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H = G
��C¿úÍûmö���ñ

õ�ô`þ�ù�úÑû`öKòHûxð �
H 6= G

û`ö�ú^üTûmö ú^ô`ú?ú�� ðnñbû`ñSò"ø�þ�ükù�ú^ü ð\ú^ükûSñ���ý ó�ômò�õ ö
H ′

þ �
G
ù�ú^ô`ð � 	=ð\ü�ó

H ( H ′
ò�ü�ÿTñ���ø¹öVûmöKò�û

(G, H ′)
òHÿ��MðªûmñÌòs�Vð-�.ú^ÿ JÑú��
�
	 �Vþ=ÿ�ú��D� �{þ�ø�þ�ü�ñqûmô�� ø�ûÊñ���ø¹ö

H ′
÷Sú�ü�ú�ú^ÿ�ûmö�ú � þ$�
�\þ�÷?ð\ü ó �\ú��v�Mò.�

� +.- -�� ?�� è 1 ë��Mí4�I�xî,é � îKë)évæ � � 1 ë��Kè ë��I�I��
 �Qì�ébí)îKï H � 5 G � �8ïKë)émë?ëED�è7��� �ví 1 ë)é���ëED
u ∈ V (G) \ V (H)

��
Kæ¹ï �<ï í4�
G[V (H) ∪ {u}]

émë � í�è ���Væ � � 1 ëED 9�� 
=é��<ïKë)é ��� émë � è 5
H

ï íH�Mí¯æ �H� î � � ë��I���<ï í4�Ñè7��íTî,é � îKë)é���
 �Qì�ébí)îKï � 5 í¯æ �H� î � � ë��I� C � 5 G � �<ïKë)é¹ëëED�è7��� � ��
0æ¹ï í
u
è �

C
9

@
��������� ��ú)û
≺
ý,úxû`ö�úxô`ú��dòHû`ð\þ�üÄþ�ü

V (G)\V (H)
ñ���ø¹ö�ûmöKò�û

u′ ≺ u
ð �

(x, u, u′, u′,

u, x)
ð\ñ�òÄñ���ý ñ`ú�
���ú�ü�ø^úÑþ �

σG

� þ�ôIñbþ$�Vú
x ∈ V (H)

� I ûIð\ñ�ú^ò�ñ�	�ûmþ"ñbú^úvûmö�òHû
≺
ðnñÌò�ükûmð#�

ñ�	5� �Mú)ûmô`ðnøTò�ü�ÿ»ûmô`ò�ü�ñ`ðªûmðªù�ú��g(K�\úhòHô��
	�
 � þ�ô­ò�ü2	,�Mò��.ð+�Mò��
u
� þ�ô

≺


G[V (H) ∪ {u}]ð\ñ"ø�þ�ükù�ú'�)��� þ�ôbú^þ�ù�ú�ô�
�ð �

u′ ≺ u
òHü�ÿ

u′
ð\ñ­òHÿ��`ò�ø^ú�ükû"ûmþ
ñ`þ$�Vú

y ∈ V (H)

Aûmö ú^ü

uð\ñ­ò�ÿ �`ò�ø^ú�üZû"û`þ
y
� ��ö5� ñ�ð �

H
ö�ò�ñ­ò3ø^þ$�VõAþ�ü�ú^ükû"ûmö�òHû­ð\ñ­ò õ�ôbþ�õ,ú^ô­ñ���ý ó�ômò�õ ö¯þ � ò

ø^þ$�Võ,þ�ü�ú^ükû
C
þ �

G


≺
öKò�ñÑòN��ò � ð
��ò �Aú��\ú��Vú^ükû?ðnü

C
�

2

C ú�ü�þ�÷!ÿ�ðnñbû`ð\ü�ó$� ð\ñ`ö¿ûmö�ú ø^ò�ñ`ú ÷?ö ú^ô`ú û`ö�ú^ôbú3ú'�.ð\ñqûmñTò ù�ú^ôbû`ú'�
u ∈ V (G) \ V (H)ò�ÿ��`ò�ø�ú^ükûÊûmþ­ñ`þ$�Vú�ù�ú�ôbûmú��

v ∈ V (H)
ò�ü�ÿTûmö úÎø^ò�ñ`ú?÷?ö�ú^ôbúÎü þ�ñ���ø¹öMù�ú^ôbû`ú'�

u
ú�� ðnñbû`ñ��

� 9�� � � � ë � 5 �8ïKë 1 ë)é��fè æ¹ë ��è � V (G) \ V (H)
è7��í ��� í=æ¹ë��I� � � � �H� ë 1 ë)é��QëED � 5 H

9

3W	"�áú�� �Mò<= 
 �\ú)û
u ∈ V (G) \ V (H)

ýAú"ñ���ø¹ö û`öKòHû
G[V (H) ∪ {u}]

ð\ñ�ø�þ�ükù�ú'�)�

7



u+

1

u+

2

u+

k−1

u+

k

u−

2

u−

k−1

u−

k

u−

1

� ¨¸³ZÀ b�ÀZÕ�´q©�ËÌ¨¸®k³�²Q¥Z¦�Âm½¸¨��HÆZ¦
{u1, . . . , uk}

À
� +.- -���� � 5 |NG(u)| 6= 0 � �<ïKë)émëÍè7�Tí 1 ë)é���ëED v ∈ NG(u)

��
0æ¹ï �8ï í4�
G[V (H) ∪

{v}]
è7�Íæ � � 1 ëED 9

@
��������� ��ú)û
v ∈ N(u)

ò�ü�ÿF�\ú�û
v′ ∈ V (G)\V (H)


�ð � ò�ü2	$
�ñ���ø¹ö�û`öKòHû
v ≺ v′

�H��ú)û
x ∈ V (H)

ñ���ø¹ö­ûmöKò�û
(x, v′, v, v, v′, x) ⊆ σG

� I �
v′ 6∈ N(u)

