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Abstract. In this paper, we extend to automorphisms of free groups some results and construc-
tions that classically hold for morphisms of the free monoid , i.e., so-called substitutions. A geometric
representation of the attractive lamination of a class of au tomorphisms of the free group (irreducible
with irreducible powers ( iwip) automorphisms) is given in the case where the dilation coe cient of
the automorphism is a unit Pisot number. The shift map associ ated with the attractive symbolic
lamination is, in this case, proved to be measure-theoretically isomorphic to a domain exchange
on a self-similar Euclidean compact set. This set is called the central tile of the automorphism,
and is inspired by Rauzy fractals associated with Pisot prim itive substitutions. The central tile
admits some speci ¢ symmetries, and is conjectured under the Pisot hypothesis to be a fundamental
domain for a toral translation.
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Introduction

Symbolic dynamical systems were rst introduced, more thana century ago, to gain insight
into the dynamics of some geometric maps. The simplest of thm, i.e., the subshifts of nite type,
proved particularly well adapted to studying dynamical systems for which past and future are
disjoint, e.g., toral automorphisms or Pseudo-Anosov di eomorphisms of surfaces [33].

Geometric models of substitutions. Of interest are also self-similar systems, which can be
loosely de ned as systems where the large-scale recurrenstructure is similar to the small-scale
recurrence structure, or more precisely as systems which artopologically conjugate to their rst
return map on a particular subset. They also have natural mockls, namely symbolic systems
associated with substitutions, de ned as morphisms of the fee monoid (a substitution consists in
replacing a letter in a nite alphabet by a nonempty nite wor d on this alphabet) [42, 41]. A
basic idea is that, as soon as self-similarity appears, a ssghtution is hidden behind the original
dynamical system.

Conversely, substantial literature is devoted to the geom#ic interpretation of substitutions,
as domain exchanges acting on a self-a ne structure [43, 5118, 19, 47, 48, 49, 41], as numeration
systems [23, 24, 13], or as expanding foliations in spaceitigs [11]. All these representations are
based on the minimal symbolic dynamical system generated bthe substitution , which we assume
from now on to be primitive, i.e., there exists an iterate " such that the image of any letter under

N contains all the other letters.

Substitutive dynamical systems were rst analyzed in particular cases in [43] and [51]. These
constructions were soon afterwards generalized to irredilsle Pisot substitutions: a primitive sub-
stitution is said to be irreducible Pisot if all its eigenvalues except its dominant one have modulus
non-zero and strictly smaller than 1; the dominant eigenvale is then a Pisot number. The sub-
stitution is said to be unit Pisot when this Pisot dominant ei genvalue is a unit integer. In many
cases it is possible to associate with an irreducible unit Riot substitution a nite family of compact
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subtiles: the union of these tiles is called (according to tle authors) central tile, Rauzy fractal, or
Thurston tile, and it provides a geometric representation d the substitutive dynamical system. The
subtiles are solutions of a self-a ne graph-directed Iterated Function System [37] and generate both
a periodic and a self-replicating multiple tiling. In all kn own examples, these multiple tilings are in
fact tilings. This is equivalent to the fact that the substit utive dynamical system has pure discrete
spectrum according to [11]: the dynamical system is indeed easure-theoretically isomorphic with
a translation on the (d  1)-dimensional torus T9 1, the central tile being a fundamental domain
for T9 1, where we denote byd the degree of the dominant eigenvalue, that is, the cardinaty of
the alphabet of the substitution. A combinatorial necessay and su cient condition for this pure
discrete spectrum is stated in terms of the so-called condibns of geometrical coincidences or of
super-coincidences [31, 11]. The discrete spectrum conjace, which resists now for several years,
asserts that all irreducible Pisot substitution dynamical systems have a discrete spectrum. This
also has consequences for the e ective construction of Mady partitions for toral automorphisms,
whose main eigenvalue is a Pisot number [30, 40, 46]. We ret@& more details the construction of
the central tile of a Pisot substitution in Section 3.1.

Geometric models of free group automorphisms. In this paper, we intend to investigate
how this picture can be completed when extending from substutions (morphisms of the free
monoid) to morphisms of the free group. Any substitution naturally extends to an endomorphism
of the free group, and those that extend to an automorphism ae called invertible substitutions.
Although invertibility does not play a signi cant role in th e case of substitutions, it does in the
case of morphisms of the free group; indeed the general thgoiof endomorphisms is not yet well
understood, and most geometric constructions lead to autorarphisms. Here we thus focus solely on
the case of automorphisms of the free group. In this framewdx, substitutions appear as a special
family of morphisms, namely positive morphisms.

Another very speci ¢ (and quite well known) family of morphi sms of the free group is provided
by geometrical automorphisms induced by homeomorphisms of orientable s@iaces with non-empty
boundary. Then the homeomorphism of the surface can be codetnhto an automorphism of the
homotopy group of the surface. The case of the free group of nk 2 is special: all automorphisms
of the group F, are geometrical. On the contrary, the so-called Tribonacciautomorphism 17! 12
27! 13, 37! 1 is not geometrical; more generally, most automorphisms ofthe free group are not
geometric. As we shall see in Appendix 2, no irreducible autmorphism on a free group of odd rank
comes from an homeomorphism of an orientable surface.

The dynamical behavior of automorphisms of a free group is meh more di cult to understand
than the behavior of substitutions. The problem is that the study of substitutions is based on
the existence of a nite set of in nite words which are xed or periodic under the action of the
substitution. Such in nite words clearly exist, because ore can always nd a letter a and a power

P of the substitution such that P(a) begins with a; hence the words "P(a) are pre xes of each
other, and tend, under weak conditions, to an in nite word x ed by P. The iterates of any word
under the substitution then converges to this nite set of periodic points. If we replace the free
monoid by the free group, this does not work any more, or at leat not in such a simple way, due
to the appearance of cancellations. An elementary examplesithat of a conjugacy automorphism,
iw:a7! waw 1, which xes the word w.

An impressive achievement was obtained by Bestvina, Feighrand Handel [14]: they give
a good representative for any automorphism, called an impreed relative train-track map, which
takes care of cancellations. The simplest dynamically nonivial automorphisms are irreducible
ones, with irreducible power (wip): they are the algebraic equivalent of pseudo-Anosov homeo
morphisms of surfaces. For such automorphisms, using traitrack representatives [17], Bestvina,
Feighn and Handel show that one can nd a reduced two-sided reurrent in nite word on which the
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automorphism acts without cancellation and which is xed by some power of the automorphism.
Then they construct a dynamical system, called the attractive symbolic lamination [15], by taking
the closure of the orbit of this word under the shift map.

Since then, a general theory of laminations of free (or hypdrolic) groups has been put
forward [22]. It appears that these laminations have two presentations, namely an algebraic one
and a symbolic one. Algebraically, a lamination is a set of gedesic lines in the free group which
is closed (for the topology induced by the boundary topology, invariant under the action of the
group and ip-invariant (i.e., orientation-invariant). S ymbolically, a lamination is a classic symbolic
dynamical system: it is a shift and ip-invariant closed set of two-sided sequences.

In this paper, we detail how a central tile can be used to repreent the attractive lamination,
in the particular case of a unit Pisot dilation coe cient. Th e mapx 7! x ! produces symmetries
in the central tile. This allows us to recover the dynamics ofthe attractive lamination of the
free group automorphism as a rst return map into a speci ¢ sdf-similar compact set. Moreover,
this also allows us to prove in some speci ¢ cases that the syholic dynamical system describing
the attractive lamination has a pure discrete spectrum, providing a spectral interpretation of the
central tile.

Note that a basic di erence between the free monoid and the fee group is that the free
monoid has a canonical basis, which is not the case for the feegroup. Hence, although the
attractive lamination is intrinsic, there exist several symbolic codings for it. It seems that deciding
to choose a speci ¢ coding, hence a speci ¢ symbolic dynamat system, corresponds in particular
to choosing a discrete time to move on the leaf of the formal lmination; it would be interesting to
nd an intrinsic way to de ne a ow on the lamination; the die rent codings would then appear as
rst-return map of this ow to a section, in the spirit of [11] .

Principle of the construction. In this paper, we focus on the case where the dilation coe ciat
of the iwip automorphism ' is a unit Pisot number

We take a primitive train-track representative f of ' , acting on a graph with k edges. We can
considerf as a morphism of the free group ork letters. We use the fact that f has no cancellation
under the iteration on an edge to consider a letterg; and its inverse g 1 as di erent letters, so that
f gives rise to a substitution ¢ (that we call double substitution) on alphabet A consisting of X

Let | denote the abelianization map. This substitution ; has obvious symmetries. If we
consider its abelianizationl ¢, it preserves the space generated by the vectorige;) (g 1), and
its action on this space is given by the abelianization off . It also preserves the space generated by
the vectors|(g)+ I(g 1), and its action on this space has the dilation coe cient of ' . There is an
invariant subspace associated with and its conjugates, which splits into an eigenline associad
with  and an invariant (contracting) subspace H. associated with the conjugate eigenvalues.

The principle of the construction is then to associate a broken line in RZ with a periodic
point of f, and to project the vertices of this broken line on H¢ along its natural complement.
This set is bounded inH¢, and its closure is a compact set, called the central tile of . We note
that there is a particular case, the orientable case, wherelte train-track f is a substitution up
to replacement of some letters by their inverses. In this cas, the central tile Ty decomposes into
two distinct symmetric parts. If this is not the case (nonorientable case), the substitution ¢ is
primitive, and we have:

Theorem. Letf :G! G be a nonorientable train-track for a unit Pisot iwip outer automorphism
. Let k be the number of edges db. Let d be the degree of the dilation coe cient of f (or ).
The central tile T of f is a compact subset with a nonempty interior, hence non-zermeasure, of
a(d 1)-dimensional subspace oR%. It is divided into 2k subtiles, namelyT; (e) and T; (e 1) for

any edgee of G, that satisfy a graph-directed Iterated Function System.
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This central tile has remarkable properties. We denote byL *(G) the attractive symbolic
lamination in G-coordinates given by the nonorientable train-trackf : G! G (for more details,
see De nition .3 below).

Theorem. Letf :G! G be an nonorientable train-track for a unit Pisot iwip outer automorphism

We furthermore assume that the double substitution ; satis es the so-called combinatorial
condition of strong coincidence. Then there exists a domairexchangeEs acting on the central
tile Tf which is de ned almost everywhere, and which acts on thk piecesT; (€) [T s (e ). The
attractive symbolic lamination in G-coordinates L * (G) provided with the shift map$S is measure-
theoretically isomorphic to (Ts ; E¢ ), that is, there existsamap :L *(G)!T ; thatis continuous,
onto and almost everywhere one-to-one, and that satises S = E;

This implies the following properties of the central tile.

Theorem. The central tile of a unit Pisot iwip nonorientable train-track f is symmetric with respect
to the origin: Ty = T ;: Furthermore, the subtiles T; (€) and T; (e 1) are pairwise symmetric.

This is reminiscent of the properties of measured foliatiols of surfaces. Orientable foliations
can be studied by interval exchanges, which give rise to a sg&l type of symbolic dynamics. This
symbolic dynamical system has no reason to be stable under versal, since the interval exchange
has no need to be conjugate to its inverse [5]. General non@mtable foliations cannot be directly
studied in this way. However, one can always lift to an orienftion cover to obtain an orientable
foliation; but in this case, this orientable foliation admits by construction an orientation-reversing
symmetry, and a symbolic dynamical system invariant under eversal.

The formalism introduced here extends in a natural way to nonrunit Pisot dilation coe cients
following the approach of [47, 12]; in this latter case, the entral tile has p-adic components. Central
tiles for automorphisms of free groups in the non-Pisot caséave also been considered in [25]. Let
us nally quote [8], where a simple example of an automorphim of the free group on 4 generators,
with an associated matrix that has 4 distinct complex eigemalues, two of them of modulus larger
than 1, and the other 2 of modulus smaller than 1 (non-Pisot cae) is handled in details; the link
with the present construction is unclear.

