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Abstract
The basicsof classicalformal languagetheoryare introduced,aswell asa wide coverageis
givenof somenew nonstandarddevicesmotivatedin molecularbiology, which arechallenging
traditionalconceptions,aremakingthetheoryrevivedandcouldhavesomelinguisticrelevance.
Only de�nitions and a few resultsare presented,without including any proof. The chapter
canbe pro�tably readwithout any specialprevious mathematicalbackground.A long list of
referencescompletesthechapter, which intendsto give a �a vour of the �eld andto encourage
youngresearchersto godeeperinto it.

1 Languages

1.1 BasicNotions

An alphabetor vocabulary
�

is a�nite setof letters.By concatenatingthelettersfrom
�

again
andagain,oneobtains

���

, anin�nite setof strings or words. Theempty string is denotedby
�

andcontainsno letter: it is the unit elementof
���

underthe concatenationoperation.The
concatenationof stringsis anassociativeandnoncommutativeoperation,whichcloses

���

, i.e.:

for every ��� �
	

�����

�
�
	

��� �

Thelength of a string,denotedby � ��� , is thenumberof lettersthestringconsistsof. It is clear
that:

�

�

�

����� ,
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��� �������	� �
� ��� ��� 


� is asubstring or subword of � if andonly if thereexist ��� � ��� suchthat �
�

���

�

���


 Special
casesof asubstringinclude:

� if �	� ��� and �	� ��� , then � is aproper substring of � ,

� if �
�

��� , then � is apre�x or a head,

� if ���

��� , then � is asuf�x or a tail .

Thei-timesiterated concatenationof � is practicallyshowedin thefollowing:

Example1.1 If �������

� then ������� ��� � ������� ��� ��� 
 ( �� �����
 )

If ���!�

�

�

�


 
 
 ��" , thenits mirr or image �$#

�

����"���"

#

�


 
 
 �

�


 It is clearthat:

� �$#

�

� #

�

��� , � �$#

�

� %���� ��% � #

� (for every &('�) ).

Any subset*!+�,.- (includingboth / and 0

��1 ) is a language. Onedenotes,32

�

,3-5460

��1�


Regardingcardinality (generally, thenumberof elementsa setcontains):

�

,.- is denumerablyin�nite, i.e. �

,3-

����7

 

(thesmallesttrans�nite number),

�98:�

,3-

� is nondenumerablyin�nite, i.e. � 8:�

,3-

� ����;�< = (alsocalled 7

� ).

We do not go heredeeperinto the detailsof in�nite sets,which would requirean extensive
presentation.

Examplesof languagesinclude:

Example1.2 *

�

0

�

�

�

�

��1 , *

�

0

��%

�

� %(>

&5'�)

1 , *

�

0

�$�$#

�

>��@?

,3-

1 , *

�

0

�

" A

>�B

'@C

1 ,
*

�

0

��>���?

0

�

�

� 1

2 and � �D� E��	� �
� F 1 ( � �
� G denotesthenumberof occurrencesof x in w).

1.2 Chomsky Grammars. The Chomsky Hierar chy

A (formal)grammar is aconstructH

�@� I

� J�� KL� M

� , whereI

� J arealphabets,with I@N

J

�

/ , K

?@I and M is a �nite setof pairs � �

�

�O� suchthat �

�

�6?	� IQP

J

�

- and � containsat
leastoneletter from IR
 ( � �

�

��� usesto be written �TSU�O
 ) I is the nonterminal alphabet,
J the terminal alphabet, K the initial letter or axiom, and M the setof rewriting rules or
productions.

Given H

�V� I

� J�� KL� M

� and �

�

�R?!� IWP

J

�

- , an immediate or dir ect derivation (in 1 step)
�!��X6YZ� holdsif andonly if:



FormalLanguagesfor Linguists:ClassicalandNonclassicalModels

(i) thereexist ��� � �����	� 
���
�� � suchthat ���

��� ����� and ���

��� ����� , and

(ii) thereexists ��������� ��!

Given "#�

� 
$� 
%� &�� �'� and �

�

�

�(� 
)� 
�� � , a derivation �*��+

�,

� holdsif andonly if
either �-�-� or thereexists .

�	� 
���
�� � suchthat ����+

�,

. and ./��+

,

�

!

��+

�
, denotesthe re�exive transitive closureand ��+10

, the transitive closure,respectively, of
��+

,

!

Thelanguagegeneratedby agrammaris de�ned by:

2

�

"

�

�43 ��5

&

��+

�

,

� and�

�6


� 7

!

Example1.3 Let "8�

� 
$� 
%� &�� �'� bea grammarsuch that:




�43

&�� 9�� :

7 ,




�43 ;

� <

7 ,

�

�=3

&>���

;

:�� &#���?< 9'� 9@���

;

� 9@���

;

&�� 9=���?< 9A9�� :B���?< � :B���

< &�� :(���

;

:':

7

!

ThelanguagegeneratedbyG is thefollowing:

2

�

"

�

�43 ��5C�

�

3 ;

� <

7

0 andD ��D E��FD �/D G

7

!

Example1.4 Let "8�

� 
$� 
%� &�� �'� bea grammarsuch that:




�43

&�� 9�� :

7 ,




�43 ;

� < � H

7 ,

�

�I3

&J���

;

< H � &J���

;

9%< H � 9%<����K< 9'� 9%H4���K:/< H H � < :L���K:/< �

;

:L���

;C;

9��

;

:(���

;C;

7

!

ThelanguagegeneratedbyG is thefollowing:

2

�

"

�

��3 ;CM

<

M

H

M/5CN O4P

7

!

Grammarscanbe classi�ed accordingto several criteria. The mostspreadoneis the form of
theirproductions.Accordingto it, agrammaris saidto beof type:
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� 0 (phrase-structure grammar, RE) if andonly if therearenorestrictionsontheform of
theproductions:everythingat boththeleft-handsideandtheright-handsideof therules
is allowed.

� 1 (context-sensitive grammar, CS) if andonly if everyproductionis of theform:

��� �����	��
���� 
���� �

with ��� � ��� � 
���� ������� � , ����� and 
��

��� (exceptpossiblyfor therule �

��


� , in
which case� doesnot occuronany right-handsideof a rule).

� 2 (context-freegrammar, CF) if andonly if everyproductionis of theform:

� ��
�
!�

with � �"� , 
 �#� �$�%�&� � '

� 3 (regular or �nite-state grammar, REG) if andonly if every productionis of any of
theforms:

� ��
�
�()�

� ��
�
!�

with �&� ($�"� , 
 �*�
�

'

A languageis saidto be of type + ( +

��,

� -.� /.� 0 ) if it is generatedby a type + grammar. The
family of type + languagesis denotedby 132

'

Oneof themostimportantandearlyresultsin formal languagetheoryis theso-calledChomsky
hierarchy of languages:1	4�5�1

�

561

�

5�1	7

'

Notethateverygrammargeneratesauniquelanguage.However, onelanguagecanbegenerated
by severaldifferentgrammars.

Two grammarsaresaidto be:

� (weakly) equivalent if they generatethesamestringlanguage,

� strongly equivalent if they generateboth the samestring languageand the sametree
language.

(We shallseelater thata context-freegrammargeneratesnot only a setof strings,but a setof
treestoo: eachoneof thetreesis associatedwith onestringandpicturesthewayhow this latter
is derivedin thegrammar.)
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1.3 Operationson Languages

Usualset-theoreticoperationson languagesinclude:

� Union:
����������	�
 ��
��������

or
������� ���

� Intersection:
����������	�
 ��
��������

and
������� ���

� Difference:
�

���
�

�
	�
 ��
������

�

and
��� ���

�
���

� Complementof
�������

with respectto
��� 
�! �"	����

�
���

Speci�c language-theoreticoperationson languagesinclude:

� Concatenation:
��� ����	�
 � � ��� 
�� �������

and
��� ����� ���

� Iteration :

��#�	�
%$&�

,
�

�

	'�

,
�

�

	'���

,
� � �

����	)(

* +

#

�

*

(closureof theiteration:Kleenestar),

��,�	
(

* +

�

�

*

(positiveclosureof theiteration:Kleeneplus).

Notethat
�

,

equals
�

�

if
$����

, andequals
�

�

�

%$&�

if
$�� �����

� Mirr or image:
��-

�

	�
 ��
.�/-

�

�������

Notethat 0

��-

� 1

-

�

	2�

and 0

��-

� 1

*

	

0

�

*

1

-

�

, for every 3�425

�

� Right quotient of
�

�

over
�

�

:
�

�
� �

�
	�
 ��


thereexists 6

���
�

suchthat
�

6

���
�

���

� Right derivativeof
�

over 6 : 798

:

�"	'����


6

�/	�
 ��
.�

6

�������

� Headof
���'�;�

: <�=;>/?�0

�

1

	�
 ���@��� 


thereexists 6

�@�;�

suchthat
�

6

�������

Notethatfor every
��
����

<�=;> ?�0

�

1

�

� Left quotient of
���

over
���

:
��� A%����	�
 ��


thereexists 6

�����

suchthat 6

������� ���

� Left derivativeof
�

over 6 : 79B

:

�"	�


6

�%A%�C	�
 ��


6

���������

� Tail of
���'���

: D/> E

�

0

�

1

	�
 ���@��� 


thereexists 6

�@���

suchthat 6

���������

Notethatfor every
��
����

D/> E

�

0

�

1

�

� Mor phism: Giventwo alphabets
�

� F
�

�

, a mappingG


9���

�

�IH
�;�

� is a morphismif and
only if:

(i) for every
���@���

� , thereexists 6

�@�;�

� suchthat 6

	

GI0

�

1

and 6 is unique,

(ii) for every
�

F J
�@���

�




GI0

�
J

1

	

GI0

�

1

GI0

J

1

�
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A morphismis called
�

-fr eeif, for every �������

� , if �
	

�

�

then ��
 ����	

�

���

� Mor phic image: ��
 ���

��� �

�����

���

���

��
 ��� � for some����� �

�

� A morphismis calledan isomorphism if, for every ��� !��
���

� , if ��
 ���

�

��
 !"� then
�

�

!

�

Example 1.5 An isomorphismbetween�

�

�#� $

� %&� '(�

� � �

� )*� and �

�

�+� $

� %&� is the
binarycodeddecimalrepresentationof theintegers:

��


$

�

�,$-$&$-$

� ��
 %&�

�,$&$-$

%-�

� � �

� ��
 )-�

�

%

$&$

%

�

Union,concatenationandKleenestararecalledregular operations.

Theorem 1.6 Each of the language families . / , for every 0��

� $

� %&� '(� 1(� , is closedunder
regular operations.

A systematicstudy of the commonpropertiesof languagefamilies hasled to the theory of
abstractfamiliesof languages(AFL's). An abstract family of languagesis a classof those
languagesthat satisfycertainspeci�ed closureaxioms. If one �x esan AFL, onecanprove
generaltheoremsaboutall languagesin thefamily.

A few simpleclosurepropertiesaredepictednext:

REG CF CS RE
union + + + +

intersection + – + +
complement + – + –

concatenation + + + +
Kleenestar + + + +

intersectionwith regularlanguages + + + +
morphisms + + – +

left/right quotient + – – +
left/right quotientwith regularlanguages + + – +

left/right derivative + + + +
mirror image + + + +

Thetablemustbeinterpretedin thefollowing way. Usingthe�rst 2 to theleft asanexample,
it meansthattheunionof two regularlanguagesis alwaysa regularlanguage.And soon.

