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Abstract.  This paper studies tilings and representation sapces rel&d to the -transformation
when is a Pisot number (that is not supposed to be a unit). The obtained results are
applied to study the set of rational numbers having a purely periodic -expansion. We
indeed make use of the connection between pure periodicityral a compact self-similar rep-
resentation of numbers having no fractional part in their -expansion, called central tile: for
elementsx of the ring Z[1= ], so-calledx-tiles are introduced, so that the central tile is a
nite union of x-tiles up to translation. These x-tiles provide a covering (and even in some
cases a tiling) of the space we are working in. This space, datl complete representation
space, is based on Archimedean as well as on the non-Archimean completions of the num-
ber eld Q( ) corresponding to the prime divisors of the norm of . This representation
space has numerous potential implications.

We focus here on the gamma function ( ) de ned as the supremum of the set of elements
v in [0; 1] such that every positive rational number p=q with p=q v and q coprime with
the norm of , has a purely periodic -expansion. The key point relies on the description
of the boundary of the tiles in terms of paths on a graph called\boundary graph”. The
papers ends with explicit quadratic examples, showing thatthe general behaviour of ( )
is slightly more complicated than in the unit case.

1. Introduction

Beta-numeration generalises usual binary and decimal nuna¢gion. Taking any real num-
ber > 1, it consists in expanding numbers 2 [0;1] as power series in base ! with
digits in D = f0;:::;d e 1g. As for 2 N, the digits are obtained with the so-
called greedy algorithm the -transformation T p X7 X (mod 1) computes the digits
ui = bT ' Y(x)c, which yield the expansionx = . .U . The sequence of digits is de-
noted by d (x) = (u)i 1.

The set of expansionsy(j); 1 was characterised by Parry in [22]) (see Theorem 2.1 below).
When is a Pisot number, Bertrand [10] and Schmidt [28] independty proved that the

-expansiond (x) of a real numberx 2 [0; 1] is ultimately periodic if and only if x belongs
to Q( )\ [O;1]. A further natural question was to identify the set of numlers with purely
periodic expansions. For 2 N, it has long been known that rational numbersa=bwith a
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purely periodic -expansion are exactly those such thdiand are coprime, with the length
of the period being the order of in (Z=kZ) . Using an approximation and renormalisation
technique, Schmidt proved in [28] that when 2 = n +1 and n 2 N, then all rational
numbers less than 1 have a purely periodic-expansion. This result was completed in [18],
with 2= n 1,n 3, for which no rational number has a purely periodic -expansion.
More generally, the latter result is satis ed by all 's admitting at least one positive real
Galois conjugate in [Q1] [1][Proposition 5]. Ito and Rao characterised real numbse having
a purely periodic -expansion in terms of the associated Rauzy fractal for anyigdt unit
[19], whereas the non-unit case was handled in [9]. The lehgtf the periodic expansions
with respect to quadratic Pisot units were investigated inZ44].

Another natural issue is to determine real numbers with nie expansion. According to
[17], we say that satis es the niteness property (F) if the positive elemens of Z[1= ] all
have a nite -expansion (the converse is clear). A complete charactei®n of satisfying
the niteness property (F) is known when is a Pisot number of degree 2 or 3 [2]. It turns
out that these numbers also play a role in purely periodic expansions issues. Inded is
a unit Pisot number and satis es the niteness property (F),then there is a neighbourhood
of 0 in Q; whose elements all have a purely periodic-expansion [1]. This is quite unex-
pected since there is no reasoa priori why only purely periodic expansions around zero
would be obtained.

The present paper investigates the case whenis still a Pisot number, but not necessarily
a unit. We make use of the connection between pure periodiciand a compact self-similar
representation of numbers having no fractional part in thei -expansion, as similarly de-
scribed in [19, 9]. This representation is called theentral tile associated with (Rauzy
fractal, or atomic surfacemay also be encountered in the literature, semg. the survey [8]).
For elementsx of the ring Z[1= ], so-calledx-tiles are introduced, so the central tile is a
nite union of x-tiles up to translation. Thesex-tiles provide a covering of the space we are
working in. We rst discuss the topological and metric propdies of the central tile in avor
of [3, 23, 30] and the relations between the tiles.

In the unit case, the covering byx-tiles is de ned in a Euclidean spac&; ' R" ! C¢,
whered = r + 2s is the degree of the extensiond( ) : Q] and r is the number of real
roots of the minimal polynomial of . The spaceK; can be interpreted as the product of
all Archimedean completions ofQ( ) distinct from the usual one. It turns out that this is
generally not enough: in order to have suitable measure-gerving properties, one has to
take the non-Archimedean completions associated with theipcipal ideal ( ) into account.
Therefore, everything takes place in the producK = K; K¢, where the latter is a
nite product of local elds. In the substitution framework , this approach has been already
used in [30], and was inspired by [25]. See also [32]. Comigles and (complete) tiles are
introduced in Section 3. We discuss why taking non-Archime@n completions into account
is suitable from a tiling point of view: when the niteness poperty (F) holds, we prove that
the x-tiles are disjoint if the non-Archimedean completions areonsidered, which was not
the case when only taking Archimedean completions into aaaat. Our principal result in
this context is Theorem 3.18.



Let us stress the fact that the complete representation spes introduced here have nu-
merous potential implications, such a®.g. Markov partitions for toral endomorphisms in
the avour of [29, 20]. Our main goal here is to study the set afational numbers having a
purely periodic beta-expansion, for which we introduce th&llowing notation.

Notation 1.1. denotes the set of real numbers 2 [0; 1) having a purely periodic beta-
expansion. We also note ) = \ Q.

The study of these sets begins in Section 4. After reviewinbe characterisation of purely
periodic expansions in terms of the complete tiles due to [@ee [19] for the unit case), we
apply it to obtain results on periodic expansions of rationantegers.

Theorem 1.2. Let be a Pisot number that satis es the propertyF). Then there exist"
and D such that for everyx = g 2Q\ [0;1),if x ", gcdN( );q) =1 andN( )P divides
p, then x has a purely periodic expansion in base

De nition 1.3  (Function gamma). The function is de ned on the set of Pisot numbers
and takes its values in0;1]. Let be a Pisot number. LetN( ) denote the norm of .
Then, () is dened as

()=sup v2I[0;1]; 8x = 22 Q\ 10;v] withged(@;N( ))=1; thenx2 @

The reasons for condition gca(; N( )) = 1 will be given in Lemma 4.1. We also use the
central tile and its tiling properties to obtain, in Section5, an explicit computation of the
quantity ( ) for two quadratic Pisot numbers,i.e.,

Theorem 1.4. (2+ P 7)=0and (5+ 2p 7 =(7 P 7)=12.

The second example shows that the behaviour of( ) in the non-unit case is slightly
di erent from its behaviour in the unit case.

This paper is organised as follows. Section 2 recalls thertenology and results necessary
to state and prove the results, including Euclidean tiles ahthe unit case. Section 3 goes
beyond the unit case and extends the previous concepts inding non-Archimedean compo-
nents. This section starts with a short compendium on what weeed from algebraic number
theory. Section 4 studies purely periodic expansions andclen 5 is devoted to examples
in quadratic elds.

Since we work with Pisot numbers and in order to avoid using @lhoric vocabulary, we
will always assume in this section that is a Pisot number, even if the result is more general.
Readers interested in generalities concerning beta-nuragon could have a look at [11, 8, 6].

2. Beta-numeration, automata, and tiles

2.1. Beta-numeration.  We recall in the present section some classical facts abouttl-
numeration. We assume that is a Pisot number. Since 2 Q, d (1) is ultimately periodic
by [10, 28] and we have the following (semg. [22, 11, 16, 21]):

Theorem and De nition 2.1. Let be a Pisot number. LeD = f0;1; ;d e 1g. Let
d()=d (1)ifd (1) isinnite,and d (1) =(ty:::ty 1tp)t,if d (1) = ty:i:ty 2(th+1)01,
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with t; 2 D for all i. Then the set of -expansions of real numbers ifi0; 1) is exactly the set
of sequencesgu;); 1 in DN that satisfy the so-callechdmissibility condition

(2.1) 8k 1 (U)i k <jexd (1):

A nite string w is said to be admissible if the sequenee 0! satis es the condition (2.1),
where A B denotes the concatenation of word& and B. The set of admissible strings is
denoted byL ; the set of admissible sequences by . The mapx 7! d (x) is an increasing
bijection from [0; 1) onto L , endowed with the lexicographical order.

Notation 2.2. Hereafter, will be a Pisot number of degred, with
d@) =ty tnltma to)';

that is, n is the sum of the lengths of the preperiod and of the period; particular, m = 0
if and only if d (1) is purely periodic.

The Pisot number is said to be asimple Parry numberif d (1) is nite, otherwise it is
said to be anon-simple Parry number One hasm = 0 if and only if is a simple Parry
number: indeed,d (1) is never purely periodic according to Remark 7.2.5 in [P1 The set

Expansion of the non-negative real numbers. The -expansion of anyx 2 R" is

deduced by rescaling from the expansion of Px, wherep is the smallest integer such that
Px 2 [0;1):

(2.2)

8x2R":x= va "’+{Z + W?+ Pl Ly {JE u T+ }; W, Wou; U  satises (21):

integer part fractional part

In this case, we callX] = w, P+ + Wy the integer part of x and fxg = u; !+
+u 4 the fractional part of x. We extend the notationd to R* and write
d(xX)=w, WU U

Integers in base . We de ne the set of integers in base as the set of positive real
numbers with no fractional part:

(2.3) Int( )= fw, P+  +wo wpiiiwg2L g
=f[x] ;x2Rsg Z[ ]
The set Int( ) builds a discrete subset oR.. It has some regularity: two consecutive

points in Int( ) dier by a nite number of values, i.e., the positive numbersT? (1),
a2fl, ;ng(see [34, 4]). It can even be shown that it is a Meyer set [12].

2.2. Admissibility graph. The set of admissible sequences described by (2.1) is the cfet
in nite labellings of an explicit nite graph with nodes in A = f1;:::;ng and edgedh a,
with a;b2 A labelled by digits" 2 D = f0;1;, ;d e 1g. This so-calledadmissibility
graphis depicted in Figure 1.

Fora 2 A, dene L@ as the set of admissible stringsv (see De nition 2.1) that the
admissibility graph conducts from the initial node 1 to nodea. In other words, fora 6 1,

L@ is the set of admissible strings having; t, ; as a sux. Clearly, according to the
4



Figure 1. The graph describes admissible sequences for theshift. The
number n of nodes is given by the sum of the preperiod and the period of
d(@l)=1t: tn(tms1 tn)'. From each nodeato node 1, there aret, edges
labelled by Q:::;t, 1. From each nodea to node a + 1, there is one edge
labelled by t,. Let m denote the length of the preperiod ofd (1) (it can
possibly be zero). From nod@& to nodem + 1 there is an edge labelled by,.

S
form of the admissibility graph, one had. = _,, L@,

Let S denote the shift operator on the set of sequences in the setdigits f0;:::;d e
1gN = DN. The beta-expansion off¥(1) is d (TX(1)) = S¥(d (1)). By mcreasmgness of the
map d , it follows that for any x 2 [0; 1):

(2.4) titp  ta 1d () 2LY 0 d (X) <iex S* *(d (1))
0 x2[0T? Y):

Note that if is a simple Parry number (that is, ifm = 0) and k 2 N, then the sequence
Sk(d (1)) is not admissible.

