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Abstract. We describe algorithms to explore the space of all possible
reconciliations between a gene tree and a species tree. We propose an
algorithm for generating a random reconciliation, and combinatorial op-
erators and algorithms to explore the space of all possible reconciliations
between a gene tree and a species tree in optimal time. We apply these
algorithms to simulated data.

1 Introduction

Genomes of contemporary species, especially eukaryotes, are the result of
an evolutionary history, that started with a common ancestor from which
new species evolved through evolutionary events called speciations. One of
the main objectives of molecular biology is the reconstruction of this evo-
lutionary history, that can be depicted with a rooted binary tree, called a
species tree, where the root represents the common ancestor, the internal
nodes the ancestral species and speciation events, and the leaves the ex-
tant species. Other events than speciation can happen, that do not result
immediately in the creation of new species but are essential in eukaryotic
genes evolution, such as gene duplication and loss [12]. Duplication is the
genomic process where one or more genes of a single genome are copied,
resulting in two copies of each duplicated gene. Gene duplication allows
one copy to possibly develop a new biological function through point mu-
tation, while the other copy preserves its original role. A gene is said to
be lost when it has no function or is fully deleted from the genome. (See
[12] for example). Other genomic events such as lateral gene transfer, that
occurs mostly in bacterial genomes, will not be considered here. Genes
of contemporary species that evolved from a common ancestor, through
speciations and duplications, are said to be homologs [9] and are grouped
into a gene family. The evolution of a gene family can be depicted with a



rooted binary tree, called a gene tree, where the leaves represent the ho-
mologous contemporary genes, the root their common ancestral gene and
the internal nodes represent ancestral genes that have evolved through
speciations and duplications.

Given a gene tree G and the species tree of the corresponding genomes
S, an important question is to locate in S the evolutionary events of spe-
ciations and duplications. A reconciliation between G and S is a mapping
of the genes (extant and ancestral) of G' onto the nodes of S that induces
an evolutionary scenario, in terms of speciations, duplications and losses,
for the gene family described by G. In this perspective, the notion of rec-
onciliation was first introduced in the pioneering work of [10] and a first
formal definition was given in [17] to explain the discrepancies between
genes and species trees. The LCA-mapping, that maps a gene u of G onto
the most recent species of S that is ancestor of all genomes that contain
a gene descendant of u, is the most widely used mapping, as it depicts
a parsimonious evolutionary process according to the number of dupli-
cations or duplications and losses it induces. It is widely accepted that
parsimony is a pertinent criterion in evolutionary biology, but that it does
not always reflects the true evolutionary history. This lead to the defini-
tion of more general notions of reconciliations between a gene tree and
a species tree [2, 11, 1] and the natural problem of exploring non-optimal
(for a given criterion) reconciliations, and then alternative evolutionary
scenarios for gene families.

The main concern of our work is the development of algorithms for ex-
ploring the space of the reconciliations between a gene tree and a species
tree. After introducing a very general notion of reconciliation (Section 2),
we describe in Section 3 an algorithm that generates a random reconcil-
iation under the uniform distribution, in Section 4.1 combinatorial oper-
ators that are sufficient to explore the complete space of reconciliations
between a gene tree and a species tree, and in Section 4.2 an algorithm
that explores exhaustively this space and computes in optimal time the
distribution of reconciliation scores in the duplication, loss, and mutation
(duplication + loss) cost models. (All proofs will be given in a future
technical report [6]). There are several applications of our algorithms in
functional and evolutionary genomics, such as inferring orthologs and
paralogs [8, 14], the gene content of an ancestral genome [16], or in the
context of Markov Chain Monte Carlo analysis of gene families [1]. We
illustrate our algorithms with experiments on simulated gene families in
Section 5 computed using duplication and loss rates taken from [13]. Our



experiments suggest that, at least for some real datasets, the use of a
parsimony model may be justified.

2 Preliminaries

Let T be a binary tree with vertices V(T') and edges E(T'), and such that
only its leaves are labeled. Let r(T'), L(T), and A (T') respectively denote
its root, the set of its leaves, and the set of the labels of its leaves. We will
adopt the convention that the root is at the top of the tree and the leaves
at the bottom. A species tree S is a binary tree such that each element of
A (S) represents an extant species and labels exactly one leaf of S (there
is a bijection between L(S) and A(S)). A gene tree G is a binary tree.
From now on, we consider a species tree S, with |V(S)| = n and a gene
tree G such that A(G) C A(S) and |V(G)| = m. Let o : L(G) — L(S)
be the function that maps each leaf of G' to the unique leaf of S with the
same label.

