TPy~
TBI Ha IMIPOCTOE YUCJAO P HE BBITEKAET N3 AJEINMOCTU HAa BCE MEHb-
e TpoCThI€ YUCIa — PACCMOTPUM DallMOHAABHBIC YUCIa, 3HA-
MEHATEIb KOTOPBIX B3AUMHO IPOCT C P.)

130. IloxaxwuTe, 9TO 3Ta TEOPUA PA3PEIINMA.

131. TToxaxxuTe, YTO >Ta TEOPUA HE ABIAETCA KATETOPUIHOU.

132. Ilokaxwure, aro Teopus Th(Q,=,+,0) me aBiseTcsa xa-
TerOpUYIHON B CIETHOU MOLTHOCTU, HO KATETOPUYHA B JIOG0HU He-
caéraon mMommuoCTH. (YKasaHume: €€ MOeIn — BEKTOPHEIE IIPO-
CTPaHCTBa Had IIOJEM DAalVOHAJIBHBIX ‘[I/ICeJI.)

ApudmeTuka lNpecbyprepa

B pasgere 3.7 MBI 3aHMMAINChL 3JAUMUAHALIMEH KBAHTO-
pos B Teopuu (Z,=,<,+,0,1), xoropas nmorpeGosaia 106a-
BJICHUS OECKOHEYHOT'O YMCIa, TOHOIHUTEIBHBIX MPEINKATOB
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(cpaBHUMOCTDL IO MOAya0 N mia Becex measrx N > 1).

IIpoananu3upoBaB 3TO PACCYKACHUE, MOXKHO U3BICYL U3
HEro ABHYH aKCHOMATHM3auwio s Teopun (Z,=,<,+,0,1)
(6e3 MOMOMHUTENBHBIX TpeankaTon). Kakuwe cBomcTBa mMO-
PANKA U CAOKEHUA HA TEJIBIX TUCAAX MBI Hcmoab3yeMm? Hawm
BaKHO, ITO MEIBIE TUCAA 0GPa3yIoT abeJeBy IPYIITy, YTO Mo-
PANOK COMTACOBAH CO CIOKEHNEM U 9TO T + 1 €CTh Hemocpe -
CTBEHHO CJIEIYIONMA 34 & BJIEMEHT ([OCTATOYHO, BIPOUEM,
cKa3aTh, 9TO 1 HemocpencTBenuo creayer 3a 0). B moGon
CPyLOIe MOXKHO PACCMOTPETh MOATPYIIY AeImuxcs Ha N
aneMenTOB (gus jaobon uenonn koucranrel N > 1) u cpas-
HUBATH BJIEMEHTHL 10 MOAYJII0 3TOU moarpynmnsl. Ho aToro
MaJIO: HaM HYXKHO €IIé MMETh BO3MOXHOCTL AeIuTb Ha N ¢
0CTATKOM. DTO I'apaHTUPYETCS TAaKOM aKCUOMOU (mpu Ka-
KaoM N — CBOsA aKCMOMA): MJis JIOOOrO BJIEMEHTA & POBHO
onuu u3 N saemenToB z, ¢ — 1,2 — 2,...,2 — N + 1 genurcsa
Ha N.

MoXHO IPOBEPUTD, ITO BCE LAY DAUMUHAINN KBAHTO-
POB COXPAHSIOT PABHOCWJIBLHOCTH B Takou cuTyauwu. IIpo-
BepUM, HAIIPUMED, YTO CPABHEHU MOXKHO YMHOXKATH HA IIe-
J0e nonokurensHoe ducao. [logemy, ckaxem, a = b (mod 3)
pasHOCHIBHO a + a = b+ b (mod 6)? Ilo onpegesenuio nep-
BO€ OBHAYAET, ITO @& — b = u + u + U I HEKOTOPOro U, a
BrOopoe — uto (a —b)+(a—b) =v+v+v+v+v+0v pm
HEKOTOPOT'O U, ¥ AOCTATOYHO COCJAATHCA HA TO, IYTO B YIIO-
pagogennon rpyumne us & + ¢ = 0 caenyer £ = 0 (mockombKy
w3 x > 0 caenyer z+x > > 0). Hanbosee caoxHbIT mar —
JTOKA3aTEILCTBO MPEICTABUTENLHOCTH HAOOPa. 31eCh HAJO
PACCMOTPETL BCE CIAyYad PACTIONOXEHUA MTPOU3BOJBLHOTO
OTHOCUTEILHO TPABLIX YaCTen. B KaxIOM U3 CIy9IaeB MBI
3aMEHSIM { HA IEPBBIA DJIEMEHT U3 OKPECTHOCTHU IPABBIX
qacTel, BeTpedaromumics npu aBrkenuu waramu D (kax
onucano Ha c¢. 121). D1y npoueaypy MOXKHO [HOHUMATH KaK
genenue paccrosHus (o Guukapuen npaBol dactu) Ha D
€ OCTATKOM; BO3MOXKHOCTH DTOI'O TapAHTUPYETCA HAIIUMU
AKCHOMAMU.

133. IlokaxwuTe, aT0 Teopua (Z,=,<,+,0,1) pazpemmma.

134. TlokaxuTe, 4TO dTa TEOpUA HE KATErOPUIHA B CIETHOI
MOIIHOCTH W ONWIIUTE BCE €€ CIéTHBIE Mozean. (YKa3aHue: OHU
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umeror Bug Z X A, roe A — menmMas ynopsagoOueHHAsA TPYyTIA. )

135. [Tokaxmure, 4TO 3Ta TEOPUA HE KOHEIHO AKCUOMATU3UDY-
ema. (Ykazanme: paccmoTpuTe naTepnperanuio Z X A, korga B A
BO3MOXHO [EJEHME Ha MPOCTHIE YUCIA, MEHBIINE HEKOTOPOro P,
HO HE Ha P.)

Anrebpanyeckn 3aMkHyTbIe Nons xapaktepuctuku 0

Teopema 34 ycTaHaBamBaeT BO3MOXKHOCTH DIMMUHAIIAN
KBAaHTOPOB B IMOJI€ KOMILUIEKCHBIX wuceg. Kak MBI yxke OT-
meuaau (Teopema 38 Ha ¢. 140), sTo mpeobpazoBanue HagT
GOpMyTy, PABHOCMILHYIO BO BCEX areOpamtideckKu 3aMKHY-
THIX T0JsX XapakTepuctuku 0. OTcooaa creayeT, Kak 0ObId-
HO, 9TO TEOPUA ANTeOPANISCKY 3aMKHY THIX TTOJEN XapaKTe-
puctukn 0 monHa. (E€ akcmoMBl TAKOBBI: aKCMOMBI DaBeH-
CTBa, AKCUOMBEL 05, CIETHBEIA HAOOP yTBEPKACHUU O TOM,
4TO AI0O0U MHOTOWIEH cremeHu n > () ¢ HEeHyJIeBBIM CTap-
M KO3QPUIMEHTOM UMEET KOPEHb, & TAaKKe CIETHLIN Ha-
6op yreepxkgenun Buga 1 +1+14...+1#0.) Dra reopus
COBIIAAAET C DJAEMEHTAPHOU TEOPUEN IOJA KOMILIEKCHLIX U~
ce.

[lpyroe n0Ka3aTelbCTBO TOJHOTHI BTOU TEOPUU MOKHO
MOMYIUTE ¢ OMOIILK KpuTtepusa Jlocs — Boora (Teopema 66,
c. 214) v yTBEPKACHUA CICAYVIONIEH 3aIA4N.

136. IlokaxmnTe, 4T0 Teopus aarebpamdecKy 3aMKHYTBHIX IIO-
aen xapakTepuctuku () He KaTeropmwdHa B CIETHOM MOIIHOCTH,
HO KaTerOpUYHA B II000M HECYETHOM MowHOCTH. (YKa3aHue: aj-
rebpanvecKu 3aMKHYTOe II0Je uMeeT 6a3uC TPAHCIEHAEHTHOCTH
mag Q; ecim mose HECIETHO, TO 6A3MC PABHOMOIIEH IOJIO. )

137. Ilokaxure, 4T0 TeOpua AIreOpamdeCKy 3aMKHYTBIX IIO-
JIeW JaHHOU XapaKTEPUCTUKY P IOMHA.

138. Iloxaxwmure, 4TO ecaIum HeKOTOpas GHOpPMYyJIa B CUCHATY-
pe (=, +, X) ucTunHA B a1re0pamiecKy 3aMKHY THIX IIOJIAX XaPaK-
TepucTuku (), TO OHA UCTUHHA U BO BCEX aIreOPaMIeCKU 3aMKHY-
TBHIX HOJIAX AOCTATOYHO OOJBIION KOHEYHOU XapaKTEPUCTUKMU.

BellecTBeHHO 3amKHYTbIE NOAS

Boaee c1oxXHO CPOPMYIUPOBATE, KAKAE CBOUCTBA BEIIE-
CTBEHHBIX YHCEI PEATLHO UCIOAL3YIOTCA NMPH JOKA3ATEIb-
ctBe Teopembl Tapckoro—3angendepra (pasgen 3.8). lemo
B TOM, 9TO MBI CCHLLIAMUCH HA Pas3HBIE (PAKTHI M3 AHAIN3A
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(moHATHE TPOU3BOAHON, TeopeMa PO, aCUMOTOTAKA MHO-
rowienos). OZHAKO HA CAMOM [Heje LOCTATOYHO HEKOTODHIX
anrefpanIecKux CBOUCTB MO — KAK [OBOPAT, MOJE JTOJIK-
HO OBITH «BEIIECTBEHHO 3AMKHYTBIMY.

TTose mazbBaeTcs ynopadouenwnvim, €Cid Ha HEM 3a1aH
JIMHEUHLIN [OPALOK, MPUIEM OH COIVIACOBAH CO CJOXKEHUEM
(z < y Brewér z + z < y + 2z) u ymuoxenuem (z,y > 0
BreuéT xy > 0).

139. Iloxaxwure, 4T0 MI060€ YIOPAIOYEHHOE MOJE UMEET Xa-
paxkTepucTuky 0 # YTO B TI000M yIOPATOIEHHOM IIOJIE CyMMa KBa-
OPATOB HE MOXET PAaBHATHCA —1.

YTopsif0<eHHOE [TOJIe HA3BIBACTCA 6EULECTNBEHHO 3AMKHY-
MBIM, €CJT JTHOO0N MHOTOWICH, UMEIOIINY Ha KOHIIAX OTPE3Ka
pa3HbIE 3HAKH, IMEET KOPEHb Ha 3TOM oTpeske. (OTMeTuM B
CKOOKax, ITO CYIECTBYET HECKOIBKO 3KBUBAJICHTHBIX ONMPE-
JeJIEHUN BEIeCTBEHHO 3aMKHYTOTO TOJA, CM. YIeOHUK BaH
aep Bapgena [1]; Ml BEIGpann Hambomee ynoGHOe 17 Ha-
MINX Iemen. )

MEer HE MOXKEM 3ANUCATH ONPENENEHIE BENIECTBEHHON 38~
MKHYTOCTH B BU€ (POPMYJIBL, HOCKOIBKY CTEEeHb MHOTOJIe-
Ha MOxeT ObrThb Jiobou. Ho MoxHO HamucaTrh MHOrO op-
MyJI — IO OJHOU [JiA KaiKJIOU CTeleHr MHOro4ieHa. Hampu-
Mep, NIl MHOT'OYJIEHOB CTEMeHU 2 MOXyIuTcs popMy.Ia

(u<v) A (@#0) A ((au® +bu+c)(av? + v +¢) <0) —
— 3z ((u<2)A(x<v)A (a2’ +bx +c=0)).

Teopus, COCTOALAA U3 AKCAOM YIIOPAIOICHHOrO TOs (B
TOM YUCJIE AKCHOM DABEHCTBA) W 3TUX NOMOMHUTEIBHBIX AK-
CHIOM, HA3BIBAETCS MeEopuet 6CUECTMEEHHO 3AMKHYMBLL TO-
aeti. IlokaxxeMm, 9TO B 1000M BeIIECTBEHHO 3aMKHYTOM TOJIE
BHITIOMHEHBI OCHOBHBIE (DAKTHI O MHOTOWJIEHAX U UX TPOU3-
BOmHEIX. [Ipexk me BCcero 3aMeTuM, ITO B aaredpe eCTeCTBEH-
HO OTPENeNsaTh TPOM3BOAHYIO MHOTOWIEHA HE KAK TIPEeIe,
a amcto popmarbao: (27) = nr™ ! (1 mo6oro moaoxkm-
TEJIBHOIO Leoro n), gatee no JjusenHocru. CreneHs mpo-
M3BOAHOU MHOTOYIEHA HA €IMHUILY MEHBIIE CTEIEHU CAMOTO
MHOT'OYJIEHA. BBHIIOIHEHBI OCHOBHBIE TPaBUWIa, Auddepenin-
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pOBaHUA (JUHEMHOCTH, TIPABUIO AU EPEHITUPOBAHMA TTPO-
uzBegenusi, popmyaa Temtopa).

Temeps OTMETUM HEKOTODPHIE CBOMCTBA MHOT'OYJIEHOB,
CBA3AHHBIE C TOPAIKOM. IlyCTh MHOT'OWIEH B KAKOU-TO TOU-
KE DABEH HYJIO, & MPOU3BOMHAA €r0 B DTOU TOYKE GOJIbIIE
uysaa. Torga B HEKOTOPOU OKPECTHOCTY DTOW TOYKU OH TO-
JOXUTENEH CIpaBa W OTpUIATeseH cieBa. (B camom nere,
MOXKHO TPUMEHUTHL (GopMyay Temsmopa u OUEHKHU, MOKAZH-
BAIOIIAE, YTO BOMU3U HYJA 3HAK ONPEAEIACTCA JUHEUHOU
4aCThIO. )

CrpaBeJMBO U CBOMCTBO COXPAHEHWs 3HAKA: €CJIU B Ka-
KOU-TO TOYKE MHOIOWIEH MOJOXKUTENEH, TO U B NOCTATOY-
HO OAMBKMX TOYKaX OH ToaoxkuTeneH. ClIoBa «I0CTATOYIHO
OAMBKUX» TOHUMAIOTCA B OOBIIHOM cMBbIcae (Je > 0), Toabko
Tenepb € — He IeNCTBATEIBHOE YUCI0, & DIEMEHT TTOJA.

AnanormaaeiM 06pa30oM MOXKHO CHOPMYIUPOBATE U IO-
Ka3aTh TAKOE YTBEPKICHHWE: NPU BCEX NOCTATOIHO OOIb-
KX 3HAYEHUAX apPryMEHTa 3HAK MHOTOUIEHA ONpenesseT-
ca ero crapimM KodhdunueHToM (OOBIUHbIE OLEHKN BIIOJHE
TCOMATCA).

Bonee ca0XHO IOKA3LIBAETCA, ITO YTO €CAU MIPOU3BOM-
Hag Muorowiexna P(z) mosoxurensHa na unrepsaie (a,b),
TO OH HeyObiBaeT Ha orpeske [a,d]. Ilycrs sT0 He Tak. [lo-
6aBUB K MHOIOWIEHY KOHCTAHTY, MOXKHO CUATATHL, 9TO /I
KAKIX-TO TOYEK ¢, d DTOr0 OTPE3KA UMEIOT MECTO HEPABEH-
crBa ¢ < d, P(¢) > 0, P(d) < 0 u moromy P umeer kopeHb
Ha uHTEpBate (¢,d) (BEIeCTBEHHAA 3AMKHYTOCTS ).

Hucao kopHen MHOrO4wIeHA (B J1I060M [OJ€) KOHEHHO, 10~
sTOMy cpegu Kopuell muorowrena P(x) na unrepsare (c,d)
ecTh HauMeHbImin kopensb «. CaeBa ot o muorowiex P go-
XKeH OBITh [OJOKUTENLHLIM (IOCKOIBKY KODEHbL [EPBEHIM),
HO OJHOBDEMEHHO BOJM3M ( M OTPULATEABHBIM (TaK Kak
P'(a) > 0 mo mpeanonoKenuo).

Termneps Jerko MOHATH, 9TO MHOTOWIECH C TOJOKUTEILHON
upousBoaHou Ha (a, b) crporo Bozpacraer Ha [a, b]: eciu 661 B
IBYX TOYKAX OH IPUHUMAT OJMHAKOBLIE 3HAMEHUSA, TO MEXK Iy
HUMU OH ObLI Obl KOHCTAHTOU (4ero He MOXeT ObITb s
HEIIOCTOSHHOIO MHOIO'WICHA).
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CaencTBue: MHOTOWIEH, TTPOU3BOHAA KOTOPOTO HE UMe-
er KopHen Ha (a,b), AubO CTPOro Bo3pacraer, aubo CTPOro
youBaeT Ha [a,b]. B camoMm pgesre, CBOMCTBO BeLleCTBEHHOU
3aMKHYTOCTH MOXKHO IPUMEHUTL M K MPOU3BOLHON, CJIEIO0-
BaTEIBLHO OHA, MO0 BCIOLY IOJOKATENLHA, TH00 BCIOAY OTPH-
nareibHa. B uacruocru, cupasegiusa reopema Poswis (Muo-
FOWIEH C PABHBEIMYU 3HAYEHUAMHI HA KOHIIAX OTPE3KA MMEET
HYJIb IIPOU3BOIHON ).

Tlocae Taxow TPEHUPOBKY HAIMA PACCYKICHUA TIPO 3HA-
KN MHOTOWIEHOB JUATPAMMEI JET'KO MPOBECTH [JIA TPOU3-
BOJMBHOTO MOJIA. JIETKO TTOHATH Takke, 9TO NEMeHNe ¢ OCTAT-
KOM (TOYHEee, omepanusa MOIupUIIPOBAHHOTO OCTATKA) NME-
eT CMBICA JJIA JHO0r0 TOMA, W 9TO Nedble YUCIa (KOTOphIe
ObLIM KO3(PPUINEHTAMYA MHOTOUIEHOB) COAEPKATCA B JIO-
60M 1oJe.

Urak, sauMuHAnus KBAHTOPOB AT (HhOPMyTIy, PaBHO-
CUIBHYIO UCXOIHOU B JIOOOM BEIIECTBEHHO 3aMKHYTOM IIOJE.
Orcona, kak OOLIMHO, CAEAYET, 9TO TEOPUA BEMECTBEHHO
3aMKHYTBIX [TOJIEM COBIIALAET C DJEMEHTAPHON TEOPUEn yIIO-
PANOYEHHOTO MOJIA BEIIECTBEHHBIX IUCET W IOTOMY IOJHA,
a TaK¥XKe PA3pEInMa, U UTO BCE BEIIECTBEHHO 3aMKHYTHIE
YIOPATOIEHHBIE TIOMA DJIEMEHTAPHO SKBUBAJICHTHHEI.

5.4. HenonHble u HepaspelwlnMble TEOpUM

Tpepraymuu pa3aena MOr CO3/1aTh BOEYATIEHUE, ITO Ha-
yraj B3ATas TEOPUA CKOPEEe BCEro OKAXKETCS MOJIHOU, pa3pe-
IIUMOU, & BO3MOXKHO, U KOHEYHO aKCHOMATHU3UPYEMOU. JTO
COBCEM HE TaK.

OTkyna BoOOImIe HEPYTCA B MATEMATHKE AKCUOMATUYE-
ckue Teopun? UHOT 1A MBI IBITAEMCS TOCTPOUTD AKCUOMATH-
9eCKU TEOPUI0 KAKOU-TO KOHKPETHOU CTPYKTYPHI (CKAKEM,
TEOPUIO AEUCTBUTEILHBEIX UHUCET CO CAOKEHWEM W YMHOXKE-
mueM). B apyrux caydasx MBI CTApaeMca BEIICIATHL OOIIue
CBOUCTBA PA3JUYHBIX CTPYKTYp. Hanpumep, akcuomer rpym-
bl PUKCUPYIOT OOIIKEe CBOMCTBA PA3JIMYHBIX DPYII, U C Ca-
MOI'0O HAYAJIA ICHO, YTO TAKAs TEOPUs HE TOKHA U HEe MOXKET
6pITh oaHOU. TO XKe caMoe MOXKHO CKAa3aTh U PO TEOPUIO
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JUHENHO YTIOPAJOUEHHBIX MHOXKECTB — IMOJHOTA TaKOU Te-
opuu O3HadYAJIA OBI, YTO BCE JUHEWHO YIOPSITOYEHHBIE MHO-
KecTBa (WM PPYNNBL) SJeMEHTAPHO SKBUBAIEHTHBL, TO €CTh
0BIATAI0T ONHUMYU M TEMU K€ CBOMCTBAMU, BBIPAKAEMBIMU
dopmyramMu. ITO, KOHEIHO, HE TAK.

Yo kacaeTcs KOHKPETHHIX CTPYKTYP, TO W JJs HUX
€CTECTBEHHBIE TEOPUM HE BCETIa OKA3BLIBAIOTCA TOJHBIMU.
Kaaccudeckun mpumep — HATYPATBHBIE YACTA CO CAOKEHU-
eM u ymHOXKeHmeM. [lai HuX uMeercs ecTecTBeHHAA (HOp-
MasibHas Teopust (HasbBaeMas (POPMAILHOU apU(pMETUKON ).
Eé axcuombl BKIogaioT B ceGsa OOBIYHBIE CBOMCTBA CJIOKE-
HUA ¥ YMHOXEHIUS, 8 TaKXkKe akKCUOMBI nHAyKurd. OnerT no-
Ka3BIBAET, ITO JI0O0E PACCYKICHUE TEOPUHU JUCEJI, B KOTO-
POM pedb UAET TOJBKO O KOHEYHBIX OOBEKTAX, MOXKET OBITH
opManbHO 3amKMCAHO B BUAE BHIBOJAA U3 AKCUOM 3TOU TEO-
puu. Bonee Toro, MHOrHE I0KA3aTENBLCTBA, UCIOIB3YIONNE
OECKOHEIHBIE OOBEKTHL (CKAXKEM, BAXKHEHIIYH) B TEOPUM U~
cex (-pyukuuwo Pumana), MOIyT OBITH MOAUDUIAPOBAHEL U
TIOTPYXEHHI B 3Ty (HOPMATBLHYIO Teopuio. TeM He MeHee pTa
TEOPUA HEMOJIHA (M HE MOXKET OBITh MOMHA, KAK MBI YBU UM
B DTOM Da3Jese).

Cpenu ecTeCTBEHHBIX HEMOJHBIX TEOPUM OLIBAIOT pPas-
pemuMble ¥ HepaspenmMbie. Hampumep, TeOpus JUHENHO
VIOPAZOYEHHBIX MHOXECTB Pa3peImMa, Teopus abeaeBbIX
TPYII pas3pelmMa, a Teopusa Ipynn HepaspemmMa. [lonpoo-
HBIM PAcCKas 00 DTOM [aJeKO BHIXOAUT 33 PAMKU HAIIEH
kunxku; Hamucauusn M. O. PaburoM 0630p COOTBETCTBY-
IOIMUX PE3YJIbTATOB MOXKHO HAUTHU B CIPABOYHUKE MO Ma-
TemaTndeckon Jormke (dacts I, Teopus pewypcuu [26],
riasa 4).

MeI ke OrpaHrIuMCsa TPeMs NpuMepaMu (Teopus PaBeH-
CTBa, TEOPUA MOLYTPYII, (POPMATbHAA APUPMETUKA).

Teopwus paseHcTBa

Pacemorpum curaTypy, COIEpKALIYIO €JUHCTBEHHBIN
OBYMECTHBIU NPEIUKAT PABEHCTBA, U TEOPUIO, COCTOSIILYIO
u3 TPEX aKCUOM PaBeHCTBA (PedUeKCUBHOCTDH, CUMMETPUY-
HOCTDb U TPAH3UTUBHOCTD). DTH AKCUOMBL PACCMATPUBALICEH
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B pasgene 5.1; 3aMeTmM, ITO y HAC HET APYTUX TMPEIUKAT-
HBIX U (PYHKIMOHAIBHBIX CUMBOJOB (U CBS3AHHBIX C HUMU
AKCUOM DABEHCTBA).

MogensaMu 3TOR TEOPUU ABISIOTCSI BCEBO3MOMKHEBIE MHO-
JKECTBA ¢ OTHOUICHUAMY SKBUBAJEHTHOCTU. HOpMAIBHBIME
MOJEJNAME DTOU TEOPUU ABJAKTCA MHOXKECTBA Pa3INIHON
MOITHOCTY; TOCKOJBbKY HUKAKOU JOMOJHUTEILHOU CTPYKTY-
PBL HET, TaKasd MOJEIb ONPEeIaeTCA MOIHOCTHIO (C TOU-
HOCTBIO 10 m3oMopdusma). Teopemamu »Tou Teopuu OyIyT
pOpMYyIBI ¢ PaBEHCTBOM, UCTUHHBIE B MHOXKECTBAX JHOOOU
MOIIHOCTH.

Teopema 68. MHOXECTBO TEOPEM TEOPUU PABEHCTBA, AB-
JIAETCS PA3PELINMBIM.

< 3aMeTuM, UYTO UCTUHHOCTH (POPMYJBI B HOPMAJIBLHOU
MOJEIN MOXET 3aBuceThb oT eé MmomuocTu. Hanpumep, dop-
Mmyaa JxIy—(r = y) A0KHA B OFHODIEMEHTHOU MOLENU U
MCTUHHA BO BCEX OCTAJLHBIX. [103TOMY mpolenypa sauMu-
HAIMU KBAHTOPOB B YMCTOM Buie (6€3 PACIIMPEHUsA CUCHA-
TYDPHBL) 3[€Ch HENIPUMEHUMA.

Ho naes ocraérca Ton xe. OT 4ero 3aBUCUT UCTUHHOCTD
hOpMyJIBEL BTON cUrHATYPHL (¢ mapameTpamm)? Bo-mepsrrx,
OT 3HAYEHUN MAPaMETPOB (BaXKHO, KAKUE TAPAMETPHI DABHEI
APYT APYTY, & KaKue HeT). Bo-BTOPBIX, OT YUCIa BIEMEHTOB
mogemu. (Ecim Ob1 5TON 3aBUCHMOCTH HE OBLTO, TO MOXKHO
ObLIO OB HAIMCATL OECKBAHTOPHYIO (POPMYJIY, SKBUBAJICHT-
HYIO JAHHOU BO BCEX MOJEJSX TE€ODUH.)

Hanpuwmep, opmyaa 3z (—(z =z)A—(z=y)) upuz =y
UCTUHHA BO BCEX MOIEJNAX, HAYMHASA C IBYXDJIEMEHTHOU, a
IpU T # Yy UCTUHHA BO BCEX MOMEAAX, HAYUHAA C TPEXdJIe-
MeHTHOU. MOXHO OKUAATH, ITO MOJEIN C GOMBIINM TUCIOM
BJIEMEHTOB HEOTIWYAMBL IPYT OT APYra U OT O€CKOHEYHBIX
MOIETEN.

Jlemma. cTUHHOCTE (DOPMYJIBLI A3BIKA C PABEHCTBOM, CO-
JepiKaen k mapamMeTpoOB W MMEKIIEH KBAHTOPHYIO TuyOu-
Hy [, ompegenseTcsa TeM, Kakue U3 IapaMeTpPOB PaBHBI IPYT
OPYTY, & TaKkKe MOUTHOCTBHIO HOCUTEs, IIPU STOM BCE MOII-
HocTH, 6oabime k + [, OTMHAKOBEL.

[oxazaTenbCTBO JeMMBI IPOBOAUTCA WHAYKINEH IO HO-
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cTpoeruto GpopMmyan. JIna aromapron (1 BOOOIIE A1 JH0O0U
6eCKBAHTOPHON) POPMYJIbL MOLIHOCTE BOOOLIE He UIPAeT PO-
au. Ecan yreepxaenue jeMMel BEPHO A1 GOPMYIT ¢ U Y, TO
OHO OYEBHIHBEIM OODPa30M BepHO U it 0 A1), ¢ V1, ¢ — 1
u —. llpu 3TOM UCHOAB3YETCA TAKOW (PAKT: KBAHTOPHAA
ray6uHa (MUCIO BIOKEHHBIX KBAHTODOB) U UCJO HapaMe-
TPOB y 4acTu (POpMyJLL He OOJbIIe, YeM Y BCel (POPMYJIEL.

ColepKATENbHBIN CIydal — KOorga GopMy/Ia HAIHHACT-
¢ ¢ kBaHTOpa. Korga, ckaxewm, popmy.aa

31’(,0(1',]}17 s awk)

¢ mapaMerpaMu Zi,...,Tp OyLeT UCTUHHOU (B JAHHOU WH-
TEpUpPETALA IPU NAHHBIX 3HaYeHUAX napamerpos)? Jocra-
TOYHO MONPOGOBATH B KAYECTBE & 3HAYEHUSA T1,...,T &
TAKXKE KAKOU-HUOY b DJIEMEHT, OTIMIHBEIN OT BCEX DTUX 3HA-
wsennn. (Bce Takwe nieMeHTH HUYeM He oTaAM¥aTcs.) Mc-
TUHHOCTB (POPMYIEL @(T,T1,...,ZE) IPA T = T; ONPEIEIA-
eTCA COOTHOIICHUAMY MEXKIY TMApaMeTPAMU W MOIIHOCTBIO
Mogeu (TI0 TPEATONOKEHNI0 UHAYKIAN; 3aMETUM, 9TO Yh-
CJI0 TIAPAMETPOB YBEIWYUIOCh HA 1, 8 KBaHTOpHAA TuyOu-
HA YMEHBUIMIACH HA 1, TAK 9TO CyMMa OCTAJIACh IIPEXKHEN).
CymecTBOBAaHMIE BIEMEHTA, OTAMIHOTO OT BCEX X5, ONPEAEIA-
€TCA MOITHOCTBIO MOJETA W 9UCAOM PA3JIMIHBLIX HJIEMEHTOB
cpeau xi,...,Ty (TO €CTh B KOHEYHOM CUETE DABEHCTBAMU
BUga ; = ;). [lpu >TOM MOJe/an BCEX MOIIHOCTEH, HAINHAL
¢ k+ 1, BenyT cebsa oquHakoBo. Kpome TOro, MCTUHHOCTH
dopmyast o(x, x1,...,2,) opu & ¢ {x1,...,T,} 10 TpeaIO-
JIOXKEHUIO WHAYKIUA TAKXKe ONPEIeNAETCA PABEHCTBAMU BU-
Aa &; = %j U MOUIHOCTBIO MOIEJIH.

KBanTop BCeOOIMHOCTH PACCMATPUBAETCA TOYHO TAK ¥Ke
(a MOXKHO €r0O BHIPA3UTDL YEPE3 KBAHTOD CYIIECTBOBAHUA U
BOOOIIE He paccMaTpuBaTh). JlemMMma nokazaHa.

[loKa3aTeIBCTBO JEMMBI KOHCTPYKTUBHO, TO €CTh YKa-
3BIBACT CTIOCOO Y3HATH, OyAEeT U (POPMYJIa UCTUHHON, €CIu
M3BECTHO, KAKKE €€ MapaMeTPEl PABHBL M KAKOBA MOITHOCTH
HOCUTEId. B 9acTHOCTH, M1 3aMKHY THIX (POPMYJI IIOLY 18€M
€I0CcO0 TPOBEPATH UX UCTUHHOCTE 1A BCEX 3HAYEHUN MOII-
HOCTH, TO €CTH BEIBOAUMOCTEL B TEOPUM PABEHCTBA. [>



[m. 4] Henoawnbie u HEPA3pEWUMbLE MEOPUL 229

140. PaccMOTpUM TEOPUIO, B CUTHATYPE KOTOPOU €CTh PABEH-
CTBO X KOHEYHOE YUCJIO OJHOMECTHBIX IPEIUKATHBIX CHMBOIOB, &
AKCHOMAaMU ABIAIOTCA AKCHOMBI PABEHCTBA (BK/IOYAs yCTOWIN-
BOCTb IPEAMKATOB OTHOCUTEILHO PABEHCTBA, KaK B pasgene 5.1).
Ilokaxwure, uTo 5Ta TEeopus paspemnma.

(Ykazanme. MoXHO IPOBECTH DAMMUHALUIO KBAHTOPOB, 10-
0aBUB K CUT'HATypE€ CIETHOE UNCIO HYJbMECTHBIX MPEeJUKATHBIX
CHMBOJIOB IIOMUMO YK€ MMEIOMUXCA 0JHOMECTHBIX MPEIUKATHBIX
cuMBOaOB Pi, ..., P,. A nMenno, n1a Kaxmoro n-6mTOBOTO CJIO-
Ba z U NIA KaXJOr0 HATYPAILHOrO k MBI J0OaBIsgeM yTBEDXKIe-
HEE O TOM, UTO CYLIECTBYeT POBHO k DIEMEHTOB &, AL KOTOPBIX
(Pi(x),...,Psy(z)) paBHo z.)

JTa 3313493 MOKABLIBAET, ITO JOOABIEHNE OTHOMECTHBIX
NIPEeINKATOR B CUTHATYDPY HE AeNTaeT TEOPUIO0 PABEHCTBA He-
paspenmmon. OTMETHM, YTO PACIIMPEHNE CUTHATYPHL (6€3
U3MEHEHNA MHOKECTBA AKCUOM) MOXKET MPEBPATUTH PA3pPe-
MY TEOPUIO B HEPA3PELIMMYIO: HanpuMmep, 100aBUB KO-
HEYIHOE YUCIO0 OLHOMECTHBIX (PYHKIMOHAJIBHBIX CUMBOJIOB K
TEOPUU DABEHCTBA, HOLYYUM HEDA3PELIUMYIo Teopuio (Kax
MBI BCKOP€ YBUIUM, IOKA3LIBAsA TeopeMy “1€pta C IOMOIIBIO
npobuaeMbl TOX AecTBa M noayrpyui, c. 232). JobGasaenue
OJHOI'O IBYMECTHOI'O IPEAMKATHOI'O CHAMBOJIA TAKXKE NAET
HEPa3peluMyoo TEOPHUIO.

Teopusi nonyrpynn

Ham sropon npumep — Teopua moayrpynn. Eé curma-
Typa COCTOUT M3 PABEHCTBA U €IMHCTBEHHOTO TBYMECTHOTO
(OYHKIHOHATLHOTO CUMBOIA, HA3LIBAEMOTO YMHOKCHUEM; D&~
3YJBTAT YMHOXEHWUA & U Y MBI OyAeM 0603Ha9aTh (TY).

Teoprusa COCTOUT U3 AKCMOM DPABEHCTBA (BKIIOTIAA KOP-
PEKTHOCTb YMHOXKeHUs: (r; = T2) A (y1 = y2) — (T191 =
= T9Ys); MBI OTTYCKAEM BHEITHUE KBAHTOPHI BCEOOITHOCTH) U
AKCUOMET ACCONUATABHOCTU

VaVyVz ((zy)z = 2(yz)).

HopmasbHble MOZEIM 3TOH TEOPUU HABBIBAIOTCI NOAY-
2pynnamu.

Teopema 69. MHuOXKeCTBO TeOpeM TEOpHUM IIOLYLPYIII
(MHOXKECTBO 3aMKHYTHIX (OPMYyJ YKA3AHHOU CUIHATYDEL
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HCTUHHBIX BO BCEX MOJYTPYIIIAX) HEPA3PEIIIMO.

< Ham momamzoOuTca KOHKPETHLIU CIIOCO0O 3aIaHusd IOo-
JYTPYII € MOMOIIBI0 06Pa3youmx u cooTHomenunn. IlycTs
(pUKCUPOBAHO HEKOTOPOE KOHETHOE MHOKECTBO, Ha3bIBAEMOR
anasumom. DIEMEHTHI €r0 HA3LIBAIOT OYKBGMU, & KOHEU-
HEIE TIOCIEOBATEMBHOCTU OYKB — c406aMU ( TAaHHOTO amuda-
BuTa). Ha cioBax ompemeneHa Onepanus COequHeHusa (mpu-
MUCHIBAHAUA), OTHOCUTEIBHO KOTOPOUW OHM OOPA3YIOT MOJLY-
TPYIIY, KOTOPAA HA3BIBACTCA €60600H01 noayepynnotd. Ita
MOJIYTPYITNa UMEET HEUTPATLHBIM BIEMEHT — TYCTOEe CJIO-
BO, IPUNKUCEIBAHKE KOTOPOI'O K JIOOOMY CJIOBY HE MEHSET
[IOC/IEIHET 0.

Ilycrs puxcuposan anpapur A, a Takke KOHEIHOE Uu-
cao map caoB (Xq,Y1),...,(X,,Y,) sroro anpasura. /lIsa
cimoBa andasuTa A HA30BEM DKBUBAJCHTHBIMU, €CAU OJHO
MOXKHO TPEBPATUTL B APYrO€, MHOTOKPATHO IETas 3aMe-
HBEI mofacaoB Buga X; < Y;. Jlerko mpoBepuTh, UTO TOIY-
YaeTCSA OTHOIIECHNE DKBUBAJEHTHOCTH U YTO ONEPAIUA TIPU-
MUCHIBAHUA KOPPEKTHO OMPE/IeNeHa Ha KIACCaX DKBUBAJICHT-
HOCTU 7 accornuaTuBHa. Ilorydaercs noryrpynna. E€ Hasb-
BAIOT MOJYIPYIIOU C 00pasyiowumy u3 A u coomuouenus-
au X; =Y.

141. CKOJIBKO 3JEMEHTOB B IOIYrPyHIe ¢ 06pas3yiomumu a u b
u cooTromeruavu a” = A, b> = A, ab = ba (vepe3 A mbr 0603Ha-
gaem mycroe ciaoBo)? (Orser: 4; sto rpynna (Z/27Z) x (Z/2Z).)

U3BecTHO, 9TO CymecTByIOT Takue 00pa3yoouue 1 COOT-
HOLLUEHWs, [IPX KOTOPBLIX NPOGJIEMa DABEHCTBA CJIOB (BBLAC-
HUTDH, IPAHAIIEXKAT JIU LBA LAHHBIX CJIOBA OZHOMY KJACCY
SKBUBAJIEHTHOCTHU) SABLAETCS ANIOPUTMUYECKU HEPA3peLu-
mou (nogpobuee cM. B [5]). Mbr celiyac mokaxkem, 4TO 5TOT
BOIIPOC MOXHO CBECTU K BOIPOCY O BBIBOAUMOCTHU HEKOTO-
pout GOPMYJBI B TEOPUU MOJYTPYII, TAK UTO €CAu ObI OHA
OBLTa PA3PEIINMON, TO TOJYIUIOCH ObI TPOTUBOPEIHE.

TocTpoenue Takon HOPMYALI TPOUCKOMUT BECHMA €CTE-
CTBEHHBEIM 00pa3oM; MbI HOsCHUM ero Ha upumepe. Ilycte
MBI XOTHM y3HaTb, OyayT Ju ciaoBa bb u a paBHEI B moxy-
rpymnmne ¢ obpasyomuMu ¢ 1 b 1 coOoTHOIeHuaMu ab = aa
u bab = b. (IpyruMu caoBaMy, MBI XOTHM Y3HATH, MOXKHO
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JIU U3 CI0BA bb OIyYUTE CJIOBO @ C TIOMOIIBIO 3aMEH TIOACIOB
ab < aa u bab < b.) Kak cdopmyauposars 3T0T BOIPOC B
TepMmuHax popmya’? Hanumem takywo gopmyiy:

YaVb ((ab = aa) A (bab = b) — (bb = a)).

Ona sBaseTcss TEOPEMOU Teopu: HOAyrpyun (UCTUHHA BO
BCEX [OLYyIDYNIAX, BLHIBOAMMA U3 AKCUOM NOLYyIDYIN) TO-
©Aa W TOJABKO TOrAA, KOra CIOBa b U G DKBUBAJIEHTHHI B
YKA3aHHOU IIOJYTPYIIIE, 33 1aHHON 00Pa3yIOMIUMU K COOTHO-
meHuAMU. B caMOM fese, eCan OJHO CIOBO MOXKHO IOy IUTh
U3 JAPYroro 3aMEeHaMU, TO DTU 3aMEHBL (B IIPEINOI0KEHIN
ab = aa u bab = a) Huvero He MensOT U bb = a, Tak UTO
HanucaHHaA pOPMyJa UCTUHHA BO BCEX MOJYTPYIINAX.

Hamportus, ecin croBo a He moayuaeTca u3 bb zamenon,
TO CYNMIECTBYET MOAYTPYITA, B KOTOPOU 3Ta (hOPMyJIa He UC-
TUHHA: HAMO B3ATH KaK Pa3 MOJYTPYINY ¢ 00Pa3yIOIUMA
un b u coorHomenuaMu ab = aa u bab = b, 3HaTeHMEeM TEpe-
MEHHOH @ CUATATE KJIACC CJIOBA d, & 3HAYCHUEM IepeMeHHon b
cunTaTh Kiaacc caoBa b. Torma smadernmem tepma ab Oyaer
KJIacC CJI0BA ab, PABHBIU KJIACCY CJIOBA GG M0 HOCTPOEHUIO HO-
JyrPYNbl. AHAJOMIYIHBIM 06PAa30M [IPU TAKOU OLeHKe Oy et
HUCTUHHO U paencTso bab = b. A paeenctso bb = a ue Gyaer
UCTUHHO, TAK KaK 3HadeHume TepMma bb ecThb kaacc ciaosa bb,
3HAYEHNE TEPMA (G €CTh KJIACcC CJAOBA d, & DTU KJIACCHL Pa3-
JIAYHBL TIO TP EITIOT0KEHUIO.

Takum o6GpasoM, J000M AJICOPUTM, MIPOBEPAIOIMINN HUC-
TAHHOCTL (GHOPMYJ B KJIACCE BCEX MOJYTPYIIN, MOXKHO OBI-
JIO OBl WCTIOIB30BATE JJIA MPOBEPKM PABEHCTBA IBYX CJOB
B TIOIYTPYTNE, 33 JaHHON OOPA3YIOMIAMU U COOTHOIICHUAMY.
A cpenu Takwx TOJYTPYIN €CTh HEPa3PeIuMbIe. >

Teopua rpynn (B KOTOPOH, MOMUMO ACCOIUATUBHOCTH,
€CTh €IIIE AKCUOMBI CYIIECTBOBAHUA €IUHUILI U OGPATHOTO),
TaKXKe HEPA3PEINMa, HO MOKA3ATEILCTBO DTOCO CIOKHEE,
YeM VA OOIYCPYHI. DTO U HE YIUBATEABHO, MTOCKOIBKY U3
HEPA3PENIMMOCTH TeOpUr TPy (pOPMAILHO BBIBOIUTCS HE-
Pa3pemuMOCTh TEOPUK HOIYTPYIIL, KAK MOKA3BIBAET CJIEIY-
IOIIAs 3A0AYA.
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142. Tlycts Teopus T paspemmma, a Teopus T’ Ton xe cur-
HaTyphl moxydaerca m3 1 nobaBieHWEM KOHEYHOI'O HHCIA aK-
cuom. Torga teopma T’ paspemmma. (Ykasamue: TOTOTHUTETb-
HBIE AKCUOMBI COEIUHAEM KOHBIOHKIVAMY U IOMEIIAEM B HOCBLIKY
AMILIVKALIIL. )

obapmeHre aKCMOM MOXKET CAeTATh HEPA3PENInMYIo Te-
opmio paspemmmon. Hampumep, Kak MBI yiKe YIOMUHAIM,
2TO MPOUCXOJUT C TEOPUEN TPYTIN PHU JOOABICHUYT AKCUOMBI
KOMMYTAaTUBHOCTH.

Teopema Hépua

W3 cxa3aHHOrO JErKO CIeIyeT 3HAMEHUTasA Teopema ép-
Ya 0 HEPA3PEIIMMOCTY UCUUCICHU NPEIUKATOB:

Teopema 70. He cymecTsyeT aaropurma, TpOBEPSIOIIETrO
OOIIE3HATMMOCTE HOPMYJT TEPBOTO MOPITKA.

B sTon popMyIMpOBKe HE OrpaHMYMBAETCS CUTHATYPA
(oT aaropurTma TpeGyercsa, YTOOLI OH ONpenesal OOME3Ha-
IUMOCTE (POPMYJBI ¢ IPOU3BOJBHBEIM YUCAOM NPEIUKATHBIX
1 PYHKIMOHATBHEIX CHMBOJOB). Ha caMoM fese Hepasperm-
MOCTH BO3HUKACT YK€ B COBCEM TPOCTHIX CUTHATYPaX, KaK
BUHO U3 JOKa3aTeIbCTBA.

< ITockobKy Teopus MOAyrpyIn KOHEYHO aKCHOMATUAZH-
pyeMa, TO BEIBOZUMOCTE (pOPMYIbI F' B 5TOU Teopu: paBHO-
cubHa obmesHaduMocTu Gpopmyanl A — F, roe A — xons-
IOHKITAS BCEX AKCUOM TEOPHUU MOJIYTPYIId. [>

Kax MbI BuguM, OOIIE3HAMUMOCTD HEPA3PEIMIMMA, YKE /I
GOPMYJI C PABEHCTBOM M OTHUM IBYMECTHBIM ()YyHKITMOHAIL-
HBIM CUMBOJIOM (UCIIOB3YEMEBIM KaK YMHOXKEHUE B [OLYDYII-
ne).

HemuOro apyron BapumaHT pacCyXJEHUA TO3BOIACT M0-
Ka3aTh HEPA3PEMMMOCTb OOIIE3HAYUMOCTU MJaA (POPMYJI C
PABEHCTBOM M OTHOMECTHBIMU (PYHKIIMOHAJBHBIMU CUMBOJIA~
MHU. 3aMETUM, YTO BOMIPOC O TOM, MOXKHO JIX TIOJIYYUATH OTHO
CJIOBO W3 JPYrOro ¢ IOMOIIBIO 3aMEHBI MOACIOB 10 IPABU-
JIaM, MOXKHO CBECTHU K BOIPOCY 00 OOIIE3HAYUMOCTH HEKOTO-
pou gopmyael. IlycTh, Hanpumep, MBL CHOBA, XOTUM Y3HATD,
MOXKHO JI U3 CJI0BA, bb MOMYy<IUTH CJIOBO G C MOMOIIBIO 3aMEH
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moacaoB ab < aa u bab < b. [na »Toro HanumeM (HopMyay

Ve (a(b()) = ala(@))) AVz (b(a(b(@))) = b(x)) —
— vz (b(b(x)) = a(x)).

Hecnox#H0 mOHATH, 9TO €€ OOME3HAYUMOCTD PABHOCUILHA,
BO3MOXHOCTH MOIYIUTEH @ 13 bb C MOMOIIBIO YKA3AHHBIX 3a-
men. B camom nene, menovka 3aMen 1aéT IENOYKy PABEHCTB,
coeguusmomux b(b(z)) u a(z). Hanporus, eciu 3aMeHs! He 11e-
peeonar bb B a, TO CyIIECTBYET UHTEPIPETALN, B KOTOPOU
sTa GopMyaa JOXKHA. A MMEHHO, B KAYeCTBE HOCUTENA DTOU
HHTEPIPETAIMY BO3bMEM MHOXKECTBO BCEX KJIACCOB CJIOB (B
ONUH KJACC BXOMAT CJOBA, MOIYIAIOUINECA TPYT U3 IPYTra
nOMOIIBIO 3aMeH). Ha 5Tux Kaaccax KOPPEKTHO OMPEIeae bl
(byHKUNM TPUTUCHIBAHUA CaeBa OYKB a u b. Bomee TouHo, ec-
mm U — oanu u3 kaaccos, 10 depes A(U) MBI 0003HAUNM
KJIACC, COmepXKammu caoBa au niasa Beex v € U. (Bce stm
CJIOBA, JIEKAT B ONHOM KIACCE: €CTU U TOMYIAETCA U3 U 38~
MEHAMHU, TO W aU’ TOTYy9IAeTCs W3 (U TEMU K€ 3aMEHAMU.)
Ananoruano Mel onpegessieM pyHkiuio B Ha kraccax. Jler-
Ko nouaTs, 4ro A(B(U)) = A(A(U)) pna moboro kracca U.
B camom pgere, ecam u — caoBo u3 U, TO CIOBO au JIEXKUT
B A(U), croeo bu nexur 8 B(U), a cioBa abu u aau nexar
B knaccax A(B(U)) u A(A(U)). Ho sru cioea nepepogsarcs
OpYT B OPYTOU 3aMeHOn ab < aa, ¥ OTOMY IBa DTUX KJAACCA
COBIIAJAIOT. AHATOIUYIHOE yTBEPXKIEHUE BEPHO U [ BTO-
pon samensl. A Bot B(B(U)) = A(U) BepHO He Bcerga: ecan
B KadecTBe U B3ATH Kaacc mycToro caosa, 1o B(B(U)) 6y-
aeT KraccoM ciosa bb, a A(U) GygeT KIaccoM CJIOBA d, U IO
MPEATIONOKEHNIO KIACCH Oy Ay T pasHbiMu. Tak 4To pyHKImn
A u B Ha KIaccax CJIOB MOKA3LIBAIOT, ITO HAA (HOPMYJIa HE
OOIIE3HAUMA.

PopmansHas apupmeTrka

PaccMOTpuM MHOXKECTBO HATYPAJBHBIX 9UCE C ONEPAIT-
AMU CJIOKCHUA ¥ YMHOXKCHHUA W €TI0 DJIEMEHTAPHYIO TEOPUIO
Th(N, =, 4, X), TO eCTb MHOXECTBO BCeX UCTUHHLIX (B HATY-
PAILHOM DsAy) HOPMYJ CO CJAOKEHUEM U yMHOKEHUEM. DTO
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MHOX€eCTBO, OUEBMAHO, MOTHO. MoxHO gokasaTh (cM. [5]),
ITO OHO HepaspemumMo (u, 6oree TOro, HeApUPMETHIHO, KAK
roBoput Teopema Tapckoro).

Orciona crenyer, aro Teopusa Th(N, =, +, X) e asuzer-
€A KOHEYHO akcumoMmarusupyemon. (B camom mene, sTa Teo-
pHUs TIOJHA W HEPA3PEINMA, U MOXKHO COCIATHLCS HA Teope-
My 67.) Bonee TOro, 3TO ke PaCcCyKAeHUE TTOKA3EIBAET, 9TO
He CYMIECTBYET Pa3PEIMOro MHOXKECTBA TEOPEM DTOU TEO-
puu, U3 KOTOPBIX OBl BEIBOIWIKCH BCe Apyrue TeopeMsbr. OT-
CIOJIA CJEIYeT, 9T0 KIACCHIECKAS CUCTEMa AKCUOM (POPMAJIb-
HOU apupMETUKH, Ha3LIBaeMasa Takxke apudmemuroti [leano
(cBoliCTBA apU(pMETUIECKUX ONEPALMH ILIOC AKCUOMBL MH-
OYKLUUK), HE MOXKeT OBITh HOAHOH: CYIIEeCTBYIOT UCTUHHLIE
opMyIBI, HEBEIBOAUMEIE B (DOPMAIBHOU apUPMETUKE. ITO
YTBEPKJAEHUE COCTABIAET COAEPKAHME 3HAMEHUTOU meope-
mot I'édean 0 menoanome.

143. Iloxaxwre, 4TO Heab3A OOOABUTH K A3BIKY TEOPUH
Th(N,=,+, X) KOHEYHOE HYHWCIO BBIPA3HMBIX NIPEJUKATOB TaK,
9TO6BI IIOCIE TOr0 HPOXOAWIA DINMUHANWA KBAHTOPOB. (Yka-
3aHue: apupMeTUIecKas nepapxusa He OrPAHNINBAETCA HUKAKUIM
KOHETHBIM IHMCJIOM yPOBHEN.)