ûmö�ú�ü
(x, v′, u, u, v′, x) ⊆

σG


�ø^þ�ükû`ômò�ÿ�ðnø�û`ð\ü�ó�ûmö úÊø�þ�ükù�ú�� ðªû�	�þ �
G[V (H)∪{u}]

����ö5� ñ�ò ��ò � ð
��ò ��ú��nú��Vú^ükû
v
ðnü

N(u)
ðnñxòF�Mò��.ð+�Mò��=ú��nú��Vú^ükûÊð\ü

V (G)\V (H)

ZòHü�ÿ

G[V (H)∪{v}]
ðnñÌø^þ�ükù�ú'�)�

2

I �
|NG(u)| 6= 0


 ø¹ö�þ.þ�ñ`úMò3ù�ú^ôqûmú'�
v ∈ NG(u)

ñ�� ø¹ö¿ûmö�òHû
G[V (H) ∪ {v}]

ðnñ"ø^þ�ü5�
ù�ú��Y���Îþ�û`ú�ûmöKò�û"ñ`ðnü�ø^ú

G
ðnñÄÿ�ðdò �Mþ�ü ÿ � ô`ú�ú�


G
ø^þ�üZûmò�ð\ü ñÄò ��ü�ð 
���ú �Mò��.ð+�Mò��áø��nð7
���ú

ø^þ�ükûmò�ð\ü�ðnü�óMû`ö�ú�ú�ÿ�ó�ú
uv


,ò�ü�ÿ,�nú�û ��ñÄÿ�ú�ü�þ�û`ú ðnû
K

� I �
|NG(u)| = 0


 �\ú�û
K

ýAú�ûmö�ú
ñ`ðnü�ó$�\úÎù�ú^ôqûmú��

u
�

� +.- -������ ïKë?ì�ébí)îKï
H ′ = G[V (H)∪K]

è7��í
æ � � 1 ë��Kè ë��I� ��
 �Qì�ébí)îKï � 5 G � í4� �
(G, H ′)

í �4� è � ��í � è D.ë � ��ë)ê<ê�� ����� ë)ê 9

@
��������� (K�\úhòHô��
	
H ′

ð\ñ�ò��
�Mþ�ñbûvø�þ$�VõAþ�ü ú^ükû �Mò��.ð+�Mò�� òHü�ÿ3ø��nð7
���ú<�Mò��.ð+�Mò��9� C¿ú
ñ`ö�þ�÷ û`öKòHû

H ′
ð\ñÊø^þ�ükù�ú��)�I; ��õ õAþ�ñbúÎû`öKòHûxûmö�ú�ô`úÎð\ñÊò

w ∈ K
ð\ñÊñ���ø¹öMûmöKòHû

G[V (H)∪
{w}]

ð\ñ3ü�þ�û
ø�þ�ükù�ú��Y� �áú�û
w′ ∈ V (G) \ V (H)

ò�ü�ÿ
x ∈ V (H)

ý,ú»ñ���ø¹ö ûmöKò�û
(w, w′, x, x, w′, w) ⊆ σG

� 3W	�ø�þ�ükù�ú�� ðªû�	Íþ �
G[V (H)∪{u}]



w′
ñbö�þ$���nÿ ý,ú�ò�ÿ��`ò�ø�ú^ükû

ûmþ
u
� ��ö�ð\ñ­ð+�Võ��nð\ú^ñÎûmöKòHû

|NG(u)| 6= 0

�ò�ü�ÿ¿ñ`þ

K
ø^þ�ükûmò�ð\ü¿ò
ù�ú^ôqûmú'�

v 6= u
ñ���ø¹ö

ûmöKò�û
G[V (H) ∪ {v}]

ð\ñÄø�þ�ükù�ú'�)����ö ð\ñÄð
�Mõ��nð\ú�ñ?û`öKòHû
w′

ñ`ö�þ$�.�\ÿ¾ý,ú ò�ÿ��`òHø^ú^ükû"û`þ
v



ò�ü�ÿ û`ö���ñ
u, v, w, w′

÷Sþ$���nÿ¶ð\ü�ÿ.��ø^úMò ÿ�ð\ò��Mþ�ü�ÿ0
áø^þ�üZû`ômò�ÿ ð\ø�û`ð\ü�ó
ûmö ú�ÿ�ú'?Kü�ðnû`ð\þ�ü¯þ �
G
�

�Îþ�÷(÷�úTú'�=û`ú^ü�ÿ¯ûmö�úN�Vð-�.ú^ÿ�JÑú��
�
	6�Mþ=ÿ�ú��#þ �
(G, H)

û`þ
ò��Mð#� ú�ÿ�JÎú��+�
	6�Vþ.ÿ�ú���þ �
(G, H ′)

� �áú�û
u1 . . . uk

ý,úÎû`ö�úÃù�ú�ôbû`ð\ø^ú�ñvð\ü
K
ñ���ø¹ö3û`öKòHû

(u+
1 , . . . u+

k , u−
1 , . . . , u−

k ) ⊆
σG

� ;.ð\ü ø^ú�ü�þ�ü�ú­þ � ûmö�ú­ù�ú�ôbûmðnø^ú�ñ
ui

ð\ñÑò�ÿ��`ò�ø�ú^ükû?ûmþ�òTù�ú^ôbû`ú'� þ �
H


�ûmö�ú�ô`ú�ú'�.ð\ñqûmñÎò�ü
þ�õ,ú^ü ò�ô`ø

A
þ �

C
ð\ü3ûmö�ú­ø�ð\ô`ø��\ús�Vþ.ÿ ú�� þ �

H
ñ���ø¹ö�ûmöKò�û
	

��û`ö�ú^ôbú�òHô`ú"ü�þVú'�=ûmôbú��Vðnû`ð\ú^ñ�þ � ø¹ö�þ�ô`ÿ�ñ?ð\ü
A

KòHü�ÿ ñ���ø¹ö û`öKòHû

��÷SúÄøhòHü ÿ�ômòh÷ ûmö úÃø¹ö�þ�ôbÿ�ñ
ui

ðnü
A
ðnü þ�ô`ÿ ú^ôSû`þ þ�ý ûmò�ð\ü�ò�ø^ðnô`ø��\úy�Mþ=ÿ�ú��0þ �

H ′
ûmö�òHû

ø�þ�ô`ôbú^ñ`õ,þ�ü�ÿ ñ?û`þ
σH′

�

E�ð\ü�ò��+�-	 ðnûÑðnñÎø��\úhòHô �8ñ`ú^ú E�ð\ó$� ô`ú " %?û`öKòHûÑûmö�ú�ñ`ú ø¹ö þ�ô`ÿ�ñ
ui