For a vertex u of T', we denote by uy and ws its children and by T,
the subtree of T rooted at u. For a vertex u € V(T') \ {r(T)}, we denote
by p(u) its parent. A cell of a tree T is either a vertex of T or an edge of
T. Given two cells ¢ and ¢ of T', ¢ <p ¢ (resp. ¢ <7 ¢) if and only if ¢ is
on the unique path from ¢’ to r(T') (resp. and ¢ # ¢); in such a case, ¢ is
said to be a descendant of c. The LCA-mapping M : V(G) — V(S) maps
each vertex u of G to the unique vertex M (u) of S such that A(Sp(,)) is
the smallest cluster of S containing A (G,,).

Definition 1. A reconciliation between a gene tree G and a species tree
S is a mapping « : V(G) — V(S) U E(S) such that

1. (Base constraint) Vu € L(G),a (u) = M (u) = o(u).
2. (Tree Mapping Constraint) For any vertex v € V(G) \ L(G),
(a) if a(u) € V(S), then a (u) = M(u).
(b) If a(u) € E(S), then M(u) <g a (u).
3. (Ancestor Consistency Constraint) For any two vertices u,v € V(G),
such that v <¢g u,
(a) if a(u),a(v) € E(S), then a (v) <g a(u),
(b) otherwise, a (v) <g a (u).

Remark 1. This definition of reconciliation differs slightly from the classi-
cal ones as vertices of G can be mapped onto edges of S, in order to repre-
sent duplication events (see explanations below). However, it is equivalent
to the definitions given in [1,11], that are the most complete ones known
so far, and it is more general than the Inclusion-Preserving mapping of [2].



The whole set of reconciliations between a gene tree GG and a species
tree S is denoted ¥(G, S). A reconciliation « of ¥(G, S) implies an evo-
lutionary scenario for the genes of G in terms of gene duplications, gene
losses, and speciations. A vertex u of G that is mapped onto an edge
(z,y) of S (where x = p(y)) represents a gene of the ancestral species
p(y) that has been duplicated in y. If v is mapped onto an internal vertex
x of S, then this represents a gene that will be present in a single copy
in the two genomes 1 and x5 following a speciation event that happened
to x. It is important to point out that the number of reconciliations is
finite. Briefly, a reconciliation « between G and S represents any birth-
and-death scenario along S such that the resulting gene tree is consistent
with G and each duplication event that implies an internal node u of G
is consistent with the mapping a(u). (See Figure 1).
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Fig. 1. (a) Left: gene tree G. Right: species tree S. The arrows represent the LCA-
mapping between G and S. (b) A reconciliation between G and S. The red circles
represent speciation events, and the green squares, duplications. (¢) A birth-and-death
scenario that is consistent with the reconciliation. A cross represents a gene loss. The
right lineage of the first duplication has no extant gene that descents from it, as opposite
to its left lineage. We then say that this duplication is hypothetical, because it is not
a useful information for the evolutionary scenario of the extant genes of G along S.
Hence, such duplication is not depicted by the reconciliation.



We denote by dup(a) and los(a) respectively the number of duplica-
tions and losses induced by a reconciliation «. dup(«) is the number of
vertices of G that are mapped onto an edge of S (see below ). Given two
cells ¢, € V(S)U E(S), where ¢ <g ¢, D(c,c’) is the number of vertices
x € V(S) such that ¢ <g x <g ¢. Also, if ¢ = ¢, then D(c¢,¢’) = 0. The
number of losses associated to a vertex u € V(G) \ L(G) is noted [, and
equal to D (a(u), a(u1)) + D (a(u), a(uz)) (see [15] for example). los(c)
is then the sum of [, over all internal vertices u. The third constraint of
Definition 1 leads to the notion of forced duplication, that corresponds
to vertices of G that can only be mapped onto an edge of S: an internal
vertex u € V(G) \ L(G) is said to be a forced duplication if and only if
M(u) = M(uy) or M(u) = M(u2).

For a vertex u € V(G), a cell of S covers it if u can be mapped onto
this cell according to Definition 1. The set of cells that can cover it is
denoted by A(u) and is defined below.

{M(u)} ifue L(G) or u=r(G)
A(u) =% {ce E(S): M(u) <g c} if u is a forced duplication
{ce E(S): M(u) <s c} U{M(u)} otherwise

It is important to point out that there is three mappings that are
considered here: M (u), a(u), and A(u). From now on, except when indi-
cated, the term mapping will refer to the reconciliation mapping «(u) of
Definition 1.

