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Abstract

It is well-known that the logicist approach to agency is confronted
with both epistemological and heuristic problems. On the one hand,
the agent’s model must be logically adequate: it must provide us a
clear picture of what the agent is, and is not, able to deduce from its
background knowledge. On the other hand, the agent’s program must
be adequate in practice: it must generate useful conclusions from input
data and given the computational resources that are actually available.
In actuality, the agent’s need for heuristic adequacy has strong episte-
mological consequences. Based on this argument, this paper proposes
a framework which is based on the paradigm of knowledge approxima-
tion and that is flexible enough to incorporate heuristic strategies used
in satisfiability algorithms. The framework is used as a “logical tool-
box” for modelling resource-bounded agents that have different opera-
tional means at their disposal to approximate knowledge. The toolbox
consists in a family of relative relevance logics which are semantically
founded on the notion of resource and that include interesting features,
such as incremental reasoning and dual approximations.

Keywords: Resource-bounded agents, knowledge approximation, sat-
isfiability, relative relevance logics.



1 Introduction

From early on [23], it has long been recognized that the logicist approach to
agency is confronted with two orthogonal issues: epistemological problems
and heuristic problems. On the one hand, the agent’s model must be logi-
cally adequate: it must represent knowledge and tells us what the agent is
able to deduce, or not, from its background knowledge. On the other hand,
the agent’s program must be adequate in practice: it must determine useful
conclusions from input data and given the computational resources that are
actually available. One primary lesson of research over the past decade is
that epistemological and heuristic problems are not separable: each element
informs the other [14]. The main reason is that virtually every reason-
ing problem is very much demanding from a computational point of view.
In particular, if the representation formalism is propositional logic, then
knowledge deduction is a coNP-complete problem. This barrier of complex-
ity implies that heuristic adequacy has strong epistemological consequences;
namely, the strategies involved in solving reasoning problems are central to
the formal specifications of reasoning agents as a whole.

Following this line of research, this paper is inspired by two concerns in
the setting of propositional reasoning.

Knowledge approximation. This paradigm extends the logicist pre-
scription to reasoning by allowing the agent to return approximate solutions
to a given problem. Informally, an approximate solution is a maybe answer
which provides a middle ground between the exact yes and no answers.
The two major forms of knowledge approximation include lower approzi-
mations which give yes and maybe no answers, and upper approximations
which provide no and maybe yes answers. The main difficulty in knowledge
approximation stems from the fact that, in contrast to numerical optimiza-
tion problems, there is no explicit metric that defines the accuracy of maybe
answers. Therefore, the very notion of approximation has to be grounded
on an epistemological basis.

To this end, there have been a number of attempts at devising logics for
approximate reasoning, using either proof-theoretic or model-theoretic tech-
niques. On the proof-theoretic side, for example, Konolige in [20] obtains
approximate forms of inference by eliminating certain axioms or inference
rules from classical propositional logic. Other ways of capturing approxi-
mate deduction include Dalal’s [5] anytime reasoning systems, Kaplan and
Schubert’s [19] belief machines and Halpern, Moses and Vardi’s [16] logic
of algorithmic knowledge. On the model-theoretic side, the work has con-



centrated on multi-valued logics, especially a fragment of Belnap’s relevance
logic [2]. The most significant approaches include Levesque’s [22] archi-
tecture for limited reasoning, Delgrande’s [9] framework for explicit belief,
Fagin and Halpern and Vardi’s [10] nonstandard epistemic logics and Calodi
and Schaerf’s model of approximate reasoning [24].

Satisfiability. The overall goal of this research field is to find reason-
ing algorithms with good average performance. In this study, we focus on
systematic algorithms that both determine satisfiability and unsatisfiabil-
ity (and hence deduction), as opposed to local search algorithms, such as
hill-climbing techniques, which only determine satisfiability.