Outline of the paper. Section 1 introduces the basic concept of our study, nameliwip automor-
phisms. More precisely, Section 1.1 recalls basic notionsigubstitutive dynamical systems, whereas
Section 1.2 deals with automorphisms of free groups. The nans of topological representatives of
an outer automorphism and of train-track maps are introduced in Section 1.3.

Section 2 is devoted to the de nition of the attractive symbolic lamination of an iwip auto-
morphism with a train track map.

Section 3.1 recalls the construction of central tiles assdated with Pisot substitutions. In
Section 3.2, we de ne the main topic of study of the present paer, namely the central tile associated
with iwip automorphisms. The essential ingredient of our construcion, introduced in Section 2,
is the double substitution associated with a topological representative of the outer automorphism
which is a train-track map, de ned by duplicating the alphab et. This substitution generates the
central tile in the usual substitutive sense. We consider tte topological and geometric properties of
the central tile in Section 3.3. We then introduce, in Sectim 3.4, a rst dynamical system acting on
them and de ned as an exchange of pieces, as well as multipléihgs of the space whose prototiles
are given by the central tiles. This allows us, in Section 3.5t0 give a geometric and spectral
interpretation of the dynamical system associated with the attractive lamination.

We give several examples in Section 4 (some examples are givbefore to illustrate the
de nitions and theorems).

We conclude this paper by evoking open questions and furtheresearch work in Section 5.
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Appendix 1 is meant to complete the picture by showing that the attractive lamination has
an intrinsic de nition; although the object we deal with dep ends on several noncanonical choices,
there are underlying intrinsic objects. Appendix 2 shows that some automorphisms do not come
from homeomorphisms of orientable surfaces.

1. Substitutions and automorphisms of the free group

1.1. Substitutive symbolic dynamical systems. We recall in this subsection the de nition of
the symbolic dynamical system associated with a primitive sibstitution. For further details, the
reader is referred to [42, 34, 41].

are called letters. Thefree monoid A on the alphabet A with empty word " is de ned as the set
of nite words on the alphabet A, thatis, A = f"g[i2n A, endowed with the concatenation
map. We denote by AN (resp. A?) the set of one-sided (resp. two-sided) sequences gh. The
topology of the set of one sided-sequences or two-sided seqees is the product topology of the
discrete topology on each copy oA ; it is metrizable.

The lengthjwj of awordw 2 A is de ned as the number of letters it contains. For any letter
a2 A, we denote byjwj, the number of occurrences ol in w. Let | : w2 A 7! (jwja)a 2 N" be
the natural homomorphism obtained by abelianization of the free monoid, called theabelianization
map.

A factor of a sequence (which is assumed to be either one-sided or two-sided) or awd X is a
niteword w=w; Ww, 2A thatoccursinx, i.e., there existsj such that xj = wy; i Xj+n 1=
wy. The languageof the sequencex is the set of nite factors of x.

Symbolic dynamics, minimality and quasiperiodicity. The shift map S on the setsAN and AZ is
de ned by S(uj) = (v;) with v; = uj+, for all i. A one-sided (resp. two-sided) symbolic dynamical
system is a pair (X;S), where S is the shift, and X is a closed subset oAN (resp. A%) which is
invariant by the shift.

In particular, with any sequencew = (wy)n2; (assumed to be either one-sided or two-sided),
one can associate the symbolic dynamical systemX(y;S) where X, is de ned as the closure of
the orbit of w under the action of the shift map: X, = fS"w; n 2 1g. The set X, consists of all
sequences whose language is contained in that of; in particular, it is completely de ned by the
language ofw.

A one-sided or two-sided sequencw is said to be quasiperiodic or repetitive when it satis es
the bounded gap property Every factor of w occurs an in nite number of times in w, with bounded
recurrence time, or equivalently, for all K > 0, there exists C > 0 such that every factor of w of
length C contains all factors of w of length K. When the sequencew is quasiperiodic, then the
symbolic dynamical systemX,, is minimal, i.e., every nonempty shift-invariant closed subset oiX,
is equal to X,. For further details, see for instance [42].

Substitutions. A substitution is an endomorphism of the free monoidA such that the image of
each letter of A is nonempty; to avoid trivial cases (projection or permutations of letters), we will
always suppose that for at least one letter, say, the length of the successive iterations "(a) tends
to in nity. A substitution naturally extends to the set of on e-sided or two-sided sequence&N and
AZ. We associate with every substitution its incidence matrix (or transition matrix ) M which
is the N -square matrix obtained by abelianization, i.e.,I( (w))= M I(w) forall w2 A . We now
de ne the important property of primitivity .
5



Denition 1.1. A substitution is primitive if there exists an integer K (independent of the
letters) such that, for each pair (a;b) 2 A2, the word K (a) contains at least one occurrence of the
letter b.

Remark 1. There exists a notion of primitivity for square matrices wit h nonnegative integral entries:
such anN -square matrix M is said to be primitive if there exists an integerK > 0 such that for
all (i;j) (16 i;j 6 N), the (i;j )-entry of M X is positive. It is said to be irreducible if for all (i;j ),
there exists an integerK = K (i;j ) > 0 such that the (i;j )-entry of MK is positive. In fact, the
matrix M is primitive if, and only if, all the positive powers of M are irreducible [45]. Note that
a substitution is primitive (resp. irreducible) if, and onl y if, its incidence matrix M is primitive
(resp. irreducible).

A one-sided periodic point of the substitution is an in nite word w = (w;)ian 2 AN that
satises (w)= w for some > 0. A two-sided periodic point of the substitution is an in nite
word w = (w;)i2z 2 AZ that satises  (w) = w for some > 0, and furthermore its central pair of
letters w 1wg belongs to the image of some letter by ". All substitutions admit periodic points;
in the case of primitive substitutions, one can say more: thenumber of one-sided (resp. two-sided)
periodic points is bounded by the size of the alphabet (respby its square). Indeed, one can always,
by a simple argument, nd a letter a and a power " of such that "(a) begins with a; then the
words 1" (a) are pre xes of each other, and determine a periodic point, he unique sequence which
admits all the words " (a) as pre xes. The same proof shows that any one-sided xed pait is
completely determined by its rst letter, because, by primitivity, for any letter a, the length of the
successive iterations "(a) tends to in nity. It is also clear that any periodic two-sid ed sequence is
determined by its central pair of letters.

One can say more, namely ifu is a periodic point for a primitive substitution , the set
Xy does not depend onu, but only on , since, by primitivity, all periodic points have the same
language. This leads to the following de nition:

De nition 1.2.  The symbolic dynamical system generated by a primitive substiton is the
system (X; S), where u is any periodic point of ; this will be denoted by (X ;S) .

The system (X ;S) is minimal and uniquely ergodig i.e., there exists a unique shift-invariant
probability measure x on X [42].

Remark 2. One could ask whether we considered one-sided or two-sideced points in De nition
1.2; this is actually not very important, since one proves that the one-sided system is one-to-one,
except for a nite number of points with a nite number of prei mages (see e.g., [41], Chap. 5),
hence the natural projection of the two-sided system on the pe-sided system is one-to-one, except
on a countable number of points; in particular, the two systens are measurably isomorphic. The
one-sided system lends itself to an elementary presentatip but the two-sided system has better
properties (in particular, it is one-to-one by construction).

1.2. Automorphisms of free groups. A substitution  de ned over the free monoid A associ-
ated with a nite alphabet A naturally extends to the free group onA, by dening (a )= (a) *.
Hence, it is natural to try to extend the previous construction to a general endomorphism of the
free groupFn on N generators. (As we said in the introduction, we will only corsider here auto-
morphisms of the free group, since the general theory of endaorphisms is not developed enough
for our purposes.)

But two problems arise. The rst one is that cancellations may appear when we extend
from the free monoid to the free group. This changes things ean for substitutions: the Sturmian
substitution (see e.g., [34])a 7! aba b7! ba xes no nonempty word in the free monoid, but
it xes the commutator aba b ! This implies that the previous simple construction of a xed
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in nite word by iterating the image of a letter does not directly apply to the general case of an
automorphism. In general, cancellations appear, and we wlilnot get an increasing sequence of
pre xes " (a). For example, as noted in the introduction, if we consider he conjugacy by a word
w (also calledinner automorphism), iy : g 7! wgw !, we havei,(w) = w, hence we cannot get an
in nite periodic point by iterating on w. We thus need a condition that generalizes the primitivity
condition de ned earlier, and allows us to de ne an in nite  xed point when we start from a letter.
We de ne below the so-callediwip automorphisms, as introduced in [17, 14] (De nition 1.3). The
iwip condition appears to be a generalization of the primitivity condition.

The second problem is of a more theoretical nature, namely tb basis (alphabet) used to build
a free monoid is canonical, while it is not for the free group.More generally, in many situations,
automorphisms of the free groups arise as automorphisms ohe fundamental group of a graph,
induced by a continuous map of the graph to itself, as we shalkee in Section 1.3. However,
such an automorphism is only de ned up to a composition by an nner automorphism (due to
the choice of an arbitrary path from the basis point of the fundamental group to its image). The
di cult question, which does not arise for substitutions, i s to understand what is intrinsic in our
constructions.

In this subsection, we de ne the notions necessary to deal h these two problems.

Free group, basis and factor. A good introduction to free groups and graphs can be found in36].

the inverse letters of Ay . The free group Fy generated by Ay is the quotient of the free monoid
(An [A D) under the congruence relation generated bwa ' = a 'a = ". A nite word or an
in nite sequence on the alphabetfa, ; ;ang is said to bereducedif it has no factor a;a Lor
a la.

A free factor G of the free group Fy is a subgroup generated by a subset of some basis of
Fn ; equivalently, a subgroup G of Fy is a free factor if there exists a subgroupH of Fy such that
Fn is the free productG H of G and H [36].

Automorphisms, positive automorphisms and outer automorpisms of free groups.We denote by
Aut( Fy) the group of automorphismsof Fy. Specic morphisms of free groups are thepositive
ones. A morphism' of Fy is said to be positive if there exists a basisA such that the reduced
words ' (a), for every a 2 A, contain no letter with a negative exponent. Equivalently, positive
morphisms of a free groupFy are extensions of substitutions on a monoidA generating Fy .

The set Inn(Fy ) of all inner automorphisms (or conjugacy) is a normal subgoup of Aut(Fy ).
The quotient group of Aut( Fn) by Inn(Fy ) is denoted by Out(Fy ); its elements are calledouter
automorphisms of Fy .

Remark 3. A substitution is called invertible when it extends to an automorphism of the free group.
The two-letter invertible substitutions are exactly Sturm ian substitutions (see for instance [34]);
they have been widely studied and have a very rich combinatdal characterization as Sturmian
substitutions (see references in [34]). For more than two lgers, the set of invertible substitutions

forms a monoid which seems to have a more complicated structe (see [50]).

Iwip automorphisms. In this article, we will focus on a special class of automorptsms of free
groups, namely theiwip automorphisms. As mentioned in the introduction, they are the natural
equivalent of primitive substitutions, or of pseudo-Anososr homeomorphisms of surfaces. In the next
subsection, we will describe why this analogy with primitivity holds. Let us give their de nition.

De nition 1.3.  An automorphism ' 2 Aut(Fy) is said to be iwip, that is, irreducible with

irreducible powers, if no proper free factorF of Fy is mapped by any positive power of' to a
conjugate of F. An outer automorphism 2 Out(Fy ) is iwip if one (and hence any) automorphism
"2 Aut(Fy)in is iwip.