Finally, combinatorial and probabilistic criteria can be used to com-
pare the different possible reconciliations and pick one that is supposed
to reflect the most the true evolution of G according to .S. Three parsimo-
nious cost models, that aim to minimize the number of genomic events,
have been proposed so far: duplication [15], loss [4], and mutation (dupli-
cation+loss) [15]. Arvestad et al. also introduced a notion of likelihood of
a reconciliation in the framework of birth-and-death processes [1].

3 Counting and uniform random generation

In this section, we describe an efficient algorithm that computes a random
reconciliation between G and S following the uniform distribution. This

3 To consider duplication that preceds the first speciation event represented by r (S),
we can insert in S an “artificial” cell ¢ such that r(S) <s c. For space reason, we
assume here that no duplication occurs in the most ancestral species. The details to
account for such early duplications will be described in the full version of this paper.



problem is important in the context of MCMC analysis for gene families,
as a major issue is to analyze if the Markov chain converges to the true
posterior probabilities. One of the most popular and simple tests of con-
vergence is to run several Markov chains, each starting at a different state
in the space, which motivates our random generation algorithm.

As usual in uniform random generation, it is based on a preprocess-
ing that computes the cardinality of ¥(G,S) [5]. We first address this
problem, then describe the random generation algorithm.

For every node u € V(G) and cell ¢ € A(u), we denote by Nb(u, c)
the number of reconciliations of G, and S, for which « is mapped on c.
It follows immediately that [¥(G, S)| = Nb (r (G),r (9)).

Lemma 1. Let u € V(G) and ¢ € A(u) be a cell that covers u. Then
Nb(u,c) =1 if u € L(G), and otherwise

Nb(u,c) = Z Nb(uy,cr) Z Nb(ug,c2). (1)

c1€A(u1), c1<gc ca€A(uz), ca<gc
Proposition 1. |¥(G,S)| can be computed in O(mn) time and space.

It follows from the work [4] that there is a single optimal reconciliation
for the loss and mutation costs, but that there can be several ones for the
duplication cost. Building on Lemma 1, we also get the following result,
that is of interest with respect to this point.

Proposition 2. The number of reconciliations of W (G, S) that minimizes
the duplication cost can be computed in O(mn) time and space.

The algorithm 1.1 below computes a random reconciliation between
G and S. For anode u € V(G) and a cell ¢ € A(u), let f(c) (d(c)) be the
ancestor (resp. descendant) cell of ¢ in A(u), that is the cell of A(u) that
is the closest one to ¢ and above (resp. below) it. The lowest cell of A(u)
is the one that has no descendant cell in A(u).

Theorem 1. Given a reconciliation o € W(G,S), Algorithm 1.1 returns
o with probability m Given the table Nb and the sets A(u) for every

node u of G, it can be implemented to run in O(mn) space and ©(mn)
time in the worst case and ©(m) time in the best case.

Hence, the preprocessing time of our algorithm (computing the ta-
ble Nb and the sets A(u)) requires O(mn) time and space. However, it
needs to be done once and can be used for generating several random
reconciliations.



Algorithm 1.1 Uniform random generation in ¥(G, S).

1: Let a be an empty reconciliation.
2: Perform a prefix traversal of G, and let v € V(G) be the current node.

3: ifu=r(G) or u € L(G) then «a (u) «— M(u)

4: else

5: Let ¢ — a(p(u)).

6: {Choose randomly a cell ¢ € A(u) such that ¢ <s ¢}

T Let k — > Nb(u,c)
c€A(u),c<gé

8: Generate randomly and uniformly an integer n € {1,...,k}.
9: ¢ « lowest cell in A(u) {If u is a forced duplication, then M (u) ¢ A(u)}
10: l — Nb(u,c)

11: while l <n do ¢« f(c), | — 1+ Nb(u,c)

12: a(u) «—c

13: return «

Our algorithm is useful for sampling the space of reconciliations, but
not for exhaustive enumeration of that space. Therefore, in the next sec-
tion, an algorithm for enumeration is introduced.

4 Exhaustive exploration of the whole space ¥ (G, S)

We first define combinatorial operators used to explore the space of all
possible reconciliations, and then give an algorithm, based on these op-
erators, that explores exhaustively this space.

4.1 Space exploration operators

We present in this section a type of operator, called Nearest Mapping
Change (NMC), acting on a reconciliation between a gene tree G and a
species tree S. This movement is similar to the ones described in [11]. We
show that this operator is sufficient to explore the space of all possible
reconciliations.

Definition 2. Let a : V(G) — V(S) U E(S) be a given reconciliation
between G and S, and u a vertex of V(G) \ L(G) such that u # r(G).
Let ¢, ¢, c1, and ¢ respectively denote a(p(u)), a(u), a(uy), and a(us).