ø^ò�ü ý,ú�ÿ�ô`ò�÷?ü ð\ü ñ���ø¹ö»ò
÷vò*	3û`öKòHû�ûmö ð\ñ�ø^ðnô`ø��\ús�Vþ.ÿ�ú��9þ �

H ′
� ���-? �+�nñ�ûmö�úFJÑú��+�-	�õ ô`þ�õ,ú^ôqû�	$�

2

�



u
−

vkv1
. . .

u
+

u
−

vkv1
. . .

u
+

yx

� ¨¸³ZÀ���À2V0¦`ºd²���M É�¦m´Q²�¦��
u ∈ V (G) \ V (H)

©^®Z§ ¨¸²�°x®Z¦m¨¸³�¥H· ¬h´Q¥Z¬�¬H§T¨¸®
H
À L ¨¸³�¥�²�� x ©^®Z§ y©^´�¦�´�¦¹°�µ ¦¹Âm²Q¨¸É�¦m½¸¼Í©Äµk´�¦¹§k¦¹Â¹¦¹°�°�¬h´�©^®Z§V©Ä°QÆZÂ¹Â¹¦¹°�°�¬h´x¬^º

u
À

� 9 � � ïKë)émë ëED�è7��� ��í 1 ë)é���ëED
u ∈ V (G) \ V (H)

í ��� í=æ¹ë��I� � � � �H� ë 1 ë)é��QëED � 5 H
9

3W	 �áú�� ��ò = 
a�\ú)û
u0 ∈ V (G) \ V (H)

ý,ú�ñ�� ø¹ö ûmöKòHû
G[V (H) ∪ {u0}]

ðnñÎø�þ�ükù�ú��Y�
�Îþ�û`úÄûmöKò�û?ý�	 ø��\ð 
���ú<�Mò��.ð+�Mò��\ðªû�	Tþ �

H

 � þ�ôvú)ù�ú�ô�	3ù�ú�ôbû`ú'�

u ∈ V (G) \ V (H)
�_�nð+��ú

u0

%�ðnû`ñ�ü�ú^ðnó�öZýAþ�ôbö�þ=þ.ÿ
ð\ü
H



NH(u)


 ð\ü�ÿ�� ø^ú^ñÑòTñbûmò�ý��\ú"ó�ômò�õ�öY�
� +.- -���� � � ���)è � ë)é�í4�I� 1 ë)é���ëED

u ∈ V (G) \ V (H)
í ��� í=æ¹ë��I��� � H

��
0æ¹ï �8ï í4�
G[V (H) ∪ {u}]

è7�Tæ � � 1 ëED 9	��ë�� 
 � � ë�� � �Që v1, . . . , vk �
	Ìè �8ï

k ≥ 1 � �<ïKë�� ë)èªì�ï�� � é �� 5 u
è �

H
è � ��
0æ¹ï¾í 	Êí4� �<ï í4�

(u+, v1, . . . , vk, u
−, vk, . . . , v1) ⊆ σG


 ��ë¹ë �xèªì4
.émë
��� 9 /21 ë)é�� æ �H� ��� � � ë)èªì�ï�� � é x � 5 u

í4� � vi �
	Ìè �8ï

1 ≤ i ≤ k � è7� í ��� í=æ¹ë��I� � �ëEDZí=æ��6ê�� � � ë 1 ë)é��QëED è � NH(u) � vi �
í4� � 1 ë)é)è 
vë ��ë)è �8ïKë)é��


�� �
i = 1

í4� � (u+, v1, x, u−, v1, x) ⊆ σG � � é
�� �
i = k

í4� � (u+, x, vk, u
−, x, vk) ⊆ σG

9

��� �<ïKë�
xé$���?æ`íH��ë � 	�ë æ`í�ê<ê x í3õ�ô`ú�ÿ�ú^ø�ú^ñ`ñbþ�ô � 5 u � 	�ï=è<ê\ë­è � �<ïKë ��ë¹æ � � � æ`íH��ë"è �Sè7��í
ñ���ø�ø^ú�ñ`ñ`þ�ô � 5 u

9

@
��������� I � û`ö�ú^ôbú ÷vò�ñVò ù�ú�ôbû`ú'�
x
ò�ÿ��`ò�ø�ú^ükûTûmþ

u


vi

ò�ü�ÿ
vj


�û`ö�ú^ñbú � þ$� ô�ù�ú�ô �
ûmðnø^ú^ñÄ÷Sþ$���nÿ»ð\ü�ÿ�� ø^úVò3ÿ�ðdò��Vþ�ü�ÿY� C¿úTü�þ�÷ õ�ôbþ�ù�úÍûmöKòHû

x
ø^þ����\ÿ»ü�þ�û­ý,úÍñ�� ø¹ö¿ûmö�òHû

(u+, x, vi, u
−, x, vi) ⊆ σG


 � þ�ô
1 ≤ i < k

� ��ö�úÍñ���ý ó�ômò�õ ö
H
ýAú�ð\ü�ó3ò �+�Vþ�ñbûÎø^þ$�N�

õAþ�ü�ú^ükûy��ò � ð
��ò �9ò�ü�ÿ
u
ýAú�ð\ü�óTð\ü3û`ö�ú­ñmò��Vú"ø^þ$�Võ,þ�ü�ú^ükûÑþ �

G
ò�ñ

vi

òHü�ÿ
vi+1


 û`ö�ú
ù�ú�ôbûmðnø^ú�ñ

vi

òHü�ÿ
vi+1

ò�ô`úÄðnü�ûmö úÄñmò��VúÃø�þ$�VõAþ�ü ú^ükû�þ �
H

�.��ö���ñ
vi

öKò�ñ�òHûK�\ú^ò�ñbû�þ�ü�ú
ü�ú^ðnó�öZýAþ�ô

z 6= vi+1

ð\ü
H

� ;.ð\ü�ø�ú
z
ð\ñ�ü�þ�û�ò�ÿ��`ò�ø�ú^ükû�û`þ

x
�8ý2	¿ø��\ð 
5� ú �Mò��.ð+�Mò��nðnû�	

þ �
H
%�÷Sú3öKòhù�ú û`öKòHû

(z, x, vi+1, vi+1, x, z) ⊆ σG


#ø^þ�ükûmô`ò�ÿ�ðnø�ûmðnü�ó
H �
ñ ø�þ�ükù�ú'�.ðªû�	$�

C úMø^þ$�.�\ÿ¶ñbð+�Vð+�dòHô��
	 õ�ôbþ�ù�ú�ûmö�òHû
x
ðnñ�ü�þHû ñ�� ø¹ö¶ûmöKòHû

(u, vi, x, u, vi, x) ⊆ σG


 � þ�ô
1 < i ≤ k

�I��ö�ðnñ?ø^þ�ü�ø��+��ÿ ú^ñ�ûmö�ú­õ�ôbþ.þ � þ � ûmö úF�nú�� ��ò �
2

� +.- -���� � � ���)è � ë)é�í4�I� 1 ë)é���ëED
u ∈ V (G) \ V (H)

í ��� í=æ¹ë��I��� � H
��
0æ¹ï �8ï í4�

G[V (H) ∪ {u}]
è7� æ � � 1 ëED 9 � � é ë 1 ë)é��¯î,émë � ë¹æ¹ë � � � é 
 émë �Qî 9���
Kæ¹æ¹ë � � � é � x � 5 u �

G[V (H) ∪ {x}]
è7��æ � � 1 ëED3í4� � u

è7��í8��
Kæ¹æ¹ë � � � é 
 é¹ë �Qî 9�í�î,é¹ë � ë¹æ¹ë � � � é � � 5 x
9

@
��������� åÃñ`ñ����Vú
G[V (H) ∪ {x}]

ðnñ�ü�þ�û
ø�þ�ükù�ú��Y����ö ú^ô`ú»ú�� ðnñbû
y ∈ V (G) \

V (H)
ò�ü�ÿ

z ∈ V (H)
ñ���ø¹ö2ûmö�òHû

(x+, x−, y, z, z, y) ⊆ σG

�y3W	 ø^þ�üZù�ú'�.ðnû�	 þ �

%



u1

u−1 u2

v4

v3v2

v1

u0

�A¨¸³ZÀ���À5M °�¦ �HÆZ¦m®ZÂ¹¦
S = (u−1, u0, u1, u2)

©^½¸½±¬�ËÌ¨¸®k³�²�¬"¦���²�¦m®Z§
H

G[V (H) ∪ {u}]

Ãûmö�ú ù�ú^ôbû`ú'�

u
ðnñ»ò�ÿ��`ò�ø�ú^ükû¿û`þ

y
�fþ�û`ö�ú^ôq÷?ð\ñ`ú ÷Sú ÷Sþ$���nÿ�ö�ò�ù�ú

(u+, u−, y, z, z, y) ⊆ σG

%'� ��ú)û���ñ3ÿ�ú�ü�þ�û`ú
v1, . . . , vk


S÷?ðnû`ö
k ≥ 1


Sûmö ú¾ü�ú^ðnó�ö �
ýAþ�ô`ñÑþ �

u
ðnü

H
ð\ü�ñ���ø¹ö¾òT÷vò*	
ûmö�òHû

(u+, v1, . . . , vk, u
−, vk, . . . , v1) ⊆ σG

� � ú�øhò��
�
ûmöKò�ûMý2	 ÿ�ú'?Kü�ðªûmð\þ�ü þ �

x


u
òHü�ÿ

x
öKòhù�ú ò¯ø�þ$�v�Vþ�ü ü�ú�ð\ó�öZý,þ�ô�
Ìñ`ò*	

v1 ∈ V (H)�fôbú^ñ`õY�
vk ∈ V (H)

%'�,;.ðnü�ø^ú
u


x


y
ò�ü�ÿ

v1

�fôbú^ñbõ0�
vk

%Ãøhò�ü ü�þ�û�ð\ü�ÿ.��ø^úTò3ÿ�ð\ò��Mþ�ü�ÿ
y
ò�ü�ÿ

v1

�fô`ú�ñ`õ0�
vk

%Îò�ôbú�ü�þHû"ò�ÿ��`òHø^ú^ükû�� ý�� ûÃûmö�ðnñÃø^þ�üZû`ômò�ÿ ð\ø�û`ñÎû`ö�ú ø^þ�üZù�ú'�.ðnû�	 þ �
H�8÷Sú�÷Sþ$���\ÿ öKòhù�ú

(v1, v1, y, z, z, y)
þ�ô

(vk, vk, y, z, z, y) ⊆ σG

%'� E�ðnüKò��
�
	 ðªûÃðnñÎø��\ú^ò�ô
ý2	"�áú�� ��ò8%�ûmöKò�û

u
ð\ñ?òTñ�� ø^ø^ú�ñ`ñbþ�ô �8ô`ú�ñ`õ0�,òÍõ�ô`ú�ÿ�ú^ø�ú^ñbñ`þ�ôZ%Ñþ �

x
�

2

C úxü�þ�÷¿ÿ�ú�?�ü�úÊû`ö�úIù�ú�ôbû`ð\ø^ú�ñ
ui ∈ V (G)\V (H)

