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Abstract. In classical approaches to knowledge representation, reason-
ers are assumed to derive all the logical consequences of their knowledge
base. As a result, reasoning in the first-order case is only semi-decidable.
Even in the restricted case of finite universes of discourse, reasoning
remains inherently intractable, as the reasoner has to deal with two in-
dependent sources of complexity: unbounded chaining and unbounded
quantification. The purpose of this study is to handle these difficulties in
a logic-oriented framework based on the paradigm of approzrimate rea-
soning. The logic is semantically founded on the notion of resource, an
accuracy measure, which controls at the same time the two barriers of
complexity. Moreover, a stepwise technique is included for improving ap-
proximations. Finally, both sound approximations and complete ones are
covered. Based on the logic, we develop an approximation algorithm with
a simple modification of classical instance-based theorem provers. The
procedure yields approximate proofs whose precision increases as the rea-
soner has more resources at her disposal. The algorithm is interruptible,
improvable, dual, and can be exploited for anytime computation. More-
over, the algorithm is flexible enough to be used with a wide range of
propositional satisfiability methods.

Keywords: approximate reasoning, first-order logic, multi-modal logics,
resource-bounded algorithms.

1 Introduction

A widely accepted framework for studying intelligent agents is the knowledge
representation approach. Knowledge is described is some logical formalism and
stored into a knowledge base. This component is coupled with an inference algo-
rithm, the reasoner, which determines whether a given query is entailed from the
knowledge base. One of the main challenges of knowledge representation lies in
the computational tradeoff between expressiveness of representation languages
and their complexity [21]. On the one hand, knowledge needs to be represented
in a very expressive language, such as first-order logic and, on the other, reason-
ing has to be very efficient, especially for knowledge bases of the size required
for human level common-sense. Unfortunately, it is well-known that first-order
reasoning is only semi-decidable. In other words, if the base and the query are
represented in first-order logic, there is no guaranteed way to determine in finite
time whether the query is entailed, or not, from the knowledge base.



Since real agents are constrained by finite resources, it seems appropriate to
examine first-order reasoning in the setting of finite universes of discourses. This
assumption has received increasing attention in the communities of database sys-
tems [23, 26], planning [11,12] and theorem proving [13,25,28,29]. This can be
expressed by a domain closure axiom or, less restrictively, through a constraint
expressing a finite upper limit on the cardinality of the domain of any inter-
pretation. In this setting, every first-order formula can be rewritten to a finite
“propositional” formula which, however, is in general exponentially larger. Each
atom with m free variables gives rise to (n"™) ground instances for an universe
of size n. As a result the complexity of first-order reasoning is (at most) ex-
ponentially higher than the complexity of propositional reasoning. Intuitively,
this means that a first-order reasoner is confronted with two sources of complex-
ity: unbounded chaining and unbounded quantification. The first one is related
to propositional entailment, which is known to be intractable, while the second
one is related to the exponential number of ground instances generated by a
first-order formula. So, even in finite universes of discourse, first-order reasoning
remains very much demanding from a computational point of view.

Approximate reasoning is an approach advocated in many areas of artificial
intelligence to deal with the computational intractability of problems. The mo-
tivation behind this paradigm stems from the fact that practical agents have
limited time to solve problems and limited memory to remember information.
As suggested by Lakemeyer in [16], an approximate reasoning system provides
something of middle ground between what is explicit or evident and can be re-
trieved using few resources and what is implicit and should be inferred given
enough time and memory. In case the answer of the reasoner is not satisfactory,
one can still decide to continue reasoning. The simplest way is to switch to a
conventional reasoning technique. A better way is to use the resource-bounded
reasoner to produce better and better answers in a cumulative fashion.

Many such inference algorithms have been proposed, and these algorithms
are generally reasonably easy to understand procedurally. For example, one may
take an existing theorem prover and bound its execution time and memory in
some way. However, understanding inference procedurally is no substitute for
understanding what sort of “semantics” and “axiomatics” underlie the inference.
This kind of deeper understanding is the domain of logic. A logic for a resource-
bounded reasoner gives a clear picture to the notion of resource and tells us what
the inference algorithm is, and is not, able to deduce from its knowledge base.

There have been a number of attempts at devising logics for approximate rea-
soning either proof-theoretically or model-theoretically. On the proof-theoretic
side, for example, Dalal defines tractable forms of reasoning by eliminating cer-
tain inference rules from propositional logic [5]. The starting point of its frame-
work relies on unit resolution which is tractable but weaker than propositional
deduction. Based on this inference rule, the author obtains better and better
approximations by imposing incremental bounds on the size of clauses used as
lemmas. This technique has been further studied, for example, in [6, 10].