1. An upward NMC (uNMC) can be applied to u if ¢ <g ¢, and if
¢ € V(S) and ¢ € E(S), then D(¢,¢) > 0. It changes «(u) into its
ancestor cell f(a(u)) of A(u).

2. A downward NMC (dANMC) can be applied to uif ¢; <g ¢, M (u) <g ¢,
and if ¢; € V(S) and ¢ € E(S), then D(c,c;) > 0 (idem for cp). It
changes «o(u) into its descendant cell d(a(u)) of A(u).



It follows immediately from the definition of NMC operators that,
given a € ¥(G, 5), applying an NMC operator to a vertex u of G results
in a reconciliation o’ between G and S. More precisely, it can induce the
following changes in the evolutionary scenario for the gene family (see
Figure 2).

— Changing a speciation by a duplication (uUNMC, a(u) = M (u)).
— Changing a duplication by a speciation (ANMC, o/ (u) = M (u)).
— Moving a duplication upward (uUNMC, a(u) # M(u)).

— Moving a duplication downward (ANMC, o’ (u) # M (u)).
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Fig. 2. (a) A section of the reconciliation depicted in figure 1. Here, the mapping of node
2 forbids to move up node 3. (b) The node 2 changes from a speciation to a duplication
by moving it up. (¢) Then, node 3 can be moved up and still is a duplication.

For u € V(G), and ¢, € A(u), dy (c,¢) is the number of cells of
A(u) between ¢ and ¢, where dy, (¢,¢) = 0 if and only if ¢ = ¢. For two
reconciliations a and o', Dymc(a, ') = 32 cy (@) du (e(u),a/(u)). We
call Dy o (a, o) the NMC distance between v and o'. A valid (according
to Definition 2) NMC application to o can be encoded by a pair (u,c),
where v € V(G) is the node being moved and ¢ € V(S) U E(S) is its
new mapping. We denote by NMC(«) the set of such pairs for a given
reconciliation a.

Theorem 2. Let « and o two reconciliations of W(G,S). There exists
a sequence of Dyyic(a, ') NMC that transforms a into . No shorter
sequence of NMC' can transform « into /.

We denote by Gnae(G,S) the graph with vertex set ¥(G, S) and
where two reconciliations are linked by an edge if they differ by a single
NMC. Let i, be the unique reconciliation where, for each vertex u of
G, Qmin(u) is the unique cell of A(u) that has no descendant in A(u), and
Qmaz De the unique reconciliation where, for each vertex u of G, gz (1)



is the unique cell of A(u) that has no ancestor in A(u). The following
results shows that although ¥ (G, S) can have an exponential size, NMC
operators are sufficient to define a structure on this space of polynomial
diameter.

Corollary 1. The diameter of Gy (G, S) is equal to Dy e (Cmins maz)
and is in O(nm).

Finally, as our NMC operators are intended to explore the space of
reconciliations between a gene tree and a species tree, we address now
the issue of updating the classical combinatorial criteria used to evaluate
a reconciliation: the following observation implies that they can be easily
updated in constant time.

Property 1. Let o and o/ be two reconciliations of ¥ (G, S) such that o/
can be obtained from « by a single NMC. Then, |dup(a) — dup(a’)| €
{0,1} and [los(ar) — los(/)| € {1,2}.

4.2 Algorithm for the exhaustive exploration

We present in this section a simple algorithm, based on the NMC opera-
tor, that computes the set of all possible reconciliations between a gene
tree G (with |V(G)| = m) and a species tree S (with |V (S)| = n) in time
O(|¥(G,S)|) (see Theorem 3), which gives a CAT (Constant Amortized
Time) algorithm to generate ¥ (G, S).

For a node u € V(G), let id(u) be the number of nodes that precede
u according to the prefix traversal of G, where the left child u; of a node
u € V(G)\ L(Q) is visited before the right child us. Let Tyarc (G, S) be
the tree defined as follows (see Figure 3):

— the root is the reconciliation «;,;, and its children are the reconcil-
iations that can be obtained from a,,;, by applying a single uNMC
from NMC(min),

— given a reconciliation «, that differs from its parent by an uNMC
(u;, ¢), its children are the reconciliations that can be obtained from «
by applying a single uNMC (u;, ¢) from NMC(c) such that id(u;) >

Proposition 3. Ty (G, S) is a spanning tree of Gyuc(G,S).

