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Motivation 2/37

Hermite-Padé approximants

Given 71, ..., 75 € k[z], compute f1, ..., fs € k[x]| such that

firi+ -+ fors=0mod z° + degree conditions

Example
If

ro=8z*—8z%2+1
ri=16x>—20x3+52x
ro=32x%—48 x4+ 182 —1

then we find the relation 79 — 2z 71 + 72 = 0 mod z* ~~ Chebyshev polynomials




Motivation 2/37

Hermite-Padé approximants

Given 71, ..., 75 € k[z], compute f1, ..., fs € k[x]| such that

firi+ -+ fors=0mod z° + degree conditions

Solved by order basis or structured linear algebra :

[ i 1

rio 0 0|-]rso 0 0 J1.0
r1,0 0 O |rs1 750 O f. 0
. . . . 2,0 | | .
1,1 N S A : = :
: : . . . . . O

. fs,O

1,6 Ti,6—1 .| |Ts,6

Special case:

e algebraic approximants r; 1 =1"!
dir
dx’

e differential approximants r; 1 =



Outline of the talk 3/37

Goal. Design an implementation and study its practical performance in symbolic computation.

Outline.

1. Structured matrices basic operations

2. Structured matrices inversion over I,
a. Cauchy-like inversion: iterative & divide-and-conquer
b. Application to Hermite-Padé approximants
c. Implementations

3. Structured matrices inversion over ()
a. Modular techniques

b. Special case of algebraic approximants



Classical structured matrices 4/37

Toeplitz Hankel
to toq ot (e ho hi ha - hi_1
(3] to t—1 . hy he ’ | :
T= t & "~ H=| hy .-
: J T A | : c :
] toq1 o e 1 to | ] Ry 1 - o - hop_o |
Vandermonde Cauchy
1 our (ug)? - T [ 1 1L
V— 1 U'2 (U2)2 C: Ul:_’Ul u1Tvn
1 ) ) 1 DY 1
i 1 un (un)2 uz_l i | Un — V1 Up — Un |

Remark: Hermite-Padé matrix was block Toeplitz
Matrix X vector product:
1. Toeplitz, Hankel: Cost ~M (n) arithmetic operations

2. Vandermonde, Cauchy: Cost O(M(n)log(n)) or O(M(n)) if u,v are geometric sequences



Displacement rank 5/37

Example — Toeplitz

[0 . 0 |
1 :

Llet Z=| o0 - -, : |. Noticethat ZT=(T])~(T+)=TZ
6255

So consider Vz z(T)=ZT—-TZ=(T])— (T +) and

b e B o1 0
([ o =t Y L0767 0y

Vzz S : =l . : :
oy S S

We say that T has V7 z-displacement rank o = 2.

Definition of displacement rank [KAILATH, KUNG, MORF '79]

Displacement operator: AcK""— V(A) e Krxn

V-displacement rank « of A: rank(V(A))




General structured matrices 6/37

Definition of displacement rank [KAILATH, KUNG, MORF '79]
Sylvester displacement operator: Vun(A)=MA—-AN
Vm,n-displacement rank o of A: a:=rank(Vm n(A))

Let D, =Diag(u1, ..., up), Zy,= {

Informally, A is structured for V) v if the displacement rank o satisfies o < n
Examples:

Vz.z: Toeplitz-like, V7 z:: Hankel-like, Vp, p,: Cauchy-like, Vp, z: Vandermonde-like

In this talk, M,N € {D,,Z,Z"}

There exists a more general theory with block companion M, N, that applies to Padé-Hermite

i i . — , [OLSHEVSKY, SHOKROLLAHI '00]
generallzatlon fl RZ71 + + fs R%S 0 mod Pl' [BosTaN, JEANNEROD, M OUILLERON, SCHOST '17]



Pan’s motto: Compress 7/37

Pan’s motto: Compress, Operate, Decompress

1. Compression: Store A with <n? elements
2. Operate: Sum, product, inversion...

3. Decompression: Recover A

Compression
If Vm.n(A) has rank o, A is stored as

Vmn(A)=G-H!

where G,H e K™ >« |

Compressed size: 2 an < n?




Pan’s motto: Decompress

Decompression — Inversibility

Is Vv n always invertible 7
e No, consider Vz z(A)=ZA — AZ then Vz 2(Z") =0 for all 4.
e Theorem. V)  is invertible if and only if Spec(M) N Spec(N)=2.