2.3. Central tiles. The central tile associated with a Pisot number is a compact geometric
representation of the set Int( ) of integers in base . It is de ned as follows.

Galois conjugates of and Euclidean completions. Let ,,:::, , be the real conju-
gates of = 4, which all have a modulus strictly smaller than 1 smce is a Pisot number.
Let 41, r+1, 113, r+s» r+s Stand for its complex conjugates. For2 i r, let K. be
equaltoR,andforr+1 i r+s,letK 6 beequaltoC. The elds R andC are endowed
with the normalised absolute valugixjx . = jxj if K| = R and jxjx = = jxj2if K, = C.
These absolute values induce the usual topologies Bn(resp. C). Forany i =2to r + s, the
Q-homomorphism de ned onQ( ) by i( ) = ; realises aQ-isomorphism betweenQ( )
andK = Q()! R;C.

Euclidean -representation space. We obtain a Euclidean representatiorQ-vector space
Ki by gathering the eldsK :
K., 'R ' C%

r+2 r+s

Ky = K, K K



We denote byk k; the maximum norm onK; . We have a natural embedding

1:QC) ! Ky
x 7! (i(X))z i r+s

Euclidean central tile. We are now able to de ne the central tile:

De nition 2.3 (Central tile). Let be a Pisot number with degred. The Euclidean central
tile of is the representation of the set of integers in base

T= 10ntC ) Q(2) Q( r+s) Kiy:

Since the roots ; have a modulus smaller than on€l is a compact subset oK, :

2.4. Property (F) and tilings. More generally, to eachx 2 Z[1= ]\ [0;1), we associate a
geometric representation of points that admitw as a fractional part.

De nition 2.4  (x-tile). Let x 2 Z[1= ]\ [0;1). The tile associated withx is
T(x)= 1(fy2R*;fyg =xg) 1(x)+T:

It is proved in [3] that tiles T (x) provide a covering ofK, , i.e.,

[
(2.5) K, = T (x):
x2Z[1= ]\ [0;1)

Since we know that tilesT (x) cover the spaceK; , a natural question is whether this
covering is a tiling (up to sets of zero measure).

De nition 2.5 (Exclusive points). We say that a pointz 2 K; is exclusivein tile T (x) if
z is contained in no other tile T (x% with x°2 Z[1= ]\ [0;1), and x°6 x.

De nition 2.6  (Finiteness property). The Pisot number satis es the niteness property
(F) if and only if everyx 2 Z[1= ]\ [0;1) has a nite -expansion.

If the niteness property is satis ed, a su cient tiling con dition is known when is a unit.

Theorem 2.7 (Tiling property) . Let be a unit Pisot number. The number satis es the
niteness property (F) if and only if 0 is an exclusive inner point of the central tile of . In

this latter case, every tileT (x), for x 2 Z[1= ]\ [0; 1] has a non-empty interior, and all its
inner points are exclusive. In other words, tile§ (x) provide a tiling of K, .

Proof. The proof is obtained in [3]. In [31], this property is restatd in a discrete geometry
framework.

2.5. Purely periodic points.  In [19], Ito and Rao establish a relation between the central
tile and purely periodic -expansions. For this purpose, a geometric realisation dfe natural
extension of the beta-transformation is built using the ceral tile. More precisely, the central
tile represents, by construction (up to closure), the strigswy :: : wgp that can be read in the
admissibility graph shown in Figure 1. In order to divide thecentral tile into subtiles, we

gather stringswy, :::wWp depending on the nodes of the graph the string,, : : : wy reaches.
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De nition 2.8  (Central subtiles). Leta2 A = f1; ;ng. The central a-subtile is de ned
as n o
T@= | x2Int( );dx)2L®

Theorem 2.9 ([19]). Let be a Pisot unit. We recall thatA = f1, ;ng. Let x 2
Q( )\ [0;1). The -expansion ofx is purely periodic if and only if

(102 T® [0,T* Y(1)):

az2A

As soon as 0 is an inner point of the central tile, we deduce thamall rational numbers
have a purely periodic expansion.

Corollary 2.10 ([1]). Let be a Pisot unit. If satis es the niteness property (F), then
there exists a constant > 0 such that everyx 2 Q\ [0;c) has a purely periodic expansion
in base .

Proof. Since 0 is an inner point off and A is nite, there exists ¢ > 0 such that 0< c
minf T® l)(1); a2Ag andB; (0;c) T . Forx 2 [0;c), we have ; (X)=(Xx;x;:::;x) and
h

[
( 10(x3xx)2T  [0;0 T@ 0T® D)
az2A
Then the periodicity follows from Theorem 2.9.

This result was rst proved directly by Akiyama [1]. Recall that ( ) is the supremum
of suchc's according to De nition 1.3. Once one of the conjugates of is positive, then

( ) = 0. The quadratic unit case is completely understood: in tis case, Ito and Rao
proved that ( ) equals O or 1 ([19]). Examples of computations of( ) for higher degrees
are also performed by Akiyama in the unit case in [1].

Algekyaic natural extension. By abuse of language, one may say that Theorem 2.9 implies
that . (T®@  0;T? (1) is a fundamental domain for analgebraicrealisation of the
natural extension of the -transformation T (see [26] and also [14]). We will brie y explain
this in the sequel.

In [15], Dajani et al. provide an explicit construction of the natural extension bthe -
transformation for any > 1 in dimension three, with third dimension given by the heigh
in a stacking structure. This construction is minimal in thesense of Rohklin's minimality
condition for natural extensions. As a by-product, one canetrieve the invariant measure
of the system as an induced measure. However, this naturaltemsion provides no informa-
tion on the purely periodic orbits under the action of the -transformation T . The main
reason is that the geometric realisation map which plays thele of our ; is not an ad-
ditive homomorphism. Therefore, this embedding destroyshé algebraic structure of the

-transformation. Our construction, which was derived fronThurston in the Pisot unit case
[34], only works for restricted cases but it has the advantaghat we can use conjugate maps
that are additive homomorphisms. This is the clue used by Itand Rao in [19] for the de-
scription of purely periodic orbits. In summary, we need a nte geometric natural extension
than that of Rohklin to answer several number theoretical gestions like periodicity issues.

Let us note that in the non-unit case, measure-preserving @perties are no longer satis-

ed by the embedding ;. Indeed, it is clear that T is an expanding map with ratio .
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When only Archimedean embeddings as in the unit case, we walhly take into account ;
which is a contracting map with ratio N( )= and we will not be able to get a measure-
preserving natural extension. This is the key reason why wew introduce non-Archimedean
embeddings.

3. Complete tilings

Thanks to the non-Archimedean part, we will show that we obt&m a map , which is
a contracting map with ratio 1= . Let us recall that T is an expanding map with ratio

. We thus recover a realisation of the natural extension via aeasure-preserving map.
Moreover, the extended map acting on the fundamental domaiaf the natural extension
will be almost one-to-one (being a kind of variant of Baker'sransform). Therefore there is
good chances of getting a one-to-one map onto a suitalidtice for this algebraic natural
extension. Considering that a bijection onto a nite set yi&s purely periodic expansions,
we will obtain a description of purely periodic elements ofhis system. This heuristic (see
e.g. [19]) will be achieved in Proposition 3.15 and Theorem 3.1&low.

3.1. Algebraic framework. In order to extend the above results to the case whereis not
a unit, we follow the idea of [30] and embed the central tile ia larger space including local
components. To avoid confusion, the central til@ R" ! CS will be called the Euclidean
central tile. The large tile will be calledcomplete tileand denoted asf.

Let us brie y recall some facts and set notation. The resultsan be found, for instance, in
the rst two chapters of [13]. Let O be the ring of integers of the eldQ( ). If P is a prime
ideal in O such thatP\ Z = pZ, with relative degreef (P) = [ O=P : Z=pZ] and rami cation
index e(P), then Kp stands for the completion ofQ( ) with respect to the P -adic topology.

It is an extension ofQ, of degreee(P )f (P). The corresponding normalised absolute value is

given by jXjp = Nk, =g, (y) ;:e(P)f(P) = p P ) Let Op denote its ring of integers and
pep its maximal ideal; then

Op =fy2Kp;ve(y) 0g=fy2Kep;jyjp 1o
Pp = fy2Kp;ve(y) 19=1fy2Kp;jyje < 1o
The normalised Haar measure oKp is p(a+ pf)= p™ ). In particular: 5 (Op) = 1.

Lemma 3.1. Let V be the set of places iQ( ). For any placev 2 V, the associated nor-
malised absolute value is denotgdj,. If v is Archimedean, we make the usual convention
O, = K,.
(1) Let S V be a nite set of places. Let(a,).2s 2 szs Ky. Then, for any " > 0,
there existsx 2 K such thatjx a,j, " forallv2s. Q
(2) LetS V be a nite set of places andiyp 2V nS. Let (a,)v2s 2,5 Kyv. Then, for
any " > 0, there existsx 2 K such thatjx a,j, " forallv2S andv?2 %5 for all
v 62 S [fvog. Furthermore, if vo is an Archimedean place anda,)y2s 2 5 Ov,
thenx 2 O.

Proof. (1) (resp. the rst part of (2)) are widely known as the weak (esp. strong) approxi-

mation theorems. Concerning the last sentence, l&t2 Q( ) given by (2). By assumption,
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x 2 O, for all v, thereforex 2 O, sinceO is the intersection of the local ring0,, wherev
runs along the non-Archimedean places.

3.2. Complete representation space.

Notation 3.2. Let P4, :::, P be the prime ideals in the ring of integer® that contain
that is,

( ) = O= Pini .
i=1
For x 2 Q( ), N(x) shortly denotes the normNg )-o(x). We haveN( O) = jN( )j; the
prime numbersp arising from P\ Z = pZ are the prime factors ofN( ). Let S be the set
consisting of Archimedean places correspondingtg, 2 i r+ sand non-Archimedean
places corresponding td ;.

The complete representation spadé d’s obtained by adjoining to the Euc@ean represen-
tation the product of local elds K; = ~,_; Kp,, thatis, K = K; Ki = " s Kv. The
eld Q( ) naturally embeds inK :

Y
Q() ! Ki  Kp

i=1
X 7V (1 (X)X :00x):
The complete representation space is endowed with the praduopology, and with coordi-

natewise addition and multiplication. This makes it a locdly compact abelian ring. Then
the approximation theorems yield the following:

Lemma 3.3. With the @revious notation, it is established that (Q( )) is dense inK , and
that (O) is densein " ., O,.

Proof. The rst assertion follows from the rst part of Lemma 3.1 with S = S . The second
assertion follows from its second part witl5 = S and v, being the Archimedean valuation
corresponding to the trivial embedding ( ) =

The normalised Haar measure of the additive group K ;+) is the product measure
of the normalised Haar measures on the complete elds . (Lebesgue measure) an&p.
(Haar measure p ). By a standard measure-theoretical argument, if 2 Q( ) and if B is

a borelian subset oK , then v

(3.1) ( B)= (B) i
v2S
Consequently, if 2 Q( )isa$S -unit (i.e.,,ifj jy=21forall v62S),then ( B)=
i j Y (B)bythe product formula (j j is there the usual real absolute value). This holds
in particular for =

Finally, we also denote byk k the maximum norm onK , that is kxk = mza%xjxj\,. The
\%

following niteness remark will be used several times.

