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Abstract� One of the main characteristics of logical reasoning in knowl�
edge based systems is its high computational complexity� Anytime de�
duction and anytime compilation are two attractive approaches that have
been proposed for addressing such a di�culty� The �rst one o�ers a com�
promise between the time complexity needed to compute approximate
answers and the quality of these answers� The second one proposes a
trade�o� between the space complexity of the compiled knowledge base
and the number of possible answers that can be e�ciently processed
by this data structure� The purpose of this paper is to de�ne a logic
which handles these two approaches by incorporating several major fea�
tures� First� the logic is semantically founded on the notion of resource
which determines both the accuracy and the cost of approximation� Sec�
ond� a stepwise procedure is included for improving approximate answers
and allowing their convergence to the correct answer� Third� both sound
approximations and complete ones are covered� Fourth and �nally� the
reasoning task may be done o��line and compiled theories can be used
for answering many queries� This logic is applied to the speci�cations of
anytime deducers and anytime compilers�

Topic areas� Foundations of knowledge�based systems� automated rea�
soning�Keywords�Reasoning about knowledge� knowledge compilation�
approximate reasoning� anytime deducers� anytime compilers�

� Introduction

During these past decades� the problem of reasoning about commonsense knowl�
edge has received a great deal of attention in the arti�cial intelligence commu�
nity� A widely accepted framework for studying this issue is the knowledge based
system approach ��	
� Knowledge is described in some logical formalism� called
the representation language� and stored in a knowledge base� This component
is combined with a reasoning mechanism� which is used to determine whether
a given sentence� assumed to capture the query� is entailed from the knowledge
base� However� it is well known that deduction is very much demanding from a
computational point of view� In particular� if the knowledge base and the query
are represented in propositional logic� then checking whether the query is en�
tailed from the knowledge base or not is a coNP�complete problem� that is� a
problem which probably requires exponential time to be solved�



Anytime deduction and anytime compilation are two attractive approaches
that have been proposed in propositional logic for addressing such di�culties�

In the �rst approach� the goal is to de�ne a family of entailment relations
that �approximate
 classical entailment� by relaxing soundness or completeness
of reasoning� The knowledge based system can provide partial solutions even if
stopped prematurely� the accuracy of the solution improves with the time used
in computing the solution� Hence� anytime deduction o�ers a compromise be�
tween the time complexity needed to compute answers by means of approximate
entailment relations and the quality of these answers� Following this idea� Dalal
in ��
 presents a general technique for approximating deduction problems� The
starting point of its framework relies on the entailment relation �bcp de�ned
using boolean constraint propagation� Based on this relation� the author de�nes
a family of entailment relations �bcpk � which extend �bcp by allowing chaining on
sentences of size k� Each relation �bcpk is sound but incomplete with respect to
classical entailment� A di�erent method has been proposed by Cadoli and Schaerf
in �����
� Their framework includes a parameter S� a set of atomic propositions�
which captures the quality of approximation� Based on this parameter� the au�
thors de�ne two families of entailment relations� named �S� and �S� � which are
respectively unsound but complete and sound but incomplete with respect to
classical entailment� Several extensions of this framework have been proposed in
the domains of non�monotonic logics ��
 diagnostic reasoning ���
� and reasoning
in presence of inconsistency �����
�

The second approach is concerned by preprocessing a knowledge base into
an appropriate data structure which is used for query answering� The goal here
is to invest computational resources in the preprocessing e�ort which will later
substantially speed up query answering� in the expectation that the cost of com�
pilation will be amortized over many queries� Compilation is called �exact
 if
the data structure is logically equivalent to the initial knowledge base� thus
guaranteeing answers to all possible queries �see e�g� ������
�� However� in exact
compilation it has been observed that the compiled knowledge base often occu�
pies space exponential in the size of the initial source ���
� This undesirable e�ect
has lead several researchers to explore the possibility of compiling the knowledge
base into a family of data structures that �approximate
 the initial knowledge
base� giving up soundness or completeness of reasoning� The system attempts
to compile a knowledge base exactly until a given resource limit is reached� and
may answer queries before the completion of compilation� One can view anytime
compilation as a technique which o�ers a trade�o� between the space complexity
of the compiled knowledge base and the number of queries that can be e�ciently
processed by this data structure� For example� several authors present anytime
methods based on prime implicates generation which are sound but incomplete
with respect to exact compilation ��������
� Dually� Schrag in ���
 proposes a
prime implicants generation algorithm which is unsound but complete with re�
spect to exact compilation� An analogous strategy has been proposed by Selman
and Kautz in the context of �Horn approximation
 for computing all the greatest
lower bounds �GLB� of a clausal knowledge base ���
�



The purpose of the paper is to introduce a unifying� logic oriented framework
that captures the main ideas of these two approaches� Our investigation gener�
alizes and expands in several directions previous results by Cadoli and Schaerf
in �����
� The framework is based on multi�modal logic which contains a well�
founded semantics and a correct and complete axiomatization� Moreover� the
framework integrates the following major features �

� The logic is semantically founded on the notion of resource which re�ects
both the accuracy and the computational cost of the approximations�

� The framework enables incremental reasoning � the quality of approximations
is a nondecreasing function of the resources that have been spent� Hence�
approximate answers can be improved and may converge to the right answer�

� The framework covers dual reasoning � both sound but incomplete and com�
plete but unsound answers are returned at any step� they respectively cor�
respond to the lower and upper bounds of the range of possible conclusions
that approximate the right answer�

� The framework allows o��line reasoning � the knowledge base can be com�
piled and the resulting data structure may be used for e�ciently processing
a large set of queries�

The formalism we propose is �exible enough to be applied to several anytime
reasoning methods� In this study� we concentrate on the speci�cations of anytime
deducers and anytime compilers which extend the traditional notion of knowl�
edge based systems� Anytime deducers incorporate the �rst three properties of
our framework � they approximate the reasoning task by iteratively increasing
their inference capabilities� Anytime compilers also exploit o��line reasoning by
iteratively computing better and better approximations of their knowledge base�

The rest of the paper is organized as follows� Section � formally de�nes the
syntax� the semantics� and a sound and complete axiomatization for the logic�
Sections � and 	 are devoted to the formal speci�cations of anytime deducers and
anytime compilers� Finally� section � suggests some topics for future research�
The proof of soundness and completeness of the logic is left in Appendix A�

� The logic

In this section� we present a propositional logic� named ARL� for anytime rea�
soning� We insist on the fact that the logic is being used here as a speci�cation
tool to describe an anytime reasoner rather than as a calculus to be used by
one� We begin to de�ne the syntax of the logic� next we examine its semantics
in detail� and then we present a sound and complete axiomatization for ARL�

��� Syntax

In this study� we consider a propositional language constructed from a �nite set
of atomic propositions �atoms for short� P � In order to formalize the reasoning
capabilities of a knowledge based system� we model the notion of deductive



inference as an exploration in a space of possibilities� In a propositional setting�
this space is de�ned by the collection of all the interpretations de�ned from the
atoms of P � Following ���
� the notion of resource is captured by a parameter S�
a subset of P � which corresponds to a limited exploration in this space�

The main contribution of this logic relies on two families of modalities �S
and �S� de�ned for each subset S of P � The operator �S is to capture sound but
incomplete inference and �S to capture complete but unsound inference� Based
on these considerations� the language of ARL is de�ned by the smallest set of
sentences built from the following rules� if p is an atom of P then p is a sentence�
if � is a sentence� then �� is a sentence� if � and � are sentences then � � �
and �� � are sentences� and �nally� if � is a sentence that does not contain any
occurrence of the modalities �S and �S� then �S � and �S � are sentences� We
remark that the syntax does not allow nested modal operators� A sentence such
as �S � is read �the system necessarily infers � given the resources S
� dually
�S � is read �the system possibly infers � given the resources S
�

Other connectives � and � are de�ned in terms of �� � and �� that is� � � �
is an abbreviation of �� � � and � � � is an abbreviation of �� � ��� �� � ���
A declaration is a sentence without any occurrence of modalities �S and �S�
and a knowledge base A is a �nite conjunction of declarations� When there is no
risk of confusion� we shall model knowledge bases as sets of declarations�

��� Semantics

The basic building block of the semantics is a domain T of truth values which
determines the interpretation of sentences and the properties of logical con�
sequence� In the context of limited reasoning� the four valued semantics �rst
proposed by Belnap ��
 and Dunn ��
� and notably studied in ���
 meets our
needs� It is a simple modi�cation of classical interpretation in which sentences
take as truth�values subsets of f�� �g� instead simply either � or � alone� So� in
the logic ARL� sentences can be valued to be true� false� both� or neither�

Based on this structure� we de�ne a valuation as a total function v form P to
T � The space of valuations generated from P is denoted VP � A possible world is
a valuation which maps every atom p of P into f�g or f�g� The space of possible
worlds generated from P is denoted WP � We say that a valuation v is more
speci�c than v� and write v � v�� if for any atom p � P � v�p� � v�p�� holds�

The concept of approximation is semantically represented by an equivalence
relation between valuations� Given a resource parameter S� we say that two val�
uations v and v� are S�equivalent and write v 	S v�� if and only if for every atom
p � P � if p � S then v�p� � v��p�� It is easy to prove that 	S is indeed a re�exive�
symmetric and transitive relation� Intuitively� a relation of S �equivalence induces
a partition of the set VP into equivalence classes whose granularity captures the
accuracy of approximation� When the resource parameter increases� the partition
becomes ��ner
 and the approximation more precise� The �coarsest
 partition
is obtained when S is the empty set� in this case� 	S is the total relation over
VP � Conversely� the ��nest
 partition is given when S is the set P � in this case
	S is the identity relation over VP �



The �gure � illustrates a space of valuations and a relation of S �equivalence
de�ned for P � fp� qg and S � fpg� The nodes and the edges represent the
valuations and the induced inclusion relation de�ned from T � The sets of nodes
connected by bold edges represent the equivalence classes�
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Figure �� A space of valuations and a relation of S �equivalence�

With these notions in hand� we can now de�ne the semantics of our logic�
An interpretation of ARL consists of a truth support relation j�� and a falsity
support relation j�� inductively de�ned by the following conditions�

��� v j�� p i� � � v�p��
v j�� p i� � � v�p��

��� v j�� �� i� v j�� ��
v j�� �� i� v j�� ��

��� v j�� � � � i� v j�� � and v j�� ��
v j�� � � � i� v j�� � or v j�� ��

�	� v j�� � � � i� v j�� � or v j�� ��
v j�� � � � i� v j�� � and v j�� ��

��� v j�� �S� i� 
v� � VP � if v 	S v� then v� j�� ��
v j�� �S� i� v �j�� �S��

��� v j�� �S� i� �v� � VP such that v 	S v� and v� j�� ��
v j�� �S� i� v �j�� �S��



A sentence � is called satis�able if and only if there exists a possible world
w � WP such that w j�� �� We say that a sentence � is valid and write j� ��
if and only if� for every possible world w � WP � w j�� � holds� Finally� given
two sentences � and �� we say that � is a logical consequence of � if and only if
j� � � � holds� The following lemma captures an important structural property
of the support relations� It will be frequently used in the remaining sections�

Lemma �� For any declaration � and any pair of valuations v� v� such that
v � v�� if v j�� � then v� j�� �� and if v j�� � then v� j�� ��

Proof� Straightforward by induction on the structure of ��

��� Axiomatization

We now focus on obtaining a sound and complete axiomatization for our logic�
An axiom system consists of a collection of axioms and inferences rules� A proof
in an axiom system is a �nite sequence of sentences� each of which is either an
instance of an axiom or follows by an application of an inference rule� Finally�
we say that a sentence � is a theorem of the axiom system and write � � if there
exists a proof of � in the system� The axiom system of ARL is the following �

�A�� All tautologies of propositional logic�

�A�� �S ��� � �S �

�A�� �S �� � �� � �S �� � ��
�S �� � �� � �S �� � ��

�A	� �S �� � �� � ��� � �S ��� � �� � ��
�S �� � �� � ��� � �S ��� � �� � ��

�A�� �S �� � �� � ��� � �S ��� � �� � �� � ���
�S �� � �� � ��� � �S ��� � �� � �� � ���

�A�� �S ��� � �� � �S ��� � ���
�S ��� � �� � �S ��� � ���

�A�� �S� � �S� � �S �� � ��
�S� � �S� � �S �� � ��

�A�� �S�fpg �p � �p�
�S�fpg �p � �p�

�A�� �S � � �

�A��� �S � � ��S ��

�R�� From � � and � � � � infer � �



We remark that the axiom �A�� and the inference rule �R�� come from propo�
sitional logic� hence the propositional subset of ARL is correctly handled� The
other axioms capture the properties of the two families of modal operators� From
an intuitive point of view� these axioms may be classi�ed into two categories� The
�rst one is concerned by the standards axioms �A�� 
 �A�� which capture the
properties of double negation� commutativity� associativity� distributivity and
DeMorgan�s laws� The speci�city of the logic ARL lies in the second category�
Axiom �A�� captures the conjunctive and disjunctive properties of operators
�S � Axiom �A�� is the key point of approximate reasoning� More precisely� if
the parameter S is expanded by the atom p� then the system necessarily infers
the tautology p � �p� Dually� if S is contracted by p� then the system can infer
the antilogy p � �p� Axiom �A��� often called T � demonstrates that reasoning
under the scope of the modality �S is sound� Finally� axiom �A��� captures the
duality property between the modal operators �S and �S�

The following result gives soundness and completeness for the axiom system�

Theorem �� For every sentence � of the logic ARL�

� � i� j� ��

Proof� The proof is presented in Appendix A�

� Anytime deducers

After an excursion into the logic ARL� we now apply our results to the formal
speci�cations of anytime deducers� In the context suggested by our approach� we
de�ne an anytime deducer as a knowledge based system that approximates the
inference process by using an increasing sequence of resource parameters� Intu�
itively� the more time the system has to evaluate the query� the more resources it
can spend� However� anytime deducers are on�line reasoners � there is no notion
of directly processing the original knowledge base to obtain an approximation
to it� This last requirement will be incorporated in the next section�

Following Levesque ���
� we specify an anytime deducer as an �abstract type

that interacts with the user through a given set of service routines� To this end�
we focus on two core operations� ASK and TELL� which allow a user to query the
knowledge base and to add a new information to it� In the following de�nition�
LP denotes the set of all declarations of the logic ARL�

De�nition �� An anytime deducer consists of an operation TELL from LP�LP
to LP � and an operation ASK from LP � �P � LP to fYES� NO� �g respectively
de�ned as follows�

TELL�A��� � A � ��

ASK�A�S� �� �

��
�
YES� if j� �S �A � ���
NO� if �j� �S �A � ���
�� otherwise�



The basic di�erence with the standard approach to knowledge representation
relies on ASK operation that explicitly includes the notion of resource in order to
capture the inference capabilities of the system�

Based on these considerations� the anytime deduction process is de�ned by
an increasing sequence of resource parameters hS� � � � � � � Si � � � � Sn � P i
that approximate the set A � f� � j� A � �g� by means of two dual families
of sets A�i � f� � j� �Si

�A � ��g and A�i � f� � j� �Si
�A � ��g� If we

prove membership in any A�i then we have proved membership in A� Dually� if
we disprove membership in any A�i then we have disproved membership in A�
This stepwise process has the important advantage that the iteration may be
stopped when a con�rming answer is already obtained for a small index i� This
yields a potentially drastic reduction of the computational costs� The following
properties clarify the interest of our logic in the setting of anytime deduction�

Theorem � �Monotonicity	� For any declaration � and any resource param�
eters S and S� such that S � S��

��� if j� �S � then j� �S� ��
��� if �j� �S � then �j� �S� ��

Proof� Let us examine part ���� Assume that j� �S � and �j� �S� �� In the
�rst case� for any possible world w and any valuation v such that w 	S v�
we have v j�� �� In the second case� there exists a possible world w� and a
valuation v� such that w� 	S� v� and v� �j�� �� Let us de�ne a new valuation
v�� such that 
p � S� v���p� � w��p� and 
q �� S� v���q� � fg� It is clear that
w 	S v��� Moreover� we have v�� � v�� By application of lemma �� it follows that
v�� �j�� �� Therefore� we obtain w �j�� �S �� but this contradicts the hypothesis
that j� �S �� A dual argument applies to part ����

Corollary 
 �Convergence	� For any declaration ��

��� if j� � then there exists a resource parameter S such that j� �S ��
��� if �j� � then there exists a resource parameter S such that �j� �S ��

Theorem � �Duality	� For any declaration � �

��� j� �S � i� �S �� is unsatis�able�
��� �j� �S � i� �S �� is satis�able�

Proof� Let us examine part ���� Assume that �S � is valid and that �S �� is
satis�able� By application of axioms �A��� and �A��� it follows that ��S � is
satis�able� Therefore� there exists a possible world w such that w j�� ��S �� So�
it follows that w j�� �S � and w �j�� �S �� but this contradicts the hypothesis
that �S � is valid� Dual considerations hold for part ����

Theorem � �Complexity	� For any declaration � and any resource parame�
ter S� there exists an algorithm for deciding whether �S � is satis�able and �S �
is satis�able which runs in O�j�j � �jSj��



Proof� We begin to show that in a S �equivalence relation� at most one valuation
of each equivalence class is needed for the satis�ability test� The sentence �S � is
satis�able if there exists a possible world w such that w j�� �S �� Therefore� for
any valuation v such that v 	S w� we have v j�� �� Let us de�ne the valuation
v� such that 
p � S� v��p� � w�p� and 
q �� S� v��q� � fg� It is clear that
w 	S v�� By application of lemma �� if v� j�� � then v j�� � pour any v such
that w 	S v� Therefore� w j�� �S � i� v� j�� �� Now we turn to the satis�ability
test� For each valuation v�� the truth value v� j�� � can be determined in O�j�j�
time� Since there exists �jSj valuations v�� checking whether �S � is satis�able
can be done in O�j�j � �jSj� time� A dual argument applies to the sentence �S ��

Notice that the above complexity result is just the worst case upper bound
of an enumeration algorithm� Although such an analysis is important� we do not
claim the �brute force
 method is the most feasible one� Actually� in the case
of clausal theories� we can use a resolution based algorithm which computes the
satis�ability of �Si

A and�Si
A by means of an increasing sequence of parameters

Si� For S� � �� this respectively corresponds to checking whether A is the empty
base and A contains the empty clause� For a given theory Ai which is not empty
and does not contain the empty clause� the procedure starts to resolve all clauses
in Ai upon the literals pi�� and �pi��� next eliminates all clauses in Ai containing
these literals� and then checks whether the resulting theory is the empty base
or contains the empty clause� It is interesting to remark that such an algorithm
is indeed incremental � the procedure is able to exploit information gained in
previous steps and does not require to perform all computations from scratch�

The correct choice of S is crucial for the usefulness of deduction� Taking to
the extreme� when S is chosen incorrectly� anytime deduction may end up as
expensive as classical deduction� From this perspective� several heuristics have
been proposed in the literature ����������
� For example� in a resolution based
algorithm� the atoms of S may be dynamically chosen using theminimal diversity
heuristic advocated in ��
� The diversity of an atom p is the product of the
number of positive occurrences by the number of negative occurrences of p in
the theory� This notion is based on the observation that an atom can be resolved
upon only when it appears both positively and negatively in di�erent clauses�
Hence� choosing an atom p whose diversity is minimal will minimize the number
of resolvents that can be generated upon p� This heuristic may be augmented
with others strategies such as boolean constraint propagation and the minimal
width heuristic� These considerations are illustrated in the following example�

Example �� Suppose we are given A � f��a�b�c�� �a�b��d�� �a��b�d�� ��a�
�b� c�g� We want to prove that A is satis�able� Hence� we need to �nd a subset
S of fa� b� c� dg such that �SA is satis�able� Starting with S � � and using the
minimal diversity heuristic� we gradually add the atoms b and d to S� This is
su�cient for proving that A is satis�able� Now� we want to show that a � c is
entailed by A� Hence� we need to �nd a subset S such that �S�A � a � �c� is
unsatis�able� Using boolean constraint propagation� we iteratively add to S the
atoms a� c and b� This is su�cient for proving that �A� a��c� is unsatis�able�
Therefore� a � c is indeed a logical consequence of A�



� Anytime compilers

In this section� we extend the concepts developed so far to the formal speci��
cations of anytime compilers� Such systems can perform o��line reasoning � they
approximate the original knowledge base by allowing a sequence of more and
more powerful data structures� The quality of compilation depends on the com�
putational resources that have been spent� However� the computational cost of
compilation is amortized over a potentially very large set of queries and the
resulting data structures can be used in processing each query�

In the setting of knowledge compilation� it is well�known that every knowl�
edge base has two speci�c normal forms� namely a conjunctive normal form
�CNF� and a disjunctive normal form �DNF�� from which queries can be e��
ciently answered� These normal forms are computed by means of the so�called
prime implicates and prime implicants� An attractive property of this approach
stems from the fact that the program used to generate the normal forms can
be stopped before completion� More speci�cally� an interruptible process for
generating prime implicates is sound but incomplete with respect to exact com�
pilation� On the other hand� an interruptible prime implicant generation process
is unsound but complete with respect to exact compilation� Based on these con�
siderations� we present a method for generating prime implicates and prime
implicants de�ned in terms of the logic ARL�

To that end� we introduce some additional de�nitions� A literal is an atom
or its negation� a clause is a �nite conjunction of literals and a term is a �nite
disjunction of literals� When there is no risk of confusion� we shall model clauses
and terms as sets of literals� A clause � is called a S�implicate of a knowledge
base A� if j� �S �A � �� and � does not contain two complementary literals�
Dually� a term � is a S�implicant of a A� if j� �S �� � A� and � does not contain
two complementary literals� A clause � is called a prime S�implicate of A� if � is
a S �implicate of A and for every other S �implicate �� of A� we have �� �� �� In
a similar way� a term � is called a prime S�implicant of A� if � is a S �implicant
of A� and for every other S �implicant � � of A� we have � � �� � �

In the remaining paper� the conjunction of all the prime S �implicates of a
knowledge base A is denoted PIC�A�S� and the disjunction of all the prime
S �implicants of A is denoted PID�A�S�� When clear from the context� such
sentences will be respectively modeled as sets of clauses and sets of terms� Now�
we have the formal tools for specifying anytime compilers�

De�nition 
� An anytime compiler consists of an operation TELL from LP �
�P �LP to LP �LP � and an operation ASK from LP �LP �LP to fYES� NO� �g
respectively de�ned as follows�

TELL�A�S� �� �
�
PIC�A � �� S��PID�A � �� S�

�
�

ASK�Apic� Apid� �� �

��
�
YES� if j� Apic � ��
NO� if �j� Apid � ��
�� otherwise�



The basic idea underlying the above de�nition is to invoke compilation during
the TELL operation� Hence� the resulting data structures Apic and Apid may be
used in the ASK operation in order to answer many queries�

As for deduction� the compilation process may be modeled by an increasing
sequence of parameters hS� � � � � � � Si � � � � Sn � P i that approximate
the deductive closure of A� denoted A� by means of two dual families of sets
Apic

i � f� � j� PIC�A�S� � �g and Apid

i � f� � j� PID�A�S� � �g� For
a given index i� if we prove membership in Apic

i � then we have also proved
membership in A� On the other hand� if we disprove membership in Apid

i � then
we have also disproved membership in A� The reader might wonder at this point
if there exists a close relationship between the two previous families A�i and A�i
generated during anytime deduction� and the two families Apic

i and Apid

i de�ned
during anytime compilation� In fact� as stated in the following theorem� there is
a one to one correspondence between these families�

Theorem �� �Correspondence	� For any knowledge base A� any declaration
�� and any resource parameter S�

��� j� PIC�A�S� � � i� j� �S �A � ���
��� j� PID�A�S� � � i� j� �S �A � ���

Proof� We begin to introduce some useful de�nitions� We denote V�S the set of
valuations v such that for every atom p � P � v�p� � f�g or v�p� � f�g if p � S�
and v�p� � f�� �g otherwise� Dually� V�S denotes the set of valuations v such that
for every p � P � v�p� � f�g or v�p� � f�g if p � S� and v�p� � fg otherwise�

Let us examine part ���� A su�cient condition for proving ��� is to state that
for any v � V�S � v j�� A i� v j�� PIC�A�S��

� Suppose that there is a v � V�S such that v j�� A and v �j�� PIC�A�S�� In this
case� there must exist at least one clause � in PIC�A�S� such that v �j�� ��
Since � is a prime S �implicate� the sentence �S �A���� is unsatis�able� So�
either v �j�� �� holds or v �j�� A holds� In the �rst case� we would obtain
v �j�� ����� but this is impossible since from de�nition of v there must exist
at least one possible world w � v such that w j�� � � �� and by lemma ��
v j�� � � ��� So� v �j�� A holds� hence contradiction�

� Now� assume that there is a v � V�S such that v �j�� A and v j�� PIC�A�S��
Thus� for every prime S �implicate � in PIC�A�S�� we must have v j�� ��
Suppose that A is unsatis�able� Then it is easy to prove that PIC�A�S� is
either empty or contains the empty clause� In both cases� it follows that
v �j�� PIC�A�S�� hence contradiction� Now� suppose that A is satis�able�
Since � is a prime S �implicate of A� then by theorem 	� it follows that � is a
prime implicate of A� Therefore� for every possible world w such that w j�� A
there exists at least one literal l � � such that w j�� l� If for every l � �� we
have v j�� l� then there exists at least one world w � v such that w j�� l and
w j�� A� By lemma �� it follows that v j�� A� hence contradiction� If there
exists a �� � � such that v �j�� �

�� then for every possible world w such that
w j�� A� we have w j�� �

�� Since �S �A � ���� is unsatis�able� then �� is a
S �implicate of A� Therefore � �� PIC�A�S�� hence contradiction�



We now turn to part ���� In a dual way� a su�cient condition for proving ��� is
to show that for any v � V�S � v j�� A i� v j�� PID�A�S��

� Suppose that there exists a v � V�S such that v j�� A and v �j�� PID�A�S��
If v j�� A� then viewing v as a set of literals� we must have j� v � A�
Morevover� from de�nition of v� it follows that j� �S �v � A�� Hence� v is a
S �implicant of A� It is clear that v cannot be a prime S �implicant� because
otherwise we would have v j�� PID�A�S�� Therefore� there exists a term
� � PID�A�S� such that � � v and � �j�� A� However� by lemma �� it follows
that v �j�� A� hence contradiction�

� Now� suppose that there exists a v � V�S such that v �j�� A and v j��

PID�A�S�� In this case� there exists a term � � PID�A�S� such that v j�� � �
that is� � � v� Since �S �� � A� is valid� we must also have � j�� A� By
lemma � it follows that v j�� A� hence contradiction�

The correspondence result above is very interesting because most of the prop�
erties stated for anytime deduction also hold in the setting of anytime compila�
tion� As an example� for any parameters S and S� such that S � S�� we can state
that PIC�A�S�� is as complete as PIC�A�S� and that PID�A�S�� is as sound as
PID�A�S�� The next result is even stronger than monotonicity� we show that
anytime compilation is incremental� using information gained in previous steps�

Theorem �� �Incrementality	� For any knowledge base A� and any resource
parameters S and S� such that S � S��

��� PIC�A�S� � PIC�A�S���
��� PID�A�S� � PID�A�S���

Proof� Let us demonstrate part ���� Suppose that � � PIC�A�S� and � ��
PIC�A�S��� Since j� �S �A � �� holds� then by therorem 	� j� �S� �A � �� also
holds� Hence� there must exists a clause �� such that �� � � and j� �S��A � ����
However� in this case it is clear that j� �S�A � ��� holds� So � �� PIC�A�S��
hence contradiction� An analogous strategy applies to part ����

The complexity result presented below clari�es the interest of the compilation
process from a computational point of view� More precisely� we demonstrate that
entailment of CNF queries can be computed in time polynomial of the size of
resulting data structure plus the size of the query�

Theorem �� �Complexity	� For any knowledge base A� any resource pa�
rameter S and any declaration � in CNF� there is an algorithm for deciding
whether PIC�A�S� � � is valid 	resp� PID�A�S� � � is valid
 which runs in
O�jPIC�A�S�j� j�j� 	resp� O�jPID�A�S�j� j�j�
�

Proof� j� PIC�A�S� � � holds i� every non tautological clause �� of � there
is a prime S �implicate � of PIC�A�S� such that � � ��� This can be done in
O�jPIC�A�S�j� j�j�� On the other hand� j� PID�A�S� � � holds i� every clause
� has a non�empty intersection with every S �implicant � of PID�A�S�� This can
be done in O�jPID�A�S�j� j�j��



Clearly� the e�ectiveness of compilation for subsequent query processing de�
pends on the size of its resulting data structures� In the setting suggested by
our approach� a knowledge base can have at most �jSj S �implicates and �jSj

S �implicants� Using the results by Chandra and Markowsky in �	
� the same
knowledge base may have on average �jSj�jSj prime S �implicates and �jSj�

p
jSj

prime S �implicants� From this point of view� the interest of anytime compila�
tion is that it has potential to greatly decrease the inconvenience of using exact
compilation� since o��line reasoning may be too space demanding� it is clearly
desirable to be able to process queries before completion�

Several algorithms can be used to compute prime S �implicates and prime S �
implicants� In the �rst case� we may conceive a stepwise procedure which starts
by computing PIC�A�S� for S � � and that iteratively increases the value of S�
For S � �� this corresponds to checking whether the knowledge base A contains
the empty clause or not� For a theory A which does not contain the empty clause�
we check each possible implicate � in turn by adding its negation to the base and
then testing �S �A � ��� for satis�ability� If the sentence is refuted� then � is a
S �implicate of A� By allowing an increasing sequence of parameters S� we can
notice already subsumed implicates and not count these in prime S �implicate
generation� As far as PID�A�S� is concerned� dual considerations hold�

As for anytime deduction� the correct choice of the parameter S is impor�
tant for the usefulness of anytime compilation� This choice may heuristic� in this
case� the atoms of S are iteratively selected to minimize the predicted number of
generated prime S �implicates and prime S �implicants� using strategies suggested
in ��������
� Alternatively� the choice of S may be guided by query answering
considerations� The letters selected during deduction are used in turn for compi�
lation� In other words� the work done for one query is saved for use in answering
the next query� These considerations are illustrated in the following example�

Example ��� We are given A � f�a�b�c�� �a�b��c�� �b�d��e�� �b��d�e�g�
Suppose� we want to generate at least one prime S �implicate of A� Starting
with S � � and using the minimal diversity heuristic� we gradually add to S
the atoms b� a and c� This is su�cient to obtain PIC�A�S� � f�a � b�g� Now�
suppose that the system is frequently asked CNF queries containing the atom
b� In this case� we iteratively add to S the atoms b� d and e� Hence� we obtain
PIC�A�S� � f�b�g� Notice that in both scenarios we have PID�A�S� � f�b�g�

� Conclusion

In this paper� we have dealt with the problem of reasoning in propositional
knowledge bases focusing on two attractive approaches� namely� anytime deduc�
tion and anytime compilation� The �rst one o�ers a compromise between the
time complexity needed to compute approximate answers and the quality of
these answers� The second one proposes a trade�o� between the space complex�
ity of the compiled knowledge base and the number of possible answers that
can be e�ciently processed by the resulting data structure� Our aim was to pro�
vide a unifying� logic oriented framework which handles these two approaches



and that enables us to specify anytime reasoners� We have stressed on a sound
and complete multi�modal logic� named ARL� which generalizes and expands in
several directions previous methods concerning approximate deduction �������

and anytime compilation ��������
� Based on this logic� we have illustrated that
the framework integrates several major features� resource�bounded reasoning�
improvability� dual reasoning and o��line processing�

We believe that the results reported here are interesting and worth of further
investigations� We outline some of them� A �rst extension is concerned by the
empirical analysis of the parameter S� In particular� it has been found in ���
 that
random ���SAT
 knowledge bases can be classi�ed in three categories� namely
under�constrained� over�constrained and critically�constrained� according to the
ratio clauses�to�atoms� An important issue here is to examine the relationship
between this ratio and the resource parameter S� This will give an estimation
of the number of computational resources �i�e� atoms� required to perform de�
duction and compilation tasks in each category of knowledge bases� A second
extension is to study anytime reasoning in the setting of pseudo��rst�order logic�
which has received a great deal of interest in database theory �e�g� ��	
�� These
representation languages are de�ned from a �nite domain of discourse without
function symbols� However� although every �rst order knowledge base can be
replaced by an equivalent propositional theory� the size of the theory may be
exponentially larger than the initial base� Hence� formal extensions of our logic
should be done in order to control such a source of complexity� A third possi�
ble extension is to consider anytime reasoning in a nonmonotonic setting� As
an example� in a multi�agent system� a reasoner is often confronted with uncer�
tain and inconsistent information �����
� In such circumstances� it is necessary to
incorporate con�ict resolution methods and preference orderings which involve
additional sources of complexity� Important issues such as anytime nonmono�
tonic reasoning and anytime recompilation should play a key role in this setting�
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Appendix A� Proof of soundness and completeness

The following results give soundness and completeness for the axiom system�

Theorem �� �Soundness	� For every sentence � of the logic ARL�

if � � then j� ��

Proof� It is easy to see that axioms �A��
�A�� are sound� and that the inference
rule �R�� preserves validity� Let us examine the other axioms�

� Axiom �A��� The only nontrivial case is the soundness of �S�� � �� �
�S� � �S�� Suppose that this sentence is not valid� Then there exists a
possible world w such that w j�� �S�� � �� and w �j�� �S� � �S�� In the
�rst case� for every valuation v such that v 	S w� we have v j�� ���� In the
second case� there exists two valuations v�� v�� such that v� 	S w� v�� 	S w�
v� �j�� �� and v

�� �j�� �� Let us de�ne a new valuation u� such that u�p� � w�p�
for every p � S� and u�q� � fg for every q �� S� It is clear that w� v� v�� v��

and u belong to the same equivalence class de�ned for 	S� Moreover� u � v�

and u � v��� By lemma �� we obtain u �j�� � and u �j�� �� So u �j�� � � � and
therefore w �j�� �S�� � ��� hence contradiction�

� Axiom �A��� Let us examine the �rst sentence� Suppose that �S�fpg�p��p�
is not valid� Then there must exist a possible world w such that w �j��

�S�fpg�p��p�� In this case� there exists a valuation v such that w 	S�fpg v
and v �j�� p � �p� However� since w is a possible world� we have � � w�p� or
� � w�p�� Moreover� since p � �S � fpg� it follows that � � v�p� or � � v�p��
So v j�� p � �p� hence contradiction� We now turn to the second sentence�
�S�fpg�p��p� is valid i� for every possible world w there exists a valuation
v such that w 	S�fpg v and v j�� p � �p� Let us de�ne a new valuation
v� such that v��p� � f�� �g and for every q � �S 
 fpg�� v��q� � w�q�� It
is clear that v� j�� p � �p� Moreover� for every possible world w� we have
w 	S�fpg v� Therefore� �S�fpg�p � �p� is valid�

� Axiom �A��� Suppose that �S � � � is not valid� Then there exists a possible
world w such that w j�� �S � and w �j�� �� If w j�� �S � then for every
valuation v such that w 	S v� we have v j�� �� Since 	S is re�exive� it
follows that w j�� �� hence contradiction�

� Axiom �A���� Let us examine the �rst implication �if�� Suppose that �S � �
��S�� is not valid� Then there exists a possible world w such that w j��

�S � and w �j�� ��S��� In the �rst case� for any valuation v such that
v 	S w� we have v j�� �� while in the second case there exists a valuation
v� such that v� 	S w and v� j�� �� It follows that v� j�� � � ��� Let us
de�ne a new valuation v�� such that for every p � S� v���p� � v��p� if p � S�
and for every q �� S� if v��q� � fg then v���q� � f�� �g and if v��q� � f�� �g
then v���q� � fg� It is easy to show by induction on the structure of � that
if v� j�� � � �� then v�� �j�� � � ��� Moreover� it is clear that v� 	S v���
Therefore� it follows that w �j�� �S�� hence contradiction� An analogous
strategy applies to the second implication �only if��



Theorem �
 �Completeness	� For every sentence � of the logic ARL�

if j� � then � ��

Proof� We divide the proof into three steps� In the �rst step� we introduce the
notion of maximal consistent set and we examine several properties of these
structures� In the second step� we show that every sentence of the language
has two important normal forms� namely an extended conjunctive normal form
�ECNF� and an extended disjunctive normal form �EDNF� which are useful for
the satis�ability test� Finally� in the third step� we prove that every sentence in
a maximal consistent set is satis�able� We conlude the proof by showing that
this result is su�cient to state completeness�

We start the �rst step by to giving some de�nitions� A sentence � is consistent
if its negation is not theorem �i�e� �� ���� A �nite set of sentences is consistent
exactly if the conjunction of its sentences is consistent� and an in�nite set of
sentences is consistent exactly if all of its �nite subsets are consistent� A sentence
or a set of sentences is said to be inconsistent exactly if it is not consistent�
Finally� a set A of sentences is called maximal consistent if it is consistent and
for any sentence � of ARL� if � �� A then A � f�g is inconsistent�

Lemma ��� In the logic ARL� Every consistent set of sentences can be ex�
tended to a maximal consistent set of sentences� In addition� if A is a maximal
consistent set� then it satis�es the following properties�

��� for every sentence �� exactly one of � and �� is in A�
��� � � � � A i� � � A and � � A�
��� � � � � A i� � � A or � � A�
�	� if � � then � � A�
��� if � � A and � � � � then � � A�

Proof� Straightforward� by using standard techniques of propositional logic�

We now turn to the second step� We �rst recall that a literal is an atom or
its negation� a clause is a �nite conjunction of literals and a term is a �nite
disjunction of literals� A declaration in conjunctive normal form �CNF� is a
conjunction of clauses and a declaration in disjunctive normal form �DNF� is a
disjunction of terms� A sentence � is said to be in extended conjunctive normal
form �ECNF� if� treating subformulas of the form �S � and �S � as atoms� � is
in CNF� and for each subformula �S � and �S � of �� � is in CNF� The notion
of extended disjunctive normal form �EDNF� is de�ned in a dual way�

Lemma ��� For every sentence � of the logic ARL�

� � � �ecnf and � � � �ednf�

Proof� By repeated applications of axioms �A����A�� and rule �R���

Now we have proved the two preparatory lemmas� we turn to the third step�
We demonstrate that every sentence in a maximal consistent set is satis�able in
the semantics of our logic� This property may be formalized as follows�



Lemma ��� If A is maximal consistent set of sentences of ARL� then there
exists a possible world wA � WP such that�


� � ARL� � � A i� wA j�� ��

Proof� Let wA be de�ned in the following way� for every atom p � P � wA j�� p
i� p � A� We prove the lemma by induction on the structure of �� If � is an atom
p� this is immediate from the de�nition of wA� The cases where � is a negation�
a conjunction or a disjunction follow easily from parts ���� ��� and ��� of lemma
��� In the proof below� we concentrate on the case where � is of the form �S ��
The �nal case where � is of the form �S � directly follows from axiom �A����

� �if direction�� Suppose that �S � � A and that wA �j�� �S �� From the �rst
assumption and by lemma ��� we have �S �ecnf � A� So� by axiom �A�� and
part ��� of lemma ��� for every clause � of �ecnf� we must have �S � � A�
Moreover� by axiom �A�� and part ��� of lemma ��� there exists at least one
literal l of � such that �S l � A� From the second assumption� we obtain
wA �j�� �S �ecnf� Therefore� there must exist a clause �� of �ecnf� such that
for every l� � ��� we have wA �j�� �S l

�� If l� � S� then wA �j�� l
� and by the

induction hypothesis we have l� �� A� By axiom �A�� we obtain �S l
� �� A�

hence contradiction� If l� �� S� by axiom �A�� we obtain �S�l
� � �l�� � A�

and by axiom �A��� we have ��S ��l
� � �l�� � A� By application of axioms

�A����A�� and �A��� it follows that ��S �l
� � �l�� � A� From part ��� of

lemma �� we �rst obtain �S �l
� ��l�� �� A and by axiom �A�� it follows that

�S l
� ��S �l

� �� A� Finally� from part ��� of lemma ��� we obtain �S l
� �� A�

hence contradiction�
� �only if direction�� Suppose that wA j�� �S � and that �S � �� A� From the
�rst assumption� we obtain wA j�� �S �ecnf� So� for every clause � of �ecnf�
there exists a literal l such that its atom is an element of S and wA j�� l�
However� by axiom �A�� we have �S �l � �l� � A� By axiom �A��� it follows
that �S l � �S �l � A� and from part ��� of lemma �� we have �S l � A or
�S �l � A� Since wA j�� l� by the induction hypothesis we have l � A� By
axiom �A�� we must obtain �S �l �� A� because otherwise we would have
�l � A� Therefore we have �S l � A� and by axiom �A�� it follows that
�S � � A� A similar method applies to each clause of �ecnf� Therefore� by
axiom �A��� it follows that �S �ecnf � A� Finally� by lemma �� we obtain
�S � � A� hence contradiction�

Now� we have all the results in hand for concluding the proof� By lemma
��� we know that if a sentence is consistent� then it is a member of a maximal
consistent set� But in lemma ��� we have shown that if a sentence belongs to such
a set� then it is satis�able� So� we have proved that every consistent sentence is
satis�able� This is su�cient to conclude that every valid sentence is provable�


