BRUN EXPANSIONS OF STEPPED SURFACES

V. BERTHE AND TH. FERNIQUE

ABsTRACT. This paper presents a geometric version of Brun multidimensional continued fraction
algorithm acting on so-called stepped surfaces (these are a generalization of arithmetic discrete
planes). This geometric extension of Brun algorithm is motivated by the discrete plane recognition
problem: given a set of points in Z%, does there exist an arithmetic discrete plane that contains
it? We present here a strategy based on multidimensional continued fractions, inspired by the one-
dimensional Sturmian case. We will see that the role played respectively by words, substitutions,
and classical continued fractions will be played here by stepped surfaces [2], dual maps [3, 10], and
Brun algorithm [9, 19].
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INTRODUCTION

The discrete plane recognition problem can be stated as follows: given a set of points in Z?, does
there exist an arithmetic discrete plane that contains it? By arithmetic discrete plane, we mean a
set of points x € Z¢ verifying (x,a) < p < (x,a) + ||al|1 , where a € R1\{0} and p € R; this
discretization scheme corresponds to the notion of standard arithmetic discrete plane originated in
[18] and formalized in [1, 12]. We will call them in all that follows stepped planes according to the
terminology of [3].

This question is classical and central in the field of discrete geometry for the segmentation of
discrete surfaces and for polyhedrization issues for instance. Indeed, numerous applications can be
derived in image analysis and synthesis, volume modeling, pattern recognition... There exist various
strategies for the discrete plane recognition problem, such as described for instance in the surveys
[7, 8]. These methods are based on linear programming, on computational geometry by performing
separability tests, or on the so-called preimage technique which consists in determining the set of
parameters (o, p) of the arithmetic discrete planes that contain the given set of points. In particular,
geometric approaches based on two-dimensional Farey frations have been studied in [24] in order to
determine the preimage, the underlying continued fraction algorithm being investigated in [13].

In the one-dimensional case, there exists a natural strategy for the recognition problem based on
word combinatorics. We first code discrete lines thanks to the Freeman code. One checks that an
arithmetic standard line is made of horizontal and vertical steps. One can code such a standard
line by using the Freeman code over the two-letter alphabet {0,1} as follows: one codes horizontal
steps by a 0, and vertical ones by a 1. One gets a so-called Stumian word. Sturmian words are
widely studied, see e.g. Chap. 2 in [16] and Chap. 6 in [17]. Most of the combinatorial properties
of Sturmian words can be described in terms of the continued fraction expansion of the slope of
the discrete line that they code. Let us recall that a substitution is a morphism of the free monoid
whereas an S-adic word is an infinite word generated as the limit of an infinite composition of a
finite number of substitutions (for more details, see Chap. 12 in [17]). Sturmian words are proven to
be S-adic words; the rules for the iteration of these substitutions follow the continued fraction of the
slope of the line which is coded. We deduce from the combinatorial properties of Sturmian words
the following two facts: first, the factors 00 and 11 cannot occur simultaneoulsy in a Sturmian word,
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that is, one of the two letters 0 and 1 occurs as an isolated letter. Hence, up to a prefix of length 1,
any infinite Sturmian word can be written as o (v) or o1 (v), where v is an infinite word over {0, 1},
and the substitutions oy and o7 are defined as 0g: 0 — 0, 0p: 1 +— 10 and 01: 0+— 01, o1: 1 +— 1.
Secondly, we use the fact that v is itself a Sturmian word. We thus can reiterate the process.
Suppose now we are given a connected union of translates of horizontal and vertical segments with
integer vertices and length 1. We apply the previous process to the finite word coding this union of
segments by taking care of the boundaries. This corresponds to the method developed in discrete
geometry terms in [26, 22].

The aim of this paper is to present a strategy based on multidimensional continued fractions
inspired by the one-dimensional Sturmian case. For a more precise description of a recognition
algorithm based on the present paper, see [11]. The role played respectively by words, substitutions,
and classical continued fractions will be played here by stepped surfaces 2], dual maps |3, 10|, and
Brun algorithm [9, 19].

More precisely, a stepped surface is defined as a union of faces of integer translates of the unit cube
such that the orthogonal projection onto the hyperplane with normal vector (1,1,---,1) induces
an homeomorphism from the stepped surface onto the antidiagonal plane. See for instance Fig. 1.2
below. The main difference between a stepped surface and a stepped plane is that it is possible to
recognize locally whether a set of points in Z? is a subset of the set of vertices of a stepped surface
(see [15]). Nevertheless, stepped surfaces do not behave so distinctly from stepped planes: indeed,
they can be generated by performing flips on stepped planes [2].

Let us recall that a flip is a classical notion in the study of dimer tilings and lozenge tilings
associated with the triangular lattice. It consists in a local reorganization of tiles that transforms
a tiling into another one. Such a reorganization can also be seen in the 3-dimensional space on the
stepped surfaces. Suppose indeed that a stepped surface contains 3 faces that form the lower faces
of a unit cube with integer vertices. By replacing these three faces by the upper faces of this cube,
one obtains another functional stepped surface. According to [2], any functional stepped surface can
be obtained from a stepped plane plane by a sequence of flips, possibly infinite but locally finite, in
the sense that, for any bounded neighborhood of the origin in the antidiagonal plane, there is only
a finite number of flips whose domain has a projection which intersects this neighborhood. We thus
can come back via the notion of flips from stepped surfaces to stepped planes.

We have chosen here to work with Brun’s algorithm for the following reasons. We use the fact
that it is a unimodular multidimensionl continued fraction in the sense of [5], and that it is (weakly)
convergent. Our study also applies to other algorithms with analogous properties such as Jacobi-
Perron’s algorithm.

Let us note that we consider here standard arithmetic discrete planes. When replacing the norm
[||l1 by the norm ||||o in the definition of arithmetic discrete planes, one gets so-called naive
arithmetic discrete planes. The latter are usually considered in the recognition problem. We focus
here on standard arithmetic discrete planes for technical reasons. Both notions are strongly related
as shown e.g. in [21], Theo. 1.

A further motivation to the present study is the question of an efficient generation by means of
dual maps of a stepped plane. We also plan to extend our approach to discretizations of higher
codimension. Indeed, we are here particularly interested in projection tilings defined following the
so-called cut and project method (see for instance [20]). Roughly speaking, a d — k canonical
projection tiling is a tiling of R* obtained by projecting onto R the k-dimensional unit faces lying
in a "slice” V + [0,1)¢ of R%, where V C R? is a k-dimensional affine space. We consider here only
d — d — 1 canonical projection tilings, that is, codimension one tilings.
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Let us outline the contents of the present paper. Section 1 is devoted to the basic introductory
material, namely stepped planes and stepped surfaces, weighted and geometric sums. The notion
of flip is introduced in Section 1.2, as well as its extension to weighted sums as pseudo-flips. Sub-
stitutions, and more generally morphisms of the free group, have a natural generalization in higher
dimension which is recalled in Section 2. Their action on stepped planes and stepped surfaces is
detailed respectively in Section 2.2 and 2.3. Brun expansions are introduced in Section 3. In par-
ticular, Section 3.2 and 3.3 are devoted to the notion of Brun expansion of a stepped plane which
prepares the ground for the introduction of Brun expansion of a stepped surface in Section 3.4,
where the main “recognition” theorem of the present paper is proved:

Theorem 0.1. Let S be a Brun expandable stepped surface with a finite Brun expansion of positive
length N. Then, S is a stepped plane if and only if its image under the N-th iterate of the Brun
map is a stepped plane of normal vector (1,0).

We conclude this paper by discussing properties of Brun expandable stepped surfaces in Sec. 4
and by proving the following “classification” theorem:

Theorem 0.2. If a stepped surface has the same Brun expansion as a totally irrational vector, then
it is a stepped plane.

1. STEPPED PLANES AND STEPPED SURFACES

We introduce in Sec. 1.1 the notions of stepped planes and stepped surfaces, weighted and
geometric sums. Flips (as well as their extension to weighted sums as pseudo-flips) are defined in
Section 1.2 where we prove the main theorem of this section, namely Th. 1.14.

1.1. From tilings to weighted sums of faces. Let (ey,...,e;) stand for the canonical basis of
RY. For any x € Z% and i € {1,...,d}, we denote by (x,i*) the face of the translate by x of the
unit hypercube defined by (x,1*) = {e; + >_,,; Aje; | 0 < A; < 1}. Such a face is called unit face.
Examples of faces are depicted in Fig. 1.1.

Notation 1.1. The set of unit faces is denoted by F.

FIGURE 1.1. The faces (x,1%), (x,2*) and (x,3") (from left to right), in the d = 3 case.