Lemma 3.4. If B K is bounded with respect t& k, then *(B)\ Z[1= ] is locally
nite.
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Proof. Let B be a bounded subset dk , andx 2 Q( ) such that (x) 2 B. In particular,
for everyi, 1 i , there exists a rational integerm;, such that the Qg]bedding ofx
in Kp, has valuation at mostm;. For m = max; ; m;, we get "x 2 .o O,. On

the other hand, is as$S -unit, so that "MZ[1= ] = Z[1=] Op for any P coprime with
( ). Therefore, ™x 2 O. Furthermore, the Archimedean absolute valueg Mxj , are also

Q( ) (w.r.t. the usual metric), then all conjugates of Mx are bounded. Since these numbers
belong to O, there are only a nite number of them.

3.3. Complete tiles and an Iterated Function system.

De nition 3.5 (Complete tiles). The following omplete tiles are analogues of Euclidean sle
in K .
Complete central tile. One has
Y
= (nt( )) O.:

v2S

Completex-tiles. For everyx 2 Z[1= ]\ [0; 1),

F(x)= (fy2 R*;fyg = xq) (x) + B:In particular, ® = F(0).

] a)
1 A=

P@=  x20ny ) d(x)2L®

Using (2.4), we get:
()= (x)+ y2Int( );d(y) d(x)2L*

(3.2) - (+ l Cy2int( ) d(y)2L®@
aty ta 1d (x)2L?
= (X) + 'e(a)

a; x<T @D Q)

Hence, any complete-tile is a nite union of translates of complete central subites.
We now consider the following self-similarity property sas ed by the complete central sub-
tiles:

Proposition 3.6. Let be a Pisot number. The complete central subtiles satisfy aerhted
Function System equation (IFS) directed by the admissiliyi graph (drawn in Figure 1) in
which the edge direction is reversed:

[
(3.3) PO = (VPO + ()

b a

that the nodesa; bbelong toA = f0;1; ;ng.
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Proof. The following decomposition of the Ianguagels(a) can be read o from the admissi-
bility graph 1 :
(3.4) L® = L® frg:

Ib ' a
This decomposition yields a similar IFS as in (3.3) where theomplete central subtilest®
are replaced by the images (fx 2 Int( ); d (x) 2 L @g) of the languagesL® into K .
Lastly, one gets (3.3) by taking the closure (the unions arenite). It should be noted that

this argument does not depend on the embedding; it is thereéothe same as in the unit
case, which can be founeé.g. in [33, 30, 8].

Remark 3.7. If one details the IFS given by (3.3), this gives (withm de ned in Nota-
tion 2.2):

8
3 PO = Sa2A S"<ta ( )?(a)g (")
(3-5) s POW o= ()P (tn) (PO + (t)
ek = ()0 + () k2f1:::;n 1gnfmg:

3.4. Boundary graph. The aim of this section is to introduce the notion of boundary
graph which will be a crucial tool for our estimations of theunction in Section 5. This
graph is based on the self-similarity properties of the bouary of the central tile, in line

with those de ned in [30, 35, 31]. The idea is as follows: in der to better understand

the covering (2.5), we need to exhibit which points belong tthe intersections between the
central tile  and the x-tiles ®(x). To do this, we rst decompose® and ¥ (x) into subtiles:

we know that ® = [ ;o4 @ and Eq. (3.2) gives

B(x) = [ o 7 1(1)>x PO+ (x):

Then the intersection between® and ¥ (x) is the union of intersections betweerf® and

BO+ (x)for T® (1) > x. We build a graph (see De nition 3.8 below) whose@odesstand

for each intersection of this type, hence the nodes are laleel by triplets [a; x; b]. To avoid

the non-signi cant intersection ¥® \ B®  we have to exclude the casge =0 and a = h.

Then we use the IFS equation Eg. (3.3) to decompose the intesion @\ (F® + (X))

into new intersections of the same nature (Eq. (3.6)). Ardgeis labelled with a couple of
digits (p1; ) in D, so that an edge from one node to another one acts as'(x + ¢ p1)

on X.

By applying this process, we show below that we obtain a graghat describes the intersec-
tions T@\ (PO + (x)) (Theorem 3.11). It can be used to check whether the coveg(2.5)
is a tiling, as was done in [30, 31] but this is not the purposd the present paper. Indeed,
in the last section, we use this graph to deduce informatiomagpurely periodic expansions.

De nition 3.8. The nodes of theboundary graphare the triplets[a;x;b] 2 A  Z[1=] A
such that:
(N1) T@ Y1) <x<T ®Y1) andas bif x=0.

(N2) (x)2 B@ €O,
11



The labels of the edges of the boundary graph belon@fo There exists an edgég; x; b (Prica)

[a;; X1; by] if and only if:
(E1) xa= (x+aq p),
(E2) a;!™ aandb! ™ bare edges of the admissibility graph.

We rst deduce from the de nition that the boundary graph is nite and the Archimedean
norms of its nodes are explicitly bounded:

Proposition 3.9. The boundary graph is nite. If [a; x; b] is a node of the boundary graph,

then we have:
(N3) x 2 O;
(N4) for every conjugate ; of ,j i(X)j %

Proof. Let [a;x;b] be a node of the graph. By (N2), (x) 2 @ ®® which implies
0l g

Let P be a prime ideal inO. If P j ( ),thenx 2 Op -since (x) 2 B® €O Otherwise,
if P is coprime with , we use the fact thatx 2 Z[1= ] to deduce thatx 2 Op. We thus

have x 2 O. It directly follows from Lemma 3.4 that the boundary graph & nite.

Proposition 3.9 will be used in Section 5 to compute explityt the boundary graph in
some speci c cases. Let us stress the fact that condition (INth De nition 3.8 cannot be
directly checked algorithmically, whereas numbers satigshg condition (N3) and (N4) are
explicitly computable. Nevertheless, conditions (N3) an@iN4) are only necessary conditions
for a triplet to belong to the graph. Theorem 3.11 below has twaims: it rst details how
the boundary graph actually describes the boundary of the gph, as intersections between
the central tile and its neighbours. Secondly, we will deceacfrom this theorem an explicit
way of computation for the boundary graph in Corollary 3.13.

The following lemma shows that Condition (N1) in De nition 3.8 automatically holds for
a node p3;x3;by] 2 A Z[1=] A as soon as the edge conditions (E1) and (E2) hold
between f; x;0 2 A Z[1=] A and [a;; X1; ).

Lemma 3.10. Letx 2 T®Y@;7® @) \ z[1=]. Let a!™ aandb!™ bbe two
edges in the admissibility graph. Let; =  }(x+q py). Onehasx; 2 T® Y1), 7™ Y1) |

Proof. Assume thatx is non-negative (otherwise, the same argument applies tox). We
thus have B x; **% Sincea,!™ a, thenp, ta, hencep, 08 < S 1(d (1)) (the
strict inequality comes from the fact thatd (1)) does not ultimately end in @ ). Therefore,
x; 2> 1@ D1)py(2.4).

On the other hand, sincex < T  Y(1), then the sequence; t, 1 d (x) is admissible,

again by (2.4). We thus deduce froniy! * pthat t; tp, 1(nd (X)) is admissible. We
thus getx; X% <T1® B(q),

However, if is not a unit, it does not follow from Lemma 3.10 that if &; x; b] is a node

of the boundary graph, a; ! P aand b !™" bare edges of the admissibility graph, and

X1 = X+ g pi), then [a;;x;;0] is a node (we also have to check Condition (N2) or
12



(N3)): for instance, consider the two edges of the admisdiby graph 1! ® Tand 1" 2.
Starting from the node [%0; 2], the above edges would yield; = = 620. Hence [1x1;1]
is not a node of the boundary graph by Proposition 3.9.

We now prove that the boundary graph is indeed a good descriph of the boundary of
the central tile, by relating it with intersections betweentranslates of the complete central
subtiles.

Theorem 3.11. Let z2 K . The point z belongs to the intersectior®® \ (F® + (x)),
for x 2 Z[1= ], with a 6 bif x =0, if and only if [a;x; ] is a node of the graph and there
exists an in nite path in the boundary graph, starting from lte node[a; x; b] and labeled by

(pi:g)i o such that
R

z= (m ")
i=0
Proof. Let x 2 ( T@ 1)(1);T(b l)(1))\ Z[1=]. The complete central subtiles satisfy a
graph-directed IFS equation detailed in Proposition 3.6 tht yields the decomposition

(3.6) [ h i
POV PO () = OF+ () (F® s @)+ ()
al™ a
b{ a1 b
Letz2 B@\ (B®+ (x)). Then there exist two edges,! ™ aandb!™ bsuch that the
corresponding intersection on the right-hand side of (3.&ontains z. Setting x, =  1(x +

G plandz;= () Xz (p1)), we getz; 2 @\ B+ (x,) . By construction,

X1 2 Z[1= ] and belongs to the interval ( T l)(1);T(bl 1)(1)) by Lemma 3.10. Then,
by de nition, [ a;; X;;by] is a node of the boundary graph, and we may iterate the above
procedure. Aftern steps, we_have

z

n i1
( (i:i)p' ) 2 )y plbn) 4 (Xn)
P .
It foﬁO\le that kz ( Lp "Hk k ()K" for n tending to in nity; therefore

P .
Conversely, letzsuchthatz= ", ;, (' 'p)with (pi;g)i 1 being the labeling of a path
on the boundary graph starting from §; x; b]. By the de nition of the edges of the graph,
one checks that; t, ;isasuxq@f t; ty, 1p1, Whichisitselfasuxof t; ty, 1P2p1,

andsoon. Henceg 2 @, Lety= ., (' 'g). By construction, we also havey 2 ®,
Furthermore, the recursive de nition of x; gives
X _ X _
X + q i1 pi i 1+ an:
i=1 i=1

The sequencexp), takes only nitely many values by Proposition 3.9, hence ( "x,) tends
to 0, which yields (x)+ y = z. Thereforez2 @\ €O+ (x) .

13



Corollary 3.12. Letx 2 Z[1= ] and leta;bin A. We assume thata 6 bif x = 0. The
intersection ®@\ (BP® + (x)) is non-empty if and only if[a; x; b] is a node of the boudary
graph and there exists at least one in nite path in the boundagraph starting from [a; x; b].

We deduce a procedure for computation of the boundary graph.

Corollary 3.13. The boundary graph can be obtained as follows:

Compute the set of tripletda; x; b] that satisfy conditions (N1), (N3) and (N4);
Put edges between two triplets if conditions (E1) and (E2) arsatis ed;
Recursively remove nodes that have no outgoing edges.

Proof. We consider the (possibly in nite) graph G obtained according to the above proce-
dure. The particularity of this graph is that any node belong to an in nite path. Proposi-
tion 3.9 and Theorem 3.11 show that this graph is bigger tharof equal to) the boundary
graph. Nevertheless, the converse part of the proof of Thewn 3.11 ensures that if an
in nite path of the graph G starts from [a; x; b, then this path produces an element in
F@\ (PO +  (x)). Therefore, (x) 2 @ €O and [a;x; 1 is indeed a node of the
boundary graph. Finally, even if the recursive procedure deribed in the statement of the
corollary mentions in nite paths, it only requires nitely many operations, since the number
of nodes is nite: it has been proved in Proposition 3.9 for th boundary graph; and it is an
immediate consequence of Lemma 3.4 for triplets satisfyiriiy1), (N3) and (N4).