1.3. Train-track representative of an iwip automorphism. A rstidea to control cancellations
and gain insight into the dynamics of an automorphism is to cloose an appropriate basis of the
free group; but this is not enough for our purposes. In this setion, we introduce a much more
powerful tool based on [17]. It consists in using graphs andheir homotopy equivalences to reduce
the cancellations occurring in iterations as much as possib.

Combinatorial and topological graphs.We consider acombinatorial graph G, given by a nite set
of verticesV = fvy;:::vphg and a nite set of oriented edgesE provided withamap :E!V V
mapping an edge to its initial and terminal vertices (note that this de nition allows graphs to
contain several edges joining the same vertices). The set @dgesE is supposed to be symmetric:
for every edgee 2 E, there exists an opposite edge i, denoted bye !, with an opposite orientation
(in particular, (e )= (b;aif (e)=(a;b).

This combinatorial graph de nition is not precise enough to tackle the problem with algebraic
topology and geometry. We need to introduce a topological rpresentation of graphs, i.e., the notion
of one-dimensional CW-complex [36]. Theopological graph associated with a combinatorial graph
is de ned as follows.

For each pairfe; e g of opposite edges, chose eanonical representative (an orientation
of the edge).
For every canonical representativeg, let I; = [a;;3] be a segment (topological space
homeomorphic to a compact interval in R). .

k

De ne an equivalence relation on the disjoint union V =1l by taking the tran-

sitive closure ofa;  v; if & hasv; as origin point, and by v; if & hasv; as end point.

The topological graphassociated with the graphG is the quotient of V J!‘:l l; by this

equivalence relation, endowed with the quotient topology.

Conversely, the combinatorial graph with which the topological graph is associated is uniquely
determined. In the following, we will use both a combinatorial and a topological point of view.
When there is no ambiguity, we will simply call them graphs.

The valenceof a vertex of a topological graph is the number of extremities of canonical edges
attached to this vertex; more formally, it is the number of preimages of a vertex by the canonical
projection jkzl l; ' G. A graph is said to betrivial if its components are vertices. Atree is a

contractible connected graph. A graph is aforest if its components are trees.

Paths in a graph. Let G be a combinatorial graph with set of edgesE. A path in G indexed by a
set| is a sequence of edges = (& )i2; 2 E' such that:

the notation | for the set of indices is either a nite setl = f1;:::ng (then the path is said
to be nite), or equal to N (one gets a one-sided sequence that is calledray), or equal to
Z (one gets a two-sided sequence that is called line);

w is the coding of a walk in the graph, that is, for all i, the initial vertex of g1 is equal to
the terminal vertex of g;

w is reduced that is, & 6 e,} forall i 2 1.

In a topological graph, a path is an immersion (that is, a locdly injective map) of a segment fa; b
(for a nite path), or of [0 ;+1 ] (for a ray), or of R (for a line), or a point (for a trivial path).

Note that, by de nition, for us, and following [14], paths are always reducedeven though this
is not standard terminology.

Marked graph and topological representative.The rose with N petals denoted by Ry, is the graph
with a unique vertex and N edges (from to ). We identify its fundamental group 1(Rn; )
with Fy: a basis ofFy is given by the edges [36].
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Recall that a homotopy equivalencef : G! G°between two topological graphs is a contin-
uous map inducing an isomorphism on the fundamental groups oG and G°, that is, a continuous
map such that there exists a continuous mapg : G°! G sothatf gandg f are homotopic
to the identity. For any connected topological graph, there is a unique numberN (the cyclomatic
number of the graph G, equalto 1  (G), where (G) is the Euler characteristic of the graph, see
also Remark 4) such that there exists a homotopy equivalence : Ry !  G. A topological graph G
provided with such a homotopy equivalence (called themarking) : Ry ! G is a marked graph
Considering that induces the identity between 1(Ryn; ) and 1(G; ()), we identify Fy (in a
non-canonical way) with 1(G; ( )). Note that a connected graph G is a tree if, and only if, its
cyclomatic number is 0.

Let G be a marked graph with marking : Ry ! G, and a homotopy equivalenced : G! G.
Then f naturally induces an automorphism of 1(G; ()) ' Fn. This automorphism is de ned
up to composition by an inner automorphism, since the identication between ;(G; ( )) and

1(G;f ( ())) is made up to the choice of an arbitrary path between ( ) and f( ( )). We call
outer automorphism associated witif and denote it by the outer class of automorphisms induced
by the homotopy equivalencef : G! G.

Let 2 Out(Fy) be an outer automorphism. A topological representativeof is a map

f .G! G, whereG is a marked graph, such that:

the image of a vertex is a vertex,
the image of an edge is a nite path of G (as de ned above),
f induces on Fy ' 1(G; ()) (in particular, f is a homotopy equivalence).

A subgraph H of G is said to bef -invariant if f (H) H. A topological representative
f :G! G is said to beirreducible if:

the graph G has no vertex of valence one,
the f -invariant subgraphs of G are trivial.

A topological representativef : G ! G is said to be primitive if for all k 2 N, fk : G! Gis
irreducible.

Train-track map. If f is a topological representative of an outer automorphism, he image of any
edge is a path, but the image of a path is not necessarily a pathi.e., cancellations can occur.
In particular, any automorphism of Fy with a given basis has a topological representative on the
rose with N petals, and these cancellations are the reason why an in ng¢ xed word cannot be

immediately found; this is one motivation for the following de nition.

De nition 1.4. A train-track map is a topological representativef : G ! G of a free group
automorphism, such that:

G has no vertex of valence 1 or 2,
for all edgee2 E and alln> 0, f "(g) is a path in G.

The crucial point of this de nition is that no cancellation o ccurs when iteratingf on an edge.

The existence of a train-track map representing a given autmorphism is far from obvious.
The simplest examples of automorphisms that can be repres¢éed by a train-track map are the
positive ones: every substitution onN letters is trivially represented by a train-track on the rose
Rn. M. Bestvina and M. Handel prove in [17] the following main result:

Theorem 1.5 (Bestvina-Handel). Every iwip outer automorphism 2 Out(Fy) admits a train-
track mapf : G! G as a topological representative.

Moreover, they give an algorithm that produces, from the data of an automorphism' 2
Aut( Fy ), a topological representativef : G! G of the outer automorphism 2 Out(Fy) de ned
by ', which is:
9



either a train-track map which is irreducible,
or a reduction, i.e., G has no vertex of valence one, there is nb-invariant non-trivial forest,
and f is not irreducible.

In the second casef cannot beiwip. In fact, using the algorithm of Bestvina-Handel, one can
check e ectively whether an automorphism isiwip.

Transition matrix, dilation coe cient. Letf : G! G be a topological representative of an outer
automorphism 2 Out(Fy), and denote by el;ell;:::;ek;ekl the edges ofG. The transition
matrix M; associated with f is a k-square matrix with (i;]j )-entry the number of times f (g)
crossese; or g 1 A topological representative is primitive if, and only if, its transition matrix is
primitive.

By its de nition, M ¢ has nonnegative integral entries. If, moreover,M; is primitive, then
the Perron-Frobenius theorem applies such thatM ¢ has a unique dominant real eigenvalue ; > 1
called the Perron-Frobenius eigenvalue The unique dominant eigenvector with positive real entries

following is stated in [17]:

Theorem 1.6 (Bestvina-Handel). If 2 Out(Fy) is an iwip outer automorphism, then there

exists a primitive topological representativef for  whose associated Perron-Frobenius eigenvalue
¢ is minimal (i.e., it is less than or equal to the Perron-Frobenius eigenvalue associated with any

primitive topological representative of ). Moreover, any such primitive topological representative

f for  without vertex of valence 2, is a primitive train-track map.

It follows that ¢ only depends on the outer automorphism : we shall denote it by and
call it the dilation coe cient of . A length can be given to any nite path w in G by considering
that each edgeeg is isometric to an interval of length v;: we call it the Perron-Frobenius length
and denote it by j jpr. Note that if w is a nite path in G such that no cancellation occurs when
calculating f (w), we have: jf (W)jpr =  jwjpr, Which justi es the dilation coe cient name for

Remark 4. Since the graphG of a train-track map f : G! G representing a given 2 Out(Fy) has
no vertex of valence 1 or 2, there exist only nitely many suchgraphs. Indeed, since every vertex
has at least valence 3, the numbeE of edges and the numbel of vertices satisfy & > 3V; but the
cyclomatic number N of the graph is equal toE V +1, hence we musthaveN = E V+1 > %V+1;
this implies that V 6 2(N 1), andE=N+V 16 3N 3; but the number of combinatorial
graphs with a bounded number of edges and vertices is nite. Mreover, since the transition matrix
M¢ of a train-track map has nonnegative integral entries and xed Perron-Frobenius eigenvalue

, there exist only nitely many train-track maps representi ng . Another consequence of this
discussion is that the degree of the dilation coe cient of aniwip outer automorphism 2 Out(Fy)
is bounded above by Bl 3 (since it is bounded above by the size of the transition matix of a
train-track map representing ).

The following proposition gives a useful su cient conditio n for checking theiwip property. Let
be an automorphism of Fy. We de ne M* (resp. M. ) as the N -square matrix with (i;j )-entry
the number of occurences o&; (resp. a; Yin (). Let A be the abelianization matrix de ned as
A. =M% M. . This matrix provides information on the action of ' sincel(* (w)) = A (I(w))
for all w2 Fy (we recall that the abelianization map | is de ned in Section 1.1).

Proposition 1.7. Let' be an automorphism of the free group. If the characteristic glynomial of
the abelianization matrix A is irreducible over Z, then ' is an iwip automorphism.
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Proof. If ' is not an iwip automorphism, there exists a proper free factor of Fy ' -invariant. By
abelianization, F maps to a proper sublattice of ZN which is A -invariant; this contradicts the
irreducibility of the characteristic polynomial of A: over Z.

Example 1. Let ' 1 be the automorphism of F3 =< a;b;c > givenbya 7! c; b7! c la: ¢7!' b
This automorphism is $he inverse of the well-studied substiution ;:a7! ab b7!c,c7! a

01 O
One hasA:, =4 0 0 15, The characteristic polynomial of the abelianization matrix
1 10

A is equal to X3+ X 1 and it is irreducible. According to Proposition 1.7, ' 1 is an iwip
automorphism. It induces a train-track map f; on the roseR3; indeed, one checks by hand that
' 1/ (a) contains no cancellation for every nonnegative integelj since a cancellation can only occur
if the word ab occurs by iterating ' 1.0n a lettergwhich is never the case.
10
The transition matrix Mg, = 4 0 0 15 is primitive and its characteristic polynomial is
110
equal to X3 X 1. Hence, the dilation coe cient is the dominant eigenvalue -, 1;32, that
is, the smallest Pisot humber.

Example 2. Let' , be the automorphism of F3 =< a;b;c > givenbya7! ¢, b7! ¢ *a, c7! bc L.
It is the inverse of the substitution , : a 7! ab, b 7! ca c 7! a (sometimes called the ipped
Tribonacci substitution).

The characteristic polynomial of the abelianized matrix A, is X2+ X2+ X 1 which is
irreducible. Hence,' , is an iwip automorphism. One checks that it induces a train-track mapf,
on the roseRs.

The transition matrix Mg, is primitive, and its characteristic polynomial X3 X2 X 1
is irreducible. Hence, the dilation coe cient -, 1:84 is a Pisot number, the so-calledTribonacci
number, according to [43]. See also Section 4.2.

Primitive invertible substitutions and iwip automorphisms. Let us relate primitive invertible sub-
stitutions to iwip automorphisms.

Proposition 1.8. Let be an invertible substitution.

(1) If the characteristic polynomial of the transition matr ix M is irreducible over Z, then
extends to aniwip automorphism.
(2) If extends to aniwip automorphism, then is primitive.