On the model-theoretic side, one of the first framework proposed in the litera-
ture is that of Levesque [20]. Based on a multi-valued logic, especially a fragment
of Belnap’s relevance logic [1], the author introduces a notion of inference which
is weaker than propositional deduction and that captures a tractable form of
reasoning. This study has been further extended by Schaerf and Cadoli in [24].
Their framework considers a subset S of the propositional variables, which are
deserved a classical interpretation, while the rest of propositions is given a multi-
valued interpretation. By increasing the parameter S, the reasoner can regain
full logical deduction in an incremental fashion. This treatment of approximate
reasoning has been applied to a wide range of reasoning problems [2, 14, 15, 22].

To the best of our knowledge, most of the studies in approximate reasoning
have concentrated to propositional logic. On the proof-theoretic camp, Crawford
and Etherington in [10] have recently attempted to extend Dalal’s approach to
first-order logic but, as they pointed it out, unit resolution alone is undecidable.
On the model-theoretic camp, Schaerf and Cadoli have extended their semantics
to the description logics ALE and ALC but these languages remain restricted
fragments of first-order logic. A more general framework has been investigated by
Lakemeyer in [16,17]. Based on Levesque’s multi-valued logic, the author defines
a inference relation which is weaker than classical first-order implication and
that captures a decidable form of reasoning. However, Lakemeyer’s framework is
only “one-shot”: if an approximate solution is wrong, the sole thing to do is to
switch to a general-purpose reasoning technique. From this perspective, it seems
appropriate to pursue investigations in the direction to “improvable” reasoners
that would produce better and better solutions in an incremental fashion.

In this paper, we introduce a model-theoretic framework for approximate
first-order reasoning. The framework is based on a multi-modal logic which con-
tains a well-founded semantics and a correct and complete axiomatization. To
some extent, our logic combines ideas from Schaerf and Cadoli’s approximation
technique and Lakemeyer’s system for limited reasoning. In essence, our frame-
work integrates the following features.

— The logic is founded on the notion of resource, an accuracy measure which
semantically captures bounded approximations of first-order inference. The
measure reflects both the quality and the cost of the approximations.

— The framework enables improvable reasoning: the quality of approximations
is an increasing function of the resources that have been spent.

— The framework covers dual reasoning: both sound but incomplete and com-
plete but unsound solutions are returned at any computation step.

The rest of the paper is organized as follows. In section 2, we define the
syntax, the semantics, and a sound and complete axiomatization for the logic. In
section 3, we investigate the semantical properties of approximate reasoning. In
section 4, we show how to transform a traditional instance-based theorem prover
into a resource-bounded algorithm which is interruptible, improvable, dual, and
that can be exploited for anytime computation [30]. The approximation schema
is flexible enough to be used with a wide range of efficient satisfiability methods.
Finally, in section 5, we suggest some topics for future research.



2 The Logic

In this section we present a logic, named AFOR, for approximate first-order
reasoning. We begin to define the syntax, next we examine the semantics in
detail, and then we present a sound and complete axiomatization for the logic.

2.1 Syntax

The basic building block of our framework is Levesque’s first-order logic with
standard names presented in [19] and further examined by Lakemeyer in [16, 17].
A first-order signature consists of denumerable sets P, F, N of symbols called
predicates, functions and standard names respectively. Each predicate and func-
tion symbol has a fixed arity which is defined by the number of its arguments.
Function symbols with arity zero are called constants. The set of standard names
corresponds to the universe of discourse over which quantifiers range.

A term is either a variable, a standard name, or a function symbol whose
arguments are themselves terms. A ground term is a term not containing any
variable. A primitive term is either a constant or a function symbol whose argu-
ments are standard names. An atom is a predicate whose arguments are terms
and a literal is an atom or its negation. A primitive atom (resp. primitive literal)
is an atom (resp. literal) with standard names as arguments. The sets of primi-
tive atoms and primitive literals generated from the signature are denoted A and
L, respectively. A standard formula is either an atom or can be obtained by the
usual rules for the connectives = and A, and the quantifier V. Other connectives
such as V, D and =, and the quantifier 3 are defined in the usual way.

We now turn to the concept of resource. The key point behind this notion
is to control the two aforementioned sources of complexity of first-order reason-
ing, namely unbounded chaining and unbounded quantification. To this end, a
resource parameter is defined as a pair S = (Ps, Ng) where Pg is a finite subset
of P and Ng is a nonempty finite subset of N. A parameter can be seen as the
collection of primitive atoms and standard names which are relevant for chaining
and quantification for a given problem instance. The sets of primitive atoms and
primitive literals generated from S are denoted Ag and Lg, respectively. The
“empty” parameter, which doesn’t contain any predicate, is denoted Sy.