3.5. Covering of the complete representation space. In order to generalise the tiling
property stated in Theorem 2.7 to the non-unit case, we need tbetter understand how
Z[1= ]\ R* embeds in the complete representation space. We rst provéna following
lemma, that makes Lemma 3.3 more precise.

Lemma 3.14. Theset (O\ R") is dense inQvzs Oy and (Z[1= ]\ R*) is dense in
K . These density properties remain true if one replacd?, by any neighbourhood of 1 .

Proof. We already know by Lemma 3.3 that (O) is dense inQVZS Oy. LetU 0. For
anyx 2 O, we havex+ " >U if nis su ciently Iar@e. Since "tendstoOinK , (x+ ")
tends to (x); hence (O\ [U;+1))isdensein ", O,.

Let Z =(z;y1;:::;y ) 2 K . SinceK is built from the prime divisors of , there exists
a natural integer n such that "y; 2 Op, for everyi = 1;:::; . Moreover, there exists an
integer A such that AO  Z[ ] (e.g. the discriminant of (1; ;:::; 9 1)). Split A into
A = A;A,, such that A; is coprime with and the prime divisors ofA, are also divisors of
N( ). Then A;is a unitin eachOp, such thaty;=A; 2 Op, for1 i . By the de nition
of A,, there existsm such that ™=A, 2 O. Therefore, ™*("Mz=A,2 ~ . O,. Applying
the rst part of the lemma, there exists a sequencex(); in Z[ ]\ [U m(mM)-+1 ) such
that (  (x))), tends to ™*(MM)zZ=A,  Then, ( ( ™(MMA,x,)) tends to Z. Since

max(mm) A,x, 2 Z[1= ]\ [U;+1 ), the proof is complete.

Proposition 3.15. The complete central tile® is compact. Thex-tiles F(x) provide a
covering of the -representation space:

(3.7) | B(x)= K :
x22[1= ]\ [0:1)
14



Moreover, this covering is uniformly locally nite: for any R > 0, there exists (R) 2 R.
such that, for allz2 K , one has
n 0
# x2Z[1=1]\[0;1); F(x)\ B(z;R) 6 ; (R):

Proof. The projection of ¥ on K; is compact since the local ring€, are compact. Its
projection onK; is bounded because is a Pisot number. Sincef is obviously closed, it is
therefore compact. Explicitly, we have, by construction, tat k ( )k < 1. Sinceknk = n
for eachn 2 Z, it follows that ¥ B(0;M,) with My =(b ¢)=(1 k ( )k).

Since is an integer, we have Int() Z[1= ]. Therefore, fory 2 R, , y belongs toZ[1= ]
if and only if fyg belongs toZ[1= ]. In other words,

[
y2R.ifyg =x = 2Z[1= ]\ Ry;
x2Z[1= ]\ [0;1)

and, by Lemma 3.14, we have that

=

(3.8) K = (Z[1= ]\ R*) = y2R:;fyg = x
x2Z[1= |\ [0;1)

Letus x z2 K and R > 0. We consider the ballB(z;R) in K . Assume thatx 2
Z[1= ]\ [0;1) is such that ®(x)\ B(z;R) 6 ;. By ®(x) x)+ P (x) + B(O; M»).
Hence (x) 2 B(z;R+ M;). Then Lemma 3.4 ensures that there exist only nitely many
suchx.

It certainly remains to prove that the number of thesex is bounded independently of,
but it already shows that the union on the right-hand side of 8.8) is nite, which allows us
to permute the union and closure operations and proves (3.7)

We then use (3.7) to prove the existence of somg 2 Z[1= ]\ [0;1], such thatk (Xo)
zk < 1. Therefore, anyx 2 Z[1= ]\ [0;1) satisfying B(x)\ B(z;R) 6 ; can be written as
X = Xo+ X1, Wwherex; 2 Z[1= ]\ [ 21)and (X1) 2 B(O;R+ M;+1). Lemma 3.4 gives
an upper bound (R) for the number of suchx;, and the lemma is proved.

Corollary 3.16. The complete central tile® has non-empty interior in the representation
spaceK , hence a non-zero Haar measure.

Proof. The property concerning the complete central tile has alrely been proved in [9],
Theorem 2-(2), by geometrical considerations. However, stoof this proposition is now an
immediate consequence of (3.7): sin¢ée is locally compact, it is a Baire space. Therefore,
some® (x) must have a non-empty interior, hence the central tile itdg by *(x) (x)+F.
Thus it has a positive measure. Moreover, (3.7) also gives aett proof of that fact without
any topological consideration, by using the -additivity of the measure and (F(x))

(P).

3.6. Inner points. We use the covering property to express the complete centitdé as the
closure of its exclusive inner points (see De nition 2.5). iBce we will use it extensively, we
introduce the notationc = k ( )k: We have seenthat xc < 1.
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Proposition 3.17. Let be a Pisot number. If satis es property (F), then O is an inner
point of the complete central subtil®® and an exclusive inner point of the complete central
tile F.

Proof. By Lemma 3.4, there exist nitely manyx 2 Z[1= ]\ [0;1) such thatk (x)k 2Mg,
where the constantM; is taken from the proof of Proposition 3.15. According to proerty
(F), all these x have a nite -expansion. Letp be the maximal length of these expansions.

Let m be a non-negative integer anc 2 (Z[1= ]\ R:)n "Int( ). Setx; = b P M™xc
and x, = f P M™xg . By construction, we havek (x;)k Mj;andk (xp)k> 2M,, the
latter becaused (x,) has a length greater thanp. SetM, = M,c”.Therefore

k (X)k=c""k (x))+ (X)k>M ™ ="My

Hence, we have ! B(0;c"M,) \ Z[1= ]\ R: MInt( ). Taking m = 0, this shows that
the origin is exclusive. Moreover, sinc (0;c"™M,) is open, and since ( "MIint( )) BW
for m su ciently large, Lemma 3.14 ensures thatB (0;c"M,) F@,

Theorem 3.18. Let be a Pisot number. Assume that satis es the niteness property
(F). Then each tile B(x), for x 2 Z[1= ]\ [0;1), is the closure of its interior, and each
inner point of B(x) is exclusive. Hence, for everx 8 x°2 Z[1= ]\ [0;1), B(x9 does not
intersect the interior of (x). The tiles ¥ (x) are measurably disjoint inK . Moreover, their
boundary has zero measure.

The same properties hold for the translates of complete cetsubtiles®® +  (x), for
a2A andx 2 Z[1= ]\ [0;1).

Proof. The proof of the unit case can be found in [3](Theorem 2, Cotaty 1) and could
have been adapted. We follow a slightly di erent approach he. Forx 2 Z[1= ]\ R., let
Y(x)=fy2 R:;fyg = xg Z[1= ]\ R.. By denition, B(x) = (Y (x)). According to
the proof of Proposition 3.17, we have

(3.9) LB(0;"M))\ Z[1= ]\ R, Mint( ) & B(0;¢"Mz)  ( ™Iy )):

Recall that n is the length ofd (1). Therefore, ifw; and w, are admissible, so isv; 0" ws,.
Now, for any giveny 2 Y(x), we havey+ ™MInt( ) Y(x) foranym m(y)= n+

d(logy)=(log )e. Therefore,
[ [

(3.10) B(x)= y+ MOt ) = B (y):¢"UM, :
y2Y (x) y2Y(x)

and ®(x) is the closure of an open set, hence of its interior.

Therefore, in order to prove the exclusivity, we only have teshow that two di erent x-
tiles have disjoint interiors. Letx;x%in Z[1= ]\ [0;1). According to (3.10), any non-empty
open subset off(x) \ ¥(x9 contains some ballB = B( (y);c"M,), with y 2 Y (x) and
m = m(y) chosen as above. Since is a ring homomorphism, the rst part of (3.9) implies
that YB)\ Z[1= ]\ [y;+1) y+ ™int( ). But there also existy®2 Y (x9 and a
natural integer m®such that  (y°+ ™Int( )) B. Sincey®+ ™Int( ) contains arbitrary

large real numbers, this shows thaly (x) \ Y(x9 6 ;. Hencex = x°and the exclusivity
16



follows.

The proof for the subtiles®® works exactly in the same way, because of the key property
d(x)2L®=)8 y2iInt( ):d(x+ My)2L®@
for m su ciently large (depending on x).

It is possible to prove directly that the subtiles®(® are measurably disjoint (for an e cient
proof based on the IFS (3.3) and Perron-Frobenius Theorenges [33, 8][Theorem 2]). How-
ever, it follows directly from the fact that the boundary of the subtiles have zero-measure,
since two di erent subtiles have disjoint interiors.

To prove the latter, we follow [23] [Proposition 1.1]. Sincd is nite, there exist and

a2 A suchthat (@®)= (F@)and (@f®) (F®)forall b2 A. Letk n
be a rational integer. Then, by (3.2), we have
()@= ( ) x2nt( );d(x)2L%
(3.11) = B(x) = x)+ €O
X2 g X2 k byx<T (b D (1)
( k )
where | = Lo b1y 1, 2L® | As the x-tiles (resp. the subtiles) have disjoint

i=1

interiors, the family of tiles  (x) + ® occurring in (3.11) has the same property. Then,
for a subfamily (T;); of these tiles, we havel; \T; = @;\ @j, and a simple argument
gives (@[T ) ([T ;). Let us split the union (3.11) as ( ) @ = U, [U ,, where
U, is the union of tiles intersecting the boundary of ( ) F® and U, the union of tiles
included in its interior. If k is large, ( ) ®® contains open balls of su ciently large
size to contain some of the tiles, whose diameter are at mostarg, diam(€®). HenceU,
is not empty, and has actually positive measure. Finally, ste the multiplication by ()
preserves the boundary, we have

() P@ = @ () P9 (W) < () P@
if 6 0, which would yield a contradiction. The metric disjointness follows for the tilesE @,
hence also for thef (x) by (3.2).

We can project this relation on the Euclidean space.

Corollary 3.19. Let be a Pisot number. If satis es the niteness property (F), thenO
is an inner point of the central tile T and each tileT (x) is the closure of its interior.

Proof. If 0 in an inner point of ¥ in the eld K , then 0 is also an inner point in its projection
onKj .

This corollary is the most extended generalisation of Theem 2.7 to the non-unit case: if
we only consider Archimedean embeddings to build the centrale, the niteness property
still implies that 0 is an inner point of the central tile. Neertheless, inner points are no
longer exclusive, hence the tiling property is not satis ed
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Choosing the suitable non-Archimedean embedding. We have already explained that
the Archimedean embedding was not suitable for building a rasure-preserving algebraic
extension. We shall now comment why the beta-adic represation spaceK is suitable from
a tiling viewpoint. It is a general fact based on the admissility graph that the (complete)
subtiles ® satisfy an Iterated Function System (IFS). Thanks to the intoduction of the
beta-representation space, the action of the multiplicatn by () in K a ects the measure
as a multiplication by a ratio 1= according to (3.1). This property allows us to deduce from
the IFS that the (complete) subtiles are measurably disjoirin K - whereas their projection
T® on K, are not (Theorem 3.18 below). More geometrically, the spa¢e is chosen so
that:

the tiles are big enough to cover it (covering property, rstpart of Proposition 3.15),
and

they are small enough, so they do not overlap much - neithermmbinatorically (locally
nitely many overlaps - second part of Proposition 3.15) notopologically (disjoint
interiors), nor metrically (measurable disjointness) - a¥heorem 3.18 (tiling property)
shows.