Proof. (1) is a consequence of Proposition 1.7, since the abeliamd matrix of a substitution is
equal to its transition matrix.

To prove (2), suppose that is not primitive. By hypothesis, its transition matrix M is not
primitive. Then, according to Remark 1, there exists someK > 0 such that M K is not irreducible;
so there exist two letters a; a° of the alphabet A of such that for all n 2 N, a® does not occur in

Kn (a). Denote by A, the minimal K -invariant subset of A containing a. Then A, is a nontrivial
subset, since it does not containa’ Let N stand for the cardinality of A; A, generates a proper
K .invariant free factor F of Fy, and thus cannot represent aniwip automorphism.

Note that the primitivity of an invertible substitution doe s not imply that this substitution
extends to aniwip automorphism. A simple counter-example is given by the invetible substitution
;a7 bag b7! ba c7! ca Indeed, is clearly primitive, but xes bc ! and so xes the free
factor <bc !> it generates.
Let us mention the following more elaborate example we haveslarnt from M. Lustig. Consider
the invertible substitution :a 7! abcdeab7! abcdec7! ac,d7! ad, e 7! ea Then is primitive,
11



but one can check thatFs splits as a -invariant free product < a;b;c;c 'de> <c d>. Itis
an interesting question to nd a simple characterization of the primitive substitutions that are iwip
automorphisms.

2. Attractive symbolic lamination for an iwip automorphism

The aim of this section is to introduce the attractive symbolic lamination associated with
a primitive train-track map. Let us stress the fact that this attractive lamination is highly non-
canonical. Indeed, the outer automorphism is given by the images of a given basis oFy by
one of the representatives' of , from which we derive, using the algorithm of Bestvina-H andel
(Theorem 1.5), a train-track map representing . We thus can build the attractive symbolic
lamination associated with f .

At the end of the paper, in Appendix 1, we will de ne the attrac tive algebraic lamination
associated with the outer automorphism , and prove that the symbolic lamination is a representa-
tive of this algebraic lamination. Hence, this shows that it has intrinsic properties that only depend
on the outer automorphism .

We will however only need the symbolic lamination in the restof the paper; the interest of
the algebraic lamination here is only to prove that this condruction has some intrinsic properties.
Let us note that there are interesting related questions: the shift gives a natural dynamical system
on the symbolic lamination. It seems very probable (see, e.g[11]) that there is a related ow on
the corresponding algebraic lamination associated with arouter automorphism, but the existence
and de nition of this ow remain unclear for us.

We now consider aniwip outer automorphism , and we choose a primitive train-track
representative mapf : G! G. By de nition, when we iterate f on any edgee, we obtain a path
in the graph (there is no cancellation).

Using the train-track property, we can associate withf a substitution ¢, by considering
edgese and e ! as di erent letters. This is possible because no cancellatin occurs when we iterate

(By abuse of notation, we make no distinction between the tomlogical space, that is, the edgee,
and its namee2 A )

Denition 2.1. Letf : G! G be a train-track map. Let A := fey;e; it e e g be the
2k-letter alphabet of names of oriented edges. We denote bia the natural map from the set of
paths in G to A which, with any nite path, associates its name, that is, the word given by the
names of successive edges contained in the path. We de ne thaouble substitution ; associated
with f as the substitution that maps every name of an oriented edged the names of the successive
oriented edges contained irf (), that is:

8e2A; :(e)= h(f (e):
Example 3. The automorphism' 1: a7! ¢, b7! ¢ 'a, ¢ 7! bwas introduced in Example 1. Its
double substitution is the 6-letter substitution -, :a7! c; b7'c 'a;c7!'b;al7lc ! b7

a 'c; c 17! b1 Notethat ¢, is a primitive substitution. Indeed, {!(a) contains all the letters
and the image of any letter eventually containsa.

The double substitution ; admits a remarkable symmetry, induced by the inverse map
e7! e ! and its extension to nite words.
De nition 2.2.  The ipmap on A isdenedby ( wiwz:::wp)= w, 11w, lW1 L

By abuse of language, we extend the de nition of the ip map t o AZ as follows: ifx =
(xi) 2AZ, then ( x)=(y;) 2AZwith y;=x foralli2Z,
12



Proposition 2.3.  The double substitution ; commutes with the ip.

The proof is immediate from the de nition of f, because the statement holds for letters. We
can now de ne the orientability of the substitution ¢ :

De nition 2.4.  We say that the double substitution : de ned above is orientable if there exists
a subsetE of A such that E and ( E) form a partition of A, and ; preservesE ( (E) E )or
exchangest and ( E)( +(E) ( E)). Otherwise, we say that ¢ is nonorientable.

If ¢ is orientable, we say that ; is orientation preserving if it preserves E , and orientation
reversing if it exchangesE and ( E) . In this last case, fz is orientation preserving.

Remark 5. The geometrical meaning is clear: if ¢ is orientation preserving, it means that we can
give a global orientation to the topological graph G such that f preserves this orientation; the
image of any positively oriented (for this orientation) edge only contains positively oriented edges.
Of course, the opposite orientation is also preserved by. The combinatorial meaning is also clear:
if ¢ is orientation preserving, then up to a replacement of somedyges by their inversesf is in fact

a substitution.

Proposition 2.5. The double substitution ; associated with a primitive train-track map f is
primitive if ¢ is nonorientable. If ; is orientable and orientation preserving, it splits in two
primitive components which are exchanged by the ip . If ¢ is orientation-reversing, it exchanges
the two primitive components associated with its square.

Proof. Suppose, rst, that ¢ is orientable and orientation preserving, and letE be the associated
subset of A. Let e be any element ofE, and let €° be any edge. By primitivity of the train-track
map f , we know that there is an integer n such that f "(e) contains €° or €° L but exactly one of
these two letters is in E. This implies that the restriction of the action of ; on E is primitive, and
the same is true by symmetry for ( E). A similar proof works in the orientation reversing case.

Suppose now that ; is nonorientable. By primitivity, there exists n such that, for any pair
e; & of edges, eithere®or €° L oceurs inf "(e). Consider, on the setA of oriented edges, the relation
\e’occurs inf "(e)", and let B be a strongly connected component for the transitive closue of this
relation. It is clear that ( B) is also a strongly connected component. We can also considéhe
set of nonoriented edges (pairs€; ( €))), and de ne the same relation. It is clear that B projects
to a strongly connected component for this relation. But primitivity implies that the only such
component is the complete set; henc® projects to the complete set. If it is disjoint of ( B), then

¢ is orientable which contradicts the hypothesis. Hence, it § all of A, and ; is primitive.

Example 4. Consider, for instance, the train-track mapf :a 7! c; b7! a 1. ¢c71 ab 1l One
checks that ¢ is not primitive. Indeed, ¢ is orientable, since it stabilizes the lettersfa; b 1;cg.
Renaming b° = b 1, we can check immediately thatf corresponds in fact to the substitution
a7lc P71 a; c7' a

We are now in a position to de ne the main topic of our study:

De nition 2.6. Let f be a train-track map, and ¢ be the associated double substitution. If ¢
is nonorientable, we de ne the attractive symbolic lamination associated withf as the setX , of
the symbolic dynamical system X ,;S) de ned by ¢, and we denote it by L¢.

If ¢ is orientable, the substitution (taking the square in the orientation-reversing case) splits
in two disjoint primitive substitutions conjugated by ; we de ne the attractive symbolic lamination
Lt in this case as the union of the two systems associated with #two primitive substitutions.

For more details aboutL;, see Appendix 1.
We have the following property:
13



Proposition 2.7. The attractive symbolic lamination L¢ is invariant by the ip

Proof. This is immediate by de nition in the orientable case; otherwise, it results from the primi-
tivity of the substitution.

Remark 6. The elements of the lamination can be interpreted as in nite paths in graph G. Partic-

ular elements can be obtained in the following way: take an ede e, and consider an inner point of
e which is xed by a power f" of f (such a point always exists by primitivity). Taking the square
of f " if necessary, we see that the lettere occurs inside the word corresponding tdf (e), and the
words h(f I" (e)) are factors of each other, and converge to a biin nite word any such biin nite

word generatesL¢, and corresponds to an in nite pointed path xed by f. The shift corresponds
to a move of the origin on the path.

3. Representation of the attractive lamination of a unit Pisot iwip automorphism

We now have gathered all the material required for the de nition of the central tile of a train
track map representing aniwip automorphism. This construction will be performed thanks to the
double substitution ¢ (De nition 2.1). We rst recall in Section 3.1 the construct ion of the central
tile in the classic case of a substitution. We then speci caly consider the case of a unit Pisotiwip
automorphism in Section 3.2. The topological properties ofthe central tile are detailed in Section
3.3. The action of a domain exchange acting on it is studied inSection 3.4. We conclude this
section with dynamical properties in Section 3.5.

3.1. Central tile of a Pisot substitution. As reviewed in the introduction, central tiles are
compact sets with a fractal boundary which are attractors of some graph-directed Iterated Func-
tion System. They were rst introduced by Rauzy [43] to produce geometric representations of
substitutive dynamical systems for some discrepancy motiations, while Thurston [51] extended
them to numeration systems with a noninteger basis. Both costructions apply quite naturally to
the class of irreducible unit Pisot substitutions.

De nition 3.1. A primitive substitution is said to be unit Pisot if its dominant eigenvalue is a
unit Pisot number. A primitive substitution is said to be irreducible if the characteristic polynomial
of its incidence matrix is irreducible.

There exist various extensions of the notion of central tiles to more general situations, hamely
to the non-unit case [47], to the non-Pisot case [8], or to thereducible case [12, 31, 25]. The
construction we describe here is based on the constructionf@entral tiles for reducible unit Pisot
substitutions developed in [12, 31]. Note that here we do notsuppose that the substitution is
unimodular, meaning that detM = 1. The only assumption that we need is that the dominant
eigenvalue is a unit, even if the matrixM is not invertible over Z.

There are several construction methods for central tiles. @e rst approach inspired by the
seminal paper [43] is based on formal power series, and is ddoped in [38, 39, 18, 19]. A second
approach via lterated Function Systems (IFS) and generalied substitutions has been developed on
the basis of ideas from [29] in [9, 44, 28, 49], with special éois on self-similar properties of the Rauzy
fractals and relations with discrete planes [6, 7]. Similarsets have also been introduced and studied
in the framework of -numeration by S. Akiyama in [1, 2, 4, 3], inspired by [51]. Bdh constructions
are equivalent to a third one, which involves projecting a shair representing by abelianization the
periodic point of a substitution on a contracting subspace b get a bounded set [11, 13]. This last
construction is the most natural, hence it is the starting point of our construction.

The discrete line. Let u be a two-sided periodic point of a primitive unit Pisot substitution  on
k letters. Let us embed this in nite word u as a discrete line inR¥ by successively replacing each
14



Figure 3.1. The discrete lineD

letter of u by the corresponding vector in the canonical basis, as depied in Fig. 3.1. We thus
de ne the discrete line D

(3.2) D =fl(up uj); i2Ng

Let us recall that | stands for the abelianization map of the free monoid. By discete line we
mean here a countable set of points which are vertices of a dtaand not really the stair itself.

Algebraic decomposition of the spaceWe now need to introduce a suitable decomposition oRk
with respect to eigenspaces of the incidence matri® associated with the eigenvalue . We denote
by d the algebraic degree of ; one hasd 6 k, since the characteristic polynomial ofM may be
reducible.

Let r 1 stand for the number of real conjugates of ; each corresponding eigenspace has
dimension one according to the primitivity assumption and Perron-Frobenius' theorem. Let X
denote the number of complex conjugates of ; each eigenvector pair with its complex conjugate
generates a stable 2-dimensional plane. We call-contracting spaceof the matrix M the subspace
Hc generated by eigenspaces associated with-conjugates. It has dimensionr +2s 1=d 1.
Then, by construction, the linear map associated with the marix M mapsH; to H.. We denote
by h : H¢! Hcits restriction to Hg; it is a contraction with eigenvalues the conjugates of .