A formula is either a standard formula or can be obtained by the following
rules: if « is a formula, then — « is a formula, if & and 3 are formulas then a A 3
is a formula, and if « is a standard formula and S a resource parameter then
Og « is a formula. Notice that the syntax does not allow quantifying-in or nested
modalities. The modality g is used as an abbreviation of =Og —. A formula
such as Og « is read “the reasoner necessarily infers a given the resources S”;
dually g« is read “the reasoner possibly infers « given the resources S”.

A sentence is a closed formula, a declaration is a closed standard formula, and
a ground declaration is a quantifier free declaration. In the following, sequences
of terms are written in vector notion. For example, (t1,--- ,t) is abbreviated as
t. If a formula « contains the free variables x1, - - - , 2k, then the notation afx/t]
will denote the result of replacing each occurrence of x; by ¢; in «.



2.2 Semantics

The semantics of AFOR combines ideas from Belnap’s four-valued logic [1] with
possible world interpretations that allow varying domains of quantification [7].

We first assign semantics to ground terms. To this point, the logic makes the
assumption that the universe of discourse is isomorphic to the set of standard
names, that is, a ground term is identified with a unique name. A denotation
function is defined as a mapping d from primitive terms to standard names.
A denotation function determines a unique map, also denoted d, on the set of
all ground terms, according to the following conditions: d(n) = n, where n is a
standard name, and d(f(¢)) = d(f(n)), where n; = d(¢;).

We now examine the semantics for all non-logical symbols. Our approach
rests on an extension of the standard notion of possible world which we call
valuations. While worlds use fixed domains of quantification and assign a truth
value to every primitive atoms, valuations, in contrast, allow varying domains
of quantification and assign truth values to all the literals. In formal terms, a
valuation is a structure v = (N, Ly, d,,), where N, is a subset of N, L,, is a subset
of L, and d, is a denotation function. A world is a valuation w, where N,, is the
set of all standard names N and L,, is a subset of L such that for every primitive
atom a, a € L, if and only if —a & L,,. We say that a valuation v is more specific
than v/, and write v C¢’, if N, = Ny, L, C L,» and d, = d,». We remark that
the specificity relation is a partial order on the space of all valuations. Moreover
it induces a lattice structure on each subspace of valuations defined over the
same domain of quantification and the same denotation function.

The concept of resource parameter S is semantically captured by an accessi-
bility relation on valuations Rg. Given two valuations v and v’ and any resource
parameter S, v € Rg(v), if N,y = Ng, Ly N Lg = L, N Lg and dyy = d,.
In other words, Rg(v) is the set of valuations that share the same domain of
quantification Ng, that assign the same truth value as v to each literal in Lg,
and that use the same denotation functions. We remark that, for any valuation
v, Rg(v) is a complete lattice under the specificity ordering C. The smallest and
the largest valuations of Rg(v) are denoted N"Rg(v) and URg(v), respectively.

We now turn to the semantics of sentences. Since valuations assign inde-
pendent truth values to literals and their complements, the semantic rules for
sentences must define truth support for both sentences and their negation.

v Ep(t) iff p(n) € L, and n = d,(¢t), (1)
v = —p(t) iff —p(n) € L, and n = d,(t), (2)
v E - iff vl a, (3)
vEaAS iff vl=aandwv g, (4)
vE-(aAp) iff vE-aorvlE g, (5)
viE Vx)a iff forallne N, vEalz/n], (6)
vE-(Vz)a iff for some n € N,, v = —afz/n], (7
vEOsa iff for all v’ € Rg(v), v' [ a, (8)
vE-Oga iff vEOga. (9)



A sentence « is called satisfiable iff w = a for some world w. We say that
a sentence « is valid, and write = «, iff w = « holds for all worlds w. Finally,
given two sentences o and [, we say that § is a logical consequence of a iff
= a D [ holds. The following lemmas capture important structural properties
of the semantics. They will be frequently used in the remaining sections.

Lemma 1. For any declaration o and any valuations v,v' such that v Cv',
ifviEa then v | a.
Lemma 2. For any declaration o and any world w,

wkEOga iff NRs(w) E a, (1)
wE Csa iff URs(w) = a. (2)

Proof (1). Suppose that w |= Og a. By semantic rule 8, we obtain v |= « for
all v € Rg(w). It follows that "Rs(w) [ «. Dually, suppose that w ¥~ Og a.
By semantic rule 9, we obtain v £ « for some v € Rg. Since N"Rg(w) C v, by
contraposition of lemma 1, it follows that N"Rg(w) F~ a.