÷?ðªûmö
−p ≤ i ≤ q


�ð\ü"ñ���ø¹ö�÷�ò*	Äûmö�òHû
(ui)−p≤i≤q

ð\ñ­ûmö�ú �\þ�ü ó�ú^ñqû�ñbú�
���ú^ü ø^ú3ø^þ�üZûmò�ð\ü ð\ü�ó
ûmö�úVõ�ôbú�ù=ð\þ$� ñ��
	»ÿ ú�?Kü�ú�ÿ ú��nú��Vú^ükû
u0

ò�ü�ÿ3ñ�� ø¹ö�û`öKòHû
ui

ðnñvò ñ�� ø^ø^ú�ñ`ñbþ�ôÎþ �
ui−1

� þ�ôvú�ù�ú^ô 	
i ∈ {−p + 1, . . . , q}

� ="ðnù�ú�ü
ûmö�ú­ÿ�ú'?Kü�ðªûmð\þ�ü�þ �

u0


B�áú�� �Mò 'Tð
�Mõ.�\ð\ú�ñ�ûmö�òHûÑò��+�Aûmö�ú"ù�ú�ôbû`ð\ø^ú�ñ
ui

öKòhù�ú�òÍü�ú�ð\ó�öZý,þ�ô
ð\ü

H
ò�ü�ÿ�ò�ôbú�ñ���ø¹ö û`öKòHû

G[V (H) ∪ {ui}]
ðnñ�ø^þ�ükù�ú��)�

��ö�ú^ü �áú�� �Mò % ò��
�\þ�÷?ñF��ñ�ûmþ¾ÿ ú�?Kü�ú ò�ü ð\ü�ø�ô`ú^ò�ñ`ðnü�ó ñbú�
���ú^ü ø^ú
(ni)−p−1≤i≤q

ò�ü�ÿ
ûmö�ú�ù�ú^ôbû`ð\ø�ú^ñ

vj


 � þ�ô
n−p−1 ≤ j ≤ nq


�ðnüÍñ���ø¹öV÷vò*	 û`öKòHû � þ�ôÌú)ù�ú�ô�	
i ∈ {−p, . . . , q}



ûmö�ú�ü�ú^ðnó�öZýAþ�ôbñÃþ �

ui

ðnü
H

òHô`ú ú���òHø�ûZ�-	 û`ö�ú�ù�ú^ôbû`ð\ø�ú^ñ
vj

÷?ðªûmö
ni−1 ≤ j ≤ ni

� ��ö�ú
�\ú��v�Mò ò��nñ`þ3ð+�Võ��nð\ú^ñÑûmöKò�û

(u+

i , vni−1
, . . . , vni

, u−
i , vni

, . . . , vni−1
) ⊆ σG


9ò�ü�ÿ»ûmö���ñ
ûmö�úÄù�ú^ôqûmð\ø�ú^ñ

vj

� þ�ô��!ò ñqû¹ò�ý.�\úÄþ �
H
ñ���ø¹ö3ûmöKòHû

(vn−p−1
, v1+n−p−1

, . . . , vnq
, vnq

, . . . ,

v1+n−p−1
, vn−p−1

) ⊆ σG

�8ñ`ú^ú E�ð\ó���ô`úF72%��)E#ð\üKò��
�
	4�\ú�û
H ′ = G[V (H) ∪ {ui | − p ≤

i ≤ q}]
ò�ü�ÿ �\ú)û ��ñxõ�ô`þ�ù�ú?û`öKòHû

H ′
ð\ñIø�þ�ükù�ú�ü�ð\ú�üZû�ò�ü�ÿMò�ÿ��Vðnû`ñÌò JÎú��+�
	�ø^ðnô`ø��\úQ�Vþ.ÿ ú��9�

� +.- -���� � � é ë 1 ë)é�� i ∈ {−p, . . . , q} � �<ïKë ��
Kæ¹æ¹ë � � � é$� 
 é¹ë �Qî 9#î,émë � ë¹æ¹ë � � � é$� � � 5
ui

í�émë8�8ïKë 1 ë)é��fè æ¹ë �
uk

��
Kæ¹ï �<ï í4�
k > i

í4� � nk−1 = ni


 é¹ë �Qî 9 ��
0æ¹ï �<ï í4�
k < ií4� � nk = ni−1

� 9

@
��������� ��ú��v�Mò %Ãð
�Mõ��nð\ú�ñ#ûmö�òHûIûmö ú�ô`ú��\òHûmðnþ�ü��Qñ���ø�ø^ú^ñbñ`þ�ô	�?þ�üÍûmö ú�ñ`ú�ûxþ � ù�ú^ôbû`ð\ø�ú^ñ
ð\ükûmú�ô`ñbú^ø�û`ð\ü�ó¾ý,þ�û`ö

ui

ò�ü�ÿ
nni

ð\ñ�ò ûmþ�ûmò��Sþ�ô`ÿ�ú�ô�� ��ö���ñ�
Ìð � ò ñ���ø^ø�ú^ñbñ`þ�ôTþ �
ui

÷�ò�ñ
�Mðnñ`ñbð\ü�óÍðnü
û`ö�ú­ñ`ú�
5� ú^ü�ø�ú

(ui)−p≤i≤q


�þ�ü�ú­ø^þ����\ÿ
úhòHñ`ð+�-	 ðnü�ñ`ú�ôbû?ðnû��
2

� +.- -���

H ′

è7� æ � � 1 ë��Kè ë��I� 9

'



@
��������� ��ö�ú­ó�ômò�õ ö
H ′

öKò�ñÑò�ñ �Mò�ü2	 ø�þ�ü�ü�ú�ø�ûmú�ÿ ø�þ$�Mõ,þ�ü�ú�ükûmñ?ò�ñ
H


.ûmö���ñ?ðnû�ðnñ
ò��+�Vþ�ñqûÎø�þ$�VõAþ�ü ú^ükûT�Mò��.ð+�Mò��D� �áú�ûT��ñÃñbö�þ�÷ ûmöKòHû