We denote byHe the -expanding lineof M , i.e., the real line generated by a -eigenvector.
Let P be the characteristic polynomial of M , and Q the minimal polynomial of ; we can write
P = OQR, where R is a polynomial prime with Q. We denote by H, the kernel of R(M ); it is
an invariant space forM , which is a complement inR" to H. He. Let ¢: R" ! H¢ be the
projection onto H¢ along He H,, according to the natural decompositionR* = H, He H.
Then, the relation I( (w))= M I(w), for all w2 A implies the following commutation relation:

8w2A 5 (I( (w))=h c(I(w):

Central tile. In the irreducible case, the Pisot assumption implies that the discrete line of remains
at a bounded distance from the expanding direction of the ina@ence matrix. In the reducible case,
the discrete line may have other expanding directions, but he projection of the discrete line by .
still provides a bounded set inH;' RY 1.

De nition 3.2. Let be a primitive unit Pisot substitution with dominant eigenv alue . The
central tile of is the projection on the -contracting plane of the discrete line associated with any
periodic point u = (uj)j2N Of

T=1f ¢(I(up ui 1)); i2Ng:
Subtiles of the central tile R are naturally de ned, depending on the letter associated wih
the vertex of the discrete line that is projected. One thus gés for 1 6 j 6 k
T@E)=1 ((up ui 1)); 12N;u=ag

By de nition, the central tile T consists of the nite union of its subtiles T (g;). To ensure
that the subtiles are disjoint in measure, we recall from [9]the following combinatorial condition
on substitutions.
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De nition 3.3. A substitution  over the alphabet A satis es the strong coincidence condition
if for every pair (by;b) 2 A2, there existsn such that: "(by) = pias; and "(bp) = poas, with
I(p1) = I(p2);wherel denotes the abelianization map.

This condition is satis ed by every unimodular irreducible Pisot substitution over a two-letter
alphabet [10]. It is conjectured that every substitution of Pisot type satis es the strong coincidence
condition.

Theorem 3.4. Let be a primitive unit Pisot substitution. Let d be the degree of its dominant
eigenvalue. The central tileT is a compact set with nonempty interior in RY 1. Hence it has
non-zero measure. Each subtile is the closure of its interio The subtiles of T are solutions of the
following graph-directed a ne Iterated Function System:

(3.2) 8a2A; T (a= [ h (T (B)+ (I(p):
b2A ; (b)= pas

We assume, furthermore, that satis es the strong coincidence condition. Then the subtits
have disjoint interiors.

Proof. See for instance [43] for the Tribonacci case, [47, 49, 31]rf(B.2), [9] for the last statement,
and for more details, the survey [13] and [11].

Example 5. Let ;: a7! ab b7! c, c7! a This substitution is invertible and its inverse is
the automorphism'; :a 7' ¢, b7! c 1a, ¢ 7! bintroduced in Example 1. The substitution ;
is irreducible, primitive, and unit Pisot. Its dominant eig envalue 1 is the second smallest Pisot
number; it satis es f = f+ 1. The central tile of ; is shown in Fig. 3.1; ; the largest shaped
tile is the tile T ,(a), the middle size shape isT ,(b) while the smallest shaped tile isT ,(c).

Let ,: a7! ab b7! ca c7! abe the so-called ipped Tribonacci substitution . Its inverse
",:a7'c b7 ¢ la c 7! bc ! was introduced in Example 2. Like the previous example, ; is
irreducible, primitive, and unit Pisot. Its dominant eigen value satis es 3= 24+ +1. Note that
the train-track representative of ,* does not have the same dilation coe cient as . The central
tile of , is shown in Fig. 3.1.

Figure 3.2. Central tiles for the substitutions 1, ».

Dynamical systems acting on the central tile. Two maps act in a natural way on the symbolic
system X , namely the shift map and the substitution.

From the de nition of the subtile, one can translate any point of a subtile T (a), for a2 A
by the projection on the contracting plane of the correspondng canonical vector, without leaving
the central tile:

T@+ c(l(@) = c(ft(uo Ui 18); i 2 N; uj = ag)
c(ft(up Uy 1Uj); T2Ng=T:
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Consequently, on each subtile, the shift map commutes with e following domain exchange

E : T N

(33) x2T (@) 7! x+ (I(@)2T :

On the whole central tile, the substitution commutes with th e contraction h : H. ! He,
de ned in the algebraic decomposition and used in Theorem 3. Once the strong coincidence
condition is satis ed, the subtiles are disjoint almost evaywhere, so both actions can be de ned on
the whole central tile.

It is natural to code, using the partition de ned by the subti les, the action of the domain
exchangeE over the central tile T . According to [43, 9] there exists a coding map fromT into
the full shift AZ that is one-to-one almost everywhere. Moreover, this codig map is onto the
substitutive system X .

Theorem 3.5. Let be a primitive Pisot unit substitution that satis es the coincidence condition.
The substitutive dynamical system(X ;S) associated with is semi-topologically conjugate to the
domain exchangeE de ned on the central tile T (see (3.3)).

Proof. See for instance in [9, 19, 12]. See also for more details, tiserveys [13, 41].

Remark 7. The minimality of the shift map has an interesting consequerte: consider any two-sided
sequencew in the symbolic dynamical systemX and build a discrete line in RY as in (3.1). Then
the closure of the projection of the vertices of the discretdine describingw on H is exactly the
central tile. Similarly, if one projects the negative part of the discrete instead of the positive part,
then the resulting set is again the central tile.

3.2. Central tile of a unit Pisot iwip automorphism.  To associate a central tile with a train-
track map f representing aniwip automorphism, we use the double substitution ; de ned in
De nition 2.1. In all that follows, we focus on the case of nororientable double substitutions;
indeed, the case of an orientable double substitution can beasily reduced to the classic case of a
substitution. We study, in this section, the relation between the incidence matrixM ., of ¢ and
the transition matrix M of f. We then deduce a construction for the central tile.
Let ' 2 Aut(Fn) be an iwip automorphism, and let be the outer automorphism de ned

by ' . We consider a train-track mapf : G! G representing . The choice of the train-track map
f is now xed. Note that the notions we introduce in the followi ng may depend on this particular

f

unit Pisot case:

De nition 3.6.  An iwip automorphism is said to beunit Pisot if its dilation coe cient is a
unit Pisot number.

We have seen in Section 1.3 that, while is de ned as the dominant eigenvalue of the primitive
transition matrix M, it does not depend on the choice of but only on the outer automorphism

The transition matrix M provides information on the dilation coe cient of the iwip auto-
morphism ' but, as explained in Sec. 2, it is not su cient for our purpose. The aim of Proposition
3.7 below is to prove in the unit Pisot case that the double sulstitution ; is a primitive substitution
(when f is assumed to be nonorientable) whose dominant eigenvalue & unit Pisot number.

Proposition 3.7. Letf : G! G be a train-track map for a unit Pisot outer automorphism
If f is nonorientable, then the double substitution ¢ is a primitive unit Pisot substitution. The
dominant eigenvalue ofM | is the dilation coe cient of
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Proof. Since the train-track map is nonorientable, the incidence matrix M , of  is primitive, ac-
cording to Proposition 2.5. We have to prove that its dominart eigenvalue is the dilation coe cient
of , that is, the dominant eigenvalue of the transition matr ix M of the train-track map.

We introduce two auxiliary transition matrices which disti nguish between the edges and
the edgeeg 1 we dene M;{ (resp. M, ) as the k-square matrix with (i;j )-entry the number of

times the path f (g ) crosses the edge (resp. g 1). Both matrices M;“ and M, have nonnegative
integer entries. The transition matrix M satises Mt = M{ + M .
We de ne the abelianization matrix At of f asA; := M;{ M, . Then we haveM | =

f
M{ My M¢ O ek

1 : _
M, M;“ ,SOPM P = with P =

0 A e Ik
Hence, the eigenvalues ol | are the eigenvalues oM ¢ or A;. To prove the proposition, we
just check that the dominant eigenvalue of M; also dominates the eigenvalues of\ ;. Consider

(mi myvi= vy
16i6n
Hence P
jvij 6 |:>16i6kjmi1'L m;; jivij
6 isigk(My + my)jvij:
Thus j jvg 6 M¢vg, wherevg = (jvaj;:::;jvkj), which implies (see for instance [45]) thatj | 6

We are now able to de ne the central tile for a nonorientable duble substitution.

De nition 3.8. Let be a unit Pisot outer automorphism and let f : G! G be a train-track
map representing . If the double substitution ¢ is nonorientable, then the central tile of f is
the central tile associated with its double substitution . We denote it by T;. The subtiles are
denoted by Ts (€).

Theorem 3.9. Letf : G! G be a nonorientable train-track for a unit Pisot iwip outer auto-
morphism. Let 2k be the number of edges db. Let d be the degree of the dilation coe cient of
f . The central tile of f is a compact subset with nonempty interior, hence non-zero pasure, of a
(d 1)-dimensional subspace oR%. It is divided into 2k subtiles.

Proof. Sincef acts onk edges, : is a substitution on 2k letters, so the central tile is a subset
of R% and is divided into 2k tiles. Let denote the dilation coe cient of f. We have proved
(Proposition 3.7) that is also the dominant eigenvalue ofM .. By construction, the central

tile is a subset of the subspace oR? generated by the eigenvectors oM . associated with the
conjugates of . Sincef is nonorientable, M | is primitive so is a simple eigenvalue ofV
Hence, all the conjugates are also simple eigenvalues i . . Finally, the contracting space of M
has dimension @ 1).

§ -
f

An alternative construction via discrete lines. The following property of f allows us to construct the
central tile directly from the train-track f, i.e., in ak-dimensional space instead of ak*dimensional
space.

Lemma 3.10. Let ¢ be a primitive double substitution (see De nition 2.1) on the 2k-letter alphabet
A=fe;iiece oy 1g. Then the projection . on He maps a letter and its inverse to the
same vector:
8i 6 k; c(I(e)) = «(l(g H):
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Proof. We recall that I(e;) = ej, and I(e, = e, for 16 i 6 k, where (e1;  ;ep) denotes the

subspace oM ,, as well as the vector spacéd, spanned bye; ex+1;€2 €x+2;:::;€ €. The
spacesH; and H», are orthogonal.

Let ; be a conjugate of the dominating eigenvalue of 1 and v ak-dimensional ;-eigenvector
of the transition matrix M¢. Then, as a consequence of the proof of Proposition 3.7y(v) is a
2k-dimensional ;-eigenvector of the incidence matrixM . We have also seen that ; is a simple
eigenvalue ofM .. Hence, the contracting subspaceH.; of M | is generated by vectors ¢;v) and
Hc Hi. Consequently,H. is orthogonal to Hp, so ¢(H2) = 0. Each vector I(e) I(g D=6 ewi
belongs toHy, hence ¢(I(e)) = c(I(g ).

As a consequence, the central tile of anwip train-track map can be directly constructed by
using the transition matrix M of the train-track map f and one two-sided periodic point (see
Remark 7): one simply has to represent a letter and its invere by the same canonical vector.

Corollary 3.11. Let be a unit Pisot outer automorphism with a nonorientable tran-track rep-
resentativef : G! G. Let el;ell; : ::a<;ek1 denote the edges o6. Lett : G! RK be the map
that sends an edgee and its inverse e ! to the same canonical vector:t(g) = t(e 1y = g 2 R,
for 16 i 6 k. Let be the dilation coe cient of f.