2 Grammars

2.1 Context-FreeGrammars

Theorem 2.1 For everyCF grammar3 , onecan�nd an equivalentCF grammar3�4 such that
theright-handsidesof its productionsare all different from

�

exceptwhen
�

�5��
 3��

�

In this



FormalLanguagesfor Linguists:ClassicalandNonclassicalModels

latter case,
�������

is theonly rule with theright-handside
�

, but then
�

doesnot occuron
anyright-handsideof therules. (Thisis alsotrue for REGgrammars.)

A grammaris saidto be
�

-fr eeif noneof its ruleshastheright-handside
���

An CFgrammaris saidto bein Chomsky normal form (CNF) if eachof its ruleshaseitherof
thetwo following forms:

�
	

���
�

, 	���� ,
�

��� ,

�
	

���
���

, 	��

�

�

�

���

�

Theorem 2.2 For every
�

-freeCF grammar, onecaneffectively(algorithmically)�nd anequiv-
alentgrammarin CNF.

Theorem 2.3 For everyCF grammarG, it is decidablewhetheror not an arbitrary strings �

belongsto ��� ��� .

Corollary 2.4 Givenan CF grammar � and a �nite language � , both �! "��� ��� and �$#

��� ���&%(' aresolvable.

2.2 Derivation Trees

A very commonandpracticalrepresentationof the derivationprocessin a grammar(particu-
larly, in anCF grammar)is a tree.

A derivation tr eeis de�ned as �

%)� *

� +

� , where * is a setof nodesor verticesand + is a
dominancerelation,which is abinaryrelationin * thatsatis�es:

(i) D is aweakorder:

(i.a) re�exive: for every
�

�

*-,

�

+

�

,

(i.b) antisymmetric:for every
�

� ./�

* , if
�

+0. and . +

�

, then
�

%

. ,

(i.c) transitive: for every
�

� . � 1/�

* , if
�

+0. and . +01 , then
�

+01

�

(ii) root condition: thereexists 2

�

* suchthatfor every ./�

*-,32

+0. ,

(iii) nonbranching condition: for every
�

�

�34

� ./�

* , if
�

+0. and
�54

+0. , then
�

+

�34

or
�54

+

�6�

Specialcasesof thedominancerelationinclude,for every
�

� ./�

* :

�

�

strictly dominates . (
�7�

+0. ) if andonly if
�

+0. and
��8

%

. ; so
�

+ is astrictorderin * :

(i) irre�exive: it is not thecasethat
�9�

+

�

,
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(ii) asymmetric:if ������� , thenit is not thecasethat � ����� ,

(iii) transitive: if ������� and � ����� , then ������� �

	
� immediately dominates � ( ������� ) if andonly if ������� andtheredoesnot exist any �

suchthat ������� and � ����� �

Thedegreeof anode
�� ���

� ����� � ��������� ��������� � Consequencesof thisde�nition are:

	
� is a terminal nodeor a leaf if andonly if 
�� ���

� ���! ,

	
� is aunary nodeif andonly if 
�� ���

� ���#" ,

	
� is abranching nodeif andonly if 
�� ���

� �%$!" ,

	'& is ann-ary derivation tr eeif andonly if all its nonterminalnodesareof degree(

�

Two nodes��) � areindependentof eachother: ����*+��� if andonly if neither����� nor � �����

Somefamily relationsamongnodesinclude:

	
� is amother nodeof � : ��,!� if andonly if ������� ,

	
� is asisternodeof � : ����� if andonly if thereexists 
 suchthat 


,!� and 


,!� �

Themotherrelationhasthefollowing features:

(i) theredoesnotexist any ����� suchthat ��,!- ,

(ii) if �/. �!- , thenit hasjustonemothernode.

Given &0�

�

��) �1� , for every ���2� , a derivation subtreeor a constituent is &�34�

�

�53 ) �63 � ,
where�

3
�7� �4���8��� ��� � and 9

�
3 : if andonly if 9

���
3 and :

���
3 and 9

�
:

�

Given &!�

�

��) �1� , for every ��) �4��� : � c-commands� (aCCb)if andonly if:

(i) ����*+��� ,

(ii) thereexistsabranchingnodethatstrictly dominates� ,

(iii) everybranchingnodethatstrictly dominates� dominates� �

� asymmetrically c-commands� if andonly if ��;/;<� andit is not thecasethat � ;/;<�5�

Giventwo derivationtrees&!�

�

��) �1� , &>=��

�

�4= ) ��= � and ?

���#@A�4=5�

	

? preserves � if andonly if for every ��) �4���8�������B@

?��

��� ��=

?��

� � �
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��� is anisomorphism of � in ����� �	�	�
� � if andonly if � is abijectionandpreserves ��


(Notethatamapping�����	��� is abijectionif andonly if:

(i) � is one-to-oneor injective: for every ��� ������� if � �

!

� then �"� �����

!

�#� �$� or,
equivalently, if �"� ���

!

�#� �$� then �

!

� ,

(ii) � is ontoor exhaustive: for every %&��� � thereexists ����� suchthat �"� ���

!

%'
 )

Any two isomorphicderivationtreesshareall theirproperties:

�)('*

�,+ if andonly if �

�

(

�

*

�&�

�

� + � ,

�)(�-

�,+ if andonly if �

�

(

�

-

�&�

�

� + � ,

�).�/ 0

�

(

�

!

.'/ 0

�

�

�

(

� � ,

�)(�1�1

+ if andonly if �

�

(

�

1�1��

� + � ,

�)( is therootof � if andonly if �

�

(

� is therootof ��� ,

�).�/ 2'3 �

�

(

�

!

.'/ 2$3 �

�

�

�

(

� � ,

( .�/ 2'3 �

�

(

�

!54 6

+��875��+ �

(�9

4 :�;


 )

���$/ < 0$�'3

� �=�

!

�$/ < 0��'3

� ��� � 


( �$/ < 0$�'3

� �=�

!	>

(

�

6

.'/ 2$3 �

�

(

�?�

(

�87

9


 ]

Onceonehasan �

!

� 7#� �@� , onemayenrichits de�nition to get a labelled derivation tr ee
�

!

� 7#� ��� A?� , where � 7#� �@� is a derivationtreeand A is a mappingfrom 7 to a speci�edset
of labels.

Given �

!

� 7#� ��� A?� and �
�

!

� 7B� � �&� � A#� � , onesays�	�	�
� if andonly if:

(i) �

�'7C�D7=� is abijection,

(ii) � preserves � ,

(iii) for every (

� +=�87���A��

(

�

!

A�� + � if andonly if AE� �

�

�

(

� �

!

A#� �

�

� + � � 


A terminally ordered derivation tr eeis �

!

� 7#� ��� F=� , where � 7#� �@� is a derivationtreeand
F is astrict total (or linear)orderon theterminalnodesof 7 , i.e. a relationthatis:

(i) irre�exive: for every ( terminal: it is not thecasethat (

F

( ,

(ii) asymmetric:if (

F�+ , thenit is not thecasethat +�F

( ,

(iii) transitive: if (

F�+ and +=F�G , then (

F�G ,

(iv) connected:either (

F�+ or +�F

(
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Given
����� ��� �	� 
��

, for every 


� � � ��� �������





����

( 
 precedes
�

) if andonly if:

if 


���

,
�

is terminal,
� ���

and
�

is terminal,then
��
����

Thefollowing exclusivity condition completelyordersa tree.Given
����� ��� �	� 
��

, for every



� �����

, if 
  "!

���

, theneither 



��#�

or
��
��




� �

Consequently, every two nodesof the tree
mustholdone,andonly one,of thedominanceandprecedencerelations.

2.3 Mor eabout Context-FreeLanguages

An CF grammaris calledredundant if it containsuselessnonterminalletters.A nonterminal
letteris uselessif:

(i) eitherno terminalstringis derivablefrom it: inactiveor deadletter,

(ii) or it doesnotoccurin any stringderivablefrom $ : unreachableletter.

Theorem 2.5 For anyCF grammar%

���

!

� ���

$

� &'�

:

(*)

�

! is inactiveif andonly if thelanguagegeneratedby %,+

�-�

!

� ���

)

� &,�

is empty.

(*) is unreachableif andonly if thelanguagegeneratedby %'.

+

��� �

!�/10

),2

��34���

0

),2

�

$

�

&�563

0 798;:

�

7

�*�

!</=0

),2

�>3��

2

�

(
&�5

beingthesetof rulesremainingafterhaving
removedfrom

&

theproductionsthathave) on their left-handsides)is 0�:

2

�

An CF grammaris nonredundant or reducedif eachof its nonterminallettersis bothactive
andreachable.

Theorem 2.6 For everyCF grammar, onecaneffectively(algorithmically) �nd an equivalent
nonredundantgrammar.

GivenanCF grammar%

� ?@��A4�

%

�

is anambiguousstring if andonly if
?

hasat leasttwo
derivationtreesin %

�

% is saidto beanambiguousgrammarif andonly if thereexistssome
string in

A4�

%

�

that is ambiguous.
A

is an inherently ambiguouscontext-freelanguageif and
only if everyCFgrammargenerating

A

is ambiguous.

An exampleof ambiguityis thefollowing:

Example2.7 Given %

���

0�$

2

�

0 B

� C,� D

2

�

$

�

0�$�8;$

C

$

�

$E8;$

D

$

�

$E8FB

2

� � ?��

B

D

B

C

B

hastwodifferentderivationtreesin % :
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S S
�

�

�

�

�

�

�

�

S � S

�

�

�

�

�

�

�

�

S
�

S
�

�

�

�

S
�

S

�

� �

�

S � Sa a

a a a a

An exampleof inherentambiguityis thefollowing:

Example2.8 Let �
	�� 
���� ��� ������� ����� �"!#� 
 ��� ��� �����$� �%�&����' EveryCF grammar
generatingit will producetwodifferentderivationtreesfor thestringsof theform 
(��� � � � (which
belongto bothcomponentsof thelanguage).

TheBar-Hillel pumping lemma for CF languagesallows oneto prove thata languageis not
CF just looking at thestructureof thestrings:

for every �#)�*,+ thereexist -.� /,)�0 suchthatfor every 12)3��� if 4 154(67-.� then 1,	

859(:�;=<

� where8

�

9

�

:

�

;

�

<

)$>@? � 4

9(:�;

4�AB/(�

9 ;7C

	�D.� and 859�E :�;5E <

)�� , for every FG�IH('

Sincenotall languagessatisfythepumpinglemmaabove,thefollowing corollaryis obvious.

Corollary 2.9 There arenoncontext-freelanguages.

Examplesof this include:

� 
 ��� ��� �2�(������� ,

� 
 � J������%��� ,

� 
 ��� ��� � K��B����� ��������'

2.4 Linear and Regular Languages

An CF grammaris calledlinear (LIN) if eachproductionhaseitherof theforms:

L�M�N.OP: , M

)�0 , :

)$>Q? ,

L�M�N.OP:@R S2:�T , M

�

S

)�0 , :@R

�

:�T

)$>
?

'

Further, it is calledleft-linear (LLIN) (respectively, right-linear (RLIN)) if :
R (respectively,

:
T ) is D in every ruleof thesecondform.

Thus,theclassof right-lineargrammarsexactlycoincideswith REG.Also:



CarlosMart́�n-Vide

Theorem 2.10 EveryLLIN grammargeneratesanREGlanguage.