The exhaustive exploration algorithm of the whole space ¥ (G, S) is
based on the tree Ty o (G, S). It follows immediately from the definition



of Tnamc(G,S) that the main tasks for a given reconciliation « is 1) to
know the list of allowed uUNMC operators that can be applied to obtain
the children of «, and 2) to keep in order its nodes according to the
increasing value of their indexes id. We denote by P(«) this ordered list.
The key to achieve this efficiently is the Property 2 below, that follows
easily from the definitions of NMC operators and of Tnc(G, S).

Property 2. Let a and o be two reconciliations of ¥ (G, S) such that o is
a child of « in Ty (G, S), and differs from o by an uNMC (u, ¢). Then
P(«) and P(a/) differ by at most three uNMC, that involve u, u; and us.

Based on this property, we describe below an algorithm that performs
a prefix traversal of Tyac(G,S), where the children of a reconciliation
« are visited according to the ordered list P(«), in such a way that each
time an edge from « to a reconciliation o is followed, P(«) is updated
into P(a’). To perform this update in constant time, we encode P using
two disjoint lists P, and P, and two cursors uy and u, on these lists, in
such a way that a node u is in P if and only if u is in the sublist of P,
(or P.) that starts at ug (resp. u,).

Algorithm 1.2 below describes the general recursive function, where
the main tasks for the current reconciliaton « are i) select the next node
u € P(a) with the smallest id from the sublists of P, or P, (lines 4,5); ii)
define the child reconciliation o’ by moving v upward (line 6); iii) define
P(d) from P(«) by updating Py, Py, ug, and u, (lines 7-12). The function
is first called with o = apin, Pr = NMC(a), P, = 0, ug = first(FP),
and u, = end(P,), that are computed during a preprocessing phase. Here,
first() and end() respectively represents the first cursor of the considered
list and a null one located at the end of the list. For a node u € V(QG)
and a cell ¢ € A(u), recall that f(c) and d(c) respectively are its ancestor
and descendant cells in A(u).

Theorem 3. Algorithm 1.2 wvisits all reconciliations of (G, S). Given
Qmin, and Pp = NMC(amin), it can be implemented to run in time

@(‘!P(G, S)‘) and space O(nm).

Together with Property 1, that implies that updating the number of
duplications and/or losses after a single NMC can be done in constant
time, this algorithm allows to compute efficiently the exact distribution
of the duplication, loss and mutation costs in optimal time O(|¥ (G, S)|)
(see Section 5).



Algorithm 1.2 Exhaustive exploration algorithm of the space ¥(G, .S)

1: RecurExplore (o, ue, ur)

2 Let upy « wup and ul. < u,

3 while uj # end(P;) or u. # end(P,) do

4: if u; = end(P;) then u «— u,.

5: else if u,. = end(P;) or id(uy) < id(u,.) then u «— uy, else u — u,

6 o (u) — F(a(u))

7 if uy ¢ P, and u = uj then insert uy in P, after uj

8: else if u1 ¢ P, and v = w). then insert u; in P, before uj, up « w1

9: if us ¢ P, U P, and v = u,. then insert us in P, after uj,

10: else if us ¢ P, U P, and u = uy then insert us in P, before u., u;. < us

11: if (u, f(a'(u))) € NMC(a') and u = uy then uy «— succ(uy, Pr)

12: if (u, f(d/(u))) ¢ NMC(a') and u = u). then u,. « succ(uy., Py)

13: RecurExplore (o, uy, u;.)

14: Retrieve old values of Py, P, uy,u, by performing the inverse operations of
lines 7 to 12.

15: a(u) « d(a’(u)) {Backtrack}

16: if w = uy then uj «— succ(uy, P;) else u, «— succ(u;., P;)

5 Experimental results

We considered the phylogenetic tree of 12 Drosophila species and the
branch lengths, and gene gain/loss rates that are given in [13, Figure 1].
We generated 1000 synthetic gene trees according to the birth-and-death
process (with a single ancestral gene) along this species tree, and removed
multiple copies of each gene tree. This resulted in 249 unique gene trees
having from 6 to 22 leaves (Figure 4). Figure 5 describes the cardinality
and diameter of ¥ (G, S) for these 249 gene trees.

For each of the 249 unique gene trees, we used the algorithm 1.2 to
explore the whole space ¥(G, S) focusing on the duplication cost (for the
loss and mutation criteria, the results are similar). For the duplication
criterion, 237 gene trees have a unique global minimum, and 12 have
two. In each of these 12 cases, the NMC distance between the two global
minimums is one. Over all the 249 gene trees, the LCA reconciliation
Qmin, that is a global minimum, is either identical or, in the worst case,
at a distance of a single NMC to the true evolutionary scenario induced
by the birth-and-death and noted ay..,. However, it is important to point
out that this is probably due to the low duplication and loss rates given
in [13].