Proof (2). Suppose that w = ¢g a. By semantic rule 9, we obtain v & —a for
some v € Rg(w). If v = « then by lemma 1 we have URg(w) = a. Otherwise,
by contraposition of lemma 1 we obtain N"Rg(w) ¥ « V —a. By induction on
the structure of «, it follows that URs(w) E a A —a. So URg(w) = a. Now
suppose that w £ Cg «. By semantic rule 8, we have v | -« for all v € Rg(w).
If URg(w) = « then by lemma 1 we obtain URs(w) = oA —a. By induction on
the structure of «, it follows that "Rg(w) ¥ a V —a, but this contradicts the
former hypothesis. Therefore, we must obtain URg(w) £ a.

2.3 Axiomatization

We now focus on obtaining a sound and complete axiomatization for our logic.
An aziom system consists of a collection of azioms and inferences rules. A proof
in an axiom system is a finite sequence of sentences, each of which is either an
instance of an axiom or follows by an application of an inference rule. Finally,
we say that a sentence « is a theorem of the axiom system and write - « if there
exists a proof of a in the system. The axiom system of AFOR is the following.

Azioms:
All tautologies of first-order logic (A1)
Ug—a = Us o (A2)
Os(aAB)=Oga A Ogf (A3)
Og—(aAB)=Og-a VvV Og-p3 (A4)
Og (Vz)a = Og /\neNsa[ac/n] (A5)
Os~(Vz)a = Os V, oy, mafz/n] (A6)
Og (aV —a), where a € Ag (AT)
&g (aA—a), where a & Ag (A8)
Oga D a where «a is a ground declaration (A9)



Inference rules:

From Faand Fa D S infer -3 (R1)
From F afz/n] infer F (V) (R2)

The axiom system may be divided into two categories. The first one is con-
cerned by axiom (A1) and rules (R1) and (R2) which come from standard first-
order logic. Hence, the first-order fragment of AFOR is correctly handled. The
specificity of our logic lies on the second category. Axioms (A2)-(A4) capture the
properties of double negation, conjunction and disjunction, respectively. Axioms
(A5)-(A8) are the key point of resource-bounded reasoning. The first two axioms
introduce a limitation on the quantification capabilities of the reasoner. Specif-
ically, they state that any universal (existential) quantifier can be rewritten to
a finite number of conjunctions (disjunctions) which is bounded by the size of
Ng. From an orthogonal point of view, the last two axioms impose a limitation
on the chaining capabilities of the reasoner. Axiom (A7) says that the system
necessarily infers the tautology a V —a, whenever a is in Ag. Dually axiom (AS)
says that the system can infer the antilogy a A —a, if a is not in Ag. Finally,
axiom (A9) claims that reasoning under the scope of Og is sound, provided that
the declaration « is quantifier-free.

It is interesting to analyse the axiomatization from the standpoint of the so-
called logical omniscience problem [9]. A reasoner is called logically omniscient if
its inference capabilities are closed under logical consequence. By inference rule
(R1) and axioms (A2)-(A4), we remark that Oga D (Og(a D 3) D Ogf) is a
theorem of the axiom system. So, the inference capabilities of the reasoner are
closed under material implication. However, we also remark that the sentence
Osa D ((a« D B) D Ogp) is not a theorem of the axiom system. Hence, the
inference capabilities of the reasoner are not closed under logical implication.
The following result gives soundness and completeness for the axiom system.

Theorem 1 (Soundness and Completeness). For any sentence «,
Faiff =a.

Proof (sketch). The soundness of the axiom system is easily demonstrated from
the semantic rules and lemma 2. The proof of completeness is based on the
technique of saturated sets presented in [7]. A set of sentences is called saturated
if it is w-complete and consistent. A set of sentences E is w-complete if EUp[z/n)
is consistent whenever E'U {—(Vz) p} is consistent. Completeness follows if we
can show that any saturated set is satisfiable. We begin by extending a given w-
complete set F to a maximally consistent set using the Lindenbaum procedure.
Then we build a world wg as follows. dg is an injective morphism from the
ground terms in F to N, and a € Lg iff a € F, for every primitive atom a. The
central lemma in the proof shows that for any sentence a, we have a € FE iff
wg | a. The only difficulty is the case where « is of the form Og 3. We begin to
rewrite 0 to an equivalent ground declaration into conjunctive normal form, by
using (A2)-(A6). The “if” part of the proof is based on axioms (A8) and (A9).
Dually, the “only if” part of the proof is built from axioms (A7) and (A9).