The two major types of procedures include resolution-based algorithms
and enumeration-based algorithms. In resolution, the agent tries to prove
unsatisfiability of a clausal theory by deriving the empty-clause from it; if
the empty clause cannot be derived, then the theory is satisfiable. A well-
known resolution strategy is directional resolution, first proposed by Davis
and Putnam in [7] and further investigated in [8, 15]. This strategy is based
on the observation that a restricted form of resolution performed along a
sequence of propositional atoms is sufficient for deciding satisfiability. At
any computation step, the algorithm selects an atom, resolves all clauses
containing the atom and afterwards deletes the parent clauses, keeping only
the newly generated resolvents and those clauses that have not yet been
used. In enumeration, the agent tries to prove satisfiability of a clausal
theory by generating an interpretation which satisfies the theory; if such
an interpretation is not found, then the theory is unsatisfiable. The proto-
typical strategy here is backtracking search, originally introduced by Davis,
Logemann, and Loveland in [6], and further studied, notably, in [4, 18, 25].
The essential idea of this strategy is based on the observation that for some
atoms, the agent can rapidly decide what values a satisfying interpretation
must have. When this decision becomes too complex, the agent simply tests
for an atom both possible truth values true and false. The strategy can
be represented by a recursive function which performs a depth-first search
through the space of possible interpretations.

These strategies have been a focus of extensive research for many years,
in both theoretical and empirical sides (e.g. [4, 8, 18, 25]), suggesting per-
spectives for incorporating them in formal models of agents.

Contributions. We present a framework which is epistemologically based
on the paradigm of knowledge approximation and that is flexible enough to



model heuristic strategies used in satisfiability algorithms. Our framework
can be seen as a “logical toolbox” for specifying resource-bounded agents
that have different operational means at their disposal to approximate their
knowledge. From a conceptual point of view, the framework is a continu-
ation of the model-theoretic work on approximate reasoning. The toolbox
consists in a family of relative relevance logics that combines ideas from Bel-
nap’s relevance logic [2] with relative modal logics, investigated in rough set
theory [1, 11], dynamic logic [17] and boolean modal logic [12, 13]. Based
on this formal machinery, the toolbox incorporates several major features.
First, the logics are founded on the notion of resource which provides a
clear picture to the effort required in computing knowledge. Second, the
logics use relative accessibility structures that enable us to model incremen-
tal reasoning: the quality of approximations increases with the accuracy of
resources. Third, the modal operators used in these logics allow us to model
dual approrimations: both lower and upper approximations of knowledge
can be returned at any step.

This paper is organized as follows. Section 2 presents the logical toolbox.
Section 3 concentrates on the formal specifications of approximate elimina-
tion and approximate conditioning. Section 4 compares our framework with
other models and concludes the paper.

2 The Toolbox

The toolbox consists in three relative relevance logics of increasing expres-
sivity: RLg, RLjand RLsy. For sake of simplicity, we consider a single agent
and formulas that do have nested modal operators.

2.1 The logic RL,

Syntax. The linguistic basis consists of a set P of primitive propositions
and a finite set A of primitive resources. The set of complex propositions is
defined in the standard way from primitive propositions, the connectives A
and — and the constant T. Other connectives such as O, = and the constant
1 are defined in the usual way. In this elementary system, the set of complex
resources is “flat”: it is simply given by A. The set of sentences is built up
from complex propositions and the following rules: if « is a complex resource
and ¢ a complex proposition then [a]¢ is a sentence, if ¢ is a sentence then
—¢ is a sentence, and if ¢ and 1) are sentences then ¢ A v is a sentence.

The sentence ()¢ is an abbreviation of =[a]—¢. Intuitively, a sentence
such as [a]¢ is read “the agent knows ¢ given the resources . Dually, (a)¢
is read “the agent considers ¢ as possible given the resources o”.