144. [loxaxwure, 4TO DIeMEHTAPHAsA TEOPUA LEIbIX UUCET CO
CJI0XKEHNEM 1 YMHOXEHUEM CBOOUTCA K BHeMeHTapHOﬁ Teopuu Ha-
TYPAJIbHBIX YHUCEJI CO CHIOXKEHUEM U yMHOXEHHEM: II0 BaMKHyTOﬁ
(bOpMy]Ie @ CO CIOXKEHUEM M YMHOXEHHEM MOXHO aJl'OpUTMUYIe-
CKH HOCTPOUTEL HOPMYTy ¢’ € TAKAM CBOMCTBOM: { UCTUHHA B Z
TOTJa U TOTBKO TOraa, Korja ¢’ mcturaa B N. (Ykasanme: nerwie
YHCIa MOXKHO KOQWPOBATH HaPAMU HATYPATIbHBIX. )

145. (IIpoxomxenne) [lokaxure, 1TO BEPHO M 0OpATHOE: DiIe-
MEHTapHAasA T€OPUsA HATYPAIbHBIX IUCEJI CBOAUTCA K dJIEeMEHTap-
HOU Teopum neabix wmcen. (Ykaszanme. Ecam 651 B measrx Tmciax
OBLT MOPAAOK, 3TO OBLIO OBI COBCEM NPOCTO. ITOOBI €ro BBe-
CTH, MOXHO HCIOJB30BAaTH TeopeMmy Jlarpamxa o ToM, 4TO BCs-
KOe HATypaJIbHOE YHCIO IPENCTABAMO B BHJE CYMMBI YETHIPEX
KBagPaTOB.)

Byaer au reopus Th(N, =, +, X) xkareropu4son B cuér-
mou MomuocTu? ApyrumMu caoBaMu, UMEET JU OHA CIYETHYIO
MO/I€eJIb, He u30MOpdHYIO cTaggapTHON! Panpime, nis Goaee
IPOCTHIX CUTYAIMK, HAM yIABAJIOChL YKA3ATH TAKUE MOJIEIN
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saBHO. Temephb 5T0 He yIacTCsA, HO €CTh TPOCTOE 001IIee Paccy-
XK JIEHNE, YCTAHABINBAIOIIEE CYIIECTBOBAHNE HECTAH AP THON
mogenu. (OHO aHATIOIUYHO PACCY K JEHUIO, KCIOJIb30BAHHOMY
IpU JOKA3ATEALCTBE TeopeMbl 5.2.)

PaccMoTpuM mocie10BaTenbHoCTs dhopmya Fo (), Ei(z),
Es(x),... ¢ IMHCTBEHHBIM TapaMeTpoM z, Tae E;(x) — -
fas (opMysa, BHIpAXKAKONIAA B CTAHIAPTHOU MOJEIN CBOU-
c¢tBo £ = 4. (Ecim OB y HAC B A3BIKE OBLTA KOHCTAHTa 1,
MOXKHO ObLIO ObL cuuraTh F;(x) 6ecKkBaHTOPHOU (HOPMYJIOU
r=1+1+4+...4+ 1, B upaBoll 9aCTU KOTOPOU CTOUT TEPM C
i eguHUALIAMU. )

[l06aBUM K CHUTHATYpPE HOBYIO KOHCTAHTY ¢ U PACCMO-
TpuM Teoputo, nomydaemyto us Th(N, =, +, x) nobasieanem
caéTHOrO cemencTna ¢popmya —E;(c¢) (o cymecTsy Mbl 1064~
BiIseM QopMyJasl ¢ # 0, ¢ # 1,. .., 3aIMCAHHBIE TIOIXO0 IAIIAM
o6paszom). J1060oe KOHEYHOE [TOAMHOXKECTBO LHOLY YCHHON Te-
opuM uUMeeT MOoAeib (BO3bMEM CTaHAAPTHBLIA HATYDAJILHBIN
P U B Ka4eCcTBe ¢ BLIOEPEM AOCTATOYHO GOJBLIOE YHUCIO).
CurenoBarensro (Teopema 50 0 KOMIAKTHOCTH), ¥ BCA DTA Te-
opus COBMeCTHa. PaccMoTpum €€ CUETHYIO HOPMATLHYIO MO-
neab w 3a0y1eM O CHMBOJE ¢; HOMTYyHUTCA HEKOTOPAA WHTEP-
nperanus curHarypel (=,+, x). Oua GygeT saeMeHTapHO
SKBUBAJIEHTHA CTAHJAPTHOMY HATYPAJIbHOMY DALy (BCE HUC-
TunEbE B N (OpMYJIs! 6y Iy T UCTUHHEL [I0 MOCTPOEHUI, a BCE
JOXKHBIE OYIYT JOXKHBI, TaK KAK UX OTPULAHUA UCTUHHEI).

Ocranock noka3aTh, 9T0 OHA He OyaeT U30MOPGHOU HA-
TypatbHOMY pagy. B camom nene, paccMOTPUM IEMEHT, KO-
TOPBLIN ABIACTCA 3HAYECHNEM KOHCTAHTEL ¢ B HECTAHIAD THON
mogenn. OH HE MOXKET IIEPEXOAUTH HUI B KAKOE HATYPAJILHOE
U0 §, MOCKOIBKY [JS COOTBETCTBYIOUWX ( IPYT APYTY MPU
U30MOP(MU3ME) DJIEMEHTOB BBIIOJIHEHBI OHU U Te XKe (Oop-
myawl, E;(i) nctunno B HaTypaasHoM pagy u F;(c) moxHO B
HOBOU WHTEPIPETAIIN.

146. IToxaxuTe, YTO HAUAETCA HOPMAJbLHAA MHTEPIPETAINI
CKOJIb YTOAHO GOMBIION MOITHOCTH, DIEMEHTAPHO SKBUBAJICHTHAA
HaTYpPAJIbHBIM YHUCJIAM CO CJIOXKEHWEM U YMHOXKEHUEM.
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5.5. [lnarpammbl u paclumpeHus

B pazzmene 5.2 MBI Buean, UTO dI€MEeHTAPHBIE PACIIADE-
mua uaTepnperannu A cyTs monean Teopun Th4(A). A aro
MOXKHO CKa3aTh O PAaCIMpeHusx (6€3 TpeOOBAHUA DIEMEH-
raprocTu)? OKasbiBaeTCA, YTO CATYAIMA TYT AHAJOTUIHA,
TOJBKO TEOPUA OyAeT GECKBAHTOPHON.

IMycTe mama HOpMadbHag uHTepnperanus A curHaTy-
PHL 0 (BKJIIOUAIOMIEH PaBeHCTEO). Kak u B mporwiom pasaene,
PACCMOTPUM CUTHATYPY 04, KOTOPAA TIOTYyIaeTCA T0OaBIIe-
HUEM K 0 KOHCTAHT Ui BCEX DJIEMEHTOB mHTepuperanuu A.
Paccmorpum Teneps Bce GeCKBAHTOPHBIE (POPMYJIbI CHTHA-
TYPBL 0 4, UCTAHHBIE B A. DTO MHOXECTBO HA3BIBACTCA Jua-
epammoti unrepuperamuyn A u obosnadaerca D(A).

Bcesikoe pacmupenue B D A (B xoropom A sBasercs noa-
CTPYKTYpOM) asisercs Mogennio Teopuu D(A). B camom ge-
Jie, HICTUHHOCTD OeckBaHTOPHBIX Gopmya u3 D(A) nukak e
3aBUCUAT OT IPUCYTCTBUA WIX OTCYTCTBUSA TOMOJHUTEIBHBIX
SMIEMEHTOB, Pa3 OIePAlU HA DJAeMeHTaX 13 A Te ke caMble).
O6parHo, mobyw Moneas B rteopuu D(A) MOXHO cauTaTh
paCIIUpeHnueM UHTEPIpeTanun A, eCau OTOX IeCTBUTL a € A
€O 3HAUEHMEM COOTBeTCTByIomeN koHCTaHTH B B. (Kak u
PAHBIIE, PABIUTHEIE DIEMEHTH A He ckaemBaioTca — (op-
MYJa a1 7 G2 ABIAETCA GECKBAHTOPHOM. )

Temepb MBI TOTOBHI JaTh OTBET HA TAKOU BOMpoc. [lycTs
€CTh HOPMaJbHAsA WHTEPIpeTAlnA A CUTHATYDPHI 0 W HEKO-
Topas Teopusa T (¢ paBEHCTBOM) 3TOU CUTHATYPHL. B Kakom
cIydae CyIecTByeT pacimupenne B narepnperanun A, ABaa-
IOIIEeecss HOPMAIbHOU MOAEILI0 Teopun 17

Teopema 71. Hopmanbuas muaTepnperamnus A curmarty-
PBL 0 MOXeT ObITh PACHIAPEHA IO HOPMAJIBHOU MOMAETIHA Te-
opur T (c paBeHCTBOM) TOrZa ¥ TOJALKO TOLAA, KOIJa BCE
IT; -popmy.ast curaaTypsl o, BeIBOguMbIE U3 T, ncTUHHBL B A.

< Ecan II;-popmysa ncTUHHA B HEKOTOPOU CTPYKTYPE,
TO OHA UCTUHHA U B IOACTPYKTYpe (064acTh, 10 KOTOPOU
npoberarmT lepeMeHHbIE B KBAHTOPAX BCEOOIIHOCTH, TOJBKO
ymenbiiaercs). Ecau mexoropoe pacumpenue B unrepupe-
Tanuu A asiaserca Mogennio Teopun 1, To Bee I -popmyst,
BEIBOAUMEIE n3 T, uctuuusl B B, a moTomy u B A.
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Ocramoch JokaszarTh oOpaTHOe: ecin B A MCTUHHELI Bee
Il -creacrBusa popmya u3 1T, TO CymeCTByeT HUCKOMOE Pac-
mpenue. COMIAaCHO CKA3aHHOMY BBIIIE, JOCTATOYHO TOKAa-
3arb, uro Teopus D(A)UT wenporusopeuusa. Ecau sTo ne
Tak, TO w3 T BHIBOAWTCA HEKOTOpas OeCKBAHTOpHasA (Hop-
myaa p(ai,...,a,), soxuas 8 A. Ho B dopmyant Teopuu T
KOHCTAHTEL @y, . . ., 0y, HE BXOIAT, IIO3TOMY UX MOXKHO 3aMe-
HUTB HA CBEXKUE IEPEMEHHBIE T, . . . , T, U BBIBECTH (DOPMYIY
p(x1,...,oy) u 3aTeM V& 1V2so ... Vo, @(x1,...,2,) Takum
o6pasom, Mbl Hanum Il;-Teopemy Teopun 1', KOTOpas J0K-
Ha B A (mockoabKy dopMyaa ¢(ay, . . ., ay) JOKHA), BONPEKN
HaleMy IpeAnoaOXKeHuo. >

Paccmorpum mpumep us aare6pni. [lycts 1 — MHOXKeCT-
BO C 33JaHHOU Ha HEM omepalmen. B KakoM crydae ero Moxk-
HO BJIOXKWTH B KOMMyTaruBHyio rpynmy? CormacHo Teope-
Mme 71, misa 3Toro Heo6X0IMMO U JOCTATOIHO, YTOOLL B F' BBI-
noHanuch Bee Il -caencTBus akcuoM KOMMY TATUBHOU I'PYII-
nbl (3aIMCAHHLIX B CUIHATYDE C €LUHCTBEHHOU Ollepauuer
yMmHOx)eHus). HekoTopble u3 »TUX aKCHOM CaMy ABJIAIOTCS
I -popmyamu. TakoBwl, HapuMep, CBOMCTBA KOMMY TATHB-
HOocTH ¥ accoumarusHocTu. [pyrue akcuomsl (cyuecTBoBa-
HUE eIuHUILL 1 06paTHOro) He jexar B Il (manpumep, ax-
CHOMAa O CYIIECTBOBAHUM €UHULEI uMeeT Bug JeVz . . . ). Ilo-
3TOMY OHUM He 00f3aHBI BHIMOTHATHCA B F. Ho ux IIi-crex-
CTBUS, HATIPUMED, IPABIIO COKPAIIEHUS

VaVyVz ((zy = z2) — (y = 2)),

MOJIKHBEI BHITIOJHATLCA. B IaHHOM CIydae OKa3BIBAETCA, ITO
TUX TPEX YTBEPKACHUN TOCTATOYHO: BCAKAA KOMMYTATUB-
HaA TOJIYTPYHIA C COKpAIlleHneM MOXKeT OBITh BJIOXKEHA B
KOMMYTATHUBHYIO TDYIIIY.

147. [MoxaxwuTe 5TO yTBepxkaeHue. (YKazanwe. DIeMEHTAMA
TPYIOB MOXHO CUYATATH KIACCH (POPMATBHBIX BHIPDAXKEHUN BU-
oa T — Yy, KaK DTO AEITaeTcs, KOUJAa OT HATYPAIbHBIX UUCET Ie-
PEXOAAT K HeabIM. B 00wmen CuTyanmu 5Ty IPyIIy Ha3bIBAIOT
rpynnou ['porenguka.)

Botr emé oaun XopolIo u3BEeCTHLIN IpUMep U3 aIreGphl.
B kaxom ciaydae KOMMYyTATHBHOE KOILIO K MOxeT OBITH
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Baoxeno B noae? Teopema 71 Tpebyet, uTo6ml B K BHITOJ-
Hmch Bee Ilj-Teopembl Teopun moen. OKasbIBACTCS, ITO
JOCTATOYHO BBHINOJIHEHUsT equHCTBeHHOrO Il;-cBoncTBa: OT-
CYTCTBUA [IEJUTEJNEN HYJS:

Vay (ey = 0) — (@ = 0) V (y = 0))).

B 5ToM crydae KOTbIO MOXKET OLITH BIOKEHO B TIOJE.

148. [lokaxwuTe >T0 yTBepXKAeHue. (Ykaszanue. ITO MOJIE HA-
3BIBAIOT NMOAEM YACMHLIT; €TI0 dJAEMEHTaMU ABJIAIOTCA (I)OpMaJH)—
HBIE Apo0U BUAA M /N IPU €CTECTBEHHBIX ONPEEICHIAX DABEH-
CTBa U ONEPALWN.)

He Bcerma, 0mHAKO, MOXKHO YKa3aTh MPOCTHIE KPATEPUN
BJIOKUMOCTH. MBI HE 3ps Tpe60OBATN KOMMYTATUBHOCTH: W3-
BECTHBIN COBETCKMK airebpauct u jgoruk A. . Maasues 10-
Kazag, 9TO He BCAKOE HEKOMMYTATUBHOE KOJBIO 663 TeInTe-
JICH HYJIA BKIAJBIBACTCA B TEIO U 9TO HUKAKOE KOHCTHOE U~
co T -popmysT He Tar0T KPUTEpUsa BAOKUMOCTH TTOSYTPYTI-
mHl B rpynmny (moapo6uee cM. B kuure Kypomma [14], rrasa I,
naparpad 5).

MEr 3HAEM Teneph, KOTa TaHHYI0 MHTEPITPETAIAI0 MOXK-
HO PACIIMPUTL A0 MOJETN AAHHOW TEOPUU. JTO TO3BOJACT
JIEPKO OTBETUTH W HA TAKOU BOMPOC: KOTAA CYIIECTBYET MO-
IeJb TaHHOU TEOPHUM U €€ PACIINpEHUe, ABIAIIIEECT MOIe-
JIbIO IPYIOU TEOPUM.

Teopema 72. llycts nanbi aBe Teopun (¢ paBeHCTBOM) 1)
u T HEKOTOpOU CUTHATYPHL. TOorga CIeAVIOMNE CBOUCTBA
PABHOCUIBHBI:

(a) cymecTByeT HOpMaJbHAA MOJeab Teopun T u eé pac-
MIMPEHAE, ABIAIIIEECA HOPMATLHON MOJCIBI0 Teopun 15;

(6) oobeaunenue Ty co Bcemu II;-Teopemamu Teopuu Ts
COBMECTHO;

(B) obbeaunenue Ty co Bcemu ¥1-reopemamu reopuu Ty
COBMECTHO.

< Ilpexge Bcero ormeruMm, 4T0 u3 (a) OYEBHAHO Cie-
ayor (6) u (B). B camom gzene, eciu My C My — mogenu
COOTBETCTBYIOIIUMX TEOPUU, TO B M| MCTUHHLI BCE TEOPEMbI
reopuu T u Bee II; -reopemsr Teopun Ts (OCKOABKY OHU Ha-
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caenytorces u3 Ms), a B My UCTUHHLL Bce TeOpeMBr Teopun 15
7 BCe X1-TeopeMbl Teopun 1.

Jlerko nposepurh, 4T0 cuMMeTpuyHbe yeaosus (6) u (B)
PABHOCWIBHBI IPYL APYLY, a TAKXKEe TAKOMY CBOUCTBY: He
CywmecTByeT 3i-TeopeMbl Jzj ...3x, ¢ Teopurm 1) m orpu-
natomien eé IIy-reopemsur Vi ... Vx, - Teopun Ts. MycTo,
Hampumep, Teopus 11 HecoBMmecTHa ¢ 1lj-creacTBusMu Teo-
puu T5. B 5TOM IPOTUBOpEUNN yIACTBYET KOHETHOE HHCJIO
I1;-popMy.1, KOTOPBEIE MOXKHO OOBEIUHATE B OJHY (CM. pas-
nen 4.7, ¢. 194). HMoayuurca I1;-dpopmysa, oHa GyAeT BBIBO-
auMa B Teopun Th, a e€ orpurnanune — B 77.

Ham ocTanock nokasaTs, 9To 1060e n3 cBoucTs (6) u (B)
Baeuér (a). 31ech HAM NPUAETCs HAPYIUUTH CUMMETDUIO U
ucnonb3oBars umenHo (6). Ilo ycaosuio ects unrepupera-
uus My, B KOTOPOU UCTHHHEL BCE TEOPEMEI Teopur 1] U Bce
IT;-reopemer Teopuu Ts. Coriacuo Teopeme 71 naugéres eé
pacmupenue M, aBiagomeecs MOaeabio 15, 910 1 TpedoBa-
JOCh NOKa3aTb. >

MoXkHO OBLIO GBI MBITATHCA PACCYKAATH CUMMETPUIHBIM
06pa3oM, Ha¥aB C Mojean Teopuu Ty, B KOTOPOW MCTUHHBI
Bce Ili-Teopembr Teopum T, ¥ THITATHCA BHICIUTL B HEU
MOACTPYKTYPY, ABIAIMIYIOCA Mogenbto Teopun 17. OnHako
STOT ILIAH HE TPOXOIUT, MOCKONBKY aHAJIOT TeopeMbl 71 mis
MOACTPYKTYP HEBEPEH.

149. ITokaxwuTe, YTO BO3MOKHA TAKAsI CUTYALWA: BCE 11-T€O0-
PeMBI HeKOTOpOou Teopur 1 MCTUHHBLI B HEKOTOPOU MHTEPIpeTa-
mun M, 5o M He mMeeT MOACTPYKTYDHI, ABJIAIOMIENCA MOAETbIO
reopun T'. (Ykasamme. PaccMOTpUM TEODPHIO IMHEMHO yHOPATO-
YEeHHBIX MHOXECTB 0€3 MUHUMAJILHOTO djIeMeHTa. Bee eé X1 -caen-
cTBua BepHbl B N + 7, HOCKOIBLKY IEPEHOCATCA U3 Z, MO3TOMY B
CUILy DIEMEHTAPHOU >KBUBAJICHTHOCTHU BEpHHI U B N.)

Bor emé onHO ciencTBUE TOKA3aHHBIX B DTOM pasese pe-
ayapTaToB. Teopuio T maswiaior Il -axcuomamusupyemod,
ecau CymeCTByeT MHOX)eCTBO 11 -pbopmyst, u3 KOTOPOro BHI-
BOJATCS BCE Te€OpeMbl Teopun T U TOJBKO OHH.

Hanmomuaum, 4To HOpManbHas wHTepnperamus A curxa-
TYPLL 0 ABIAECTCA NoJcmpyrmypoti HOPMAJILHON UHTEPIpe-
Tanuu B TOU Xe CUrHATYPEL, ecau B ABIseTCa paciupeHneM
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A, TO eCTb HOCUTENL UHTEPNpeTauy A eCTh TTOIMHOXKECTBO
HOCHUTENA MHTepuperanuu B u QyHKINOHATIBHLIE U IPENU-
KaTHBIE CUMBOJELL HHTEPIPETUPYIOTCS OLUHAKOBO HA apry-
menrax u3 A. (Ipyruvu ciooBamu, 49TOOBL 334aTh KaKyIO-
Jaub0 MOACTPYKTYPY JAHHOU HOPMAJILHOM MHTEPIIPETALNN
B, myxHO0 BEIOpaThH DOAMHOXKECTBO HOCUTERd BB, 3amxHyTOE
OTHOCUTEJIBHO CATHATYDHBIX OLNEpPAIHL. )

Teopema 73 (Jlocs — Tapckoro). Teopus I1; -akcuomarusu-
pyeMa TOrja u TOJBKO TOrJA, KOUAA OHA YCTOUYMBA OTHOCHU-
TeJIbHA IEePEeXofa K MOACTPYKTYPaM, TO €CTh KOr'Aa Jbas
MOACTPYKTYPa JHOO0U €€ HOPMAJIBLHOU MOEMU SBIACTCA €€
MO/IENBIO.

< Ouesuano, I1i-akcuomaTuzupyeMas Te€opus yCTONIU-
Ba OTHOCUTEJBHO TIEPEX0a K MOACTPYKTypaM (Bce GpopMy-
aet w3 eé Ij-akcmomarusanum ocTaTca ucTuHHEbME). O6-
paTHO, ycTh 1 — TPOU3BOABHASA TEOPUA, YCTOUIUBAA OT-
HOCUTENBHO TEPeX01a K MOoACTPYKTypaM. PaccMoTpuM MHO-
xectBOo T BCcex Ili-dpopmyn, BemBoauMBIX B 1. [IpoBepum,
41T0 Bce TeopeMbl T BeBOAsATCA U3 T . IlycTh xKakasa-To dop-
MyJaa ¢ BeBoauTCa us T, vo e u3 T1. Toraa Teopus Ty +—¢
HEIPOTUBOPEYMBA U [0 TeopeMe 72 Hauaércsa (HOpMaabHas)
MOJIENBb TEOpUH { @} U e€ pacumpeHue, ABIAIOMEECT MOIE-
Jbi0 Teopuu I, 9TO NIPOTUBOPEYUUAT IPEIIIOI0KEHUIO. >

150. [MokaxuTe, 9T0 ecau HOPMyIa YCTONIUBA OTHOCUTEIb-
HO Iepexofa K IOACTPYKTypaM, TO OHA BBIBOAUMO YKBUBAJICHTHA
IT;-popmyne TOU K€ CUTHATYPHIL.

CuMMeTpUIHOE PACCYKIEHUE JTOKA3BIBAET CUMMETPUY-
HOE yTBEPKIEHUE IIPO X1-aKCHOMATU3UPYEMEBIE TEOPUML.

Teopema 74. Teopus aBisgeTcsa Xq1-aKCHOMATH3UPYEMOU
TOrJa U TOJBKO TOr[a, KOI'JA OHA, YCTOUIMUBA OTHOCHTEIBLHO
[IEPex01a K PACIINDEHWAM.

151. IIpoBeagure mOAPOOGHO COOTBETCTBYIOIIEE DPACCYKIEHIE
(zaB HEOGXOAMMEIE OIPEEICHNA).

152. [okaxuTe, 9T0 ecau HOPMyIa YCTONIUBA OTHOCUTEIb-
HO IIepexota K PaCHIMPEHMAM, TO OHa BBIBOAMMO SKBHUBAJEHTHA
Y1-dOpMyIe TOU XK€ CUTHATYPHL.

TeopeTuko-MOAeNbHEIE KPUTEPUU CYWIECTBYIOT U MJIA
ApYrux kiaccos gpopmyi, B yacraocru [ls-gopmyar (To ectsb
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dopmya tuna V3). Taxue GoOpMyabl HE YCTOMYUBEL HA OT-
HOCHATEIBHO PACHIMPEHUN, HA OTHOCATEILHO MOACTPYKTYP.
Pacemorpum, HanpuMep, yTBepK geHIE 00 OTCY TCTBUU HAW-
6OJIBLIET0 DAEMEHTA B yIOpsagodeHHOM MHOXecTBe. OHO 3a-
nuceBaeTCsa B Buge V3-popmyisl. cTuHHOCTE ero B HEKO-
TOPOM MHOXECTBE BOBCE HE BAEYET €r0 MCTUHHOCTH B MOM-
MHOXECTBAX U B PACIIMPEHUAX. TeM He MeHee Koe-4To 00
JTOM YTBEPKICHUN CKA3ATh MOXKHO: €CJAM HUA OJHO U3 MHO-
XKecTB Bospactawomen memu My C My C Ms C ... He uMeeT
HanOOBIIIEr0 DIEMEHTa, TO U 00beauuenune U; M; He umeeT
HaMOOIBIIEro 2IeMeHTa, (poBepbTe ). UMEHHO 3TO CBOUCTRO,
KaK MBI BCKOpe yBUIUM, XapakTepusyet Ils-dpopmynsi.
IycTe gama mocrenoBaTENBHOCTD

My C M, CMC...

HODMAJBHBIX (B DTOM pasfene MBI APYIHMe He PacCMaTpPHU-
BaEM) WHTEPIPETANNN CUTHATYDH 0, TpudéM M; apigerca
nogcTpykTypon M;,; (mpemukaTsl u QyHKIUA COTIACOBA-
uer). Torga obbesunenre >TON BO3PACTAOIIEH LY UHTED-
HpeTanuil TaKXKe ABIIeTCs (HOPMAJILHOU) UHTEpIpeTanuer
curnarypet 0. (Ilogo6Has KOHCTPYKUUS UCIIONB3YETCA B Te-
OpUHU TIOJEH, KODJA CTPOUTCA ANrebpamdecKoe 3aMbIKAHUE
CYETHOTO TOJIA: MBI PACIIUPSAEM IIOJE, TOOABIAI IO O9epen
KOPHU PAa3JUYIHBIX MHOTOWIEHOB, a MOTOM OepéM obbenuHe-
HUE DTUX IIOJEH. )

3amerum, uTo jmobas Il,-popmyra ycrondunsa oTHOCH-
TEIbHO OOBEIUHEHNA TIETeN: €CJIU OHA UCTUHHA BO BCex M,
TO OHA UCTWHHA W B UX 00bequHeHuu. B camoMm fgene, mycThb
dopmyaa VzIy p(x,y) ¢ 6eCKBAHTOPHON YacThO (T, Yy) UC-
TuHHA BO Bcex M;. Torma oHa ucTWHHA U B UX O0OBeqUHe-
uuu. B camom nese, moboe T u3 OOBEIUHEHUS TPUHAIIE-
KUAT KAKOMY-TO M;, m B TOM *e caMoM M; MOXHO HAUTU
noaxogsmee y. (Ecau mepeMeHHbIX HeCKOMBKO, PACCY XK IeHUe
AHAIOIMYHO. )

IlosTomy m JmioGas Teopus, mMmeromas lls-akcmomaTu-
3alMI0, YCTOUIUBA OTHOCATENbHO 00benuuenus. OOpaTHoe
YTBEPK ICHIE TAKXKE BEPHO:
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Teopema 75 (Hana —Jlocst — Cywko). Teopusa asaserca Ila-
AKCHOMATU3UPYEMOUR TOIJA KW TOJBKO TOPAA, KOLZA OHA
YCTOUYMBA, OTHOCUTEIBHO OOBEIUHEHUS BO3PACTAIOMINX 116~
nen (o6besuHeHUe JI000K Lenu e MOLeNeN TAKXKe SBJIAeTCs
e€ MOJLEbIO).

< JokazaTeabCTBO 3TOH TEOPEMBI UCIOAB3YET MOHATHE
JIEMEHTAPHOrO pacimpenns. HamomuanMm, wTo Mo Ha3bIBA-
eTcs aaeMeHTapHeIM pacmupenueMm My, eciu My C Ms u B
M5 mcTuHHBL TE XKe POPMYJILI ¢ KOHCTAHTAMHU 3 My, 9TO u
B M. (O6osuaqenue: My < Ms.)

153. Ilokaxwure, uro eciu M1 < M2 < Ms, To M3 ectb die-
MeHTapHoe pacimmpenue M.

Jlemma Tapckoro. O6beauHeHTe HEenn 3JeMEeHTAPHBIX PAC-
umpenun My < Ms < M3 < ... ABISeTCA 3JEMEHTAPHLIM
pacLlIMpeHneM KaxK 10U U3 UHTEPIPeTalud e,

HMokazareabcTtBo JemMMbl. IlycTh mapamerpam (hOpMy-
JBl ¢ NPWAAHEL 3HAa4eHus B KaxoM-iu6o w3 M;. Ham mano
JOKA3aTh, YTO MOAyIeHHAsA (POPMYJIa OTHOBPEMEHHO MCTUH-
Ha wid JOoXHA B M; u B oObequHEHUH Nenu, KOTOPOEe MbI
oGosuauum vepe3 M. (YcaoBue neMMBl rapanTuUpyeT, 4To
dopMyaa ¢ ¢ YKa3aHHBIMU 3HAYEHUAMY MAPAMETPOB OTHO-
BPEMEHHO MCTHWHHA, WIN JIOXKHA, BO BCEX UHTEPIPETAIUAX 1€~
mw, HaduHasa ¢ M;.)

OTO yTBEPKACHUE TOKAZBIBAETCA UHIYKIIMEH 110 TIOCTPO-
eHunio GopMyasl . [las aroMapHbx GOPMYT OHO OYEBHUIHO;
JUIA JIOTUYECKUX OTMepPAlVy MHAYKITUA TAKXKe MPOXOJUT aAB-
TOMATHIECKA. EIUHCTBEHHBIN COMEPKATENLHBIN CIyIan —
5TO KBAaHTOPHL. IlycThb (opMyda ¢ HAYNHAETCA C KBAHTO-
pa 3¢. Ecam nogxoasmee 3uadenne £ nangérca yxe B8 M, To
OHO TOAUTCA U 144 M (moab3yeMea IPeAToNoKEeHNEM UHIYK-
nun). B 06paTHyo cTOpOHY: ecinm moaxonAmee £ HAUAETCA
B M, T0o oHO npuHAMICKAT M; Ipyu OCTATOIHO OOMBIIOM j,
nosToMy ¢opmyna uctuHHa B M; (Ipesmonoxkenue MHIYK-
nun). OcTaérca BCHOMHUTD, 9TO M BJeMEHTapHO JKBHBA-
aentuo M;.

Kak Bcerga, KBAaHTOpP BCEOOITHOCTH MOXKHO BBIDA3UTH €
HOMOLIBIO KBAHTOPA CYLIECTBOBAHUs (M/IM [IPOBECTU ABOU-
crBenHoe paccyxaenue). Jemma Tapckoro gokasaua.
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Teneps noxawxem Teopemy Yoma—Jloca— Cymko. [pex-
IOJIOKUM, 4TO Teopusa 1 yCTONYMBa OTHOCUTENILHO 00benu-
nenus neneir. O6ozaauum depes T’ MuoxecTso Beex IIy-Teo-
pem T. Ham Hano gokasaThb, 4o Jobas Mofens 1" apiseTcs
Mozaenno 1.

[na sToro, Hadas ¢ Jaxo6ou moxean M’ Teopmm 17, Mbl
IOCTPOUM LENL UHTEPIIPETALNN

M/:MOCM1CM2CM3C...,

B KOTOPOU 4epenyorcs Mogeau reopuu 17 (unrepuperanun
Mo, Ms, My, ...), KOTOpBIE SABAAIOTCA DJIEMEHTAPHBIMU DAC-
MUPEHUAME APYT APYTa, u Mogeau Teopur 1 (uHTepnpera-
uuu My, M3, Ms, . .. ; oHu, BIpodueM, Takke Oy IyT MOIeIAMEI
Teopun T").

O6wenuuenne Bcex M; OGyger momenwso Teopun 1, Tak
KaK 3Ta TEOPUA YCTOUYIUBA OTHOCUTENBHO pacimpenun. C
JPYTOU CTOPOHHI, IO JeMMe TapCcKoro 3To 00beUHEHNE DI~
MEHTapHO DKBUBAJIEHTHO mMHTepnpeTanuaM Mg, Ma, My, . ..
IMosToMy BCe OHHM, BKIIOYAA MCXOAHYIO Mogens M’ = My,
OyayT Moaenamu Teopuu T, ITO U TpeOOBATOCH TOKA3ATh.

Ocranoce nocrpouts TpeGyemyio Henb. NaTepnperanns
My = M’ yxe ectb. BygeMm cTpouTh Iemb IO IIaram, Ipo-
JOIKAs € Ha KaXKIOM IIare Ha ABa 3BeHa Buepén. Bozmox-
HOCTBH 3TOr0 06ecrrednBaeT Takas JeMMa,

Jlemma o pacwmpenun. Ecau Bce IIy-caegcreus teopun T'
UCTUHHEL B UHTEepupeTanuu A, T0 MOXHO MOCTPOUTH €€ pac-
muperua A C B C C Tak, 970661 B 6BII0 MOIEABIO TEO-
puu T, a C OBLIO DIEMEHTAPHBIM pacCIMpenueM A.

Ilpex e dYeM MOKA3LIBATH JEMMY O PACIIUPEHUU, TIOKa-
®eM (XOTA 5TO HAM ¥ He TOHAT06UTCA), 9TO CHOPMYIAPO-
BaHHOE ycaoBme HeobxoauMmo. Ilycts A C B C C, npuuém
C — snemenTaproe pacumupenune A. Torga mo6oe [15-yTBep-
XK aeHue, uctunuoe B B, uctunno u B A. B camom mere,
nycTh yTBepxkaenue VrIyp(z,y) ¢ 6eCKBAHTOPHON (OPMY-
aou @ uctuaHo B B. IIpoBepum ero ucrunnocts B A. Ecan
OHO JIOXKHO IIpu & = a, To Jyp(a,y) soxuo u 8 A, u 8 C
(2M€MEHTAPHOCTD PACLIMPEHUs) U [OTOMY HE MOXKeT ObIThH
ucTHHHBIM B B (mockoabky Beskoe y u3 B nexut u B C).
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okazaTeabcTBO JeMMBI O paciupenun. Uto Tpebyercs
OT naHHOTO pacmupenus B maTepnperanmu A, 9T06BI MOXK-
HO ObLIO mocTpouth C' ¢ TpeGyembivu coucTBamu! CBOU-
CTBA BTU COCTOAT B TOM, 4TO C' TOMKHO OBITH MOIEJIBbIO Te-
opur Th4(A) u pacuupenuem unrepuperauuu B. Kak pas
PO DTO T'OBOPUT TeopeMa 71, HAJO JWIIL B KAYECTBE O B
STOU TEOPEME B3ATH HAILY CUTHATYPY O C NOOABIEHHLIMU
koHCTaHTamMu 11 A (Mb1 oGo3uavanu €€ o4), a B KadecTBe
Teopun T u3 Teopemsr 71 B3saTe Th4(A), To ecTs MHOXKECT-
BO BCceX UCTUHHBIX B A dpopmMya ¢ koHcTanTamu u3 A.

IIpumensisn ykasanHubil B TeopeMme 71 KpUTEpUU, MOXKHO
C(OPMyIEPOBATH yTBEPKIEHNE, KOTOPOE HAM OCTAIOChH N0~
Ka3aTb, Tak: HaungéTcs Mogenb B Tteopun T, koTopas AB/s-
erca pacumpenueM A u B xoropou mctuHHLL Bee IIi-dop-
MyJIbl CUCHATYDHL 0 4, BeBogumble u3 Th4(A). Benomunas
METO[ OUATPAMM, MOKHO CKA3aTh, 9TO HAC HHTEPECYeT CO-
BmecTHOCTE Teopuu 1 ¢ D(A) u co scemu Iy -crencruamu
teopun Th,(A) B curmarype o4. B namnom caygae D(A)
MOXKHO ¥ HE YIOMMHATBL ABHO, TAK KAaK OHO COJEPKUTCA B
Th 4(A).

Nrak, ocTanoch A0Ka3aTh, 9TO Teopus 1T COBMECTHA CO
Becemu Ilj-popmymramMu ¢ kouCTamTamm u3 A, UCTHHHBIMEU
B A. Eciu 510 He Tak, u3 T BEIBOAUTCA OTPULAHNAE KAKOU-TO
3 >Tux POPMYJI, TO €CTh HEKOTOPas X1-(PpopMyaa

381 ... 3B —@(ar, ... an, B, Bim),

aoxnas B A. Koncraurm a4, ..., a, He Bxogar B Teopuio 1,
nosToMy u3 1 BHIBOAUTCA U (POPMYIa

Voq ... Vo361 ... 3ABm —o(ar, - - 0y By -+ -5 B,

koTopas OygeT BeiBoguMon u3 1’ ¢popmydon kaacca Ils, aox-
HOU B A, a Takux (POpMyJ He OLIBAET 110 YCJIOBUIO.

Jlemma o pacmupenun (a ¢ Henm u Teopema Isma—Jlo-
ca— Cymko) mokazaHa. >

154. [Mokaxure, 9T0 ecau HOPMyIa YCTONIUBA OTHOCUTEIb-
HO 00'beIMHEHUA BO3PACTAOMINX Ielel, TO OHA BLIBOAMMO 3KBH-
BaseHTHa HEKOTOpou II2-hopmye TOU xKe CUTHATYDHI.
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155. IToxaxuTe, 9YTO ABE MHTEPIPETALNU OJHOU CUMHATYPHI
2JeMEHTaPHO 3KBHUBAJCHTHBI TOIJa U TOIBKO TOrJa, KOI'Ja OHU
MMEIOT M30MODMHBIE dIeMEHTAPHbIE DACIINPEHNA.

5.6. YnbTpacdunbTpbl U KOMNAaKTHOCTb

B prom pasgene MBI 1aauM TIPAMOE MOKA3ATEIBCTBO Te-
OpeMEI 0 KOMMakTHOCTH (Teopema 50, c. 187).

IIycTs S — memycToe MHOXeCTBO, a F' — HemycToe ce-
MEHUCTBO MOAMHOXeCTB MHOXkecTBa S. CemencTro F Ha3bI-
BaeTCA Pusbmpom HA S, €CM BHITIOJHEHBI CJAENVIONINE TPU
CBOMCTBA, (/1A HATVIATHOCTU MHOXKECTBA U3 F' MBI HA3BIBAEM
nanee 60AbUUMY):

e O ¢ F (mycToe MHOXKECTBO HE SBSETCS OOJIBIIUM );

e AcF, Be F= ANB € F (uepeceuenue aByx Gob-
[IUX MHOXKECTB — CHOBA GOJIbIIOE MHOXKECTBO); OTCIO-
oa CAeyeT, ITO IepecedeHne KOHETHOrO YUCaa OOIb-
MUX MHOXECTB — OOJBIIOEe MHOXKECTBO U ITO JIOOLIE
B3, OOJIBIINX MHOXKECTBA IIEPECEKAIOTCHT;

e AcF, AC B= B < F (n1060e HagMHOXeCTBO (OJIb-
[IOr0 MHOXKECTBA SABJIAETCA GOMIBIINM ); OTCIOa CAELY-
eT, 9TO BCE MHOXKECTBO S ABIACTCA GOJBIINM.

[lomoHeHnA K GOJBINIMM MHOXKECTBAM ECTECTBEHHO Ha-
3BaTh MaAbtMu. (OTMETUM, ITO MHOKECTBO MOXKET He OBITH
HU GOJBINMM, HU MAJBIM; 3TO OTJNYACT (PUILTPHI OT YJIb-
TPaPUILTPOB, KOTOPHIE MBI BCKOPE OMPEIEInM. )

TpuBnATBEHBIM TPUMEPOM PUIHTPA ABIACTCA CEMEUCTBO,
COCTOAINEE W3 €IUHCTBEHHOrO MHOXKecTBa S. /[pyrom mpwm-
Mep — CEMENCTBO BCEX TIOMHOXKECTB S, COMEPKAIINX HEKO-
TOPBIN BHIACICHHEIN aeMeHT § € S. Takou GuibTp Ha3HI-
BaeTCA 24a8HbiM. TpeTun mpuMep: mycTh S GECKOHEYHO, TO-
raa GuIbTpOM OyAeT MHOXKECTBO BCEX KOKOHEUHLE TIOTMHO-
KECTB S, TO eCTh MOAMHOXECTB, NOMOJHEHNE KOTOPBIX KO-
seuno. ([Jpyrumu caoBaMu, MajibIMU OyAyT KOHEYHBIE MHO-
xecrsa.) [locaeauuit npumep — u3 ananusa: puasrpom Ha R



246 Teopuu u modeau [ra. 5]

ABIAETCA CEMEUCTBO BCEX OKPECTHOCTEN HEKOTOPOU (hUKCHU-
POBAHHOU TOYKHU @, TO €CTh BCEX MHOXKECTB, AT KOTOPHIX @
ABJAETCA BHYTPEHHEN TOYKOU.

156. Ilepepopmymupyure onpeaenenue GUILTPA B TEPMUAHAX
MaJIbIX MHOXKECTB.

3aMeTHuM, ITO OJHO U TO K€ MHOXKECTBO HE MOXKET ObITh
OJHOBDPEMEHHO U OOJIBIINM, U MAJBIM, TOCKOIBKY JIO0BIE IBa,
OOJBIINX MHOXECTBA TMEPECEKAIOTCA (M0 GOJBIIOMY, W TIO-
TOMY HEMYCTOMY, MHOXKeCTBY). HO, Kax MBI yKe TOBODUIH,
MHOXECTBO MOXET He ObITh HU OOJBINNM, HU MaabiM. Eciau
TaKNX «TPOMEKYTOTHBIXY MHOXKECTB HET, (PUILTD Ha3bIBa-
0T YIBTPAPUILTPOM.

WNubivu cioBamMu, yabmpa@uabmpom HA3BIBACTCS (PUIBTD
Ha S ¢ Takum ceorctBoM: A € Flumu S\ A € F gna mro6oro
MHOXecTBa A C S.

OueBuaHo, JIOGOU TIABHBIN (DUILTD SABIAETCA YILTPA-
durbTpoM. PUABLTPH OCTATBHBIX HAIINAX IIPUMEDPOB HE OBLIN
VIABTPAPUIIBTPAMU.

157. JokaxwuTe, IT0 Ha KOHEIHOM MHOXKECTBE JI000U YIbTPa-
GUILTP ABIAETCA TJIABHBIM.

158. [loxaxure, 9TO JIOO0U HENVIABHLIN YILTPAPUILTP COAEp-
XKHNUT BCE KOKOHEYHBIC MHOXKECTBA.

159. [okaxure, 9TO ecau yaIbTPADUILTD HE ABIAETCHA [IAB-
HEBEIM, TO BMECTE C KaxXJbIM MHOXECTBOM A OH COmepXKuT um BCe
MHOXEeCTBa B, mra KoTopeIX cuMMmeTpmdeckas pasHocte A A B
KOHEYIHA.

Onpeaenenue yabTpaguabTpa MOKHO TepedOpPMyIUpO-
BaTh CJAEAYIOMIAM 0O06PaszsoM: yJIbTPAPUILTPHI — 3TO (PUIb-
TPHIL, HE MMEIOIIUe COOCTBEHHBIX PACUIMDEHNN (MaKCAMAIb-
HBIE TIO BKIOUeHHIO). [lokaxeMm 510. Ecau dumsrp F He
MAaKCHMAJEH, TO HanAETCsa 6oapnmu ¢puabTp F/. Torma MuO-
wectBo A € F'\ F u ero gonomHenme 1o S He TPUHAT-
aexuT F (unade u A, W ero [NOTONHEHWE TPUHAIIEKATIN
ob1 puabTpy F'). Caenoaremsro, F He ABAAETCA yABTPA-
GUALTPOM.

O6parno, nycts ¢uiabtp F He saBaseTcs yabTpaduib-
TpOM, U HU MHOx)ecTBO A, Hu ero gononnenue S\ A ne npu-
magiaexar F. Jobasum x F' Bce muoxkecrsa Buga AN B (gas
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Bcex B € F) u Bce uX HAAMHOKECTBA. [loayIuTcsa QuibTp.
B camom gese, mycToe MHOXKECTBO €My HE IDUHALIEKUT,
TaK KakK uHa4de Obl A HE MePeceKanoch ¢ HEKOTOPHIM MHOMKe-
crBoM u3 F'u S\ A cogepxano 66l HEKOTOPOE MHOXKECTBO
u3 I’ moromy sexano 6e1 B F. Ocranbubie cBOUCTBA (PUIb-
Tpa OYEeBUIHBL; HOBBHIU (uabTD (B OTAXYUE OT UCXOLHOIO)
comepxut A u nmoromy pacmupsier F.

Teopema 76. Beaxun ¢puiasTp F Ha MHOXECTBE S MOXKHO
pacmmpuTh 10 yabTpadguastpa F D F.

< [loxasaTeabCTBO 3TOM TEOPEMBI HEKOHCTPYKTUBHO:
MBI HE IPEABABIAEM TAKOrO GUIBLTPA, 4 YCTAHABAUBAEM €TI0
cymecTBoBaHMe ¢ momomnsio Jemmsl [lopua (em. [6]). Hyx-
HO TOJBKO 3aMETUTh, YTO OOBEIUHEHNE JIO00U Tenn (PrIb-
TPOB ABJIAECTCA PUIBLTPOM (ITO HEMOCPEICTBEHHO CIACAYET U3
OTIPE/IETICHNA ).

Jpyruvu croBaMu, TOKa (GUIBTP HE CTAHET YIbTPADUIB-
TPOM, MBI OEPEM «IIPOMEKYTOIHOE» MHOKECTBO M PACIIUPSI-
eM PUIBTP, OOBABIAA €10 OOJBIINM, TOBTOPSI STOT IPOIECC
Mo TPAHCHUHUTHON WHAYKIAA. [>

160. Joxkaxure, 4TO Ha JI060M 6€CKOHETHOM MHOXECTBE €CTh
HerIaBHBIM yabrpaduisTp. (Ykasanme: pacmupuM GUIbTP KOKO-
HEYHBIX MHOXECTB 10 yabTpadmibTpa.)

MoxkHO IpeCcTaBIAATE cebe DJIEMEHTHI MHOXKECTBA S KaK
rOJOCYIOIINX (KOTOPBIE HUKOTA HE BO3IEPIKUBAIOTCA OT TO-
aocoBanun). [lpu 57oM GUIALTP Ha S ONPETENAET PETTAMEHT:
pellieHre TPUHUMAETCSA, €CTU MHOXKECTBO TTPOTOI0COBABIIX
«3ay ABAACTCA CoabIM. AKCHOMBL (PUIBTPA TOLIA 3BydaT
TaK: pPelleHre, IPOTUB KOTOPOI'O BCE, IPUHATO OBITH HE MO-
JKET; eCaU KaXKI0€ U3 ABYX PElIeHUU OPUHUMAETCA, TO OHU
IPUHAMAIOTCA U B COBOKYIIHOCTH; HAKOHELl, IPUHITOE Pellre-
Hue He MOXeT OBITh OTBEPIHYTO, €CJAU HEKOTOPHIE U3 I'OJIO-
COBABIIVX IPOTHUB HEr'O HEPeIyMaJl.

CBOUCTBO yIBTPADUAILTPA TAKKE UMEET ACHBIU CMBIC:
no Jr00My BOMPOCY MOXKHO MPUHATHL pelleHune (OnHO u3
ABYX [IPOTUBOLOJOXKHBEIX MHEHUN HabupaeT GOJBLIMHCTBO).
[naBuble yABTPAUILTPEL COOTBETCTBYIOT AukTarype (cy-
[IECTBEHHO MHEHUE JULIbL OJHOI'0 I'OJOCYIoero); 3agada 157
[IOKA3BIBAET, 9TO /I KOHEYHOI'O YUCJIA [OJOCYIOIINX JH0ObIEe
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IpyTHe CMOCOOHI He TO3BOAIOT TPUHATEL PEIIeHNU 0 HEKO-
TOPBIM BOIIPOCAM.

YapTpaduibTPhl MOXKHO UCIOJIB30BATH MIA IOCTPOEHE
JOOONBITHEIX IIpuMepoB. Bor omun w3 mmx. Paccmorpum
Urpy ABYX YIACTHUKOB, B KOTOPOU OHUM IO O4epenm 0Ob-
ABIAIOT HEKOTOPEHIE HATYPAILHEIE TUCAA «CBOMMM». Ha mep-
BOM IIAT€ HAMAHAIOIIMEA WPy OOBABIAET CBOUMHA 9IUCIA OT
HyJA [0 HEKOTOPOrO YHUCJIA 7.1, HA BTOPOM IIATE€ €ro MIpo-
TUBHUK TPUCBAMBACT YUCJIA OT Ny (HE BKJIKOYAA €r0) 10 He-
KOTOPOTO GONBIIErO TUCAA 7o (BKIKYAA €r0), 3aTeM Mep-
BB WIDOK MPUCBAUBAET YUCJAA OT Tlp A0 N3 W TaK TAJTEE.
IMapTusa TpoOLOIKAETCA HEOTPAHUIEHHO U [EJINT HATYPATb-
HEIA DA MEXKY NEPBLIM U BTOPLIM (HA IBA B3AUMHO JOMOJ-
HUTEILHBIX MHOXKECTBA). BEIUTPBIBAET TOT, Yb& MHOKECTBO
6oapmoe (IPUHALICKAT HEKOTOPOMY (DUIBTDY).

Ecam 5TOT GUALTp SABAACTCA yIbTPAGUILTPOM, TO B
DTOW WTPE HE MOXET OBITh HUIbeH. Ko yabTpadmibTp
MTABHEIN, TO UT'Pa TPUBUATBHA — MOGEKAAET TOT, KTO 3a-
XBATUT PEMAIONIEe IHUCIO0, U MOTOMY IIEPBLIM MOXKET CapaH-
TUPOBATH BLIATPHII HA IEPBOM K€ XOMY.

Teopewma 77. Ecin yabTpaduibTp HETVIABHLIN, TO HYA OJTH
U3 UTPOKOB HE MMeeT BHIMTphIHOU crparerun. (Cmpame-
2us — TO (PYHKIUA, IPENIUCHIBAIOIAA CASAYIOMUN X0 B
3aBUCUMOCTH OT UCTOpuU Urpbl. CTPATErus CIMTAETCA 6bi-
uePLrUuHotll, €CIu €€ NCIOMbL30BAHNE MAPAHTUPYET BLIUTPHIII
upu Jo60K Urpe IPOTUBHUKA. )

< [Ipex e Bcero ormeTnM, 9T0 008 UIPOKA HE MOTYT OJI-
HOBPEMEHHO UMeThb BEIMIphLUHbIE crparerud. (Uro Gyazer,
ecau oHK 00a umu Bocuoabdyorca?) Iokaxem reneps, uTo
€CJY BEIUTPBINHY CTPATETWIO UMEET OJWH, TO €€ UMEET U
Bropou. CoBceM MPOCTO MOHATH, YTO €CAN Y XOMSAIIEr0 BTO-
PBIM €CThL BEIUTPLINHAA CTPATETWA, TO U IEPBLIA MOXKET €1
BOCIIOIB30BATHCA (OH NOJKEH IPEACTABUTL CeBs BTODLIM,
CUMTAasA, 9TO MEPBHIM HA MEPBOM XOAY HUYErO He B3sI).

He cToab ACHO, 9TO BLIATPBINIHAA CTPATErUA MEPBOrO
MOXKET OLITH UCIIOAL30BAHA BTOPBIM, HO M 3TO BEPHO — IO~
CKOJIBKY KOHEYHBLIE MHOXECTBA HE BAUAIOT HA ITPUHAIICK-
HOCTB yJabTpaduiabTpy (3agada 159), BTOpon MOKeT 3a0bITH
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IPO X0/, C KOTOPOT'O HAYaIaCh UT'Pa, 1 BOOOPA3UTH cels mep-
BbIM. (DTO cgesaeT ero nepBbill X04 GeCCMBICACHHBIM, €CJIU
3TOT XO[ OKAXKETCSI MEHBIIE XOIa MPOTUBHUKA. B 5TOM CIy-
yae MOXKHO CAeJaTh CPa3y BTOPOU XOJ [EPBOrO UI'POKA, U
Jajee CJAe0BaTh CTPATeruu.) >

161. IIpoBenuTe 3TO paccyxaeHue IOAPOOHO.

Cenvyac MBI JOKAXEM TEOPEMY KOMIAKTHOCTH C TTOMO-
B0 YALTPAPUIALTPOB. a1 3TOro HAM TTOHATOOMTCSA TTOHA-
THE TPOU3BE/CHNS UHTEPIPETAIINN.

