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Abstract

We consider two strongly related problems, multiple strip packing and schedul-
ing parallel jobs in platforms. In the first one we are given a list of n rectangles
with heights and widths bounded by one and N strips of unit width and infinite
height. The objective is to find a non-overlapping orthogonal packing without rota-
tions of all rectangles into the strips minimizing the maximum height used. In the
scheduling problem we consider jobs instead of rectangles, i.e. we are allowed to
cut the rectangles vertically and we may have target areas of different size, called
platforms. A platform Py is a collection of my, processors running at speed sy and
the objective is to minimize the makespan, i.e. the latest finishing time of a job.

1 Introduction

We consider two strongly related problems, multiple strip packing and scheduling parallel
jobs in platforms. Strip packing (SP) is the geometric version of the cutting-stock problem.
Here we are given a list of n rectangles L = {r;|j € {1,...,n}} with heights h; and widths
w; bounded by one and a strip of unit width and infinite height. The objective is to find
a non-overlapping orthogonal packing without rotations of all rectangles into the strip
minimizing the total height used. The optimum value for this height will be denoted
with OPTgp(L). Multiple strip packing (MSP) is a generalization of the strip packing
problem. Here the rectangles have to be packed into N identical strips Si,...Sy. For
each strip Sy, £ € {1,..., N} we denote with h(¢) the height of the packing in this strip.
The objective in MSP is to minimize max, h(¢). For an instance of MSP we simply write
L suppressing the number of strips (that will always be N). The optimum value of MSP
for a given list of rectangles L will be denoted with OPTgp(L).

The second problem is called scheduling parallel job in platforms (SPP). As strip pack-
ing is closely related to scheduling parallel jobs on identical machines, we consider its gen-
eralization to N platforms of processors. Moreover we are given n jobs J = {Jy,...,J,}
and N heterogeneous platforms P, each of them representing a set of m, processors
(machines) running at speed s, € R.y. We assume the platforms to be ordered non-
decreasingly by their number of processors, i.e. m; < my < ... < my. Every job J;
is described by a pair (pj,q;) of the length of a job p; (number of operations) and a
number of parallel processors q; (degree of parallelism) that J; requires when executed.
We assume ¢; < my = max,my for all jobs, if not there is no feasible schedule. Since
sometimes we will identify jobs with rectangles, we call ¢; the width of job J;. A job J;
is only allowed to be scheduled within one platform, its processing time in platform £,
is t? = ’;—Z if ¢; < my else tﬁ := 00. We assume furthermore (by scaling) miny s, = 1 and
define ¢y 1= maxﬂ{tﬂtf < 0o}, which is less than pyay := max; p; (as ming s, = 1). Our
objective is to find a non-preemptive schedule of all jobs into the platforms minimizing
Chax := maxy Ciax(£), where Cpax(¢) denotes the completion time of a feasible schedule
in Py, i.e. the latest finishing time of a job in P,. For an instance J of SPP let OPTgpp(J)
denote the optimum value for Ci.x.

The size (sometimes called work) of a job is SIZE(J;) = p;q; and for a list of jobs
J we define SIZE(J) = >, ;p;jq;- Analogously we define the size of a rectangle
SIZE(rj) = w;h; and the size of a list of rectangles SIZE(L) = .., w;h;. The to-
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tal processing time (or length) of a list of jobs J is P(J) = >, ;p;. Similar we define
the total height of a list of rectangles L as the sum over all heights H(L).

The quality of an approximation algorithm is measured by its performance ratio. For
an instance I of a minimization problem with optimum value OPT(I) as MSP and SPP
we say that B has absolute ratio «, if sup; BO)/OPT 1) < «, and asymptotic ratio «,
if > lim SUPOPT(1) 00 B(I)/OPT\(1), respectively. A minimization problem admits an
(asymptotic) polynomial-time approzimation scheme ((A)PTAS), if there exists a fam-
ily of polynomial-time approximation algorithms {B.|e > 0} of (asymptotic) (1 + ¢)-
approximations. We call an approximation scheme fully polynomial ((A)FPTAS), if the
running time of every algorithm A, is bounded by a polynomial in n and 1

Both problems MSP and SPP are closely related where at first sight the scheduling
problem offers us more possibilities to manipulate the instance to find an optimal solution
while the packing problem seems to be more rigid. We will see that there are similar
LP-relaxations based on fractional bin packing that can be used to give approximation
algorithms for both problems.

1.1 Known results

Multiple strip packing was first considered by Zhuk [24], who showed that there is no
approximation algorithm with absolute ratio better than 2, and later by Ye et. al. [23].
Both concentrated on the online case. Additionally an approximation algorithm for the
offline case with ratio 2 + ¢ was achieved in [23].

In [7] Coffman et al. gave an overview about performance bounds for shelf-orientated
algorithms for strip packing as NFDH (Next Fit Decreasing Height) and FFFDH (First
Fit Decreasing Height). Those adopt an absolute ratio of 3, and 2.7, respectively. Schier-
meyer [18] and Steinberg [21] presented independently an algorithm for SP with absolute
ratio 2. Recently, Harren et al. gave an algorithm for strip packing with absolut ratio
close to 5/3 [10]. An important result is an AFPTAS for strip packing with additive con-
stant O(1/=2hpax) given by Kenyon and Rémila in [14], where Ay, denotes the height of
the tallest rectangle (i.e. the length of the longest job). This constant was improved by
Jansen and Solis-Oba who presented in [12] an APTAS with additive constant hpay.

If the jobs are assigned to processors of consecutive addresses, the problem SPP cor-
responds directly to MSP. But, keep in mind that in general because of the contiguity
constraint algorithms for SPP cannot be directly applied to the generalized MSP, because
rectangles may be cut. But the optimal value for generalized MSP is an upper bound
for the optimal value for SPP. Schwiegelshohn et al. [20] achieved ratio 3 for scheduling
parallel jobs on heterogeneous platforms with identical speeds without release times, and
ratio 5 with release times. Tchernykh et al. presented in [22] an algorithm with absolute
ratio 10 without release times. For scheduling parallel jobs on identical platforms, we
proposed a low cost approximation algorithm with absolute ratio 5/2 in [3]. Recently, we
were able to improve our result to a fast 5/2-approximation for heterogeneous platforms
with identical speeds and under the additional constraint that every job can be scheduled
in each platform [4].



1.2 Our results

In the first part of this article we present several results for multiple strip packing. We
present an approximation algorithm with absolute ratio 2, which is an improvement of the
former result of 2 + ¢ by Ye et al. [23] and best possible, unless P = N'P. Furthermore,
we show how to use the shelf-based heuristics NFDH and FFDH to obtain approxima-
tion algorithms for MSP with the same asymptotic ratio as for strip packing. We also
introduce an AFPTAS for multiple strip packing, which is a based on a generalization of
an improved version of the algorithm of Kenyon and Rémila [14]. By using a different
rounding technique we can reduce the additive constant of the strip packing algorithm
by Kenyon and Rémila to O(1/elog(1/€))hmax and its running time. We generalize that
algorithm to several strips and achieve the following:

Theorem 1.1. For any instance L of MSP and accuracy € > 0 there is an algorithm
that produces a packing into N strips of unit width with height at most

(1+€)OPTasp(L) + O(1/€10g(1/€)) hax

and running time polynomial in the size of the input |L| and Y/e. For N sufficiently large,
namely N = Q(1/e?log(1/¢)) the packing produced has height at most

(14 e)OPTrmsp(L) + O(1) huax.

This is also an improvement of the first version of the algorithm published as an
extended abstract in [2].

The same algorithm can be applied to scheduling parallel jobs in identical platforms
achieving the same approximation ratio. The problem with heterogeneous platforms
(SPP) is more complex since the platforms may have different numbers of processors
and speeds. The algorithm for MSP does not apply here because it is based on cutting
a solution for a single strip and distributing it well-balanced. Additionally, we do not as-
sume that every job fits in every platform. Thus, the algorithm in [4] does also not apply.
For SPP we found a different approach which also leads to an AFPTAS. Our algorithm
first transforms the problem into a 2-dimensional bin packing problem with different bin
sizes and formulates an LP-relaxation for it. Solving the LP gives a fractional assignment
of the jobs to the platforms. By clever rounding the solution of the LP we get an integral
assignment of nearly every job. Applying the improved strip packing algorithm the pre-
assigned jobs are repacked. This also improves the running time and the additive term of
the first version of the algorithm published as an extended abstract in [5].

Theorem 1.2. For every accuracy € there exists an approximation algorithm that produces
for every instance J of SPP a schedule of length at most

(1+e)OPTspp(J) + O(1/clog(1/e))Pmax
and running time polynomial in the size of the input |J| and 1/e.

Furthermore our algorithm can easily be modified to handle malleable jobs or release
times. For malleable jobs we achieve the same approximation ratio while for SPP with
release times we present an AFPTAS with additive factor O(1/£*log(1/¢))pmax-
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1.3 Organization of the paper

In Section 2 we give generalizations of NFDH and FFDH for MSP. Section 3 contains
our 2-approximation for MSP. We describe how to improve the algorithm of Kenyon and
Rémila in Section 4 and give an AFPTAS for M SP in Section 5. Finally we present an
AFPTAS for SPP in Section 6 and discuss its modification for malleable jobs in Section
8 and for release times in Section 9.