Let H.  RX denote the -contracting space of the transition matrix of f and e, the projection
on H¢ along the invariant complementary space. Then the centralite T; of f is the closure of the
projection by e. on H¢ of the k-dimensional stair representing a periodic pointu of f :

T = e(ft(ug) + + t(uj); i 2 Ng):

3.3. Topological properties. We recall that we denote byh; : H;! H¢the contraction obtained
as the restriction of the linear map associated with the matix M on Hc; in the eigenvector basis
(U @; ;U @), hs multiplies the coordinate of indexi by ) for26 i 6 d.

Proposition 3.12. Letf : G! G be an nonorientable train-track for a unit Pisot iwip outer
automorphism. Let 2k be the number of edges db and let d be the degree of the dilation coe cient.
Then

(1) each subtile is the closure of its interior;
(2) the subtiles of T; are solutions of the following graph-directed self-a ne Iterated Function
System:
[

(3.4) ge2fel; ey Ti(e)= he (Tr (D) +  c(1(p)):
b2fet; e’y
p; s reduced words
f (b) = pes
(3) They satisfy the following symmetry properties:
(3.5) ge2fel; ie'g Tr(®)= Ti(el) c(I(e):

(4) We assume, furthermore, that ; satis es the strong coincidence condition. Then the sub-
tiles have disjoint interiors.

Proof. We deduce all the statements of Theorem 3.12 from Theorem 3,4except the symmetry

conditions (3.5) that we now prove. We recall that the solutions of the graph-directed self-a ne

Iterated Function System (3.4) are uniquely determined sirce is a Pisot number, according to
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[37]. Let us prove that T (e 1) c(l(e)) satis es (3.4), for e2 f ell; } € 1g. One has
[
Ti(e )= he (Te (b N+ c(I(s 1):
b2fet; e'g
f (b) = pes

Letus apply . Itof(b)= pes From . I(s)= ¢ I(s Y and hs (b= I(f (b)), one
deduces thaths cl(b)= cl(p)+ e+ cl(s), and

S
Tie) d@ = 7 opopel qlg MTGH ) dE@
S f (b = pes
- b2fet; e’'g hiTr(b 1) he B+ cl(p)
S f (b) = pes
= ba2fel ielg M Tt o)+ ()
f (b) = pes

which ends the proof.

Example 6. The subtiles of the central tile of the group automorphism' 1 :a7! c; b7! ¢ 'a; c7!' b
of Example 1 satisfy

g Tr(@=hiTr(+ c((ch) g Tr(@al)=hiTi(b b
Ti (b)) = h¢ T¢ () C Ti(bH=hiTi(c b
Ti(c)= hi Ty (a) [ hfgf (bhH+ (@) ~ Ti(cH=nhiTr(a H[ (hi Ti ()

< T@=Te@h (@)
(D)= Teb?H (D)
Ti(©= Tech c((0):

3.4. Domain exchange. According to Theorem 3.5, the central tile T; of a primitive Pisot sub-
stitution can be provided with a domain exchange Es once the subtiles are disjoint in measure.
In the general substitutive case, each subtileT (a) is mapped by the translation vector (I(a))
according to (3.3). When the substitution is a double substtution ; associated with a train-track
map, we have proved (Lemma 3.10) that the translation vectos associated with an edge and its

inverse are equal. More precisely, Ieel;ell; =Y 1 denote the edges of the train-track map.
The central tile is stable under the following action:
(3.6) Ef . Tf I'T f, x2Tf(e)[Tf(e l) 7! X+ C(|(E)) 2Tf:

Corollary 3.13. The central tile of a unit Pisot iwip nonorientable train-track is symmetric with
respect to the origin:
Tf =T [

Proof. From Theorem 3.12, each subtile satisesTi(e) = T (e 1) c(I(e)). Hence T ¢(e) =
EsTi(el) Ts.Finally, T;= [T :(e) T ¢, which also implies the reverse implication.

Example 7. The central tiles for the group automorphisms' ; and ' , (Example 1 and 2) of F3
are 2-dimensional, with 6 subtiles. They are depicted in Fig 3.3.

It is natural to code, with respect to the partition provided by the 2k subtiles, the action
of the domain exchangeE; over the central tile T;. Theorem 3.5 implies that the codings of the
orbits of the points in the central tile under the action of th e domain exchangeEs are described by
the attractive symbolic lamination Lg, that is, the coding map, from T; onto the 2k-letter full shift
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Figure 3.3. Central tiles for ' 1 and ' , (inverse of the ipped Tribonacci substitution).

We thus have

Theorem 3.14. Letf : G! G be a nonorientable train-track for a unit Pisot iwip outer auto-

morphism ' 2 Out(Fyn). Let k be the number of edges d& and let d be the degree of the unit Pisot
dilation coe cient. We assume, furthermore, that ; satis es the strong coincidence condition.

Then the domain exchangeE; (3.6) is de ned almost everywhere on the central tileT;. The at-

tractive symbolic lamination L¢ provided with the shift mapS is measure-theoretically isomorphic
to (T¢;Ef), i.e., there exists amap :L¢ ! T ¢ thatis is continuous, onto and one-to-one almost
everywhere, and that satises S=E :

Example 8. The action of the exchange of domains is illustrated in Fig. 44 below for the train-
track map ' » of Example 2. Pieces move simultaneously by pairs (that corists of a piece and its
symmetric for the inverse letter), so there are three transation vectors.

Figure 3.4. Exchange of domains for the central tile of' ;.

3.5. Dynamical properties. The domain exchangeE; is de ned almost everywhere, but not
everywhere, which prevents us from de ning a continuous dy@mics on the central tile. A solution
to this problem consists in \factorizing" the action of E; on T; by the smallest possible lattice so
that the translation vectors (I(e)) for e2fe;;  ;e«gdo coincide: we thus consider the subgroup

K1
Z c(I(e) (&)

i=1
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of He. Let us recall that we mean by irreducible case that the charateristic polynomial of the
matrix M is irreducible. In this latter case, this subgroup is discrée, the quotient is a compact
group and the domain exchange factorizes into a minimal traslation on a compact group.

By a multiple tiling of RY 1, we mean according, for instance to [32], arrangements oflés in
RY 1 such that almost all points in RY ! are covered exactlyp times for some positive integerp.

Proposition 3.15. Letf : G! G be a nonorientable train-track representative for a unit Pisot
iwip outer automorphism 2 Out(Fy). Let 2k be the number of edges d& and let d be the degree
of the unit Pisot dilation coe cient. Let el;ell; ;ek;ek1 be the edges of grapks. We assume,
furthermore, that ; satis es the strong coincidence condition.

If d=2k, that is, if the number of edges (up to the orientation) is eqal to twice the algebraic
degree of the dilation coe cient, then the central tile geneates a lattice multiple tiling of the (d 1)-
dimensional subspaceH.:

K 1
3.7) He=Ti +  Z( (I(e1)  c(l(&x)):
i=1

If this multiple tiling is a tiling, then (L;;S) is measure-theoretically isomorphic to a toral
translation on the (d  1)-dimensional torus RY 1.

In the substitutive case, as soon as trr:e size of the alphabet larger than or equal to the degree
of the expanding eigenvalue, the subgroup ik:llz <(I(g) I(e)) has no reason to be discrete. In
particular, when is a double substitution, the size of the alphabet is at leastequal to twice the
degree of the expanding eigenvalue. This proposition meantfiat when it is exactly equal to twice
the degree, then the symmetries of the substitution imply that the subgroup is discrete, so one gets
a multiple tiling.

In the irreducible case, conditions for tiling exist in terms of discrete geometry [31, 11], or
of number theory [48, 13]. Most of the conditions (super-caicidences, (F)-property) cannot be
directly used in the reducible case. Consequently, we herese the graph condition of [48]; this
condition is stated in the irreducible case but it can be genealized to the reducible case, since
it only involves the conjugates of the expanding eigenvalueof the substitution. By checking the
conditions of [48] on' ; and ' », we obtain the following result:

Theorem 3.16. The central tilesfor ' ;:a 7! c, b7l c la,c7! band'>,: a7 c, b7 c 1a
c 7! bc ! generate a periodic tiling of R?. Hence, the symbolic attractive laminations associated wi
each train-track maps' 1 and' » have a pure discrete spectrum. They are both measure-thedieally
isomorphic to a translation on the 2-dimensional torus.

Proof. To prave that one has indeed a tiling, we have to check thaflT does not intersectT + (X)
for all x 2 :‘zllz(l(a) I(ex)). Since we have explicit bounds for the size off, T + x does
not intersect T once the norm ofx is large gg(_)ugh. When it is not the case, following [48], we
compute all the algebraic integers of the form {:o di '/, where the sequence of digitsd;) takes
its values in a nite set and satises (o di Nu = (x) (where u is an expanding normalized
eigenvector ofM ). Then we check which sequence of digitsdf) is a Dumont-Thomas expansion
[23]. The nal step consists in verifying that the resulting sequences of digitsd;) correspond to a
set of zero-measure in the central tile. All these computatns can be done in nite time.

The results of the computation for ' ; are the following: the central tile T intersects the
six tiles T, + x with x 2 fl(e3) I(e1);l(e2) I(e1);1(e2) I(e3)g. All the intersections have
zero-measure. The central tile of ; intersects height tilesT- , + x with x 2 (fl(e3) [(e1);l(e2)

I(e1);1(e2) I(e3);2(e2) I(es) I(e1)g.
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Figure 3.5. Left side: the periodic tiling generated by' ;:a7! c,b7! ¢ 'a,c7! b
on F3; ' 1 induces an irreducible unit Pisot nonorientable train-track map. Each tile
intersects exactly six neighbourgs; the intersection has ero measure. Right side:
The central tile of ' ,:a7! ¢, b7! ¢ 1a, c7! bc ! also periodically tiles the plane,
but each tile has eight neighbourgs.

Furthermore, one can even check e ectively that the symbolc attractive laminations of ' |
and ' » are not measure-theoretically isomorphic since they have idtinct spectra.

4. Examples

In the previous sections, we introduced two examples 1 and ' » (Example 1 and 2) corre-
sponding to automorphisms ofF3 that have no cancellation, that is, they directly induce a primitive
train-track map on the rose R3. We give below a few representative examples of more complex
situations.

4.1. Example of an iwip automorphism on more than 3 letters. The next example corre-
sponds to an automorphism on 5 letters that is not Pisot.

Example 9. One checks that the automorphism' 3 :a 7! e; b7! e 'a; c7! b; d7! ¢c; e7! d
induces a train-track map f3 on the rose Rs. Its transition matrix M, has for characteristic
polynomial X° X 1, which is irreducible, hence' 3 is an iwip automorphism. Its dilation
coecientis -+, 1,16. However, ., is not a Pisot number, so that we cannot build a central
tile for ' 3.

Note that ' 3 is the inverse of the smallest Pisot number -substitution 3: a7! ab b7! c,
c7! d,d7! e e7! a. The characteristic polynomial of its incidence matrix is (X3 X  1)(X?2
X +1), so that this substitution is reducible and its dominati ng eigenvalue is the smallest Pisot
number 3= +1. The central tile of 3 is shown in Fig. 4.2.

4.2. Examples of automorphisms that do not induce a train-track m ap. The next two
examples (Example 10 and 11) correspond to automorphisms #t do not directly induce a train-
track map. In each case, the transition matrix of the chosen opological representative as a train-
track map admits an irreducible characteristic polynomial.

The so-called Tribonacci substitution is dened by 4 :a 7! ab b7! ac, ¢ 7! a. Rauzy's
seminal paper [43] is based on a detailed study of this substition. See also [29, 38, 39, 35]. Itis
irreducible, primitive, and unit Pisot. Its dominant eigen value satises 3= 2+ +1. Its central
tile is depicted in Fig. 4.2.

In the following example, we consider the inversé 4 of 4.