For any non-negative non-zero vector u € R2\{0} and p € R, we define the following set of faces:
(1.1) Pap = {(x,i") | (x,0) < p < (x+ep, )},
where (.,.) denotes the canonical dot product. In fact, P, , consists in the intersection of the set F'
of faces with a “slice” of the form V + (0, 1]%,where V is a translate of an hyperplane with normal

vector . Moreover, one checks that x € Z? is a vertez of P, , (that is, x is a vertex of a face of
P, ,) if and only if x satisfies:

M=

(X? Oé> <p < <X+ei7a>;
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in other words, the set of vertices of P, , turns out to be a so-called standard arithmetic discrete
plane, a classic object in discrete geometry introduced in [18].

Let 7 stand for the orthogonal projection onto (e; + ... + eg)" where (e; + ...+ eg)"’ is the
hyperplane {x € Z¢ | (x,e; + ...+ e4) = 0}. The projection 7 is a homeomorphism from P,
onto its image which is isomorphic to R?~!. We thus obtain a tiling of R?~!, whose tiles are being
provided by the projected faces 7(x,i*)’s, for x € Z? and i € {1,--- ,d}. Fig. 1.2 (left) illustrates
the d = 3 case.

It is convenient here to introduce a second viewpoint on stepped planes. We define a weighted
sum of faces as a map £: F' — Z. We use the following notation:

E = Z )\(x,i*)(xu ’i*),
(x,i*)€F, £(x,i*)#0

where \(x;+) = £(x,1*). The coefficient A := A(y ;+) is called the weight of the face (x,i*). The face
(x,4*) is said to have weight A in &.

Notation 1.2. We denote by § the vector space of weighted sums.

Let us stress the fact that infinitely many coefficients may be non-zero in a weighted sum, that
is, F differs from the vector space generated by the set of faces F.

Let (&n)nen be a countable family of weighted sums. The weigthed sum ), &, is said to
be well-defined if for every face (x,4*), then ) &,(x,7*) is finite. In this latter case, ), -y&n is
defined as the weighted sum that gives weight > &,(x,:*) to the face (x,i*).

neN

Definition 1.3. The stepped plane of normal vector o € Ri\{()} and intercept p € R is the
weighted sum of faces with weights in {0, 1} defined by:

Pap= 3 (x1)
(x,i*)€Pa,p
where P, , is recalled to be equal to
Pop={x1") | (x,0) <p < (x+eila)}.
Notation 1.4. We denote by ‘B the set of stepped planes.

Let us introduce now more general examples of weighted sums, namely stepped surfaces, intro-
duced in [15].

Definition 1.5. A stepped surface is a weighted sum of faces with weights in {0, 1} such that = is
an homeomorphism from the union of faces with weight 1 onto R4~!,

Fig. 1.2 (right) illustrates the d = 3 case.
Notation 1.6. We denote by & the set of stepped surfaces.
We first prove the following basic property of stepped surfaces that will be used hereafter.

Proposition 1.7. If x and y are vertices of a stepped surface, then the coordinates of the vector
x —y are neither all positive nor all negative.

Proof. Let x = (21, -+ ,x4) andy = (y1,--- ,yq) be two vertices of a stepped surface S. We assume
w.l.o.g. that x —y has only positive entries (we write for short x —y > 0). Since the surface S
is connected, there exists a finite sequence z = (2z,)o<p<n Of vertices of S that satisfies zp = x,
zy =y, and foralln € {0,--- ,N —1}, z, 41 — 2, = €;,,, with i, 1 € {1,--- ,d}. We deduce from
x —y >0 that {i1,--- ,in} ={1,--- ,d}.
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FIGURE 1.2. Left, a stepped plane (that is, a weighted sum of faces in R?), whose
vertices form a standard arithmetic discrete plane. Right, a stepped surface. Both
can be seen as tilings of R? by projections of unit faces (that is, lozenges).

We now introduce the increasing sequence of integers (1,(k))1<x<q defined as
rz(k) := min{n | Card({i1, - ,in}) = k}.

One has r,(k) > k, for all k.

Let us prove by induction on & that for every k, we can define a new sequence z(k) = (z(k)n)o<n<n,
of points of S that satisfies 7,1 (k) = k with z(k)o —z(k)n, > 0, by reorganizing and sorting vectors
from the sequence (e;,)i<n<n-

We first note that 7,(1) = 1 by definition. Let us assume d = 2. One has y —2,,(3)_2 > 0. Indeed,
ir,(k)—1 7 iry(k) Dy definition of 7,(k). Hence, the sequence z(2) := (2,,(2)—2; Zr,(2)—1> Zr,(2)—2)
satisfies 7,y (2) = 2.

We now assume d > 3. Let 2 < k < d — 1. We assume that the induction hypothesis holds true
for k — 1, that is, 7,(,_1) = k — 1 for some sequence z(k — 1). We also assume that r,;_;) >k + 1.
To simplify the notation, we write (k) for r,,_1)(k). We consider the three following vertices of S

Xp(k)—25 Xr(k)—1 = Xp(k)—2 T €y 15 Xr(k) = Xp(k)—2 T €y 1 T €i(k)-

One has again i,(;)_1 # i) by definition of r(k). The point x,()_2 + €;,,, belongs to the stepped
surface S (we recall that d > 3). Indeed this point X,)_o + €;() is the fourth vertex of a subface
of S, and thus belongs to S. By replacing x,(x)-1 by X,(1)—2 + €., In z(k — 1), which amounts
to exchange €, (k)1 and €i, () and by iterating this process for the indices i,)—1," " Ip(k—1)+1, W€
obtain a new sequence z(k) of points of S such that r,) (k) = k.

We thus deduce that there exists a finite finite sequence (z(d))o<x<q of vertices of S that satisfies
Zq—Zo = €;, + -+ €, = e + - -+ e4, which contradicts the injectivity of the projection 7 on the
stepped surface S. O

To conclude this section, let us introduce the notion of geometric sums.

Definition 1.8. A geometric sum (also called a binary sum) is a weighted sum of faces with
weights in {0,1}. We denote by B (like binary) the set of geometric sums. If a face has weight 1 in
a geometric sum, then it is said to belong to this geometric sum.

A geometric sum admits a geometrical representation by considering the union of its faces of

weight 1. In particular, both stepped planes and stepped surfaces are geometric sums, so that one
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finally obtains (with all the inclusions being strict):
PPCESCBCST.

1.2. Flips and pseudo-flips. We have considered sofar tilings of R?~! by tiles which are projec-
tions of faces of unit hypercubes of R%. As mentioned in the introduction, such tilings are widely
studied in mechanical physics and, in this context, a central notion is the flip. Roughly speaking, a
flip is a local rearrangement of tiles, as depicted on Fig. 1.3 in the d = 3 case. Such a rearrangement

Ay

FiGure 1.3. Flip

can be seen in R?. This is the viewpoint we take here. We thus consider flips as exchanges of faces
in space R%. More formally, for any x € Z%, we define the following weighted sum Fy € §:

i=d i=d
Fe=) (x,8) =) (x —e;,i").
=1 =1

Since flips can be seen as a local exchange of faces, performing a flip on a stepped surface does not
affect the fact that the projection 7 is an homeomorphims onto its image, and thus this operation
preserves the property of being a stepped surface. More formally, we say that a stepped surface
S’ € G is obtained by performing a flip Fx over a stepped surface S € & if one has: §' =S + F.

More generally, the notion of flip extends to weighted sums:

Definition 1.9 (Pseudo-flip). A weighted sum &’ € § is obtained by performing a pseudo-flip Fx
on the weighted sum £ € § if one has: £ = & + Fi.

We use here the terminology pseudo-flip to stress the fact that the notion of pseudo-flip is not
“geometric” contrarily to the notion of flip. This definition naturally leads to the notion of pseudo-
flip-accessibility over weighted sums:

Definition 1.10 (Pseudo-flip-accessibility). A weighted sum &’ is said to be pseudo-flip-accessible
from the weighted sum £ if there exists a finite sequence (&,)o<n<n of weighted sums such that
E = &y, &, is obtained by performing a flip on &,_1, and Ey = £’. We thus get:

N
EN=E+ ) enFx,, with Vn, &, € {£1}.
n=0
Note that pseudo-flip-accessibility is a symmetric relation. Note also that faces of two pseudo-
flip-accessible weighted sums have identical weights if they are far enough from the origin. Thus,
weighted sums are not always pseudo-flip-accessible. For example, two stepped planes with differ-
ent normal vectors are not pseudo-flip-accessible. This leads to extend the notion of pseudo-flip-
accessibility by allowing not only finite but also infinite sequences of flips. We first define a distance
dg over weighted sums of faces (the norm || || stands for the Euclidean norm in R9):

Definition 1.11. Given two weighted sums & and &', we set d(E€,&') = 0 if £ = £’. Otherwise,
d(€,&") is equal to 2~ F where R is the supremum of the set of real numbers 7 > 0 such that £ and
&' take the same values on the faces (x,:*) € F with ||x]|| <.