H ′
ð\ñÑø��\ð 
���ú �Mò��.ð+�Mò��D� åÃñbñ����Vú

ý2	Mø�þ�ükûmô`ò�ÿ�ð\ø)ûmðnþ�üÍûmöKòHûxû`ö�ú^ôbúÎú�� ðnñbû`ñvò"ù�ú^ôqûmú��
x ∈ V (G)\V (H ′)

ò�ÿ��`òHø^ú^ükûÊûmþ�ýAþHûmö
ú^ü�ÿ ñ�þ � ò�ü»ú^ÿ ó�ú

ab ∈ E(H ′)
� I �

ab ∈ E(H)

 û`ö�ð\ñÄ÷Sþ$���nÿ¿ø�þ�ükûmômòHÿ�ð\ø)û"ûmö�úTø��nð7
���ú

��ò � ð
��ò �\ðnû�	�þ �
H

� I �
a = ui

ò�ü�ÿ
b = vj


A÷?ðªûmö
−p ≤ i ≤ q

ò�ü�ÿ
ni−1 ≤ j ≤ ni



ûmö�úÍù�ú^ôbû`ú'�

x
ðnñ�ò
ñ���ø^ø�ú^ñbñ`þ�ô�þ�ô�ò
õ ô`ú^ÿ ú^ø^ú�ñ`ñbþ�ô�þ �

ui

�fý2	��áú�� ��ò"%$%"ò�ü ÿ¿ðªû"ûmö���ñ
ñ`ö�þ����\ÿÍý,ú��nþ�ü�óÄûmþ

H ′
�fý2	 �áú��v�MòsH$%�� I �

a = ui

ò�ü ÿ
b = uj


�÷?ðnû`ö
−p ≤ i < j ≤ q



ûmö�ú�ü

x
ð\ñÃú�ðnû`ö�ú^ôÃò�ÿ��`ò�ø�ú^ükûÄûmþ

vni

þ�ôÃü�þ�û�� I ü û`ö�ú ?Kôbñbû"ø^ò�ñ`ú
x
ñbö�þ$���nÿ ýAú òMù�ú�ôbûmú��

uk


 ò�ü�ÿ¾ûmö���ñ"ý,ú��nþ�ü�ó�û`þ
H ′

�fý2	 ��ú��v�Mò�H$%�� I ü û`ö�úÍñ`ú�ø^þ�ü�ÿ»ø^ò�ñ`ú
x


a


b
ò�ü ÿ

vni÷�þ����\ÿ
ð\ü ÿ���ø^ú�òTÿ�ðdò �Mþ�ü ÿ0�
E�ð\ü�ò��+�-	s�\ú)û`��ñIñbö�þ�÷ ûmöKòHû

H ′
ðnñ�ø^þ�üZù�ú'�)�23W	�ø^þ�üZû`ômò�ÿ ð\ø�û`ð\þ�üY
HòHñ`ñ��.�Mú�û`ö�ú^ôbúvú'�.ðnñbû

x ∈
V (G)\V (H ′)

òHü�ÿ
a, b ∈ V (H ′)

ñ���ø¹öÍûmö�òHû
(a, a, x, b, b, x) ⊆ σG

��3W	 ø�þ�ükù�ú�� ðªû�	Íþ �
H
òHü�ÿ

H∪{ui}
� þ�ô�ú)ù�ú^ô 	

i ∈ {−p, . . . , q}

�ýAþ�û`ö

a
ò�ü�ÿ

b
ýAú��\þ�ü ó?û`þ

V (H ′)\V (H)



ñmò*	
a = ui

ò�ü ÿ
b = uj


 ÷?ðªûmö
−p ≤ i < j ≤ q

�Y3W	 ÿ�ú'?Kü�ðªûmð\þ�ü þ �
ui

ò�ü ÿ
uj


 ÷Sú
öKòhù�ú­ûmöKò�û

(vni
, ui, vni

, ui, uj, vnj
, uj, vnj

) ⊆ σG

�I��ö5� ñÑ÷Sú­öKòhù�ú�ú^ðnû`ö�ú^ô

• (vni
, x, ui, vni

, ui, x, uj, vnj
, uj, vnj

) ⊆ σG

þ�ô
• (vni

, ui, vni
, ui, x, uj, vnj

, uj, vnj
, x) ⊆ σG

þ�ô
• (vni

, ui, vni
, ui, x, uj, vnj

, uj, x, vnj
) ⊆ σG

÷?ö�ð\ø¹öVô`ú�ñ`õ,ú^ø)ûmðnù�ú��-	Tø^þ�ükûmô`ò�ÿ�ðnø�ûmñÌû`ö�úÎø�þ�ükù�ú�� ðªû�	Tþ �
H ∪{ui}



H
ò�ü�ÿ

H ∪{uj}
�

2

� +.- -���� � ïKë)émë­è7��í � è D.ë � ��ë)ê<ê�� ����� ë)ê � 5 (G, H ′)
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@
��������� C úÍø�þ�ü�ñ`ðnÿ�ú^ô"û`ö�ú JÎú��+�
	 ø^ðnô`ø��\ú �Vþ.ÿ ú��Iþ �
H

ò�ü�ÿ¾÷SúTú'�=ûmú�ü�ÿ ðªûÄûmþ
H ′

�
�áú�� ��ò % ò �+�\þ�÷?ñ ��ñ ûmþ¾ÿ�ðnñbû`ð\ü�ó$� ð\ñ`ö þ�ü�ú ú��.û`ô`ú��Mðªû�	¶þ �

vj


 � þ�ô�ú)ù�ú^ô 	
j
��ûmö ú ÿ�ð\ñ|�

ûmðnü�ó$��ðnñ`ö�ú�ÿ ú��.û`ô`ú��Mðªû�	 ýAú�ð\ü�ó»ñ���ø¹öÒûmö�òHû
(u+

i , v∗
j , u

−
i , vj) ⊆ σG

� þ�ôVú)ù�ú�ô�	 ù�ú�ôbûmú��
ui

ø^ôbþ�ñ`ñbð\ü�ó
vj

� C¿ú¶ú'�=û`ú^ü�ÿ ûmö ú!JÎú��+�
	 ø�ð\ôbø��\úG�Mþ=ÿ�ú���þ �
H

ý�	Ùõ�ô`þ=ø^ú�ñ`ñbð\ü�óÒû`ö�ú
ø¹ö�þ�ôbÿ�ñ

u−p, . . . , uq

ñ���ø^ø�ú^ñbñ`ðnù�ú��-	 ðnü ûmö�ðnñ�þ�ô`ÿ�ú�ô�� EKþ�ô
ò�ü2	
i ∈ {−p − 1, . . . , q}�\ú)û