Semantics. The basic building blocks of the semantics are states, which
determine the interpretation of propositions, and relative accessibility rela-
tions which capture the epistemic nature of resources. An atom is a primitive
proposition or the constant T and a literal is an atom or its negation. Given
a literal [, the adjunct of I, denoted [* is defined as follows: for any atom
p, p* = —p and (—p)* = p. A state s is a set of literals such that T € s
and | € s. Given a state s, the adjunct of s, denoted s*, is defined as
follows: for any literal [, [ € s* iff [* ¢ s. In the following, the set of all
states generated from P is denoted S. A filter in S is a subset T of S such
that for any states s and ¢, if s € T and s C t then t € T. A prime filter
in S is a filter T in S such that for any states s and t, if s,t € T then
sNt e T. Interestingly, the notion of prime filter captures an important
structural property, namely, a proposition is true in a primer filter T iff it is
satisfied by its “meet” element NT. A relative accessibility relation for RLg
is a map R from complex resources into binary relations of S such that for
every resource o and every state s, R(a)(s) is a prime filter. We are now
ready to assign truth values to sentences:

R,sET,

R,sEpiff p € s,

R,s = —¢ iff R, s* [~ ¢,

R,sEoNYiff RyskE ¢ and R, s = 1,

R,s = [a]¢ iff Rt |= ¢, for all t € S such that t € R(«)(s).

A world is a state w such that w* = w. A model of RLg is a pair (R, w)
such that R is a relative accessibility relation and w is a world. A sentence ¢
is called walid is RLg(written =prr, ¢) iff R, w = ¢ for every model (R, w).
A sentence ¢ is called satisfiable in RLg iff R, w = ¢ for some model (R, w).
Notice that a formula ¢ is valid in RLg iff =¢ is not satisfiable in RLy.

Axiomatization. We now present a sound and complete Hilbert-style sys-
tem for our logic. In the following, we use the notation ¢conr (¢pnr) for
the conjunctive (disjunctive) normal form of the proposition ¢. The logic
RLg is the smallest set of sentences containing classical propositional logic
and the following axiom schemata, and that is closed under modus ponens:

(A1) [a]¢ = [a]¢onF = [@]oDpNF
(A2) [a]p Alaly = [al(o A )
(A3) [aloV [aly = [a](e V)

A sentence ¢ is provable in RLg(written Frr, ¢) iff ¢ € RLy.



The axiom schema (A1) states that relative modalities respect the stan-
dard properties such as absorption, idempotence, commutativity, associa-
tivity, and De Morgan’s laws. Axiom schemata (A2) and (A3) are the
properties of conjunctive and disjunctive knowledge. We remark that, in
contrast to standard logics of explicit beliefs [9, 22|, all instances of the
schema [a](¢ V) D [a]¢ V [a]y are theorems of RLg. This schema captures
the prime filter condition of relative accessibility relations.

Theorem 2.1 (completeness). =rr, ¢ iff Frr, ¢-

The soundness proof of the above theorem is obtained by a straight-
forward inductive argument. The completeness proof is an extension of a
standard construction in modal logics [3] of the canonical model. The key
idea is to show that any consistent sentence is satisfiable. We begin by ex-
tending a given consistent sentence ¢ to a maximally consistent set 1" by
Lindenbaum’s lemma. Then we build the canonical model (Rp,wr) of T.
The world wr is given as follows: for every literal I, [ € wr iff ] € T. The
mapping Ry is defined as follows: for every resource «, s € Rp(«a)(wrp) iff
s = ¢ for every sentence ¢ such that [a]¢ € T. The remaining proof is built
upon two central lemmas. The construction lemma claims that the canoni-
cal model is a model of RLg. The truth lemma shows that membership in
T and truth on the canonical model amount to the same thing. Soundness
and completeness results of the remaining logics discussed in this paper are
obtained by suitably modifying this proof.

2.2 The logic RL;

Syntax. The language of RL; is obtained from the language of the previ-
ous logic by adjoining the conjunction operation to the class of operations
acting on resource expressions. The set of complex resources of RL; is the
smallest set that contains A and that is closed under the connective A. Un-
der some reasonable assumptions, the connective A captures the notion of
“parallel composition” in dynamic logics [17]. A sentence such as [a A B¢
is read “the agent knows ¢ given the composition of resources o and 5”.