Roughly speaking, the larger the balls B(0,7) = {x € R? | ||x|| < r} the restriction of the
weighted sums € and &’ coincide on, the closer £ and &’ are.
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Definition 1.12 (w-pseudo-flip-accessibility). A weigthed sum &’ is said to be w-pseudo-flip-
accessible from the weighted sum & if there exists a sequence (& )ken of weighted sums that satisfies

(1) € =&,
(2) lim dgz(&, &) =0,
k—oo

(3) & is obtained by performing a flip on ;.
Proposition 1.13. Any two stepped surfaces are w-pseudo-flip-accessible.
Proof. We say that x € Z% is above (resp. below) the stepped surface S if there exists a point y € S
such that Zle xT; > Zle y; (resp. Zle z; < Z?Zl ;). We similarly say that x € Z% is strictly
above (resp. below) S if there exists y € S such that Zgzl xT; > Z?Zl y; (resp. Zle T < Zgzl Yi)-
Let us note that this definition is consistent according to Proposition 1.7.

Let S and S’ be two stepped surfaces. Let €5 s be the function from 7% into {0, £1} defined as
follows (see also Fig. 1.4):

1 if x is aboveS and strictly belowS’
es,ss = ¢ —1 if xis belowS and strictly aboveS’
0  otherwise

We label as (x)ncn the set of x such that 5 ./(x) # 0 in such a way that if n < m, then ||x,|| <
[|xm||, and ||xp|| # ||xm]], if n # m. We define for N € N the weighted sum

Sy =S+ Z 6575/(){”).7:,(”.
0<n<N

One checks that the sequence (S,,), converges toward S, which implies that S’ is w-pseudo-flip-
accessible from S. O

\ \ \
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FIGURE 1.4. Two stepped surfaces S (dashed line) and S’ (plain line) in the d = 2
case. The function s s maps vertices above S and strictly below &’ to +1 (white
points), and vertices below S and strictly above S’ to —1 (black points). Other ver-
tices are all mapped on 0. By adding or subtracting flips according to this function,
the stepped surface S is transformed into the stepped surface S’ (from left to right).

Consequently, the notion of w-pseudo-flip accessibility could seem to be not restrictive enough.
Nevertheless, the following theorem illustrates the interest of this notion that will play a key role in
the following sections (see in particular the proof of Th. 2.11):

Theorem 1.14. If a geometric sum is w-pseudo-flip-accessible from a stepped surface, then it is a
stepped surface.



Proof. We first start by considering two pseudo-flip-accessible geometric sums. Let us show that
one can rearrange the finite sequence of pseudo-flips in order to obtain only geometric intermediate
sums. Let the geometric sum & be pseudo-flip-accessible from the geometric sum &’. There exist a
finite sequence of flips (Fx, )n=1,..~, and a finite sequence of weights (\,)n—1,.. n such that:

N
E=En=E+) MFx,,

n=1

where, for every n, A\, € Z*, x,, € Z%. We furthermore assume w.l.o.g. that n # n/ yields x,, # X,.
The intermediate sums & = & + M Fx, + ... + \pFx,, for k € {1,..., N — 1}, are not necessarily
geometric.

Let us rearrange the sequence of flips as follows. Let < be the partial order over Z¢ defined by:

(1, xq) X (Y1,...,yq) if, for all i € {1,....d}, z; < ;.

By sorting flips according to the partial order <, respectively for the positive and negative A\;’s, we
can assume that .
, i1<j if A >0and Ay >0
Xi2x = { i>j if)\TEZ-; <0 and ATZ; <0.

Let us prove by induction on k € {0,--- , N} that all the intermediate sums & are geometric. Note
that & = £ (as well as Ey = £’) are geometric.

We suppose that & is geometric for some k, with 0 < k¥ < N —1. Let us assume that A1) >0
(the case A;(;41) < 0 is handled in a symmetric way). Let us fix i. We first consider the weight of
the face (X-(p41) — €;,1") in Eq1. Omne has Ex11(Xr(t1) — €is77) = Ep(Xr(or1) — €i51°) — Ar(ry1)-
Let £ such that ¢ > k + 1. By assumption, one has x. — €; # X-(441) — €; furthermore, if
Xr(0) = Xr(k) — €;, then Ary) < 0. Hence

Ekt1 (Xr(hr1) — €0y 17) = E(Xr(hy1) — €87) — Ar(ey1) = EN(Xr(ey1) — €:,47) € {0,1}.

We deduce from & (X (p11) — €;,1*) € {0, 1} that A 441y = 1, and thus that &1 (Xr(p11) — 1) €
{0,1}.

We consider now the weight of the face (x;(41),7"). One has for 1 < £ < k, Xy # X;();
furthermore, if x; () — €, = X, (1), then A 4y < 0. Hence

€k+1(XT(k+1)7 2*) = gk(XT(k+1)?i*) + )\T(k+1) < gO(XT(kJrl)vi*) S {07 1}
We deduce that & (x,(x+1),7") = 0, and that Exy1(Xr(k41),7*) = 1, which ends the induction proof.

Let us end now the proof of Theorem 1.14. The idea of the proof is to use the fact that being a
homeomorphism for 7 is a “local” property. Indeed, let £ be a geometric sum which is w-pseudo-
flip-accessible from the stepped surface S. Let r > 0. Let us prove that 7« is an homeomorphism
from the union of faces (x,:*) of weight 1 in & that satisfy ||x|| < r onto its image. Let (£), (resp.
(S)r) stand for the restriction of £ (resp. ). to this set. We have proved that the geometric
sum (&), is pseudo-flip-accessible from (S), with intermediates sums being geometric sums, and
thus stepped surfaces, since S is a stepped surface. Since 7 is a homeomorphism from the stepped
surface S onto R%~! and since this is invariant by performing the previous flips, this yields that =
is a homeomorphism from the union of faces of £ with weight 1 which are in B(0,r) onto its image
in R%1. Since this holds for any r > 0, this proves that 7 is a homeomorphism from &£ onto R4,
that is, £ is a stepped surface. O

The following stronger result is proven in [2]: let us fix « a real vector with positive entries and
p € R; then, any stepped surface S is w-flip-accessible from the stepped plane P, ,, that is, there
exists a sequence (Si)ren of stepped surfaces that satisfies
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(1) Pa,p = So,
(2) lim dg(Sy, S) =0,

(3) Sk is obtained by performing a flip on Si_1.

For example, the right stepped surface of Fig. 1.2 can be obtained by performing (infinitely
many) flips over the left stepped plane of the same figure. Note that there exist stepped surfaces
which are not w-flip-accessible (a trivial example consists in a stepped plane of normal vector e;, for
a given ¢ € {1,2,--- ,d}: one easily checks that no flip can be performed on such a stepped plane).
A complete characterization of w-flip-accessibility in terms of shadows is provided in [2], see also

[6]-

2. ACTION OF THE LINEAR GROUP ON STEPPED SURFACES

We introduce in this section the notion of dual map associated with a unimodular morphism of
the free group. Dual maps are shown to act on stepped planes in Sec. 2.2 and on stepped surfaces
in Sec. 2.3.

2.1. Free group morphisms, dual maps and the linear group. The free group over {1,...,d}
is denoted by Fy. A morphism of Fy is thus a map o : Fy — Fy such that, for any u, v in F,
o(uww) = o(u)o(v).

The incidence matriz of a morphism o of Fy, denoted by M,, is the d x d matrix whose entry at
i-th row and j-th column is the number of occurrences of the letter ¢ in o(j) minus the number of
occurrences of the letter i~! in o(j). Note that two different morphisms can have the same incidence
matrix and that every matrix with entries in Z can be seen as the incidence matrix of a morphism.
Morphisms whose incidence matrix has determinant +1 are said to be unimodular; they play an
important role in what follows.

A morphism of the free group o is an automorphism if there exists a morphism, denoted by
o~ !, such that 0 o 0! = Id. Note that an automorphism is necessarily unimodular, but that a

unimodular morphism is not always an automorphism.
Last, a morphism of F} is said to be non-negative if it maps each letter of {1,...,d} to a word

over {1,...,d}, and it is said to be non-erasing if it does maps no letter to the empty word. Non-
negative non-erasing morphisms are usually called substitutions.

Example 2.1. Let us illustrate the previous notions with the following morphism:

1 — 12
o 2 — 13
3 — 1

It acts over the free group over {1,2,3}. For example, one has
o(171312) = o(1) " to(3)o(1)o(2) = (12)7 111213 = 27117111213 = 2711213,

Its incidence matrix is:

o @~
—_ O =
S O =



Since this matrix has determinant one, ¢ is a unimodular morphism. It is moreover invertible.
Indeed one checks that

1 — 3
ot 2 — 31
3 — 3712

One has, for example:
cloo(l)=01(12)=33"1=1=0(3) =000 ().