ITycts My — ceMencTBO MHTEPIPETALNN HEKOTOPOH (011~
HOW U TOU K€) CUIHATYDHL O, UHAEKCUPOBAHHOE MHOKE-
crBoM S (s KaxAOro s € S uMeercs CBOsA MHTEpIpeTa-
nus M), OnpenenuM Ipou3BeseHre UHTEPIPeTanull

HMS.

seS

DJIeMeHTaMU HOCUTENA OYIYyT OTOOPAMKEHUS, COMOCTABIIA-
e ¢ KaXKIBIM UHIEKCOM § € S HEKOTOPHIN DJIEMEHT UHTED-
mpetaiun M. UHbIME CTOBAMU, HOCUTEIb CTPOUMOU MHTED-
mpeTanuu OyAeT NeKapTOBHEIM MpOu3BemeHueM Bcex M.

DyHKIMOHAIBHEIE CHMBOJILI MHTEPIPETUPOBATD JETKO:
OHU IPUMEHAIOTCA OTAEILHO B KAXK 40U KOMIIOHeHTe. MMenno
TAK OMPEAENAETCA IPOM3BEICHIE IPYIIT WA KON B AJre-
6pe. Ocraéres onpenenuTsb NpeJuKaTHBIE CUMBOJLL. B anre-
6pe IBa BIEMEHTA B IPOU3BEICHUN KOJIEI WU TPYI CINTa-
IOTCsA PABHEIME, €CIA BCE WX KOMIIOHEHTEHI PaBHEIL. 110 ama-
Jorum OygeM CIATATh, ITO JBA DJIEMEHTA § — (g U S — by
[ETAI0T UCTUHHBIM AByMeCTHBIN npegukat P, eciu P(as, bs)
UCTUHHO B wHTepnperammu M, s Bcex s. (Mbr B3smu ABy-
MECTHBIN CUMBOJ I IPUMEPA, TO K€ CaMOe MOXKHO ClIeJaTh
U A CUMBOJIOB JHOOON BAJTCHTHOCTH. )

st npousBegeHUs ABYX YIOPSIOYE€HHBIX MHOXECTB (UH-
gexcHoe MHOKecTBo S pasro {1, 2}, curnarypa ects (=, <))
BO3HUKAET IIOKOMIIOHEHTHBIN HOPSAIOK Ha napax: (ai,as) <
< (b1,b2), ecim a1 < ap u by < be. Bamerum, 4TO TAKOU
NOPANOK HA NMPOW3BENEHWH IBYX JUHEUHO YIOPATOIEHHBIX
MHOXKECTB y2Ke He OyAeT JUHENHBIM (eCau COMHOXKUTEIN CO-
CTOAT GOsiee €M U3 OJHOIO BJIEMEHTA).



250 Teopuu u modeau [ra. 5]

Ham 5T0 He HpaBUTCA: MBI XOTUM, YTOOBI TPOU3BEIE-
Hue MHTeprnperanuu o6janano Obl BCeMU CBOUCTBAMU, KO-
TOPBIMU 06/IaJaI0T COMHOXKUTEIM. BBenéM mnouarue @uab-
mposannozo npouzséedenus (110 MOLYIIO JAHHOIO QUILTPA).
IMycTs Ha MuOXKEecTBe MHAEKCOB S 3agan ¢uintp F. Uame-
HUM ONPEAETICHUEe UCTUHHOCTH IIPEJUKATOB U OyAeM C4u-
TATb, YTO DJEMEHTHI § — a4, S — by, ... IEJAIOT UCTUH-
uelM npegukar P ecau P(ag,bs,...) UCTUHHO «1is 60Ib-
IINHCTBA $», TO €CTh eCau MHOXecTBO {s | P(as, bs,...)}
npuHaaaexuT ¢puabTpy F. B ocransHOM (HOCHTEND, QyHK-
[UOHAJBHBIE CUMBOJIBI) OMPENeIeHNe OCTAETCA TP eKHNAM.

Yro GyxeT paBeHCTBOM B PUILTPOBAHHOM IIPOU3BEICHUN
HOPMAJLHBIX vHTepnperanui?! /[Ba saeMenTa Ipou3BeIeHus
(To ecTb QYHKIUU HA MHOXKECTBE HHIEKCOB) DABHEL, €CJIU
OHH «COBHAJAIOT IIOYTH BCIOAY», TO €CTh MHOXKECTBO IHICK-
COB, I'JIé OHU COBIAIAIOT, NPUHALICKUT GuibTpy. [Ipu 3ToM
MOJIYYeHHAA UHTEPIPETAIUA He OyaeT HOpMAIbHOU. UT00R!
MEPENTN K HOPMAJIBHOU, HYXKHO PACCMOTPETH KJIACCH PaB-
HBIX DJIEMEHTOB — KAaK DTO JeMAETCA, CKAXKEM, I TPO-
cTpaHcTBa Lo MHTErPUPYEMBIX ¢ KBAAPATOM (DYHKINU, T/e
DJIEMEHTAMY SBJIAIOTCA HE caMu (PYHKINU, a UX KIACCHI C
TOYHOCTBIO 10 COBMAIEHUA TOYTHA BCIOLY.

162. YTo MOxHO cka3aTh PO GUILTPOBAHHOE IIPOU3BEICHUE
II0 INIaBHOMY q)HJIBpr?

Bepuémcs k HammeMy npuMepy: OPOU3BENEHUIO JIUHETHO
YIOPAJOYEHHBIX MHOXeCTB. Byger aum OHO JMHEAHO yOO-
paxodeHHbIM? JTO 3aBucuT oT duabTpa. Hampumep, eciu
GUWILTP COCTOUT TOJBKO U3 MHOXKECTBA S, TO QUILTPOBAH-
HOE IIPOU3BEACHUE COBIATACT C ONPEAENEHHLIM PaHee, U Ju-
HEMHOrO NOPAAKA He moayuurcsa. Ho ecan uibTp asiasercs
yabTpaduibTpoM, To Gyaer. B camom nese, paccMoTpuM aBa
DJIEMEHTA § — (g U S — by B IPOUBBEICHUN U TBA, MHOXECTBA,
{s]|as <bs} u{s|as > bs}. B oObeINHEHNN OHU MOKPHI-
BaroT BCE S, m moromy (ecam y HAC YIbTpadWIbTP) OJHO
U3 HUX JOMKHO OBITH GOJBIINM (€CaM OHO He GOMBINOE, TaK
MaJioe, ero AOTOJHEHNEe OOJbIIOe W COMEPKUTCI BO BTOPOM
MHOXKECTBE ).

163. Joxaxwure, 9TO B (pUILTPOBAHHOM NIPOU3BEIACHUU HOP-
MaJIbHBIX HHTEPIPeTA GYHKINN U IPEIUKATE KODPEKTHBI OT-



[m. 6] Yasmpaguasmpor u Komnaxmmocms 251

HOCUTEIHLHO PABEHCTBA (TO €CTh COBMAJEHUA MOYITU BCIOAY): TIPU
3aMeHe apryMeHTOB Ha PaBHBbIC 3HAaYeHWE (PYHKIWU COBIAJAET C
IIPEXHUM IIOYTH BCIOAY, a 3HAYCHUE IPEANKaTa He MEHIEeTCH.

OTO yTBEPKIEHNE MOXKHO CHOPMYIUPOBATH TAK: AKCHU-
OMBI PABEHCTBA MCTUHHBI B (DUIBTPOBAHHOM TIDOU3BEIEHUN
HOPMAJLHBIX WHTepnperarun. /i1 yasTpaduibTpoB BEpHO
u 6osee 0bITIee CBOUCTRO: T00asa (hbOPMYyJIa, UCTUHHASA BO BCEX
UHTEePIPeTANAX, NCTUHHA B (UILTPOBAHHOM IIPOU3BeIe-
HuY 10 MOAy o yabrpaduibrpa. llosTomy mmeHHO Takume
yavmpanpouzsedenus (GUILTPOBAHHBIE 10 MOIYJIIO yALTPA-
(uabTPa) NPEACTABJAIOT OCHOBHOU MHTEDPEC ML JOUUKH.

Mui cemdac HOKaXKeM DTO CBOUCTBO TIO WHIYKINU. Kak
OOBIYHO, HAMO NPEIBAPUTEIBLHO PACHPOCTPAHUTL €r0 Ha
G opMyaBI ¢ TApAMETPAMU.

Teopema 78 (Jlocs 06 ynsTpanpoumssenenusix). Ilycts na-
pameTpaMu GOPMYJIHI  ABIAITCI TEPEMEHHBIE ¢, b, ... Oua
Oy eT MCTUHHOM B yIbTpanpomssesenun [ [, ¢ My mpu 3Ha-
YEHUAX TAPAMETPOB «, (,... TOrAAa U TOJBKO TOT[a, KO-
rIa MHOXKECTBO TEX S, IPU KOTOPHIX ( UCTUHHA B Mg mpu
3HAYEHUAX MAPAMETPOB i, O, ..., TPUHAMLIEIKUT YILTPA-
duibTpy.

Harnsagso yTBep:keHMe TeopeMbl MOXKHO CHOPMYJIUPO-
BATBb TAK: TOJOCOBAHNE MOXKHO TPOBOJUTE HE TOJBKO MO ATO-
MapHBIM BOMIPOCAM, a AJA JIOOBIX (popMys. [lif 3aMKHY THIX
dopmys Mpo mapaMeTphl MOXKHO HAYETO HE TOBOPUTE, M MBI
MOJMy94aeM, 9T0 (POPMYJa UCTUHHA B YIALTPANPOU3BEIEHNUN,
eCIM M TONBLKO eCTW OHA MCTWHHA B GOMBIIMHCTBE (C TOY-
KU 3peHus yabrpaduibrpa) comHoxurenen. B wacraocru,
ecau GpOpPMyIa UCTUHHA BO BCEX COMHOXKUTENAX, TO OHA HC-
THUHHA U B YIbTPAIPOU3BEACHU. JTO BAXKHOE YTBEPK ICHUE
3aCHyKUBaeT 0CODOr0 YIOMUHAHWA:

CneacTeue. YanTpanponsse[eHue CEMENCTBA MOICTEN He-
KOTOPOU TEOPUN ABIACTCA MOJEILIO TOU K€ TEOPUH.

< [okaxem Teopemy Jlocsa MHAYKIMEN MO TOCTPOEHUIO
dopmyanl. [aa aToMapHBEIX (POPMYJI OHO HEMOCPEACTBEHHO
CTEYET U3 OMPEEJEHUS UCTUHHOCTHU IPEINKATOB.

IIycTe dopmyaa @ ABASETCA KOHBIOHKIUEN IBYX APYTUX
dopmya Y An, A1 KOTOPBIX yTBEPXK JeHue yiKe BepHo. Torga
MHOXKECTBO T€X MHIEKCOB, NI KOTOPBHIX (¢ UCTUHHO, SBJIS-
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eTCs TIEPECETeHNE MHOKECTR TeX MHACKCOB, TIe NCTUHHE 1)
u 7. Tem caMBIM HAM HyKHO TAKOE CBOUCTBO yIbTPapUIb-
Tpa: MEPECEIEHNE BYX MHOXKECTB ABIAETCA OOMBIIM TOT 13,
U TOJBLKO TOra, Korga oba ouu Oosbime. QOHO Hemocpen-
CTBEHHO CJeAyeT U3 oupegeneHus GuibTpa (31eCh HEBaXK-
HO, YTO 5TO YALTPAPUILTD), HOCKOIbKY IEPECEIEHUE COLeD-
KUTCA B 000X MHOXKECTBAX.

[lns o0BbeAVHEHNA COOTBETCTBYIOIIEE CBOUCTBO 3BYIUT
Tak: oObequuenue S U T nByX MHOXKECTB OOJBIIOE TOT'IA U
TOJIBKO TOTZA, KOTIA XOTA OBl OMHO M3 MHOXKECTB S m T
6oabwoe. B oguy cropony (ecaiu 0QHO M3 MHOXKECTB OOIL-
moe, TO U OObeAUHEHNE TAKOBO) HTO BEITEKAET U3 OlIpejese-
Hus puibTpa. B 06paTHyI0 CTOPOHY HAIO BOCIOIB30BATHLCA
cBoucTBaMU yabTpaduwibTpa: ecau S U T Goabmoe, a 06a
MHOkeCTBa S m T — HET, TO OHU MAJIBIE, UX TOMOJHEHUA
OoJbIINe, IepecedeHne IOMOJHEeHN OObIIoe, U He mepece-
kaeTca ¢ S UT, 9T0 HEBO3MOXKHO.

Ilycte dopmyna ¢ wmmeer Buz —. Torga wmmeer me-
CTO Takas Nenovka: (¢ UCTUHHA B yJIbTPALDOU3BEIEHIN) <
< (¢ noxHa B HEM) < (MHOXKECTBO HMHIEKCOB TEX CO-
MHOXUTEIEH, rae Y UCTUHHA, He ABIAeTCA OOILLIAM) <
< (9TO MHOXKECTBO ABIAETCA MalbM) < (ero RomOIHE-
Hye 60JbI0e) < (MHOXKECTBO HOMEPOB TE€X COMHOXKUTEJEH,
rae 1 J0KHA (TO eCTh (0 UCTUHHA), GOJBIIOE).

NMmmkanmsa CBOIUTCA K yXKe PACCMOTPEHHBIM CJIy9aaM
(¢ — n skBUBateHTHA —) V 7)); MOXKHO TaKXKe CPa3y 3aMe-
HUTH (POPMYJIY HA SKBUBAJIECHTHYIO 6€3 MMILIMKALIAN.

HawGomee naTEpecen caydanm KBAaHTOPOB. MOXKHO orpa-
HUYATHCA KBAHTOPOM CYIIECTBOBAHUA (KBAHTODP BCEOOIIHO-
CTH CBOAWTCA K HeMy M K orpunanusam). O pasbupaet-
ca Tak (MBI UCTIOMB3yeM HE BIIOJHE KOPPEKTHLIE O003HA-
YeHUs — HAAeeMCs, OHU He BbI3oBYT myranunsl). Ilycrs
dopmyaa 3z p(z,y,z,...) UCTUHHA B yILTPALPOU3BELCHUN.
ITO 3HAYUT, ITO CYMECTBYET (PYHKIMA L: § — Tg, AAA KO-
Topont @(z,y,2,...) UCTUHHO B yabTpanpoussesenuu. Ilo
OPEATIONOKEHNI0 UHIYKIWA >TO O3HAYAET, ITO MId OOIb-
muHeTBa § Gopmyaa (s, Ys, s, . . . ) ucrunna B M. Ho to-
rjga s 5TUX UHAEKCOB § u popMyaa 3z ¢(x,y, 2, ... ) HCTUH-
Ha B M, 9T0 u TpeboBasock. O6paTHOE PACCYXKIEHUE aHA-
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JIOTUYHO: €CIN [ GOJLIIMHCTBA § HAUJETCA COOTBETCTRY-
I0IIee 3HAYEHUE Ly, TO DTU Ty MOXKHO cOOPATh B (YyHKIMIO
(moonpeneaus eé KAK yrOAHO HA MAJIOM MHOXKECTBE OCTALb-
HBIX §), ¥ 5Ta QyHKIUA Oy eT UCKOMBIM 3HAYEHUEM & B yib-
TPANPOU3BEICHUN.

Teopema Jlocs mokazana. >

Mpu1 y:ke TOBOPWIN, YTO TPOU3BEIEHNe HOPMAJBLHBIX WH-
TEPIPETAIUA MOXET He ObITH HOpMaabHbIM. Ho Teopema
Jloca rapaHTUpyeT, YTO B YJABTPANPOU3BEIEHUN HOPMAIb-
HEIX MHTEPIPETAIMA BLIMOJIHEHBl aKCUOMBI PABEHCTBA (IO~
CKOJBKY OHY BHITIOJHEHBEI B KayKJOM COMHOXWUTENE), W TIO-
TOMY PABEHCTBO ABAACTCS OTHOLICHUEM DKBUBAJICHTHOCTH,
U KJIACCHL SKBUBAJICHTHOCTH yXKE JAIOT HOPMAIBHYIO UHTEp-
nperanuio (C TeMHU K€ MCTHHHBIMU (DOPMYJAMU), KAK Mbl
BuZeau B pasgene 5.1.

Teopema Jlocsa mo3BoaseT 1aTh MPAMOE TOKA3ATETHCTBO
Teopembl komnakraoctu (Teopema 50, c. 187). Ona yrsep-
KAAET, ITO ECAU BCAKOE KOHEYHOE MOAMHOXKECTBO TaHHOTO
MHOXeCTBa 3aMKHYTBIX dopmyi T coBmecrno (umeer Mo-
aeab), 1o u Bcé MHOKecTBO T’ cOBMECTHO.

Mogaenn a1 BCero MHOXKeCTBa T CTPOUTCA KaK yIAbTpa-
npousBegenue. Mugexkcamu 6y yT KOHEYHBIE TOIMHOXKECTBA
mHOXecTBa 1. [II1 KaXXDOr0 W3 HUX COMHOXKUTEdeM Oy-
[JeT CYUIEeCTBYIOMAsA 0 YCJAOBUIO MOJeb. Tenepsb Hano mpa-
BWILHO NOA06PATh (PUILTDP HA CEMEUCTBE KOHEYHBIX MOI-
MHOXecTB MHOXKecTBa 1. HaMm HyXKHO, ITOOBI LI KAXKITO-
rot € T ceMencTBO BCEX KOHEYHBIX MOIMHOXKECTB, CONEPKa-
mux ¢, 661710 OB GoabmmM. (B sToM cayuae Teopema Jlocs ra-
PaHTUPYeT, 9TO ¢ OyAeT UCTUHHO B yJIbTPAIPOU3BEJCHUM. )

Kak nmocrpours takon ¢puibTp? i xaxaoro KoHed-
soro T' C T pacemorpum cemennctBo S(T') Bcex koHed-
HBLIX OAMHOXKECTB, conepxammx 1’. O4eBuano, mepecede-
HUEe TAaKUX CEeMEUCTB CHOBA OygeT CeMEHCTBOM TaKOr'0 BU-

(S(T"YN ST = S(T'UT")), Tak 4o mocae FOLA-
BJIGHUS BCEX HAIMHOXKECTB BCEX TAKUX MHOXKECTB IOJIYYIUT-
ca puasTp. OcTaéresa pacmpuTh 3TOT QUIBLTD 10 YIbTPA-
duapTpa mo Teopeme 76. Teopema KOMITAaKTHOCTH TOKA3aHA.

TMoyunreabuo mpocaeguTh 00 KOHIA, YTO HAaET TAKOTO
POJa MOCTPOEHUE M KAKOTO-HUOYIb KOHKPETHOrO IIPUMe-
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pa. BemoMHUM TIOCTpOEHVE HECTAHAAPTHOTO HATYPAILHOTO
paxa Ha ¢. 235. OHO UCIOAB3OBATIO TEOPEMY KOMIAKTHOCTH.
Codveras ero ¢ npuBeIEHHBIM TOJBKO YTO JOKA3ATEILCTBOM
TEOpeMbl KOMIAKTHOCTU (U KOe-4TO YHPOCTUB), HOLYIAEM
TAKyI0 KOHCTPYKIIUIO.

PaccmorpuM HaTypaibHBIE YUCIA KAK WHTEPIPETALUIO
curnarypst (=, +, X ). Paccmorpum yasrpanpoussenenue *N
CYETHOTO YUCIa TAKUX UHTEPIPETAIUU 10 MOLYID KAKO-
ro-mmb0 HervIaBHOrO yabTpaduiabrpa. Teopema Jlocsa roso-
PHUT, YTO B 3TOU UHTEPIpETAnuy Gy IyT UCTUHHLL T€ XKe Hop-
MYJIBI, ITO B HATYPAJIBHOM DAY, TO €CTh 4T0 *N nreMeHTap-
HO DKBUBAJCHTHA CTAHJAPTHOUW WHTEpnpeTanun N.

IToxaxem, aTo N He nzomopdua *N. B camom gene, mpu
TAKOM M30MOp(}U3ME HYJb 00A3aH MEPEXOJIUTH B DJIEMEHT
(0,0,0,...) (Tounee, B KIACC BTOTO BIEMEHTA OTHOCUTEILHO
PABEHCTBA), HOCKOIbKY TaKON KJIAacC 001agaeT CBOMCTBAMU
HyJis1, OAHO3HAYIHO ero oupegersomuvu (8 N, a noromy u
B "N). Ilo aHajOrv9HbIM OPUYMHAM €IMHULA IIEPEXOLUT B
kaace (1,1,1,...) u BooGwe 1ucao k cooTBETCTBYET KIacCy
(k,k,k,...). A xnacc (0,1,2,3,4,...) orauuaerca oT Juo-
6oro kaacca (k,k,k,...) (OHM cOBIAZAIOT B €JUHCTBEHHOM
COMHOXKWTENE, 8 ONHONIEMEHTHOE MHOXKECTBO fABIACTCI Ma-
JBIM, TaK KaK yIbTpaduibTp Hernasubm). Takum o6pasom,
MOCTPOEHHAA HaMu MOAeTb *N He ABIACTCA CTaHIAPTHOU.

AmBanoruvyHoe paccykJeHue TMO3BOJAET NMOCTPOUTEL U HE-
CTaHIAPTHEIE MOIEIN MEUCTBUTEIBHBIX YUCET (0 KOTOPHIX
MBI Oy/IeM TOBODUTE B CAETYIOMIEM PAa3Iese).

5.7. HecTangapTHbIf aHanu3

Onun w3 cozgarenen Teopun mojaenen, A. Pobuncon, 3a-
METHUJI, ITO ¢ €€ TOMOIIBIO MOXKHO NPUAATL TOTHBIN CMBICT
TIOHATHUAM «OE€CKOHETHO MAJBIX» U «OECKOHETHO OOJBIITNX» Be-
JUYWH, ¢ KOTOPHIME onepuposanu em¢ Hororon v JlenGuu u
KOTOPBIE 3aTeM OBLIN M3THAHBI U 3AMEHEHEBI PACCY XK T€HUAMEI
¢ DICWIOHAMU U IEJbTAMMU.

ODTO HANPABICHWE OLYYAIO HABBAHUE HECTNARIAPMHO-
20 anaausa. lenenn TyT gBe: BO-NIEPBBIX, YIPOCTUTHL NOKA-
3aTeIbCTBA U3BECTHLIX TEOPEM, BO-BTOPBLIX, UCIOJIB30BATH
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METOBI HECTAH JAP THOT'O aHAIN3A [IJIA TIONY IeHUS HOBBIX Pe-
3yabTaToB. HAaCKOMBKO DTU meim OCTUTHYTHL 33 TPUALATH
¢ JIAIIHAM JeT, IPOMEAIINX ¢ BOSHUKHOBEHUsI HECTAHIAPT-
HOr'O aHam3a?

IIpocrora mokasaTeabCTB — OeI0 BKyca. KomedHo, BCiA-
KUU NPENoJaBATENb KYPCa MATEMATUIeCKOI'0 AHAMN3A, Med-
TaeT u30aBUTHCA OT YTOMUTEJABHBIX PACCYXKICHUUA C BBIOO-
POM AOCTATOYHO MAJBIX BICAIOHOB. Ho eciu BMECTO 3TOro
HYHO TMOCTOSHHO HEPEXOIUTH OT MOJAEIN K €& DIeMEeHTAp-
HOMY PACIIAPEHUIO U OOPATHO, JEKAPCTBO MOXKET OKA3aTh-
ca cTpamHee 60me3Hn. Bo BeAKOM caydae, «HeCTAHIAD THHIE)
YIeOHUKA MATEeMATUIECKOrO AHAIM3A 11 HEMATEMATUKOB
(ogmn 3 Hux Hammcal Kenicrepom [34]) 6ombiioro pactmpo-
CTPAHEHWA HE MOJYIUIN.

HoBwie pesyabTaThl JeUCTBATEALHO OBLIA TOJYIEHE; OT-
METHUM, 9TO MHOTHME U3 HUX (XOTA U HE BCE) BIOWIEICTBAN
OBLIM TEPEIOKA3AHbI «CTAHIAPTHBEIMIY METOAAMU, TAK UTO
1 3€Ch PEBOMIONNAN HE IPOU3OILIO.

Tak wiy uHAYe, HECTAHIAPTHBIN AHAIA3 — UHTEPECHOE
[NPUIOKEHNE TEOPUM MOJeNer, U MBI Pas3bepéM HECKOILKO
IPOCTHIX mpuMepoB. Bosee moapo6Ho 06 2TOM MOXHO IIPO-
vyecTh B kuurax [ssuca [11] u Ycnenckoro [27], a Taxxe B
nocjaennen riase kuuru Pobuncona [22].

W nes necrapgapTHOro anaausa npocra. Cpenu nencTeu-
TEJBHBIX IUCEJ], YBbL, HET GECKOHETHO MAJIBIX (KOTOPHIE ObI-
au 6b1 MeHbme 1/n mpu Bcex n = 1,2,3,...) — kax ro-
BOPAT, TIOJE BEIIECTBEHHBIX YUCET YAOBICTBOPAECT GKCUOME
Apzumeda. (OpurunaibHas GOPMYIUPOBKA DTOU AKCHOMEL
KAKOBHI OBI HU OBLTH BA OTPE3KA, MOXKHO OTJIOKUTH MEHB-
MUU U3 HUX CTOMBKO pa3, 9TOOH! npessonTn Goabmui.) Ho
MOXKHO PACCMOTPETH DIEMEHTAPHOE pacimpenue moid R, B
KOTOPOM TakKne GECKOHETHO MAJBIE DJIEMEHTHI €CTh, W WC-
MOIB30BATE WX [/ OMPEICICHNA MTPEIEJIOB, TPOU3BOHEBIX U
[IPOYEroO B UCXOMTHOM IOJIE.