Semantics. A relative accessibility relation for RL; is a map R from com-
plex resources into binary relations on S that satisfies the prime filter con-
dition and such that R(a A 3) = R(a) N R(B). Interestingly, we remark that
for any state s, the prime filter R(a A 3)(s) is the greatest lower bound of
the prime filters R(a)(s) and R(5)(s).



Axiomatization. Given a complex resource a, we denote agg the subset
of A defined by induction as follows: aggr = {a}, (a A B)gpr = asETUBSET-
We define the normal form of a complex resource «, by the (finite) formula
N asgr. The logic RL; is the smallest extension of RLg containing the
following axiom schemata:

(Ad) [a]¢ = [anF]é
(AB) [aJl VvV [B]l = [anpB]l

The axiom schema (A4) summarizes the algebraic properties of the con-
junctive connective, such as idempotence, commutativity and associativity.
The axiom schema (A5) reflects the following fact: the system knows a lit-
eral [ under the composite resource o A 3 iff it knows [ under the resources
« or 3, considered separately. It can be easily observed that the axiom of
parallel composition [a]¢ V [B]¢ D [a A []¢ is a theorem of the logic RL;.

Theorem 2.2 (completeness). =g, ¢ iff Frr, ¢.

2.3 The logic RL,

Syntax. The linguistic basis of RLg is the language obtained from RL;
enriched by adjoining the disjunction operation to resource expressions. The
set of complex resources of RLg is the smallest set that contains A and
that is closed under the connectives A and V. Intuitively, the connective V
captures the idea of “nondeterministic choice” advocated in dynamic logics.
A sentence such as [V (]¢ can be read “the agent knows ¢ given either the
resources « or the resources 3”.

Semantics. A relative accessibility relation for RLy is a map R from com-
plex resources into binary relations on S such that R is defined according to
the conditions of relative accessibility relations for RL; and the additional
rule: R(aV () = R(a) U R(f3). In this setting, we remark that for any state
s, the prime filter R(a Vv 3)(s) is the least upper bound of the prime filters
R(a)(s) and R(3)(s).

Axiomatization. As previously, we first introduce a canonical presenta-
tion for resources. Given a complex resource «, we denote aggr the sub-
set of the powerset of A defined by induction as follows: aggr = {{a}},
(aANB)ggr = {AUB : A € aggr and B € [sgr}, and (aV fB)ggr =
asgT U Bsgr- The normal form of a complex resource «, denoted ayr,
is given by the (finite) formula \/{AA : A € aggr}. The logic RL; is the
smallest extension of RL; containing the following axiom schema:

(A6) [aloA[Bl¢=[aVBlo



In the logic RLg the axiom schema (A3) summarizes the algebraic prop-
erties of both conjunctive and disjunctive operators, namely idempotence,
associativity, commutativity and distributivity. The schema (A6) is the ax-
iom of nondeterministic choice [17].

Theorem 2.3 (completeness). =rr, ¢ iff Frr, ¢.

3 Knowledge Approximation

To this point we have investigated the “backbone” of propositional knowl-
edge approximation by examining a hierarchy of logics for knowledge and
resources. In this section, we illustrate that the components of our toolbox
can be instantiated to provide semantics for approximate resolution and
approximate enumeration.

3.1 Approximate Resolution

An important heuristic issue of approximate reasoning is to use efficient
resolution strategies. We focus here on directional resolution [7, 8]. In this
setting, the agent iteratively checks for satisfiability of a clausal theory ¢
by means of an increasing sequence of variables (p1,---,p,). At any step ¢,
the agent resolves all clauses in ¢ over the variable p; and then eliminates
remaining clauses containing p; in the resulting theory. The agent answers
“yes” if the resulting theory ¢ is empty, “no” if it contains the empty clause,
and “maybe” otherwise.

