Conceptual Graphs: fundamental notionsMichel Chein et Marie-Laure MugnierLIRMM (CNRS & Universit� de Montpellier II)860 rue de Saint-Priest,34090 Montpelliere-mail: chein@crim.fr, mugnier@crim.fr

ABSTRACT. We state precise definitions of the basic notions of Sowa�s framework[Sowa 84] and provide related results. These results mainly concern the structure ofthe specialization relation, correspondence between graph operations and logicaloperations, and algorithmic complexity of the model handling.RESUME. Nous d�finissons pr�cis�ment les notions de base du mod�le des graphesconceptuels de Sowa [Sowa 84] et en �tudions les propri�t�s. Nos r�sultats portentprincipalement sur la structure de la relation de sp�cialisation, la correspondanceentre op�rations de graphes et op�rations logiques, et la complexit� algorithmique dela mise en oeuvre du mod�le.KEY WORDS : Knowledge representation, conceptual graphs, Sowa�s graphs,semantic networks, specialization / generalization, graphs, pattern matching, firstorder logic, algorithmic complexity.MOTS-CLES : repr�sentation de connaissances, graphes conceptuels, graphes deSowa, r�seaux s�mantiques, sp�cialisation / g�n�ralisation, graphes, appariement,logique du premier ordre, complexit� algorithmique.

Revised version of R.R. CRIM, April 91. Appeared in Revued’Intelligence Artificielle, Vol. 6, n� 4, 1992, pp 365--406.

page 21. Introduction.The motives leading to this paper can be summarized as follows.First has been the deep interest arousen by the lecture of Sowa�s book on conceptualstructures [Sowa 84] and particularly his unifying approach and elegant simplicity.Then the conflicting initial reactions which followed the publication of his book[Clancey 85] [Smoliar 87], and the response given by Sowa [Sowa 88], enhancedour curiosity. Finally the great number of research works and practical realizationspresented in regular workshops have confirmed both the pertinence of Sowa’s ideasand the need for formalization due to the lack of precision of some notions and thepersistence of some errors (see [AWCG 88] ... [AWCG 92] for the workshopproceedings and [JETAI 92], [KBS 92], [Nagle Ed. 92] for selected papers; some ofthe larger practical projects are listed in [Sowa 92, ⁄ 4]).�Conceptual graphs form a knowledge representation language based on linguistics,psychology, and philosophy� [Sowa 84]. Sowa proposes an abstract model whichcan be used at different levels. At a conceptual level, it can be the basis for aspecialized communication language between specialists of different disciplinesinvolved in a common cognitive work. At an implementation level, it can be thebasis for a common representation tool used by several modules of a complexsystem, integrating: knowledge and databases, inference engines, sophisticatedhuman-computer interfaces, learning modules �In his book, Sowa settles a relatively simple model and, progressively, adds morecomplex notions. This is the basic model that we consider here. Our main objectiveis to propose precise definitions, theorems and algorithmic complexity results.A large part of the notions and results presented here are explicitly or implicitlypresent in Sowa�s book. Nevertheless, for completeness reasons, and so that peoplenot familiar with Sowa�s conceptual graphs can read this paper without referring tothe book, we will be giving here some definitions and results of [Sowa 84].Second part is devoted to the definition of a conceptual graph - that we call S-graph -related to a support. Indeed, �a conceptual graph has no meaning in isolation. Onlythrough the semantic network are its concepts and relations linked to context,language, emotion, and perception� [Sowa 84]. Sowa described partially andseparatly some components of this semantic network. Our notion of a supportintegrates these elements. The support represents general knowledge on a domain,while each S-graph asserts a single proposition related to this context.

