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Abstract

The basicsof classicalformal languagetheoryare introduced,aswell asa wide coverageis
givenof somenew nonstandardievicesmotivatedin molecularbiology, which arechallenging
traditionalconceptionsaremakingthetheoryrevivedandcouldhave somelinguisticrelevance.
Only de nitions and a few resultsare presentedwithout including ary proof. The chapter
canbe pro tably readwithout arny specialprevious mathematicabackground.A long list of
referencesompleteghe chapteywhich intendsto give a avour of the eld andto encourage
youngresearchert go deepelinto it.

1 Languages

1.1 BasicNotions

An alphabetorvocahlulary isa nite setof letters.By concatenatinghelettersfrom again
andagain,oneobtains , anin nite setof strings or words. Theempty string is denotedby

and containsno letter: it is the unit elementof underthe concatenatiomperation. The
concatenationof stringsis anassociatreandnoncommutatieoperationwhichcloses ,i.e.:

for every

Thelength of astring,denotedby , is thenumberof lettersthe stringconsistsof. It is clear
that:
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is asubstring or subword of if andonly if thereexist suchthat Special
casef asubstringnclude:

if and ,then isaproper substring of
if ,then isapre x orahead
if ,then isasufx oratail.

Thei-timesiterated concatenationof is practicallyshovedin thefollowing:

Example 1.1 If then ( )

If , thenits mirr or image It is clearthat:
, (for every ).

Any subset (includingboth and ) isalanguage Onedenotes

Regardingcardinality (generallythenumberof elementsa setcontains):

is denumerablyn nite, i.e. (thesmallestrans nite number),

is nondenumerablin nite, i.e. (alsocalled ).

We do not go heredeeperinto the detailsof in nite sets,which would requirean extensve
presentation.

Examplesf languagesnclude:

Example 1.2 , , ,
and ( denoteghe numberof occurrencesf x in w).

1.2 Chomsky Grammars. The Chomsky Hierar chy

A (formal) grammar is aconstruct , Where arealphabetswith
, and is a nite setof pairs suchthat and containsat
leastoneletterfrom  ( usesto be written ) is thenonterminal alphabet,

theterminal alphabet, theinitial letter or axiom, and the setof rewriting rules or
productions

Given and , animmediate or dir ect derivation (in 1 step)
holdsif andonly if:
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(i) thereexist suchthat and

(i) thereexists

,and

Given and , a derivation holdsif andonly if
either or thereexists suchthat and
denoteghe re exive transitve closureand the transitive closure,respectrely, of

Thelanguagegeneratedby agrammais de ned by:

and
Example 1.3 Let bea grammarsud that:
Thelanguage genertedby G is thefollowing:
and
Example 1.4 Let bea grammarsud that:

Thelanguage geneatedby G is thefollowing:

Grammarscanbe classi ed accordingto several criteria. The mostspreadoneis the form of
their productions Accordingto it, agrammaiis saidto be of type:



CarlosMart'n-Vide

0 (phrase-structure grammar, RE) if andonly if therearenorestrictionsontheform of
the productions:everythingat boththe left-handsideandtheright-handsideof therules
is allowed.

1 (context-sensitve grammar, CS) if andonly if every productionis of theform:

with : and (exceptpossiblyfor therule ,in
whichcase doesnotoccuronary right-handsideof arule).

2 (context-freegrammar, CF) if andonly if every productionis of theform:

with ,

3 (regular or nite-state grammar, REG) if andonly if every productionis of any of
theforms:

with ,
A languagas saidto be of type ( ) if it is generatedy atype grammar The
family of type languagess denotedby

Oneof themostimportantandearlyresultsin formallanguageheoryis the so-calledChomsky
hierarchy of languages:

Notethatevery grammaigeneratea uniquelanguageHowever, onelanguageanbegenerated
by severaldifferentgrammars.

Two grammarsaresaidto be:

(weakly) equivalent if they generatehe samestringlanguage,

strongly equivalent if they generateboth the samestring languageand the sametree
language.

(We shall seelaterthat a contet-free grammargeneratesiot only a setof strings,but a setof
treestoo: eachoneof thetreesis associateavith onestringandpicturestheway how thislatter
is derivedin thegrammau)
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1.3 Operationson Languages

Usualset-theoretioperationn languagesnclude:

Union: or
Intersection: and
Difference and
Complementof with respecto

Speci ¢ language-theoretioperationn languagesclude:
Concatenation and

Iteration:

(closureof theiteration: Kleenestar),

(positive closureof theiteration: Kleeneplus).

Notethat equals if , andequals if

Mirr or image
Notethat and , for every

Right quotientof  over thereexists suchthat
Right derivativeof over :

Head of : thereexists suchthat
Notethatfor every

Left quotientof  over : thereexists suchthat
Left derivativeof over :

Tail of : thereexists suchthat
Notethatfor every

Mor phism: Giventwo alphabets , amapping is amorphismif and
only if:
(i) forevery , thereexists suchthat and isunique,

(i) for every
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A morphismis called -freeif, for every  if then

Mor phic image for some

A morphismis calledanisomorphism if, for every , If then
Example 1.5 An isomorphismbetween and is the

binary codeddecimalrepresentatiorof theintegers:

Union, concatenatiomndKleenestararecalledregular operations

Theorem 1.6 Ead of the language families , for every , Is closedunder
regular opemations.