Example 10. The automorphism ' 4 of F3 =< a;b;c > is given bya 7! ¢, b7! ¢ !a, c 7! ¢ b
It does not induce a train-track map on the roseR3, since a cancellation occurs when computing
"2(c)="4(c )= Db cc ta=b la
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Thanks to the algorithm of Bestvina-Handel, one obtains a pimitive train-track map f4 :
Gs ! G4 representing’ 4, and one checks that' 4 is iwip. The graph Gy is depicted in Fig. 4.1.
It has 2 vertices v, and v», and 4 edges:A from v, to vq, B and C from v, to vi, and D from vy
to vo. The mapfsisdenedby A7/ DC,B 7! D A, C 7! B, D 7! C . The correspondence
betweenR3 and G4 is given bya A,b DB,c DC.

The transition matrix M ¢, is primitive; its characteristic polynomialis X4 2X 1, and the
dilation coe cientis :, 1:39. Its conjugates are -0.47462, - 0.46035 + 1.13931i, and 46035 -
1.13931 i. Hence, 4 is not Pisot and there is no associated central tile.

Figure 4.1. A topological representation of' 4 (the inverse of the Tribonacci sub-
stitution) given by the graph G, provided with the map A 7! DC, B 7! D A,

c7mB,D7'cC L

Figure 4.2. Central tile for the -substitution associated with the smallest Pisot
number 3 and the Tribonacci substitution 4. Their inverse automorphisms are
not Pisot and cannot be represented by a central tile.

Example 11. The automorphism' s of F3 =<a;b;c> given bya7! ¢ bcab?!, b7! a c b ic
c 7! a ¢ b does not induce a train-track map on the roseR3z, since a cancellation occurs when
computing ' s(c b), which occurs in' 5(a).

The algorithm of Bestvina-Handel allows one to obtain a primitive train-track map fs: Gs !
Gs, with Gs = Gy, i.e., , the graph on whichf 4 (Example 10) is de ned (see Fig 4.1), and to check
that ' 5 is aniwip automorphism. Again, the correspondence betweeR3 and Gs is given bya A,
b DB,c DC.Themapfsisdenedby A7!' C 'BDCAB 'D i, B7'D 'B !C,C7 B,
D7MA c L

The transition matrix M ¢, is primitive; its characteristic polynomial is X4 2X3 2X2+1,
and its dilation coe cientis ., 2:69, that is a unit Pisot number.

The group automorphism ' 5 of F3 has a 3-dimensional central tile with eight subtiles since
its dilation coe cient has degree 4 and its train-track map fs act on a 4-edge graph. It is depicted
in Fig. 4.3.

4.3. Example of a train-track map with a reducible matrix. Example 12 and 13 are exam-
ples of automorphisms that induce directly train-track maps, but they have transition matrix with
reducible characteristic polynomial.

Example 12. Thanks to the algorithm of Bestvina-Handel, one obtains tha the automorphism
"s:a7labl b7l c:c71d; d7! e; e7! ais an iwip automorphism that induces a train-track
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Figure 4.3. Central tile for the train-track map fs representing ' s: it is 3-
dimensional, with eight subtiles.

map f ¢ on the roseRs; indeed, the only possible cancellation can occur within tle factorse ‘a (or
its inverse); one checks thate 'a never occurs sinceb is always followed bya 1.

Its transition matrix M ¢, has for characteristic polynomial X X% 1=(X3 X 1)(X?2
X +1), which is reducible. Its dilation coe cient satis es X3 = X +1. Itis the smallest Pisot
number.

This example illustrates that the characteristic polynomial of a primitive matrix is not nec-
essarily irreducible, and that the degree of the dilation c@ cient of an iwip outer automorphism

2 Out(Fy) is neither bounded below by the number of edges in a train-tack representing , nor

by N.

The central tile of the group automorphism ' g of F5 is 2-dimensional since its dominating
eigenvalue has degree 3; it admits 10 subtiles. The centrallé is depicted in Fig. 4.2.

The action of the exchange of domains is illustrated in Fig. 44 below for the train-track map
¢ of Example 12. The central tile is divided into 10 subtiles. Heces move simultaneously by pairs
(that consist of a subtile and its symmetric for the inverse letter), so that there are ve translation
vectors.

Figure 4.4. Exchange of domains for the central tile' . It has 10 subtiles.

4.4. Example of an orientable automorphism. We conclude with an example of an orientable
automorphism.
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Example 13. Consider the automorphism' ;:a7! ab '; b7!c % c7!d; d7! e; e7! a.

Its transition matrix M ¢, has for characteristic polynomial (X3 X 1)(X? X +1), which
is reducible.

Note that by replacing bwith b 1, ' 7 becomes the substitution associated with the smallest
Pisot number -substitution 3. Hence,' 7 is an orientable automorphism. The associated attrac-
tive lamination corresponds to a substitutive symbolic dynamical system and can be represented
by the 2-dimensional central tile shown in Fig. 4.2 with 5 suliiles and no symmetry.

5. Perspectives: stability of the representation under conju gation

Our purpose in this paper was to exhibit a connection, in somespeci c cases, between the
geometric representation of symbolic dynamical systems ah the theory of free group automor-
phisms. We plan to explore, in the near future, several natual questions concerning the in uence
of the choice of the train-track representative on the representation. For instance, does the spec-
trum of the dynamical system associated with the symbolic lanination depend on the choice of
the basis? Are the topological properties of the central tie conserved inside the class of an outer
automorphism? Is the nonorientability property satis ed by all train-track representatives of an
outer automorphism? More generally, can one de ne a ow assoiated with the algebraic attractive
lamination, so that the central tile associated with a particular choice of coordinates appears as
a section for this ow? Note that, while the present work is restricted to the Pisot case, recent
progresses [8] open possibilities in the general hyperbolcase; in that framework, the ow should
be replaced by anRX-action, with k the dimension of the expanding space.

As an illustration, let us consider the two following examples. The substitution 4 : A 7!
ACB; B 7! C; C 7! A is a conjugate of the Rauzy (or Tribonacci) substitution 4: a 7! ab; b7!
ac; ¢ 7! a, under the substitution A7 ab;B 7! ¢c; C 7! a. Both central tiles of these
substitutions are depicted in Fig. 5.1 (left side). One cheks that they have similar local structure.
A similar phenomenon can be observed for the substitutions, : A 7! ABC; B 7! C; C 7! A and

2. a7l ab; b7! ca; c7! a, that also are conjugated by . Their central tiles are depicted in Fig.
5.1 (right side); they also seem to present important similaities.

Figure 5.1. Central tiles for two pairs ( 4; 4), and ( 2; »2) of Pisot unit irreducible
substitutions. Each pair consists of substitutions that belong to the same class of
automorphisms of F3.

This similarity can easily be completely explained, as was pinted out to us by Marcy Barge.
Indeed, if we de ne the substitution 4: a7! A;b7! CB;c7! C, we can check immediately that
we have 4 = gand 4= 4 (the use of two di erent alphabets, upper and lower case,
should only be seen as a convenience to keep track of the ditem of the conjugacy). This easily
implies the commutation relation 4 4= 4 4, which shows that the xed point v of 4 is the

image of the xed point u of 4 by 4.
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Hence the in nite word v can be coded by the three wordsA, CB and C, and renaming
these three words respectivelya, b, ¢, we recover the in nite word u. Consider now the central
tile T, of 4, with its natural decomposition T, = T ,(& [T ,(b) [T ,(c), and the central tile
T,=T,A)[T ,B)[T ,(C), seen as the closure of the projection of the respective x& points;
from this recoding, we can obtainT ,(A) asT ,(a), T ,(B) as a translate of T ,(b), and T ,(C) as
the disjoint union T ,(b) [T ,(c). This decomposition can be seen in Fig. 5.2, on the left. Leus
note that the disjoint unions here are considered up to sets fozero measure.

On the other hand, we have also the commutation relation 4= 4 , Which proves
that the xed point u can be coded by the three wordsab, a, and c; from this decomposition,
we can obtain T ,(a) as the disjoint union T ,(A) [T ,(C), T ,(b) as a translate of T ,(A), and
T ,(c)asT,(B), see Fig. 5.2 on the right. More precisely, ifM and M , stand for the incidence
matrix of the conjugacy substitutions and 4, and , and , stand for the projections on the

-contracting planes of 4 and 4, we get the following relations:

; T,(A) = M ,T,@) 2 T,@ = M T,(A)[M T,C)
T.B) = M T,b+ ,I(B) . T = M T,(A)+ LI
T.(C) = M, T,0[M.,T,0 C T.(9 = M T,B)

Figure 5.2. Relations between central tiles for conjugate substitutions. Left side:
the basic subtiles of T, (central tile of 4) can be rebuilt from the basic subtiles
of T , (central tile of Tribonacci substitution 4, conjugate to 4). Right side: the
basic subtiles of T , can be rebuilt from the basic subtiles ofT ,.

It might seem contradictory to obtain each central tile as a subset of the other; the solution
of this apparent paradox is that there is no canonical normaization for the central tile. Using

one substitution, we obtain in fact an in nite sequence (T (f)) of decreasing homothetic sets, with
relation given by the substitution: if we consider the central tile as the closure of the projection of
the discrete line, as explained in Section 3.1, the recodingising the substitution, selects a subset of
the discrete line which projects to a homothetic set, and ths can be iterated; the other substitution
gives another decreasing in nite sequenceT ") inserted in the rst, with T T ™M 1 ™
for all n. The best picture in this case is to use the canonical ow assdated with the substitution,
as de ned in [11]. The central tile appears as a section for tls ow; the action of the substitution
gives in fact an in nite family of homothetic sections. The conjugacy allows us to de ne another
family of sections, which can be inserted in the rst one.

The same property is true for the second example, using subigtition and ,: a7!' A; b7!
BC; c 7! C; one checks that » = 2and = , ; we leave to the reader the computation
of the related decompositions of the central tiles.
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Appendix 1: Boundary of a free group and algebraic laminatio ns

We now de ne intrinsic objects corresponding to what we de ned above; the aim of this
appendix is to prove that the symbolic lamination de ned above as the dynamical system generated
by the double substitution is indeed an algebraic laminatia in the sense of free groups.

Boundary of a free group. Since the free groupFy is a hyperbolic group, its Gromov boundary
exists and is denoted by@ Iy [27, 26, 21]. This boundary appears to be the space of ends Bf; : it
is a Cantor set which compacti es Fy . If a basis of Fy is xed, @Iy can be de ned as the set of
one-sided in nite reduced sequences in this basis, providewith the topology given by the cylinders
(one can prove that this topology does not depend on the choi of a basis).

Universal cover of a marked graph.Let G be a marked graph with marking : Ry ! G. Let
G stand for the universal cover of G, and pr : G ! G for the natural projection; G is a tree,
whose vertices have nite valence. There is a natural actionof Fy = 1(G; ) on G by deck
transformations. Since G is a simplicial tree whose vertices have nite valence, its Gromov)
boundary @5 exists and is a Cantor set which compactiesG [26, 21]. The boundary @ is
naturally identi ed with @Iy by xing a base point in G and using the marking : Ry ! G (or
equivalently the action of Fy on G).

An alternative de nition is as follows: the boundary @& can be de ned as the set of equiva-
lence classes of rays iiG, where two rays (one-sided paths) ofG are said to beequivalentif their
intersection is a ray. Consequently, a line (two-sided path in G de nes two distinct points of @5
(equivalent classes of rays obtained by cutting the line at gpoint), thus two distinct points of @Iy .
Conversely, two distinct points of @Iy de ne a unique line in G.

A special case is that of the Cayley graph associated with a kms of the free group, which
can be seen as a cover of the rose; one-sided in nite reducedgiences in this basis can be seen as
in nite reduced paths (rays) in the Cayley graph.