And now, onecanposethe following question:do all linear grammarsgeneratelanguagesin
���

? Theansweris: no!, andacounterexampleis next.

Example2.11 Considerthelanguages:

������� �
	�� 	

 ���
������� �����
�

,
������� ��� � 	

 	��
������� �����
�
�

Botharegeneratedby linear grammars. For instance, the�r stoneby:

 
��! ��"#� $%�
� � �&� � � 
 �
� "#� '��
� '�����")(+*,"-
 � ".(/*0$1
 � $�(/*2��� � $�(+*0��$1� �
�

However, couldonebuild a regular grammargeneratinganyof them?Since:

���#34������� �

	

�

	




	

�
�������65

7�8:9

andit is knownthatCF
3

REG= CF, onegetsthatneither
���

nor
���

canbeREG.

Theorem 2.12 Everylanguagein
�

�

canbegeneratedbya grammarhavingthefollowingtwo
typesof productions:;

(+*0�
<��

;

(/*2�

, with ;

� <

7�=

� �

74>

�

An CF grammar
 

�?!

=

�

>

� "#� '%@

is saidto beself-embeddingif thereexistsan
$

7.= such
that

$��+ACB

;

$�<

, for some;

� <

7

!

=ED�>

@ F-�

Theorem 2.13 If anCF grammaris reducedandnotself-embedding, then
�1!

 
@

7

�
� �

Thus,self-embeddingis thevery characteristicfeatureof 8%9 languageswhich separatesthem
from smallerlanguageclasses.Sincethat feature(it is the casewith relative sentences,for
instance)doesappearin naturallanguages(beingthesourcefor its recursivenessleadingto the
in�nite setof sentenceswhichanaturallanguageis), it is obviousthatanaturallanguagecannot
besmallerthanan 8%9 language.Thisdiscussionwill continuelater.

An CF grammaris saidto bein Greibachnormal form (GNF) if eachrule is of theform:

$�(/*2�

;

� $

7�=

� �

74>

�

;

7G=

B

�

Theorem 2.14 For every H -freeCF grammar, onecan�nd anequivalentgrammarin GNF.
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Givena �nite alphabet
�

, a regular expressionis inductively de�ned asfollows:

(i) � is a regularexpression,

(ii) for every ���

�

, � is a regularexpression,

(iii) if � is a regularexpression,thensois ��� ,

(iv) if �
	 � areregularexpressions,thensoare ��� and ���
�
�

Every regularexpressiondenotesanREGlanguage.For example:

� denotes����� ,

� denotes� ��� ,

���
� denotes� ��	 � � ,

��� denotes� ��� � ,

��� denotes� ��� � ,
�

���
� � � denotes� ��	 � � � ,
�

���
� � ��� denotes� ��	 � � �������������
� ������� ����� 	 � ��� ���

Thefollowing questionnow arises:is every REGlanguagedescribableby meansof a regular
expression?Theansweris simply yes!

Theorem 2.15 Everyregular expressiondenotesa language in � � and,conversely, every lan-
guage in �

� is denotedbya regular expression.

A shortlist of valid equationsfor all regularexpressions!�	 �
	 � includes:

!"�

�

�"�
�#�$�

�

!"�
�
���
� ,

!

�

�#���$�

�

!��
� � ,

!"�%�����"�%! ,

!

�

���
�#����!#�"�
!#� ,
�

!"�
�
� �&��!#�'�
�#� ,

!����&�#�
!#!�� ,

��!���!
�(��! ,

!����

�

�#�
!
� � �
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Theconceptof a regularexpressionsuggeststheoperationon languagescalledsubstitution.

Givena �nite alphabet
�

, let
���

denoteanalphabetand ��� ���
	

���

�

a languagefor each��


���

For eachstring ������� ���

� � �

����


���

, onede�nesthesubstitution:

��� ��������� �
�

� ��� �
�

�

� � �

��� �
�

�

astheconcatenationof thelanguagescorrespondingto thelettersof �

�

This is extendedto any
�

	

���

by:

���

�

�����  �!� �
"��� ��� # for some��


�
$��

The family %
& is closedundersubstitution,i.e. the setof regular expressionsis closedunder
substitutionof a regularexpressionfor eachof its letters. Substitutioncanberegardedasthe
generalizationof thenotionof morphism.

As for CF languages,for bothfamiliesLIN andREGtherearenecessaryconditionsin theform
of pumpinglemmata.

Pumping lemma for linear languages:

for every
�




��'�(

, thereexist )*# +�


(

suchthatfor every ,�


�

# if - ,.-�/0) then ,1�

2

 3�
4.5�# where2

#  �# ��# 4*# 51
76

�

#�-

2

 �4.5*-�8�+�#  �409 ��:.# and 2

 �; �<4�; 5=


�

, for every >�?�@

�

Pumping lemma for regular languages:

for every
�


BA�C�D , thereexist )*# +�


(

suchthatfor every
,�


�

# if - ,.-3/") then ,��

2

 3��# where2

#  �# ��
76

�

#�-

2

 .-�8�+�#  79 ��:*# and 2

 �; ��


�

, for
every >�?�@

�

2.5 Semilinear, Context-Sensitiveand
Mildly Context-SensitiveLanguages

Whetheror notnaturallanguagesarecontext-freesetsof sentenceswasamuchdiscussedissue
in theeighties.To enterthediscussion's core,cfr. thefollowing papers:Gazdar(1981),Bres-
nan,Kaplan,PetersandZaenen(1982),PullumandGazdar(1982),Culy (1985),andShieber
(1985)(all of themwerecollectedin Savitch, Bach,MarshandSafran-Naveh1987).

Today, thereis a relative agreementthatnaturallanguagesarenot context-free. However, how
largethey arecontinuesto beanotsosimplematter. Therearetwomainnoncompatibleoptions.
A naturallanguage:

(i) eitherformsaclassof sentencesthatincludesthecontext-freefamily but is largerthanit
(sostill comfortablyplacedwithin theChomsky hierarchy),
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(ii) or occupiesa positioneccentricwith respectto thathierarchy, in sucha way that it does
not containany wholefamily in thehierarchybut is spreadalongall of them.

Following the �rst alternative gave origin to a new family of languages,which is of a clear
linguistic interest.

A family of mildly context-sensitive languages(MCS) is a family
�

suchthat:

(i) eachlanguagein
�

is semilinear,

(ii) for eachlanguagein
�

, themembershipproblem(whetheror not a stringbelongsto the
language)is solvablein deterministicpolynomialtime,

(iii)
�

containsthefollowing threenonCFlanguages:

������� �	��
 ��� ��
	������� : multipleagreements,
������� �	��
 ��� �	����
	��� ������� : crosseddependencies,
������� � ��
��"!#� ��� 
 � $ � : duplications.

MCS is a linguistically-motivatedfamily, asboth it containstheabove threelanguages,which
aremoreor lessagreedto representstructuresthatexist in naturallanguages,andenjoys good
complexity conditions(i.e. fast processing),as statedby the deterministicpolynomial time
requirement.

In orderto seewhata semilinearlanguageis, let usassume%

��� �'& � ��( � ) ) ) � �	*��	) Being + the
setof integers,theParikh mapping of astringis:

,




%

$.-0/

+

*

,21

� 34�

1 5

�

5 6 7

�

5

�

5 6 8

� ) ) ) �

5

�

5 6 9

3 � �"!

%

$

)

Givena language,its Parikh setis:

,21

��34���

,21

� 3�
	�"!��.�	)

A linear setis aset :<;�+

*

suchthat:

:

��� =�>�?

�

@ A

B

&

=

A C'A




C'A

!

+

� for some=�> � =�& � ) ) ) � =

�

!

+

*

�	)

A semilinearsetis a �nite unionof linearsets.A semilinear languageis an � suchthat
,21

��3

is asemilinearset.

A phrase-structuregrammaris calledlength-increasingif, for everyproduction�

-0/

=�!ED ,
onehas

5

�

5	FG5

=

5

) This is clearfor everyCSgrammar. Moreover:
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Theorem 2.16 Everylength-increasinggrammargeneratesan CSlanguage.

Thelength-increasingpropertyis, therefore,equivalentto context-sensitivity with thesoleex-
ceptionof therule

�������

, which is neededonly to derive
���

A length-increasinggrammaris saidto be in Kuroda normal form (KNF) if eachof its pro-
ductionsis of any of thefollowing forms:

	�


�����

,

	�


����


,

	�


����
��

,

	�



��������

,

for 
��




�

�

�

�

nonterminalsand
�

terminal.

Theorem 2.17 For every length-increasinggrammar, onecan �nd an equivalentgrammarin
KNF.

Corollary 2.18 Every
�

-freeCSlanguagecanbegeneratedbya grammarin KNF.

A
�

-freeCSgrammaris saidto be in Penttonenor one-sidednormal form (PNF) if eachof
its productionsis of any of thefollowing forms:

	�


�����

,

	�


����


,

	�


����
��

,

	�



����




�

,

	�



�����





�

An exampleof anCSgrammargeneratinganonCFlanguageis thefollowing:

Example2.19 LetG = (N, T, S,P) bea grammarsuch that:

�����
�

� 
�� � 
�� �




� �




� �

�

� �

�

� � ,
�����

�

�  � ! � ,
"����

�#���


��




�

�

� � $%
��

�����


��




� �




�




�

����


�




� �




�

�

�

����


�

�

� ! �

$ 
&�

���'�


(�




� �




�




�

���'


�




� �




�

�

�

���'


�

�

� ! � 
(�

���'�

�




�

���

 �

�

�

���

! � 
&�

�����

�




�

���

 �

�

�

���

! �

�
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Thegeneratedlanguageis:

��� �����	� 
���
 ��� �������	�����

�������

Asis easilyseen,everyapplicationof therulesmarkedwith � sendsa signalthroughthe  's to
��! or ��" on their right, which maybekilled on its wayor reach the � 's,where it depositsa

�

�

3 Automata

3.1 Finite Automata

Grammarsaregeneratingdeviceswhich maysimulatetheproductive(i.e. speaking)behaviour
of speakers/hearers.Automataarerecognizingdeviceswhich maysimulatethereceptive (i.e.
hearing)behaviour of them.Eachclassof mechanismsservesto modeloneof thetwo aspects
of humanlinguistic capacity. As well, therearesurprising,strongformal connectionsbetween
grammartheoryandautomatatheory. Let ussee.

A �nite automaton(FA) is aconstruct:

#

�$� %�& '�& ()& * + &

�

� &

with:

,

%

a �nite nonemptysetof states,

,

'

a �nite alphabetof input letters,

,

(

a transitionfunction:
%.-�')/0%�&

,

* +

�

%

theinitial state,

,

�$1

%

thesetof �nal (accepting)states.

#

acceptsor recognizesastringif it readsuntil thelastletterof it andentersa �nal state.

Example3.1
#

�	� %�& '�& ()& *
+

&

�

�2�

%	�	� * + & *

!

& *

"

& * 3 �

,
')�	� 
4& 
 �

,

�

�	� * + �

,
($� *

+
& 
5�2�)*

" ,
($� *

+
& 
 �2�)*

! ,



CarlosMart́�n-Vide

��� � � � ���
	�� �

,
��� � � � 
 �
	�� �

,
��� � � � ���
	�� �

,
��� � � � 
 �
	�� �

,
��� � � � ���
	�� �

,
��� � � � 
 �
	�� � �

Thetransition table andthetransition graph for A are, respectively:

M a b
� ��� ��� �

� ��� ��� �

� ��� ��� �

� ��� ��� �

���

���

�
�

�
�

�
�

�
�

���

���

�
�

�
� �

�

�

���

�

�

�

�  

!