A systematicstudy of the commonpropertiesof languagefamilies hasled to the theory of
abstractfamilies of languagegAFL's). An abstract family of languagesis a classof those
languageghat satisfy certainspeci ed closureaxioms. If one x esan AFL, onecan prove
generatheoremsaboutall language# thefamily.

A few simpleclosurepropertiesaredepictednext:

REG CF CS RE

union + + + o+

intersection + -  + o+

complement + - + =

concatenatior] + + o+ O+

Kleenestar + + o+ 4+

intersectiorwith regularlanguages + +  + o+
morphisms + + - 4+

left/right quotient + - - 4+

left/right quotientwith regularlanguages + + - O+
left/right derivative + + o+ O+

mirror image + + o+ 4+

Thetablemustbeinterpretedn thefollowing way. Usingthe rst  to theleft asanexample,
it meanghattheunionof two regularlanguagess alwaysaregularlanguage And soon.

2 Grammars

2.1 Context-FreeGrammars

Theorem 2.1 For everyCF grammar , onecan nd anequivalentCF grammar sud that
the right-handsidesof its productionsare all differentfrom exceptwhen In this
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latter case is the only rule with theright-handside , butthen doesnotoccuron
anyright-handsideof therules. (Thisis alsotrue for REGgrammas.)

A grammatis saidto be -freeif noneof its ruleshastheright-handside

An CF grammaiis saidto bein Chomsky normal form (CNF)if eachof its ruleshaseitherof
thetwo following forms:

Theorem 2.2 For every -freeCF grammayonecanefrectively(algorithmically) nd anequiv-
alentgrammarin CNFE

Theorem 2.3 For every CF grammarG, it is decidablewhetheror not an arbitrary strings
belonggo

Corollary 2.4 Givenan CF grammar anda nite language , both and
are solvable

2.2 Derivation Trees

A very commonand practicalrepresentatioof the derivation processn a grammar(particu-
larly, in anCF grammar)s atree.

A derivation treeis de ned as , Where is asetof nodesor verticesand isa
dominancerelation,whichis abinaryrelationin  thatsatis es:

() Disaweakorder:

(i.a) re exive: for every ,

(i.b) antisymmetricfor every , if and , then ,
(i.c) transitve: for every  If and ,then
(i) rootcondition: thereexists suchthatfor every ,
(i) nonbranching condition: for every  If and , then or

Specialcaseof thedominanceelationinclude,for every

strictly dominates ( ) if andonly if and ; SO is astrictorderin

(i) irre exive: it is notthecasethat ,
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(i) asymmetricif , thenit is notthe casethat ,
(i) transitve: if and , then
immediately dominates ( ) if andonly if andtheredoesnot exist ary
suchthat and
Thedegreeof anode Consequenced this de nition are:

is aterminal nodeor aleafif andonly if ,
isaunary nodeif andonly if :
is abranching nodeif andonly if ,

is ann-ary derivation treeif andonly if all its nonterminahodesareof degree

Twonodes areindependentof eachother: if andonly if neither nor

Somefamily relationsamongnodesnclude:

isamother nodeof : if andonly if ,

is asisternodeof : if andonly if thereexists suchthat and

Themotherrelationhasthefollowing features:

(i) theredoesnotexist ary suchthat ,

(i) if , thenit hasjustonemothernode.
Given , for every , aderivation subtreeor a constituentis ,
where and if andonly if and and
Given , for every . c-commands (aCCb)if andonly if:

(i) ,

(i) thereexistsabranchingnodethatstrictly dominates ,

(i) everybranchingnodethatstrictly dominates dominates

asymmetrically c-commands if andonly if andit is notthe casethat

Giventwo derivationtrees , and

preseves if andonly if for every



FormalLanguagesor Linguists: ClassicaindNonclassicaModels

is anisomorphismof in if andonlyif isabijectionandpreseres
(Notethatamapping is abijectionif andonly if:
(i) is one-to-oneor injective: for every if then or,
equialently; if then :
(i)  isontoor exhaustve: for every thereexists suchthat )

Any two isomorphicderivationtreesshareall their properties:

if andonly if ,
if andonly if ,
if andonly if ,
istherootof if andonly if istherootof
( )
( ]
Onceonehasan , onemay enrichits de nition to geta labelled derivation tree
, Where is aderivationtreeand is amappingfrom to aspeci edset
of labels.
Given and , onesays if andonly if:
0] is abijection,

(i) preseres |,

(iii) for every if andonly if

A terminally orderedderivation treeis , Where is aderiationtreeand
is astricttotal (or linear)orderontheterminalnodesof , i.e. arelationthatis:
(i) irre exive: for every terminal:it is notthe casethat :
(i) asymmetricif , thenit is notthe casethat ,
(ii) transitve: if and , then :

(iv) connectedeither or
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Given , for every ( precedes) if andonlyif:
if , Isterminal, and isterminal,then
Thefollowing exclusvity condition completelyordersatree.Given , for every
, if , theneither or Consequentlyevery two nodesof thetree

musthold one,andonly one,of thedominanceandprecedenceelations.

2.3 Moreabout Context-FreeLanguages

An CF grammairis calledredundantif it containsuselessionterminalletters. A nonterminal
letteris uselesstf:

(i) eithernoterminalstringis derivablefromit: inactive or dead letter,

(i) orit doesnotoccurin ary stringderivablefrom : unreachableletter.

Theorem 2.5 For anyCF grammar

is inactiveif andonly if thelanguage genematedby is empty

is unreadhableif andonlyif thelanguage genertedby
( beingthesetof rulesremainingafter having
remwoedfrom theproductionghathave ontheir left-handsides)is

An CF grammaris nonredundant or reducedif eachof its nonterminallettersis both actve
andreachable.

Theorem 2.6 For every CF grammay onecan effectively(algorithmically) nd an equivalent
nonredundangrammar

Givenan CF grammar is anambiguousstringif andonly if  hasat leasttwo
derivationtreesin is saidto be anambiguousgrammarif andonly if thereexists some
stringin thatis ambiguous. is aninherently ambiguouscontet-freelanguagef and

only if every CF grammargenerating is ambiguous.

An exampleof ambiguityis thefollowing:

Example 2.7 Given
hastwo differentderivationtreesin
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An exampleof inherentambiguityis thefollowing:

Example 2.8 Let Every CF grammar
geneatingit will producetwo differentderivationtreesfor thestringsoftheform (which
belongto bothcomponentsf thelanguage).

The Bar-Hillel pumping lemma for CF languagesllows oneto prove thata languagés not
CFjustlooking atthe structureof the strings:

for every thereexist suchthatfor every if then
where and , for every

Sincenotall languagesatisfythe pumpinglemmaabove, thefollowing corollaryis obvious.
Corollary 2.9 There are noncontet-freelanguages.

Examplesof thisinclude:

2.4 Linear and Regular Languages

An CF grammaiis calledlinear (LIN) if eachproductionhaseitherof the forms:

Further it is calledleft-linear (LLIN) (respectiely, right-linear (RLIN)) if (respectiely,
)is in everyrule of thesecondorm.

Thus,theclassof right-lineargrammarsexactly coincideswith REG.Also:
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Theorem 2.10 EveryLLIN grammargeneatesan REGlanguage.

And now, one canposethe following question:do all linear grammarsggeneratdanguagesn
? Theansweiris: no!, anda countergampleis next.

Example 2.11 Considerthelanguages:

Bothare genematedby linear grammas. For instancethe r stoneby:

However, couldonebuild a regular grammargenemting any of them?Since:

andit is knownthat CF  REG= CF, onegetsthatneither nor canbeREG.

Theorem 2.12 Everylanguaggein  canbegenertedby a grammarhavingthefollowingtwo

typesof productions: , With
An CF grammar is saidto be self-embeddingif thereexistsan such
that , for some

Theorem 2.13 If an CF grammaris reducedand not self-embeddinghen

Thus,self-embeddings the very characteristideatureof languagesvhich separatethem
from smallerlanguageclasses. Sincethat feature(it is the casewith relatve sentencesfor
instance)oesappeain naturallanguagegbeingthe sourcefor its recursvenesgeadingto the
in nite setof sentencewhichanaturallanguages), it is obviousthata naturallanguageannot
besmallerthanan languageThis discussiomwill continuelater.

An CF grammairis saidto bein Greibachnormal form (GNF)if eachruleis of theform:

Theorem 2.14 For every -freeCF grammayonecan nd anequivalenggrammarin GNFE
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Givena nite alphabet , aregular expressionisinductively de ned asfollows:

(i) isaregularexpression,
(i) for every , Isaregularexpression,
(i) if isaregularexpressionthensois

(iv) if areregularexpressionsthensoare  and

Every regularexpressiordenotesan REGlanguage For example:

denotes
denotes
denotes ,
denotes
denotes
denotes ,

denotes

Thefollowing questionnow arises:is every REG languagedescribabldy meansof a regular
expressionTheanswels simply yes!

Theorem 2.15 Everyregular expressiondenotesa languagein  and,corversely everylan-
guagein is denotedoy aregular expression.

A shortlist of valid equationdor all regularexpressions includes:
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The concepbof aregularexpressiorsuggestshe operationon languagesalledsubstitution.

Givena nite alphabet ,let denoteanalphabetand alanguagdor each
For eachstring , onede nesthesubstitution:

asthe concatenationf thelanguagesorrespondingo thelettersof ~ Thisis extendedo ary
by:

for some

Thefamily is closedundersubstitution,i.e. the setof regular expressionss closedunder
substitutionof a regular expressionfor eachof its letters. Substitutioncanbe regardedasthe
generalizatiorof the notionof morphism.

As for CFlanguagesior bothfamiliesLIN andREGtherearenecessargonditionsin theform
of pumpinglemmata.

Pumping lemmafor linear languages

for every , thereexist suchthatfor every if then
where and , for every

Pumping lemmafor regular languages

for every , thereexist suchthatfor every
if then where and , for
every

2.5 Semilinear Context-Sensitve and
Mildly Context-Sensitve Languages

Whetheror not naturallanguagesrecontet-free setsof sentencesiasa muchdiscussedssue
in the eighties.To enterthe discussiors core,cfr. thefollowing papers:Gazdan1981),Bres-
nan,Kaplan,PetersandZaenen(1982),Pullumand Gazdar(1982),Culy (1985),and Shieber
(1985)(all of themwerecollectedin Savitch, Bach,MarshandSafran-Naeh1987).

Today thereis a relative agreementhat naturallanguagesrenot context-free. However, how
largethey arecontinuego beanotsosimplematter Therearetwo mainnoncompatibl®ptions.
A naturallanguage:

() eitherformsaclassof sentencethatincludesthe context-freefamily butis largerthanit
(sostill comfortablyplacedwithin the Chomsky hierarchy),
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(i) or occupiesa positioneccentricwith respecto thathierarchyin suchaway thatit does
not containany wholefamily in the hierarchybut is spreadalongall of them.

Following the rst alternatve gave origin to a new family of languageswhich is of a clear
linguisticinterest.

A family of mildly context-sensitve languagesMCS)is afamily suchthat:

(i) eachlanguagen is semilinear

(i) for eachlanguagan , themembershigproblem(whetheror not a stringbelongsto the
language)s solvablein deterministigpolynomialtime,

(i)  containghefollowing threenonCFlanguages:

: multiple agreements,
. crosseddependencies,
. duplications.

MCS s alinguistically-motivatedfamily, asbothit containsthe above threelanguageswhich
aremoreor lessagreedo represenstructureghatexist in naturallanguagesandenjoys good
complity conditions(i.e. fastprocessing)as statedby the deterministicpolynomial time
requirement.

In orderto seewhata semilinealanguagses, let usassume Being the
setof integers,the Parikh mapping of astringis:

Givenalanguageits Parikh setis:

A linear setis aset suchthat:

for some

A semilinear setis a nite unionof linearsets.A semilinearlanguageis an suchthat
is asemilinearset.

A phrase-structurgrammaiis calledlength-increasingif, for every production ,
onehas Thisis clearfor every CSgrammar Moreover:



CarlosMart'n-Vide

Theorem 2.16 Everylength-inceasinggrammargenemlatesan CSlanguage.

Thelength-increasingropertyis, therefore equivalentto context-sensitvity with the soleex-
ceptionof therule , whichis needednly to derve

A length-increasinggrammairis saidto bein Kuroda normal form (KNF) if eachof its pro-
ductionsis of ary of thefollowing forms:

for nonterminalsand terminal.

Theorem 2.17 For everylength-inceasinggrammayr onecan nd an equivalentgrammarin
KNFE

Corollary 2.18 Every -freeCSlanguage canbegeneatedby a grammarin KNF.

A -free CSgrammairis saidto bein Penttonenor one-sidednormal form (PNF)if eachof
its productionss of ary of thefollowing forms:

An exampleof anCSgrammareneratinga nonCFlanguages thefollowing:

Example2.19 LetG = (N, T, S,P) bea grammarsud that:
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Thegenertedlanguaeis:

Asis easilyseengveryapplicationof therulesmarkedwith sendsa signalthroughthe 'sto
or ontheirright, which maybekilled onits wayor readh the 's,whee it depositsaa

3 Automata

3.1 Finite Automata

Grammarsaregeneratingleviceswhich may simulatethe productve (i.e. speakingpehaiour
of spealers/hearersAutomataarerecognizingdeviceswhich may simulatethe receptve (i.e.
hearing)behaiour of them. Eachclassof mechanismsenesto modeloneof thetwo aspects
of humanlinguistic capacity As well, therearesurprising,strongformal connectiondetween
grammarheoryandautomataheory Let ussee.

A nite automaton (FA) is aconstruct:

with:

a nite nonemptysetof states,

a nite alphabebf inputletters,

atransitionfunction:
theinitial state,

thesetof nal (acceptingptates.

acceptsor recognizesastringif it readsuntil thelastletterof it andentersa nal state.

Example 3.1
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Thetransition table andthetransition graph for A are, respectively:

M a b

Onecanched that is even, is even

If isaone-aluedfunction,the nite automatons calleddeterministic (DFA). Otherwisejt
is callednondeterministic (NFA). In the rst case, containsexactly onetransitionwith the
sameleft-handside. Noticethatthede nition of  doesnotrequire to beatotal function,
i.e. maywell benotde nedfor somecombinationof a stateandalletter.

Thesymbols and for transitionsare,respectrely, equivalentto thesymbols  and
for derivationsin grammars.

Thelanguageacceptedy a nite automatons:

Take noticethat if andonly if

Theorem 3.2 For everyNFA, onecan nd anequivalentREGgrammar
Theorem 3.3 For everyREGgrammayonecan nd anequivalentNFA.

Corollary 3.4  coincideswith thefamily of languagesacceptedy NFA's.

The following questionarisesnow: is theresomelanguagen  that cannotbe acceptedy
arny DFA? The answeris simply no! Consequentlyonecanalwayssimulatethe behaiour of
anNFA by meansof anDFA (with morestates).

A numberof importantconsequencdsr thelanguagesn  follow from theconcepof anFA,
amongothers:

is aBooleanalgebra,

it is decidablevhethertwo REG grammarsareequivalent,etc.
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3.2 Pushdovn Automata

Let usintroducenow a new elementin the de nition of an automaton:memory Pushdan
automataesult.

moving inputtape
direction
read
control
device
readandwrite
pushdaevn store storn_wgdl_rectl_o ILO: rst in, lastoutmethod
——<clearingdirectio
A pushdown automaton (PDA) is aconstruct , with:
a nite alphabebf pushdaevn letters,
a nite setof internalstates,
a nite setof inputletters,
thetransitionfunction:
theinitial letter,
theinitial state,
asetof nal oracceptingstates.
A con guration of anPDA isastring , where is thecurrentcontentf thepushdevn
storeand Is the presenstateof the controldevice.

A nondeterministic pushdovn automaton (NPDA) may reacha nite numberof different
new con gurationsfrom onecon gurationin onemove:
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Theremay be -movestoo, which make it possiblefor the PDA to changeits con guration
withoutreadingary input.

For a stringto be acceptedthe threefollowing conditionsmusthold:

(i) thecontroldevice readthewholestring,
(i) thePPDA reachedh nal state,

(ii) thepushdaevn storeis empty

Notethatonly the existenceof atleastonesequencef movesleadingto anacceptingcon gu-
rationis requiredwhile othersmayleadto nonacceptingnes.

Example 3.5 To accept , thefollowing PDA is adequate:
with:
M a b
() )
c )y )y o)
« ) C )
C ) « )
« )
()
An PDA is saidto bedeterministic (DPDA) if andonly if for every
(i) either containsaxactly oneelementfor every , while :
(ii) or containsexactly oneelementwhile , for every

Theorem 3.6 Thefamily of languagesacceptedoy DPDA's is strictly containedin the family
of languagesacceptedy NPDA's.

To illustratethis, let usobsenre thefollowing:

Example 3.7

While  belongso bothNPDA andDPDA, belongsonlyto NPDA.
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Thefollowing resultsestablistthe relationshipof to languages.
Theorem 3.8 NPDA = CE

Theorem 3.9 For every CF grammay an algorithm exists to transformit into an equivalent
NPDA.

Theorem 3.10 For everyPDA, an algorithmexiststo transformit into an equivalentCF gram-
mar

Turing machinesare the most powerful recognizingdevices, and are able to recognizeary
language They arethefoundationof computatiortheoryandinvolve alot of compleities
which cannotbe addressetiere.

4 Regulatedand Parallel Rewriting

4.1 A Sampleof RegulatedRewriting

Next, a few importanttypesof regulatedgrammarsare presentedyithout beingexhaustve at
all. In orderto have aregulated(i.e. controlled)grammayonemoreor lessmodi es/restricts
thenotionof agrammayandasaconsequenceneusuallygetseitheradifferent(oftengreater)
generatre capacityor a simplermethodof generation.

A matrix grammar is:

where isa nite setof nite nonemptysequencegmatrices) of theform:

with:

A dervationin amatrixgrammais asfollows:

for every if andonly if thereexist and
thereexist suchthat and
for some



Example4.1 Thegrammar  with thefollowing matrices:

yield

A programmedgrammar is:

where isa nite setof triples( ), Iisalabel,
and , aretwo setsof labelsof rules.

An immediatederivationin a programmedyrammars asfollows:

for every

(i) either and and
and :

(i) or and (for (
and

Thelanguagegeneratedby a programmedyrammaitis:

andthereexist suchthat

Example4.2 Thegrammar  with thefollowing productions:

yield

A random contextgrammar is:

CarlosMart'n-Vide

if andonly if

cannotbe appliedto
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where isa nite setof rulesof theform , with ,

An immediatederivationin arandomcontext grammaiis asfollows:

for every if andonly if and
and andfor every and
for every

Example 4.3 Thegrammar with thefollowing productions:

yield

A grammar with regular control is:

where is aregularlanguageover

Thelanguagegeneratedby an consistof the stringsresultingfrom a derivation:

suchthat

Example 4.4 Thegrammar consistingof:



geneates:

An additive valencegrammar is:

where is the setof integers).
Thelanguagegeneratedby an is:
and

Example 4.5 Thegrammar consistingof:

genemtes:

Noticethattherules and mustbeappliedthe samenumberoftimes.

A multiplicati ve valencegrammar is:

where ( isthesetof rationalnumbers).

Thelanguagegeneratedby an is:

and

CarlosMart'n-Vide

and

and
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Example4.6 As , take in the last example with the following speci ¢ valencemap-
ping:

It generates:

An ordered grammar is:

where isastrictpartialorder(i.e. irre e xive,asymmetri@andtransitve) over

An immediatederiationin anorderedgrammar holdsif andonly if:
(i) thereexist suchthat and :
(i) andtheredoesnotexist any substring of suchthatthereexists such
that and

Thus,the productionthatis utilized at eachstepis maximalin the orderedsetof rules.

Example 4.7 Theorderedgrammar:

whele

andtheorderrelationis satis ed by thefollowing pairs:

geneates:
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Generallyspeakingthereexist two maintypesof grammarderivations:

sequential:asis the casewith grammardn the Chomsk hierarchyaswell asall other
onespresentedn this chaptersofar;

parallel: which appeain severalmechanismsparticularlyin:

() Indian parallelgrammars:at eachstepof the deriation, every occurrenceof one
letteris rewritten (by usingthe sameproduction),

(i) Lindenmayersystems:at eachstepof the deriation, all occurrence®f all letters
arerewritten (usingdifferentproductionsfor differentoccurrence®f oneletteris
allowed: seebelaw for details).

An Indian parallel grammar is a construct:

Theimmediatederivationrunsasfollows:

for every , for every if andonly if:

(i) : : : ,
(if) :
(iii)

Example 4.8 Thelndian parallel grammar:

yields

A Russianparallel grammar is aconstruct:

where ,

An immediatederivationin a Russiarparallelgrammaris:

if andonly if:

(i) either and and :

(i) or and ( :
and

If , onegetsan If , onegetsanCF
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4.2 Lindenmayer Systems
The motivation behindLindenmayersystems( systemsfor short) is biological. They are
intendedio modelthe (parallel)growth of living beings.

An interactionlessLindenmayer system( ) is a context-free pure (without a nonterminal
alphabetgrammawith parallelderivations:

where is analphabet, isanaxiomand is a nite setof rulesof theform ,
with and suchthatfor each thereis atleastonerule in ( Iissaid
to becomplete).

Given , onewrites if andonly if and ,
for Thegeneratedanguages:

Thereareseveralimportantvariantsof ~ systems:

if for eachrule onehas , then is propagating(nonerasing);
if for each thereis only onerule ,then is deterministic;
if asubset of isdistinguishecand is de ned asthe set ,

then isextended

Regardingthe generatre power of  systemsmary resultsare known, amongothersthe fol-
lowing ones:

The family of deterministic ~ languagess incomparablewith
( is thefamily of nite languages).
is astrict subsebf thefamily of extended languages.

All  languagesirecontainedn

A remarkablefeatureof a deterministic  system is thatit generatedts languagan a se-
quence suchthat Thus,onecande ne
thegrowth function of , denoted , by:
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5 Nonstandard Generative Mechanisms

5.1 Contextual Grammars

A contextualgrammar is aconstruct:

consistingof:

analphabet,

a nite set:thebaseor thesetof axioms,
selectors,
contexts,

productions,

In a contextual grammayoneconsiderswo maintypesof immediatederivation:

extemal derivation:
for every if andonly if

internal derivation:

for every if andonly if and

Thelanguagegeneratedby aninternalcontextual grammais:

suchthatthereexists suchthat
Anotherway of de ning is to saythatit is thesmallestanguage suchthat:
(i) :
(i) for every if and , for some , , then ,

for every

If oneintroducesseveraldifferentrestrictionsthefollowing naturalvariantsof derivationarise:
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minimal local derivation:

for every if andonly if
(i) ,
(i) ,and
(ii) theredonotexist suchthat and and
and and

A context is adjoinedto a selectomprovidedthisis minimal (i.e. theshortesbne)in such
aposition.

maximal local derivation:

for every if andonly if
(i) ,
(i) ,and
(ii) theredonotexist suchthat and and
and and

A context is adjoinedto a selectomprovidedthisis maximal(i.e. thelongestone)in such

aposition.
minimal global derivation ( ): In the de nition of , onereplaces
with , for every Notethatthechoserselectomhasto betheshortest

oneamongall theselectors.

maximal global derivation ( ): In the de nition of , the samesubstitution

asaboveis introduced.Notethatthe choserselectorthasto be thelongestoneamongall
theselectors.

Given , thelanguagegeneratedby the contextual grammaris:

suchthatthereexist suchthat

If all thelanguagesn belongto thesamefamily of languagesn the Chomslky hierarchy
is saidto bea contextualgrammar with selectionof type

Example 5.1 Thecontectual grammar:

geneates:
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Example 5.2 Thelanguage:

is geneatedby:

Example 5.3 Thelanguage:

is geneatedby:

Contetualgrammarsllow oneto producefamiliesof languageshatareeccentriowith respect
to theChomsly hierarchyasshallbeseerbelow. This seemgo beaveryrelevantfeaturefrom
a linguistic viewpoint, as naturallanguagesould possiblyoccugy an eccentricpositionwith
regardto thathierarchy

5.2 Grammar Systems

Grammarsystemsarecomple, modulargeneratingrchitecturesntendedor eitherincreasing
thegeneratre power or decreasinghe compleity of thegeneratre stratgy of themechanism.
Severaltypescanbedistinguished.

A cooperatingdistrib uted grammar system(CDGS)is aconstruct:

where:

are nite setsof rewriting rules:the component®f the system.

Severalmodesof dervationcanbeconsideredbeing thesetof integers):

in exactly steps: ,
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in at most steps: :
in at least steps: ,
arbitrary derivation: ,

terminal or maximal derivation:

if andonly if

Givenamodeof derivation
by anCDGSis:

Thus, velanguagesreassociatedavith

Example 5.4 TheCDGS:

consistingof:

genem@tes:

Example 5.5 TheCDGS:

consistingof:

andtheredoesnot exist ary

suchthat

, thelanguagegenerated
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geneates:

Let denotethe family of languagegeneratedy CDGSS of degree(the numberof
componentsat most  ( ) working in the mode If the numberof componentss not
limited, onewrites insteadof Theunionof all families (respectiely,

, ), , is denotedoy (respectiely, , ). If -rules
areacceptedpnewrites : , etc. Many resultson CDGS'S' generatre capacity
areknown:

, for every
, for every ,
, for every
, for every
All thesix relationsabove arealsotrue for systems.

A parallel communicating grammar system(PCGS)is a construct:

where:

arepairwisedisjoint alphabets,

arequeryletters(the subindex associateghe letterto the corre-
spondingcomponent),

are nite setsof productionsover ,

Given , every -uple , , is acon guration of the
system.

Giventwo con gurations , : : , onede nes
the immediate derivation if andonly if eitherof the
following situationsoccur:
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(i) either( ) and(( or and ), ,
(i) or thereexists suchthat ; In sucha case for every onewrites
! ! 1 ’ , |f f
, then [and , ]; if, for some ,
: , then ; for every , for which is notspeci ed

above,onehas

(i) is arewriting step,(ii) is acommunicatiorstep:thelatterhasa priority overtheformer(i.e.
if botharepossibleat a certainstageof the dervationprocesscommunicatiormustbe applied
before).

Theblocking of anPCGSmayhappenn eitherof thefollowing cases:

whenonecomponent in is not terminalbut cannotbe rewritten according
to ,or
whenacircularqueryoccurs:  introduces , introduces introduces

,and introduces (communicatiorhaspriority butit cannottake place,because
stringsto be communicateanustcontainno querylettersatall).

Thelanguagegeneratedy anPCGSis:

Thus,the languageof the systemis the languageof the master componentwhich is the rst
componenbf the system:

An PCGSis saidto becentralizedif andonly if : (i.e.only
themasteris allowedto introducequeryletters).Otherwisejt is saidto be noncentralized

An PCGSis calledreturning if andonly if, after communicationeachcomponenthat has
communicatedjoesbackto its axiom andstartsagain. Otherwise,it is callednonreturning.
An PCGS will producetwo languages, and accordingto thereturningor non-
returningmodeof working, respectiely.

By default, oneunderstandshatan PCGSworksin a noncentralizedreturningmode. Some
corventionalnotationsinclude:

: family of languagegeneratedby noncentralizedieturningPCG S5 with at most
componentsf type

centralizedmode,
nonreturningnode,

nonreturningmnode,
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(analogouslyfor , , ).

Example 5.6 ThePCGS:

consistingof:

geneates:

Example5.7 ThePCGS:

consistingof:

genem@tes:

Let . Thefollowing resultsaboutPCGSS' generatre power
areknown:

, for every , for every , Where indicatesthat productionsof
arbitrarytypeareutilized.

, , and , for
every

, , for every
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containsonly semilineadanguages.
containsnonsemilineatanguages.

: , thenthereexistsa constant suchthatfor every i
then : : , , andfor every

(i.e. acentralized+ nonreturningworking modeis wealer
thananoncentralized returningone).

: , for every (i.e. by usingcentralized
CSPCGSS, onedoesnotgo beyondthefamily CS).

(noncentralizedeturning
PCGSSs with threeCS componentsufce to generatevery RE).

(noncentralizechonreturning
PCGSS with justtwo CScomponentareenoughto generatevery RE).

Given , ,
, for every

5.3 Grammar Ecosystems

The postulatedehindthe notionof agrammarecosystenarethefollowing:

a) An ecosystenconsistof anervironmentandsomeagents Thestateof theernvironment
aswell asthe statesof the agentsare all describedoy meansof stringsof lettersfrom
certainalphabets.

b) Thereexistsoneuniversalclockfor theevolution of boththeernvironmentandtheagents.

c) Both the ervironmentandthe agentshave speci ¢ evolution rules, which are Linden-
mayerrules(i.e. they areappliedin parallelto all the lettersdescribingthe statesof the
environmentandof theagents).

d) Therulesfor theevolution of theervironmentareindependentrom theagentsandfrom
the stateof theenvironment. Therulesfor the evolution of theagentslependnthestate
of theenvironmentin suchawaythat,ateachstepof thederivation,aspeci c appropriate
subseDf rulesis selectedrom the setof rulesof eachagent.
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e) The agentsacton the ervironmentthroughactionrules,which aresequentiali.e. non-
parallel) rewriting rules. The selectionof the speci ¢ actionrule to be appliedat each
stepdepend®n the currentstateof theagent.

f) Agents' actionon the ernvironmenthasa priority over the ervironments evolution. At
eachstep,therulesfor theevolution of theenvironmentrewrite in aparallelway only the
ervironmentlettersthatarenot affectedby agents actions.

A grammar ecosystenis a construct:

consistingof:
, With:
(1) a nite alphabet,
(i) a nite setof OL rulesover  (evolutionrulesof ).
: , With:

(i) a nite alphabet,

(i) a nite setof OL rulesover (evolutionrulesof theagent),
(i) a nite setof rules , With , (actionrulesof theagent ),
(iv) (it selectgherulesfor the currentevolution of theagent ),

(v) : (it selectgherulesfor the currentactionof  on

theervironment).

A grammarecosystenworks by modifying the stringsrepresentinghe agentsaswell asthe
ervironment.

A state of agrammarecosystenis:

where:

Given , Isanactive agentin if andonly if . An
action of in is an applicationof on A simultaneousaction of the
agents , ontheernvironmentis a 1-stepparallel
derivation suchthat:
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(i) :
(i) , and
(iii) : : :

A state changeof a grammarecosystenis an OL evolution of the statesof all the agentdi.e.

, accordingto the productionsn , ) togethemwith anOL evolution
of the ervironmentin all its points(i.e. , accordingto the productionsin ),
exceptthoseonesthatarecurrentlyaffectedby theagents'actions(accordingo theproductions
in ).

Giventwo statesn : , onesaysthat
changeso (or directlydervesfrom ) if andonly if:
0] and and
isasimultaneousactionof all theagents ,
, thatareactivein and isanevolutionfrom

(i) isanevolutionof  from

Thesequencesf statescharacterizéhe evolutionarybehaiourof . Let beaninitial state.
Onemayde ne:

Thesetof sequencesf statesof

The setof sequencesf statesf

and
Thesetof sequencesf stateof  ( ):
and
Thelanguageof theernvironment:
and

Thelanguageof theagent ( ):

and
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Example 5.8 Thegrammarecosystem:

with:
, Wheee:
, whee:
, for every :
, for every
produces:
If  aboveisreplacedby , theagentbecomesnactiveafter the r st stepand

therefore doesnotact ontheenvironmentanymoe:

Example 5.9 Thegrammarecosystem:

with:

, whee:
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, whee:

produces:

5.4 Why Nonstandard Generative Mechanisms
5.4.1 Adjoining
Let , denotethe family of languagegeneratedy contextual

grammarswith selectionof type . Somemajorresultsconcerninghe generatre capacityof
conttual grammarsarethefollowing:

and areincomparablevith all families

but (Incomparabilitymeaninghattherespectre differencegrenonempty
leadsto eccentricity which seemso be a linguistically valuablepoint to take into ac-
count.)

is an abstractanti-family of languagesi.e. a setclosedto noneof the six
AFL operations:union, concatenationKleenestar morphismsjnversemorphismsand
intersectiorwith regularlanguages.