3 Approximate Reasoning

After an excursion into the logic AFOR, we now apply our results to the for-
malization of approximate first-order reasoning. In the knowledge representation
paradigm, the main task for a reasoner is to decide whether a query is entailed,
or not, from the knowledge base. In general, this task is divided into two steps.
First, convert the knowledge base and the negation of the query into clausal
form and next, determine whether the resulting declaration is satisfiable or not.
In this study, we concentrate on the second step of the reasoning process.
From this perspective, we specify a resource-bounded reasoner as an “ab-
stract type” that takes in input a clausal declaration « and an increasing se-

quence of resources (Sp, -+ ,Sy), and that approximates the problem of deciding
whether « is satisfiable, or not, by means of two dual families of modal opera-
tors (Og,, -+ ,0g,) and (Cg,, -+ ,<g, ). If we prove that Og, « is satisfiable for

any index i, then we have proved that « is satisfiable. Dually, if we prove that
&g, a is unsatisfiable for any ¢, then we have proved that « is unsatisfiable. This
stepwise process has the important advantage that the iteration may be stopped
when a confirming answer is already obtained for a small index 3.

Before examining into detail the properties of approximate reasoning, we in-
troduce some useful definitions. An Herbrand signature is a first-order signature
such that the set of function symbols F' contains at least one constant symbol,
and the set of standard names NN is the set of all ground terms built from F'. In
other words, IV is the Herbrand universe of the signature. Such a context greatly
simplifies the technical aspects of the semantics. Specifically, in the language de-
fined over a Herbrand signature, there exists exactly one denotation function d
from ground terms to standard names, namely the identity function. Thus, any
valuation v is uniquely determined by its components N, and L,.

A clause is a disjunction of literals. A clausal declaration is a declaration
in prenex normal form containing only universal quantifiers, whose matrix is
a disjunction of clauses. When clear from the context, such sentences will be
respectively modeled as sets of literals and sets of clauses. With each clausal
declaration a, we can uniquely associate a Herbrand signature whose function
and predicate symbols are those occurring in «, with the additional condition
that if a does not contain any constant, then we introduce a new constant in
its signature. To avoid some complicated notations, we assume from now that
the underlying representation language of a clausal declaration « is the language
built from the Herbrand signature of a.

With these notions in hand, we can now examine the semantical properties of
approximations. First, we show that resource-bounded reasoning is improvable
and dual. The quality of approximations improves as we increase the resources.
Moreover, both sound approximations and complete ones are improvable.

Theorem 2 (Monotonicity). For any clausal declaration o and any resource
parameters R and S such that R C S,

if Og « is satisfiable, then Og « is satisfiable, (1)

if Or a is unsatisfiable, then Cg «v is unsatisfiable. (2)



Proof (1). Suppose that Og « is satisfiable. Then w | Og « for some world w.
Let v denotes "Rz (w). By construction, N,, = N and L,, = L,,NLg. Moreover,
by lemma 2, it follows that v = . Now, let us define a total mapping 7 from Ng
to Ng such that 7(n) = n for every n € Ni. Let v’ be a new valuation where
N, = Ng and L,/ is the set of all literals I(n) such that [(7(n)) € L,. Suppose
that v’ = a. Then there exists at least one ground clause y(n) of a generated
from Ng and such that v(n) N L,, = @. It follows that v(7(n)) N L, = &. Since
~v(7(n)) is a ground clause of a generated from Np, it follows that v & «, but
this contradicts the former hypothesis. Hence, v’ = «. Let w’ be a new world
such that L, = L, U (Ly/Lg) and let v” denotes N"Rg(w). By construction,
Ny+ = Ng and L,» = L, N Lr. Thus v C v”. By lemma 1, it follows that
v"” E a. Hence, w’' = Og a.. Therefore, Og « is satisfiable.

Proof (2). Suppose that ¢g « is satisfiable. Then w | ¢g « for some world w.
Let v and v’ denote UR g (w) and UR g(w), respectively. By application of lemma
2, we have v = a. Now, let us define a new valuation v such that N,» = N,
and L,» = L, U (L — Lg). By construction, v C v”. Thus, by lemma 1 it follows
that v"” = «. Moreover, it is clear that L, = L,/. Suppose that v' = a. Then,
there exists at least one ground clause v of a generated from Ng and such that
yN L, = @. Since Ngp C Ng, it follows that ~ is a ground clause of o generated
from Ng. Moreover, since L, = L,, it follows that yN L, = &. Hence v" £ a,
but this contradicts the former hypothesis. So, v' = o and by lemma 2, it follows
that w = Og a. Therefore, O g« is satisfiable.