2 Shelf-based algorithms for MSP

We start with some elementary results for the NFDH and FFDH heuristics [7] applied
to several strips that will give an understanding of the problem. The NFDH and FFDH
heuristics are so-called shelf-based algorithms. A shelf is a row of items placed next to
each other aligned by their edges. The bottom of a shelf is either the bottom of the bin
or at the same height as the upper edge of the tallest item packed in the shelf below.
Typically the principle of operation of those algorithms is easy to grasp, but it can be
difficult to analyze them.

Theorem 2.1. Let A be one of the shelf-based strip packing algorithms NFDH and FFDH
with asymptotic ratio o > 1, that creates for a list of rectangles L a packing into a single
strip of unit width with height less than « OPTsp(L) + hmax. For any N € N there exists
an algorithm Ay that packs a list of rectangles L into N strips with maxeqy

CVOF)TMSP(L) + hmax-

-----

Proof. Consider Algorithm 1. We show that for a list of rectangles L, the packing pro-
duced by Ay has height less than «OPTysp(L) 4 hmax. Let t € N be the number of
shelves produced by A in Step 1 and H;, j € {1,...,t}, the height of the jth shelf.
Since there are no items intersecting the Oth line, after the last step of the algorithm

t p—
the height /(1) of the first strip S is bounded by Ay + =10 For any strip Sy,
¢ €{2,..., N}, containing items from between the (¢ —1)th and the ¢th line and the ones
intersecting the (¢ — 1)th line, we have

t
< Zj:l Hj - hmax —|— _ A(L) — hmax
— N max N
With OPTgp as the optimum of SP we conclude

h(¢) + hpmax.

A L)— hmax
AN(L) = max hl < % + hmax

OPTgsp(L Amax — Pmax OPTgsp(L
S a SP( )]—'\; + hmax = a ]\}S'P< ) + hmax-

Since 1/NOPTgp(L) is a lower bound for OPTj,sp(L) the proof is complete. O

Corollary 2.2. The algorithms FFDHy and NFDHy generate packings for a set of
rectangles L into N strips with height less than 1.TOPTysp(L) + hmax and hpysp <
20PTysp(L) + hpmax, respectively.



Algorithm 1 Ay
1. Pack rectangles with A in one strip S. (Keep in mind that both, NFDH and FFDH
order the rectangles by height first) Let H be the height of S.
Cut out the first shelf and pack it into the first strip 5.
for all ¢ € {0,1,...,N} do
Draw a horizontal line trough S at height ¢(H — hpax)/N.
end for
for all / € {0,1,...,N —1} do
Pack all items intersecting the £th line and all items between the ¢th and (£ + 1)th
lines into strip ¢ + 1.
8: end for

Corollary 2.3. Let L be an instance of MSP. In a packing generated by the above algo-
rithm Anx we have
max |h({) — An(L)| < 2hmax,

where h({) denotes the height of the packing in strip Sy.

Proof. By construction height of the packing for the rectangles selected between the ¢th

L ] — t j — tmax
and (£ + 1)th line is at least M — hpmax and at most ZFI# + Ppax. O

Another way to pack a set of rectangles with a modified version of the N F'D H heuristic
into N strips is Algorithm 2. The packing generated by that algorithm is very smooth,

Algorithm 2

1: Order the rectangles by non-increasing height.

2: For each ¢ € {1,..., N} pack one shelf according to the NF D H heuristic in strip Sy,
that means starting in the lower left corner pack the rectangles next to each other on
the baseline of strip Sy, until the next rectangle does not fit. Draw a new baseline at
the height of the highest rectangle (that clearly is the first one).

3: Take the strip S~ with the current lowest height A~ (if there is more than one, take
the one with the smallest index) and pack one shelf according to the NF D H heuristic
on top of the shelves.

4: Repeat Step 3 until all rectangles are packed.

in the sense that the heights of the strips only differ by hpyax.

Lemma 2.4. For a set of rectangles L = {ry,...,r,} Algorithm 2 generates a packing
ito N strips, so that
ma. h(k) — h(0)] < Apax.
o h(k) = ()] <

Proof. Let aq,...,a, denote the shelves created by the algorithm and let b; denote the
height of the first rectangle placed in shelf a;, i € {1,...,r}, clearly by > ... > b,. We
show per induction on ¢ that the claim is true after creating shelf a;.

During step 2 the assertion is obviously true. Let 1 < 75 < r and assume that the
assertion is true for the current packing with shelves a;, i < ig. Let S~ be the strip with
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the lowest current height h~ and h' the height of the currently highest strip S after
packing shelf a;,. The value h(£)* denotes the height of strip S, after packing the next
shelf a;,+1. Then A" > h™ + bjy41 or AT < h™ + b;jy+1. In the first case we conclude
h(€)* € [h=,hT] for all £ € {1,...,N}. Since |ht — h™| < hpax by induction hypothesis,
the assertion follows. In the second case the assertion is true, because since b;;+1 < hpax
we have h(0)* € [h™,h™ 4 hyay) for all £ € {1,..., N}. O

This leads to a further result about rectangles with bounded width.

Theorem 2.5. For a set of rectangles L = {ry, ..., r,} with width bounded by € we obtain
by Algorithm 2 a packing into N strips with height less than

T OPTysp(L) + 2hmax. (1)
Proof. Let SIZE(Sy) denote the total area of the rectangles packed into S,. We consider
the strip Smin With STZE(Smin) = mingeqr,. Ny SIZE(S;). Let aq,...,a, be the ordered
sequence of shelves constructed by algorithm 2. Furthermore, let b; and b, be the heights of
the first and last rectangle placed in shelf a;,7 € {1,...,r}. We have by > b, > ... > b, >
bl. A shelf is closed when the next rectangle does not fit completely on the shelf. Notice
that all narrow rectangles on shelf a; have heights > . For ¢ € {1,...,r — 1} the total
width of the rectangles packed on shelf a; is larger than (1 —¢). Therefore on these shelves
a; an area of (1—¢)b} is fully covered by rectangles and thus STZE(Spn) > 32—t (1—¢)b,.
Let h(Smin) denote the height of strip Spi,. With SIZE(Sp,) < SI1ZE(L)/N and Lemma
2.4 we conclude

-1
hMSP S h(Smm + hmax Z b + hmax Z + 2hmax

_ S]ZE(Smm) on SIZE( )+ o < OPTysp(L)

max S AT/1 N\ 2hmax-
- 1—c¢ N(1—¢) 1—c¢ *

3 A 2-Approximation for MSP

Since there is no approximation algorithm for MSP with absolute ratio smaller than 2
(unless P=NP), a 2-approximation is best possible for MSP. In this section we show the
following theorem.

Theorem 3.1. For any N € N there is a polynomial-time algorithm for MSP with absolute
ratio two.

To handle different sizes of N different subroutines are used to obtain a 2-approximation.
For N =1 MSP is equivalent to strip packing and we can use the algorithm of Steinberg
[21] or Schiermeyer [18] with absolute performance bound 2.



Theorem 3.2 (Steinberg [21]). Let L = {ry,...,r,} be a set of rectangles with heights

hi and widths w; and @ be a rectangle with width u and height v. Let h := maX;e(y,.. n} h
and w := maxe(1,.. ky w;. If the following inequalities hold,
w < u, h <w, 2SIZE(L) <wuv— (2w —u)4(2h —v) 4 (2)

then it is possible to pack L into the rectangle Q.(As usual, x4 = max(x,0).)

If N is sufficiently large, the algorithm of Caprara [6] for 2-dimensional bin packing
(2DBP) with asymptotic ratio 1.69... gives us a 2-approximation:
Two-dimensional bin packing is the 2-dimensional generalization of bin packing, where
a set of rectangles with widths and heights bounded by one has to be packed into a
minimum number of unit squares, called bins. Moreover in [19] it is shown that Caprara’s
algorithm already gives a 2-approximation if OPTsppp(1) > 1446 for an instance I. Given
an instance L of MSP we transform it into an instance of 2-dimensional bin packing L
with OPTppp(L) = N by scaling the height of any item with 1/OPTygp(L). The value
OPTysp(L) can be found via binary search in time O(log(nhmax) (see Lemma 3.3 below
for more details). For N > 1446 the algorithm of Caprara gives a packing for L into at
most 2N unit square bins in time O(nlog(n)) + T where T is the running time of an
AFPTAS for bin packing. Stacking every two bins on top of each other and rescaling
gives us a 2-approximation for MSP.

Lemma 3.3. Let L = {ry,...,r,} be an instance of MSP, so that we have for the heights
of the rectangles h; € Q. Binary search finds in polynomial time the height of an optimal
solution.

Proof. For each height h; there exist ¢;, p; € N with h; = »i/q,. Fori € {1,...,n} we have
Qh; € N, where @ =[]\, ¢;. Since OPT(L) is equal to the sum of heights of rectangels
from L, we also have QOPT(L) € N. So for the height v of an optimal solution we conclude
that Qhmax < QU < Qnhumax. Since 10g2(Qnhimax) = Y iy 10g2(qi) +10g2(n) +10g2 (Amax) <
|L|, where |L| is the length of the input, Binary Search finds in polynomial time the value
Qv and so the value v. O

In case 2 < N < 1446 there is something more to do. Here we use a PTAS for
rectangle packing with area maximization (RPA) found by Bansal et al. [1]. In RPA we
are given a set of rectangles L = {ry,...,r,} with widths w; and heights h; and a bin
of unit size. The objective is to find a feasible packing of a subset L’ of the rectangles
into the bin while maximizing the total area of the rectangles in L’. Let us first consider
N = 2. Algorithm 3 gives us a 2-approximation in this case.