For a reconciliation o € ¥(G, S), let deost(v) = dup(a) — dup(a’™),
where o is a global minimum, according to the duplication cost, that
minimizes Do (a, o). We denote by N (k) the number of reconcilia-
tions o € ¥(G,S) such that deest(a) = k, for a given k € N. Figure 6
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shows that, on average over all gene trees, N (k) is proportional to k from
k = 0 to k = 13 and inversely proportional from k = 13 to k£ = 18.
This can be explained by the following facts: the maximum value of dggst
is equal to the number of internal nodes u of G that can be mapped
on M (u), and the average number of such nodes is 13. All this suggests
that, for a given gene tree, N (k) is maximized at this maximum value of

dcost = k.
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Fig. 6. Over all 249 gene trees, average distribution of the number N (k) (y axis) of
reconciliations a such that deost () = dup(a) — dup(a™) = k, for k € N (x axis). a” is
a global minimum that minimizes the NMC distance Dyarc (o, ™).

We analyzed the relationship between the NMC and cost distances
using the average value of Dypo(a,a®) over all gene trees G and all
reconciliations « € ¥(G, S) such that deest(a) = k, for a given k € N. We
also computed the number of nodes u € V(G) such that a(u) # ayear(u).
According to Figure 7, we observe that the cost distance of a reconciliation
« is proportional both to the NMC distance with the closest optimal
reconciliation o and to how much « differs from the real reconciliation

Qreal-

6 Conclusion

We described in this work several algorithms related to exploring the
space of all reconciliations between a gene tree and a species tree. From
an algorithmic point of view, our exhaustive exploration algorithm is op-
timal as it requires an (amortized) constant time between successive rec-
onciliations. Our experiments on a realistic simulated dataset with low
duplication/loss rates (we will consider simulated datasets with higher
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Fig. 7. Left: over all gene trees G, average value of Dyarc(a,a”) (y axis) for all
reconciliations o € ¥(G, S) such that deost (@) = k, for a given k € N (x axis). Right:
the same distribution with the real distance dyca1, that is the number of nodes u of G
such that a(u) # Areal (u).

duplication/loss rates in the full version of this paper) show that even in
this case the number of reconciliations can be very large, but that for all
three combinatorial criterion considered there are relatively few optimal
or near-optimal reconciliations, always located close (in terms of NMC
distance) to the LCA reconciliation. It is known that for the loss and
mutation costs, this LCA reconciliation is the only possible minimum.
However, for the duplication cost (as well as for the maximum likelihood
cost), it can happen that several optimal reconciliations exist and our ex-
haustive exploration algorithm was able to locate them. This motivates
our current work to modify our algorithm to handle dNMC operators
in order to explore efficiently alternative but close evolutionary scenarios
(in terms of NMC) of a given reconciliation (work in progress). Our algo-
rithm can already be applied to this task when the starting reconciliation
iS aumin by visiting only the reconciliations that are at a fixed distance
(in terms of NMC) from au,,. Natural generalizations of the algorithms
we described in the present work include handling either non-binary gene
or species trees [3, 18] (or both) and attacking the more difficult problem
of multiple gene duplications [7]. Moreover, we are now developing our
exhaustive exploration algorithm for the maximum likelihood cost.
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A Omitted proofs

Proof of Lemma 1. If u € L(G), it is obvious that Nb(u,c) = 1 is the
number of reconciliations of G, and S, for which u is mapped on ¢. We
prove equation (1). The case of pairs ¢ € A(u) and u € L(G) are the base
cases. Consider an internal node u € V(G)\ L(G), its children u; and us,
and suppose that u is covered by a cell ¢ € A(u). There are two cases: ¢ is
either a node or an edge of S, and Definition 1 respectively implies that
c1 <g ¢ and ¢; <g c. These constraints are considered by the left term in
the summation of equation (1), where ¢ ¢ A(u;) if ¢ € V(S). Hence, this
left term is the total number of reconciliations for G, and S. when u is
mapped on c¢. By applying the same reasoning for us, we obtain the right
term of the summation in equation (1). The mapping of u; and uy are
independent of each other, we can then conclude that equation (1) is the
number of reconciliations of G, and S, for which u is mapped on ¢. [

Proof of Proposition 1. It follows from Lemma 1 and the obvious facts
that A and M can be computed in O(mn) worst-case time. 0

Proof of Proposition 2. The main idea is to observe that any reconcil-
iation a € ¥ (G, S) that minimizes the duplication cost is as follows: for
any u € V(G), if M(u) € A(u) then a(u) = M(u). We can then adapt
the equation 1 to compute the number of such reconciliations. The time
and space complexity is then obtained from Proposition 1. O