Action of Fy on Fy and @Iy . The group Fy acts on itself by conjugacy. This action is continuous,
and one can prove that it extends continuously to an action ofFy on @Iy by left translations.
We denote by @j : @Ik ! @Iy the left translation by u that is de ned by @i(Y) = uY for all
Y2 @kK.

Action of an automorphism on the boundary. Given an automorphism, it is natural to ask whether

it can be continuously extended to an homeomorphism of the bondary of Fy considered as a
set of one-sided sequences. As explained earlier, every @mautomorphism extends naturally to

@Ix. More generally, it is proved in [20] that such an extension gists for every automorphism

" 2 Aut(Fyn); we denote by @' : @k ! @Ik the homeomorphism extending' . The proof relies

on the fact that an automorphism ' of Fy is a quasi-isometry for the word metric associated with
some given basis. This implies in particular the following &ct: x a basis of Fy ; there exists a
constant C > 0 (depending on the basis and the automorphism ) such that for all reduced words

u, v such asuv is also reduced, then the cancellation occurring when contanating the reduced

images ofu and v by ' is bounded by C. This is the key ingredient for proving the existence of
@'

Laminations. Let us de ne some useful material about general laminationsin free groups. For
more details, see [22].

Consider the set@Fy = @R @R r (where isthe diagonalin @K @) of pairs
of distinct points in @Iy . Note that the topology of @y induces a topology on@Fy . Moreover,
the action of Fy on @R induces a diagonal action ofFy on @FyN. The set @Fy admits a
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distinguished involution # : (X;Y ) 7! (Y;X), called the ip involution : it is an Fy-equivariant
homeomorphism.

De nition .1.  An algebraic lamination L of Fy is a closed subset of@Fy which is Fy -invariant
and ip-invariant.

If we consider, as above@Iy as the boundary @5 of the universal cover of a graphG, an
element of @Fy can be seen as a biin nite line in the treeG, joining two distinct points on the
boundary. This representation depends of course on the choé of the graphG (or on the choice of
a basis, in the case of the Cayley graph), while the de nitionof @Fy is intrinsic.

Action of Out(Fy) on the laminations. The group Out(Fy) acts naturally on the set of algebraic
laminations of Fy, in the following way. Consider' 2 Aut(Fy) and (X;Y) 2 @Fn, and de ne
@' (X;Y) to be (@'(X);@'(Y)); then @ is an homeomorphism of@Fy . Note that if L is an
algebraic lamination, then @' (L) is also an algebraic lamination. Moreover, because of th&y -
invariance of L, @' (L) only depends of the outer class of ' , and we shall denote it by (L).

If ( L)= L, one traditionally says that stabilizes the lamination L.

Symbolic lamination. Since a point in @Fy de nes a unique line in G, an algebraic lamination L
de nes a set of lines inG, denoted by L (G). The symbolic lamination in G-coordinates associated
with L, denoted by L (G), is the set of lines in G which can be lifted to lines of L(G). The lines of
L (G) are called leaves

With such a symbolic lamination L(G), one can associate the sdt (L (G)), called the laminary
language ofL in G-coordinates, which consists of all the nite paths in G which occur in some leaf
of L(G).

The attractive lamination of an iwip outer automorphism. To study the dynamics of a free group
automorphism, it is interesting to consider its action on the boundary, and to look for xed points.
Similarly as in the case of surface homeomorphisms, it makesense to look for a lamination that
is invariant by an automorphism, and such lamination always exists for aniwip automorphism, as
detailed below.

Let be an iwip outer automorphism, and let f be a primitive train-track representative
f:G! G. We de ne the set L;“ according to the following condition: a path w of G belongs to

L{ if, and only if, there exists some edges of G and somen > 1 such that w is a subpath off "(e).
The following result is proved in [15] (see also [14]):

Theorem .2 (Bestvina-Feighn-Handel). Let be aniwip outer automorphism , and letf : G!
G be a primitive train-track representative. There exists an algebraic lamination L, called the
attractive lamination of , whose laminary language inG-coordinates is L;“ . Moreover:

this algebraic lamination does not depend on the choice of ¢htrain-track f representing
stabilizesL™, thatis, (L*)=L".

De nition .3. Let be an iwip outer automorphism , andlet f : G! G be a primitive train-
track representative. The symbolic attractive lamination in G-coordinates L™ (G) is de ned as the
set of two-sided sequences i@Fy whose language is included irL;’.

Let us note that one hasL(L" (G)) = L.

Symbolic dynamics generated by a symbolic laminationConsiderf : G! G a primitive train-track
map representing aniwip automorphism . Proposition .5 below states that the symbol ic attractive
lamination L{ (G) coincides with the lamination associated with the double sibstitution ;.
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Remark 8. The analogy with linear algebra can be enlightening. Considr an endomorphismf
of R3, and suppose thatf has an eigenspace which is a planB. Every choice of a basis oR®
allows one to describe the pland® thanks to an equation. This equation become simpler when the
basis contains a basis oP, since this choice of a basis respects the geometry df The attractive
lamination of an iwip outer automorphism 2 Out(Fy) is an intrinsic object, lying in @Fy . For
each choice of a marked graph, that is, a choice of coordinage the lamination can be represented
as a subset of lines embedded in the universal cover @&. When G is the graph of a train-track
map f representing , the subset of lines becomes \nice" since a he of this lamination is given by
iterations of f on an edge, and without cancellation. Roughly, we can also gathat the choice of
the representation respects the geometry.

Let us recall that the ip map is de ned in De nition 2.2.

Lemma .4. Let f be a primitive train-track map representing an iwip outer auomorphism. Then

there existsp such that for all edgea, the following decomposition holds:f P(a) = w j;aw;, with

w1, W 1 nonempty words. The following two-sided sequence i@Fy belongs to the symbolic attrac-
tive lamination in G-coordinates:

la=:::f0 DP(w )i fP(w )w 1 awf P(wy) i f 0 DP(wy) i 2 LY (G):

Let X,, = fSil,; j 2 Zg be the closed-shift orbit ofl,, where S denotes the shift map on
@Fn. Then
(X1,:;S) is a minimal symbolic dynamical system;
the symbolic attractive lamination L™ (G) is generated byX, :

L*(G) = Xi, [ ( Xy,):

Proof Fix an edgea of G. By primitivity of the transition matrix M, then there existsm > 0
such that all the entries of M are greater than 3. Hencef™(a) = x jax; or f ™(a) = x 1a Ix;
for all edgea, with nonempty x 1, X1 (sincea or a ! occurs at least three times inf ™(a)). Hence,
p=2m satises fP(a) = w aw; for all edge a, with nonempty w ;, wy. Then for all j > 2,
fiP(a) = w jaw; with w j = f0 DP(w 1):::fP(w )w 1 and wj = wyf P(wy) oo f O DP(wy).
Note that no cancellation occurs when iteratingf on a becausef is a train-track map, hence, we
can de ne |, as follows:

la= 0 f 0 DPew )i fP(w )w 1 awaf P(wy) ii:f 0 DP(wy) e
Since the language of; is included in L{ , we havel, 2 L™ (G).

The primitivity of M ¢ implies that the line |5 is quasiperiodic as shown in [15]. Consequently,
(X1,;S) is a minimal symbolic dynamical system (see Section 1.1).

The language of everyl 2 X, is the same as that of 5, i.e., the set of factors off f IP (a);k 2 Ng.
Since it is contained in L;’ , we haveX|, L*(G). Every nite factor of any two-sided sequence in
( Xy,) is included in an iterate ( fP(a)) = fP(a 1), so we also have (X,,) L*(G).

Let b be another edge in the graph. By the de nition of p, either bor b 1 occurs inf P(a). If

b occurs inf P(a), then the language ofly, that is, the set of factors of ff IP (b); k 2 Ng is included in
the language ofl,, hence,lp 2 X,,. If boccurs infP(a 1), then I 2 X (1) = ( Xy,). Finally, let

| 2 L™ (G). Every factor I} jj 1is afactor off P™i (g ). Since theg's are nite, there exists bsuch that
the language ofl is included in the set of factors off f P (b); k 2 Ng. Hencel 2 X, X[ (X)),
which implies L (G) = X, [ ( X},)- [

Proposition .5. Letf : G! G be a primitive train-track map representing an iwip outer auto-
morphism . The symbolic attractive lamination in G-coordinates L™ (G) is equal to the attractive
symbolic lamination L; of the double substitution off (see De nition 2.6).
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Proof. From De nition 2.6, if f is nonorientable, Lt is de ned as the symbolic setX , generated
by . By de nition, for every letter a, the two-sided sequencd, belongs toX ., hence Lemma
4 implies that L* (G) L. Conversely, ifl 2 L;, then its language is the same as that of any
periodic point of ¢, and |2 L* (G).

If f is orientable, the substitution (taking the square in the orientation-reversing case) splits
in two disjoint primitive substitutions conjugated by , an d L; is the union of the two systems
associated with the two primitive substitutions. By primit ivity, both subsystems are minimal and
generated by any periodic point for a letter that belongs to the corresponding alphabet. Let us x
a letter a. Then I belongs to one of the subsystems, andl 5 belongs to the other one. Hence
L = X, [ Xi =X, [ Xy, = L™ (G) from Lemma .4.

Corollary .6. Letf :G! G be a primitive train-track map representing an iwip outer automor-
phism and let S denote the shift map on the attractive lamination inG-coordinates L* (G) = L;.
Then the symbolic dynamical systen{L;;S) satis es one of the following properties:

If the double-substitution ¢ is orientable and orientation-preserving, (Lt ;S) admits two

subsets that are invariant by both the shift mafs and the train-track map f . These subsets
are minimal for the shift map. They are exchanged by the ip m@ . This is the case of
all extensions of substitutions to the free group.

If the double-substitution ; is orientable and orientation-reversing, then (L ;S) admits

two shift-invariant subsets that are exchanged by the ip. Tese subsets are minimal for
the shift map. The train-track f maps each invariant subset on the other.

If the double substitution ; is nonorientable, then(L¢ ;S) is a minimal symbolic dynamical

system.

Appendix 2: orientable surfaces and geometric automorphis ms

To conclude, we study automorphisms arising from homeomorpisms of orientable compact
surfaces, and we show that they can never bavip automorphisms on an odd number of letters.

The origin of the study of automorphisms of free groups can béound in the work of Nielsen,
and later Thurston, on di eomorphisms of surfaces. Indeed,such a dieomorphismf : Mg! Mg
gives rise to an automorphism of the fundamental group of thesurface, which is a free group if the
surface has a nonempty boundary.

To study their dynamics up to isotopy, Thurston introduced t rain-tracks as graphs embedded
in the surface. Note that these surface train-tracks have mee structure than those we have de ned
above: around each vertex, there are important data given bya cyclic order provided by the fact that
the graph is locally planar (see [16]). For a surface traintack, one can de ne admissible weights,
and a measurable foliation associated with admissible welgs. The question of the orientability of
this foliation is a particular case of the discussion above 0 the orientability of a train-track map.

We say that a free group automorphism isorientably geometric if it can be obtained by a
di eomorphism of an orientable surface My. Many automorphisms are not orientably geometric:

Proposition .7.  An iwip automorphism on a free group of odd rank is never orientablyapmetric.

Proof. Suppose thatf realizes aniwip automorphism on an orientable surfaceMy. This surface
must have a boundary, otherwise the fundamental group of thesurface is not free. If there are
N > 1 components of the boundary, we can suppose, taking a powef necessary, thatf xes
all components of the boundary. But the conjugacy class of te subgroup generated byN 1
component of the boundary is a free factor, which contradics the iwip hypothesis.

Hence there is exactly one component of the boundary; but in his case, it is well known
that the fundamental group of the orientable surfaceMg is a free group of even rank g; so every
orientably geometric iwip automorphism must be on a group of even rank.
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