Thelatterresultmakesnaturalthequestiorof nding thesmallestAFL containing
Theresultis surprising.

Theorem5.10 For every , ;
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So, iteratedadjoining of contets (i.e. paste),asselectedby nite setsof strings,plus a left
guotient(i.e. cut) by a regular languageare ableto simulateary Turing machine. Whatis
neededs both: contet-sensinganderasingabilities.

The samecould be got by usinga one-sidednternal contextual grammay all whosecontexts
are of the form . The family of languagegeneratedy one-sidedinternal contetual
grammarss denotedoy (with selectionof typeF).

Theorem5.11 For every , ,

5.4.2 Inserting

An insertion grammar is a construct:

where:

is analphabet,
is a nite setof axioms,

isa nite setof triples , (insertionrules).

Theimmediatederivationworksasfollows:

if andonly if

For aninsertiongrammar , onede nesits weight

Thefamily of languagegeneratedy insertiongrammar®f weightatmost ,iIsdenoted
by . Theunionof all thosefamiliesis . Thefollowing resultsareknown:
isincomparablevith all families : , and
, but is incomparablevith all families , , and

is incomparablevith all families , , and
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All families , , areanti-AFL's.

Theorem5.12 For every , , )

Whatonedoesin this caseis rst to make useof insertionoperationsandthento cuta pre x
of the stringby meansof a quotientwith respecto aregularlanguagelf the cuttingoperation
Is introducednto thegrammay the so-callednsertion-deletiogrammarsareobtained.

An insertion-deletiongrammar is a construct:

where:

is analphabet,
is asetof axioms,
is asetof insertionrules(a nite subsebf ),

is asetof deletionrules(a nite subsebf ).

Theimmediatederivationworksasfollows:

for every if andonly if

(i) either ,

(ii) or

Thefamily of languagegeneratedby insertion-deletiogrammarss denotedoy

Theorem5.13 For every , , for some

If thelengthof thestringsthatareinserted/deletet takeninto considerationpnecanbemore
precise: (i.e. stringsof lengthat mostoneareinsertedin contexts of weight
at mosttwo, andstringsof lengthat mostonearedeletedrom contexts of weightat mostone).
Aswell, belonggto both and



CarlosMart'n-Vide

5.4.3 Splicing

A splicing rule over an alphabet is a string :

Theimmediatederivationrelationrunsasfollows:

for every if andonly if

(i) :
(ii) ,
(iii) ,
with
An  schemeds apair ,

Given andalanguage , onede nes:

This allows the introductionof a new generatre mechanism. An extended
construct:

where:

is analphabet,
is a setof terminalletters,

is asetof axioms,

systemis a
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( is theunderlyingH schemeof .)

Thelanguagegeneratedby is:

Giventwo families of languages : denoteghe family of languages
, With : . A surprisingresultis obtainedagain.

Theorem5.14 for every

Thus,by usingnonstandardesourceshe greatesgeneratre power is achiezed, while keeping
thecompleity of themechanisnataverylow level.
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7 Further Readingand Relevant Resources

Generallyspeakingfor alinguistwishingto beintroducednto the eld of mathematicameth-
odsin linguistics, which is a scopenotably larger thanthe onetakenin the presentchaptey
Partee ter MeulenandWall (1990)is stronglyrecommendedt is a bookthoughtfor initiating
mathematicallynontrainedstudents.Brainerd(1971), Wall (1972)and Partee(1978) may be
still valid referencestoo. Onechapterin Cole, Varile andZampolli (1997) explainsthe main
trendsfor connectinglifferentmathematicamodelswith computationatlevelopments.

The most comprehensie and updatedhandbookof classicalaswell as nonclassicaformal
languagess Rozenbey andSalomag1997).

Very cited treatisesin classicalformal languagetheory (with differentlevels of dif culty)
include Aho and Ullman (1971-1973),Davis, Sigal and Weyuker (1994), Harrison (1978),
HopcroftandUliman (1979),Révesz(1991), Salomag1988),and Wood (1987). Othergood
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books(not all of themhaving a completelygeneralscope)areBrookshea1989),Dassev and
Paun (1989), Drobot (1989), Floyd and Beigel (1994), Gurari (1989), Howie (1991), Kelley
(1995), Lewis and Papadimitriou(1981),Linz (1990), McNaughton(1982),Moll, Arbib and
Kfoury (1988),andSudkamp(1988).

Someof the developmentsin nonstandardormal languagetheory can be found in Csuhaj-
Varju, Dassaev, KelemernandPaun(1994),Paun(1995),Paun(1997),andPaun,Rozenbeay and
Salomag1998).

The presentstate-of-the-arbf the eld is well picturedin Mart'n-Vide and Mitrana (2001a),
andMart'n-Vide andMitrana (2001b).

The following referencesnay be of help to the readerinterestedn knowing more aboutlin-
guistic applicationsof formal languagetheory: Kolb and Monnich (1999), Levelt (1974),
ManasteiRamer(1987),Mart' n-Vide (1994),Mart' n-Vide (1998),Mart n-Vide (1999),Mart n-
Vide and Paun (2000), Paun (1994), Savitch, Bach,Marshand Safran-Naeh (1987), Savitch
andZadrozry (1994), Sells, Shieberand Wasav (1991),and Zadrozty, ManasterRamerand
Moshier(1993).
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