Proof of Theorem 1. Let Pr(a) be the probability that Algorithm 1.1
returns «. It follows immediately from lines 5-12 of the algorithm that

Pr(a) H Nb(u,au)) )

WEVENN@UL@} gsa(p(u)) Nb(u,c)

By expanding the term Nb(u,a(u)) in (2) according to Lemma 1, we
obtain

Z Nb(ul’cl) Z Nb(’LLQ,CQ)
Pr(a) = H c1€A(u1), cr<sa(u) c2€A(u2), ca<salu)
weV (G)\{r(G)UL(G)} > Nb(u, c)

c€A(u), c<sa(p(u))
(3)
Cancellations leads to the following formula, where r; and ro are the two
children of the root r(G):

[ucric) 2ceaqw Nb(u;c)
ZClEA(Tl) Nb(rl, Cl) ZCZEA(TZ) Nb(’l"2, 02) ’

Pr(a) = (4)



that, together with Lemma 1, implies that Pr(a) = m

For the time complexity, suppose that for each node u € V(G), the
size of A(u) is in ©(n). In the worst case, each node is mapped on the
closest edge to r(S) and the algorithm is in @(mn). In the best case,
where each node is mapped onto the closest cell to M (u) (lowest cell of
A(u)), the time complexity is in ©(m). The space complexity follows from
the fact that there are O(nm) pairs (u, c). O

Proof of Theorem 2. Assume that o # o (otherwise the statement ob-
viously holds). Let NMC(a, o) be defined as the set of operator (u,c) €
NMC(«) such that applying (u,c) on « results in a mapping where the
mapping of u is closer to its mapping in «/:

NMC(a,a') = {(u, c) € NMC(a) : dy (a(u), o/ (u) =1+ dy (c, o/(u))}.

In order to prove that there is a sequence of Dy e (a, o) NMC that
transform « into o, we only need to prove that NMC(a, ') # ). Let
u be a vertex of G such that a(u) # o/(u). Let ¢ = a(u) and ¢ =
o/(u). Without loss of generality, we can assume that ¢ <g ¢ and that
a(p(u)) # c. If ¢ = M(u), let y = M(u) and (x,y) the edge of S such
that = is the parent of y. Then, by definition of the uNMC operator, it
is allowed to map u onto (x,y), and then (u, (z,y)) € NMC(«,a’). Now
assume that ¢ # M (u), which implies that ¢, € E(S). Let ¢ = (z,y)
and ¢ = (s,t). As ¢ <g ¢/, we have that z <g t. If a(p(u)) # x, then
the uNMC (u, (p(z),z)) € NMC(«a, ). Otherwise, if a(p(u)) = z, as
ao/(u) <g o/(p(u)), then (p(u), (p(z),z)) € NMC(a, ).

The fact that no shorter sequence of NMCs can transform « into o/
follows immediately from the definition of Dy ;e (a, ') and the fact that
no NMC can modify Dyye(, @’) by more than 1. O

Proof of Corollary 1. By definition of cupin and qupae, for every vertex
u of V(G), the distance between the mapping of u in these two recon-
ciliations is |A(u)| — 1, and is maximal for u as A(u) is the set of all
possible cells that can cover u. This implies immediately that the diame-
ter of Gnare (G, S) is Dnare(Qmin, @maz )- The fact that this diameter is in
O(nm) follows immediately from the fact that for every u, A(u) € O(n).
O

We now introduce a corollary that is used in the proof of Proposition 3.

Corollary 2. Let a vertex of Tnyc(G,S) labeled by the reconciliation c,
and consider two children o; and o respectively obtained by the uNMC's



(ui, i) and (uj, c;) from NMC(c). By definition of NMC operators, i #
J, and we assume without loss of generality that id(u;) < id(u;). We have
the following facts:

1. for any reconciliation & in the subtree of Tnpyc(G,S) rooted at o
(resp. aj), ¢; <g o/ (u;) (resp. ¢; <g o/ (u;));

2. for any reconciliation o/ in the subtree of Tync(G,S) rooted at aj,
o (u;) = a(u;) (note that a(u;) <g ¢;);

3. the two subtrees of Tnyc(G,S), respectively rooted at oy and o, are
disjoints.

Proof. Obvious consequences of the definition of Ty o (G, S). O

Proof of Proposition 3. Ty (G, S) is a tree by definition. In order
to prove it is a spanning tree of Gnarc(G,S), we only need to prove
that every reconciliation « € ¥(G, S) appears once and exactly once as a
vertex of Tyao(G, S).