If is not a unit, the spaceK; is too small to ensure the tiling property. Conversely,
the restricted topological product of theK, with respect to the O, for all placesv but the

Archimedean one given by the identity embeddingi.€., the projection of the ackle group
Aq( ) obtained by canceling the coordinate corresponding to thakrchimedean valuation)
would have satis ed the tiling property and given an intere8ng algebraical framework, but
would have been too big for the covering property since theipcipal actles build a discrete
subset in the ackle group.

4. Purely periodic expansions

Elements with a purely periodic expansion, denoted by (see Notation 1.1), belong to
Q( ) and, as explained in the introduction, there are numbers for which ") = [0; 1)\ Q.
However, Lemma 4.1 below shows that if is a Pisot number, but not a unit, there exist
arbitrary small rational numbers that do not belong to ) This justi es the restriction in
the de nition of ( ), that only takes rational numbers whose denominator is cejme with
the norm of into account.

Lemma 4.1. Let be anon-unit Pisot number. Le = £ 2 Q\ [0; 1) with gcd(b; N( )) > 1.
Then d (x) is not purely periodic.

Proof. Suppose that the -expansion ofx 2 Q\ [0; 1) is purely periodic with periodl. Then
we can write:
X . . Tl .
x=2=" K@ '+ +a )= 7%
k 0O

Hencex 5 —A- with A 2 O. Since the principal ideals () and (1) are coprime, we get
(x) 2 ~,Oy. On the other hand, ifpj gcd(;N( ), then  (a=h contains a component
in QpnZ,. Hencea=b6& A=( 1).
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4.1. Pure periodicity and complete tiles. Using and adapting ideas from [23, 19, 27], one
obtains the following characterisation of real numbers hawg a purely periodic -expansion;
this result can be considered as a rst step towards the realtion of an algebraic natural
extension of the -transformation. Note that Theorem 4.2 is stated in [9] withcompact
intervals, which obliges to take periodic points into accaou and to determine whenever
d (1) is nite or in nite. Our point of view simpli es the_proof , so we thus give it. By abuse
of language, we call hereaftematural extensionthe set —_,, (@) 0;T? }(1) introduced
below.

Theorem 4.2 ([9], Theorem 3) Let x 2 [0;1). Then, x belongs to if and only if
(4.1) ( 2 (B®) 0T Q)
azA

Proof. Let x 2 [0; 1)\ with purely periodic beta-expansiond (x) = (a; a)'. Obvi-
ously, x 2 Q( ). A geometric summation gives

1 X y 1 Xt J
k=1 j=0
Applying to the latter and doing the geometric summation backwards gids
|
b3 _ X _
(4.2) (x) = g ()= rI]ilrln & ! ;withg =a ; (mod’):
j=0 ' j=0

P _
Clearly the sum j”:o & 1 is a beta-expansion, since we have by constructien + &g =

a; a. Therefore, (x) 2 B. Moreover, the admissibility of the concatenatioas apd (x) =

& @& 1& » isthe exact translation of the condition ( (x);x) 2 ¥® [0, T2 (1)).
Hence the condition is necessary.
Let us prove that the condition is su cient, and let z2 Q( )\ [0;1) suchthat( (2);z) 2

@ [0, T2 1(2)) for someag A . By compactness, there exists a sequence of digits,
such that (z) =Ilim 1 ( jnzo w; 1), with the latter sums being beta-expansions for all
n. Moreover, the bi-in nite word WhaW, 1 Wy d (2) is admissible. De ne a sequence
(z)k by d (z) = we Wk 2 Wp d (2). Write zp= z= a=h with b2 N anda?2 Z[1=].
Then, |
(4.3) z= X z+ w !l 2p'z[1=7T

!

Applying to (4.3) gives (z¢) = Lllrp Wi+ j I In particular, (z)2 F

! o
for any k, which ensures that the sequence ((zx))« is bounded, as well as the sequence
( (bz))k, which is hence nite by Lemma 3.4. Thusz; = 7, for somej and s 6 0. This
shows thatd (z) = (ws 1Ws » Wg)! and concludes the proof.

As Theorem [9] shows, the points of the orbit of 1 under the aon of T play a special

role. They have to be treated separately.
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Lemma 4.3. We have eitherT*(1) =0, or T¥(1) 2 Q( ) nQ (with T¥(1) 6 0). Moreover,
TK(Q) 2 if and only if is a non-simple Parry number (i,e.m60) andk m.

Proof. The T transformation preservesD. HenceTX(1) 2 O for all k. SinceQ is integrally
closed, ifTX(1) 2 Q, then TX(1) 2 Z. Therefore, the only possibility forTX(1) 2 Q is
TK(1) = 0. This specically happens exactly when is a simple Parry number (e., if
m =0) and kK n. We mentioned in Section 2.2 thatd (TX(1)) = SX(d (1)). Therefore,
Tk@) 2 if and only if is a non-simple Parry number andk m. According to
d(@)=d@)=(ty tn)(tmsx tn)?, the orbit possesses elements,m of them having
purely periodic beta-expansion.

Application to the function. We use Theorem 4.2 to deduce several conditions for pure
periodicity in Q( ). The fact that 0 is an inner point of the complete central tie ¥ yields a
rst su cient condition for a rational number to have a purel y periodic expansion. We can
see this property as a generalisation of Corollary 2.10.

Corollary 4.4. Let be a Pisot number that satis es the niteness property (F). here
existm and v such that for everyx = N(T)mp 2 Q,withgcdN( );9=1,and0 x v,

then one hasx 2 7.

Proof. Let M be the maximum of thejN( )j,, for v2 S , v non-Archimedean. We have
M < 1. Therefore, forx = N(T)mp 2 Q, with gcd(N( );q = 1 and x v, we have
kxk max(v;M™). Since 0 is an inner point off - actually an inner point of ¥ by (3.9)

- it follows that ( (x);x) 2 B® [0;1) if m is big enough, andv small enough.

4.2. From the topology of the central tile to that of M we begin by completing
the notation introduced in Sections 3.1 and 3.2.
Notation 4.5. Recall that( ) = Qi:l P, and thatK; is the product of the corresponding

local elds. Let ¢ denote the associated embedding, such that
x)=( 1(x); 1(x)) 2Ky Ki:
We also write Oy = Qizl Op, and O( ) denotes its reciprocal image bys, that is,
Oy=fx2Q( );8;1 i ;vp(x) 0Og O:
Q =1 Zp

There are primesp; such thatP;\ Z = pZ. We write ks = Qizl Qp and o =
We also introduce

Zon(y = g; ged(@; N( )) =1

If N( ) is prime, this notation coincides with the usual one conceimg localisation. Let us
nally introduce the canonical projections

1K I Ky and :K ! Kj:
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Most of this notation is summarised in the commutative diagams below:

f Y f Y
Q( ) ! KPi = Kf O( ) ! Opi = Of
% X % B
(4.4) i1? ?i2 i17? ?i2
I v = o v =
Q ! Qp = ki Ziney ! Zp = O
i=1 i=1

We want to generalise the idea of the proof of Corollary 2.10Since we are hereafter
interested in the beta-expansion of rational integers, ourst goal is to understand how they
imbed into K . The Archimedean embedding is trivial: 1 (X) = ( X;X;:::;X).

Notation 4.6 (Diagonal sets) Let A R. The notation

stands for the set ofr + s 1)-uples of elements oA whose coordinates are all equal.
By an abuse of language, whek is reduced to a single poinA = fag, we use the notation

We now need to understand the non-Archimedean embedding &fy( j: this is the aim
of Lemma 4.7 and Proposition 4.9 below.

Lemma 4.7. Let V be a non-empty open subset @&y ). Then
t(V)= t@wney) and (V)= (V) +(Zny):
Furthermore, for any non-empty intervall in [0; 1], we have

(4.5) IV Znep)= 2 () +(Zwey)
The same results hold iZ y) is replaced byQ, Q( ), or O ).

Proof. We only prove the result forZ ( y, with the other cases being similar. LeV be a
non-empty open subset oZ(n(y andu 2 V. Fory 2 ¢(Zn( y), there exists a sequence
(Xn)n In Z(n( y such thatlim ¢ (x,) =y  ¢(u) (using the fact that ; is an additive group
homomorphism). Let us introduce#, = (1+ N( )") *. Then#, 2 Z( ), and we have
both im#, =0 and lim ¢ (#,) = 1. Then we can choose a subsequence(()),, such that
U+ Xp# ny 2V andlim ;(u+ x,# (ny) = y. Finally, (x,) converges to (1 (u);y).

This means that ; (V) t(Zingy) (V); taking the closure yields ; (V)

f(Ziney) (V). We conclude by noting that the de nition of directly ensures
that (V) 1 (V) f(Z(N( ))). Hence we have proved (V) = 1 (V) f(Z(N( ))).
The equality (V)= ¢(Z()) follows by applying the projection ;.

Equation (4.5) is clearly satis ed ifl is open. In general, it follows from

1 (1) @)= (N Ziney) 0N Ziney) 1) 1 (Engy):

We deduce from Lemma 4.7 and Theorem 4.2:
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Corollary 4.8. Let0<" minfT? 1(1);a2f1;:::;ngg. If

1([0:"D f@Zwey) F

then one gets ( )

Note that there is no reason here for (Q) to be dense inK , contrary to what happens
for the Archimedean part.

Proposition 4.9. The following propositions are equivalent:

(1) Let0 u<v< 1.Then ((Zn(y)\ (uv))= Os;

(2) The set {(Q) is dense inKys;

(3) Foralli, 1 i , we havee(P;) = f (P;) = 1, and the prime numbergy; are all
distinct;

(4) The norm N ( ) is square-free and none of its prime divisors rami es.

Proof. For giveni, one hasKp, : Qu] = e(Pi)f (Pi). By completeness of the-adic elds
(resp. p-adic rings), the image byi, of k¢ (resp. o) in the commutative diagram (4.4) is
closed inK; (resp. Of). Hence, these images are dense if and only if these produats
equal, that is if Kp, = Q,, forall i, i.e., &P;) = f(P;) = 1.

Moreover, by the Chinese remainder theorem, the image by of Q (resp. Z(y) is
dense inks (resp. o) if and only if the p; are distinct. Hence we have proved that (2), as (1)
for =+ 1, are equivalent to (3). The equivalence with (1) with an arldrary non-empty
open interval (u;Vv) is given by Lemma 4.7.

Finally, the equivalence of (3) and (4) follows from

Y Y
N()=N( )= NE)=  p"

i=1 i=1

Remark 4.10. If the prime numbers p; are not distinct, there is a partition of , =
1+ + - and asuitable reordering of the prime idealB ;;:::;P containing , such that
one has the equality of multisets

fpipz:ii;pg= fpi{:zr;_p}; 2 PP B
# 1 # # -
Then, ¢(Q) (resp. (Zn( y)) is equal tij‘:l ( Qp) (resp. Qj\=1 ( Zy)), where (M )

denotes the set of -uples of elements oM . We will try hereafter to avoid to deal with these
p-adic diagonal components for e ectiveness issues.