Its incidence matrix is

0 1 0
M, =(M,)t=(0 0 1
1 -1 -1

Now, let us briefly recall the notion of dual maps associated with unimodular morphisms, intro-
duced in [3] for positive morphisms and extended to the general case in [10]. We first introduce the
Parikh map f : {1,---,d}* — Z% defined by f(w) = (|w|; — |w|-1,--- , |w|q — |w|4-1), where |w);
stands for the number of occurrences of the letter ¢ in w.

Definition 2.2 (Dual map). Let o be a unimodular morphism of the free group F;. The dual map
Ef(0): § — § associated with o is defined as follows. Let £ be a weighted sum. The weighted sum
E(0)(€) gives to a face (y,j*) the weight

Y E(My(x+£(p),i*) - > E(My(x +£(p) — e;),i").

(xvi*)’ U(j):p'i's (Xvi*)v o’(j):p-i'l-s

In particular, F{ (o) acts on the weighted sums restricted to one face as follows

(2.1) Ef(0)(x,i") = ) (M (x—£(p)),5") = D (M;'(x—£(p) + &), 57").

a(j)=p-i-s o(j)=p-il-s

One easily checks that Ef (o) satisfies Ef(0)(E+E") = Ef(0)(E)+Ef(0)(E'), for any two weighted
sums £ and £’. Furthermore, one key property of dual maps is their behaviour with respect to
composition:

Theorem 2.3 ([10]). Let o, o’ be two morphisms of the free group F;. One has
Fi(0 00') = B{(6") o Fj(0).

Hence “desusbtituting” a weighted sum with respect to the morphism Ej (o) reduces to the ap-
plication of Ef (o~ 1).

It is worth noticing that Ej(c) maps two faces (y,j*) and (z,j*), for some j that satisfies
1 < j < d onto weighted sums of faces which are equal up to a translation of vector M, 1(z—7y). In
other words, Ff (o) is uniquely characterized by its action on the faces (0,5*), for 1 < j < d, and
by the matrix M L.

Example 2.4. Let us compute the dual map associated with the morphism introduced in Ex. 2.1.
It suffices to compute its action over unit faces (0,j*), j = 1,2, 3:

(0,1%) = (0,1%) +(0,2%) +(0,3%)
Ei(o) : {4 (0,2) — (—es,1%)
(0,37) = (—es2%).
10



One can also compute the dual map associated with the inverse of o:
(07 1*) = (elv 2*)
Ef(c™) : { (0,2%) — (e1,3%)
(0,3) — (0,1%) — (e1,2*) — (eq, 3%).

FIGURE 2.1. Action of the dual map Ej (o), where ¢ : 1 — 12,2 — 13,3 — 1, over
the unit faces (0,1*), (0,2*) and (0, 3*) (from left to right).

2.2. Action on stepped planes. Dual maps associated with unimodular morphisms of the free
group are defined over the set § of weighted sums of faces. In this section, we are particularly
interested in the way these maps act over the set I3 of stepped planes.

The action of dual maps over stepped planes is well characterized by the following theorem, which
extends Th. 14 in [14] stated in the case of dual maps of non-negative (unimodular) morphisms:

Proposition 2.5. Let o be a unimodular morphism. Let p € R and o € Ri\O. If Mo € Ri,
then EY(0) maps the stepped plane Py, onto the stepped plane PuTa,p- Conversely, if Mla¢ Ri,
then the image of P, , is not a geometric sum.

Proof. First, note that £ = EY(0)(Pa,p) is well-defined and is a weighted sum. We fix j € {1,--- ,d}.
Let (y,j*) be a face and let us compute the weight £(y, j*). We use the notation

o) = w0 )

Let (x,7*) such that P, ,(x,7") = 1. By definition,
Ely,j") =#{k | w,(f) —jandy = M, }(x — f(ng) . ..w,(jj )}
—#{k | w](cj) =i tandy =M, (x - f(ng) . w,@l) +e;)}.

Note that, with r, = M,y + f(ng) . w,(gj)) for 0 < k <, the first cardinality of the right-hand
side of the equality yields:

x=rp1 and x+e =71p_1+e =11 +f0) =11+ f(w,gj)) =rg,

while the second yields:
X=rp_1—€=rp_1+fG@ ) =r_1 + f(w,gj)) =7, and xX-+e =r,_1.
Recall that P, ,(x,7*) = 1 if and only if (x,) < p < (x + €;, ). Therefore, one has:
E(y, ") =#{k | (re—1,0) <p < (ri, )} — #{k | {ri, ) < p < (re—1, )}
It is not hard to see that, if (rg,a) < (r;, «), then this yields:

ey 1 if(ro,a><p§<7“l’0‘>a
E(y,J") = { 0 otherwise.
Similarly, if (rg,a) > (17, ), then this yields:
| =1 if{rg,a) > p > (r,aq),
E(y,j") = { 0 otherwise.

11



Last, note that:
(’I“0,0é> = <M0'y= a> = (yu M(;ra>7

(ri, ) = (Mpy +£(0(0), @) = (Mo (y + ), ) = (y + i, M a).
Thus, Mo € R? yields (rg,a) < (r,a) and, according to what preceeds, £(y,j*) = 1 if and only
o + g
if (y, M]a) < p < (y+e;, M]a). This proves that £ = PrT

Conversely, M, o ¢ RY yields that, for some 4, (rg,a) > (r,«). Hence, there is a face (y,j*)
such that £(y,j*) = —1. This shows that £ ¢ B. O

FIGURE 2.2. If the image of a stepped plane P, , by a dual map Ej (o) is geometric,
then it is the stepped plane Py;r, .

In particular, Prop. 2.5 easily yields the following theorem:

Theorem 2.6. Let o be a unimodular morphism. If the image by EY(0) of a stepped plane is
geometric, then it is a stepped plane:

Ef(o)(B)NB CP.

Note that, in the particular but important following case (which includes, for example, unimodular
substitutions), it is no more necessary to assume that the image is geometric:

Proposition 2.7. If o is a unimodular morphism whose incidence matriz has non-negative entries,
then Ej (o) maps stepped planes onto stepped planes:

M, >0 = Ei(0)(F) CP.

Proof. Since M a € R‘i for any a € Ri\O, the result follows from Prop. 2.5. g

It is also worth stressing that Prop. 2.5 yields that the image of a stepped plane by a dual map
depends only on the incidence matrix of the underlying unimodular morphism:

Proposition 2.8. Let o and o' be two unimodular morphisms with the same incidence matriz
My = M. If a stepped plane P € B has a geometric image by EY (o), then one has:

Ei(o)(P) = Ei(o")(P).
12



2.3. Action on stepped surfaces. In this section, results concerning the action of dual maps over
stepped planes are extended to stepped surfaces, by relying on the notion of flip introduced in Sec.
1. First, the following lemma shows that dual maps act very particularly over flips:

Lemma 2.9. Let o be a unimodular morphism. One has:
VX €28, BN0)(Fe) = Faory.

Proof. Fori=1,--- ,d,let [; = |o(7)| and p](j) stand for the prefix of length & of o (i) (in its reduced
form). We recall the notation

o(i) = wgz)wg) e wl(?).

7

Let x € Z%. One has
EB{(0)(Fe) = X Yjietimpis (M lx—1(0)),5) — (M (x — e = £(p)), 5")
S Yoyt (Mgt (x = £(p) + €:), %) = (M (x = £(p)), )
By using the previous notation, this implies that Ef(o)(F;) equals:
d
> > (M (e = £(p)). ) = (M7 (= £ (wl)y) = £0)). 57)

1
I=togk<t;—1, w) {1, d}

ey > (M (x — £60)), %) — (M5 (x — £wl)) — £6)), ).
I=Yo<k<t;—1, wf) e{1,,d} 1

One thus gets

=Y 3 (M x — £, 5%) — (M5 (x — £ ), 57)

1
I=Yo<ks<t;—1, wf) e{1, ,d}

d
d | |
t > (M (= £)), 57 — (M7 x — £L,)). ).
I=Yo<k<t;—1, wf) e{1,,d} 1

This implies:

B O)F) = Sicen aema M 09,5 = (M7 () = My (£(0(3)).5°)
b e (M09, = (M7 () = My (0 (). %)
St ey (M6 — (M)~ e5,%)
+ zlw o gt (M09, = (M09 = 5, 57)
= Fu:
which ends the proof. O

Th. 2.6 and Lem. 2.9 characterize the action of dual maps over, respectively, stepped planes and
flips. In order to extend this to stepped surfaces by relying on the results of Sec. 1, we also need
the following lemma:

Lemma 2.10. Let o be a unimodular morphism. The map Ej (o) is uniformy continuous over §.