Second, we demonstrate that there exists a systematic adequacy relationship
between approximate reasoning and classical first-order reasoning.

Theorem 3 (Adequacy). For any clausal declaration o and parameter S,

if Og «v is satisfiable, then « is satisfiable, (1)

if Oga is unsatisfiable, then « is unsatisfiable. (2)

Proof (1). Let R be a new parameter such that N = Ni and Pg is the set
of all predicates occurring in the formula «. Suppose that Og « is satisfiable.
By theorem 2 it follows that Og « is satisfiable. Then w = Oga for some
world w. Let 7 be a function from N to Ng such that 7(n) = n for every
n € Ng. Let w’ be a world where L,s = {l(n) : I(r(n)) € L,}. Suppose that
w’ f£ a. Then there exists a ground clause y(n) of a such that w’ = y(n). It
follows that w [~ v(7(n)). However, by contraposition of axiom (A9) we obtain
w = Orv(7(n)). Since v(7(n)) is a ground clause generated from N, it follows
that w £ Ok «, hence contradiction. So, w’ = « and therefore « is satisfiable.

Proof (2). We use the parameter R defined in part (1). Suppose that Cga is
unsatisfiable. By theorem 2 it follows that O g « is unsatisfiable. Let E be the set
of all ground clauses of « generated by Ng. Clearly, O E' is unsatisfiable. More-
over, from axiom (A9) and rule (R1) we infer that E D g E is a theorem of our
logic. By contraposition of this theorem, it follows that E is unsatisfiable. How-
ever, F is a finite subset of all ground instances of clauses of . By application
of Herbrand’s theorem [3] (only if part), it follows that « is unsatisfiable.



Third and finally, we guarantee the convergence of approximate unsatisfi-
ability: if a declaration is unsatisfiable, then using enough resources, we are
guaranteed to find the correct solution. Notice that we cannot hope obtaining
an analogue result for the dual part: since first-order unsatisfiability is recur-
sively but not co-recursively denumerable, a infinite amount of resources may
be necessary for determining satisfiability of a first-order clausal declaration.

Corollary 1 (Convergence). For any clausal declaration o, if o is unsatisfi-
able then there exists a resource parameter S such that Cg o is unsatisfiable.

Proof. Suppose that « is unsatisfiable. Then, by application of Herbrand’s the-
orem [3] (if part), there must exist a finite unsatisfiable set E of ground clauses
of a. Let Rs and Ng be the set of all predicates and ground terms that occur
in E. Clearly enough, g E is unsatisfiable. Since F is a subset of the set of all
ground clauses of a generated by Ng, it follows that &g « is unsatisfiable.

Ezxample 1. Suppose we are given the following declaration:

a = {{p(z,y),r(x)}, {-q(f (b)), ()}, {=r(a),¢(f(x))}, {-p(a,b), q(x)}}.

The Herbrand signature of « is defined by the sets P = {p,q,7}, F = {a,b, f}
and N = {a,b, f(a), f(]),...}. We want to show that « is satisfiable. Hence, we
need to find a parameter S such that Og « is satisfiable. In fact, this happens with
Ps ={q,r} and Ng = {a, f(a)} which are restricted subparts of the signature.

Ezample 2. Suppose we are given the following declaration:

a = {{p(@)},{=p(a),q(x)} {r(g(x), v),q¢(f(a))},{-p(b), ~q(2)},{—r(z, f(y))}}.

The Herbrand signature of the formula is defined by P = {p, ¢, 7}, F = {a,b, f, g}
and N = {a,b, f(a),g(a),...}. We want to show that « is unsatisfiable. So we
need to find a parameter S such that g a is unsatisfiable. In fact this holds
with Ps = {p, ¢} and Ng = {a, b} which are restricted subparts of the signature.

4 Approximate Computation

In this section, we investigate the computational aspects of approximate reason-
ing. We present an original algorithm, named AFOS, for approximate first-order
satisfiability. We begin to specify the algorithm, next we prove its soundness and
completeness and then we analyse its computational complexity.