Decompression — Cauchy

Inversibility. If {u;} N {v;} =Spec(M)NSpec(N) =@ then Vp, p, is invertible.

Reconstruction formula. If Vp, p (A) =(s;, ;) then

A= (s4,;/ (ui—vy))




Pan’s motto: Decompress

Decompression — Reconstruction formulae

Theorem. [GoHBERG, OLSHEVSKY '92], [Woob '93], [PAN et al. '02]

If M invertible, N nilpotent and YV n(A)=G-H?, then Vv is invertible and
A=M"1.Krylov(M™1 G) - Krylov(N!, H)!

where Krylov(M,G) =[ M»~1G| .- |M2G|MG|G ].

Decompression — Vandermonde

Since M =D, is invertible and N = Z is nilpotent, apply the theorem.

Decompression — Toeplitz, Hankel

Consider Vz, 7 instead of Vz z:

e Vg, zisinvertible Indeed Z; is invertible and Z is nilpotent
¢ |ay, ,—av,,|<1 Since Vz, 2(A) —Vzz2(A)=(Z,—-7Z) A
N, e’

rank 1




Stability of basic operations

Let rank(Vm n(A)) =a and rank(Vy n(B)) = 5,
1. Addition
VM,N(A—FB):VM,N(A)—FVM,N(B) rank<oz—|—6



Stability of basic operations

Let rank(Vm n(A)) =a and rank(Vy n(B)) = 5,
1. Addition
VM,N(A—FB):VM,N(A)—FVM,N(B) rank<oz—|—5

2. Transpose

Vnemt(AY) = (MA—=AN) = (Vmn(A)) rank = «



Stability of basic operations

Let rank(Vm n(A)) =a and rank(Vy n(B)) = 5,
1. Addition
VM,N(A—FB):VM,N(A)—FVM,N(B) rank<oz—|—6

2. Transpose

Vnemt(AY) = (MA—=AN) = (Vmn(A)) rank = «

3. Inverse

ALVuNA)ATL=A"IM -NA"L=-—Vym(A™D) rank =



Stability of basic operations

Let rank(Vm n(A)) =a and rank(Vy n(B)) = 5,
1. Addition
VM,N(A—FB):VM,N(A)—FVM’N(B) rank<a+6

2. Transpose

Vnemt(AY) = (MA—=AN) = (Vmn(A)) rank = «
3. Inverse
ALVuNA)ATL=A"IM -NA"L=-—Vym(A™D) rank =

4. Multiplication
Vmp(AB)=(MA—-—AN)B+A(NB—BP)=Vmn(A)B+ AV p(B) rank <o+

Note: Requires (structured matrix)x (dense matrix) product



Structured matrix — vector product 11/37

Toeplitz Toeplitz-like
SMatrix x Vector SMatrix x Vector

Cauchy Cauchy-like
SMatrix x Vector SMatrix x Vector

Reminder:
1. Toeplitz matrix x vector product costs ~M(n)

2. Cauchy matrix x vector product costs O(M(n)log(n)) (or O(M(n)) in special case)

How do we perform Toeplitz/Cauchy-like matrix — vector multiplication ?



Structured matrix — vector prod

uct

Toeplitz Toeplitz-like « =1 Toeplitz-like
SMatrix x Vector SMatrix x Vector SMatrix x Vector

Cauchy Cauchy-like a =1 Cauchy-like
SMatrix x Vector SMatrix x Vector SMatrix x Vector

Remark. A is the sum of displacement rank 1 matrices

Decompose G-H' =Gy -H{ +--- + G, - H, where
rank 1 rank 1

Then A is the sum of displacement rank 1 matrices:

A=V-LG-H)= V-4G-H}) +-+ V-~

N 7

G;, H; are the i-th column

1(Go-HY)

4

. v . v
displacement rank 1 displacement rank 1




Structured matrix — vector product 13/37
Toeplitz Toeplitz-like « =1 Toeplitz-like
SMatrix x Vector SMatrix x Vector SMatrix x Vector

Cauchy Cauchy-like a =1 Cauchy-like
SMatrix x Vector SMatrix x Vector SMatrix x Vector