!

!

!�"

!

!

!

! #

�

�

�

���

�

�

�  

!

!

!

! #

!

!

!

!�"

a b
a b

b a
b a

�
�

�
�

�
�

�
�

Onecancheck that $

� %&�
	(' )+*,' �-� 
 . /1032 )�2 4

is even,
2 )�2 5

is even
.��

If
�

is aone-valuedfunction,the�nite automatonis calleddeterministic (DFA). Otherwise,it
is callednondeterministic (NFA). In the�rst case,

�

containsexactly onetransitionwith the
sameleft-handside.Noticethat thede�nition of

�

doesnot require
�

to bea total function,
i.e.

�

maywell benotde�ned for somecombinationsof astateanda letter.

Thesymbols6 and 6

/

for transitionsare,respectively, equivalentto thesymbols
	37

and
	879/

for derivationsin grammars.

Thelanguageacceptedby a �nite automatonis:

$

� %:�
	+' )+*<;

/

0�� � )

6

/8=

�

=

*?>@.��

Takenoticethat A

*

$

� %:�

if andonly if
� �CB�>ED 	�FG�

Theorem 3.2 For everyNFA, onecan�nd anequivalentREGgrammar.

Theorem 3.3 For everyREGgrammar, onecan�nd anequivalentNFA.

Corollary 3.4 H

�

coincideswith thefamilyof languagesacceptedbyNFA's.

The following questionarisesnow: is theresomelanguagein H

�

that cannotbe acceptedby
any DFA? Theansweris simply no! Consequently, onecanalwayssimulatethebehaviour of
anNFA by meansof anDFA (with morestates).

A numberof importantconsequencesfor thelanguagesin H

�

follow from theconceptof anFA,
amongothers:

I

H

�

is aBooleanalgebra,
I it is decidablewhethertwo REGgrammarsareequivalent,etc.
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3.2 Pushdown Automata

Let us introducenow a new elementin the de�nition of an automaton:memory. Pushdown
automataresult.

input tape

control
device

pushdown store

�

�

�

�

�

read

readandwrite

moving
direction

storingdirection
clearingdirection

FILO: �rst in, lastoutmethod

A pushdown automaton(PDA) is aconstruct
����� 	�
 �

 ��
 ��
 � � 
 � � 
 ���

, with:

�

	

a �nite alphabetof pushdown letters,

�

�

a �nite setof internalstates,

�

�

a �nite setof input letters,

�

�

thetransitionfunction:

	�������� �����
� �"!$#�% & '(� 	*)������ 


�

� �*+,	

theinitial letter,

�

� �*+��

theinitial state,

�

��-��

asetof �nal or acceptingstates.

A con�guration of anPDA is astring
�.�

, where
�
+,	

)

is thecurrentcontentsof thepushdown
storeand

�/+��

is thepresentstateof thecontroldevice.

A nondeterministic pushdown automaton (NPDA) may reacha �nite numberof different
new con�gurationsfrom onecon�gurationin onemove:

��� �0
 �1
 20�3�546� 7*8 
 9"8 � 
 � 7�: 
 90: � 
 ; ; ; 
 � 7 <*
 96<*� =1
 2>+��

,
7

&
+,	

)

,
9

&
+��

 ?A@CB3@CD�;
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Theremay be
�

-movestoo, which make it possiblefor the PDA to changeits con�guration
without readingany input.

For astringto beaccepted,thethreefollowing conditionsmusthold:

(i) thecontroldevice readthewholestring,

(ii) thePDA reacheda �nal state,

(iii) thepushdown storeis empty.

Notethatonly theexistenceof at leastonesequenceof movesleadingto anacceptingcon�gu-
rationis required,while othersmayleadto nonacceptingones.

Example3.5 To accept����� ���
	 ����
������ , thefollowingPDA is adequate:

�

��� � � � � ����� � � � � � � � � � ��� � ��� 	 ��� ��� � � � � � � � � � �
� �

with:

M a b  

( �
�

� �
� ) ( �

�
��� �

� ) ! !

( ��� �
� ) ( ����� �

� ) (
�

� �
� ) !

( � � � � � ) ! ! (
�

� � � )
( ��� � � ) ! (

�

� � � ) !

( � � � � � ) ! ! !

( ��� �
� ) ! ! !

An PDA
�

��� "#� $�� %#� ��� � � � � � � &�� is saidto bedeterministic (DPDA) if andonly if for every
� �'� �
�)(*",+�$ :

(i) either ��� �'� �'� �'� containsexactlyoneelement,for every �-(.% , while ��� �'� �'�

�

�/�0! ,

(ii) or ��� �'� �'�

�

� containsexactlyoneelement,while ��� �'� �'� �'�)��! , for every �1(.%32

Theorem 3.6 Thefamily of languagesacceptedby DPDA's is strictly containedin the family
of languagesacceptedbyNPDA's.

To illustratethis, let usobserve thefollowing:

Example3.7
�

�
��� 465 467

�

�'4,(8� ��� 	 � 9 ���

�/�3��� 4#4
7

�

��4,(8� ��� 	 �
9

��2

While �)� belongsto bothNPDA andDPDA, �)� belongsonly to NPDA.
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Thefollowing resultsestablishtherelationshipof
��������� 	

to 
�� languages.

Theorem 3.8 NPDA = CF.

Theorem 3.9 For every CF grammar, an algorithm exists to transformit into an equivalent
NPDA.

Theorem 3.10 For everyPDA,analgorithmexiststo transformit into anequivalentCF gram-
mar.

Turing machinesare the most powerful recognizingdevices,andareable to recognizeany
��


language.They arethefoundationof computationtheoryandinvolvea lot of complexities
whichcannotbeaddressedhere.

4 Regulatedand Parallel Rewriting

4.1 A Sampleof RegulatedRewriting

Next, a few importanttypesof regulatedgrammarsarepresented,without beingexhaustive at
all. In orderto have a regulated(i.e. controlled)grammar, onemoreor lessmodi�es/restricts
thenotionof agrammar, andasaconsequenceoneusuallygetseitheradifferent(oftengreater)
generativecapacityor asimplermethodof generation.

A matrix grammar is:

�������
��� ��� ��� ��� �

where
�

is a �nite setof �nite nonemptysequences(matrices) of theform:

��� � ! "

�

! #

� $ $ $ �

! %'&

� (*),+

,

with:

! -��/.0-�102435- , .0-�6

�
�87��9� : �

�
�;7��9� :

, 35-�6

�
�87��9� : $

A derivationin amatrixgrammaris asfollows:

for every <

� =

6

�
�;7���� : �

<

�0>@?5A
=

if andonly if thereexist <CB

�

<

"

� $ $ $ �

<

%
6

�
�87���� :

and
thereexist � !

"

�

!
#

� $ $ $ �

!
%

&06

�D�

!
-

�/.
-

10243
-

� +9EGFHED(��

suchthat <

- I "

�

<

�

- I5"

.
-

<

� �

- I5" and
<

-

�

<

�

- I5"

3
-

<

� �

- I "

�

for some<

�

- I5"

�

<

� �

- I5"

6

�
�87��9� : � JKEDFLED(

1

+'$
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Example4.1 Thegrammar
���

with thefollowingmatrices:

�����	� 
��	
�������� ,

�����	� ���	
������ ���	
�� ��� ���	
�� ��� ,

�� ��	� ���	
��!� ���"
�� � �#�"
�� � ,

yield $�%

�
��&('�)

��*+� *+� *���,.-0/�1�2

A programmedgrammar is:

��3
'

% 4

� 5�� 
6� 7

&

�

where7 is a �nite setof triples( 8

��9��"
�:;� <

% 8

&

� =

% 8

&

), 8 is a label, 8

�>9��	
�:@?

% 4BA

5

& C

and <

% 8

&

, =

% 8

&

aretwo setsof labelsof rules.

An immediatederivationin aprogrammedgrammaris asfollows:

for every% D

�

8

�

&

�

% E

�

8

�

&

?

% 4FA

5

&

C�G

$

���

%

7

&

�

% D

�

8

�

&;'"HJI!K

% E

�

8

�

&

if andonly if �

(i) either D

'

D

�
9

D

� and E

'

D

�
:

D

�

% D

�
�

D

��?

% 4�A

5

& C &

and % 8

�
�>9@�	
�:(� <

% 8

�

&

� =

% 8

�

& &

?

7

&

and 8

�
?.<

% 8

�

&

,

(ii) or D

'

E and 8

�
�!9J�	
L: (for ( 8

�
�!9��"
L:;� <

% 8

�

&

� =

% 8

�

& &

?@7

&

cannotbeappliedto D

and 8

��?M=

% 8

�

&

2

Thelanguagegeneratedby aprogrammedgrammaris:

$�%

�
3"&('�)

D

�

D

?N5

C

andthereexist8

�
�

8

��?

$

�>�

%

7

&

suchthat%


6�

8

�

&('	H

C

IOK

% D

�

8

�

&

1�2

Example4.2 Thegrammar
�

3

with thefollowing productions:

% 8

�
�!
��	
������

)

8

�
1��

)

8

� �

8

 
1

&

,

% 8

�
�>�0�"
�
6�

)

8

�
1��

)

8

� 1

&

,

% 8

 
�>�0�"
P�O�

)

8

 
1�� Q

&

,

yield $�%

��3
&('�)

�

� R

�>,.-0/�1�2

A random contextgrammar is:
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��������� 	�
 �

 ��
 ��� 


where
�

is a �nite setof rulesof theform
� ��������
 ��
 ���

, with
�������! "� 	�#���� $

,
�&%'	

,
�(%'	*)

An immediatederivationin a randomcontext grammaris asfollows:

for every +


 ,- "� 	.#-��� $
/

+

��021�3 4-,

if andonly if +

�

+�5

�

+65 5 and
,7�

+�5

�

+65 5

�

+65




+�5 5

 "� 	8#-�9� $ �

and
� �������:
 �7
 ���; ��

andfor every <

 ��=/

<

 

+�5 +65 5 and
for every >

 ��&/

>!?

 

+65 +�5 5

)

Example4.3 Thegrammar
�

���

with thefollowing productions:

� �"����@A@�
 B�
 C D7
 E�FG�

,
� @(����D-
 B�
 CG��
 E�FG�

,
� D=������
 B�
 C @�
 E�FG�

,
� @(����E�
 B�
 CG��
 D-FG�

,
� EH����I�
 B�
 CG��
 @�
 D7FG�

,

yield J

� �
�K�

����C IML N�/KO�P(QMFM)

A grammar with regular control is:

���KR61��&� 	�
 �

 ��
 �

 ��� 


where
�

is a regularlanguageover
�
)

Thelanguagegeneratedby an
�

�KR61

consistsof thestringsresultingfrom aderivation:

�!��0�S T

1�3 UGV-WAX

��0�S Y

1�3 UGV-W

L

��021�3 UGV�) ) )K��0�S

N

163 UGV7W;Z

�

W

 ��
$

suchthat [

X

[

L

) ) )

[

Z

 ���)

Example4.4 Thegrammar
�

��R61

consistingof:

	\��CG��
 @�
 D-F

,
�'��C I�
 ] 
 ^ F

,
����C

[

X

/K�"����@AD-


[

L

/M@�����IM@9] 


[6_

/MD=����D�^ 


[�`

/M@�����IM] 


[�a

/MD.����^ F

,
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����� ��� �	� ��
 ��� � 
 � ��� ��� �

,

generates:

��� ������������� �	� � �	! �#"	$&%�' �	(

An additivevalencegrammar is:

�*)�+&�,� -/. 0�. 1�. 23. 4�� .

where
45"�2,6�798:� 8

is thesetof integers).