Proof. Let o be a unimodular morphism. Let £ € §. Let r > 0. From the expression of Ef (o),

we deduce that there exists R > 0 such that for all (y,j*), with ||y|| < r, which has a non-zero

weight in Ej(0)(€), then all the faces (x,4*) € F for which (y, %) occurs with a non-zero weight in

Ef(0)(x,4") satisfy [|x|| < R, hence the uniform continuity. O
13



N2
é Eio)

FIGURE 2.3. The weighted sums ) ,(x,7*) (top left) and > ,(x—e;,7*) (bottom left)
are respectively mapped by the dual map Ej (o) on Ej(0)(>_,(x,i*)) (top right) and
Ef(o)(>;(x —e;,i*)) (bottom right). The weighted sum defined by the difference
of the two former weighted sums (left) is equal to the flip Fy, and it turns out that
the difference of the two latter weighted sums (right) is equal to the flip Fj;,-14. In
short, EY(0)(Fx) = Frro—1x-

|

We are now in a position to extend Th. 2.6:

Theorem 2.11. Let o be a unimodular morphism with incidence matriz M,. If the image by Ej (o)
of a stepped surface S is a geometric sum, then S is a stepped surface:

EX0)(6)NB C 6.

Proof. Let S be a stepped surface and assume that E](0)(S) is a geometric sum. We first prove
that there exists a nonzero vector a € [0,1]? such that M) o has nonnegative entries. For all
n € N, (S),, stands for the restriction of S to {x € Z¢ | ||x|| < r}, and |(S),| (resp. |(S)nl|;) for
the number of faces (resp. of type i) with positive weight in (S),,. We use similar notation for
Ef(0)((S)n). For n large enough, one has |Ef(0)(S),| > 0. Indeed, according to Lemma 2.10, the
sequence (E7(0)(S)n)n tends with n to £} (0)(S) which is a geometric sum by assumption. We thus
can define

1 1
‘(8)n|(|(3)n‘17 N(S)nla), and B, = m

By (2.1), there exists for every n a nonnegative integer \,, such that \,3, = \, M, UT ay,. The vectors
oy, and (3, have norm ||||; equal to 1 and the nonnegative real numbers A, take bounded values.
By compacity, we thus can extract from sequences (ay,)n, (8n)n and (A,), convergent sequences of
respective limits «, 3 and A which satisfy A3 = M a and o, 8 € [0,1]¢\ {0} and \ > 0.

According to Prop. 1.13, there exist a sequence (& )ren of weighted sums and a sequence of flips
(Fx,,)ken, such that Py o = So, kllrgodg(gk,g) =0, and, for any k > 1, & = &1 £ Fx, -

Let us fix k. One has:

Ay =

(BT (@) (S)alr, -+ |ET(0)(S)nla)-

E(0) (k1) = E1(0) (&) + E7(0)(Fx, ),
and according to Lem. 2.9, this implies:
E{(0)(Eri1) = ET(0) (&) £ Fppoiy, -
Furthermore, according to Lem. 2.10, one has klim dz(E7(0)(&), ET(0)(£)) = 0.
— 00

We deduce from Th. 2.6 that the geometric sum Ef(0)(S) is w-pseudo-flip-accessible from the
stepped plane Py, o, and Th. 1.14 finally yields that £7(c)(S) is a stepped surface. O
14



FIGURE 2.4. If the image of a stepped surface by a dual map is geometric, then it
is a stepped surface.

As in the case of stepped planes, Prop. 2.5 implies that the image of a stepped plane by a dual
map depends only on the incidence matrix of the underlying unimodular morphism (see Prop. 2.12
below). Note that Eq. (2.1) easily shows that, if M, = M, but o # ¢/, then E{(c) and Ej(¢’) do
not act in the same way over faces of a stepped surface.

Proposition 2.12. Let o and o’ be two unimodular morphisms with the same incidence matriz
My, = M, . If the image of a stepped surface S € & by E}(0) is a geometric sum, then one has:

Ef(0)(8) = Ei(o)(S).

Proof. Let o0 and o’ be two unimodular morphisms with the same incidence matrix M, = M,,. We

assume that the image of a stepped surface S € & by Ef(0) is a geometric sum. According to the

proof of Theorem 2.11, there exists a nonzero vector o € [0,1]¢ such that M. a has nonnegative

entries. According to Prop. 1.13, there exist a sequence (& )ren of weighted sums, a sequence of flips

(Fx,.)ken and a sequence of weights (ex)ren € {1} such that P, = &, klim dz(&k, €) = 0, and,
—0oQ

forany k > 1, & = Sp_1 +exFx, - According to Lem. 2.10, one has klggodg(Ef (0)(&k), ET(0)(S)) =

0 and similarly kli_)rgo dz(E7(0)(Ek), Ef(0")(S)) = 0. We conclude by noticing that for every k, one

has B (0)(€x) = B (0")(Ex) (= Pagan + o enFassix, ) O
We have, similarly as in the case of stepped planes (see Prop. 2.7):

Proposition 2.13. Let o is a unimodular morphism whose incidence matriz has non-negative
entries. Then, E (o) maps stepped surfaces onto stepped surfaces:

M, >0 = E}(0)(6)C 6.

Proof. According to Th. 2.11, it suffices to prove that the image by Ej (o) of any stepped surface
is a geometric sum. Suppose that there exists a stepped surface S € & such that Ef(0)(S) ¢ B.
The image of S by Ef(c) depends only on M, according to Prop. 2.12. Since M, has non-negative
entries, we can assume that o is a substitution. Thus, the faces of Ef(0)(S) have non-negative
weights, according to Eq. (2.1). Hence, Ef(0)(S) ¢ B yields that there exist two distinct faces
(x1,47) and (x2,43) of weight 1in S and j € {1,...,d} such that:

o(j) = pri1sy = paizsy and My (xy — f(p1)) = My ' (x2 — £(p2)).

This yields x; — x2 = f(p1) — f(p2). Moreover, (x1,7]) # (X2,45) yields p; # p2. We can assume
w.l.o.g. that py is a prefix of p;. This implies the vector f(p;) — f(p2) — f(i2) has non-negative
15



entries. Let us now consider the vectors y; and y9 defined by y; = x1 + Zle e; and yo = X9 + eo.
Both are vertices of, respectively, the faces (x1,4]) and (x2,5), hence of S. They satisfy:

d d
Y1—Y2=(X1+E ei)—(X2+e2):(X1—X2—ez)+§ e;.
—_——

Therefore y; and yo are two vertices of S such that y; — yo has only non-negative entries: this
contradicts Prop. 1.7, which ends the proof. O

3. BRUN EXPANSIONS

3.1. Brun expansion of a real vector. In this section, we define Brun expansions of d-dimensional
real vectors. For more details on multidimensional continued fractions and Brun’s algorithm, the
reader is referred to [5, 19]. We first introduce the so-called Brun map (|x| denotes the integer part
of x € R):

Definition 3.1. The d-dimensional Brun map T is defined over [0, 1]%\{0} by:
i1 1 1 i
T(al,...,ad):<ﬂ...,a 1,——{—J,a+1,...,%>,

)
QG o Qy (67} (67} QG

where i = min{j | o;j = ||@||sc }. Furthermore, we set 7°(0) = 0.

It is worth noticing that, in the d = 1 case, the map T is nothing but the classic Gauss map. For
d > 2, the Brun map consists in applying the Gauss map on the first largest entry, the other entries
being divided by this largest entry.

Recall that the Gauss map is used to define the continued fraction expansion of a real number.
Similarly, the Brun map is used to define a d-dimensional extension of continued fraction expansions,
called Brun expansion:

Definition 3.2. The Brun ezpansion of a real vector o € [0,1]9\{0} is the sequence (ay,%n)n>1
with values in N* x {1,...,d} defined, while 7"(«) # 0, by:

an = [IT"(@)|Ix]  and ip = min{j | (T"(a),€;) = ||T" ()]s }-

One writes: a = [(a1,71), (a2,42),...]. If T"(a) # 0, for some n, then the algorithm is said to
terminate and the expansion of « is finite.

It is convenient to provide a matrix viewpoint on Brun expansions by considering a projective
version of it. Brun’s algorithm can be described in projective terms as follows: one subtracts as
much as possible the second largest coordinate to the largest one. For more details, see e.g. [4]. In
order to simplify the notation, we choose here to normalize our projectivized vectors by setting their
first coordinate equal to 1 (see Eq. (3.1) below). For a € N and 7 € {1,...,d}, we thus introduce
the following (d + 1) x (d + 1) matrix:

where I, stands for the p x p identity matrix and all the unspecified coefficients are equal to
zero. Note that B, ; has integer entries and determinant —1, and thus belongs to the linear group
GL(d+1,7Z).
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Consider now a = (a1,...,a4) € [0,1]7\{0}. For i = min{j | a; = ||a||x} and @ = |a; '], an
easy computation shows that

(3.1) (1, ) = [lof[oc Ba,i(1, T()),

where (1,u) = (1,u1,...,uq) foru = (uy,...,uq). In particular, if o has Brun expansion (an, in)n>1,
this yields, for every suitable n:

(3'2) (1,a) = HnMn(LTnJrl(a))v

where p, = [|T%(@)||oc X - .. X ||[T"()||oo and M,, = Ba, 4, ... B

An+1 7in+l °

We rely on this matrix viewpoint to recall the property of (uniform) weak convergence of Brun’s
algorithm:

Theorem 3.3. Let o € [0,1]4\{0} with Brun ezpansion (a,,i,)n>1. One has:
Ve>0, 3N st (n> N, ue[0,1Y) = [[(1,a) - pMo(1u)]| <,

where iy, = |[|T°(@)]]oo X ... X |[|[T(@)||oc and M, = By 4y ... B One says that the Brun

algorithm is weakly convergent.