Toeplitz-like a =1

Since a=1, write Vz, z(A)=g-h*=(g; h;); ;. Then

g1l gn | .| 92 hpn 0 - O
-1 —1 i 192 g1 || : hy e
A=Z;" -Krylov(Z; ", g) -Krylov(Z,h)*=| “7| -~ : o
. . .| 9n h2 . - 0
| gn | In—1 g1 ] hi ho .... hy
Toe};htz ) TOQ};M'CZ g

So reduction to Toeplitz matrix-vector product. Cost: ~2 M(n)




Structured matrix — vector product 14/37
Toeplitz Toeplitz-like « =1 Toeplitz-like
SMatrix x Vector SMatrix x Vector SMatrix x Vector

Cauchy Cauchy-like a =1 Cauchy-like
SMatrix x Vector SMatrix x Vector SMatrix x Vector

Cauchy-like a =1

|f VDU,D\,(A) — (gi hj)i,j then
A=(gihj/(ui—v;))ij=DgCuyDn

So reduction to Cauchy matrix-vector product.

Cost for matrix-vector product: O(M(n)log(n))




Structured matrix — vector product

Toeplitz Toeplitz-like « =1 Toeplitz-like
SMatrix x Vector SMatrix x Vector SMatrix x Vector
Cauchy Cauchy-like a =1 Cauchy-like
SMatrix x Vector SMatrix x Vector SMatrix x Vector

Cauchy-like o =1 — Trick for geometric sequences with same ratio

1U1, Vj :7']_11)1, then

1 1 1 1 1
C— — 1 ) — T - —Dl 7_—1 o —
Uq — Vj T w1 — 777 vq 7 w1 — 77 " 'vq ) AR w1 — 77 " 'vq

N 7

v .
Toeplitz

If w;=71""

Reduce to Toeplitz matrix vector-product

Cost for matrix-vector product: ~M(n) (vs. ~3 M(n) for classical approach)




Structured matrix — vector product

Toeplitz Toeplitz-like « =1 Toeplitz-like
SMatrix x Vector SMatrix x Vector SMatrix x Vector
Cauchy Cauchy-like a =1 Cauchy-like
SMatrix x Vector SMatrix x Vector SMatrix x Vector

Cauchy-like
SMatrix X Smatrix

Consequence to product of structured matrices
If Vm.n(A)=G-HY, Vnp(B)=Y-Z" with G,H,Y,Z&K"** then

Vm.p(AB)=Vun(A)B+AVyp(B)=G- (B'H)! + (AY)- Z!

AY and B'H are (structured matrix)x (a vectors) product

Solution 1: Decompose into « (structured matrix)x (vector) products, each cost O(an)

~

Total cost: O(a?n)




Structured matrix — vector product

Toeplitz Toeplitz-like « =1 Toeplitz-like
SMatrix x Vector SMatrix x Vector SMatrix x Vector
Cauchy Cauchy-like a =1 Cauchy-like
SMatrix x Vector SMatrix x Vector SMatrix x Vector

t Cauchy-like J

Cauchy-like
SMatrix X Smatrix

SMatrix X « Vectors

Consequence to product of structured matrices

If Vimn(A)=G-H, Vp(B)=Y-Z! with G,H,Y,ZcK"*? then
Vm.p(AB)=Vun(A)B+AVyNp(B)=G-(BtH) 4 (AY)- Zt

AY and B'H are (structured matrix)x (a vectors) product

Solution 2: [BosTAN, JEANNEROD, SCHOST '08], [BOSTAN, JEANNEROD, MOUILLERON, SCHOST '17]

w—1

One (structured matrix)x (o vectors) product in cost O(a® ' n)

Total cost: O(a” " 1n)




Outline 18/37

1. Structured matrices basic operations

2. Structured matrices inversion over I,
a. Cauchy-like inversion: iterative & divide-and-conquer
b. Application to Hermite-Padé approximants

c. Implementations

3. Structured matrices inversion over ()
a. Modular techniques

b. Special case of algebraic approximants



Cauchy-like inversion — S®

Intermediate inverse matrices S [CARDINAL '99], [JEANNEROD, MOUILLERON '10]
For 0 <i<n, cut A:{ ﬁoo 201 ] so that Agp € K***. Define
10 11

A11 — A1oAgg Aot | A1oAgg
—ApAn | A

g — Partiallnversion;(A) =

Facts.

1.50 = s(n) =1
2. We have

Partiallnversion; = Partiallnversiony o --- o Partiallnversion;

which implies that

S(O) A Partiallnversiong . S(B) Partiallnversiong . S<26) Partiallnversiong . X S<k6)

/4 7 > cce




Cauchy-like inversion — generators of S

How can we compute Partiallnversion with structured matrices ?

: . . Ago A
S(*) = Partiallnversion; 00 701 ]) —
ATVE ([ Ao A1r

A11—A10Ag0 Aot Ao Ay
—Ago Aot Ao

Cauchy magic — Submatrices are structured

For instance if G :[ g‘; ] H :[ E‘; } then Gy, Hy are generators of Ay (rank ).

Cardinal’s formula — S has displacement rank o !

—A10 G+ Gy
Go

—A§Hy + Hy

v[u1,V()],[V1,uo](S(,L.)) — H6

where G(, H) are V., u.-generators of Ay




Partial inversion using structured operations

Algorithm Partiallnversion;-Structured
Input: 0<:<n

G,H,u,v s.t. Vuu(A)=G-H?

Gh, HO, o, vo s.t. Vg uo(Aog ) = G -Hb" where Agg € K2 X
Output: Y, Z,u’, v/ such that Vu/,\,/(S@)) =Y. 7!

1. Cut G,H,u,v in size ¢

2. Compute Ao G( and A§H{, using (structured matrix)x (o vectors) product
3. return

—A10G)+ Gy
G

At !
Y= Z=| TAIROE I w uyve), v = v, )
0

Cost:

e (structured matrix) x (a vectors) product in O(a¥ !t M(n)log(n))

e Total cost: O(a® 1 M(n)log(n))



Cauchy-like divide-and-conquer inversion

Algorithm Struct-inverse-DAC
Input: G,H, u,v such that V,, ,(A) =G H!
Output: Y, Z such that V, ,(A~1) =Y. Z!

1. if n <threshold then return Struct-inverse-iter(G, H, u, v)

Partiallnversion,, /2
\

2.5 A S0/
0)

a. Invert leading minor of S(°) using Struct-inverse-DAC

b. Compute generators Y, Z of 5(n/2) using Partiallnverse-Structured

Partiallnversion,, /2

3.5(n/2) s §(n) — A1

a. Invert leading minor of S"/?) using Struct-inverse-DAC

b. return generators Y, Z of S using Partiallnverse-Structured

Total cost:

S(n)=28(n/2)+0O(a¥ 1 M(n)log(n)) = S(n)=0(a¥"t M(n)log?(n))



Cauchy-like divide-and-conquer inversion

Algorithm Struct-inverse-DAC
Input: G,H, u,v such that V,, ,(A) =G H!
Output: Y, Z such that V, ,(A~1) =Y. Z!

1. if n <threshold then return Struct-inverse-iter(G, H, u, v)

Partiallnversion,, /2
\

2.5 A S0/

a. Invert leading minor of S(°) using Struct-inverse-DAC
b. Compute generators Y, Z of 5(n/2) using Partiallnverse-Structured

Partiallnversion,, /2

3.5(n/2) s §(n) — A1

a. Invert leading minor of S"/?) using Struct-inverse-DAC

b. return generators Y, Z of S using Partiallnverse-Structured

History

e Need compression: [MORF/BITMEAD-ANDERSON '80], [KALTOFEN '94]

e Compressed formulae: [CARDINAL '99], [PAN '00], [JEANNEROD, MOUILLERON '10]




Cauchy-like divide-and-conquer inversion

Algorithm Struct-inverse-DAC
Input: G,H, u,v such that V,, ,(A) =G H!
Output: Y, Z such that V, ,(A~1) =Y. Z!

1. if n <threshold then return Struct-inverse-iter(G, H, u, v)

Partiallnversion,, /2
\

2.5 A S0/

a. Invert leading minor of S(°) using Struct-inverse-DAC
b. Compute generators Y, Z of 5(n/2) using Partiallnverse-Structured

Partiallnversion,, /2

3.5(n/2) s §(n) — A1

a. Invert leading minor of S"/?) using Struct-inverse-DAC

b. return generators Y, Z of S using Partiallnverse-Structured

Contributions in [HYUN, L., ScHOST '17]

Check the required generic rank profile property

Compute » =rank(A) and invert only the leading principal minor




Partial inversion using dense operations

Algorithm Partiallnversiong-Dense
Input: 0< B<aand G,H,u,v s.t. Vuu(A)=G-H?
Output: Y, Z,u’, v/ such that Vu/,\,/(S(ﬁ)) =Y.Z!

Cut G,H,u,v in size 3

Decompress Ago, Ag1 and Aqg

Invert Ago Dense inversion
Compress Agy ~ G), H)

Compute Ao G) and AhH) Dense matrix multiplication
. return

ook whd =

—A10G)+ Gy
Go

—A§Hy +Hy
b

Y = Z= ,u’=[u, vo],v = |v1, ug]

Y

Why dense matrices ?
Aoo, Ao, Al € K**P are too small to take advantage of structured algorithms.

Cost analysis for one iteration when 3 =a: O(a¥ " !n)



Cauchy-like iterative inversion

Algorithm Struct-inverse-iter
Input: G, H, u,v such that V, ,(A) =G -H" and step size 8 (1< <)
Output: Y,Z such that V, ,(A~1)=Y.Z!

1.for (i=0ji<n;i=i+ B)
. S(’LB) Partlallnver5|on5> S((l-l-l)ﬁ)

Compute generators Y, Z of S(E+1)8) using Partiallnversion-Dense
2.return Y, Z

Idea:

Partiallnversi Partiallnversi Partiallnversi
S(O) _ A artia nverSIOnﬁ\ S(/B) artia nVel’SIOI‘lB> S(2/3) artia nverSIOnB\

4

Total cost when B=a: n/a x O In) =0(a* ?n?)

A 7

Vv
#iterations  Partiallnversion-Dense

S .. >S(n):A_1



Cauchy-like iterative inversion

Algorithm Struct-inverse-iter
Input: G, H, u,v such that V, ,(A) =G-H" and step size § (1< <)
Output: Y,Z such that V, ,(A~1)=Y.Z!
1.for (i=0;i<n;i=i+ )
. S(Zﬁ) Partiallnversion5> S<<Z+1)B)

Compute generators Y, Z of S(E+1)8) using Partiallnversion-Dense
2.return Y, Z

History

6 = 1: Cost O(Of n2) [LEVINSON '47], [DURBIN '60], [TRENCH '64],[KAILATH '99], [M OUILLERON '08]

ﬁ — «v: Cost (’)(a“_2 n2) [Hyun, L., ScHosT '17]




Toeplitz-like inversion

Original motivation — Hermite Padé approximants

Find a non-zero vector in the kernel of T Toeplitz-like

Transformation between classes of structured matrices [PaN '90]
[HEINIG '94], [GOHBERG et al. '95]

We can reduce questions about Toeplitz-like matrices to ones about Cauchy-like matrices.

Advantages:
1. Benefit from efficient Cauchy-like inversion
2. Can choose u, v geometric sequences with same ratio ~+ Gain factor 3

3. The generated C should have generic rank profile

Note: [JEANNEROD, MOUILLERON '10] extend Cardinal’s compressed formulae to Toeplitz.



Toeplitz-like to Cauchy-like

Transformation

If T is Toeplitz-like of displacement rank « then
C=V,TW, is Cauchy-like with displacement rank <o + 2
Why ? V, is Vp, z-structured, T is Vz z-structured and W, is V7 p -structured

Moderate cost overhead: O(a M (n)log(n))

Regularization

[PAN '01]: Regularization of Cauchy-like A A'=D,C, uAC, 1Dy

[HyuN, L., ScHOST '17]: A=V, T W, has generic rank profile for generic u, v in K




Implementations 27/37

Implementation details:
e (C++4 implementation based on Shoup’s NTL
NTL provides efficient polynomial arithmetic and matrix multiplication over small prime fields

e Available at https://github.com/romainlebreton/structured linear system solving



Implementation — lterative Cauchy-like inversion

Iterative inversion: O(an?) (step size 3=1) Vs, O(a®?n?) (B=a).