Thelanguagegeneratedby an
��)�+

is:

��� ��)�+;����� <="�<�>?0�


and
1@��A@B C

��D E

<
�

��A@B F

��D E

<



��AG��D E?( ( (��HA@B I

��D E

<

�

�=<

and
4�� �

�
�HJK4�� �



�HJL( ( ( JK4�� �

�

�;�=M��	(

Example4.5 Thegrammar
�

)�+

consistingof:

-N��� 1�. O*. PQ�

,
0=��� ��. � . ! �

,
2���� ���3"�1K6�79O�PQ. ��
�"	O�6�79�	O�. ����"	PR6�79� P#! . ���:"	O�6�79��. ���3"�PS6H7T� ! �

,
4�� �

�
���=4�� �

�
�;�=4�� �

�
���LM

,
4�� �



����'

,
4�� �

�
�;��6�'

,

generates:

��� �
)�+

����� �
�

�
�

!
�

"�$&%�'	�	(

Noticethat therules
��


and
���

mustbeappliedthesamenumberof times.

A multiplicati vevalencegrammar is:

��U:+&�,� -?. 03. 1�. 23. 4�� .

where
45"�2,6�79V*W

(
V

is thesetof rationalnumbers).

Thelanguagegeneratedby an
��U:+

is:

��� �*U*+������ <�"	<�>?0:


and
1@��A

B
C

��X�E

<
�

�HA
B

F

��X;E

<



�HAG��X;E?( ( (��HA
B I

��X;E

<

�

�L<

and
4�� �

�
� 4�� �



��( ( ( 4�� �

�

����'	�	(
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Example4.6 As
�����

, take
�����

in thelast example, with thefollowing speci�c valencemap-
ping:

�	� 
�� 
������ 
�� 
������ 
�� 
���� ,

�	� 
	� 
���� ,

�	� 
	� 
����������

It generates:

�

�

�
���


����  "!�# !"$ !&%"')(���*"�

An ordered grammar is:

��+

��� ,.- /0- 12- 30- 4�
 ,

where 4 is astrict partialorder(i.e. irre�exive,asymmetricandtransitive)over 30�

An immediatederivationin anorderedgrammar5

�7698�:<; holdsif andonly if:

(i) thereexist 5

� -

5

�0=
� ,?></�
 @ suchthat 5

�

5

� A

5

� and ;&�

5

� B

5

� ,

(ii) A�C7DEB
=

3 andtheredoesnot exist any substringAGF of 5 suchthatthereexists B�F such
that A

F
C�DEB

F

=
3 and A

F
C7DHB

F�I
A�C7DHB��

Thus,theproductionthatis utilizedateachstepis maximalin theorderedsetof rules.

Example4.7 Theorderedgrammar:

�
+

�J� ��12- K�- LM- K

F

- L

F

- K

F F

- N�*"- �  �- # - $ *"- 12- 30- 4�
 -

where 3��J��� � 
 KGF F�C7DON9- � �"
 LPC�DO# $ - � Q�
 K0F�C7DON9- � R�
 LSF�C7DEL<- � T�
 K�C�DUN9- � V�
 LPC�D

# LSF $ - � W�
 L�FXC�DYN9- � Z�
 K?C7D[K0F F - � \"
 K]C�D[ "KGF - � � ^�
 L_C�DYN�- � ����
 K0F FXC�D[ 	- � � �"
 K0FXC�D

KS- � � Q�
 1`C�DEKGL<* andtheorder relationis satis�edby thefollowing pairs:

� ��
X4�� Q"
 , � �"
�4�� T"
 , � R�
�4�� Q�
 , � V�
X4�� ��
 -�� V"
X4�� T�
 , � Z"
X4�� W�
 , � \�
�4�� W"
 , � �"� 
X4�� � ^�
 -

� � �"
�4�� � ^�
 -

generates:

�

�

�
+


����  "!�# !�$ !M%"')(���*"�
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Generallyspeaking,thereexist two maintypesof grammarderivations:

� sequential:asis the casewith grammarsin the Chomsky hierarchyaswell asall other
onespresentedin this chaptersofar;

� parallel:whichappearin severalmechanisms,particularlyin:

(i) Indian parallelgrammars:at eachstepof the derivation, every occurrenceof one
letteris rewritten (by usingthesameproduction),

(ii) Lindenmayersystems:at eachstepof the derivation,all occurrencesof all letters
arerewritten (usingdifferentproductionsfor differentoccurrencesof oneletter is
allowed:seebelow for details).

An Indian parallel grammar is aconstruct:

��� ����� 	�
 �

 ��
 ��� �

Theimmediatederivationrunsasfollows:

for every ���

� 	������ �

, for every ���

� 	������ ���

�

�! #"%$ &

� if andonly if:

(i) �

�

�!' (��*) (

� � �

�,+-(
�%+

�

' , (.�

	

, �%/��

� � 	�������021

(�3

� �

, 4�5768579;:24 ,

(ii) �

�

�!' <��*) <

� � �

�,+-<
�%+

�

' ,

(iii) (

0!=

<>�

���

Example4.8 TheIndian parallel grammar:

��� ����� 1-�

3


 1 ?

3


 ��
 1-�@0!=A�B��
 �C0*=A?

3

�

yields D

� ��� ���8�.1 ?

) E

�

9GF2H%3

�

A Russianparallel grammar is aconstruct:

��I%����� 	�
 �

 ��
 ���

,

where
�.�7�

'

���

) ,
�

'�J

�

)

�7K%�

An immediatederivationin aRussianparallelgrammaris:

�

�* #",L &

� if andonly if:

(i) either �

�

�!' (��*) and �

�

�*' <
�,)

�

�!'




�,)
�

� 	������ � �

and (

0*=

<>�

�

' ,

(ii) or �

�

�*' (
�,) (

� � �

�%+M(��,+

�

' and �

�

�*' <
�,) <

� � �

�%+M<��,+

�

' (�%/��

� � 	N�G���B0>1

(�3

� �

,
4�5768579;:24

�

and (

0*=

<>�

�

)

�

If
�

'

�2K

, onegetsan
�

� �
�

If
�

)

�7K

, onegetsanCF.
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4.2 Lindenmayer Systems

The motivation behindLindenmayersystems(
�

systemsfor short) is biological. They are
intendedto modelthe(parallel)growth of living beings.

An interactionlessLindenmayer system( �

�

) is a context-free pure(without a nonterminal
alphabet)grammarwith parallelderivations:

����� ��� 	
� �
� �

where
�

is analphabet,
	������

is anaxiomand
�

is a �nite setof rulesof the form ����� ,
with �

���

and �

���
�

suchthatfor each�

���

thereis at leastonerule ����� in
�

(
�

is said
to becomplete).

Given
	�� � 	��������

, onewrites
	����! "	��

if andonly if
	��#�

�

�

�

�%$ $ $

�'& and
	��#�

�

�

�

�!$ $ $

� & ,
for �)(!�"� (

����� *
+-,�+-.%$

Thegeneratedlanguageis:

�
� �����0/ 1����
��23	-�4 ���1!5'$

Thereareseveralimportantvariantsof
�

systems:

6 if for eachrule �
�"�

���

onehas�87

�:9

, then
�

is propagating(nonerasing);

6 if for each�

���

thereis only onerule �
�"�

���

, then
�

is deterministic;

6 if a subset; of
�

is distinguishedand
�

� ���

is de�ned astheset
/ 1<�

;

�
2=	0�! ���1!5

,
then

�

is extended.

Regardingthegenerative power of
�

systems,many resultsareknown, amongothersthe fol-
lowing ones:

6 The family of deterministic�

�

languagesis incomparablewith >
?3@

� A
B��
�
�

?3@

� C

>

( >�?'@ is thefamily of �nite languages).

6

C

> is astrict subsetof thefamily of extended�

�

languages.

6 All
�

languagesarecontainedin
C
D

.

A remarkablefeatureof a deterministic�

�

system
�

is that it generatesits languagein a se-
quence

�
� �����-	-�-	�E � 	

�
� 	

�
� $ $ $

suchthat
	�E��4 "	

�
�4 "	

�
�4 F$ $ $

Thus,onecande�ne
thegrowth function of

�

, denotedG=H I

	�J K=L�2'M:N

� , by:

G=H I

	�J K
L

� .!���PO 	

&

O � .�Q

�

$
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5 NonstandardGenerativeMechanisms

5.1 Contextual Grammars

A contextualgrammar is aconstruct:

����� ��� ��� � 	�
 � �

 � � � 	�� � ��� � � � � � � � 	���� ����� � �

consistingof:

�

�

analphabet,

�

�������

a �nite set:thebaseor thesetof axioms,

�

	���� �!�

selectors,

�

�
�

� �!��"#�!�

contexts,

�

� 	�� � ��� �

productions,$!%'&(%')

�

In a contextualgrammar, oneconsiderstwo maintypesof immediatederivation:

� external derivation:

for every *

� +-,#����.

*

��/10 23+

if andonly if
+��'4

*�5

�

*

,#	�� � � 4�� 67�(,8��� �

$�% &�% )

�

� internal derivation:

for every *

� +-,#���
.

*

��/
�

��+

if andonly if *

�

*




*

�

*�9 and
+:�

*



4

*

�
6

*
9

�

*

�
,#	�� � � 4�� 67�(,8��� �

$!%'&(%')

�

Thelanguagegeneratedby aninternalcontextualgrammaris:

;
�

�
� �!�(�=< >�,#�

�

suchthatthereexists5

,8�

suchthat5

��/

�

�
�

>�?��

Anotherwayof de�ning
;

�
��� �:�

is to saythatit is thesmallestlanguage
;

suchthat:

(i)
���

;

,

(ii) for every *

,
;

.

if *

�

*




*

�

*
9 and *

�
,#	��

, for some& , $!%'&(% ) , then *



4

*

�
6

*
9

,
;

,
for every

� 4�� 67�(,8��� �

If oneintroducesseveraldifferentrestrictions,thefollowing naturalvariantsof derivationarise:
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� minimal local derivation:

for every��� �����
	��
����������� if andonly if �

(i) ������� ��� ��� ,

(ii) ������� �����  
����! ���"��#�$ � ! ���  &%'�)(*$ � +
,.-�,./�% , and

(iii) theredonotexist ��0

�

� ��0

�

� ��0

�

���

	

suchthat ������0

�

��0

�

��0

�

and ��0

�

��#�$ and 1 ��0

�

1&231 ��� 1

and 1 ��0

�

1&241 ��� 1 and 1 ��0

�

1&541 ���61 7

A context is adjoinedto aselectorprovidedthis is minimal (i.e. theshortestone)in such
a position.

� maximal local derivation:

for every�8� �����9	��
������:;��� if andonly if �

(i) ������� ��� ��� ,

(ii) ������� �����  
����! ���"��#�$ � ! ���  &%'�)(*$ � +
,.-�,./�% , and

(iii) theredonotexist ��0

�

� ��0

�

� ��0

�

���

	

suchthat ������0

�

��0

�

��0

�

and ��0

�

��#�$ and 1 ��0

�

1&,31 ��� 1

and 1 ��0

�

1&,41 �
�

1 and 1 ��0

�

1&<41 �
�

1 7

A context is adjoinedto a selectorprovidedthis is maximal(i.e. thelongestone)in such
a position.