Before exploring the algorithm into detail, we introduce some additional def-
initions. A substitution is a mapping 6 from variables to terms. Given a resource
parameter S, a S-substitution is a substitution 6 such that the range of 6 is
a subset of Ng. Given two parameters R and S such that R C S, a (R,S5)-
substitution is a S-substitution # such that the range of 8 contains a nonempty
subset of Ng — Ng. A clause ¢ is called a S-instance (resp. (R, S)-instance) of
a clause v if § = 70 for some S-substitution (resp. (R, S)-substitution) 6. In the
following, arg denotes the set of all S-instances of « generated by S.



The algorithm AFOS, presented in figure 1, can be thought as an iterative
instance-based theorem prover. The three major parts of the algorithm are: first
the choice of new resources, second the resource-bounded instance generation,
and third the satisfiability test by a standard propositional prover. The algo-
rithm basically carries out these three steps until a proof for satisfiability or
unsatisfiability is found or a time-space limit (i.e. interruption) is reached. It is
important to remark that the procedure both returns the solution and the re-
sources that have been spent for computing the solution. For example, suppose
that AFOS(«) returns (true,S) for some clausal declaration «. The intuitive
reading of this result is “a can be shown satisfiable using the resources S”.
Such an information not only provides knowledge about the solution but also
meta-knowledge about the resources needed to compute the solution.

Input : a clausal declaration «;

Output: a resource parameter S and the truth-value true if Og « is sat-
isfiable, false if $g v is unsatisfiable and unknown otherwise;

S — So;

ag «— &;

ag — I

while not interruption() do

Choice of resource parameter;
R+— S,
S «— choose();

Instantiation;

if Pr = Pg then

foreach (R, S)-instance v of o do
ag «— agU{yNLs}k

if v C Lg then af «— ag U{y};

else

ag — &

ag —

foreach S-instance v of a do

ag «—agU{ynLsk

if ¥ C Lg then af «—— a$ U{y};

Satisfiability;
if o is satisfiable then return (true, S);
if af is unsatisfiable then return (false, S);

return (unknown, S);

Figure 1: Approximate First-Order Satisfiability (AFOS)




Interestingly, our algorithm incorporates several major features. First, the al-
gorithm is interruptible: it can be stopped at any time and provide some answer.
Second, the procedure is dual: it can compute at the same time the satisfiability
and the unsatisfiability of a generic formula. Third, the instance generation step
can be shown progressive. Specifically, if R is a subset of .S, then any clause in
the declaration a% is a subset of some clause in the declaration ag; furthermore,
the declaration f, is a subset of the declaration ag. Fourth and finally, our al-
gorithm can be shown incremental and anytime [30]. In particular, the reasoner
can decide to fix the choice of predicates Pg for a certain number of iterations.
During these iterations, the set of ground terms Ng is progressively increased
and the declarations oy and ag are progressively expanded in an incremental
fashion. If a solution is not found then the reasoner can choose a new set Pg,
reinitialize the set Ng, and apply again the same strategy.

The approximation schema is general enough to be combined with a wide
range of satisfiability testers. The underlying interest is to use methods which
are appropriate for the problem at hand and that have been shown powerful
enough for solving large size instances of the problem. Complete methods such
as depth first search enumeration [27] can be used to compute at the same
time the satisfiability of oy and the unsatisfiability of ag. On the other hand,
incomplete methods such as local search algorithms [8, 12] can be exploited if we
concentrate on the satisfiability of 3.

The two following results clarify the interest of approximate computation.
The first theorem gives soundness and completeness for the algorithm. The sec-
ond theorem states its computational complexity. To this point, the last result
claims that the two barriers of complexity in first order reasoning, that is “quan-
tification” and “chaining”, are bounded by the resource parameter S.

Theorem 4 (Soundness and Completeness for AFOS). Given a clausal
declaration a a resource parameter S and no interruption of the algorithm,

AFOS(a) returns (true, S) iff Og « is satisfiable, (1)
AFOS(a) returns (false, S) iff Os « is unsatisfiable. (2)

Proof. We only examine part (1) as a dual strategy applies to part (2). we know
that Og « is satisfiable iff w = Og « for some world w. By lemma 2, w = Og
iff "Rs(w) = a. Let v denotes N"Rg(w). By semantic rules (4) and (6), v E «
iff v |= v for every S-instance v of a. By semantic rules (1) and (5), v = v iff
YN L, # 2. S0, v |E aiff v ag and hence, Og « is satisfiable iff Ogag is
satisfiable. Now suppose that AFOS(«) returns (¢rue, S). Then ag is satisfiable.
Since the relations and terms that occur in o are subsets of Rg and Ng it
follows that Og ayg is satisfiable. Therefore, Og « is satisfiable. Dually, assume
that Og o is satisfiable. So, Og afy is satisfiable. By axiom (A9), it follows that ag
is satisfiable. Provided that no interruption occurred, AFOS(«) returns (true, S).