Note: O(a“~?n?) algorithm is faster as soon as o> 10

time ratio direct / block

1 | | | | | | | | |
0 100 200 300 400 500 600 700 800 900 1000

n

Figure. Time ratio “(an?)/(a® ~2n?)" for .= 30



Implementation — DAC Cauchy-like inversion

DAC algorithm: Dense O(n%)

VS

Note: Structured algorithms are faster as soon as o < 0.2n

I
alpha=5
alpha=50
dense

time in sec.
N
|

500

Bt | | | |

1000

1500 2000 2500 3000 3500 4000 4500 n

For Pade-Hermite and Toeplitz-like inversion: overhead of ~5%

structured O(a“ ! M(n)log(n)) (=5 and av=50)



Outline 30/37

1. Structured matrices basic operations

2. Structured matrices inversion over I,
a. Cauchy-like inversion: iterative & divide-and-conquer
b. Application to Hermite-Padé approximants

c. Implementations

3. Structured matrices inversion over Q)
a. Modular techniques

b. Special case of algebraic approximants



Algorithms over the rationals 31/37

Initial goal: Pade-Hermite approximant over @, so find x s.t. Tx=0 (T Toeplitz-like)
Reduce the problem:

1. Cauchy matrices: C=V,TW, and Cy=0&T (W,y)=0

—1
COO COl r
—r

2. Kernel to linear system solving: ker C= {[ ]} where Cpp maximal minor
r

3. Modular techniques: Solve modulo N, then apply rational reconstruction

Current Goal — Modular Cauchy system soving

Given C invertible Cauchy-like matrix, solve

Cx=bmod N

Cost model: From now on, cost model will be bit complexity

Notation: Z(t) — cost of multiplying ¢-bit integers



Modular techniques

Newton Iteration [PAN '92] N =p’

e Compute generators of C~! modulo p, p?, p?, ..., pt

e Bit complexity: O(aw_lj\/l(n) Z(t)+ a1t M(n) log(n)>

lifEi,ng C_lgod p

Divide-and-Conquer N =p

e Recursively compute the solution at half the precision and cancel the residue

e Particular case of a faster online algorithm [HOEVEN '02], [L. '12]

o Bit complexity: o(S\f M(n) (1) log(t) + a*~* M(n) log(n) )

lifting C—1mod p

Chinese Remainder Theorem N=pj-ps

e Solve Cx=b modulo ¢ primes p1, ..., p; of the same magnitude

e Bit complexity: O(a‘*’l/\/l(n) log(n)t+ nZ(t)log(t) )

Vv Vv
-1 . c .
C~'mod p1,...,p¢ Chinese remaindering




Implementation — Pade-Hermite over Q) 33/37

5 blocks with n columns n blocks with n columns
4500 | 50000
daC —— dac
4000 - newton e — crt
crt - 40000 |- -
3500 —
~ 3000 —
] 30000 —
v 2500 —
£
v 2000 —
_g 20000 |- -
1500 —
1000 7 10000 |- .
500 .
0 0 !
O 1100 2200 3300 4400 5500 0 3000 6000 9000
size size

N——

n times

Figure. Pade-Hermite approximants over () with degree bounds (n, n,n,n, n> and (n, e n)
N ——

5 times



Algebraic approximants 34/37

Bottleneck in DAC solving are matrix-vector products

Special case of algebraic approximants

Find f1,..., fs s.t. f1—|—f27“—|—f37“2-|—"'—|— fsrs_lzomOdZU(s and deg f; <d

Cost Ct of matrix-vector product Tr

~

1. Structured algorithms: a=s,n=0(d s) Cr=0(aM(n))=0(s*d)
2. Bivariate modular composition: [BrENT, KUNG '78], [NUSKEN, ZIEGLER '04]
Compute F(x,r(z))mod z° for F(x,y)=>" fiy' ! Cr=0(sWth/2q)

Note: Same trick does not apply for Newton iteration, nor for chinese remaindering.




Implementation — Algebraic approximants over Q)

140

5 blocks with n columns

120 -

100 -

80

60 -

time in sec.

40 -

20

0
0

I
bmc
naive

| | | |

2000 4000 6000 800010000

size

900
800
700
600
500
400
300
200
100

0

n blocks with n columns

I
bmc

0 2000 4000 6000 800010000

size

Figure. Algebraic approximants over (Q with degree bounds (n,n,n,n,n) and (n, 1)
N —

——

5 times n times

)



Conclusion 36/37

Summary:

e Implemented many different algorithms using efficient libraries
e Improvements over I, with significant practical benefits:

o Faster iterative algorithm

o New class of Cauchy-like matrices with faster matrix-vector product

o Simpler regularization process

e Improvements over () with significant practical benefits:

o DAC is most efficient in practice

o Exploited the additional structure of the algebraic approximants

Perspective:

e Similar improvements over () for the differential case (r, 7, 7", ...)

Bivariate modular composition in this context [BOSTAN, SCHOST '09]



Thank you for your attention ;-)