The logic ARL. Approximate resolution is semantically founded on the
logic ARL, an instance of the system RLj. In this logic, the set of atomic
resources A is the set of atoms generated from P. A relative accessibility
relation for ARL is a r.a.r. R for RL; such that for any atom p and any
states s and ¢, we have ¢t € R(p)(s) iff either p € tNsor -p € tNs. It is
easy to check that, for every atom p and every state s, R(p)(s) is a prime
filter in S. The logic ARL is the smallest extension of RL; containing the
additional axiom schemata:

(AR1) [a]¢p D¢
(AR2) [pl(qV —q), where p =q
(AR3) (p)(g A—q), where p # q

The axiom schema (AR1), often called T' in the logic literature [3],
demonstrates that reasoning under the scope of the modal operator [a] is
sound. Axioms (AR2) and (AR3) play a key role in approximate resolution.



More precisely, if the available resources contain the atom p, then the agent
necessarily infers the tautology p V —p. Dually, if the available resources do
not contain any occurrence of p, then the agent can infer the antilogy p A —p.

Theorem 3.1 (completeness). =arr ¢ iff Farr ¢.

Properties. Given two resources o and (3, « is called less accurate than (3
iff aggr C Bsgr. In the following, ¢ is a CNF proposition (clausal theory)
and « and (8 are resources such that « is less accurate that .

Proposition 3.2 (Monotonicity). If [a]¢ is satisfiable, then [(]¢ is sat-
isfiable, and if ()¢ is unsatisfiable, then (3)¢ is unsatisfiable.

Proof. The result is based on the observation that if « is less accurate than
B, then R(#) C R(«a) for every relative accessibility relation R. Suppose
we are given two states s and ¢ such that ¢ € R(3)(s). For every atom
p € BsgET, either p € tNs or -p € tNs. Since aggr € BsgT, it follows
that for every p € asgr, either p € tNs or -p € tNs. Thus, t € R(«a)(s).
Now suppose that [a]¢ is satisfiable and [(]¢ is unsatisfiable. We show that
this leads to a contradiction. Clearly, there is a model (R,w) such that
R,w = [a]¢ and R,w W~ [8]¢. Thus, R,s [~ ¢ for some state s € R(5)(w).
Since R(#) C R(«), it follows that s € R(a)(w). Therefore, R,w = [a]¢,
hence contradiction. A dual argument applies to the second part.

Proposition 3.3 (Duality). If [a]¢ is satisfiable then ¢ is satisfiable, and
if (o) is unsatisfiable then ¢ is unsatisfiable.

Proof. By application of the axiom schema (AR1).

Proposition 3.4 (Complexity). There exists an algorithm for deciding
whether [a]¢ and (a)¢ is satisfiable, which runs in O(|@| - 21SETI) time.

Proof. We examine [a]¢. This sentence is satisfiable iff R,w = [a]¢ for
some model (R,w). The complexity result is based on three observations.
First, we remark that there exists exactly one accessibility relation R(«)
that satisfies the semantical conditions of ARL. Second, based on the prime
filter condition of R(«), we observe that R, w = [a]¢ holds iff NR(a)(w) = ¢
holds. As a direct consequence, checking whether a model (R, w) supports
the truth of the sentence [a]¢ can be done in O(|¢|) time. Third and finally,
we observe that the number of distinct prime filters of R(«), defined over
W is given by 2/*SETI. Hence, checking whether [a]¢ is satisfiable can be
done in O(|#| - 21SETI) time. A dual argument applies to (a)¢.



3.2 Approximate Enumeration

Another important research avenue in knowledge approximation is to incor-
porate efficient enumeration techniques. We use a resource-bounded version
of backtracking enumeration [6] which can be shown incremental using an
iterative deepening search technique. The agent checks for satisfiability of
a clausal theory ¢ by means of an increasing sequence of “search trees”
(a1, -+, ). For any i, the agent answers “yes” if one of the leaves of the
tree «; satisfies ¢, “no” if all the leaves falsify ¢, and “maybe” otherwise.