Ilepenném k QopmanbHbiM ounpeneneHusm. Mer Gymer
PACCMATPUBATE BEIIECTBEHHYIO HPAMYIO KAK MOJEJAb OYEHb
6orarou curnarypsl. Jus kaxaoro orxomwenus Ha R (¢ npo-
U3BOJBHBIM HUCJAOM APIyMEHTOB) BBEAEM CBOU NpENUKAT-



256 Teopuu u modeau [ra. 5]

HBI cuMBOJI. lomyuuTcs 2¢ mpequKaTHBIX CAMBOJIOB. Kpo-
Me Toro, misi kaxgon ¢ysmkuumm uz R” B R (mpu Bcex

n=0,1,2,...) BBeaéM CBOU (PYyHKIMOHAILHBIA CUMBOL. DTO
JactT emé 2° CMMBOJIOB.
Ilycre *R — aobas HOpMaibHas MHTEPIPETALMA DTOU

CATHATYPBI, DIeMEeHTAPHO sKBuBateHTHAA R. Eé MOXHO ctim-
TaTh mojieM, pacmupsomuM more R. B camom gene, cpeau
P YHKIIMOHAIBHBEIX CUMBOJIOB €CTh JBYMECTHBIE CIMBOJEL [
caoxkenus u yMHOkeHusa. OHu 3313107 HEKOTOPHIE OIEDALIII
B *R u oTHOCHTEABLHO 5TUX Oomepanui MHOXeCTBO ‘R Oyper
MOJIEM, TAK KAK AKCHOMBI TIOJIS MOXKHO 3alUCAThL B BUIe (hOp-
Mya (5TH HOPMYJHl UCTUHHE B R, a moTomy u B *R). Anamo-
TUYHOE PACCYXKIEHUE C MPEIUKATOM «MEHBIE TTOKA3LIBAET,
4T0 "R ABIAETCA YOOPSATOUEHHBIM TIOJEM.

ODTO TOJEe MOXHO CYMTATL pacimpenueMm moas R. B ca-
MOM [eJie, IS KaXKI0r0 TeCTBATEIBHOTO YUCIa & B CUIHA-
Type UMeeTCs KOHCTAHTA. SHAYEHUS TaKUX KOHCTAHT o6pa-
aytor noamnone B *R, mzomopduoe R. B camom mene, yrBep-
KAeHUs BUIA @ £ b, a + b = ¢ u ab = ¢ aBasoTcsa Gopmyaa-
Mu, u neperocarca u3 R B *R. Apasorudneiv o6pasoM 3T0
BJIOXKEHUE COXPAHSAET IOPAIOK.

Eciz mome *R umcuepnulBaeTCaA 3HAYEHUAMHI KOHCTAHT
u3 R, T0 HUYEro nHTEPECHOro He MOIy4YaeTcsa. 1looToMy MBI
OyJeM MpenoJaraTb, YTO DTO He TaK. BO3MOXHOCTBH IIO-
crpouth *R, He coBnagatomee ¢ R, caenyer (mampumep) u3
TeopeMul JIépenrenma — CkoseMa O IMOBBINCHUM MOIITHOCTH.
[lpyrou cnoco6: 106aBUM B CUTHATYDY HOBYHO KOHCTAHTY C
7 PACCMOTPUM TEOPUIO

Th(R) 4+ {c > a|a € R},

rae Th(R) — MHOKeCTBO BCex MCTHHHBIX B R GpopMya Haten
CUTHATYDHI, 8 G — KOHCTAHTA, M ducaa ¢. COBMECTHOCTH
JTOU TEOPUHU CAEAYET U3 TEOPEMbI KOMIAKTHOCTH. JIro6an eé
MOJEJNb TOMUTCA B KadecTBe “R, MOCKOMBLKY 3HAYEHUE KOH-
CcTaHTHL ¢ 6oJblne Bcex nieMeHTOB u3 R.

164. IIpoBenure >TO paccyxgeHue moIPOGHO.

B nambmeumem MBI npeamoiaraeM, 9TO BHIOpaHa 4 3a-
(PUKCHUPOBAHA HEKOTOPAs MHTEpHperanua ‘R, ABIAIOMIAILCST
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3JEeMEHTAPHLIM pacimperneM R n #e coBnagatomas ¢ R. Eé
AJIEMEHTHI MBI HA3BIBAEM 2UNepdeticmeumesbHblmy TUCAAME.
Cpeau HUX €CTb W NEUCTBUTEIBHBIE YHUCIA, KOTOPBIE MbI
OyleM Ha3bLIBATL TaKXKe CMandapmublmy djaeMeHTaMu “R.
Ocranpuse snemenTs *R GyayT necmandapmuvimy runep-
geucrBuTeabHbiMu ducaamu. (Ilo mameMmy npeanonoxeHuo
TAKOBLIE CYLIECTBYIOT.)

YrTBepxkaenue 006 BIEMEHTAPHOU HKBUBaIEHTHOCTH *R
z R HA3BIBAIOT NPUHYUNOM NEPEHOCE: OH MO3BOJAET IEpe-
HEeCTU UCTUHHOCTDL Gopmyasl u3 R B *R (uwim HaoGopor).

BosmoxkHOCTE TepeHOoca He OrpaHUYUBACTCs aarebpan-
YeCKUMU CBOUCTBaMu. Hampumep, B HAIEU CUTHATYPE €CThb
dyuxiusa sin. B uatepnperanun *R en cooreeTcTByeT PyHK-
IIAA, KOTOPYIO MOXKHO OBLTO GBI HA3BATE «TUTIED TENCTBUTEIb-
HBIM CHHYCOM». ODTa (GYHKIWA TPOJOMKAET OCLITHBIN CHU-
HyC (114 CTAHIAPTHBIX APT'YMEHTOB), TIOCKOIBKY YTBEDPK 16
HUA BUOA Sina = b 09 KOHKPETHBIX CTAHTAPTHHIX ¢ U b
MOXHO mepeHecTu B “R. Boaee Toro, ona o6mramaer oOBIU-
HEIMK CBOMCTBAMU CHHYCA: CKAXKEM, TUIEP AeNCTBUTEIbHBIA
CUHYC JI000r0 TUIEpAeUCTBUTEABHONO YUCIa HE MPEBOCXO-
AUT eAuHUIEL (B cMblcae nopsagka Ha “R), nockoabky popmy-
ga Vzsinz < 1 BELAEpXKUBAET IMEPEHOC. AHATOIMIHO MOXKHO
IOCTYNATH U C HPEJUKATAMU: HALPUMED, IPEIUKAT «OBITH
HATYPAJbLHLIM 4HCIOM» 3a13aéT B *R HExkoTOpOe moaMHOKe-
CTBO, DIEMEHTHl KOTOPOr'0 €CTECTBEHHO HA3BATH 2UNEPHA-
MYPAALHLIMY IUCIAMU. [ HIepHATYypaATbHBIE UUCIA [TeJNATCA
HA CTAHAAPTHBIE (COOTBETCTBYIOUIME OOBIMHBIM HATYDAIb-
HEIM 4uciaM B R) u #ecTangapTHbe. (Mo yBuaum, 9T0
HECTAHJAPTHBIE TUCIA OOA3ATEIBHO HAUAYTCA.) MHOXKECT-
BO TUIEPHATYPATLHBIX Umcea obo3Hataercsa *N.

AHAJIOTUYHO OTPENeNAeTCA MHOXKECTBO *Z 2unepyedbis
yuces U BOOOIe MHOXeCTBO *M mas moboro MuHOXKecTBa M
nencTBUTEIbHEIX ducea. (MuoxecTBy M cOOTBETCTBYET Of1-
HOMECTHBIN TPEAUKATHRIN CUMBONT; *M — WHTepIpeTanns
aroro cumsoaa B *R.) Muoxecrso *M HasbBaioT HecTaH-
mapTHBIM pacmuperueMm M. B Hém cogepxkaTcs Te xe cTaH-
gaprHble yucaa, 4ro u B M (dopmyant Buga a € M pas
CTaHIAPTHLIX YHUCEI @ [ePEHOCATC), U, BO3MOKHO, HEKOTO-
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pPHIE HECTAHIAPTHHIE TUCIIA.

Ilpuniun nepeHoca rapaHTUPyeT, 9TO NI KOHeIHOro M
HECTAHIAPTHLIX »eMeHTOB B M He mosBuTcsa. B camom me-
Jie, IyCTh, CKaiKeM, B M poBHO Tpu saeMenTa a, b u ¢. Torga

dopmyaa
vz (M(z) = (z=a)V (z=b)V (& =0)),

B xKoTopon M (z) — unpeiukar, COOTBETCTBYIOIIUI MHOKE-
ctBy M, uctunna B R. Ilo npunmuny mepeHoca OHA UCTUHHA,
u B "R, Tak 4T0 u *M cocTouT m3 TPEX DIEMEHTOB, ABJIIIO-
[IUXCS 3HAYCHUAMY KOHCTAHT a, b 1 ¢ (0TO0XK 1eCTBISHHBIX CO
CTaHIAPTHBIMY IeUCTBUTEILHBIMU TUCAAMMY).

BrocaencrBun MBI yBUAUM, YTO OECKOHETHOE MHOXKECT-
BO M 006s3aTenbHO TPUOOPETET HOBBIE HECTAHIAPTHHIE DJIe-
MEHTHI pu nepexoae K *R.

Heckombko TpOCTHIX CASACTBAY TPUHIIUITA, TIEPEHOCA!:

e M C N & *M C *N (upuMeHseM TPUHIWI IEPEHOCA
x dopuyre Vo (M(x) — N(x)));

e (M UN) ="M U*N, (mpuMeHAeM IPUHIIAI TIEPEHOCA
kK dopmyre Vz((M(z) V N(z)) < K(z)), rne K —
ob6wenuuenne M u N);

® AHAJIOIMYHBIE YTBEPXKIEHUA BEPHBI U JJIA II€PEeCeUeHNA
7 PA3HOCTU MHOXKECTB.

165. Tloxaxwure, 9T0 maA CIETHOrO OOBENMHEHMA AHAJIOTUY-
HO€ yTBEPXK IeHue MOXKeT He ObITh BepHbIM 1 (MoUMiUM,U. . . )
MoxeT ormmaareca ot ("Moo UMy U Mo U . ..).

HecramgapTHbie aHAJIOTY UMEIOT HE TOJBKO MHOXKECTBA,
HO ¥ dpyHKIUNA. MBI yiKe TOBOPUIN O HECTAHAPTHOM aHAIO-
re cuHyca. TOYHO Tak Ke MOXKHO OMPEeIeInTh HeCTAHIAPT-
HEII AHAJOT JHOO0U BCIOY OMPENETEHHON (bYHKIUHU (JH000r0
qUCIa APryMeHTOB). [l He BCIOY ONPEIeICHHBIX (DYHKIAN
(nampumep, At QYHKOUU KBAaJPATHOI'O KOPHs) HAJO Dac-
cMoTperh eé rpaguk Kak npesuxar (4as KOPHA 5TO Oyxer
IperKaT ABYX apryMeHTOB) U B3iAThb €r0 HeCTAHAAPTHBIN
aHaJOr. JTOT HECTAHIAPTHLIA aHAJIOT OyaeT TpadukoM da-
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CTUIHON (PYHKIMH (MO0 CBOUCTBO «OBITH TPApUKOM TaCTUY-
HOU (yHKUum» 3amuceiBaercs ¢opmyaon). CoorBercrByio-
wast GyHKIWs 1 6y 6T HECTAHZAP THHIM AHAJIOTOM MCXOTHOU.

166. IloxaxwuTe, 970 (ZOCTPOEHHBIN IO HTOU CXEMe) HECTAH-
NApTHBIX KBAJPATHBHIU KOPEHb WMMEET OO0JaCTBIO OIPENeICHUI
MHOXKECTBO HEOTPHUIATEIbHBIX FI/IHepAeI.;ICTBI/ITeJH)HBIX qucea mnu
aro (y/z)? = & ana A060T0 HEOTPUIIATETFHOTO TUIeDeHCTRY-
TEJIbHOI'O YUCIa T.

167. TlokaxkuTe, 9TO 414 BCIOAY ONPENENEHHOU (QYyHKIUN ABA
cnocoba eé mpogomkenus (kak GyHKnUu u Iepe3 rpaduk) oaioT
ONHY U Ty Xe (PYyHKIUIO.

168. ITokaxure, ITO €CaM MHOXECTBO A ABIAETCA 06IACTHIO
ONpeJeTeHNs JaCTUIHON (DYHKIUM o, TO €ro HEeCTaHJAPTHBINA
aHajaor *A COBIAJAeT C 00JACTHIO ONpEeIETeHUA PYHKIMN “p.

Mer 6ymeM 9acTO OMyCKATh 3BE3JA0YKH B 3AIUCAX BU-
ga *f(x), noap3ysach TaKUM COIVIALIEHKEM: €CAU Pedb UAET
0 3HadeHuU QYHKIVKM HA TUNEPIEUCTBATEALHOM YUCIE, TO
IOAPA3YMEBACTCA HECTAHAAPTHLIN AHAJIOL DTOU (DYHKIWH.
(Ilyramuie: He OygeT, TaK KaK Ha CTAHIaPTHBIX YUCIAX 3HA-
“eHUA PYHKIINA U €€ TUTIEP AEUCTBATEILHOTO AHAJIOTA COBIIA-
JAIOT.)

169. AGCOMIOTHYIO BEIMYUHY TUIIED [ENCTBUTEIBHOT O IACAY L
MOXKHO ompegeauTsb Kak ¢ upu £ > 0 m xax (—z) npum =z < 0.
C apyrom CTOPOHBI, MOXKHO PAaCCMOTPETHh HECTAHAAPTHBIA aHA-
aor dyuknuu x — |z|. Ilokaxnre, IT0 HOLYINTCA OLHO U TO XKe.

170. ITokaxwuTe, YTO MOJIE TUIEDPACUCTBATEALHBIX IUCET ABJIA-
€TCs BEIIECTBEHHO 3aMKHY THIM (COIIACHO OIIPEENeHNIO Ha, C. 222)

Jlo6oe runepaercTBUTENbHOE TUCIO £ MOXKHO IPEICTA-
BUTHb B BHJE CYMMBI I'MIIEPIENIOr0 UHUCIA 72 B HEKOTOPOr'O I'U-
IePAEUCTBUTENLHOr0 9nuciIa «, nas koroporo 0 < a < 1.
Yrober yOEIUTHCI B DTOM, XTOCTATOYHO PACCMOTPETDH He-
CTAHIAPTHLIE aHaJOrW (PYHKIMUN LEJOU U APOOHOU YacTi.
[Iprauun mepeHoca rapaHTUPyeT, 9TO OHU COXPAHAT CBOU
cBOMCTBA. B wacTHOCTH, B CyMMe OHM AT WCXOJHOE HHU-
C10, a OApOOHAsA YACTh BCETMa HE MEHBIIE HYJMA U MEHBIIE
€ TUHUITHI.

Henpo pacmupenus O6BLIO IOLYyYUTH BO3MOXKHOCTE Pac-
CMaTpUBaTL OECKOHEYHO OOJIbIINE U OECKOHEYHO MAJbIE Hu-
caa. Jagum COOTBETCTBYOLUINE OIIPEIeNeHI.
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Tunep 1enCcTBUTEILHOE YUCIO (v, OOIBIICE BCEX CTAH JAPT-
HBIX “HCEJI, HA3BIBAETCI NOAOHCUMEALHBILMU OECKOHEUHO 60.4b-
WM. AHATOCMYHO ONPENEIAITCA OTPULATENbHEIE OECKO-
HeYHO OOJIbIINE YUCIA.

171. Joxaxmure, 9TO YUCIO ¢ ABAACTCA OTPULATEILHBIM Oec-
KOHEYHO OOJIBIINM TOrAa M TOABKO TOr'AA, KOT A —( ABIAETCA IO~
JIOXKUTETbHBIM 6eCKOHETHO Goapumm. JJokaxure, 9T0 |o| ABIAAET-
Cs MOJIOKUTEIHLHBIM 0€CKOHEYIHO OOJIBIINM TOT 43 U TOIBKO TOT A,
KOT'Jla (v ABJAETCA JIU00 IOJOXKUTENbLHBEIM, 00 OTPUIATENbLHBIM
6eCKOHEeYIHO GOJbIINM.

TuneppercTBUTEIbLHEIE YUCIA, HE ABIAIOMIAECT OeCKOHEY-
HO OOJBIIMMY, HA3LIBAIOT KOHEYHLIME. [[pyrumu CIOBaMH,
CUIIEPAEACTBUTENLHOE YUCAO I HABLIBAETCH KOMEUHbIM, €C-
JI OHO JIEXKWT B IMPOMEXYTKE a < & < b €O CTaHIaPTHLIMA
KOHIIaMu a # b.

Haxkonen, runepaelicTBUTENLHOE YUCIO HA3LIBACTCA Oec-
KOHEUHO MAAbLM, €CIM er0 abCOMIOTHAS BEIUYUHA MEHBIIE
0000 CTAHAAPTHOrO HoAKUTeabHoro uucaa. (CoriacHo
TOMY OIPEIEJIECHUIO HYJb TOXKE SBIAETCA OECKOHEYHO Ma-
ABIM 9ucaoM.) JIerko mpoBepuTh, 9TO HEHYJIEBOE UYUCIO €
ABIASETCA OECKOHEYHO MAJBIM TOTAA W TOJBKO TOrAA, KO-
raa 1/e GeckoHeuHo Beruko. B caMoM ferne, mycTh, HAPU-
Mep, € > 0 Geckoneuno Mano. Torga 1/e Goabime m060r0
cTaHgapTHOrO ¥mcaa ¢ > 0, Tak kax e < 1/c. OcranbHble
cayvan pas3zbuparTCcsa aHAJOTUYHO.

CyMMa U IPOU3BEACHUE MBYX KOHETHBIX TUCET KOHETHBHI.
Ecan a mo Moayar0 MeHBINE CTAHIAPTHOTO YUCAA G, & [ —
CTAHIAPTHOrO YuCaa b, To o + [ WO MOAYJIIO MEHBINE CTAH-
napTHOrO [ucaa a + b, a af mo moxymo menbme ab. (He-
PABEHCTBA B TUTEP ACUCTBUTEIBHBIX TUCAAX MOKHO CKJIA,IBI-
BATb M YMHOXKATH, TAK KAK OOBIYHBIE CBOUCTBA HEPABEHCTB
3AIUCBHIBAIOTCS POPMYJIAMU U AOILYCKAIOT IIE€PEHOC. )

B 06B14HOM Kypce MATEMATUYIECKOTO AHAMN3A AHAJOTOM
STOT0 PACCY K IEHUS ABIAETCSA YTBEPK IEHUE O TOM, UTO CyM-
Ma ¥ [OPOU3BEIEHWE ONPAHWYEHHBIX HOCICIOBATEIBHOCTEN
orpaHudeHsl. Jpyroe crangapTHOE yTBEDPKACHUE U3 KypCa
aHAJIN3a — O [MPOU3BEIEHUU ONPAHWYEHHBIX U OECKOHEYHO
MAasbIX (CXOLAMUXCS K HyJLIO) IOCJAEA0BATENLHOCTEN — TaK-
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e UMEET €CTECTBEHHBIM AHAJIOD: MPOU3BENCHNE KOHETHOTO
1 GECKOHEYHO MAJOr0 TUIEPICHCTBUTEABHBIX YACEN ABIACT-
¢s1 GECKOHEYIHO MAJBIM UIEP AeNCTBUTEIbHBIM ducaoM. [lo-
Ka3aTelbCTBO TAKXKe BIIOJHE TPAAWIUOHHO: €CIM (¢ HE IIpe-
BOCXOAUT CTAHIAPTHOIO 4ucAd @, a |f| Menblre Jj060ro
CTAHIAPTHOrO MOJOKUTEILHOIO YUCIA, TO ff MEHbIIE JI0-
6Oro CTAHAAPTHOTO MOJOKUTEILHOTO €, Tak Kak | 3| < e/a.

[IBa TUTIEp IENCTBUTEIBHBIX TUCAA (1, 3 HA3BIBAIOTCA 6ec-
KOHEUHO OAUBKUMU, €CTN UX PA3HOCTH OECKOHEYHO MAafa.
Ob6osuauenue: a ~ 3.

172. [lokaxwuTe, 9T0 ecaul @ = 3, TO a+7y ~ [+ Aas 10060ro
TUIEP IEUCTBUTEIBHOTO ¥, a @y A [37 AaA JI060r0 KOHEYHOrO
FI/IHepAeI‘/JICTBI/ITeJIBHOI"O - HOKa,)KI/ITe, 9TO yCJIOBUE KOHEIHOCTH
CyIIEeCTBEHHO.

173. TlokaxuTe, 9TO ABA KOHEIHBIX I'MIIEDAEUCTBUTEIbLHBIX
qucaa 6€CKOHEeYHO OIM3KM TOrJa M TOJBKO TOTAA, KOTJa MEXIY
HUMUW HEIb3s BCTABUTH ABYX PA3HBIX CTAHAAPTHBIX IHCEJ.

Jlerko mpoBepUTh, YTO OTHOLICHHE OCCKOHEYHOU OJu-
30CTHU ABIAETCSI OTHOIIEHNEM DKBUBAJICHTHOCTU HA, MHOXKE-
CTBE TUTEPIEUCTBUTENBHBIX dncen. Kaaccsl SKBUBATEHTHO-
CTU DTOTO OTHONIEHWs WHOTAA HA3LIBAIOT Monadamu (Tep-
MUH, UCHOb30BaBIMics ewd JlenGuuem).

Teopema 79. Beskoe KOHEYHOE TUNEPIEUCTBUTEILHOE
UUCJA0 OCCKOHETHO OMM3KO K HEKOTOPOMY CTaHIApPTHOMY
THUCTY.

(3ameTuM, 4TO 06pATHOE YTBEPKICHUE OYEBUIHO: BCs-
KO€ I'MIIEeP JeUCTBUTEALHOE YUCI0, GECKOHEYHO OIM3KOoe K He-
KOTOPOMY CTaHIAPTHOMY G, KOHEYHO, IIOCKOJIBKY COTEPKUT-
Csl MEXKAY CTAHAAPTHLIMU duciaaMu ¢ — 1 u a + 1.)

< IycTs @ — KOHEYHOE THUTEpIEUCTBUTEIBLHOE HUUCIO.
PaccMoTpum MHOXKECTBO MHOXKECTBO L BCeX CTaHIAPTHBIX
DEUCTBATENBHBIX IUCET, MEHBIINX WA PABHBIX (¥, & TAKIKe
MHOX€eCTBO R BCeX CTAHJAPTHLIX ACUCTBUTEJIBHBIX YUCE,
GOJIBIINX WX PABHBIX (v. KOHEYHOCTE YUCIA (r TADAHTUPYET,
410 062 3TUX MHOXKECTBa HenycTrl (ecau Obl, ckaxeM, R Gbr-
JIO IIYCTO, TO (¢ OBLIO OBI MOJOKUTENLHBIM O0€CKOHEYHO O0Ihb-
muM). 3ameruM, 9ro L u R He nepecekarorcs (ecaw TOIb-
KO (¥ CAMO HE SBJSETCs CTAHJAPTHBIM, X TOCLA TOKA3BIBATH
HeYero) u B o0beauHeHun Aa0T BCE R.
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TTo axcmome MOMHOTHI CYIIECTBYET AEUCTBUTEILHOE UU-
cmo a, pas xkoroporo L < a < R. Ilokaxewm, 910 @ — @
6eckoHeIHO MaJuo. IIpoBepum, Hampumep, 4TO mIs JO0r0
CTaHIAPTHOTO € > () BEIIOTHEHO HEPABEHCTBO & — @ < €, TO
ecTb @ < @+ e. ITO MOHATHO: ecn ¢ + € < a, Toa+e € L,
uT0 nporusopeuut csouctBy L < a. Ilo amamoruineiM mnpu-
YuHAM @ — a > —e. >

CramgapTHOe YUCIO @, GECKOHEUYHO OIU3KOE K KOHETHO-
My TUNEPACUCTBUTEILHOMY (, HA3BIBAETCA Ccmandapmuot
wacmvio uucia «. CTaHgapTHasg 9acTh ONpefeseHa OIHO-
3HAYHO, TaK KaK MBA PA3HBIX CTAHIAPTHBLIX NCIA HE MOTYT
OBITH GECKOHEYHO OAM3KU K OJHOMY W TOMY e TUMepIeu-
CTBUTEJIBHOMY 9HCAY (TOTJIa OBl OHM ObLIM OJU3KK APYT K
APYTY, 9TO HEBO3MOXKHO). [loaTOMy MOXKHO BBECTH 06O3HA-
YeHUue St 1A CTAHIAPTHOU YaCTH KOHEYHOTO YUCTA, (.

174. [JoxaxwuTe, 9TO €CAU ( U 3 KOHEUHBI, IpuIeM o < 3, TO
usta < stf.

Teopema 80. Cpenu runepIeUCTBUTENbHBIX YUCET €CTh
HeHyJeBble OECKOHEYHO MaJible, a TakxKe O6eCKOHEYHO OO0Jb-
1Iue 9ucia.

< Hamomamm, 9ro mo mHamemy npegnonaoxenumio ‘R ze
coenagaer ¢ R, To ecTh cymiecTByeT HEKOTOPOE HECTAH-
JapTHOE TUNEPACUCTBUTEIbHOE YUCIO . Eciu o 6eckoned-
HO, TO 1/ — mCKOMOE HeHyIeBoe GeCKOHEUHO MAJI0e IUCIO.
Ecau o koredHO, TO (v — st(a) — MCKOMOE HEeHyJIeBOE 6ECKO-
HEYHO MaJIoe 9mcao (& 06paTHOe K HeMy 6yAeT GECKOHETHO
HOaBIIMM). [>

3aMeTuM, UTO TPU MOCTPOCHUU TUNEP AEUCTBUTEIBHEIX
TUCEeJ ¢ TOMOIIBI (POPMYI ¢ > ¢ (8 HOBOM KOHCTAHTHI ¢
U BCEX CTAHJAPTHLIX @) W TEOPEMBI KOMIAKTHOCTU CYIIe-
CTBOBaHME OECKOHEYHO OOMBIINX JEMEHTOB OYeBUIHO: Ta-
KOBBIM OyIeT 3Ha49€HUE DTOU CAMOU KOHCTAHTHIL C.