If 2 < N < 1446 we use an extended version of the PTAS for RPA in [1] for several
strips. Moreover, one can show the following

Theorem 3.4. Given a constant number N of bins, a fized value € and a set of rectangles
L = {ry,...,r.} there is a polynomial time algorithm Ay, that finds a subset L' C L
with total area at least (1 — €) times the optimal value and a packing for L' into N bins
or decides that no such subset exists.

For a detailed proof we refer to [19]. Together with the next assertion we can state
that Algorithm 4 that gives us a 2-approximation.
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Algorithm 3 2-Approximation for MSP if N=2

1: Guess the height of an optimal solution for MSP and denote it with v.

2: Scale the heights of the rectangles in L by 1/v so that the corresponding packing fits
into one bin of height 2 and width one.

3: The set of resulting rectangles L, is now considered as an instance of RPA with
OPTgrpa(L) = SIZE(L,), where SIZFE(L,) is the total area of all rectangles in L,.
Apply the algorithm in [1] with accuracy ¢ = /4 and find a packing of a subset
L! C L, with total area at least (1 —)SIZF(L,) into a bin of height 2. By rescaling
the rectangles of L! get a packing for the first strip with height at most 2v.

4: Since SIZE(L,) < 2 the remaining items in L,\L! have total area SIZE(L,\L,) <
eSIZFE(L,) <1/2. Therefore we can pack them with Steinberg’s algorithm into a strip
of height at most 2. Rescaling gives us a second strip of height at most 2v.

Lemma 3.5. Let N > 3 and L be an instance of 2DBP with total area SIZFE(L) < N/a.
There exists a packing of L into N bins.

Proof. Since for h,w,u = 1 and v = N/2 the inequalities (2) hold, we can apply Steinberg’s
algorithm. By this we get a solution for SP with height at most V/2. By drawing [V/2] +1
horizontal lines with distance one through the strip starting at the bottom we divide the
strip into [N/2] bins of height one and [N/2] — 1 sets of cut items. Packing each set of
fractional items into an extra bin we use at most [V/2] 4+ [N/2] — 1 < N bins. O

Algorithm 4 2-Approximation for MSP if 2 < N < 1446

1: Guess an optimal height for MSP and denote it with v.

2: Scale the heights of the rectangles of L by /v so that the corresponding packing fits
into N bins of height and width one.

3: The set of resulting rectangles L, is now considered as an instance of RPA with
OPTgrpa(L) = SIZE(L,). Extend the PTAS of Bansal et al. [1] to N bins of unit
size and find for an accuracy € < 1/4 a packing for a subset L, C L, with total area
(1 —¢)SIZE(L,). By rescaling the rectangles of L] we get N bins of height v.

4: For the total area of the remaining rectangles in L,\L! we have SIZE(L,\L) =
eSIZE(L,) < N/a. Pack those rectangles according to Lemma 3.5 into N bins and
rescale the rectangles. This results again in /N bins of height at most v.

5: Stack every two bins on top of each other and get a solution with bins of height at
most 2v.

The running time for both Algorithms 3 and 4 dominated by the running time of the
Algorithm for RPA, which is doubly exponential in 1/e = 4, i.e. O(n**%).

4 Improved Strip Packing Algorithm

In this section we show how to improve the additive constant in the algorithm of Kenyon

and Rémila from O(1/?)hmax to O(1/clog(1/€))hmax-
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Theorem 4.1 (Kenyon & Rémila [14]). For a list L = {ry,...,r,} of rectangles with
widths and heights < 1 and accuracy € > 0 the algorithm AXT in [14] generates a packing
into one strip with height at most (1+&)OPTsp(L) 4 (4(32)? 4 1) hpax.

By applying a different rounding technique than in the original algorithm in [14] we

reduce the additive term. Roughly described the algorithm by Kenyon and Rémila works
as follows:
For some value ¢’ € ©(¢) the rectangles in L are partitioned into Lqe := {r; € Llw; > €'}
and Lygrow = {r; € Llw; < &'}. Then Lyqe is rounded to an instance Lg,, with O(1/£?)
different widths. The grouping and rounding technique used for the wide rectangles called
"‘geometric rounding”’ and is described by Algorithm 5 and Fig 1.

Algorithm 5 Rounding I

1: Put the wide rectangles ordered by non-increasing widths and pack them left-aligned
on a stack with height H := H(Lgyy).

2: Let M := (1/)°

3: Draw M — 1 horizontal lines through the stack with distance #/m starting at the
bottom. Therefore we get M so-called threshold rectangles. A rectangle is a threshold
rectangle if it either with its interior or with its lower edge intersects a line at height
i/, ie{l,...,M—1}.

4: for alli € {1,...,M — 1} do

5: Round up the width of each rectangle between the lines i#/m and (i + 1)H/m to
the width of the ¢th threshold rectangle. The widths of the rectangles below the first
line are rounded up to the width of the undermost rectangle in the stack.

6: end for

7: Let Lg,, denote the list of rounded rectangles.

— 4H /M
Group 4

+—3H/M
Group 3

+—2H/M
Group 2

-r—H/M

Group 1

0

Figure 1: Rounding the rectangles in Lgyp.

The main part of the algorithm is to produce a fractional packing for the rectangles in
L, using a linear program for fractional bin packing. In doing so we build configurations
Cj = {ayj w;li € {1,..., M}}, i.e. multisets of widths where a;; denotes the number of
rectangles of width w; in C’f and Zf\il a;;w; < 1. Then the following LP is solved.
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q
min E .Z'j
j=1

q

s.t. ZOJU.TJ 26@ foralli e {1,,M}
j=1

x; >0forall je{1,...,q}.

The variable z; indicates the height of configuration Cj, ; is the total height of rect-
angles of width w; in L, and ¢ denotes the number of possible configurations. A feasible
solution of the LP corresponds to a fractional strip packing. Note that rank(c;;);; < M
and hence a basic solution z of (3) has at most M nonzero entries. The fractional packing
can be converted into an integral one increasing the height only by 2Mh,... Moreover,
the rounded instance of wide rectangles has nice properties:

Lemma 4.2. [1}] The rounded instance Lg,, has the following properties
1. The number of different width in Lg,, is bounded by M = O(1/&?).
2. FSP(Lgyy) < FSP(Luyide) (1 + =+ )

Me'

3. SIZE(Lgwp) < STZE(Lyiac) (1 + 1)

Finally, the narrow rectangles in L0, are added in the remaining space next to the
integral packing and on top of it with Next Fit Decreasing Height heuristic.

4.1 Modified geometric rounding

Our improved algorithm uses a different geometric rounding technique. We choose a value
¢’ := ¢/2 and partition the rectangles into wide L4 and narrow ones Ly g0 as before.
Then we apply geometric grouping with parameter k introduced by Karmarkar and Karp
in [13] for fractional bin packing and obtain an instance J U J’ with only O(1/elog(1/¢))
different widths. Therefore we may assume that eSIZE(Lyiq.) > 2(|log(2/€)] + 1)hmax-
Otherwise we can achieve a packing for L4 with height less than 2517 E( Lyige) + Pmax <
4/e([log(2/2)] 4+ 1)hmax + hmax = O(1/elog(1/€))hmax using NFDH heuristic.

For arbitrary lists L”, L' we define a partial order <,, so that L” <, L', if and only if
the stack of L” can be geometrically included into the one of L'. For a list L of rectangles
let F'SP(L) denote the height of an optimum fractional strip packing for L. Moreover we
have Lyige <g Lup-

Lemma 4.3. The rounded instance J U J' has the following properties
(i) The number of different width is bounded by M = O(1/clog(1/¢)).
(ii) SIZE(Lyige) < SIZE(JUJ) < (1+ &)SIZE(Luyiae).

(i1i) FSP(Lyige) < FSP(JUJ') < (14 &)FSP(Lyige).
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Algorithm 6 Rounding II

. o SIZE(Luwide)e
: Let k= L(L]Og(Q/a)J+1)hmaXJ

: for allt € {0,1...,[log(2/¢)|} do

partition Lyqe into |log(2/e)] + 1 lists Wy := {r; € Lyiae|w; € (27D 270}

For each list W; order the rectangles by non-increasing widths and pack them
left-aligned on a stack.

Starting at the baseline draw horizontal lines at height (ik2")hy.x for @ =
{0,..., [Ah(W})/(k2'hymax )]} through the stack. For every rectangle whose interior
is cut by such a line we introduce two new rectangles, so that the stack is divided into
q(t) = [h(W3)/ (k2" hmax) | + 1 groups G (t), ..., Gy (t) all having total height exactly
k2" hiax except maybe the last group Gy (t) of the narrowest rectangles having height
< k2R ax.