Ant1,in41"

The property of weak convergence allows one to approximate real vectors by rational vectors.
Indeed, if o« € [0,1]%\{0} has Brun expansion (a,,, ), we define its n-th convergent as the integer
vector:

(Qmpn) = Mn(la 0) € Zd—H’

where M,, = By, i, ... B According to Th. 3.3, one has:

an+17in+1'
lim (g, Pn) = (1, @).
n—oo

By dividing by p,q, the d last entries, this yields:

In other words, the Brun expansion of a vector o produces a sequence (‘;’—")n>0 of rational vectors
L >
which tends towards a.

3.2. Brun morphisms. Let us see now how to extend the Brun map to stepped planes. One
first idea consists in defining the Brun expansion of a stepped plane as the Brun expansion of its
normal vector. This yields identical Brun expansions for stepped planes which have colinear normal
vectors. According to our convention concerning the projectivization of Brun’s algorithm, we restrict
ourselves to the following set of stepped planes (see Prop. 3.7 below for the notation B3):

Pa = {P(l,a),p | v € [0, 1]d, p € R}

The Brun expansion of P(; o), € B3 is then simply defined as the Brun expansion of a € [0, 1]4.
Fig. 3.1 and 3.2 illustrate the d = 3 case.

However, this way of defining Brun expansions of stepped planes is disapointing: we just rely
on normal vectors, with stepped planes only representing these vectors. Let us now use results of
Sec. 2 in order to act directly over stepped planes. The idea is to use Eq. (3.1) and Prop. 2.5 by
introducing morphisms whose incidence matrices are the B, ;’s.
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FIGURE 3.1. Stepped planes P(q rn(q)),, for 0 < n < 4, where a = (1—19, 2—2) has the
finite Brun expansion [(3,2), (6,1),(4,1),(1,2)].

FIGURE 3.2. Stepped planes Py rn(q)
infinite Brun expansion [(1,2), (1,1), (3

Definition 3.4 (Brun morphism). Let f,; be the morphism of free group over {1,...,d+1} defined,
fora € Nand i€ {1,...,d}, by:

1 — 19(i+1)
ﬁa,i: (i_’_l) = 1
j+1 — j+1 forj#iandje{l, -, d}.

It is easily checked that 3,; has incidence matrix B, ;. In particular, 3,; is unimodular since
B,;, € GL(d + 1,Z). Note that [,; is a substitution, that is, a positive and non-erasing mor-
phism. Let us note furthermore that the B, ;’s are symmetric matrices. The substitution 3,; is an
automorphism:

1 = (+1) ! I !

L4 (i+1) — (i+1)7°1  and Mﬁa_zl_:B;}: ) -1 _a
i+l = j+1 ’ I,
—1



According to Eq. (2.1), one computes (see also Fig. 3.3):

(0,1%) = (0, +1)%) + SpZo(— ke, 17)
Ef(Bai) + § (0,(i+1)*) = (—ae;,1%)
0,(j+1)*) = (0,(j+1))forj#i, 1<j<d
(0,1%) —  (aer, (1+1)%)
Ei(B,1) + 8 (0,(i+1)) — (0,1%) = S5 (key, (i + 1))
0,(j+1)%) = (0,(j+1)")forj#4, 1<j<d

Then, Eq. (3.1) and Prop. 2.5 yield:
Proposition 3.5. For any o € [0,1]9\{0} and p € R,

Ptaye = E1(Ba,i) (Pllalee (1,7(a)),0)
or, equivalently (according to Th. 2.8):

* —1
E1(Bei ) (P1,a).0) = Pllaloe(1,7(2))
where i = min{j | o; = ||a||w} and a = |a;!].

Therefore, we can relate the action of the Brun map 7" on a vector « to the action of a dual map
Ei“(ﬂ;}) on the stepped plane P(; ) ,. Note that there is a simple “geometric” way to recognize
whether a stepped plane (and even a stepped surface) is the image of another stepped plane (resp.
a stepped surface) under the action of a substitution (,;: the condition given below means that

each occurrence of a face of type (i + 1)* is included in the image of a face of type 1* by E}(B4,)-

Lemma 3.6. Let us fit a € N* and i € {1,--- ,d}. Let S be a stepped surface. The weighted sum
Ei“(ﬂ;})(S) is a stepped surface if and only for all face (x, (i + 1)*) such that S(x, (i + 1)*) = 1,
then S(x — ke;j11,1") =1 for 0 <k <a-—1.

Proof. Let us assume that Ef(ﬂ;ll)(S) is a stepped surface, say S’. One has S = Ef(8,,)(S’),
according to Theorem 2.3. Let (x, (i + 1)*) such that S(x, (i + 1)*) = 1. There exists y € Z%*+!
such that (x, (¢ +1)*) occurs in the image of (y, 1*) under Ej(8,,). According to the expression of
E{(fa,i), and since there are no cancellations of faces, then all the faces that occur in E{(8,,:)(y,1")
have weight 1 in S.

Conversely, we assume that for all face (x, (i + 1)*) such that S(x,(¢ + 1)*) = 1, then S(x —
keiy1,1*) =1 for 0 < k < a — 1. We now consider the following partition of the set of faces that
have weight 1in S. Let

I=A(z, (i + 1)) | Sz, (j +1)°) =1, for j #i+1},
Iy:={(z,(: +1)"), (z — kejy1,1"), for 0<k<a—-1]|S8(z(i+1)") =1},
and
I3 :={(z,1%) | S(z,1") =1 and (z,1%) & I>}.
One has
E\(6)"S) = D, B0, (=G + 1))+
(z,(i+1)*)eh
Y. BB+ 1))+ Y (z—ken, )+ Y Ei(B,) (2 17)

(z,(i4+1)* )€l 0<k<a—1 (z,1%)el3
One checks that the images of the faces of each of the three types are faces respectively of type
(j+ 1)*, 1%, and (i + 1)*, which implies that Ef(ﬁa_zl)(S) is a geometric sum. We now apply Th.
2.11 to conclude, by noticing that the inverses of Brun morphisms satisfy the conditions of the

theorem. O
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It is also worth noticing that every stepped plane in 85 can be desubstituted by at least one
substitution f,; (hence the notation), whereas a stepped plane in B35 that can be desubstituted
with respect to all substitutions f3,; has a normal vector of the form (1, 0):

Proposition 3.7. One has
B3 = {Paayp | pER, ac 0,11} C | Ef(Ba:)(B3)

a€eN*
1<i<d

{Paoyy | pERY = () Ef(Bai)(P3).

aeN*
1<i<d
Proof. The first inclusion is a direct consequence of Prop. 3.5. Indeed, consider a stepped plane
P,a),p € P3- If @ = 0, one uses the fact that for any a,i, then E7(84i)(P1,0,-.0,1/a,0,-,0),p) =
P,0),p- fa#0,set i =min{j | a; = [|af|x} and a = La;lj.
We prove now the second equality. If a weighted sum belongs to the intersection () aens E7(8ai)(P3),
1<:i<d

then it is a stepped plane with normal vector, say u, by applying Prop. 2.7. We deduce from Prop.
2.5 that for all @ € N* and for all 4, one has B;ilu > 0, which implies u = (1, 0). O

i\ﬁ Iy o—<

nﬂf g9 <o\

FIGURE 3.3. Action of the dual maps E}(f54,1) (top) and Ef (83 2) (bottom) over the
unit faces (0,1*), (0,2*) and (0, 3*) (from left to right).

3.3. Brun expansion of a stepped plane. We need a priori to know the normal vector of a given
stepped plane for choosing the dual map Ei“(ﬂ;}) which shall be applied onto. Let us show that
convenient a and ¢ can be directly obtained from the geometry of the stepped plane in the flavour
of Lem. 3.6, that is, roughly speaking, by “reading” them on faces. In other words, we will be able
first, to order the coordinates «; of a normal vector «, and thus, to deduce the smallest index 7 such
that a; = ||@||co; this is the object of Lem. 3.8; secondly, we will be able to determine the partial

quotient Laizj, this is the object of Lem. 3.11.