Hi = G[V (H)∪{uk | − p ≤ k ≤ i}]
�=åvû�ú^ò�ø¹ö ñqûmú^õM÷�úÎú'�=ûmú�ü�ÿ3ò�ü4JÎú��
�
	Tø�ð\ô`ø��\ú

�Mþ=ÿ�ú��{þ �
Hi−1

û`þ ò�ü,JÑú��
�
	3ø�ð\ô`ø��\úF�Mþ=ÿ�ú��áþ �
Hi

�,å�ø�û��Kò��+�-	 ÷Sú ø^þ�ü ñbûmô���ø�ûÎûmö�ú�� ð\ü
ñ���ø¹ö ò ÷vò*	3ûmö�òHû � þ�ô�ú�ù�ú^ô 	

i



��� %�ûmö�ú­ð\ükû`ú^ô`ñbú^ø)ûmð\þ�ü õ,þ�ð\ükû?ý,ú�ûQ÷Sú^ú�ü
ui

òHü�ÿ
vni


 �nð\ú�ñ�ñbûmôbð\ø)ûZ�
	�ýAú)ûQ÷�ú�ú^ü û`ö�ú�õAþ�ðnükû
v∗

ni

ò�ü ÿ­û`ö�úÌð\ükû`ú^ô`ñbú^ø)ûmð\þ�ü�þ � û`ö�úÌø¹ö�þ�ôbÿ
vni

ò�ü ÿ­û`ö�úxò�ý�ñqûmô`ò�ø�û�ø¹ö�þ�ô`ÿ
[v∗

ni−1, v
∗
ni+1]�fñ`ú�ú E#ð\ó$��ôbú<��%��

åÃñbñ����VúÍ÷�úTöKòhù�úMò��nô`úhòHÿ.	 õ�ôbþ.ø�ú^ñbñ`ú^ÿ¯ûmö�úÍø¹ö þ�ô`ÿ�ñF��õ»ûmþ
ui−1

�fñbú^ú E�ð\ó���ô`ú � ;=û`ú^õ
" %'� ;.ð\ü ø^ú

σHi−1
⊆ σHi

ðªûvð\ñ�úhò�ñ 	�ûmþÍÿ ômòh÷2ò ø¹ö þ�ô`ÿ
ui

÷?ö�ðnø¹ö
ð\ükûmú�ô`ñ`ú�ø�û�û`ö�úÄÿ�ú�ñ`ð\ôbú^ÿ
ø¹ö�þ�ôbÿ�ñ�� �Ñþ�÷ ÷Sú òHô`ú3ó�þ�ðnü�ó ûmþ¾ñ��\ðnó�ökûZ�
	@�Vþ�ù�ú ûmö ð\ñÍø¹ö�þ�ôbÿ ð\ü þ�ôbÿ�ú^ô û`þ � �.�
? �
�<��� %
ò�ü�ÿ¶û`ö�ú JÎú��+�
	¯õ�ôbþ�õ,ú^ôbû�	�� I �

ui = u−p


�ñbð\ü�ø�ú ûmö�ú3ü�ú�ð\ó�öZý,þ�ô`ö þ.þ=ÿ¶þ �
u−p

ð\ü
H−pð\ü�ÿ.��ø^ú�ñÄò�ñqû¹ò�ý��nú�
Kûmö ú JÎú��+�-	3õ�ô`þ�õAú�ôbû�	 � þ$�+�nþ�÷?ñ?ð
�v�Vú^ÿ�ð\òHûmú��
	��I;.þ�
0÷Sú ����ñqûÄöKòhù�ú�ûmþ

�Mþ�ù�ú
u−
−p

ø��nþ�ñ`ú3ú�ü�þ$��ó�ö û`þ
v∗

n−p

ðnü þ�ô`ÿ�ú�ô ûmþ � ���-? �+�<��� %�� ��ö�ð\ñÍðnñÍõAþ�ñ`ñ`ðný��\ú�ñ`ð\ü ø^ú
ûmö�ú�ô`ú
ð\ñÍü þ¯ø¹ö þ�ô`ÿ ú'�=û`ô`ú��Vðnû�	 ð\ü ý,ú�ûQ÷Sú^ú^ü

v∗
n−p

ò�ü�ÿ
u−
−p

ðnü
σH−p

� I �
ui 6= u−p




H



���������

v∗ni+1

ui−1

�������
	 ���������

v∗ni−1
v∗ni

v∗ni−1
v∗ni

v∗ni
v∗ni−1

ui−1 ui−1

ui ui

v∗ni+1
v∗ni+1

ui

� ¨¸³ZÀ$cZÀ�
á´�¬�Â¹¦¹°�°Q¨¸®k³"²Q¥Z¦?Âq¥Z¬h´�§
ui

ÀkÕ�©h°Q¥Z¦¹§Í½¸¨¸®Z¦¹°Ê©^´�¦?²Q¥Z¦Ñ©^·Z°Q²Q´q©hÂm²ÊÂ¹¬h®Z°Q²Q´q©^¨¸®H²�°�À
ûmö�ú JÎú��+�-	3ø^ðnô`ø��nú �Mþ=ÿ�ú��áþ �

Hi−1

� �.�
? �
�\ñF����%'�I��ö�ðnñÎú�ü�ñ���ôbú^ñÃû`öKòHû?÷Sú�øhòHü �Vþ�ù�ú�û`ö�ú
ø¹ö�þ�ôbÿ

ui

ð\ü¶þ�ô`ÿ�ú�ô�ûmþ ð\ükûmú�ô`ñ`ú�ø�û
ui−1

òHü�ÿ
vni−1

òHû�ûmö�ú�ð\ô�ð\ükûmú�ô`ñ`ú�ø�û`ð\þ�ü¶õ,þ�ðnüZû��fñbú^ú
E�ð\ó���ô`ú � ;=û`ú^õ =$%'�Aåvû­ûmö�ðnñÄñbû`ú^õ0
�ñ`ðnü�ø^ú û`ö�úTü�ú^ðnó�öZýAþ�ô`ö�þ=þ.ÿ þ �

ui

ðnü
Hi

ðnü�ÿ���ø�ú^ñ�ò
ó�ômòHõ�ö ÷?ðªûmö ò,��ü�ð 
5� ú ü�þ�ü ��û`ô`ðnù=ð\ò��W�Mò��.ð+�Mò��Sø��\ð 
���ú@�8û`ö�ú
ø��\ð 
���ú ÷?ðnû`ö ù�ú^ôqûmú'� ñbú�û
{vni−1

} ∪ {uk | k < i and nk = ni−1}
%'
�û`ö�ú�ø�ð\ôbø��\ús�Vþ=ÿ�ú��9þ �

Hi

� ���
? �
�\ñ�û`ö�ú JÎú��
�
	
õ�ô`þ�õAú�ôbû�	$�)E�ðnüKò��+�-	 ð � ����%?ðnñÎü�þHûÃñ`òHûmðnñ�?Kú�ÿ0
,÷Súy����ñqûÃó�ú�û

u−
i

ø��\þ�ñ`ú�ú^ü�þ$� ó�ö ûmþ
v∗

ni

ý2	
ô`þ�ûmòHûmðnü�ó

ui

ò�ôbþ$��ü�ÿ
ûmö ú�ðnüZû`ú^ôbñ`ú^ø)ûmðnþ�ü õ,þ�ð\ükûÑþ � ûmö�ú�ø��nð7
���ú��o�8ñ`ú^ú E�ðnó$��ô`ú � ;=ûmú�õ 72%��
��ö�ð\ñ?ø�þ�ü�ø��
��ÿ�ú�ñ?û`ö�ú­õ�ô`þ=þ � þ � ûmö�ú"ûmö ú^þ�ôbú��A�

2

� � ß,Ü#ã��fâ{à#äfÜ���� +.- � Þ����

��ö�ú ?KôbñbûÃõAþ$�-	=ü�þ$�Vðdò��#��ûmð
�MúÎò��nó�þ�ô`ðªûmö��Vñ � þ�ôÑø^ðnô`ø��nú�ó�ômò�õ�ö ñÎôbú^ø^þ�ó�ü�ðnû`ð\þ�ü
÷Sú^ô`ú�ð\ü�ÿ�ú��
õAú�ü�ÿ�ú�üZû��
	�ó�ðnù�ú^ü3ý2	�3�þ���ø¹ö�ú�ûF�(=��D
 �Îò �bð`�#"�� � ò�ü�ÿA=­ò�ý,þ�ô�ú)û?ò��9�)��� �9� ��ö�ús�dò�û`ûmú�ôS÷�ò�ñ
ð+�Võ�ô`þ�ù�ú^ÿ3ý2	 ;=õ�ð\ü�ô`ò�ÿ ÷?ö�þÍñbö�þ�÷�ú�ÿ
û`öKòHûvû`ö�úÄôbú^ø^þ�ó�ü�ðnû`ð\þ�üMþ � ø^ðnô`ø��núÎó�ômò�õ�ö ñvøhò�ü3ý,ú
ÿ�þ�ü�ú3ðnü

O(n2)
û`ð+�Vú�
�ò�ü�ÿ¶ûmö�òHûVò ø^ðnô`ø��nú �Vþ.ÿ�ú���ø^ò�ü ýAú3ø�þ$�Võ�� ûmú�ÿ ð\ü¶ûmö ú3ñmò��Vú

ûmð
�Mú"ý,þ$��ü�ÿG�#">=��D� =­ðªù�ú^ü òVø�ð\ôbø��\ús�Vþ=ÿ�ú��áþ � òVø�ð\ôbø��\ú"ó�ômò�õ�ö
G

�ûmö�ú�ó�ô`ò�õ�ö�ð\ü�ÿ�� ø^ú^ÿ

ý2	 ûmö�úÍü ú^ð\ó�ö=ý,þ�ôbö�þ.þ=ÿ¾þ � ò ù�ú�ôbûmú��
v
ðnü

G
ðnñ"ò3õAú�ô�� � ûmòHûmðnþ�ü ó�ô`ò�õ�ö0� � þ�ô`ú�þ�ù�ú^ô�ò

õAú�ô�� �.û¹òHû`ð\þ�ü �Vþ=ÿ�ú��#þ �
G[N(v)]

øhò�ü»ý,úÍø^þ$�Võ�� û`ú^ÿ¾ð\ü
O(n)

ð � ò ø�ð\ôbø��\ú �Mþ=ÿ�ú���ð\ñ
�Zü�þ�÷?ü0�o:"ü úVø^ò�ü»úhò�ñbð+�-	 ø¹ö�ú�øu�¯ðnü

O(n)
û`ð+�Vú ð � ò3õAú�ô�� �.û¹òHû`ð\þ�ü¾ó�ô`ò�õ�ö¯ð\ñ

P3

� � ô`ú�ú
�qèF9fë�9�ð\ñIòÄÿ�ð\ñ �bþ�ð\ükû ��ü ð\þ�üÍþ � ø�þ$�Mõ.�\ú�û`úvó�ô`ò�õ�ö�ñZ% ��ñ`ðnü�ó"ðnû`ñIõAú�ô�� �.û¹òHû`ð\þ�ü �Vþ=ÿ�ú��D� ��ö���ñ
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