The logic TRL. In order to model tree-like resources, we advocate an
instance of the logic RLs. The set of atomic resources is the collection of
literals generated from P. The set of complex resources is defined using the
so-called Shannon rules: T, L are complex resources, and if [ is a literal and
a and [ are complex resources, then (I A «)V (I* A ) is a complex resource.
A relative accessibility relation for TRL is a r.a.r. for RLs such that for
any literal [ and any states s,t, we have t € R(I)(s) iff l € tN's. It can
be easily shown that for every literal [ and every state s, R(I)(s) is a prime
filter in S. The logic TRL is the smallest extension of RLy containing the
additional axiom schemata:

(TR1) ()T > ([a¢ > )
(TR2) [, where [ =1
(TR3) 1D, wherel #1

The axiom schema (TR1) states that reasoning under the scope of [a] is
sound, provided that « is consistent. Axioms (TR2) and (TR3) are essen-
tially (AR2) and (AR3) adapted for tree-like resources.

Theorem 3.5 (completeness). =rrr ¢ iff Fren ¢.

Properties. We say that « is less accurate than § if « is a subtree of G,
i.e. VA € aggr, 3B € BsgT such that A C B. In the following, ¢ is a CNF
proposition and « and 3 are resources such that « is less accurate that (.

Proposition 3.6 (Monotonicity). If a A [a]¢ is satisfiable, then [(]¢ is
satisfiable. If v is valid and ()¢ is unsatisfiable, then ()¢ is unsatisfiable.

Proof. Suppose that a A [a]¢ is satisfiable. It follows that R, w | a A [a]¢
for some model (R, w). In particular, there exists a term A € aggr such that
w = A. Since « is less accurate than f3, there exists a term B € fSsgr such
that A C B. As a direct consequence, R(()(w) C R(a)(w). Now assume
that [5]¢ is unsatisfiable. Thus, R, s [~ ¢ for some state s € R()(w). Since



R(B)(w) C R(a)(w), it follows that s € R(«)(w). Therefore, R, w [~ [a]¢,
hence contradiction. A dual argument applies to the second part.

Proposition 3.7 (Duality). If a A [a]¢ is satisfiable then ¢ is satisfiable.
If « is valid and ()¢ is unsatisfiable then ¢ is unsatisfiable.

Proof. Suppose that a A [a]¢ is satisfiable. Thus R, w = a A [a]¢ for some
model (R,w). Clearly, R(«)(w) is not empty and thus R,w = (a)T. By
application of axiom schema (TR1), it follows that R,w = ¢. Hence ¢ is
satisfiable, as desired. A dual strategy applies to the second part.

Proposition 3.8 (Complexity). There exists an algorithm for deciding
whether [a]¢ and (a)¢ is satisfiable, which runs in O(|¢| - |asgr|) time.

Proof. The proof is very similar to that of proposition 3.4. The only differ-
ence stems from the fact that the number of distinct prime filters of R(«)
defined over W is given by |aggT|.

4 Conclusions

We have introduced a “logical toolbox” for knowledge approximation based
on a family of relative relevance logics. We have illustrated that the logics
can be instantiated to model several strategies investigated in propositional
satisfiability. The toolbox is founded on the notion of resource and includes
interesting features such as incremental reasoning and dual approximations.

The overall motivation behind this study is similar to the one presented
in [19, 16]. However, these approaches do not focus on the heuristic issues
involved in propositional reasoning. In contrast, our toolbox proposes an “al-
gebra” of resource expressions that can be instantiated to specific strategies
and tells us what sort of semantics underlies the strategies. Our contribu-
tion is also compatible with Dalal’s [5] architecture based on unit resolution.
However, Dalal’s semantics is “endogenous”, i.e. founded on an implicit no-
tion of computation. In contrast, our logical paradigm is “exogenous” and
explicitly represents the effort involved in computation.

From a technical point of view, our toolbox combines ideas from four-
valued logic with relative accessibility relations. To this end, the toolbox
extends in several directions previous model-theoretical approaches to lim-
ited reasoning [9, 10, 22, 24]. In particular, it can be observed that the logic
ARL, presented in an earlier version of this work [21], is a direct general-
ization of Schaerf and Cadoli’s [24] model of knowledge approximation.

We believe that our toolbox will be a useful architecture for finer analysis
of the connections between knowledge and computation.
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