4.3. Topological properties of ") Before being able to deduce bounds on( ) from
Corollary 4.8, we need to rst investigate the topological tsucture of ")

We already know that Zin¢y by Lemma 4.1. We endow ™) with the induced
topology of R on Z(y(y. The following proposition investigates the extremities fothe
connected components of . An example of such a component is of course; [ )] (or

[0; ( ))). An illustration of Theorem 4.11 is given in Fig. 2.
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Theorem 4.11. Let (u;v) be a non-empty open interval witlfu; v) \ Zn( y "),

Ifv2Zniy,thenv?2 O If the assumptions of Proposition 4.9 are satis ed and 2 Q,
then the same conclusion holds, namely2 ") The same results also hold fou.

If (u;v), as above, is maximal and < 1, then there are three possibilities for, namely:

(A) There existsa2 A such that

(2 . PAV (T V) (Zwy)

In particular, v= T@ P(1).
(B) There exista and bin A such that

1 (W2 B@V eGPy TR Y) T Zwy)

In particular, T® Y1) v<T®@ D).
(C) There exista2 A andx 2 Z[1= ]\ (0;1) such that

T(V2 1 BOV BN L (O:TEPQ) (Ziney)

In particular, v<T @ P(1).
Cases (B) and (C) are not exclusive of each other. The same ults hold foru if (u;v) is
maximal andu > 0.

Proof. Let (u;v) be a non-empty open interval with (;v) \ Z( y ") Assume that
V2 Zn(y- Then, by Lemma 4.7, one can construct a sequencg,), in (u;v) such that
limz, = vandIlim ¢(z,) = ¢(v). Furthermore, limz, = v is equivalent to lim ; (z,) =

1 (v). Hence, we have Iim (z,) = (v). Moreover, by taking a subsequence, we may

assume that for somea 2 A, one has ( (z,);z,) 2 @ [O;T(a 1)(1)) for all n. Then
( (v);v)2 B@ [0.T® P(1)]. By Lemma 4.3, the assumptionv 2 Zy(y  Q guar-
antees thatv 6 T® Y(1). Therefore, we have that ( (v);v) 2 @ [0:T® Y(1)) and

v 2 . The same argument applies tor 2 Q under the assumptions of Proposition 4.9.
The case ofu is similar.

We now assume that the interval ¢;v) is maximal andv 6 1. We rst claim that there
exists a sequenceyf), in Zn(y N ™) with lim Yn = V. Indeed, by maximality of (u;Vv), if
there existsw > v such that (u;w)\ Zn(y ', this implies that v2 Zyn . By

the rst part of the theorem, this cannot happen, and our clain is proved.
Let us then start with a sequencey,), with v <y,, limy, = vandy, 62 . By compacity,

one may assume that ( (y.))n converges, to (1 (v);z), say, with z 2 (Zn()))- By
Lemma 4.7, there exists a sequence,j, with u <z, <v, limz, = vand Ilim (z,) =
( 1 (v);2). By extracting a subsequence, we may also assume that thengstsa 2 A with

( (zn);z0) 2 B@ [0:T® P(1)) for all n. The rst possibility to take into account is
that v=T® Y(1). Since®® is closed, we then have (; (v);z;v) 2 €@ § T& Y(1)g.
In other words, one gets the possibility (A) of the theorem:

(2 . PAV (TEYA) T (Zwy)
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We may assume from now on that 6 T@®@ 1)(1) (which does not mean thatv could not
be equal to another element of thel -orbit of 1). We then have ( ; (v);y) 2 F®
[O;T(a l)(1)). Sincey, 62 ,we get (y,) 62 @, For xed n, there are two possibilities:

() (z) 2 ®. Sincez, 62 , we have (z,) 2 ¥® for someb2 A such that
T® Y1) v
(i)  (z,) 62 ®. Then, by Proposition 3.15, there existx, 2 Z[1= ]\ (0;1) such that
(z) 2 F(xn).

At least one of the properties (i) of (ii) has to be satis ed fo in nitely many n's.

If this is the case for (i), sinceA is nite, there is a bcorresponding to a further subsequence
of (z,)n. Taking the limit, we get (v) 2 ¥®, and we get thereferore case (B) of the
theorem:

y (V2 @V ROV TP T V) (Z )

If there are innitely many n's satisfying (i), Proposition 3.15 shows that the family
fXnh;n 2 Ngis nite. Hence, by extracting a subsequence, there is somes 0 with  (z,) 2

P (x). Taking the limit, we get case (C):
T(V2 1 BOV BN L (O:TEPQ) (Ziey)

Proposition 4.12. If the nitess property (F) is satis ed, then is dense inZn y)-

Proof. If the property (F) is satis ed, then M contains a neighbourhood of the origin,
hence ¢ (Int( )) contains N( )™ ¢(Z( ) forsomem 0. Then

Yo ([0:1) NOO)™ (Zive ) ;
and is dense by Lemma 4.7.

4.4. Upper and lower bounds for ( ). We now have collected all the required material
to be able to deduce the upper and lower bounds for{ ). The present section collects
results that may be of some interest in every dimension, wheas Section 4.5 is devoted to
the quadratic case.

A rst upper bound for () can be directly deduced from Theorem 4.2. We consider
the intersection between the complete central subtiles arttie set of points whose canonical

Archimedean projection by ; belong to the diagonal sets of the form ; ([O;T(a 1)(1))).
Proposition 4.13. Let be a Pisot number. One has:

1 0]
() max T@ ) a2A; ( T@)\ 1 ([0;TC Y1) 6 ;

S
Proof. Let x 2 Q\ [0;1). If ( (X);x) belongs to  ,, ( @) [0;T? (1)), then there

existsa2 A such that (x)2 B@\ (0;T® P(1)): Hence if
n 0
x> max T2 Y1);a2A;( B\ ' L (0;T® Py 6; ;
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S
then ( (x);x) does not belongto _,, ( @) [0;T? *(1)): We deduce from Theorem 4.2
that its -expansion is not purely periodic.

Let us stress that this upper bound is quite rough: if the nieness property (F) is satis ed,
then the inequality yields the trivial bound ( ) 1. Indeed Proposition 3.17 says thaf®

contains a neighbourhood of the origin. Hence the intersémh ( T®)\ ;1 ; ([0;T (1))
is not empty, which yields ( ) 1.

However, Theorem 4.2 states that real rumbers have a purelgmodic expansion if their
embedding is included in the representation ,,, ( F®) [0;T? (1)) of the natural exten-
sion of T . From Lemma 4.7, we know that an interval of rationals ( )\ Z () embeds in
K as the product of a diagonal set with a local part whose closis independant of ( ).
We deduce below a recursive characterisation fo( ).

Notation 4.14. Let us order and relabel the elements ik as follows: we sef = fa;;:::;a,g
with

T# Y1) <T*2 Y)<  <T**Y)<T> Q)=1:
Clearly, a, = 1. For notational convenience, we statd® (1) = 0.

Proposition 4.15. Let be a Pisot number.
() T* ') if and only if:

a a a T (7. [” i
() T* ') and o (T** '@;T* ') +(Zw(y) ( B@®):
j=k
IF T * Y1) < () T* 1), then
)

a a —V—— [n .
(46) ()=sup  TEURQ (T D (@wey) (P
j=k

In particular, if ® does not contain 1 ([0; ) ¢(Z( y) for any positive ,then ( )=0.

Proof. Let | be a non-empty open interval in [D1]. By Lemma 4.7,1 \ Zn( ) if and
only if

I _
1 () (@wey) ( BP®)):
i=k
Equation (4.6) follows from (4.5) and Theorem 4.2 too. The & assertion is a particular
case of (4.6) wherk = 1 and can be deduced from the observation that: (Zn( ) =

F(Zn( y)-

This result has a geometric interpretation related to the ntral extension of T . Let
denote the diagonal line inRK; R, i.e., the Euclidean component of the natural extension.
Proposition 4.15 means that ( ) is the largest part of starting from 0 such that its
product with the gJ” non-Archimedean component ;(Z y) is totally included in the

natural extension _,, ( @) [0;T? (1)).
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In the unit case, since the representation contains only Angnedean components, Propo-
sition 4.15 simply means that ( ) is the length of the largest diagonal interval that is fully
included in the natural extension (see an illustration in Fg. 2).

Figure 2. lllustration of the three cases of Theorem 4.11 and Propomsih
4.15. We have chosen a unit Pisot number for the illustratiomf these three
cases for the sake of clarity. By Proposition 4.15,( ) is given by the
largest part of the diagonal line to be fully included in the matural exten-
sion 4 ( @) [O;T(a 1)(1)). The natural extension is represented with

subtiles ¥® in the horizontal direction, and the interval [G 1) on the vertical
axis. Then, the natural extension involves a union of cylirets with fractal
horizontal base and vertical height. The height of the cylider with basis £
is T® Y(1). Depending on the location of the point where the diagotarst
goes out from the natural extension, we recover the di erergituations which
are highlighted in Theorem 4.11.

Situation (A) means that both () belongs to the orbit of 1 under the action
of T and that its Euclidean embedding ; ( ( )) is the Euclidean part of a
point of the corresponding subtile. Then the diagonal stastfrom 0 and exits
from the natural extension on a plateau with heightT® ().

Situation (B) involves the intersection between two comple central subtiles
( B@)\ ( M), The diagonal line goes from the natural extension on a
vertical line above the intersection between two subtilesThe main point is
that the plateau of the lowest cylinder T V(1)) lies below the diagonal line
whereas the plateau of the upper cylinderT{® V(1)) lies above it.

Situation (C) means that the diagonal line completely cro€s the natural ex-
tension and exits above a new-tile.

Theorem 4.11 vyields lower and upper bounds for( ).
Proposition 4.16. We introduce some local notation. Fomandbin A such thatT® (1)

TE Y1), let

Aap= 1 B@\ OV T® P T PQN (@i y) Ky :
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Fora2 A andx 2 Z[1= ], let

Bax= 1 B\ B\ (O;T®PQ)) 1@ y) Ky :

Finally, let [ [
A= Asp and B = Bax:
(a;b)2A 2 azA
T(b 1)(1) 1@ o x2Z[1= ]\ (0;1)
Then, a lower bound for ( ) is given by
0 1
4.7) () min (a;rg)")nzr)\2 szrkgb k 1 (X)kq ; zzfn—;IAT . Xz!gix kK 1 (X)kg E ;
T V) @ g X é;xle;( 1)
Aap8;
An upper bound for ( ) is as follows:
(4.8) () maxf ;[0; 1] A[ Bg:

Proof. First note that the in mum in (4.7) is due to the fact that B, does not need to
be compact. We use Theorem 4.11 and the fact, that, by de nin, ( ) is the largest

number j such that (0;j) \ Z(y ") Sijtuation (A) in Theorem 4.11 implies that

there existsa 2 A such that () = T@®P@) and () 2 .( B®@); it follows that

( ) 2 A,a. Situation (B) implies that there exist a;b2 A with T (1) < T2 *(a) such
that ( ) 2 Aap. However, the interval is closed in the present propositigrand it is half-
closed in Theorem 4.11. Nevertheless, by continuity of , taking open or closed intervals
in Bax or Agp has no inuence on the in mum we are interested in. From Situgon (C)
it follows that there exista 2 A and x 2 Z[1= ]\ (0;1) such that ( ) 2 B,x. Since one
of the three situations must occur, we deduce that( ) is greater than the smallest of the
in mum of all these sets. Formulas (4.8) hold for the same rsans.

We recall that the three cases are illustrated in Fig. 2.

4.5. Quadratic Pisot numbers. Let us now consider the particular case of quadratic
Pisot numbers of degree 2, for which many things can be done am e ective way. For
instance,Q( ) is an extension of degree two, and then the algebraic condis (3) or (4) of
Proposition 4.9 can bfgz easily tested. Indeed, letbe the square-free positive rational integer
such that Q( ) = Q(' d). Then the discriminant o) of the quadratic eld isdifd 1
(mod 4)and Mdifd 2;3 (mod 4).

Corollary 4.17. If 2 = a + b, with (a;b 2 Z2?, b 6 0, the equivalent conditions of
Proposition 4.9 are satis ed if and only if:

(1) bis square free,
(2) bis coprime with o ),
(3) dis a quadratic residue with respect to all odd prime divisors b,
(4)d 1 (mod 8)if bis even.
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Figure 3. A representation of the complete central tile for 5+2 p?.

Then has the minimum I{polynomialxz 10X 3 andN(( ))= 3. The
quadratic eld Q( ) = Q(' 7) has discriminant 28. By 2 = 1 =1, the
discriminant is a quadratic residue modulo 3 and Corollary .47 shows that
the complete central tile is a subset oR  Z3;. The vertical axis stands for
a representation ofZ3; as embedded in [0l). The horizontal axis stands for
the real line. Sinced (1) = 1030' , there are two complete central subtiles
(grey and lightgrey). The right gure depicts a zoom along tle vertical axis.
This zoom seems to suggest that the inverse® of the complete central tile
contains a full stripe of the form [Q"] Z3, yielding ( ) > 0.

Figure 4. A representation of the complete central tile for the Pisggmber
satisfying 2=4 + 3. As in the previous case, we hav®( ) = Q( 7) and
N(( ))= 3. Thus the complete central tile is again a subset & Z3. Since
d (1) = 430!, there are two complete central subtiles (grey and lightgyg.

The zoom suggests that ® contains no stripe of the form [0"] Zs, so that

()=0

The Euclidean representation spac&; is a one-dimensional line. Consequently, the di-
agonal ; ([0;"]) is indeed the interval [Q"] Kj; = R. This allows us to use graphical
representation of the complete central tile to conjectureolver bounds for ( ) as illustrated
by Fig. 3 and Fig. 4.

A particularly manageable case is as follows: Y= O is a prime ideal overlying a prime
number p that splits. Hence () has inertia degree 1, we hav&l (( )) = JN( )j = p, and
K =R Qp (which is a specjgl case opCorollary 4.17). We can represety by the Mona
map dened forx 2 Z,asx= ap 7! ap '2 [0;1]. This mapping is onto, continuous
and preserves the Haar measure, but is it not a morphism for éhaddition. Corollary 4.8
impliesthat ( ) " ifandonlyif astripe of length" is totally included in the representation

of the central tile, as depicted on Fig. 3 and Fig. 4 below.
28



According to [17] (Corollary, Theorem 2 and Lemma 3), quadte Pisot numbers are
exactly the dominant roots of the polynomialsx? aX bwitha b 1or a+2 b 1.

The rst family of Pisot numbers (the casea b 1) consists of simple Parry numbers
which satisfy the niteness property (F). Consequently, wanay apply them Theorem 3.18,
and intersections between completg-tiles determine their boundary, which have zero mea-
sure. The same property holds for the subtiles. We then usedHfact that inner points of
x-tiles and subtiles are exclusive to deduce an explicit fouta for ( ). As we will see in
Section 5, ( ) can be zero in that case, as it also can be non-zero.

The numbers issued from the second family (a + 2 b 1) satisfy a weaker
niteness property that (F), called (F;) in [17]: all elements ofN[1= ] have a nite beta-
expansion. However, no one satis es (F) itself. These are mgimple Parry numbers, since
d(@)=(a 1)(a+ B 1)! andverify ( )=0.

Theorem 4.18. If isthe dominant root ofX? aX bwitha b 1,then ( ) is given
by Formula (4.7), which in this case is an equality.

Proof. First recall that since K; is one-dimensional, one has &) = x for all x 2 [0; 1]. We
use the notation introduced in Proposition 4.16. We have toh®w that the lower bound is
an upper bound too. We will show the following:
If x 2 Z[1= ]\ (0;1) with B(x)\ (0;1)  (Zn(y) 6 ;. then
n

. ¢
(4.9a) () inf 1+ PO\ (0:1)  (Zngy)
If a2 A with B@\ [T® D:1) " (Zn(y) 6 ;. then
n (0]
(4.9b) () inf o POV TE ) T (Zwy)

Since B(x)\ (0;1)  (Zn(y) Bax for everya 2 A and @\ [T® Y;1)

t(Zn(y)  Aapforeverybwith T® Y1)  T® P(1), the theorem will follow from (4.9).
Note that by continuity of ; , taking open or closed intervals irB,x or A, has no in uence
on the in mum we are interested in.

We begin with (4.9a). Letx 2 Z[1= ]\ (0;1). Letz2 ®(x)\ (0;1) (Zn(y)- Since

has degree 2, the property (F) is satis ed, an® (x) is the closure of its subset of exclusive
inner points by Proposition 3.17.

Let us x " > 0. There exists an exclusive inner poiny 2 ®(x) n( ¥) such that
ky zk "=2. Sincey is an inner point and all inner points are exclusive, there &sts

< "= 2 such that the ball B(y; ) is contained in ®(x) n( ¥). By Lemma 4.7, the set

C2() 5 1M+ )\ Zwey)isdensein[1(y) ; 1(M+ 1  (Zn(y) There-
fore, it intersectsB(y; ), and there existsw 2 ( 1 (y) ; 1(¥)+ )\ Zn(y such that

(w)2 ®X)n( ®). Forw 1 (2)+ ", we know by Theorem 4.2 that the -expansion of
w is not purely periodic. Hence ( ) 1 (2)+". Finally, () 1 (2) and (4.9a) is proved.

The proof for the upper bound (4.9b) follows the same lines.etz2 @\ (T® V:1)
t(Zin( y)- Then B@ is the closure of its set of exclusive inner points (with resgt to

B0, b6 a). For" > 0, there exists an exclusive inner poiny and > 0 such that
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B(y;: ) BOn L, FPand(1(y) 5 1+ ) (T® Y;1)(this second condition
is the reason for which we take an open interval in (4.9b))S Byemma 4.7, there exists
w2 (1(y) 5 1+ )\ Zn(ysuchthat (w)2 B@n- o, PO Since ; (w) >

T@ D w62 . Therefore, () 1 (2)+ ". Finally, () 1 (z) and (4.9b) is
proved.

Suppose that the degree of is larger than 2. We know that ; ( (Q\ [0;1]))
1 ([0; 1]). However, the diagonal set ; ([0;1 )) has an empty interior in K; . Conse-

quently, it may happen that ; ( ®(x)) is tangent to the diagonal ; ([0;1)); in this

latter case, P (x) provides no point with a non-periodic beta-expansion anche conclusion
of Theorem 4.18 may fail.

5. Two quadratic examples

In the previous section, we proved that ( ) is deeply related with the intersections be-
tween subtiles andx-tiles. In this section, we use two examples to describe how ) can
be explicitly computed. To achieve this task, we will use théoundary graph de ned in
Section 3.4. In Corollary 3.13, we have proved that the bouady graph can be computed
by using the three conditions (N1), (N3) and (N4). Conditiors (N1) and (N4) are simple
numerical conditions. On the contrary, a structure theorenfor the ring O is required to
verify Condition (N3): we need to nd an explicit basis ofO\ Z[1= ]. We thus introduce
below a su cient condition that reduces O\ Z[1= ] to Z[ ].

Lemma 5.1. Let be such that O has only divisors of degree 1, and with inertia degree 1.
Let x 2 Z[1=]. Forany k 2 N; if *x 2 O, then ¥x 2 Z[ ]. In particular, O\ Z[1= ] =
Z[ 1

Proof. We x k 2 N. Let us expandx asx = ag ; 9 1+ + ag+ +apy N, with
a 2 Z (it is not a priori) the -expansion). IfN >k, then Nx = N k( kx) 2 N kQ,
We deduce thata y 2 N KO+ Z[ ] O. Hencea y 2 O\ Z. Since O has only
divisors of degree 1 and with inertia degree N( ) dividesa . From N( )= 2 Z[ ],
we deduce thata y= 2 Z[ ]. Then x admits an expansion of size at most N*1: x =
by 1 9+ W+  + by N We conclude by induction that *x 2 Z[ ].

Let us stress the fact that Lemma 5.1 if is a quadratic number that satis es the conditions
of Proposition 4.9. In this case, Corollary 3.13 reads as lfmks to compute the boundary
graph.

Corollary 5.2. Suppose that is a quadratic number such that O has only divisors of
degree 1 and inertia degree 1. Let? = a + b be its minimal polynomial. We assume that
a b 1. The boundary graph of can be explicitly computed as follows.

(1) Consider all triplets [a; x; ] such thatx = K + L , (K;L) 2 Z2, with

a+3a 2 g2 1+2a
K aga) 4L zama

T@ Y1) <x<T ® Y1) andaé bif x =0.
(2) Put an edge between two triplet®; x; b] and [a;; X;; by] if there existq and p; such

that
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x1=  x+aq p),
a;!™ aandb!™ bare edges of the admissibility graph.
(3) Recursively remove edges that have no outgoing edge.

Proof. We deduce from the proof of Corollary 3.13 that it is su cientto exhibit a set that
contains all triplets [a; x; b satisfying conditions (N1), (N3) and (N4). Then the recuriwve
deletion of edges reduces the graph to the exact boundary gha In this case, condition (N3)
implies that x 2 Z[ ]. We thus are looking for allx of the formx = K + L , with K;L 2 Z
such that conditions (N1) and (N4) are satised. Let , = a denote the conjugate of

and x, = K + L , denote the conjugate ok. We obtain K = ( x+ X )= ») and
L=(x x2)= 2). Condition (N1) implies that jxj 1, and condition (N4) implies that
1X2] 1?’ °2j = 1+§ . Indeed, one had c = a, sinced = ab and , < 0. We deduce
that if [a; x; b satis es the three conditions (N1), (N3) and (N4), thenx = K + L with
K at3a 2 @ and L 1+2a

2 a@1+a ) 2 a@+a )°

When 2 =4 + 3, one obtains the boundsK 11 andL 3. We deduce that the
boundary graph contains eighteen nodes (Fig. 5). I&a[x;b] is a node of the boundary
graph, we havex 2 f 0; 45 ;2 10,2 99. When 2=10 + 3, the bounds are
K 14 andL 2. The boundary graph contains eight nodes and is depicted kig. 6. If
[a; x; b] is a node of the boundary graph, we hawve2 f 0;11 ; 10g.