In each group G;(t) we round up the width of every rectangle to the width of the
widest rectangles contained in this group and obtain G%(t).
end for
Define J; := fg Gi(t). Further let J :=J, Ji, J' .=, G (%)

Proof. We have that SIZE(W,) > 2=¢DR(W,) > 27D (g(1) — 1) k2 Ry > Fhmax(a®)=1)/2
and thus q(t) < ZHZEWD 4 for all t. With eSTZE(Luyige) > 2(|10g(2/2)] + 1) hmax we
conclude

[log(2/¢) ] [log(2/¢)]
281 ZE(W,
=Y <y BZEWD

kh
t=0 t=0 max

<

SIZE(Lyiae) + [log(2/e)] + 1.
2S1Z E(Luige)

T { eSIZE(Luyide) J
max | (|log(2/e)|+1)hmax

2817 E(Luia.)

- eSIZE(Luiae)
hmax <(|.103(2/5)J+1)U;lmax B 1)

_ 2517 E(Luwiae)([1og(2/¢)] + 1) hmax
 hinax(SIZE(Lyiae) — ([10g(2/€)] + 1)huax) + [log(2/e)] +1
2517 E(Luwide)([log(2/¢)] + 1)

=S1ZE(Luia.)
=4/e([log(2/e)] + 1) + [log(2/e)| + 1
<5/e([log(2/¢)] + 1)

The total height of the rectangles in every group Gi(t) is at most k2'h.,. Since

+ |log(2/e)] +1

+ [log(2/e)] +1

+ [log(2/e)] +1

each of the rectangles in G4(t) has width at most 27" we have SIZE(G1(t)) < khmax.
Then SIZE(Lyige) < SIZE(JUJ") < SIZE(J)+ (|log(2/e)] + 1)khmax, since there are
|log(2/e)| + 1 groups G1(t) in J'. With our choice of k assertion (ii) follows.

For all t € {0,1...,|log(2/¢)|} we have by construction
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G (t) >4 Gi(t) >4 G5(t) >4 ... 24 Gy (t) and thus
q(?) q(t)
JulJ =JGit) =, W, 2, | JGit) = J. (4)
i=1 =2
We have FSP(JUJ') < FSP(J)+ FSP(J'). Since at least 2! of the rectangles in G/ (¢)
fit next to each other into the strip we conclude also F'SP(G/(t)) < khmax. Thus, we have
FSP(J') < (llog(2/e)] + 1)khmax < eSIZE(Lyide) < eF'SP(Luyide)-

We conclude FSP(JUJ") < FSP(J)+eFSP(Lyide) < (14 ¢)FSP(Luyige). O

Algorithm 7 Improved Strip Packing

1: For accuracy € > 0 partition L into L4 = {r; € Llw; > ¢/2} and Lygrrow = {1j €
Liw; <¢e/2}.

2: Round the widths of the rectangles in L,,;4. with Algorithm 5 and obtain J U J’ with
only M = O(1/elog(1/¢)) different widths.

3: Solve the linear program LP(J U J').

4: Construct a feasible solution for J U J’ with height at most FSP(J U J") + 2M hpax.-

5: Use modified NFDH to pack the rectangles in L4 into the remaining space and
on top of the strips.

With the tuned rounding technique the additive factor of the AFPTAS for strip pack-
ing improves:

Theorem 4.4. Algorithm 7 produces for any accuracy € > 0 and list of rectangles L
produces a packing of the rectangles into N strips of unit width with height less than
(14 e)OPTsp(L) + (AM + 1)hpax, where M = O(1/elog(1/e)). The running time is
polynomial is in O(e75 + nlogn).

The proof uses similar techniques in [11]. The difference is mainly in converting the
fractional solution into an integral one. Techniques used for the converting process can
be found later in Theorem 5.5. We can solve the linear program used in the algorithm
via max-min resource sharing. Thus, since M < 5/e(|log(2/¢)] 4+ 1) and according to [11]
the fractional stip packing can be solved in time

O(M(1/e* +log(M)) max{M + 1/&*, M loglog(M/e)}) = O(c %log(1/¢)).

This gives a total running time of O (e %1og(1/e)+nlogn). This also improves the original
algorithm with O(1/&?) different widths and running time O(e~" + nlogn).

5 An AFPTAS for MSP

In this section we present an AFPTAS for MSP. Interestingly, this result also applies to
scheduling parallel jobs in identical platforms. The algorithm is a generalization of our
improved version of the AFPTAS for strip packing by Kenyon and Rémila [14]. We show
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that there exists an algorithm for multiple strip packing achieving the same asymptotic
approximation ratio with additive term O(1/clog(1/¢€))hmax for an arbitrary number N
of strips. For instances with N sufficient large, namely N € (1/:21log(1/¢)), we show the
existence of an algorithm that adopts an improved additive constant of O(1).

As in Section 2 by dividing a packing for one strip into N parts of nearly the same
height and distributing them among N strips we get an algorithm for MSP. We define an
Algorithm A, as follows:

Algorithm 8 A,
: Pack the sorted rectangles with Algorithm 7 into a single strip S.
for all / € {0,1,...,N} do
Draw a horizontal line through S at height (AX®(L)/N.
end for
for all ¢ € {0,1,...,N —1} do
Pack all items intersecting the ¢th line and all items between the ¢th and (¢+ 1)th
lines into strip Spy1.
7: end for

Theorem 5.1. For a list L = {ry,...,r,} of rectangles with widths and heights < 1 and
accuracy € > 0 Algorithm A, generates a packing into N > 2 strips with height less than
(1+e)OPTysp(L) + O(1/log(1/€)) hmax and running time O(e~%log(1/e) + nlogn).

Proof. By Step 2 every strip Sy, £ € {1,..., N} has height

AKER(L,
hi S EN( ) + hmax

(1 + 8)0PTSP(L) + (4M + 1)hmax
N

+ hmax

N2 (1 PTsp(L
2 +€>ON SEE) L M 4 1) b+

< (1 + €)OPTMSP(L) + (2M + Q)hmam

where the last inequality holds because OF7sr(L)/N is a lower bound for OPT);sp(L). The
running time is dominated by the time used for Algorithm 7. ]

5.1 Instances with a large number of strips

Now let us consider instances with a large number of strips. In this case it is possible
to improve the additive constant to O(1) by balancing the configurations. Choose § :=
iz and N > 19/8([log(2/9)] 4+ 1) = Q(1/e*log(1/¢)). We divide the list of rectangles
L into a list of narrow rectangles Lygrow = {r; € L|lw; < 6/2} and a list of wide
rectangles Lyge := {r; € Llw; > §/2}. Then we round L4 to an instance J U J" with
M <5/5(|log(2/0)] +1) = O(1/eclog(1/¢)) (compare Lemma 4.3) different widths using
Algorithm 6. Our first objective is to create a fractional packing for the rounded wide
rectangles into N strips. To do this we solve approximately (see Section 6.2) the linear

program (3) for the rounded instance of wide rectangles (JU.J'). Let hy := FSP(JUJ')/N.
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We first show there is a fractional packing for J U J’ that contains only O(1/elog(1/¢))
different configurations and has height at most (1 4 §)ho.

Lemma 5.2. Let x = (21,...,2,) be a solution of LP(J U J") with at most m < M
nonzero entries Ty, ..., Ty. For N > 10/s2({log(2/0)] + 1) we get a fractional packing into
N strips with height at most (1 + 6)ho and at most m' < 2M different configurations.

Proof. We first pack the rectangles fractionally into the configurations. Imagine each
configuration C; as a bin with height z; and width ¢; and divide it into o;; columns of
widths w; and height ;. Pack the rectangles in J U J’ of width w; in a Greedy manner
fractionally into the columns of width w; until exactly height z;, starting with ¢ = 1. In
this way each column contains a sequence of rectangles, which completely fit inside the
column and possibly the top part of a rectangle, that started in a previous column and the
bottom part of a rectangle, that is too tall to fit into this column. Since Z;n:l iy > 3,
the total height of the rectangles of width w;, there will be maybe more than enough
space for the rectangles of width w; in the configurations. In this case we distribute the
rectangles among the columns and delete the additional space. So we split a configuration
C; into two parts, one of the old type where the columns of width w; are completely filled
and one without columns of width w;. This case may happen only M times. So we have
in total m’ = m + M < 2M configurations C4, ... C,, with nonzero heights x1, ..., z,,.

Assume w.l.o.g. wy > wy > ... > wy. We start filling the columns for each width with
the rounded fraction of the wide rectangle in L4 that is split into a rectangle of width
w; and the next wider width w;_; by the rounding Algorithm 5, if such a fraction exists.
We finish packing each width w; with the fraction of the wide rectangle in L4 that is
split into a rectangle of width w; and the next smaller width w;,1, if such a fraction exists.
Notice that there exist configurations with height larger or equal hg, since if not we con-
clude Z;”:ll x; <m'hy < 2Mho =19/5(|log(2/0)] + 1)ho < Nhg, which is a contradiction.
Consider a configuration Cj, j € {1,...,m'}. If x; > hy we allocate |*i/no| empty strips
with height hg for C;. If then #i/hy — |%i/ho] < dhg, we assign to C; additional space with
height (%i/he — |%i/no]) in a strip, that has already height hg. If ®i/hy — |%i/no| > 0hg, we
divide (#i/no — |%i/no|) into at most 1/s stripes with height less or equal dhg. So assign to C;
additional space of height dhy in no more than 1/s strips, which are already occupied until
height hy. In the same way as the remaining stripes we handle configurations of height
less than hg. Since there are at most 2M configurations with nonzero height, we get at
most 2M/s = 10/52(|log(2/0)| + 1) < N additional assignments of height dhg, which can
be distributed to N strips. Thus by this assignment policy, where the configurations are
balanced, each strip has allocated area of height at most (1 + d)hg for at most 2 different
configurations m

The next Lemma shows how to get from a fractional packing to a feasible integral
packing.