Theorem 5 (Complexity). For any clausal declaration o and any resource
parameter S, deciding whether Og «v is satisfiable and Og a is satisfiable can be
computed in O(|ag| - 21751) time.



Proof. Let us examine the sentence Og . By application of theorem 4, Og « is
satisfiable iff AFOS(«) returns (¢rue, S). The instantiation part of the algorithm
must, at most, generate all S-instances of « which is O(|ag|). So, the time
complexity of this part is O(|ag]|). In the worst case, all the clauses of « are stored
in a3, so the size of a3 is O(|as|). Moreover, the cardinality of all distinct ground
atoms in g is O(|Ps)|. So, the worst-case time complexity of the satisfiability
part is O(|ag| - 2/751). A dual argument applies to the sentence g a.

Example 3. We consider again example 1. Suppose that AFOS chooses the re-
source parameter S defined by Ps = {¢,r} and Ng = {a, f(a)}. We obtain
ag = {{r(a)}, {r(f(a)}, {-r(a),¢(f(a))},{e(a)}, {qa(f(a)}}. Clearly, o is sat-

isfiable. Therefore, it follows that Og « is satisfiable.

Ezxample 4. Now consider again example 2 and suppose that AFOS selects the
resource parameter S with Ps = {p,q} and Ng = {a,b}. We obtain: ag =

{p(a)}, {p()}, {-p(a),q(a)}, {=p(a), ¢(b)}, {=p(b), ~q(a)}, {=p(b), ~q(b)}}. It is

clear that ag is unsatisfiable. Hence, it follows that ¢g « is unsatisfiable.

Ezample 5. We assume that the following knowledge base E' is part of a very
large ontology of group theory and other algebraic structures. E uses a small
signature which we assume to be part of a larger vocabulary.

Suppose we are given the following query: for any given element in a sub-
group, show that its inverse is still in the subgroup. This can be denoted by
(Vz)(s(z) D s(i(x)). Let a« = EU{{s(a)}, {—s(i(a))}}. We want to show that «
is unsatisfiable. So the algorithm needs to find a resource parameter S such that
ag is unsatisfiable. In fact, this holds with Rg = {s,p} and Ng = {a,i(a),e}.
We remark that the number of clauses and atoms in a<s> is 1475 and 30, re-
spectively. By combining iterative instantiation with an improved version of the
Davis-Putnam procedure [27], unsatisfiability should be inferred in short time.

5 Conclusion

This main motivation behind this work has been to obtain a model approxi-
mate reasoning that defines a computationally more attractive reasoner than
classical first order logic. We have stressed on a multi-modal logic which con-
tains a well-founded semantics and a correct and complete axiomatization. Based



on this logic, we have shown that our framework integrates several major fea-
tures: bounded resources, improvability and dual reasoning. Finally, we designed
a resource-bounded algorithm with a simple modification of classical instance-
based theorem provers, and we have discussed the quality and complexity guar-
antees of this approximate deduction mechanism.

There are various avenues of research that come out of this work. On the
logic side, a first investigation is to extend the language with equality. In par-
ticular, the question whether first-order logic with equality can be embedded
in our framework should be settled. A secondary, but important, investigation
is to examine decidable sub-fragments of first-order logic such as, for instance,
Schonfinkel-Bernays expressions. To this point, it would be interesting to ob-
tain a convergence result for the satisfiability problem of these sub-fragments.
On the algorithmic side, a number of open problems remain to be explored. In
particular, an important issue is the development of “intelligent” strategies for
the incremental choice of resources. This choice may be heuristic; search strate-
gies advocated in the literature of instance-based theorem proving should play a
major role in the global efficiency of the framework [4, 13,18, 29]. For example,
a well-known principle is to iteratively choose predicates and terms according to
their increasing arity. More sophisticated heuristics can be developed by com-
bining unification techniques used for instantiation and strategies employed in
propositional testers. Alternatively, the choice of the resources may be guided
by control knowledge; it is a commonplace that knowledge about the structure
of a base is important for efficient inferences [24]. To this very point, we recall
that AFOS communicates at the same time knowledge about the solution but
also meta-knowledge about the computation. In the query-answering process
this meta-knowledge should be automatically learned to perform an appropri-
ate choice of the resources which guarantees a high degree of confidence. These
criteria are under study and we hope that an intelligent control strategy will be
possible for approximate first-order reasoning.
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