� minimal global derivation ( ���
�8= ): In the de�nition of ���

��� , onereplaces��0

�

�4#�$

with ��0

�

��#�> , for every ?���+
,�?�,�/87 Notethatthechosenselectorhasto betheshortest
oneamongall theselectors.

� maximal global derivation ( ���
:"= ): In the de�nition of ���

:;� , the samesubstitution
asabove is introduced.Notethatthechosenselectorhasto bethelongestoneamongall
theselectors.

Given @A�AB C�D � C�E�� F.D � F�E�G , thelanguagegeneratedby thecontextualgrammaris:

H'I

! J9%'�KB LM���
	 suchthatthereexistNO�)P suchthatN.���

	

I

L&G
7

If all thelanguagesin #�$ belongto thesamefamily Q of languagesin theChomsky hierarchy,
J is saidto beacontextualgrammar with selectionof type Q .

Example5.1 Thecontextualgrammar:

JK�4! B R�� S G
� B R&S R&S G
� ! R&S T�R�� B&! R�� R�% G6% � ! S R&T�S � B&! S � S % G6% %

generates:

H

$ U�! JM%'�

H

�8=
! J9%'�KB R

U

S

�

R

U

S

�

�
/8� CV2O+
G
7



CarlosMart́�n-Vide

Example5.2 Thelanguage:

����� ���	� 
 ���	��� 
 ��
���� �����	�

is generatedby:

���

�

��� � ��� 
 � � ��� � � � ��� � � � ��� ��� 
 � �	� � �

Example5.3 Thelanguage:

����� �� ���!"� ���	
 �#
��"�����

is generatedby:

�%$'&
�(� � ��� 
 ��� � ��� ��
 ��� � �)� ��� *+� ��� �	� � � �

 

 � ��� �)� 
 � �	� � �

Contextualgrammarsallow oneto producefamiliesof languagesthatareeccentricwith respect
to theChomsky hierarchy, asshallbeseenbelow. Thisseemsto beaveryrelevantfeaturefrom
a linguistic viewpoint, asnaturallanguagescould possiblyoccupy an eccentricpositionwith
regardto thathierarchy.

5.2 Grammar Systems

Grammarsystemsarecomplex, modulargeneratingarchitecturesintendedfor eitherincreasing
thegenerativepoweror decreasingthecomplexity of thegenerativestrategy of themechanism.
Severaltypescanbedistinguished.

A cooperatingdistrib uted grammar system(CDGS)is aconstruct:

,"�(� -.� /�� 0�� 132 � 154 � � � � � 1

�

� �

where:

6

-879/:�:;

,

6

0�<"-

,

6

1
2

� 1
4

� � � � � 1

� are�nite setsof rewriting rules:thecomponentsof thesystem.

Severalmodesof derivationcanbeconsidered(being = thesetof integers):

6 in exactly > steps:
�+?A@)B

C D

�

>

<

=

�

,
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� in at most
�

steps: �������

	 
 ,

� in at least
�

steps: �����
�

	 
 ,

� arbitrary derivation: �����

	 
 ,

� terminal or maximal derivation: �����

	 
 �

�

���
�

	 
�� if andonly if �

�����
�

	 
�� andtheredoesnotexist any ����� �����! � suchthat
�

���

	 


��"

Givenamodeof derivation #$�&%'�)(+*�, - ./��(10

�

, �

�

, 2

�

�

�

2)31. , thelanguagegenerated
by anCDGSis:

465

� 78 /�9( :)�$�

�
��;

���

5<


 =
:

�

���

5<


 >
:@?A���B" " "
���

5<


 C
:AD��E:!, FG293+, 3!0EH IJ0EK8, 3!0�L�0�F&.1"

Thus,� ve languagesareassociatedwith 7/"

Example5.4 TheCDGS:

7&�M� (

;

, NO, N@P , Q�, QOP .1, ( RS, T , U .1,

;

, V

�

, V
?

 

consistingof:

V

�

�9(

;XW�YZ;

,

;�W�Y

N[Q�, N

P

W�Y

NO, Q

P

W�Y

Q�. ,

V8?@�9( N

W�Y

R�N

P

T , Q

W�Y

U Q

P

, N

W�Y

R1T , Q

W�Y

U . ,

generates:

4/\

? � 78 /�9( R+]1T ]1U ]�, K&293+.1,

4
\

�

� 76 /�

4

�
�

� 76 /��^
, _J` a b

�

2�c
"

Example5.5 TheCDGS:

7d�9� (

;

, NO, N@P .1, ( R
, T .1,

;

, V

�

, V
?

, V8e  

consistingof:

V

�

�9(

;XW�YZ;

,

;�W�Y

N[N!, N

P

W�Y

NO. ,

V8?@�9( N

W�Y

R�N

P

, N

W�Y

RS. ,
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������� �	��

� ��� � �	��
�� �

,

generates:

����� � ����������� � �����	� � �	!"�	#$� %&� � � '��"(

Let )+*+,

� -��

denotethe family of languagesgeneratedby CDGS's of degree(the numberof
components)at most . ( .	/10 ) working in the mode

-�(

If the numberof componentsis not
limited,onewrites 2 insteadof .

(

Theunionof all families )+*43

� �	5��

(respectively, )6*43

�

/

57�

, )6*
3

� 8	5��

),
5

/	0 , is denotedby )+*
3

� �6�

(respectively, )+*
3

�

/

�

, )+*
3

� 86�

). If 9 -rules
areaccepted,onewrites )6*;:

,

� -��

, )+*<:

3

� -��

, etc.Many resultsonCDGS's' generativecapacity
areknown:

=

)6*43

� -����

)+> , for every
-?#$�A@7� B � �

0

�

/�0

��CD�"8	5<!75

/	0

�"(

=

)6>

�

)6*<E

� -���F

)+*

� � -��HG

)6*JI

� -��HG

)+*
3

� -��

, for every
-$#K�A��5&�

/

5?!&5

/ML

�

,
N

/�O

(

=

)6*JI

� �	5���G

)+*+I

� �	P 5��

, for every
5&�

N

� P

/�0

(

=

)6*
I

�

/

5���G

)6*
I

�

/

56Q

0

�

, for every
5&�

N

/�0

(

=

)6*
3

�

/

��G

)+*
3

� �6� (

=

)6>

�

)+*
E

� B ���

)+*

�
� B ��F

)6*

�
� B ���

)6*43

� B � (

= All thesix relationsabovearealsotruefor )6*
: systems.

A parallel communicatinggrammar system(PCGS)is aconstruct:

�D�M� R;� SD� T�� � �

E

� U

E

� � � �
�

� U
�

� � ( ( ( � � �

,

� U

,

� � �

where:

=

R;� TH� S

arepairwisedisjointalphabets,

=

S
�V� W

E

� W6� � ( ( ( � W

,

�

arequeryletters(thesubindex associatesthe letter to thecorre-
spondingcomponent),

=

U&X�#DR

,

=

�
X

are�nite setsof productionsover
RVC;SYC<T

, 0

8�Z�8

.

(

Given [7\

�]� RYC^S]C?T6�

, every . -uple
� _

E

� _�� � ( ( ( � _

,

�

,
_

X
#

[6`

\

, is a con�guration of the
system.

Giventwo con�gurations
� _

E

� _
�

� ( ( ( � _

,

�

,
� a

E

� a
�

� ( ( ( � a

,

�

,
_&X � a X�#

[6`

\

, 0

8�Z�8

. , onede�nes
the immediate derivation

� _

E

� _
�

� ( ( ( � _

,

�;��b

\

� a

E

� a
�

� ( ( ( � a

,

�

if andonly if eitherof the
following situationsoccur:
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(i) either(
� ��� � �����

) and((
�	�
�
��� 
�� � �

or �

���������

and
���
��� �

)), ��������� ,

(ii) or thereexists � � ��� �!�"� suchthat
� �

�
�

�"#
�

; in sucha case,for every � onewrites
�	���%$ & '�� ( $ ) '!� *
+ + + $ , '�� - $ , .�&

, /�01� ,
$ 2!�43!�

5 ,
� $ 26� ���%�

, �7��89��/;:�� ; if
� ��� <6� ���%�

,
�=�>8��>/ , then

� �;�1$6& ��� ( $ ) �	� *
+ + + $ , ��� - $ , .�&

[and
� � <!�@?�� <

, �A��8��%/ ]; if, for some8 ,
����8A��/ ,

� �
� <

�
�1B

�>�

, then
�

�
���

�

; for every � , ���>�C�>� , for which
�

�

is not speci�ed
above,onehas

�
�

���
�

.

(i) is a rewriting step,(ii) is acommunicationstep:thelatterhasapriority over theformer(i.e.
if botharepossibleatacertainstageof thederivationprocess,communicationmustbeapplied
before).

Theblocking of anPCGSmayhappenin eitherof thefollowing cases:

D whenonecomponent
���

in �

��&

�

+ + +

�

�	EF�

is not terminalbut cannotberewritten according
to G

�

, or

D whenacircularqueryoccurs:G

� (

introduces
'�� *

, G

� *

introduces
'!� H

�

+ + +

� G

� I J
(

introduces
'�� I

, and G

� I

introduces
'!� (

(communicationhaspriority but it cannottakeplace,because
stringsto becommunicatedmustcontainnoquerylettersatall).

Thelanguagegeneratedby anPCGSis:

K

� L

���%M �������ON

�

?
&

�

?
)

�

+ + +

�

?
E

���
���

�

�

� P

)

�

+ + +

� P

E
�

� P

�
�Q3!�

5

� R����;����S .

Thus,the languageof thesystemis the languageof themaster component,which is the �rst
componentof thesystem:

?�&

.

An PCGSis saidto becentralizedif andonly if G

��T

� U�V

�!� ��W

� U�V

��� �

, R7������� (i.e. only
themasteris allowedto introducequeryletters).Otherwise,it is saidto benoncentralized.

An PCGSis called returning if andonly if, after communication,eachcomponentthat has
communicatedgoesbackto its axiom andstartsagain. Otherwise,it is callednonreturning.
An PCGSL will producetwo languages,

K�X

� L

�

and
K

E

X

� L

�

� accordingto thereturningor non-
returningmodeof working,respectively.

By default, oneunderstandsthat an PCGSworks in a noncentralized,returningmode. Some
conventionalnotationsinclude:

G!Y

E6Z

: family of languagesgeneratedby noncentralized,returningPCGS'swith atmost
� componentsof type

Z

,
Z[�\M ]�^�_

�

K�`

U�� Y!aO� Y

?

�

]�^

S ,

Y!G�Y

E
Z

: G!Y

E
Z

: centralizedmode,

U�G!Y

E6Z

: G!Y

E Z

: nonreturningmode,

U�Y!G�Y

E
Z

: Y!G�Y

E
Z

: nonreturningmode,
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���������
	�� 
������

�

�

(analogouslyfor
���������

, �

�������

, �

���������

).

Example5.6 ThePCGS:

����� ���

� �

���

�

��� �

�  !�

� "

� #

�

�

� �

� �

�

� $ �

� �%�

�

���

$ �

� �&�

�

���

$ $

consistingof:

�

�

�'���

�)(+*

"��

� �

�

�)(�*

"

� ,

�

�

���

(+*-#

� ,

�

�

���

(+*/.