Lemma 5.3. Let v = (z1,...,24) be a solution of LP(J U J'") with at most m' < 2M
nonzero entries Ty, ..., Ty . For N > 10/52(|log(2/0)| + 1) we can convert x to a feasible
packing for the rectangles in J U J' and with height at most (1+ 6)hg + 2hmax and at most
2 different configurations per strip.
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Proof. Consider a strip S,. Emanating from the above fractional solution with m’ < 2M
completely filled configurations we have in S, at most 2 configurations. Between height
zero and hgy we have a configuration C; of height z;, = hy and between height h, and
(1 + §)hy we have a configuration Cj of height xy, = 0hy. First we assign to each
configuration additional space of height 2h.,.,. This increases the total height of the
packing by 2hyax. Consider now the fractional packing in the proof of Lemma 5.2. We
convert this packing to a feasible integral packing for the rectangles in J U J" in the
following way:
Consider the columns of width w; starting in the first strip where w; appears. In each
column, but the last one for w; there are a sequence of rectangles and possibly two
fractional rectangles. One is the top part of a rectangle, which does not fit completely
into the previous column and the other one is the bottom part of a rectangle that is
too tall to fit into this column. In each column we pack all rectangles belonging to the
sequence and the completed fractional rectangle from the top. If the considered column is
the last one for width w; we have only one fractional rectangle at the bottom and possibly
a rectangle that is a rounded fraction of a rectangle in L4 that was split by rounding
Algorithm 6 between width w; and the next smaller width w; ;. Here we add the fraction
of width w;,; belonging to the same rectangle in Ly;qe.

So we can guarantee that each configuration C; with height z;, in strip S; is filled up
to height at least x;, — hmax With rectangles of J U J'. O

Since we can guarantee that there are at most 2 different configurations per strip,
the additive constant will be improved to O(1)hmayx, while the running time remains the
same. For a smaller value of N the balancing argument for the configurations can not
be applied. For N = 1 we can guarantee a feasible packing for the wide rectangles with
height at most hg + 2M hyax-

/ (1+ €)ho + 2hmax :[F_'_'—|_|—|—|—|_|—I_l
(14 ¢€")ho + 2hmax (1+¢€")ho + Pmax
(1 + 5,)}7/0 + hmax Ck

}LO + hmax . ho + h’max

7 e— :;DT

o ho = hmax f========4-——-—-7 =TT

hO - hmax ”””””””””””””” l l l
: |-

0 [ [

0

Figure 2: S, with C; and Cy. Figure 3: S, after packing the narrow rect-
angles.

Our last step is to pack the narrow rectangles. We use a modified version of the NFDH
algorithm: For strip S, as above we pack narrow rectangles with NFDH into the empty
space next to the configurations until the total height is at most (1 + 6)hg + 2hmax. After
that we repeat the process for strip Sy;1. When all strips are filled in this way, we draw
a horizontal line at height (14 0)hg + 2hyax in each strip and pack the remaining narrow
rectangles with Algorithm 2 on top (see Fig 2 and 3). Thus we can ensure by Lemma 2.4
that the maximum difference of the heights of two arbitrary strips is at most hyax (see
Fig 3). Let hfinu denote the height of the packing after adding the narrow rectangles.
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Lemma 5.4. Let N > 10/s2(|log(2/6)| +1). If hfina > (1 + 6)ho + 2hmax, then we have

SIZE(JUJ' U Lyarrow)
N(1-46/2)

hfinal < + (Sho + Ghmax-

.....

configurations C; and C} with heights z;, = ho and x;, < d0ho and widths ¢;, ¢, re-
spectively. Let a; < ... < a, be the ordered sequence of shelves constructed by modi-
fied NFDH in Sy, such that ar > (1 4 0)hg + 2hmax or 0 < ag < hg — hpax for all
ke {l,...,r}. Let a;, < ... < a,, be the subsequence of shelves with at least one
rectangle. Furthermore, let by, and b, be the heights of the first and the last rectangle
placed in shelf as,,i € {1,...,7"}. A shelf is closed, when the next narrow rectangle
does not fit completely on the shelf. Notice that all narrow rectangles on shelf a,, have
height > b; Let a5, < ... < as, be the subsequence of a,, < ... < ay such that either
as, > (14 6)ho + 2hmax or 0 < ag, + 05 < hg — hmax. Keep in mind that the region
[0, ¢;] X [0, 2, — haax] Of Smin is completely filled with rectangles from JU.J’. We consider
three cases for shelf a; with k < r:

Case 1: On shelf a; is at least one narrow rectangle and ay > (1 + §)ho + 2hymax OF
0 < ag + b, < hy— hmax- In this case there exists ¢ € {1,...,7 — 1} with £ = 5,.
Therefore, an area of at least b} (1 —§/2) is covered by wide and narrow rectangles from
JUJ'"U Lparrow-

Case 2: On shelf a; is at least one narrow rectangle with ay + 0, > hy — hpax and
ar < hg — hmax. In this case (hg — hmax — ax)(1 — §/2) is covered by wide and narrow
rectangles.

Case 3: On shelf a; is no narrow rectangle and a, < hg — hpay. This case may happen,
when the wide rectangles in configuration C; have already a total width larger than 1 —¢&'.
In this case an area of at least (hg — Amax — ax)(1 — §/2) is covered by wide rectangles in
J U J'. Cases 2 and 3 may happen only once per strip.

Let
Xi= > (ho— hmax — ).
k¢{§1 ..... 5;,1}
Then (1 —6/2)(X + 37—} b;.) is a lower bound for the total size SIZFE(Suyin) which

itself is bounded from above by {/NSTZE(JUJ'U Lyarrow). On the other hand, the height
of the final packing is at most X + 22:1 bs, + 4hmax + 0ho plus hyay by Lemma 2.4 by
packing the rectangles on top. This gives

hfinal S X + Z bgi + 6h0 + 5hmax

i=1
7—1
<X+ by, + 6ho + 6hia
=1
SIZE(Smin)
———~ +0h Pomax
< T+
SIZE(J U J'U Lyarrow)
< h Pmax-
< NI =06/2) +0ho + 6
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Theorem 5.5. If N > 10/52(|log(2/0)] + 1) the Algorithm 9 generates for an instance
L of MSP a packing of height at most (1 + €)OPTysp(L) + O(1) and running time
O(e%1og(1/e) + nlog(n)).

Proof. If hyina > (14 0)ho + 2hmax we conclude with Lemma 5.4

SIZE(JU ) + SIZE(Luarro) | SFSP(JUT)
N(1-46/2) N
L<4'3 (14 0)SIZE(Lyide) + SIZE(Lparrow) n 6(1+6)F'SP(Luyide)
- N(1—-16/2) N
o L J
=1-0/2
1436
1-9¢
— (1+ €)OPTasp(L) + 6hmas,
where the third inequality holds because SIZE(L)/N and FSP(Lyq)/N are lower

bounds for OPTysp(L). On the other hand, it follows immediately from 5.3 and 4.3
that

hfinal <

+ 6hmax

+ 6hmax

OPTysp(L) 4 8(1 4+ 0)OPTarsp(L) + 6hmax

< OPTysp(L) 4 6hmax

FSP(JuUJ

hfinal < (]- + 5)%

(14 6)>FSP(Luige)
N

S (]_ —+ €>OPTMSP<L> + thax-

—I— 2hmax

IN

+ thax

Algorithm 9

1: Set § := ¢/(a+e)

2: Partition L into Lyqe = {r; € Llw; > 0/2} and Lygrrow = {r; € Llw; < §/2}.

3: Round the widths of the rectangles in L4 with Algorithm 5 and obtain J U J’ with
only M = O(1/elog(1/¢)) different widths.

4: Solve the linear program LP(J U J').

5. Construct a feasible solution for J U J’ by balancing the configurations.

6: Use modified NF DH to pack the rectangles in L0, into the remaining space and
on top of the strips.

Corollary 5.6. There is an algorithm for scheduling parallel jobs in identical platforms
that for any input J of SPP and € > 0 produces a schedule of length at most

(14e)OPTspp(J) + O(1/clog(1/¢))pmax

adn running time O(e %log(1/e) + nlog(n)). For N = Q(1/e?log(1/¢)) the length of the
schedule tmproves to
(1 + €>OPTSPP<J) + O(l)pmax-
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6 An AFPTAS for SPP

The algorithm for the more general scheduling problem is based on an LP-relaxation.
This allows migration and preemption of jobs. That is a job is allowed to be split into
fractions that are executed in different platforms (if they fit). Emanating from the solution
of the LP we compute a unique assignment of almost all jobs to the platforms. This is
done by grouping the jobs similar as in Algorithm 6 and then rounding the fractions of
jobs using a result of Lenstra et al. [16] ; i.e. the number of remaining fractional jobs
per platform will be bounded by O(1/clog(1/¢)). Remarkably, the rounding technique
needs except an (approximate) solution of the LP no extra information about the speed
values. For each platform we reschedule the obtained integral jobs with Algorithm 7, our
improved version of for strip packing of Kenyon and Rémila. Finally, the fractional jobs
are scheduled behind. An overview of the algorithm is given below Algorithm 10.

Algorithm 10

1: Solve a linear program relaxation of the problem (5) and get a fractional schedule
where preemption and migration are allowed.

2: Group the fractional jobs corresponding to the LP-solution as described in Algorithm
11 according their widths and for every platform P, obtain sets L!,, and Lf,,.,., of
wide and narrow fractional rectangles, respectively.

3: Via a general assignment problem (10) round the fractional rectangles and obtain sets
of rounded rectangles L’ , L', ..., and fractional rectangles F* for £ € {1,... N}.

4: for all £ € {1,...,N} do

5: Pack L, UL’ .. with the strip packing subroutine 7 into platform P;.
6: Schedule the fractional jobs in F* greedily on top of the schedule corresponding
to the packing obtained before.