Temeps 06paTuMCSa K HATYPAIBHBIM U [IEJIBIM YHCIAM.

Teopema 81. CywiecTBy0OT HECTAHIAPTHBIE TUIEPHATY-
pPaJIbHBIE YHCJA, IPU 3TOM BCE OHU OECKOHEYHO BEJIUKH.

(Takum 06pa3oM, 4 CUIEPHATYPAJLHLIX YUCET KOHEY-
HOCTb ¥ CTAHJAPTHOCTH PABHOCU/IBHEL. )

< Besikoe momoxuTenbHoe NEeUCTBUTENBHOE YUCIO €CTh
cyMMa HarypanbHoro u uuciaa u3 [0,1). IIpunnun nepeno-
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€a TAPaAHTUPYET, ITO BCAKOE TIOIOKUTEILHOE TUTIEP TeNCTBU-
TeJbHOE YUCIO (¢ €CTh CYMMa CUIEPHATYPAJBLHOIO V U T'U-
nepaencTBuTeIbLHoro 7, aasa koroporo 0 < 7 < 1. Bose-
MEéM « 6eCKOHEYHO OOJBIINM, TOrAa U v O6yaeT HeCKOHEYHO
6oapmmuM. IlepBoe yTBEpxK feHIE TOKA3AHO.

IIycTb Teneps ¥ — KOHEUYHOE THMEPHATYPAIBHOE THUCJIO.
ITo ompeneneHnIo KOHEYTHOCTY OHO MEHBIIIE HEKOTOPOT'O CTaH-
JApTHOTO YUCIA a, CKaxkeM, yucaa 5. Ho B craggapTHON MO-
Iean BepHa popMyaa

Vo (((z e N) A(z < 5)) —
= ((z=0)VE=)V(@=2)V(z=3)V(z=4)).

ITo mpuuIIMIY IepeHoOCca oHA BepHA U B “R, MTODTOMY YHUCIO V
COBTIAMAET C OMHUM W3 cTaHAapTHHIX wucen 0,1,2,3,4. >

175. IlokaxuTe, YTO AJIA BCAKOTO TUIIEP AeNCTBUTEILHOTO I1-
clIa cymecTByeT OOJbllee ero THIepHaTypaJbHOe.

176. PaccmoTpuM runmepHaTypAIbHBIE 9YUCIA KAK YIOPALO-
qenHoe MHOXecTBO. [lokaxwure, 14ro oHO m3omopdpuo N + Z X F',
rpe F' — mIoTHOE IMHEMHO YyHOPALOYEHHOE MHOXKECTBO 0e3 mep-
BOro m nocrenuero »aemenTos. (Ilopazok ra Z X F': cpaBHUBAIOTCS
CHAYAIa BTOPEIE DIEMEHTEH], & IPX PABEHCTBE — IEPBEIE. )

T'mmepHaTypagbHbIe YUCIa TO3BOMAIOT TOBOPUTE O Oec-
KOHETHO MATEKUX WIeHAX (CTaHIapTHHIX) MOCIEI0BATEILHO
CTen JeNCTBUTENbHBIX uncen. [IycTh ag, aq, ... — Takas mo-
CIeI0BATENBLHOCTE. PaccMoTpuM eé rpaduk, TO €CTh MHO-
xectBo map (0, ag), (1,a1),..., KAK IByMECTHBIN NPEIUKAT.
YTBepxKA€HHE O TOM, YTO 3TOT HIPEIUKAT 334aeT rpaduk
(byHKIMU, ONpeAeIéHHON HA HATYPAIbHBIX 9YHUCIAX, MOXHO
3anucars B Buie GopMmyssl. lIpuHINI nepeHoca rapanTu-
PyeT, 9TO IUIepIelCTBUTENLHEI aHAJOr DTOr0 IIPEeIuKa-
Ta OyaerT (PYyHKUMEN, ONpeqeJéHHON Ha TUIEPHATYPAIbLHLIX
YUCAAX W TPUHUMAIONIEN TUNEPIEUCTBUTEILHBIE 3HAYCHUS.
3HadeHne >TOU (PYHKIUU HA TUNEPHATYPATLHOM YUCIE T
MOXKHO 0603HAYATH (I, HE ONACAACH IYTAHUIBL (DU CTAH-
JaPTHBIX 77 MBI TIOJAY9IaeM OJHO U TO XKE).

Takum obpaszom, Ja06as IOCACIOBATEILHOCTL MPUOOpe-
TAeT — IOMUMO CBOErO JKeJIAHUsT — OeCKOHEUHBIU (XBOCTY.
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177. TlokaxuTe, 9YTO €CAN ABE MOCTEIOBATEILHOCTU OTIMYA-
IOTCA JUIIb B KOHEYIHOM YHUC/IE JIEHOB, TO UX 0eCKOHEYHBIE XBO-
CThI OANHAKOBBI.

Cer1ac MBI HCIIOIL3YEM IIPOJOMKEHUE TOCICI0BATEIBHO-
CTeH I MOKA3aTeIhCTBA TAKOro (PaKTa:

Teopema 82. Hecramgaprupm anasor *A muoxecrBa A
JEUCTBATENBHBIX YUCEA COBHAAAET ¢ A TOrAa U TOILKO TO-
raa, KOrja MHOXKECTBO A KOHEYHO.

< Ecim A xoHEYHO, U, CKaXeM, COCTOUT U3 TPEX DICMEH-
TOB P, ¢, T, TO MOXKHO 3aMUACATH (POPMYIY

Vo((zed) o (@=p)V(@=q)V(@=1)).

Mo mpuununy mepenoca »Ta GOPMYyaa OCTAETCA UCTUHHOU
B "R, Tak 4T0 *A COCTOUT U3 TeX Ke TPEX DIEMEHTOB.

IMycTe Temeps A Geckoneuno. [lokaxewm, aTo *A coaep-
KUT DIeMEeHTHL, He pxogsiume B A. [lycts ag,ay,... — mO-
CTeTOBATENBHOCTD PA3INIHBIX 2JeMeHTOB MHOKecTBa A. Ha-
nuieM GpOpMYay, KOTOPasd YTBEPKIAET, ITO BCE DIEMEHTHI
2TOW TTOCJAEOBATEILHOCTH PA3INYHLI 1 nprHagiexar A. Ilo
TMPUHIUITY TTEPEHOCA BCE OECKOHETHRIE WICHBI DTOU TTOCAET0-
BaTeAbHOCTH (TO4YHee, e€ ruiep 1edCTBUTEILHOI0 aHAIOrA)
TAKKE PA3IWYHbI, IPUHALIEKAT “A U OTIAXIAOTCS OT BCexX
KOHEYHBIX WIEHOB nocaegoBarenbuoctu. OHu u 6y IyT UCKO-
MBIMU HECTaHIapTHEIMU daemenTamu “A. B camom gene, Gec-
KOHEYHBIU “IEH ¢, OpU OGECKOHEYHOM IMIEPHATYPAILHOM U
He MOXKET COBIACTH C KOHEYHLIMYU WIEHAMU, & TaK¥XKe He MO-
KET COBIACTH CO CTAHIAPTHBLIM dJaeMeHTOM a € A, He BXO-
[SIIAM B UCXOAHYIO TOCIEN0BATEILHOCTE (60 YTBEPK ICHUE
«y, 7 G TIPA BCEX 7» BATUCHIBAETCA POPMYION). >

Taraxmuxoti TUTIEPIENCTBATEIBLHOTO YUCIA (0 HA3HIBA-
0T MHOXKECTBO BCEX TUTIEPAEUCTBATENBHBIX 3, IJA KOTOPBIX
Pa3HOCTL (@ — [ KOHEYHA.

178. TlokaxxuTe, YTO MHOXKECTBO T'UMIEPAEUCTBUTEILHBIX M-
cen pasbuBaerca Ha rajsakTuku. OnpegernTe HA TaTaKTUKAX
€CTEeCTBEHHOE OTHOIIIECHUE .7II/IHeIU/IH01"O mopAoKa U MOKaXUTe, 9TO
3TOT IIOPANOK HJIOTHLIﬁ 1 He nMeeT HauOOIbIIero 1 HauMEeHbIIIEer O
3JIEMEHTOB.

179. Kaxaoe IelCTBUTEIbLHOE GUCIO 4, HE ABJAAIMICECA IBO-
UYHO-PAIXOHAJIBHBIM, MOXHO €IWHCTBEHHBIM O00pa3oM 3amucaTb
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B BUJ€ 6ECKOHEIHOU JBOUTHOU APOOH . ..,a0dq - ..; APYTUMHA CIO-
BaMu, €eMy COOTBETCTBYET IIOCIEAOBATEJIBbHOCTD HyJIeI';I U €IUHNUIL
(mac Gyger mHTEPECOBATH MM APOOHAL IACTH IOCIE 3AIATON).
Dukcupyem 6€CKOHETHOE TUIIEPHATYPAILHOE V K PACCMOTPUM T€
quciaa a, y Koropeix a, = 0. Ilokaxwure, 4T0 MHOXKECTBO TaKMX
qUCel MEePEXOAUT B CBOE NOIOJHEHHE MPU CUMMETPHUM OTHOCH-
TEIBHO TIO60U ABOMIHO-PALNMOHAIBHON TOYKHA (APYIHME CJIOBA-
Mu,a € M < r—a ¢ M nas 1BOMIHO-DALMOHAIBHBIX T') M IIOTO-
My He MOXeT ObITH m3MepuMbIM 10 JleGery.

180. JoxaxwuTe, IYTO THIEPPANUOHAILHBIMHU YUCIAMU ABIA-
IOTCA OTHOLIEHUA TUNEPUENBIX YUCET U TOJIBKO OHU. I[OK&)KI/ITQ,
YTO KaXJ0€ TUMEPIEUCTBUTEILHOE IUCA0 GECKOHEYHO OIM3KO K
HEKOTOPOMY I'UII€EPPAINOHAJIBHOMY YUCIY.

Tlokaxem Tenepnb, KAK MOXXHO BBECTY OCHOBHBIE TOHATHA
MaTEMAaTHIECKOrO AHAIN3A, UCIOIb3Y A OECKOHEYHO MAJIbIE U
OECKOHETHO OOJBbIINE TUCIA.

Teopema 83. Ilycte M C R. MuoxectBo M orpanmnye-
HO (B OOBLIYHOM CMBICJTE) TOTA W TOJBKO TOTA, KOTAa BCE
SJIEMEHTEL €0 FUIIEP ICACTBUTEALHOIO aHAIOra, KOHEYHHI.

Takum 06pasom, B Kypce HECTAHIAP THOI'O AHAIMN3A MOXK-
HO OOpeJeaATh OIPAaHNIEeHHbIE MHOXKECTBA KAK MHOXKECTBA,
He cojepkKarime 0eCKOHETHBIX 3JIeMEHTOB.

< Ecau Bce nremenTh M MeHBINIE HEKOTOPOT'O CTAHIAPT-
HOT'O @ TTO MOZYJIIO, TO U BCE DAeMEHTHI “M MeHBIIe TOTO Xe a
(IpMHIMI IEPEHOCA), [HO3TOMY B OJHY CTODOHY yTBEDKIe-
HEE OYEeBUIHO.

IIycte Tenepsr M ne orpanmyeno (ckaxeM, cepxy). To-
raa B R BepHO Takoe yTBEpKJACHUE: I BCAKOTO ¢ HAMAET-
CA DIEMEHT MHOXecTBa M, Goabmun ¢. [Ipumenum mpuHImn
IepeHoca U BO3bMEM OecKoHewHO 6ombmoe c. Iloxyydnm, uTo
B *M eCTh GECKOHEYHO GOJBIION DIEMEHT. >

181. [TokaxuTe, 9TO €CIM BCE DAEMEHTHI MHOXKECTBa "M MeHb-
1IIe HEKOTOPOIr'0 T'UIepAeUCTBUTEIBHOrO ¢, T0 M orpaHmieHo.

182. T0BOPAT, YTO MHOXECTBO S TUNEPIEUCTBUTEIbHBIX M-
CeJl ABIAETCA 6HYMPEHHUM, ECIA OHO €CTh TUIED JeNCTBATEIbLHBIN
aHAJIOT HEKOTOPOro MHOXeCTBa A mencTBuTenbHbIx yncer. [Toka-
XKUTE, ITO MHOXECTBO KOHEYIHBIX FHHepAeI‘;ICTBI/ITeJII)HBIX qucema
He ABIAETCA BHYTPEHHUM.

183. Moxaxwmre, aTo MuHOXkeCcTBO S C 'R BRIpasumo (B pac-
CMATPUBAEMON HAMY CUTHATYPE, COAEPIKAIIEH CUMBOJBI JIA BCEX
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byHKIUI 1 TPEIUKATOB HA MHOXKECTBE R) TOTa U TOILKO TOTIa,
KOI'1a OHO ABJIAECTCS BHYTPECHHUM.

HecTraugapTHLIN aHATA3 TIO3BOJAET JATH €CTECTBEHHBIE
OTIpEIeNIeHNA TPEACTLHON TOUYKY U TIPEIea.

Teopema 84. Yucao a ABAACTCA TPEACTLHON TOYKOU TO-
CTeTOBATENLHOCTY NEUCTBUTEIBHBIX YUCET Ag, A1, - . TOTAA
7 TOMBKO TOT/Ia, KOTAA HAUAETCA OECKOHETHO NATEKUN “LTeH
MOCIeIOBATEILHOCTH, OECKOHCYHO OJUBKAN K a.

(BeckoHEYHO MaNéKUM <WIEHOM MOCTENOBATEIBHOCTYH MBI
HA3BIBAEM BHAYEHUE ¢, NPU OECKOHEYHOM THUIEPHATYPATb-
HOM V.)

< Ecan a sBaseTca npefessHON TOYKOR, TO A BCAKOTO
TMOJOXKUTETBHOTO € W BCAKOTO HATYpalbHOro N Hauaércs
HaTypamsbHOe n > N, ;1A KoToporo |a, — a| < €. Ilpume-
HUM TPUHIUI TePEH0Ca, TOJIOXKUB € O€CKOHEYHO MATHIM 1 N
0eCKOHETHO GOMbImM. IoMyIrM NCKOMBIN OECKOHEYTHO O3~
KAU K G 9IeH ¢ HECKOHEYHO GOJBIIMM TUIEPHATYPAIbHBIM
HOMEDPOM.

HampoTus, ecan masa HEKOTOPOT'O HATYpaThbHOTO N U M/
HEKOTOPOIro € > () BCce WIEeHBI IOC/IE[OBATENLHOCTH, HAYNHAS
¢ N-ro, orcrosar ot a 60jee ¥em Ha €, TO [0 IPUHIUILY II€-
peHoca Bce 6€CKOHEYHO JAJNEKKE YIEHB [T0CJAEI0BATENbHOCTH
TaKXKe OTCTOAT OT a Hosee yeMm Ha €. >

184. ITokaxure, 9TO IUCIO G MPUHA JIEKAT 3aMbIKAHAIO MHO-

xectBa M C R Torga m TOABKO TOrga, KOUJa HEKOTODBIA dJe-
MeHT MHOXkecTBa "M GeCKOHeYHO GIU30K K d.

185. Kak ompenernTs B TepMIHAX HECTAHJAPTHOTO aHAINA3A
HOHATHE IPEEIbHON TOYKYM MHOXKECTBA (B JIIOG0M OKPECTHOCTH
KOTOPOH GECKOHETIHO MHOI'O “WIEHOB MHOXECTBA)?

Temept BUAHO, YTO HECTAHJAPTHLIN AHAIN3 TIO3BOJIAET
B [IBa CU€Ta MOKA3aTh TEOPEMY O TOM, UTO BCAKAS OrPa-
HIYIE€HHAA [IOCIeIOBATENbHOCTL MMEET NPeIeIbHyIo TOUKY:
B CAMOM JeJie, JI0001 0eCKOHEYHO TAJEKUU YIEH 2TOU II0C/Ie-
MOBATEJBHOCTU KOHEYEH, U ero CTaHAapTHasA 4acThb OygeT
IpeneIbHON TOYKOn!

Teopema 85. IlocregoBaTeabHOCTH Qg,dq,... TEUCTBU-
TEeIbHBIX YHCeJ CXOAUTCA K YUUCIYy G TOI'Aa W TOIBKO TO-
rjaa, Korjga Bce e€ 6eCKOHEYHO NaJIeKue WieHbl OeCKOHEeYHO
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OMU3KU K a.

< IMycrs a saserca npegeaom. Torga mis BCAKOTO € HAM-
mércsa N, HaYmHas ¢ KOTOPOT'O BCE WIEHBI MOCAEI0BATEILHO-
CTU OTCTOAT OT ¢ MEHee ¥eM Ha £. B yacTHOCTH, BCe Gecko-
HEYHO MAJEKNE WIEHB TAKOBBI U UX PACCTOSAHUE 0 (L MEHBIIE
J1000T0 CTAHIAPTHOTO £.

Hanporus, nycTh ¢ He ABIS€TCS IPEIEJOM U AJA BCAKO-
ro N mHaugércsa wieH a, ¢ HomepoMm n > N, orcroamui oT a
6oaee 1em Ha € > () (mOKa 4TO BCE MapaMeTPHL CTAHJAPTHEL).
IIpuMmenuM mpuwHIUN TepeHOCa, B3AB N OGeCKOHEYTHO OOJIb-
M, U HAUAEM GECKOHEYHO MANEKUU IEH MOCIEeNOBATEIb-
HOCTH, OTCTOSIIMKA OT ¢ OOJee 9eM Ha, CTaHgapTHoe € > (. >

IlpuBeném Tenepr HeCTAHIAPTHEIE KPUTEPUU CTAHAPT-
HBIX TOHNOJOTUYIECKUX MOHATHH.

Teopema 86. MuoxecTBo M C R OTKPBITO TOTIA U TOJIb-
KO TODAA, KOTa BMECTO CO BCAKOW TOUKOoUW m € M oHO co-
IEepKUT U BCIO €€ MOHALY, TO €CTh BCE TUMEDIEUCTBUTEI b
HBIE TOYKM, OECKOHEYHO OJU3KUE K 1.

(CTporo roeops, CIegoBato OBl CKA3aTh «ET'0 HECTAH-
JAPTHEIN aHAJIOr *M)» BMECTO «OHO»; HAIIOMHUM TaKKe, ITO
M u *M comepXaT ONHU U T€ XK€ CTAHIAPTHBE TUCIA. )

< Eciu M OTKPBITO U COAEPKUAT BMECTE C TOYKOU M €
€ M eé £-0KpeCcTHOCTB, TO MOHAAA TOYKK 17} IO IIPUHLIAILY
IEPEHOCa, coaepxRuTcsa B M.

Ecan xe vexkoropas Touka m € M He ABIAETCA BHYTPEH-
HEU W 1A BCAKOTO TEUCTBUTEALHOTO € > () HaugéTca TOUKa
Bee M HA PACCTOAHWM MEHBIIE £, IPUMEHUM IIPUHIUII IIEpe-
HOCA ¥ BO3bMEM OeckOHEYHO Mastoe £. MbI mosydmm 4ucio,
GeCcKOHEYHO O/IM3KOoe K m u He Jexkaiee B M. >

Ilepexoas K AOMOJHEHUAM, TOJYIAEM, ITO MHOKECTBO
M C R 3aMKHYTO TOT/Ia ¥ TOJABKO TOTA, KOTIa, JI00asd CTaH-
JapTHAA TOYKA, OECKOHETHO OMU3KAsA K HEKOTOPOU TOUKE
u3 *M, mpunamaexut M.

Ha npsamol KOMIAKTHBIMU SABIIIOTCA 3AMKHYTHIE OT'pa-
HU4YeHHBIE MHOXkeCTBa. COeqMHMM HECTAHIAPTHBIE KPUTE-
PUU 3aMKHYTOCTH W OUDAHUYEHHOCTH:

Teopema 87. Muoxecrso M C R kommakTHO TOrga u
TONLKO TOrAa, KOrAa Jo60U »aeMeHT MHOxkecTsa *M Gec-
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KOHEUHO OJM30K K HEKOTOPOMY (CTaHIAPTHOMY) BIEMEHTY
muOXKecTBa M.

< B camom geme, OrpaHMYEHHOCTH O3HATAET, ITO JIO-
Oon saemenT MHOXKeCTBa M KOHeYeH, TO ecThb GECKOHEYHO
630K K CTAHAAPTHOMY YHUCAY, & 3aMKHYTOCTHb II0O3BOJISET
3AKIIOYATE, ITO 3TO IUCI0 npuHasrexut M. >

186. Vcnionp3ys momyeHHbBIE TOIBKO YTO KPUTEPUH, MTOKAKI-
Te, 9TO OGO OTPE30K [a,b] AEeNCTBUTEILHON IPAMOU KOMIAK-
TeH, a ao6ou maTEpBaI (a,b) OTKPHIT.

187. TlokaxuTe, MCHOAB3YA HECTAHAAPTHBIM KPUTEPHUU OT-
KPBITOCTH, 4TO O0BEAMHEHUE JTIO6Or0 YHCIa OTKPBITBIX MHO-
xkecTB oTKpbITO. (HanoMuHaHWe: runmepqeucTBATEIBHBIN AHAIOT
00beMHEHNA MOXET HE COBIALATH C OOBEIMHEHWEM TUIIEpAeu-
CTBUTEIHHBIX QHAJIOTOB!)

188. Iloxaxwure, 9TO mepecedeHue AByX (mwim m060r0 KOHET-
HOT0 YMCJa) OTKPBITHIX MHOXECTB OTKpPHITO. (['ne mcnoassyerca
KOHEYHOCTB )

189. [JoxaxmuTe, 9TO MOCIEIOBATEIHLHOCTh (PyHIAMEHTAIbHA
TOrjJa U TOJIBKO TOI A, KOT'1a JIObe ABA €€ 6€CKOHEIHBIX IJIeHA
6eCKOHETHO Oim3ku (OpeqBapUTEIbHO YTOYHWB (POPMYIUPOBKY
STOT0 yTBEDX JCHUA).

190. [Joxaxwute, 4TO BCAKaA (PyHIAMEHTAIbHAA IMOCIENOBA-
TEIBHOCTb CXOAUTCA, UCTOMB3YA TPUBEIEHHLIN KpUTepunn QpyH-
nameHTAIBHOCTH. (YKazanme. OrpaHUIEHHOCTH TPUXOAUTCA JO-
Ka3bIBATD, UCXOAA M3 CTAHAAPTHBIX OIPEEICHUI. )

191. JoxaxmuTe, 4TO €CAU MOCAEIOBATEIHLHOCTH OT'PDAHMIEHA
¥ MMEET €AMHCTBEHHYIO IPEAEIbHYI0 TOYKY, TO OHA CXOAuTCia (K
STOU TOUKE).

192. [okaxuTe, 9TO0 OrpAHUICHHAs BO3PACTAOLIAA II0CAET0-
BATEIbHOCTb UMEET IIPEEll.

TMepenaém xk GyHKIMAM TEUCTBUTEILHOTO TEPEMEHHOTO
U 1aJVM HEeCTAHAAPTHOE OMpeneleHne mpegeaa (aHamIorud-
HOe TIPUBEJEHHOMY BBHIIIE IJIST TOCIENOBATEMILHOCTEN ).

Teopema 88. Yucmo b € R ects mpenen Gyukiun f: R —
— R B Touke a € R Torga u roapko Torga, korga f(z) ~b
IJIA BCEX ¥, 6€CKOHEYHO OIU3KUX K @, HO OTJIUYHBIX OT d.

< [ycts yukums f umeer npegen b cormacHo e-§-onpe-
OENEHUIO U NI BCAKOro € > 0 manaércsa § > 0 ¢ HyKHBIMU
cBoucTBaMu. Beckonedno 6Ju3Koe K ¢ YUCI0 T IONALAeT B
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4-OKPECTHOCTh TOYKU @ TPU JHOOOM CTaHgapTHOM & > 0,
nosromy f(z) momagaer B £-OKPECTHOCTH TOYKU b.

Hanporus, eciu npu mekoropoum € > 0 nus aro6oro § > 0
HAUAETCs TOYKA &, A KOTOPOU |z —a| < §, wo |f(x) —b| >
> £, TO MOXKHO [IPUMEHUTH IPUHLAI [eperoca (/11 JaHHOrO
CTaHIAPTHOIO €) U B3ATh GECKOHEYHO Majoe 0. [>

HenocpecTBEHHBIM CIEICTBUEM SBIACTCSA HECTAHIAPT-
HBLI KPUTEPUI HEMpepLIBHOCTH: pyHKImaA f: R — R mempe-
PHIBHA B (CTAHIAPTHOM) TOYKE ( TOTA W TOJIBKO TOTA,
korga f(x) =~ f(a) aus Bcex x, GECKOHEYHO OIMBKAX K a.

s pyHxIIUM, ONpeneréHHON Ha HEKOTOPOM MHOXKECTBE
M C R, KkpuTepum HEOPEPBIBHOCTUH B TOYKe m € M BEI-
raant tak: f(m) ~ f(m') min Beakom Touxm m’ € *M,
6EeCKOHEYIHO OIU3KOU K M.

193. IIposepnTe 3TO.

IloyunTenbHO MOHATE, 9€M 5TO CBOUCTBO OTINIAETCA OT
PaABHOMEDPHOU HENPEPLIBHOCTH.

Teopema 89. Dyukiua f: R — R paBaoMepHO HEnpepsIB-
Ha Ha MHOXecTBe M C R Torza m TOaBKO TOTIa, KOTAA /1A
BCEX I,y € *M Bomoaneno x ~ y = f(z) ~ f(y).

< IlycTh BHIOMHEHO OGBLIYHOE E£-0-OMpENeNeHne Hempe-
PBIBHOCTHU. BEeCKOHEUHO OJIU3KUE TOUKY L, §f OTJIUIAIOTCA Me-
Hee 4eM Ha (cTaHgapTHOE) J§, & IOTOMY UX 00pa3bl OTJIKYa-
IOTCA MEHEE 9€M HA &. ITO BEPHO MiA a060ro CTaHIapTHO-
ro g, noaromy f(z) = f(y).