�

,
�&���'�����

(+*-#

��� �

,
�&���'�����

(+*-.

��� �

,

generates:

0%1 � �

$

�
0

�

1 � �

$

�'� "

�

#

�

.

��243�576

�98

Example5.7 ThePCGS:

����� ���

�
�

�
�

�

�  ��

� "

� #

�

�

� �

�
�

�

�
$ �

� �
�

�

�
�

$ $

consistingof:

�

�

�'���

�
(+*

�

�
�

�

�
(+*

,

�

,

�
�

,
�

�
�'���

�

(+*

"��
�

�

�
�

(�*/#

�
�

�

�
�

(�*

"

�

�
�

(�*/#

�

,

generates:

0
1

� �

$

�:0

�

1
� �

$

�'� ;�;

2

;7<=� "

� #

� >&�98

Let ?

��� ���

�

�����

�

�

���

�

�

�����@�

. Thefollowing resultsaboutPCGS's' generative power
areknown:

ACB

�

���%DE�GF�H

, for every
3

, for every B

<

? , where
���%D

indicatesthatproductionsof
arbitrarytypeareutilized.

ACB

�

F�H�I

(

0KJ

�ML

�
N

, B

�

0KJ

�

(

��O

L

�
N@�

3P57Q

$

, and B

�

F�H�I

(

��O

L

�
N@�

3P5
R

$

, for
every B

<

? .

ACB

�

F�H�I

(

��O

L

�
N

,
3�5
Q

, for every B

<=�

�

���

�

�

�����

$

.
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���������
	 �
�����������
�������
�����
�������

�
� .

���
����� �
�����
�
� , ����� �
���� 
�
��!

���
���
�

����� containsonly semilinearlanguages.

���
����� ��� containsnonsemilinearlanguages.

� If �
 #"�$ , �
%&�
���(')����� , thenthereexistsa constant* suchthat for every +

%&� , if
,

+

,.-

* then +

�0/21 3�1 /

�

3

�4! ! !

/.5�3 5�/.57621 , 8
9
:;9
< , 3 =

�

�?> , 8�9
@79
: , andfor every
ACB

8�D

/41 3FE

1

/

�

3FE

�

! ! !

/.5�3FE

5

/.57621

%G��!

���
���(')�
�����0���
�('

6H1

����� , <

B

8

!

���
�
'

�������
���
'

621

����� , <

B

8

!

���
���(')�
�����0���
�('������I�
�
���(')�
� , <

B

8

!

�����
���������J I�
������� (i.e. a centralized+ nonreturningworking modeis weaker
thananoncentralized+ returningone).

����K

�
L

'
��K

�
L

�
�MK , <

B

8 , for every L

%&N �
���
O ���
���MP (i.e. by usingcentralized
CSPCGS's,onedoesnotgo beyondthefamily CS).

����K

�

�
�

1

��K

�

�
�
�

�MKQ�;����R ��K

�

�
�
�

�MK

�

�
� (noncentralizedreturning
PCGS's with threeCScomponentssuf�ce to generateeveryRE).

����K

�

���
�

1

��KS�T�����
�

�MK

�

�����
�

��K

�

��� (noncentralizednonreturning
PCGS's with just two CScomponentsareenoughto generateeveryRE).

� Given U

'
��K7V , <

B

8 , U

%WN �
�
O ���
�
O �����
O ���
���MP

D

�MK

�

U

1

�MK7V��

U

�
��K7V

�

U

'
��K7V

�

��� , for every <

B
X

.

5.3 Grammar Ecosystems

Thepostulatesbehindthenotionof agrammarecosystemarethefollowing:

a) An ecosystemconsistsof anenvir onmentandsomeagents. Thestateof theenvironment
aswell asthe statesof the agentsareall describedby meansof stringsof lettersfrom
certainalphabets.

b) Thereexistsoneuniversalclock for theevolutionof boththeenvironmentandtheagents.

c) Both the environmentand the agentshave speci�c evolution rules, which are Linden-
mayerrules(i.e. they areappliedin parallelto all the lettersdescribingthestatesof the
environmentandof theagents).

d) Therulesfor theevolutionof theenvironmentareindependentfrom theagentsandfrom
thestateof theenvironment.Therulesfor theevolutionof theagentsdependon thestate
of theenvironmentin suchawaythat,ateachstepof thederivation,aspeci�c appropriate
subsetof rulesis selectedfrom thesetof rulesof eachagent.
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e) The agentsact on theenvironmentthroughactionrules,which aresequential(i.e. non-
parallel) rewriting rules. The selectionof the speci�c actionrule to be appliedat each
stepdependson thecurrentstateof theagent.

f) Agents' actionon the environmenthasa priority over the environment's evolution. At
eachstep,therulesfor theevolutionof theenvironmentrewrite in aparallelwayonly the
environmentlettersthatarenotaffectedby agent'sactions.

A grammar ecosystemis a construct:

����� ��� �
	 � ��� � 
 
 
 � �����

consistingof:

�

����� ����� �����

, with:

(i)
���

a �nite alphabet,

(ii)
���

a �nite setof 0L rulesover
���

(evolution rulesof
�

).

�

������� ��� � ��� � ��� � ��� � ��� �

,  
!#"$!#% , with:

(i)
�

�

a �nite alphabet,

(ii)
���

a �nite setof 0L rulesover
���

(evolution rulesof theagent" ),

(iii)
���

a �nite setof rules &('*) , with &,+

�
-

� , ).+

�
/

� (actionrulesof theagent" ),

(iv)
����0��
/

�21

'43

� ��� �

(it selectstherulesfor thecurrentevolutionof theagent" ),

(v)
�

�
0��

-

�

1

'53

� �
�

�

,  .!6"�!�% (it selectstherulesfor thecurrentactionof
�

�

on
theenvironment).

A grammarecosystemworks by modifying the stringsrepresentingthe agentsaswell asthe
environment.

A stateof agrammarecosystemis:

7

��� 8���� 8
	

� 8
�

� 
 
 
 � 8
�

� �

where:

�

8��

+

�
/

�

,

�

8
�

+

�
/

�

,  
!9"�!9% .

Given 7

�:� 8���� 8
	

� 8
�

� 
 
 
 � 8
�

�

,
�

�

is an active agent in 7 if andonly if
�

�
� 8

�
�,; �=<

. An
action of

���

in 7 is an applicationof >6+

��� � 8?� �

on
8

�

. A simultaneousaction of the
agents

��� @ � ��� A � 
 
 
 � ��� B

, C "

	 �

"

� � 
 
 
 �

" D E
F6CG 

� H�� 
 
 
 �

%�E

�

ontheenvironmentis a1-stepparallel
derivation

8
�

��I�J�8�K

� suchthat:
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(i) ��������� 	
� �
� 	��

 
 
 	�� ��� �
� ,

(ii) ���

�

����� ��� ��� ����
 
 
 � � ��� ��� , and

(iii) 	������ ������� � � � � � ! , "$#&%'#)( , �����+*$,

� , "$#�-.#�(�/�"




A statechangeof a grammarecosystemis an0L evolution of thestatesof all theagents(i.e.
�

�
��021'���

� , accordingto theproductionsin 3

�
� ����! , "$#)-.#)4 ) togetherwith an0L evolution

of the environmentin all its points(i.e. �
�

�
0
1

���

� , accordingto the productionsin 5

� ),
exceptthoseonesthatarecurrentlyaffectedby theagents'actions(accordingto theproductions
in ��� ).

Giventwo statesin 6 , 7

�8� �
��9

�
� 9

�
� 9


 
 

9

� :;! , 7

�<�=� ���

�

9
���

�

9
���

�

9

 
 


9
���

:

! , onesaysthat 7

changesto 7

� (or 7

� directly derivesfrom 7 : 7

��021

7

� ) if andonly if:

(i) �
�

�)>
�

�
�

>
�

�
�


 
 
 > ? ��?�> ?
�
� and���

�

�)> �

� @

�
> �

� @

�

 
 
 >��

?
@

? >��

?
��� and>

�
�

�
>

�
�

�

 
 
 > ? ��?�> ?

�
�
�
0

1

> �

@

� > �

@

��
 
 
 >
?

@

?
>

?
�
� isasimultaneousactionof all theagentsA

� B

9

A

� C

9

 
 


9

A

� D , E -

�
9

-

�
9


 
 

9

-

?�F$G

E;"

9 H�9

 
 


9

4

F , thatareactivein 7 and>��

�

>��

�


 
 
 >��

?

>��

?
��� is anevolutionfrom > � > ��
 
 
 >

?
>

?
���

9

(ii) ���

� is anevolutionof A

� from � � , "I#)-<#)4 .

Thesequencesof statescharacterizetheevolutionarybehaviour of 6 . Let 7
J beaninitial state.
Onemayde�ne:

K Thesetof sequencesof statesof 6 :

L<M N

�

6

9

7�J

!.�

E;E 7

� F O

� P

J�Q

7�J

��021

7

� ��021

7

� ��021R
 
 

F




K Thesetof sequencesof statesof S :

L<M N

�.�

6

9

7�J

!.�

E;E

����T
F

O

� P

J�Q

E 7

� F
O

� P

J

�

L<M N

�

6

9

7�J

! and 7

�
�U� ���

�

9
���

�

9
���

�

9

 
 


9
�

: �
!

F



K Thesetof sequencesof statesof A

� ( "I#2%'#�4 ):

L<M N

� �

6

9

7
J

!.�

E;E

�.� V
F OW

P

J
Q

E 7

W

F OW

P

J

�

L<M N

�

6

9

7
J

! and 7

W

�U� �
�

V
9

�
�

V
9


 
 

9

�.� V
9


 
 

9

� : V !
F




K Thelanguageof theenvironment:

X

�.�

6

9

7�J

!.�

E

�����+*$,

�

Q

E 7

� F O

� P

J

�

L<M N

�

6

9

7�J

! and 7

�
�Y� ���

9
���

9
���

9

 
 


9
�

:
!

F



K Thelanguageof theagentA

� ( "$#�-.#�4 ):

X

�
�

6

9

7�J

!.�

E

�
�

�+*
,

�

Q

E 7

� F
O

� P

J

�

L<M N

�

6

9

7�J

! and 7

�
�U� ���

9
���

9

 
 


9
�

�

9

 
 


9
�

:
!

F
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Example5.8 Thegrammarecosystem:

����� ��� �
	 �

with:

����� ��
�� ��
��

, where:

�



��� ���

,
�



��� ���������

.

�
	

��� �
	

� �
	

� �
	

� �
	

� �
	

�

, where:

��	����  �

,
��	����  
���� �

,
�

	
��� �����!�#" �

,
�

	
� $
���%�

	

, for every
$'&(�*)




,
�

	
� +����%�

	

, for every
+,&-�*.

	

.

produces:

/�0 1
� �2� 3�4 �����5� ���  � � � �

"
�  � � � �#6 �  � � 7 7 7 � � �#8 9

.

	

�  � � 7 7 7 �

,
:�
�� �2� 3

4
����� �

8 9

.

	

� ;�<>=��

,
:

	
� �2� 3�4 �����  �

.

If
��	

aboveis replacedby
�*?