7. end for

6.1 Relaxed Schedule

Let J be an instance of SPP and let T be the makespan of an optimum schedule for
J. To simplify the structure of the schedule instead of handling the specific processing
times tﬁ we consider each platform as a two-dimensional bin of width m, and height
T'sy and schedule the jobs concerning their lengths p; within this bin. Furthermore, we
abandon the constraint that a job has to be scheduled non-preemptively and within only
one platform. We represent the schedule of a job J; = (p;,q;) as a (finite) sequence of
pairs (1;, Qi)icr(j), 1(j) C N, where every I; C [0,77] is a time interval and every (); is a set
of processors so that there is a uniquely defined platform P, € {1,..., N} with Q; C P,
and |Q;| = ¢;. Additionally, we assume that the following conditions hold:

(i) the time intervals for job .J; within the same platform do not overlap except maybe
at the endpoints, i.e. for all £ € {1,..., N}

U (Ii N ]i/) = (), where ;1 denotes the interior of a set A.

i,i €I(jg),i#i
Li=b=10,
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(i) > =i 8¢ D picry@icpy il = pj (covering constraint).
(iii) at any time for every processor there is at most one job running on it.

Keep in mind that under this constraints a job is allowed to be split among the
platforms and may be executed in two different platforms at the same time, but never in
parallel with itself within the same platform (except for a discrete time, when one piece
starts and another ends). It can be executed on two different (not necessary disjoint)
subsets of processors within the same platform during different time intervals, where only
the endpoints of the time intervals may overlap. An example how such a relaxed schedule
can look like is given in Figure 4: Assume that 7' = 10/s,, and job J; needs to be scheduled
on g; = 3 processors for p; = 7.5 operations. So in Py, it is scheduled on processors
{7,8,9} during time [0, 1/s,,] and on processors {2, 3,4} during time [5/s,,,7/s¢,]. In Py,
it is scheduled on processors {1,2,3} during time [0,3/ss,] and in P, it is scheduled on
processors {3,4,5} during time [3.5/s¢,,5/5¢,]. This gives 1 + 2 = 3 operations in P, , 3
operations in P, and 1.5 operations in Py, (this fulfills the covering constraint).

TS[ =10
! T'sy,

Py, Py,
I:‘ Job J]', P = 757 q; = 3

Figure 4: Relaxed schedule

The relaxed schedule can be formulated via the linear program below: For each plat-
form in P, 1 < ¢ < N we introduce configurations C*. A configuration C* is a function
C*:{1,...,n} — {0,1}, so that dett, mjct=1y &G < me. 1t tells us which jobs
can be scheduled in parallel in platform P,. By definition, the number ¢(¢) of different
configurations for P, is bounded by 2". Let C* = {CY,... 705(12)} denote the set of all
configurations for a platform FP,. In the LP below the variable Lo indicates the length of
configuration C¢. That means that the jobs in {j € {1,...,n}|CL(j) = 1} are executed
in platform P, during Lo operation steps.

a(f)
chﬁ =s/ te{l,...,N}
k=1

N
. (5)
Z Z $C£ijje{17-~an}
(=1 {ke{1,...a(O}CLG)=1}
zee >0 ke{l,....q(0)}, t€{l,...,N}
The first N constraints ensure that the makespan Cp.x(¢) in each platform P, does

not exceed T'. The next n constraints are covering constraints for the n jobs. They make
sure that every job is executed sufficiently long.
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Lemma 6.1. If T is the makespan of an optimum schedule for SPP(J), the linear program
above (5) is a relaxation of SPP(J).

Proof. Consider an optimum solution with makespan 7" for SPP(.J). Then we construct
a solution for LP (5) in the following way:

For each platform P, we consider the finishing and starting times #,...,t5() € [0,T] of
the n(¢) < n jobs assigned to this platform. They give a partition of [0,7] (not minding
empty intervals). We can assume w.lo.g. 0 =1¢; < ... < Los(r) and denote toz)41 = T
For each non-empty interval [t;,t;,1], i € {1,...,27(f)}, we store a vector v{ € {0, 1}"
and set v{(j) = 1 if job J; is scheduled in platform P, during this interval, else v{(j) = 0.
Furthermore we store a value mf = Sp(tix1 — t;) for vf . Note that if t55,) < T the vector
vgﬁ@) is equal to Ofo,13». Note that we store at most 2n vectors for every platform, since for

i(¢) = n we conclude ty, = T. Let V* denote the set of stored vectors. As long as there
¢ =vf with i # j (wlo.g. i < j)in V' we reset ] = x| +

are two identical vectors v; = v;
and discard vf . Finally we define for every £ € N and 1 < k < ¢(¢)

0 else.

i {xfifc,gzufforie1,...,273(15)
xcll; =

..........

a(®)
Tor 2 0and ) Toe = s/T for £ € {1,..., N}, since it is the sum of the values s¢(t;1 —1;),
k=1

i€ {l,...,2n(¢)}. Since we started with a feasible schedule, by definition of z we already

.....

Py, so the covering constraint in (5) is fulfilled. O

6.2 Solving the LP

The problem above is a feasibility problem with an exponential number of variables and
N + n constraints. Let PS(J) denote the makespan of an optimal preemptive schedule
with the properties as described above. Clearly, PS(J) < OPTgpp(J). It is sufficient to
solve the LP approximately obtaining a value 7" with PS(J) < T < (1 +¢)PS(J) <
(14e)OPTgpp(J). Let dpin := 22);]:2 Since in our LP-relaxation a job can be scheduled
in parallel with itself, when scheduled in different platforms we obtain a lower bound
L := dwin/N and an upper bound U := nty.x for PS(J). Now there must be a value
L+ jeL € [L,U] for j € {0,...|Z£]}, so that PS(J) € [L + jeL, L+ (j + 1)eL]. Thus
we have PS(j) < L+ (j+ 1)eL < (14 ¢)PS(J). Consequently, using binary search
to find a proper value T takes time in O(log(“%)) = O(log(ntmax N (edmim)™")). Since

tnax < b ~, we have tiax/dmin < max s, (remember that mins, = 1) and therefore we

find 7 in time O(log(nNe™! max s/)).

We can now formulate the problem described in (5) as a max-min resource sharing
problem and solve (5) by using binary search on the optimum value PS(J) and testing
in each step the feasibility of a system of (in-)equalities for a given 7" € [L,U]. Let
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Al
2. 2 egzl

{ke{1,...a(0}CL(5)=1}
for j € {1,...,n}, x € B(T), where

a(f)
B(T) = (xC,‘i)‘fo > Oaszﬁ = S€T7 te {L s 7N}

k=1

We test the feasibility of the system by computing an approximate solution for
N

A" = max{\| Zpi Z Tor 2 A,

=1 "7 {ke{1,...qO}CL()=1} (6)
1<j<n, zeB(T)}.

This problem can be considered as a fractional covering problem with convex set B(T") and
n covering constraints. We present the n covering constraints by Az > \. According to
[8] we can compute an (1 — §)-approximate solution for (6) in O(n(1/s>+1Inn)) iterations,
where an iteration includes roughly summarized the following steps:

We start with an initial solution € B(T") and compute a certain price vector y = y(z) €
R" depending on Z. Then we consider the so called block problem, Max {y” Az|z € B(T)}
and compute a (1 — §’)-approximate solution € B(T) for it with ¢’ = /6 (for details see
the next paragraph). Set 7 := (1 — 7)Z + 77 for a certain 7 € (0,1). The algorithm stops
after O(n(1/s2 4+ Inn)) iterations with a vector z so that

N

=P freqa@ricii)=1)
je{l,...,n}
q(€)
Y Fo=Ts Le{l,...,N}
k=1
Tee 20k e{l,....q0)}, Le{l,...,N}
After O(n(Y/s> + Inn)) iterations for a given value T' € [L, U] we either

1) get a solution z € B(T') such that for all j € {1,...,n} we have
N _
213 2. Tey 2 (1-9)

T (k{10 G)=1}
2) or conclude that there is no solution z with

Zé\leﬁ > ECIngforﬁG{l,...,N}.
! {ke{1,.a(0)}CL()=1}
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For x € B(T) define \(z) := min; 3, pij > kel qO}CtG)=1y Lot AT > 1 we have
A(Z) > (1—96), so in case 1) we select a smaller value for T'. In case 2) we have \(Z) < 1—49
and therefore \* < 1. So we know that the value 7" was chosen too small and chose a
larger one.

Solving the Block Problem. Consider the block problem Max{y” Az|z € B(T)}.
The set B(T') can be written as a Cartesian product of N convex sets

q()
k=1

Each set B,(T) is a simplex. So the block problem can be re-written as

N n
Max Z Z %J Z Tots
=1 j=1"7 rreq1,.., a(O)}CL(j)=1} (7)
N
T € >< Bg(T)
=1

Thus, it is sufficient to solve N independent smaller block problems of the form

Max i %J Z o2

3=1 7 fke{1,.q(0)}CE()=1} (®)

For each ¢ € {1,..., N} we find the optimum of (8) at a vertex Z of B,(T). Such a vertex

corresponds to a configuration C’f; with Zee = 5,7 and Toe = 0 for Ct # C’f;. Thus, we
k

have to find a configuration C’ﬁ of jobs that can be executed in parallel in P, with largest

profit, where the profit value of a configuration Cf is given as Z{je{l n}|CL()=1} Y This

7777 I)_
results in the following knapsack problem: ’

Lawler showed in [15] that a (1 — ¢')-approximate solution for this knapsack problem can
be computed in time O(nlog(1/s') +1/54). Summing up all near optimal solutions for (8),
¢=1,...,N, gives a (1 — ¢§')-approximate solution for (7).