Proposition 5.3. Let > ldenedby 2=4 +3. There are nine non-empty intersections

between the central subtiles and the neighbourirgdiles, namely @\ @ O\ (O +
2 9),FO\ (P@+ (2 9),FTD\ (PO + ( 4), PO\ (FD+ ( 4)),

TO\ (BO+ (5 ), B\ (BW+ (5 ), PO\ (B@+ (5 ) @\ (PO +
(10 2)).

Proof. Suitable intersections correspond to nodes of the graph dhe& form [a; x; b with
x 2 [0;T® Y(1)) and a < b if x = 0. There are nine such nodes in the graph: {0; 2],
1,2 91,12 92 [r 41,2 41 [L +5/1][L +5;2],[2 +5;1],
[2;, 2 +10;1].

We obtain another graph for 2=10 +3.

Proposition 5.4. Let > 1be dened by 2=10 +3. There are exactly four non-empty
intersections between the central subtiles andtiles, namelyP®\ @ O\ (PO 4+ (
10)), PO\ (PO +  ( +11), PO\ (PO +  ( +11)).

Proof. In the boundary graph, nodes 4; x; b that satisfy the condition x 2 [O;T(b l)(1)[,
with a<b if x =0, are [1;0; 2], [% 16 1], [L11 ; 1]and [211 ; 1].
We now have the tools to compute ( ) in these speci c cases.

Lemma 5.5. Let 2=4 +3. Let , stand for the algebraic conjugate of. We recall that

1 Stands for the projection fromK; to R. Then
nx _ 0
a( 2)' ax 210,120,851 223,49 1 FON (RO (9
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(1,4) 4,1

[1,-B+4,1]

1),(1,2),(2,3)

(1,0),(2,1),(3

[2,-B+5,1] r———- [1,B-5,2]

0,2,(1,3) 2,0.3,1)
0,1{(1,2) L,0)|2,1)
2,0) 0,2)
(22849, jery g5 53y (LBOT= 0,010 112892

(2,0)

A v
[1,-B+5,2] [2,B-5,1]

(1,0),(2:17,(3,2) (0,1),{12)(2,3)

[1,-2B+9.1] [1,2B-9,1]

(3,0),(4,1)

A,
[1,2B-10,2] [2,-2B+10,1]

(4,0)

Figure 5. Boundary graph for 2=4 + 3. Notation B stands for . Grey
nodes correspond to intersections between a central subtdnd a neighbouring
x-tile, that is, intersections that contribute to the computation of ( ) in

Proposition 4.16.

Proof. We construct as follows the graph depicted in Fig. 7 to desbe the expansions of
points lying at the intersection between®® and ™ + ( 4). By construction, any
point of the intersection ™\ W+ ( 4) can be expanded ag= , ,p (),

where (o) is the rst coordinate of the labelling of a path starting from the node [1  4;1]
in the boundary graph shown in Fig. 5 These paths are exhibidein the projection graph
depicted in Fig. 7. One checks that there exists a subgraph wh produces paths whose
labels alternatlvely belong to the digit sets 0; 1; Zg and f 2; 3; 4g, which yields:

nx
a( 2)'; ay 210120841 22 3,4g 1 (BON (RO + (0 Q)

In order to compute ( ), we use the following folklore lemma.
Lemma 5.6 (Cantor Cookie-cutter set Lemma) Let < 1)be an algebraic integer, and let

X - n 1
X(;n):= a 'ya42f0,1:::;n 1g O;1
i 0
The two end pointsf 0; 7 1 _1gbelong toX (;n ). Furthermore, if > 1=n, then it is a Cantor
cookie-cutter set and |f 2 [1=n;1), then X ('; n ) coincides with the interval0; (n  1)=(1  )].
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(8,0),(9,1)

(0,8),(1,9)
(8,0),(9,1) 0,8),(1,9

[1,-B+11,1] [1,B-11,1]

[2,-B+11,1]

[1,B-11,2]

(0,7),(1,8),(2,9)
[1,B-10,1]

[1,-B+10,1]

(0,7),(1,8),(2,9) (7,0),(8,1),(9,2)

Figure 6. Boundary graph for 2 =10 +3. Notation B stands for . Grey
nodes correspond to intersections between a central subtdnd a neighbouring
x-tile, that is, intersections that contribute to the computation of ( ) in

Proposition 4.16.

n

S
Proof. The setX ( ;n ) is the attractor of the IFS: X = ~ _* X + i which has a unique non-
empty compact solution. Itis easy to see that the right-handide is a solution if 2 [1=n;1).
For more details, seee.g. [7].

Theorem 5.7. One has p_
2+ 7)=0:

Proof. The Pisot number satises 2 =4 +3, hence = 2+ p?. We also check
that  satis es the conditions of Corollary 4.17, hence:(Zn¢)) = Zsz. In this case,
the setsA,p and B, in Proposition 4.16 simply correspond to intersections beten tiles,
with no more diagonal set: A,y = 1 ( B@\  BO\ [T® Y1), 7@ Y1) Z;) and
Bax = 1( E@\ Bx)\ (0;T® Y1) Zs). Then computing ( ) simply involves
understanding intersections between tiles.

Let denote the conjugate of ,i.e., = 7 2> 1=3. Lemma 5.5 exhibits a set that

we need to explicitly compute.
nx X 0

PON(BD (0 4) a 2 h 2 & 210129, 223,49
nx X _
= a *+ o @ a4 2f0,1,29,62f 2 3 4g
= X(;3) (4+4 %+4 "+ 1)
4 4 2

(7,0),(8,1),(9,2)
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0,1,2

~-O__=O

23,4

[2,-2B+9,1]

0.1 [1,2B-9,2]

[1,-B+5,2] [2,B-5,1]

[1,2B-9,1]

74 0 lv 0,1
[1,2B-10,2] o [2,-2B+10,1]

Figure 7. (Left) Notation B stands for . Expansion graph for the real
projection of points lying at the intersection of #® with 0 + (1 4),
where 2 = 4 +3. Let , be the Galois conjrggate of . We have
z2 ; PO\ (PO +  ( 4) ifandonlyifz=", ,p 5 where @) o
is the labelling of an in nite path in the graph issued from [1 4;1].

(Right) Minimal automaton that describes the langage recagzed by the sub-
graph colored in grey in the left-hand side graph.

Hence zero is the minimum of [OF (1)]\ 1 ( T®\ ( B(  4)) and Theorem 4.18 implies
that ( )=0.

A completely di erent behaviour occurs when modifying onlyone digit in the quadratic
equation satis ed by

Theorem 5.8. One has
7 p?,

P _
G+2 7)= 12

Proof. The number 5+2ID 7 is the positive rootof 2 10 3 =0. As before, the conditions
of Corollary 4.17 are satis ed, hence ¢ (Z(n( y) = Zs, and studying intersections between
tiles is enough to compute ( ).

We deduce from the graph depicted in Fig. 6 that non-empty imrsections in the numer-
ation tiling are given by @\ (@ €D\ (PO + (11 ), PO\ (PO + (11 ),
and O\ (PO +  (+10+ ).

We can deduce from the graph depicted in Fig. 8 the expansiof the real projection of

the last three sets:
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8,9

8,9,10

0,1,2

[1,B;10,1] 012
7
[1,0,2]

Figure 8. (Left) Notation B stands for . Expansion graph for the real

projection of points lying at the intersection of two tilest® and ®® +  (x),
where 2 =10 +3. Let , be the Galois [gonjugate of . We havez 2

1 P@\ (PO + (x) ifandonlyif z= ", ,p b where @) o is the
labelling of an in nite path in the graph issued from f;x;b. Admissible
[a; x; b] are colored in grey in the graph.

(Right) Minimal automaton that describes in nite paths starting in [1; +
11; 1] in the left-hand side graph.

P : _
L(PON (PO (11 )= a+ o o0 FHg S
a2f89g; h2f0;1;2g; ¢ 21 8;9;1099

X
L (POV (P a1 ))=1f10+ . b F+a I 210120 621891009
i 0

P _ .
1 (BON (PO + ( 10+ )= a+ , b F+g M
a2f0;1;29, h 28;9;10g; ¢ 2f0;1;299:

We use the Cantor Cookie-cutter set Lemma stated above with := 5 = 1 and
n=3> !to compute the sum that is involved at each intersection.

P | |
f b 2+c 3™ ;. bRf01L2g ¢ 21809109

= ‘Cbb 2 g ;b 20,129 g 2189109
= 1010 : 022"'1+ ] 0(2 12; d 2f0;1;29
= 7=+ 0= = =17
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XSimiIarIy, we have

: : X X .
f b 2+c ™ 0218910y ¢2f0L29 = f10 2 d ’; d 2f0;1;299
i1 i 0 i o
3 10 0 2 8 2 10
1 2 "1 1 21 2
We deduce that
8 +2 10
L (PON (PO @l )= 8 —i8 17— 0Ll
Hence 1 (B\ (B®+ (11 )\ [0;1] = ;. Similarly, we have ; (B\ (8@ +
(11 )\ [0;1] = ;, therefore both intersections cannot be taken into accounh the

computation of ( ). This implies that ; ($®)\ [0;1 ] does not intersect the projection
of any tile 1 (F(x)).
We also have

10 8 +2
L POV RO+ (1) = i
Hence, the minimum of ; (F®\ (F®+ ( 10))is &2

In order to apply Theorem 4.18, we prove that the in mum of inersections of the form
1 (Aap) (situation (A) or (B)) is strictly larger than tIE,e in mum of I:,intersections 1 (Bxa)
(situation (C)). By de nition, we have ; (F@)=f | jay 2 i odzi+1 2t g where
sequences; :::q ... are sequences starting from 2 in reverse direction on the aidsibility
graph. We deduce thatag =10, a;, 9,a 0, and then,a;:, 0 anday.z 10. Hence

3
min ; (¢®) 10 9 +0 2 10°%+ =10 9 +10

1 2>O:

Consequently, 1 (F©@)\ [0;1 ]=; and situations (A) or (B) do not contribute to ().

})Ne deduce from Theorem 4.18 that( )=min  ; (F®\ (F®+ (@11 )= &2
7 7

12 -

6. Perspectives

At least two main directions now deserve to be discussed. Ihd quadratic case, what
is the structure of the intersection graph required to comge ( )? The rst question is
whether we can obtain an algorithmic way to compute ( ) for every quadratic . Then,
can we deduce a general formula for( ) for whole families of ? The rst step would be
to accurately describe the structure of the boundary graplat least forthe 2= n +3 family.

Another direction involves the application of these methaslin the three (or more dimen-
sional case), including the unit case. We currently cannotige an explicit formula for ( ).
In order to generalise the results to higher degrees, an apgimation of exclusive inner
points by the diagonal line ofK is needed. This seems reasonable at least in the unit case,
but requires a precise study of the topology of the centralla. Examples of computations of
intersections between line and fractals are obtained by nweric approximations in [5]. As an

example, an intersection is proved to be approximated by (6666666608644067488. Then it
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is not equal to 2/3, though very close to it. Theorem 5.8 is arxample in which we were able
to explicitly compute the value of ( ) and it turned out that ( ) 2 Q( ). The general
guestion of the algebraic nature of ( ) is interesting.
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