First, if NMC(min, @) = 0, Qmin = o and a is a vertex of Ty o (G, S).
Otherwise, let (u,c) € NMC(amin, ) with the smallest index id(u). By
definition, there is a reconciliation o/ ;. , obtained by applying d,, (amm(u), a(u))
times this uNMC, that is in the subtree of Tyyc (G, S) rooted at amin,
and such that o/ . (u) = a(u). Then, (u,c) ¢ NMC(al,;,, ), and for any
(W,d) € NMC(,,;,, ), id(u') > id(u). Because both dy, (amin (u), a(u))
and N MC(aypin, @) are finite, repeating this recursion with oy, «— a;m-n
ends at « as a vertex of this subtree and then of Ty (G, S).

Now assume that the reconciliation a labels two vertices of Ty rc (G, S).
By definition, these vertices are not comparable in Tyyc(G, S), and this

is in contradiction with corollary 2. O

We now introduce some notations and a lemma that are used in the
proof of the Theorem 3. For a call with parameters «, ug, u,, let Py(uy) =
{ue Py :id(u) > id(ug)} and P,(u,) be defined similarly. For a “child”
call of this call, the parameters are noted o/, uj,u., where the node u
that has been moved upward (to obtain the child reconciliation ' of «)
is either uj, € Py(us) or u) € P, (u,).

Lemma 2. Consider the two calls described before, where u € Pp(uy) U
P.(u,) is the node being moved, and suppose that it child us is not in
Py(up) U P, (uy). Consider any right child ufy, € P(a) such that id(u}) <
id(ug). We have two disjoints cases:

1. If u is a right child of G and v} € P(u,), then uf = u.



2. If w is a left child of G, then uly € Pi(u).

Proof. Will be given in the full version of this paper.

Proof of the completeness of Theorem 3.

We prove that the algorithm visits all reconciliations of ¥ (G, S) us-
ing Proposition 3, and then proving that each vertex of Tnyc(G,S) is
visited at least one time. For each call of the function with parameters
a, ug, ur, we have to prove that 1) the nodes of Py(u;) and of P.(u,)
are ordered according to the increasing value of their index id and 2)
Py(ug) U Pr(u,) = P(a). By construction, this is true for the first call,
where Py = NMC(apin) and P. = (). Suppose that it is true for a call
with parameters «, ug, u,, we prove below that it is true for the “child”
call with parameters o/, uj, u,..

First, according to the definition of Znxac(G, S), and regardless to
the current reconciliation «, uy is in P(a/). Then, if uy ¢ P(us), we have
to insert w; in this list to obtain Pp(u}), and this is achieved by lines 7
and 8.

Second, for the same reason as before, ug is in P(). Then, if uy ¢
Py(ug) U Pr(u,), we have to insert ug in P, (u,) to obtain P.(u).), and this
is achieved by lines 9 and 10. The reason why we obtain P, (u..) follows
from lemma 2.

Third, if (u, f(¢/(u))) is not anymore a permitted uNMC for the new
reconciliation o (i.e. u ¢ P(a/)), u is removed from Py(uj) / P-(u]) by
the lines 11 and 12.

By our induction hypothesis, both conditions are true for the param-
eters «, ug, u,, and property 2 implies that P(«) and P(a/) differs by at
most three nodes, which are w, u; and wus. As explained before, these
nodes are inserted/removed in Py(uy)/P.(u,) in a way that both condi-
tions are respected for the parameters o/, uy, u;. We can then conclude
that all vertices of Tyac(G, S) are visited.

O

Proof of the complexity of Theorem 3.

According to the preceding proof, algorithm 1.2 visits all reconcili-
ations of Tnyc(G,S). Also, for each call to the function RecurExplore
with the usual parameters a, ug, u,, we have that Pp(ug) U P, (u,) = P(c)
and Py(ug) and P,(u,) are both ordered. Because the nodes of P(«) are
visited according to the usual order, we can then conclude by definition of
Tnmc(G, S) that each of its vertex is visited a constant number of times.



All lines of RecurExplore can be done in constant time, except for the
recursive call. Line 14 can be performed in constant time using a constant
number of local variables. We can then conclude that the time complexity
of the algorithm is in O(¥(G, 9)|).

The space complexity is first defined by the total of the size of both
lists Py and P,, which is in O(m), where m = |V (G)|. Second, for each re-
cursive call, there is a constant number of local variables, and the maximal
depth of Txarc (G, S) is the diameter of Gyarc (G, S), which is in O(nm)
(see Corollary 1). We can then conclude that the space complexity of the
algorithm is in O(nm). O