Constructing a Schedule. Now we construct a schedule based on an approximate
3e

solution. Choose § := 35 and assume € < 1. By binary search on 7" we can achieve a
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solution Z so that for every ¢ € {1,..., N} we have Zzg Tor = Tsp < (1+¢)sePS(J)
and 3, pij Z{ke{1,...,q(e)}|c,§(j):1} Tee > (1 —=96) for all j € {1,...,n}. We slightly extend
the length of each configuration setting xce := T ¢y (14 49) and conclude

N
ezlpij > | ror > (1= 06)(1 4 46)

= {ke{L,..a(D}CL()=1} (9)
= (1 + 36 — 46?)

> 1,

since 0 < %. Consequently, in each platform the length of our generated schedule is also
extended to

q(f) q(0)
a0y = (1+40) ) &g
k=1 k=1

< (14+46)(1+¢)sePS(J)
< (14 3¢)sPS(J) < (14 3¢)s,OPTspp(J).

6.3 Rounding the Fractional Solution.

In this section we round the jobs in order to get a unique assignment of every job to a
subset of processors of a platform. Consider an approximate solution (l’c,Q of the LP-

relaxation. We introduce a new variable x? € [0,p;] that indicates the length of the
fraction of job J; that is scheduled on F,. Formally this is :cﬁ = Z{ke{l,...,q(é)}|c,£(j):1} Lot
the sum of the length of all configurations in P, in which J; appears. We can assume
for all jobs J; the equality Zévzl a:ﬁ = pj, if not we simply delete job J; from appropriate
configurations or replace a configuration by two “shorter” configurations (one with job J;
and one without, their total length is the same as the one of the original configuration).
For all fractions x§ of a platform P, we build rectangles (a:ﬁ, q;) of height a:ﬁ and width g;.

We use Algorithm 11 to group the rectangles of every platform P, geometrically.

[] Rectangle (Tj’ q;), a fraction of Jj.

"
wide

Figure 5: Constructing L

If we were able to round the variables z{; to integer values {0,1} (without losing too
much), this would imply a unique assignment of every rectangle to exactly one group of
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Algorithm 11 Grouping

1: foralll1 </ < N do

2: Choose § := ¢/(4+¢) and partition the rectangles into wide and narrow rectangles,
Lo = (@ a)las > (9/2)me} and L, = (@, )lay < (6/2)me}.

3: Group the rectangles in LY., with Step 1 to 5 of Algorithm 6 into M <
5/6(|log(2/0)] +1) = (1/5 log(1/€)) groups G¥. Denote the resulting list of rectan-
gles Wlth L. . and let y € [0, pj] denote the fraction of job j that is assigned to G.
Let 25, = v} z/p] [0,1] denote the scaled fraction.

4: Compute SIZE(L = Z( £ g5)e anow :L‘?(b and locate the corresponding rect-

angles on top of the stack as group Ge Let yj 0 € [0 p;] denote the fraction of a narrow
job J; that is assigned to Gf and and let z£, = vjo/p, € [0,1].
5: end for

narrow)

a platform. Re-identifying the rectangles with jobs, where we identify the height of a
rectangle with the length of a job, this would also imply a unique assignment of every job
to a platform. We achieve such a rounding of the variables z , via the following general
assignment problem, so that there remain at most M + 1 fractlonally assigned rectangles
per platform.

Zzﬂop]q] SSIZE‘( narrow) te {1,,N}

7=1

S i <H(GYie{l... .M}, 0e{l,....N}
7=l (10)

YN di=1jedl,.. n}

/=1 i=0

€ [0,1]

The above formulation is related to the problem of scheduling jobs on parallel unrelated
machines with (M + 1)N machines. Each group G¢ corresponds to a machine. Lenstra
et al. showed in [16] that a feasible solution (zf J) of this problem can be rounded to
a feasible solution (2 ;) of the corresponding integer program formulation in polynomial
time, so that there remains at most one fractional job z - < 1 per machine. Hence, we
get a unique assignment of almost all rectangles to the platforms P, except at most M +1
fractionally assigned rectangles per platform. Let F* denote the set of rectangles with
fractional variables z]- after the rounding. We will execute the corresponding jobs at
the end of the schedule; their total processing time is bounded by (M + 1)tyay. From
now on we consider for each platform P, an instance of strip packing containing a set

of wide rectangles Lt = {(Z,pj,q;)1Z;, = 1,4 > 0} and a set of narrow rectangles
Lt = {3 25 0ps 4;)175 o = 1}. In every platform we repack the pre-assigned rectangles
in L., ULt .. using Algorithm 7.
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7 Analysis

In the end we re-identify the rectangles with jobs, i.e. their widths with ¢; and their
heights with p;. Note that a packing of the rectangles of total height h(¢) in platform
P, corresponds to a schedule with makespan ®/s,. Then the fractional jobs in F* are
scheduled on top. To directly apply strip packing results we scale the widths of all
rectangles in L%, U L%, .. by Ym,. Furthermore, we consider platform P, as a strip

of width 1 and infinite height. As we consider each platform and the allocated jobs
independently, this has no impact on the solution.

7.1 Analyzing the Output

Let (z¢¢) be an approximate solution of (5) and let LY ULL,... contain the rectangles

that have to be repacked in Step 5 of Algorithm 10 with the strip packing subroutine

above. 5 3
Let LY .40 L g and LY, denote the instances obtained from Lf,, , L., and L!,,.

via rounding algorithm 6. Remember that the difference between Lf ., and L, is that

in L., every rectangle is uniquely assigned to one group G? since we introduced two new
rectangles for border rectangles before. Thus Lf, = L .. Moreover, we can show the
following;:

Lemma 7.1. For all ¢ € {1,..., N} we have
&) FSP(E ys) < (1482 FSP(L,)
) SIZE(L g) < (1 4+ 6PSIZE (L),
Proof. First notice that FSP(L!,,.) = FSP(LY

K de) Since we are comparing fractional

solutions. By Lemma 4.3 we have (1 + §)FSP(L:,,.) > FSP(Lt,,..) = FSP(LY ...
During building the the lists Eiide from lists L/, in step 3 of Algorithm 10 via the
general assignment problem we do not increase the total height of any group G¢ and we
do not exceed the largest width of a rectangle that appears in it. Therefore we have

L >, Lt and thus FSP(LY ) > FSP([NJfM-de). Again applying Lemma 4.3 to

“round =9 “wide round
L, and Lt . gives a). In a similar way assertion b) follows. O
Let hf,,., denote the height of the packing produced by converting the fractional

solution of 3 for the instance Lf_, , into an integral one. This is done by adding for each
configuration appearing with height > 0 in the fractional solution the maximum height of
a rectangle. Each basic solution of (3) has at most M non-zero entries. Thus, there are
effectively at most 2M different configurations after filling the configurations as in Lemma
5.2 (since we consider only one strip we do not divide any configuration). Consequently
we achieve a feasible integral packing for Efmmd with height hf ., < FSP (Efound) +(1+
2M) max{p;|(p;, ¢;) € Liyp}-
Now let h(f) denote the height after adding the narrow rectangles in L.

packing in platform P, ¢ € {1,..., N}. We bound A(¢) in the following way:

to our

Lemma 7.2. For all¢ € {1,..., N} we have
Rt < (1 +7e)PS(J)s¢ + O(1/elog(1/e)) max{p;|(p;,q;) € LE,4. U L

wide narrow } :
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Proof. First note that by construction we have that the height of an optimal fractional
strip packing for the wide and narrow rectangles in L%, U L, . into platform P, is
less than the length of the schedule corresponding to the approximate solution of (5)
constructed in step 1, that is
FSP(L!,, UL

narrow) < se(1+3e)PS(J). (11)
We consider two different cases:
If h(¢) > ht Kenyon and Rémila showed that

round?

SIZE I’ﬁoun U I’fmrrow T T
h(é) < ((1 — 3/2) ) + (4M + 1) maX{ijpju QJ) S Lfound U Lfmrrow}‘

Since SIZE(L ) < SIZE(Lf,,,..,) by construction Lemma 7.1 b) implies

narrow

S‘[ZE([N/ dU‘ze ) S (1 +5)2SIZE(L£}zde ULfmrraw)‘ (12)

roun narrow

With (11) and since we scaled the widths of the rectangles by /m, we have SIZE(L:,,. U
Lt ) < se(1+3¢)PS(J). With § = ==

narrow 4+¢
2) 1+46)?

h(g) < A(Lé U Lﬁar?‘ow)ﬁ
+ (4M + 1) max{p;|(p;, 4) € Luyige U Lyarrow
(1+3e)PS(J)se(1+6)?