	

�@�  A���CB��

, theagentbecomesinactiveafter the�r st stepand
thereforedoesnotact on theenvironmentanymore:

/�0 1
� �2� 3

4
�����5� ���  � � � �D" � B�� �

,
:



� �2� 3�4 ����� ��� �D" �#7

Example5.9 Thegrammarecosystem:

����� ��� �
	

�

with:

����� �



� �



�

, where:

��
E���
0

� F��

,
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������� �	��
���
 ����
����

.

���

��� �

�


 �

�


 �

�


 �

�


 �
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5.4 Why NonstandardGenerativeMechanisms

5.4.1 Adjoining

Let *"+

%'� ,

�

,
,.-/� ,

*"0


 ��132��

, denotethe family of languagesgeneratedby contextual
grammarswith selectionof type

,

. Somemajor resultsconcerningthegenerative capacityof
contextualgrammarsarethefollowing:
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areincomparablewith all families *!+
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(Incomparability, meaningthattherespectivedifferencesarenonempty,
leadsto eccentricity, which seemsto be a linguistically valuablepoint to take into ac-
count.)

4
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%'� ,

*!0

�

is an abstractanti-family of languages,i.e. a setclosedto noneof the six
AFL operations:union,concatenation,Kleenestar, morphisms,inversemorphismsand
intersectionwith regularlanguages.

Thelatterresultmakesnaturalthequestionof �nding thesmallestAFL containing*"+

%'� ,

*!0

�

.
Theresultis surprising.

Theorem 5.10 For every
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,
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So, iteratedadjoiningof contexts (i.e. paste),asselectedby �nite setsof strings,plus a left
quotient(i.e. cut) by a regular languageare able to simulateany Turing machine. What is
neededis both: context-sensinganderasingabilities.

The samecould be got by usinga one-sidedinternalcontextual grammar, all whosecontexts
are of the form

� ��� ���

. The family of languagesgeneratedby one-sidedinternal contextual
grammarsis denotedby � �
	��

� 
��

(with selectionof typeF).

Theorem 5.11 For every �������������
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	��

�
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5.4.2 Inserting

An insertion grammar is aconstruct:

$'�

� �(� )"� *&�

,

where:
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is analphabet,
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)

is a �nite setof axioms,
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*

is a �nite setof triples
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,�� -�� �
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��!

(insertionrules).

Theimmediatederivationworksasfollows:

/ 0�1 2 3
2 1 465

� 7

�

�

!

�

5

��8

7

if andonly if
5

�

5

�

,9�

5

�

� 7

�

5

�

,6-:�

5

�

�

5

�

�

5

���

�

!

� � ,�� -.� ���

�

*�;

For aninsertiongrammar$ , onede�nesits weight
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Thefamily of languagesgeneratedby insertiongrammarsof weightatmostC , C�DFE , is denoted
by ��G�H9I . Theunionof all thosefamiliesis �
G�H�J . Thefollowing resultsareknown:

+
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; ; ;

K=�
G�H
J

KF	&H

;

+
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J .
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, but 	




is incomparablewith all families ��G�H9I , C�DPO , and ��G�H:J .

+

���
G is incomparablewith all families �
G�H:I , C�D'� , and �
G�H:J .



FormalLanguagesfor Linguists:ClassicalandNonclassicalModels

� All families
�������

, ��	�
 , areanti-AFL's.

Theorem 5.12 For every ��
�������������� ����� , ����
���� � , ���!


�����
�

, ��	#" .

Whatonedoesin this caseis �rst to make useof insertionoperations,andthento cut a pre�x
of thestringby meansof a quotientwith respectto a regularlanguage.If thecuttingoperation
is introducedinto thegrammar, theso-calledinsertion-deletiongrammarsareobtained.

An insertion-deletiongrammar is a construct:

�$�&% ')( *�( +), ( +)-�. ,

where:

�

' is analphabet,

�

* is asetof axioms,

�

+/, is a setof insertionrules(a �nite subsetof ' 0!12'�0!12'�0 ),

�

+/- is asetof deletionrules(a �nite subsetof '�0!12'�0!12'�0 ).

Theimmediatederivationworksasfollows:
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2'�0 ,

(ii) or 36�63
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( 4 �63
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( 3
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( 3
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2'�0 .

Thefamily of languagesgeneratedby insertion-deletiongrammarsis denotedby
�����)@

� � .

Theorem 5.13 For every ��
���� , ���6��A�BC'�0 , for some�)A8


�����)@

� � .

If thelengthof thestringsthatareinserted/deletedis takeninto consideration,onecanbemore
precise:�)A8


�����

�

�

@

� �

�

�

(i.e. stringsof lengthat mostoneareinsertedin contexts of weight
atmosttwo, andstringsof lengthatmostonearedeletedfrom contextsof weightatmostone).
As well, �)A belongsto both

�����
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5.4.3 Splicing

A splicing rule over an alphabet
�

is a string ������� �	��
 � ��
 �	��� , �����

���

, ��������� ,
��� ��� �

�

.

Theimmediatederivationrelationrunsasfollows:
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This allows the introductionof a new generative mechanism.An extended 0 systemis a
construct:

G
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where:
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is analphabet,
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is asetof terminalletters,
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( ����� ��� �
	 is theunderlyingH schemeof � .)

Thelanguagegeneratedby � is:

�

�

�

	
����� � ��	������ �

Given two familiesof languages�
�

�

��� , ���

�

�
�

�

���

	 denotesthe family of languages
�

�

�

	 �

�

��� ��� ��� ��� �
	 , with �! 

�
� , �" 

��� . A surprisingresultis obtainedagain.

Theorem 5.14 ���

�

�
�

�

�
�

	��#�

�

� for every �
�

�

�
��$

��%'&)(#�
�

�*�

��+�(#�
� .

Thus,by usingnonstandardresourcesthegreatestgenerativepower is achieved,while keeping
thecomplexity of themechanismatavery low level.
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guisticsandPhilosophy, 8, 333–343.

7 Further Readingand Relevant Resources

Generallyspeaking,for a linguistwishingto beintroducedinto the�eld of mathematicalmeth-
ods in linguistics,which is a scopenotably larger thanthe one taken in the presentchapter,
Partee,terMeulenandWall (1990)is stronglyrecommended.It is abookthoughtfor initiating
mathematicallynontrainedstudents.Brainerd(1971),Wall (1972)andPartee(1978)may be
still valid references,too. Onechapterin Cole,Varile andZampolli (1997)explainsthemain
trendsfor connectingdifferentmathematicalmodelswith computationaldevelopments.

The most comprehensive and updatedhandbookof classicalas well as nonclassicalformal
languagesis Rozenberg andSalomaa(1997).

Very cited treatisesin classicalformal languagetheory (with different levels of dif�culty)
include Aho and Ullman (1971-1973),Davis, Sigal and Weyuker (1994), Harrison (1978),
HopcroftandUllman (1979),Révész(1991),Salomaa(1988),andWood(1987). Othergood
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books(not all of themhaving a completelygeneralscope)areBrookshear(1989),Dassow and
P�aun(1989),Drobot (1989),Floyd andBeigel (1994),Gurari (1989),Howie (1991),Kelley
(1995),Lewis andPapadimitriou(1981),Linz (1990),McNaughton(1982),Moll, Arbib and
Kfoury (1988),andSudkamp(1988).

Someof the developmentsin nonstandardformal languagetheory can be found in Csuhaj-
Varjú,Dassow, KelemenandP�aun(1994),P�aun(1995),P�aun(1997),andP�aun,Rozenberg and
Salomaa(1998).

The presentstate-of-the-artof the �eld is well picturedin Mart́�n-Vide andMitrana (2001a),
andMart́�n-VideandMitrana(2001b).

The following referencesmay be of help to the readerinterestedin knowing moreaboutlin-
guistic applicationsof formal languagetheory: Kolb and Mönnich (1999), Levelt (1974),
ManasterRamer(1987),Mart́�n-Vide(1994),Mart́�n-Vide(1998),Mart́�n-Vide(1999),Mart́�n-
Vide andP�aun(2000),P�aun(1994),Savitch, Bach,MarshandSafran-Naveh (1987),Savitch
andZadrozny (1994),Sells,ShieberandWasow (1991),andZadrozny, ManasterRamerand
Moshier(1993).
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Hofstadter, D.R. 1979.Gödel,Escher, Bach: an eternalgoldenbraid. New York, NY: Basic
Books.

Hopcroft,J.E.andJ.D.Ullman.1969.Formal languagesandtheir relationto automata. Read-
ing, MA: Addison-Wesley.

Hopcroft,J.E.andJ.D.Ullman. 1979.Introductionto automatatheory, languages,andcom-
putation. Reading,MA: Addison-Wesley.

Howie, J.M.1991.Automataandlanguages. Oxford: OxfordUniversityPress.

Ito, M. andH. Jürgensen(Editors).1994.Words,languagesandcombinatorics2. Singapore:
World Scienti�c.

Karhum̈aki, J.,H.A. Maurer, Gh.P�aunandG. Rozenberg (Editors).1999.Jewelsare forever.
Berlin: Springer.

Karhum̈aki, J.,H.A. MaurerandG. Rozenberg (Editors).1994.Resultsandtrendsin theoret-
ical computerscience. Berlin: Springer.

Kelley, D. 1995.Automataand formal languages: an introduction. Englewood Clif fs, NJ:
Prentice-Hall.
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tiqueThéorique
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10 Major Conferences

� ACL AnnualMeetingof theAssociationfor ComputationalLinguistics

� AFL ConferenceonAutomataandFormalLanguages

� AMiLP AlgebraicMethodsin LanguageProcessing

� CIAA InternationalConferenceon ImplementationandApplicationof Automata

� CLIN ComputationalLinguisticsin theNetherlandsMeeting

� COLING InternationalConferenceonComputationalLinguistics

� DCAGRSWorkshopon DescriptionalComplexity of Automata,GrammarsandRelated
Structures

� DIMACSInternationalMeetingonDNA BasedComputing

� DLT InternationalConferenceDevelopmentsin LanguageTheory

� ESSLLI EuropeanSummerSchoolof Logic, LanguageandInformation
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� FCT Fundamentalsof ComputationTheory

� GSInternationalWorkshopGrammarSystems

� ICALP InternationalColloquiumon Automata,LanguagesandProgramming

� ICWLC InternationalColloquiumon Words,LanguagesandCombinatorics

� IWPT InternationalWorkshoponParsingTechnologies

� LACL InternationalConferenceonLogicalAspectsof ComputationalLinguistics

� MCU InternationalConferenceon Machines,ComputationsandUniversality
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� MOL MeetingonMathematicsof Language

� UMC Conferenceon UnconventionalModelsof Computing
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Language,http://www.cis.upenn.edu/ircs/mol/mol.html

� Associationfor ComputingMachinery, SpecialInterestGroupon AlgorithmsandCom-
putingTheory, http://sigact.acm.org/

� EuropeanAssociationfor TheoreticalComputerScience,http://www.eatcs.org/

12 Web Sites

� AmericanMathematicalSocietyPreprintServer, http://www.ams.org/preprints/

� Collectionof ComputerScienceBibliographies,http://liinwww.ira.uka.de/bibliography/index.html

� ComputingResearchRepository, http://xxx.lanl.gov/archive/cs/intro.html

� MathematicsWWW Virtual Library, http://euclid.math.fsu.edu/Science/math.html

� NetworkedComputerScienceTechnicalReferenceLibrary, http://www.ncstrl.org/

13 Research Centres

� LeidenInstituteof AdvancedComputerScience,http://www.wi.leidenuniv.nl/CS/

� TurkuCentrefor ComputerScience,http://www.tucs.�/