Lemma 3.8. Let P(1 ), be a stepped plane, with o = (ay,--- ,aq) € [0, 1]9 and p € R. There
erists x € Z4 such that the faces (x,(i + 1)*) and (x — ej41, (i + 1)), with 1 < 4,5 < d, both
belong to P ), if and only if a; > a.
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Proof. We first assume that there exists x € Z4! such that the faces (x, (i+1)*) and (x —e;1, (i+
1)*) both belong to P(; 4),- One has
(X, (17 a)> <ps <X +eir1, (17 a)>
and
(x—ej11,(L,a)) <p< (x—ej11+eiqr,(l,a).
We thus deduce that
<X7 (17 a)> < <X —€jy1+ €it1, (17 a)>7 Le., <ej+17 (17 a)> < <ei+17 (17 a)>7

which gives o; > «;.

Conversely, let assume that a; > «;. It is sufficient to prove that there exists x € 79+ such that

(x,(La)) <p<(x-— €j+1t€iy1, (1L,a)) =, (1,a) +a; — Q-

If o has at least one irrational entry, the existence of such a vector x € Z%+! follows by density of
({y, (1,)))yeza+1- If o has only rational entries, then we can assume by multiplying p by a suitable
rational number that (1,«) has coprime non-negative integer entries. The existence of x follows
now by applying Bezout’s lemma. 0

Remark 3.9. In other words, one has a; > «;, for 1 < 1,5 < d, if and only if for all x € 7+ such
that the face (x, (j + 1)*) belongs to Py 4y, then (x — €11, (j + 1)*) does not belong to Py o) ,-
Hence, ||a|s is defined as the coordinate of index given by the smallest ¢ € {1,--- ,d} that satisfies
the following: for every j € {1,--- ,d} and j # i, for every face of type (x,(j + 1)*) that belongs to
P, then (x — e;41,(j + 1)*) does not belong to P.

O
Definition 3.10. Let P = Py ) , be a stepped plane. Let a € [0, 1]% and let i = [|c||00.We set
a(P) := max{a € N* | V(x, (i + 1)*) such that P(x, (i + 1)*) = 1,
then P(x — ke;y1,1") =1for 0 <k <a—1}.
According to Lem. 3.6 and Prop. 3.7, the parameter a(P) takes finite values if and only if « # 0.

Let us prove that the parameter a(P) provides some information about the normal vector of the
stepped plane P:

Lemma 3.11. Let P = Py ), € B3, with a # 0. Then, one has:
1
a(P1,a),p) = LZ_J , where a; = |||co-

)

Proof. One has:

B;il(l, a) = (1,0&1, ceey O, 1-— a0, Oj4 1y .. - ,Oéd).
According to Prop. 2.5, E} (ﬁ;})(P) is a stepped plane if and only if B;}(l, a) € Riﬂ, ie.,a< a%
The result follows by noticing that max{a € N| a < a%} = |a; '], and from Lem. 3.6. O

We now are able to define a transformation T s acting directly on the set P3:

Definition 3.12. Let qu : P3 — P3 be the map defined for P =Py ,) , € P3 by

Tip(P) = Ef(Byp) ) (P), if a #0,

where i € {1,---,d} is the smallest index that satisfies: for every j # ¢ and j € {1,--- ,d}, for
every face of type (x,(j + 1)*) that belongs to P, then (x — e;4+1,(j + 1)*) does not belong to P,
and

Tﬁ(lp(l,O),p)) = P(lv 0)? p-
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We deduce from Prop. 3.5 that the map 7 is related to the Brun map T by the following equality:
Vo € [0,\{0}, ¥p € R, T(P1,0) = Plialjoc(1,7(@))p"

In short, we have defined a map Tgp which acts over a stepped plane P(y ) , as the Brun map T'
acts on the vector o € [0,1]%\{0}. Morever, given a stepped plane P(1,a),p)> With a € [0, 1]¢, this
provides a geometric process for computing Tm(P), without assuming that the normal vector of P
is known. The next section shows how to extend the definition of T; s to stepped surfaces.

3.4. Brun expansion of a stepped surface. We now can parallel what has been previously made
on stepped planes for defining the Brun expansion of a stepped surface. According to our choice of
projectivisation for Brun algorithm, we restrict ourselves to the following set of stepped surfaces:

Definition 3.13. We define G5 as the set of stepped surfaces that satisfy:

(1) for every j € {1,---,d}, for every face of type (x,(j + 1)*) that belongs to S, then (x —
ey, (j + 1)*) does not belong to S;
(2) there exists i € {1,---,d} such that for all j € {1,---,d}, then for every face of type
(x, (7 + 1)*) that belongs to S, the face (x — e;+1, (j + 1)*) does not belong to S;
(3) let ¢ be the smallest integer that satisfies (2); there exist a € N* such that for all face
(x, (i + 1)*) such that S(x, (i +1)*) = 1, then S(x — ke;1,1*) =1for 0< k <a—1,
A stepped surface that belongs to ©3 is called Brun erpandable.

The first condition comes from the fact that we have considered so far planes whose normal vector
admits as largest coordinate the first one (see Rem. 3.9). The second condition is a necessary
condition for a stepped surface to be a stepped plane: this condition means that o; > «;, once
again according to Rem. 3.9. The third condition implies that (3, ;)(S) is a stepped surface,
according to Lem. 3.6. Note that one has ’

S3NP =Ps.
Examples of stepped surfaces in ©3 are depicted in Fig. 4.1 and 4.2.

We can define a coefficient a(S) analogous to the coefficient introduced in Def. 3.10. Note that
a statement analog to Lem. 3.11 is no longer valid for stepped surfaces.

Definition 3.14. Let S be a Brun expandable stepped surface. Let I be the set of indices ¢ in
{1,---,d} that satisfy Condition (3) in Def. 3.13. We define i(S) as the smallest element in . We
set
a(S) := max{a € N* | V(x, (i(S) + 1)*) such that S(x, (i(S) + 1)*) = 1,
then S(x — kej(s)41,1") =1, for 0 <k <a—1}.

Let us note that if S is a stepped plane in B3, then the coefficient a(S) coincides with the
coefficient introduced in Def. 3.10. According to Lem. 3.6, if a stepped surface S is Brun expandable
and a(S) < oo, then Ef(ﬁ(;(}s) Z.(S))(S) is itself a stepped surface.

Definition 3.15. Let Ts: &3 — S5 be the map defined for § € &3 by:
TG(S) = E} (ﬁa_(‘lgm(g))(s)’

and .
Ts(S) =S8, if a(S) = 0.

One checks that the restriction of T to P coincides with the map T -
This allows to naturally extend the definition of Brun expansions from stepped planes to stepped
surfaces:
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Definition 3.16. The Brun erpansion of a Brun expandable stepped surface S € &3 is defined as
the sequence (an, in)n>1 with values in N* x {1,...,d} defined, while T"(S) € &3, by

— i = i(T"(S)

— a, = a(T"1(S)).

4. BRUN EXPANDABLE STEPPED SURFACES

Note that if a stepped plane has the same Brun expansion as the vector a € [0, 1]d, then it is a
stepped plane of the form Py ), for some p € R: indeed « is characterized by its Brun expansion.
More generally, a natural question is to characterize the stepped surfaces that have the same Brun
expansion as a given vector a € [0,1]%. Note that there are many stepped surfaces associated with
a given Brun expansion: consider e.g. the stepped planes having the same normal vector.

4.1. Finite Brun expansions. Let us first consider the case of finite Brun expansions.

Definition 4.1. A stepped surface S is said to have a finite Brun expansion of length N if
— either Tév (S) is not Brun expandable
— or a(TE(S)) = +oc.
Fig. 4.1 and 4.2 provide examples of stepped surfaces with the same finite Brun expansion as the
stepped plane of Fig. 3.1.
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FIGURE 4.1. Stepped surfaces Tg(S) for 0 < n <4 (from left to right), where S has
the same Brun expansion as the stepped plane of Fig. 3.1. The rightmost stepped
surface is not Brun expandable: none of its images by a dual map Ej (ﬂa_ll) is a
stepped surface.

It is worth noticing that, in the case of finite Brun expansions, one has the following result:

Theorem 4.2. Let S be a Brun expandable stepped surface with a finite Brun expansion of positive
length N. Then, S is a stepped plane if and only if Tév(S) is a stepped plane of normal vector (1,0).

Proof. We first assume that S is a stepped plane in f83. One has T (S) € %3, and thus a(Tév T(S) =
+o0 since S has finite expansion of length N. This implies that S has normal vector (1,0). Con-
versely, note that: )

S = E{(Bay,ir) 0+ 0 B (Bay,in) (T (S))-

If TgH(S) is a stepped plane of normal vector (1,0), then S € B3, according to Prop. 2.5. O
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FIGURE 4.2. Stepped surfaces Tg(S for 0 < n <4 (from left to right), where S has
the same Brun expansion as the stepped plane of Fig. 3.1. The image by any dual
map Ej (ﬂ;ll) of the stepped surface T&(S) is a stepped surface.

This yields an algorithm to check wether a given Brun expandable stepped surface S with a finite
Brun expansion is a stepped plane. Indeed, it suffices to compute the sequence T &(S) while it is
possible. If it stops at step N, then the previous theorem yields that S is a stepped plane if and only
if T, év (S) is a stepped plane of normal vector (1,0), which is easily recognizable. Moreover, we also
obtain the normal vector of S: according to Prop. 2.5, it is Mn(1,0), where My = By, i, - .- Bayin
and (ap,in)1<n<ny is the Brun expansion associated with the sequence T &(S). For a recognition
algorithm based on this idea, see [11].

4.2. Infinite Brun expansions. Let us now turn back to the case of infinite Brun expansions.
According to the definition of T, a stepped surface S has an infinite Brun expansion if and only
if, for any n > 0, T(S) is Brun expandable and a(T&(S)) is finite. Here again, it is not clear
to characterize the stepped surfaces have a given infinite Brun expansion. According to Sec. 3.3,
there are at least the stepped planes whose normal vector have this infinite Brun expansion. Fig.
4.3 illustrates the fact that there might also exist other stepped surfaces. Note that the provided
example of stepped surface is intuitively very close to a stepped plane (but not for the distance
dg), and that the infinite Brun expansion of this example is associated with a real vector whose
entries are not linearly independent over Q. The aim of the present section is to characterize Brun
expandable stepped surfaces that have the same Brun expansion as a totally irrational vector. We
recall that a vector a = (aq,--- , ) is said to be totally irrational if dimg(1, oy, -+ ,aq) =d + 1.

Theorem 4.3. If a stepped surface has the same Brun ezpansion as a totally irrational vector «,
then it is a stepped plane of normal vector (1, ).

Theorem 4.3 is a direct consequence of the following lemma. Indeed, if « is totally irrational,
then (y, (1,«)) = p implies that y = 0.

Lemma 4.4. Let S be a Brun expandable stepped surface that has the same infinite Brun expansion
as « € [0,1]2. Then, there exist p € R and a sequence (ey)yeza+r with values in {0,1} such that:

S = P(l,a),p + Z ey Fy.
yeY,

where
Y, :={y € Z"|(y,(1,a)) = p}.
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FIGURE 4.3. Stepped surfaces (T™(S))o<n<s (from left to right), where S has the
same (infinite) Brun expansion as a = (v/2 — 1,3 — /2). Thus, S is an example of
a stepped surface which has the same infinite Brun expansion as a stepped plane of
normal vector (1,«), although both are not equal. More precisely, the faces where
7"(S) and Tn(P(l,a),O) are not equal are the brighter faces (which form sort of
half-lines).

We will use in the proof of Lem. 4.4 the following following expanding property for the product
of matrices M,, = Bq,, ... Ba,,,,i,., that will be deduced from the weak convergence of Brun
algorithm. We first give a proof of Lem. 4.4 and then a proof of Lem. 4.5.

Lemma 4.5. Let o € [0,1]? having an infinite Brun expansion (a,,i,),. Then, one has:
Vr >0, 3k, € Ns.t. (n> k., x€ C and (M, 'x,(1,0)) #0) = ||M, 'x|| >,

where My = Bg, iy .. Ba,y1,inyy, for all n, and C stands for the set of integer vectors whose coor-
dinates are neither all positive nor all negative.

Proof. We first prove Lem. 4.4. Let S be a Brun expandable stepped surface and « € [0, 1] having
both the infinite Brun expansion (ay,i,),. There exists t € 7% such that the translate S’ of the
stepped surface S by the vector t contains a face of the form (0,4*), for some i € {1,--- ,d + 1}.

More precisely, S’ is given by

(x,i*), S(x,i*)=1
The stepped surfaces S’ and S have the same Brun expansion, since they are equal up to a translation
vector. Let us prove that there exists a sequence (ey )y cz4+1 With values in {0, +1} such that:

S, = P(l,a),O + Z Eyfy.
yeYo
The corresponding result for S follows by setting p = (t, (1, @)).
Let (x,i*) be a face that satisfies S'(x,i*) # P(1,a),0(X,7*). Let us fix » > 0 such that x € B(0,7)
and x+e; € B(0,r), forall j € {1,--- ,d+1}.
The Brun expansion of S’ yields stepped surfaces (S},)x>0 such that S) = &’ and, for any k,
Sj1 = Ef(8;" )(Sy). Thus:

akvik
Vk > 1, 8" = E{(Bayir) © E1(Baziz) © - - - © B (Bay,it,) (Sk) = E1(Br)(Sp),
where By, = Ba, i, © - - © Ba1,i, has incidence matrix My, = By, ;, ... Bq, ;- For any R € R and for

any stepped surface 7, we denote by (7 )gr the restriction of the stepped surface 7 to the set of
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faces (z,7*) such that z € B(0,R). According to the definition of dual maps, for every k, there
exists rj, such that (S), = E7(Bk)((S},)r,). According to Prop. 1.13, for every k, there exist a finite
sequence of flips (F ) )o<n<n, and a finite sequence of weights (aﬁf))ogng N, with values in {£1}
such that !

Ng,
(S];)Tk = P(l,Tk(Ot)),O + Z Egzk)fxglk) .
n=0

One deduces from Prop. 2.5 and Lem. 2.9:
Ny,
A (k)
VkEN, () = Prayo + ;en Fpoiyt

Let k = k, with the notation of Lem. 4.5. One checks that Mk_leglk) € C (with the notation of

Lem. 4.5), for all n < Nj. Indeed M,;lxﬁf) belongs to P or to &’, which implies that M,;lxﬁf)
belongs to C by applying Prop. 1.7 (we use the fact that we have translated S so that S’ contains a
face located at the origin). Consequently, by multiplying by My, one deduces that xglk) € C, for all
n < Ni. We thus deduce from Lem. 4.5 applied to x¥) that <M,;1x,(1k), (1,«)) = 0. We thus have

proved that M, 1x,(1k) € Yy, for all n < Ni, which implies that x € Yj. One concludes by noticing

that necessarily ex = 1, otherwise S would not be a geometric sum. O

Proof. We now prove Lem. 4.5. First, let us define, for any r > 0, the following positive number:

a(r) = min{d(y, (1,a)") | y € C, (y,(1,)) #0, |lyl| <r}.
Let us then fix » > 0. The (uniform) weak convergence of Brun algorithm yields (see Th. 3.3):

Jk, € Ns.t. (n>k,,u€ler,...,eq+1]) =
T a(r) T 1
(41) d(Mn u, R(lv Oé)) < Td(Mn u, (17 OZ) )7
where [eq,...,eq+1] denotes the convex hull of the e;’s.
Let us fix x = (71, ,2441) € C and n > k,. We assume furthermore that (M, 'x, (1,a)) # 0.

We can associate with x a vector u in the convex hull of the e;’s such that (x,u) = 0. Indeed, if
there exists i such that x; = 0, then u = e; suits. Otherwise, let i and j be such that x; > 0 and

z; < 0. One easily checks that u = ‘I_fimej — ‘xijﬂei belongs to the convex hull of the e;’s and
i J i J

satisfies (x,u) = 0.
We decompose M, !x and M, u as

My s = (M%) (1,0) + (M, %) (1 0y and M, u = (M, u)qq) + (M, ) o)1,

where (M, 'x)( ) and (MJu)(La) belong to the line generated by (1,«), and (Mn_IX)(La)J_,
(MTU)(LO[)J_ to its orthogonal. We deduce from (M, 'x, M,/ u) = (x,u) = 0 that

n
(M%) (1,0, (M ) (1,0)) = —((M, %) (1 0y (M, 1) (1 o)1)

One has d(M, 'x, (1,a)*) = [|(M,; *x) (1,0 |], d(M,; *x,R(1, ) = [(My;'%)(1,0)+ |, and similarly for
M, u. We thus get

|<(M7;1X)(1,a)7 (Mgu)(l,a)ﬂ = d(Mr71X7 (17 O‘)J—) d(MTU_, (17 a)J_)7

and
‘((Mn_lx)(l,a)J-? (M;zru)(l,a)J-H < d(Mn_lxv R(lv Oé)) d(MJuv R(lv Oé))
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Note that (M, 'x|(1,)) # 0 implies that d(M,] u, R(1, )) # 0. This yields
d(M;'x,R(1,a)) _ d(M,]u,(1,a)")
d(My'x, (1,a)t) ~ (MTu R(1,a))"
Therefore, one deduces from Eq. (4.1)
d(M;1x,R(1,q)) ST
d(My'x,(1,a)t) ~ a(r)’
Let us assume that ||M,; !x|| < r. Then one has d(M, 'x,R(1,«a)) < ||M, 'x|| < r. Furthermore,

by definition of a(r), one has d(M, 'x, (1,a)*) > a(r). Indeed, one checks that M, 'x € C. This
yields a contradiction with (4.2), which ends the proof. O

\/

(4.2)
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