(1-4/2)
+ <4M + 1) max{pj|(pj, QJ) S Lfound U szarrow}
< (L+7)PS(J)se + (4M + 1) max{p;|(p;, 4) € Lyouna U Larrow}

IN

If h(¢) < RE,, , the converting process from fractional to integral gives us

l
hround

S FSP([N’found)
+ (14 2M) max{p;|(p;, ¢;) € L’,ia.}

7.1 a)
< FSP(Liyg) (1 +6)°
+ (14 2M) max{p;|(p;, q;) € Liyide Y Lyarrow
S FSP(Lﬁnde U Lfmrrow)(l + 5)2
+ (1 -+ 2M) max{pj\(pj, q]) € Li}ide U szarrow}

(11)
< so(1+32)PS(J)(1 + 6)2

+ (14 2M) max{p;|(pj, ¢j) € Lz U Lurrow}
S (1 + 66)PS(J)Sg + (1 + 2M) max{pj|(pj7 Qj) € quz’de U Lfmrrow}

According to Lemma 4.3 we have M < 5/5(|log(2/6)| + 1) = 5(4+€)(L10g(2(5f))J +1) =

£

O(1/elog(1/¢)) O
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The packing in each platform P, corresponds to a schedule with length (referring to
pj) at most (1+7¢)PS(J)se+ O(1/elog(1/e)) max{p;|(pj, ¢j) € Liyige U Liarron > thus its
completion time (referring to t£) is bounded by (1+7g)PS(J)+ O(1/elog(1/e))tmax- The
remaining jobs in F* have total processing time bounded by
(MA41)tmax € O(1/elog(1/e)tmax) < O(1/elog(1/e)Pmax), SINCE tiax < Pmax as Min s, = 1.
Adding the remaining jobs in F* to the schedule does not change the magnitude of the
additive factor. With rescaling ¢ and since PS(J) < OPTgpp(J) we obtain that the
makespan of the produced schedule in each platform Py is less than Chax(¢) < (1 +
e)OPTspp(J) + O(1/clog(1/e)pmax) and conclude our main Theorem 1.2. Since during
the repacking process we considered jobs as rectangles, we assigned every job to a set of
processors with consecutive addresses. Thus we also obtain an AFPTAS for multiple strip
packing for strips with different widths (in this case we have s, = 1 forall £ € {1,... N}).

7.2 Running Time of the Algorithm

The time needed for solving (5) approximately via max-min resource sharing in step
1 is ‘binary search on T’ x ‘number of iterations’” x /N x ‘solving the knapsack’ which
is less than O(log(nNe !maxs;)) x O(n(e™2 + logn)) x N x O(nlog(l/e) + &) <
O(Nn2?c=%1og®(n)log*(1/€) log(N max s;)). The number of non-zero configurations in
the final solution is bounded by the number of iterations O(n(s™2 + logn)) [8], since
in each iteration there is at most one new configuration included. So step 2 takes time
O(Nn?(e7% + logn) log(n?(e~2 4+ logn))

= O(Nn%c2log*(n)log(1/¢)), since there are at most n?(¢~2 + logn) rectangles in each
platform that have to be sorted. We represent the assignment problem in step 3 as a
weighted bipartite graph G = (V4, Va, E'), where V; corresponds to the N (M +1) machines
(parts of the stacks), V5 to the jobs. There is an edge between the node representing part
i of the stack for P, and the node representing job J; if zfl > (. This assignment problem
can be converted in time O(|E||Vi]) = O(|V1|*|Va|) = O(e~21og?(1/e) N?n) into another
assignment problem, whose corresponding graph is a forest [17]. Applying the rounding
technique in [16] to the new assignment takes time in O(|Vy|+ |Vz|) = O(e 'log(1/e)N +
n). So step 3 takes time in O(c~2log?(1/e)N?n). In step 5 it is sufficient to solve the
corresponding linear program (3) approximatively with accuracy O(¢) also via a max-min
resource sharing problem. This can be done in time O(M (72 + In M) In(e ™) max{M +
e3, MInln(Me™1)}) for every platform [11]. Since M € O(1/elog(1/¢)) this gives
for step 5 a total running time in O(Ne®). The overall running time sums up to
O(e7°N?n?log?(n) log®(1/¢) log(N max s)).

8 Malleable Jobs

One can also obtain an AFPTAS for scheduling malleable jobs non-preemptively by only
adding a few modifications to the algorithm. To get a better overview we do not consider
the platform speeds here. But remember that one can easily add speeds here by consider-
ing bins of height s,T" instead of T', where T" denotes an optimum value for the makespan
for scheduling malleable jobs in platforms. In the following we give a short instruction
how to adjust our algorithm:
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In malleable scheduling a job J; is described by a function p; : {1,...,mnx} — QT Uoo,
where p;(k) is the length of job j running on k parallel processors of a platform. We
introduce a configuration as a map f; : {1,...,m} — {0} U {1,...,n} that assigns a
processor to a job (0 for idle time). Instead of solving (5) we can solve in a similar way
the following linear program:

> ap=Ttle{l,....N}

feeFt

> x5, >1j5€{l,...,n}

g P e T e

N my

(13)

xfe Z 0.

Here the upper and lower bounds for binary search on 7', U and L, respectively, are
U := ndpin and L := dmin/N where dp;, := max, d* and

d* := max; minj<p<m,{p;(k)|p; can be scheduled on P;}. The block problem also splits
into N smaller block problems, where each of them corresponds to a multiple choice
knapsack. Lawler showed in [15] that those knapsack problems can be solved approxi-
mately in fully polynomial time. To guarantee that we have chosen the right number of
processors for a job we replace 11 by Algorithm 12 in step 2 of Algorithm 10

Algorithm 12 Grouping for malleable jobs
1: foralll1 < /< N do
2: Choose 0 := ¢/(4+¢) and partition the rectangles into wide and narrow rectangles,
Lo =A@t qp)las > (6/2me} and L., = {(a%,q;)lq; < (6/2)me}.
3: Group the rectangles in L!,,  with Step 1 to 5 of Algorithm 6 into M <
5/8(log(2/0)] + 1) = O(1/elog(1/e)) groups G¢. Denote the resulting list of rect-
angles with L, . Let af, bt be the smallest and the largest width of a rectangle in
group G¢ and let VVZ be the set of widths job J; adopts in GY.

4: For ¢ € {1,. M} and w 6 Wi, let S (w) denote the fraction of job j of width
w that is assigned to Gf. Let zf; = ZweWi,j y; ,(w) be the complete fraction of job j
in G¢.

5: For each group 7 € {1,...,M} and job j with [W/,| > 2 compute k!, :=
arg Milye g pe) pﬁ(k) and replace the rectangles correspondmg to job j in Ge by

(25,p;(KE,)ES ;). Note that p;(kf;) is the smallest processing time among all processor
numbers k € [af, bf].

6: For each job j with [W}y| > 2 compute &}, := arg min(g 1,,,, (k) and replace
all rectangles corresponding to job j in G§ by (24 p;(k5 o), kf o).

7: end for

Including different speed values we define the processing time of job J; in platform Py
as (k) = L2 k) . Note that {(k) = oo is possible. We define pyay := max;,{p;(k)[p;(k) <
oo} and tmax := max; ;o {t§(k)[t}(k) < oo}. To include speed values in the linear program

we change the first N constraints of LP (13) into ) zy, = 5,7, since different speeds can
feeF*
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be considered as providing length s,7" instead of T for the schedule. The block problem
also splits into N multiple choice knapsack problems with bin sizes s,7" and can be solved
in a similar way. The rounding step and the repacking process remain the same and finally
we achieve the following theorem.

Theorem 8.1. There is an AFPTAS for scheduling non-preemptive malleable jobs in
heterogeneous platforms with different speeds with additive factor O(1/elog(1/€))pmax-

9 Release Times

For a better overview we describe here the idea for the proof when all platforms run with
the same speed, i.e. s =1 forall £ € {1,..., N}. The general case can be derived from
it.

Theorem 9.1. There is an AFPTAS for scheduling parallel jobs in heterogeneous plat-
forms with different speeds and release times with additive factor O(1/e*1og(1/€))Pmax-

Proof. Let T denote the optimum value of the makespan for SPP(J) with release times
T1y...,7y. Let ® := max;r;, ¢ > 0 and assume that 1/¢ € N or round it up to the next
integer. Clearly we have ® < T < ® + nmax;p;. If & <eT', we can apply Algorithm 10
to the instance ignoring the release times and shift the constructed schedule in the end
by €T'. So in this case we achieve for every accuracy € an algorithm with output less than
(14e)OPT(J)+O(1/elog(1/€))Pmax- Thus, we assume & > 7. As in [9] we round down
the release time to the next multiples of icT ¢ € {0,1,...,1/e} and obtain new release
times 7 ..., 7, with at most R := 1/e+1 € O(1/e) different values py, ..., pgr. To recover
the loss we made by rounding down we will shift the final schedule by €T in the end. For
every platform P, we consider R new platforms ]5471», i € {1,..., R}, with m, processors
and create a new instance Jg of SPP (without release times) with RN platforms and n
jobs. A job J; can now be scheduled in platform ﬁm if it fits and if it is already released,
ie. ¢j < my and 7; < p;. For each of the new platforms 13“ the value of an optimal
fractional schedule is at most €T". Now we slightly modify the concept of a configuration:
A configuration for a platform FN’M is a function C% : {1,...,n} — {0,1}, so that

o i; < p; forall j€{l,...,n} with C%(j) =1

We can apply Algorithm 10 (using the new concept of configurations in the LP-relaxation)
to  J r obtaining in each platform 15“ a feasible schedule with length
(14 €)eT + O(1/clog(1/€))pmax. Summing up the schedules for Py, ..., Pr (in the
right order of course) we create a schedule for the original platform P, with length
Uel(1 4 €)eT + O(1/elog(1/€))pmax] = (1 +&)T + O(1/?1og(1/€))pmax. Correcting the
mistake we made in the beginning and shifting the whole schedule by 7" we obtain in
every platform a schedule with length

(14 28)T + O(1/%1og(1/¢)) prmax-

The running time of the algorithm is in
O(e78N?n?log?(n)log®(1/¢) log(max{N, 1/c})) as we apply Algorithm 10 to N := N/e
platforms and s, = 1 for all £ € {1,..., N}. ]
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