O6paTHo, ecm PYHKIMA HE ABIAETCA PABHOMEPHO He-
MPEPBIBHOU, TO ISl HEKOTOPOI'O € U I JTI000r0 § HAaugy TCA
TOYKM, OTCTOAIINE MEHEee YeM Ha §, 06pa3el KOTOPHIX OT-
crosar 6omnee yem Ha €. OCTAETCA IPUMEHUTD MIPU JAHHOM &€
MPUHIUI TEePEHOCA U B3ATH OECKOHEYHO MaJoe J. [>

YeM 5TO OTINYIALTCA OT HEMPEPLIBHOCTH BO BCEX TOYKAX
MuoxkecTBa M7 HempepwuiBHOCTE BO Beex Toukax M o3Hadva-
€T, ITO AJs JI0OO0T0 CTaHAapTHOTO M € M u mo60r0 6ecKo-
HeYHO O/M3KOro K Hemy m/ € *M Mmur umeem f(m) = f(m').
Orcrona creayer, 9T0 a4 oOsrx m’,m’” € *M , 6eCKOReTHO
OIM3KMX K HEKOTOPOMY CTagmapTHoMy m € M, Bomomane-
o f(m') =~ f(m”). Ho B muoxecTse *M moryt GBITL Gec-
KOHEYHO OJM3KHUE DJIEMEHTBLI, CTAHAAPTHAA 9aCTh KOTOPBIX
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He gexuT B M (wim BOOOIIE HE UMEIONUME CTAHIAPTHON Ya-
cTH, TO eCcTh OEeCKOHedHble). JIerkO HOHATH, YTO AJg KOM-
nakTHOro M Takoro GblTh He MOXKeT (CTaHJapTHAA 4acTh
aroboro saementa m’ € *M npunamrexur M cormacmo Te-
opeme 87). Tem caMbIM MblL HOAYYWIM (IHOYTH YTO TPUBU-
AIBbHOE) HECTAHIAPTHOE AOKA3aTeNbCTBO KAACCUIECKOU Te-
OpPEMEBIL: HENPEPBIBHAA HA KOMIAKTE (DYHKIUSI DPABHOMEDPHO
HEIPEePHIBHA.

BotT emé HECKOAbKO ¢HECTAHIAPTHBIXY NOKA3ATEILCTB
crTaHgapTHHIX (BO BCEX CMEICIAX DTOIO CJIOBA) TEOPEM U3
Kypca MaTeMaTUu4eCKOr'0 aHAIU3A.

Teopema 90. HempepriBras Ha oTpeske (QyHKIWS, IPU-
HUMAIOIIAS 3HAYEHUs PA3HBIX 3HAKOB HA KOHIAX OTPE3Ka,
HMEET HyJb HA 3TOM OTPE3KE.

<1 PasgemuMm oTpe3ok Ha n paBHBX dacTen. Cpeau HuX
HAUAETCA 4aCTh, HA KOTOPOU (PYHKIUA MeHseT 3Hak. Ilo
[IPUHINITY IEPEHOCA U IPU AEJEHUN OTPe3Ka Ha GECKOHEYHOe
CUIIEPHATY PAILHOE IUCAO YacTel Hal4ETCA IaCTh, Ha, KOTO-
pou QpyHKIua MeHseT 3HaK. Ho KOHIEI 3Ton 4acTu 6ecKoned-
HO GJU3KMA K HEKOTOPOU CTAHAAPTHOU TOYKE OTPE3Ka. JTa
Touka Oymer HyaéMm dyHkuuu (ecau B Hell QYHKINA, CKa-
KEM, TOJOKUTENbHA, TO MO HENPEPHLIBHOCTUA B GECKOHEYHO
OJU3KUX K HeM KOHIAX OTPE3Ka M3MEHEHUA 3HaKa PyHKIuA
GyAeT MOJOKATEILHON). >

Teopema 91. HempepriBHas BO BCEX TOYKAX KOMIIAKTA
(dyHKIUA OrpaHuYeHa HA HEM.

< Iycre dyuxumsa [ menpepeiBHa Ha kKomnakTe M.
Caenys HeCTAaHIAPTHOMY KPUTEPHUIO OCPAHUYEHHOCTH, MbI
JODKHBL TIOKA3aTh, ITO 3HadeHus GyHkuun *f BO BCEX TOY-
kax *M xomeunwl. Ho Bcsikas Touka x € *M 6eckonedHo
6IM3KA K HEKOTOPOU CTaHIapTHOU Touke y € M (kommakT-
HOCTE), a notomy *f(x) ~ *f(y) (HempepLIBHOCTL), MO3TO-
My *f(x) xoneuno. >

O6paruTe BHEUMAHWE, YTO MBI IOJB30OBAIUCH AKCHOMOU
HOMHOTHL (/s MHOXKeCTBa R) TOIBKO OAUH pa3s, IpU JOKa-
3aTEILCTBE TEOPEMBL 79. DTO U HE YAUBUTEILHO, TIOCKOIBKY
U3 YTBEPKJACHUA DTON TEOPEMBI CIEAYET aKCUOMA, TOJHOTHI.

194. Y6egurecy B 3TOM, caenysa Takou cxeme. Ilycte A —
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TPOM3BOJIBHOE OTPAHUIEHHOE MHOXKECTBO NEUCTBUTEILHBIX HU-
cex. ITokaxure (CTaHAAPTHBIMU PACCYXKACHUAMM), ITO IS JLIO-
60ro0 € HAUAETCA IUCIO C, ABIAIOMICECA BEPXHEU IPAHBIO, 1A KO-
TOPOTO ¢ — £ He OyaeT BepXHeW I'PaHbl. [IpUMEHWTEe IPUHII
mepeHoca, B3AB 6ECKOHETIHO MAJOE € U PACCMOTPEB CTAHAAD THY O
9aCTh COOTBETCTBYIOIIETO TUCIA C.

195. [TokaxurTe, 9TO MPOM3BOAHAA CTAHAAPTHOW (QyHKIUM
f: R — R B cTaBIapTHOW TOYKE G PABHA CTAHAAPTHOMY THCIY b
Torga u Toabko torga, korga (f(a+ h) — f(a))/h ~ b paa Bcex
6eckoredno Maabix h # 0.

196. Ilokaxwute, a0 (") = nz™ ' corracHo HeCTaHIAPTHO-
My ONDEIETEHUI0 TPOM3BOAHON (IPeabIAyIaa 3a4349a).

197. Kak ucnonp30BaTh HECTAHAP THHIN aHAIN3 JJA ONpee-
JIEHWA TOHATUA UHTErpana’

B mammx nmpuMepax Bce pacCMOTPEHUsA OBLTM OTpaHUte-
HBl MHOXECTBOM THUTEPIEUCTBATEABHBIX YUCEA. JTO OTpa-
HUYEHWE KAaXKeTCA CYLUIECTBEHHBIM — He BIIOJHE fACHO, Ka-
KM 00pa3oM MOXKHO IIPUMEHUTH T€ XK€ METOABbL K IIPOU3-
BOJILHOMY TOILOJOIMYECKOMY IPOCTPAHCTBY (B KOTOPOM HET
HeckoHedHO Ooabux 4ducen). Tem He MeHee 3TO BO3MOXKHO,
1 06 2TOM MOXKHO IpodecThb B kHurax [Issuca [11] wm Yc-
neHckoro [27].
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KousioukT 19
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dopwma 19
Konwonkuua 10
KoppexTran
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KoppekTHocTs ucaucrenus
npegukaToB 166, 175
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Kéuura 62
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0 m06GaBICHUU
KOHCTAHT 177, 182
0 pacumpenun 243
0 CBeXUX KOHCTAaHTax 176
Tapckoro 242
Iopxa 59, 247
Jlunennas gynkumsa 24
Jlunenusin nopagok 206
Jlurepax 19
Jloruka BBICKa3bIBAaHUE 9
Jlormueckme cBa3ku 9
JloxHasg IPONO3UINOHATILHASL
nmepeMeHHaA 76
Jloxuas dopmyaa 95, 212
JloxHoe BBICKa3bIBaHUE 9

Mauoe muOX%)€cTBO 245
Mup (B mxane Kpunke) 76
MuoxecTBa, saeMeHTapHAg
5KBUBAJIEHTHOCTDH 116
MmuoxecTBO
anrebpanyieckoe 124
apudmeruieckoe 100
6oaburoe 245
TUNEPACUCTBUTEIbHBIX
qucen
BHyTpeHHee 265
3aMbIkaHue 266
KOMIAKTHOe 267
magoe 245
oxHOpoxaHoe 211
OTKpHITOE 267
noxyaxarebpandeckoe 124
npefelbHas TOYKa 266
SK3UCTEHINAIBHO
3aMKHyTOe 151
MuoxecTBo dhopmya
HempoTuUBOpeuuBoe 57, 180
noauoe 58, 180
nporusBopeuusoe 57, 178
COBMeCTHOE H7
Mogens 178
Kpunke 76
HOpMaJabHAA 212
cuéruas 186

Teopunu 175, 212
Mo=naza 261
MonowMm 21
Monoronnas dyuxuusa 20, 24
MyabTumnHenHas GyHKIua 23

Henpeprisras dyuxnusa 269
Henporusopeunsas
Teopuda 178
Henporusopedusoe
MHOXeCTBO (HopMyI 57,
180
HecosmecTrocts Teopun 212
HecranmapTHoe
CUIIEPAEUCTBUTEIBHOE
qucao 257
Hecrangaprabm anamms 254
Hosarop (B urpe
Opendouxra) 143
Hopmansrasn
urTepupeTanusa 91, 137,
139, 203, 212
Hopmaapras mogens 204, 206
Hopmansraa dopma
OU3BIOHKTUBHAA 19
KOH'BIOHKTUBHAA 19
npexBapéunras 191
ckoaeMmoBckaa 201
Hocurens narepuperamun 90

Ob6aacTy gencTBUA
KBaHTOpa 160
O6pasyromasn
noxyrpynne! 230
Ob6wesnadnmasn dpopmyaa 156
OpaHo3HauHOCTH paszbopa 16
Oguopoguoe MHOXeCTBO 211
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MO AuPUIVPOBAHHOT O
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OTxpbITOE MHOXECTBO 267
Orpunanme 10
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noaHasa 82
npoTuBopeurBaa S0
coBMmecTHaA 80
ITapamerp ¢popmyasr 93
Ilepemennasn
3HadeHue 94
uHauBUAHAA 89
IPONO3UNNOHAIbHAA 12
cBob6oaHasg 93
cBo6ogHOE BXOX neHue 94
CBf3aHHOE BXOXaeHue 94
ITnoTHOE TUHENHO
YIOPAZOIEHHOE
MHOXKeCTBO 06e3 mepBoro
¥ IOCJeTHEro
>1eMeHTOB 263
IToBwimenne momraocTu 206,
209
IToamuOXECTBO
KOKOHeYIHOe 245
IIogo6uste popmyasr 189
ITogcTranoBka
KOppekTHaa 162
IloacranoBku nmpasmro 51
IToacrpyxrypa 140, 150, 239
TToxe 23
anrebpanvecku
3amMKHyTOe 139, 222
BEILIEeCTBEHHO
3aMKHyTOe 223, 259
yoopagodeHHOe 223
xapakTepuctuka 139
xapakrepuctuku (0 139
ITone wacTubIX 238
IMomnuomer (ZKerankmua) 21
Ilonnas napa 82
Ilonnas cucrema cBsasok 18, 20
Ilornas Teopma 179, 213
ITorHOE MHOXECTBO
dopmyax 58, 180
Ioarbm HAGOP GyaeBBIX
byuxumm 29
Ilonoxurensroe GeckoOHETHO
6oapiroe qucao 260
IToxyanre6panaeckoe

MHOXecTBO 124
Iloxyrpynma 229
¢ 00pa3yiomumMu u
cooTHomeHUAMI 230
cBoboauaa 230
TTonsckas 3amucey 18
IlocregoBarenbuOCTD
npejenbHas Touka 266
cxogamaaca 266
IToceinka nMmmmkanum 9
IIpaBuna BBIBO A MCIUCTEHUA
cexBeHIU 66
IIpaBuxo
modus ponens (MP) 47, 78
Bepnauca 164, 176
KOHTpano3unuu 15
0606menua (Gen) 165
moACTaHOBKY 51
ceuenna 51
JOIYyCTUMOCTE 81
IMrypma 134
IIpeaBapénnas HOpMaabHAA
dopma 191
IIpeasapénnas dpopmyra 192
IIpenen dynxnum 268
IIpenersras ToIka
MHOXKeCTBa 266
nocJae10BaTenbHOCTH 266
IIpegukar
k-mectaem 88
apupmeTnyeckun 100
BBIpaxaeMbin popmymon 97
BBIpA3uUMbIN 97
ycrowausbi 105
IIpeaukaTHbr cuMBOa 89
IIpeaukaroB ncunciaenue 156
IIpegnonusie x1accer 24
IIpuanun nepernoca 257
TIpucoenuuenune xopuen
MHOro4ireHa 206
IIpobaema xoHEIHOTO
cmexTpa 210
IIpo6rema mepebopa 27, 31
IIpoBoanuk 28
IIpouspognas pyuxmunm 271
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IIponosunuonanteHas
nepemvenHas 12
UCTUHHAA 76
J0xkHaA 76
IIpono3umnuonantsHan
dopmyma 12, 47
IIpoTuBopeunnas napa 80
IIporuBopeunBoe MHOXECTBO
dopmyx 57, 178
IIpoTuBopeunBOCTH
Teopun 212
IIporoTun ¢popmy.aer 196

PasencTBa axcuomsr 203
PasencTso 206, 226
PasencTso (mpesukaTHBIN
cumBoa) 90
PasrOMepHO HempepbIBHAA
dyrknua 269
Pasmep cxemer 28, 43
Pasmep ¢popmyasr 43
Paspesanne xBagpara 117
Paspemmmasn Teopusa 116, 125,
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Pacumpenne
uHTepnperanuu 140
Pesyaprant 135
Pedrexcusrocts 203

CaMoIBOUCTBEHHAA
dyuknusa 24
CBo6oaunasn mepemenHas 93
Ceo6oguas moxayrpynna 230
CB060AHOE BXOX IEHUE
mepemenson 94, 160
Casa3aHHOE BXOXQEHUE
nepemenson 94, 161
Ceasku (noruveckue) 9
Csssxku, coxpamsmomme 0/1 20
CexBennus 64
TIPEACTAB/IAIONLIAA
dopmymaa 67
CemanTHYECKOE
cregoBanue 187, 212
Ceuenusn

npasuao 51
Curnarypa 89, 211
uHTepnpeTanua 212
CumBox
BAJEHTHOCTE 89
mpeukaTHBIN 89
dyHKIIMOHATLHEIN 89
Cummerpuasocts 203
Cko6ounbnt uror 17
Ckomemmsanus 201
CkomeMOBCKas HOpMAaJIbHASA
dopma 201
CkonemoBckas pyukua 198,
201
CaenoBanue
cemaHTHIecKoe 212
CuaoBo axdasura 230
Caoxenue mo moayawo 2 46
Cuoxenue gucen, riuyouna 34
Cuaoxenue 4uceu,
CJIOXHOCTD 33
CuaoxHOCTH
Gyreson Gpynxnmm 29, 43
TUNUIHOU OyJI€BOR
byrknum 29
¢yrKIIMY rorocoBaHua 39
dyukIUU cpaBHEeHUA 31
CrATre ABOMHOTO
oTpunanug 15
CosmecTras mapa 80
CoBmecTHas Teopus 212
CoBMecTHOE MHOXECTBO
dopmyaxa 57, 178
CoorHomrenne
noxyrpynne! 230
CuexTp ¢popmyast 210
CrangapTHad 4acTh
TUIEPAEUCTBUTEILHOTO
qucaa 262
CrangapTHOE
TUIIepAeACTBUTEILHOE
qucao 257
Crparerus 248
BuIUrpBIITHAA 248
Cyxgenue 96
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Cxema 3 PyHKIMOHATHHBIX
2JIEMEHTOB 25, 28
raybuna 34, 43
pa3mep 28, 43
Cxema ¢popmyasr 188
CxeMbl aKCUOM UCIUCICHUS
BBICKa3BIBAHUE 47
Cxopgsmascs
IOCJIEeI0BATEIbHOCTE 266
Cuérrasa mogens 186

Tasromorusa 13, 47
Teopema

Bpayspa 0 HEnogBMXKHOU
Touke 70

T'énena 85

I'énens o memomuore 234

l'énens o memoHOTE
(BTOPpan) 69

luis6epra o mymax 141,
142

[muBenxo 85

HUCIUCAEHUS
BBICKA3BIBAHUN 48

KOMImakTHOCTHU 235, 256

xkoMmakTHOCTH Auaa VB 61

KOMIAKTHOCTHU [JIs
HOPMAJIbHBIX
Mo aeaen 205

KOMIAKTHOCTH, IIPAMOE
JOKAa3aTeIbCTBO 245, 253

Jlesenrenma — Cxosema o
MIOBLIIIIEHUT
momraocTu 207, 256

Jlesenrenma — Ckorema 06
BIEMEHTAPHOU
noamoaenn 116, 150, 186

Jloca 06
yIbTpanpousBegeHnax 251

Jlocsa— Tapcxoro 240

Mopan 214, 216

O BBIBOJUMOCTH
6eCKBAaHTOPHBIX
dopmyxa 196

0 KOMIIAKTHOCTH [JIS

o

o ©°

HUCYIUCICHUS

npegukaToB 187
KOPPEKTHOCTH ¥ IOJHOTE
HUCYUCICHUS

cexBeHIU 66
xoppexktHOoCcTH VB 48
koppexkTHOCTH V1B,
BTOpasa ¢gpopma 57
KOPPEKTHOCTHU
MHTyHnuoHucTcKoro IB
OTHOCHUTEIBHO IIKAJI
Kpunke 78
KOPPEKTHOCTH
UCYUCICHUS

npegukaToB 175
KOPPEKTHOCTH
UCYUCJIEHUS IPEIUKATOB,
nepedopmMyaInpoBka 175,
178

IIepernMEeHOBAHUN
CBS3aHHBIX

nepeMeHHBIX 189
ITOJTHOMAX

Kerankmua 22

NIOJHOTE 1A HOPMAJIbHBIX
mogenen 204

noxaote VB 47, 49
noxsore UUB, Bropas
dopma 58

IIOIHOTE
naTynnuonucrckoro 1B
OTHOCHTEIbHO IIKAJI
Kpunke 79

ITOJHOTE MCYUCIeHUs
NPeJUKATOB, CUILHAL
dopwma 180

ITOJHOTE VICUUCICHUS
IpeInKaTOB, crabas
dopma 186

IIOJHOTE CUCTEMBI CBA30K
(/\7 vV, =, _‘) 18, 26
IIOJHOTE TeOpUn
arre6panvecku
3aMKHYTBIX IIOJIEN
XapaKTEePUCTUKI
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Hynas 140

0 TpeJBapEHHON
HOpMAIbHOU dopme 195

0 pa3buenuu kBagpara 117

0 CKOJEMOBCKOU
HOpMAaTbHOHU dopme 201

006 OHO3HAYHOCTHU
pas6opa 16

Poana 133, 225

Tapckoro 234

Tapckoro — 3augenbepra 123,
126, 139

Teopunu 173, 212

Tuxonosa 62

Yépua 158, 202, 232

Ysua—Jlocsa— Cymxko 242

Opb6pana 196

Teopmsa 173, 178, 212

II; -akcnomarusupyemasn 239
3 -akcmomarusupyemas 240
Th(@: = <) +) 07 1) 219
Th(Z,=,<,S,0) 218
Th(Z,=,S,0) 217
abeyeBrIx rpynn 226
aareO6panIeCcKy 3aMKHYTBIX
moJIen
xapakTepuctuku (0 222
BEIIECTBEHHO 3aMKHYTHIX
moaen 223
rpynn 226
KaTeropuiHas 222
KaTeropuIHasa B CIETHOU
morHocT! 213
KOHETHO
axcuoMaTusupyemaa 213
JUHEAHO YHOPALOYEHHBIX
MHOXeCTB 226
mogenb 178, 212
HempoTuBOpeduBag 178
IIOTHBIX JAHEITHO
YIOPATOICHHBIX
MHOXeCTB 6€3 IepBoro u
[IOCJIEe JTHEr O
asmeMmeHTa 215
moauas 179, 213

moxyrpynm 229
nporuBopednBas 178
paBeHcTBa 226
paspemmman 125, 213
¢ paBercTBoM 206, 212
coBMecTHaA 178, 212
Teopema 212
Iepmemo — Ppenkens 92
SK3UCTEHINAILHO
noaHaa 181
Tepm 89
3navenue 94
TpamzurusrOCTH 203
Tpéxsuaynas moruka 75

Ysemuuenue momuocT 205
Yaprpanpoussenenue 251
YaprpadbuisTp 246
YMHOXEHUe qHcel,
CIOXHOCTB 36
Yuopsagodennoe moxe 223
Ycronunsas dpyuxuusa 105
YcronamsocTs
OTHOCUTEIBLHO
ob6bequHeHNA memen 241
pu mepexone K
noacTpykTypam 240
npu pacuupennn 240
Ycronuussm npegukar 105

DUKTUBHBIA APTyMEHT
dyrKIIM 37
Dunerp 245
ruaBHbIl 245
PuabTpoBaHHOE
npoussBenerue 250
DopmanrbHan
apudpmeTuka 234
Dopmyaa
aTomapuasa 90
BBIBOJUMAs B UCIUCICHUAU
BBICKa3bIBaHUU 48
BbIBOAMMAA B Teopuu 212
BeiBogmMas u3 [ 50, 173
BbIDOIHUMASA 7, 157
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3amMkHyTag 96, 212
3aMbIKaHme 157
3Havenue 94
uctuHHaA 95, 212
KBaHTODHasA rirybuna 146
aoxHasa 95, 212
obme3HaunMan 156
napametp 93
nepBoro mopaaka 90
npeaBapénsas 192
[IPEACTABIAIOIASL
cekBeHInuio 67
MPONO3UINOHATHLHAA 12
npororun 196
cuextp 210
cxema 188
Dopmyaa Temropa 224
Dopmyrsr
noxo6ubIe 189
SKBUBAJEHTHBIE 13, 157
DyHKIMOHAIBLHBIN CUMBOI 89
Dyuknusa
k-mectHas 88
OymeBa 12
roxocoBaHus 39
uHTerpar 271
quHenHAA 24
MOHOTOHHaA 24
MyJAbTUIAHENHAA 23
HempepbIBHAA 269
HEIPEPBLIBHAI HA
xommakTe 270
npegex 268
npousBoaHag 271
PABHOMEDHO
HenpepeiBHAA 269
CcaMOABOUCTBEHHAA 24
ckomeMmoBckaa 198, 201
coxpansomasn 0/1 24
cpaBHeHUa 31
ycromamsas 105
sp6panoBckas 201

XapaxTepuctuka moas 139,

222

IlenTpupoBannas cucrema
MHOXeCTB 61

Ilens saemeHTapHBIX
pacmupenun 242

YaCTUYIHBIA TOPAIOK,
MPOJOMIKEHHE 0
auaennoro 206

Yucno

TUnep enCTBUTEIbHOE 257

IlIkara Kpunke 76

DxBuBaseHTHBIE HOPMyIbl 13,
157
OK3UCTEHINAIBHO 3AMKHYTOE
MHOXecTBO 151
DK3UCTEHINAILHO MOJHAL
Teopusa 181
DieMeHTapHas TeOPUs
uHTepupeTanuu 213
DieMeHTapHasa
SKBUBAJIEHTHOCTD 116,
136, 256
DaeMeHTapHask
SKBUBAJIEHTHOCTb R m QQ
c(=,<,+,0,1) 138
DieMeHTapHasa
5KBUBAJIEHTHOCTD Z U
Z+7 138, 145
DaeMeHTapHOe
pacmumpenue 140, 207
ODauMuHAIMA KBAaHTOPOB 108,
138, 216, 234
B (Q,=,<) 113
B (Z,=,5,0) 109
B (Z,=,<,5) 112
B apudMeTHuKe
IIpec6yprepa 120
B IOJE€ KOMILIEKCHBIX
qucen 134
Opb6panosckas pyuxumsa 201

Azpiku
BTOpOro nopsaaka 199
nepBoro nopagka 90
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Yapman Jx. (Jeffrey D. Ullman), 22.11.1942 : 39

Ycnenckuu Branuvup Augpeesmd, 27.11.1930 : 255, 271

Henman [Tx. (John von Neumann), 28.12.1903,
Budapest (Benrpus)—08.02.1957, Washington,
D.C. (CIIA) : 5

®Dpere (Gottlob Frege), 08.11.1848, Wismar,
Mecklenburg-Schwerin (usmme Iepmanns)—26.08.1925,
Bad Kleinen (Fepmanus) : 5

Dpenkeas A. A. (Adolf Abraham Halevi Fraenkel), 17.02.1891,
Munich (Fepmanmsa)—15.10.1965, Jerusalem (Mspamns) :
9, 92

Xonkpodr dx. (John Edward Hopcroft), 1939 : 39

Ilepmeno . (Ernst Friedrich Ferdinand Zermelo), 27.07.1871,
Berlin (Depmanns)—21.05.1953, Freiburg im
Breisgau (lepmanusn) : 5, 92

Ilopr M. (Max August Zorn), 06.06.1906, Krefeld
(Tepmanus) —09.03.1993, Bloomington, Indiana (CIIIA) :
59, 247

Yépu A. (Alonzo Church), 14.06.1903, Washington, D.C.
(CIIIA)—11.08.1995, Hudson, Ohio (CIIIA) : 158, 202,
232

Iou [Ixkan] (Chen Chung Chang) : 214, 242

llénpuna dx.(Joseph R. Shoenfield), 1927 -15.11.2000,
Durham, North Carolina (CIITA) : 198

MItypm (Jacob Karl Franz Sturm), 1803 -1855 : 134

Op6par 2K. (Jacques Herbrand), 12.02.1908, Paris
(Ppanunn) -27.07.1931, La Bérarde, Isére (Ppamuns) :
196, 201

Opendonxt A. (Andrzej Ehrenfeucht) : 143
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