page 3In sections 3 to 6, we study the ground operations on S-graphs. Some are based onthe projection notion, which is a particular graph morphism, other are based ongeneralization / specialization rules. We give a complete correspondence betweenthese two views.We precise in section 7 that the specialization relation - induced by the compositionof specialization rules - is not an order as many people think, but a preorder, that isa reflexive and transitive but not antisymmetric relation.1 This is an importantpoint, because we prove in the last part that the problem of determining whether twoS-graphs are equivalent, for the equivalence relation associated with the preorder, isNP-complete. We characterize the notion of an irredundant graph, which is a uniquerepresentative of its equivalence class.In section 8, we study different acceptances of the extended join operation, which canbe seen as a partial match between two graphs.Sowa has proposed a logical interpretation of conceptual graphs, and consequently ofspecialization operations. Section 9 is devoted to this correspondence between graphsand logic.Finally, we establish algorithmic complexity results of the main problemsencountered in the preceding sections. Most of them are NP-complete in the generalcase and polynomial when the underlying graph of the S-graph is a tree.Let us now place our work in reference to Sowa�s book, more precisely to the basicmodel introduced in Chapter 3 of [Sowa 84]2.We first explicit the notion of a support from several concepts introduced explicitlyor implicitly by Sowa as components of the �semantic network� or of the �canon�([Sowa 84], 3.4.5). We introduce the notion of an S-graph related to a given support- S for Sowa, for simple, and also for recalling the support - which corresponds to aconceptual graph having only generic or individual markers (as conceptual graphsintroduced in 3.1.2 of [Sowa 84]).In the third section, we give precise definitions for the following graph notions:projection ([Sowa 84], 3.5.4), S-graph morphism and sub-S-graph.

1This fact has been noted several times (see for instance [Chein 89] - after a remark of O. Cogis -,[Ellis 91], [Jackman 88]).2Following paragraphes are not mandatory for the paper understanding. They only aim at preciselyplacing our contribution in Sowa�s book context.

page 4We recall in fourth part Sowa�s elementary specialization rules - restrict, join andsimplify - ([Sowa 84], 3.4.3) without the copy rule that can be considered as aparticular case of the restrict rule. We explicitly introduce the generalization rules,duals of the specialization rules, used in particular to prove a result of logicalcompleteness in the ninth section. Other specialization operations that we define areconcept nodes fusion (in part 4), which is a composition of restrict and joinoperations, and relation nodes fusion (in part 6).Sowa demonstrated in 3.5.4 of [Sowa 84] that, given two graphs G and H, if G is aspecialization of H then there is a projection from H to G. We provide the reciprocalproperty, yielding a complete correspondence between the two notions (theorem 1,part˚5).Section 7 precises that the specialization relation is only a preorder and not an orderas stated in [Sowa 84], 3.5.2. Indeed, it is not an antisymmetric relation. Weintroduce the notion of an irredundant S-graph, yielding an exact characterization ofthe equivalence relation associated with the preorder (theorems 2 and 3). However,this characterization is not polynomial, as shown in last section.In section 8, we study the notion of an extended join between two S-graphs, anddefine a particular case called isojoin (which seems to be that actually considered in[Sowa 84] 3.5.6 up to 3.6.9). As finding a maximal isojoin - in the cardinal orinclusion sense - is NP-complete, we propose a notion of maximal isojoin, which ispolynomially computable and seems to be the notion pratically used.Section 9 is devoted to relationships with logic. We recall the logical interpretationof conceptual graphs given by Sowa ([Sowa 84] 3.3.2), and supplement this with alogical interpretation of the concept type lattice. Sowa proved in 3.5.3 thatspecialization rules are refutation rules, that is, given two conceptual graphs G andH, if G is a specialization of H, then the interpretation of G logically implies theinterpretation of H. Using this result, the duals of the specialization rules,generalization rules, are inference rules. We establish that they constitute a completeset of inference rules on the set of the logical formulas associated with S-graphs(theorem 4).

page 52. S-graph related to a Support.A conceptual graph is made up of two kinds of nodes: relations and concepts.�In the graphs, concept nodes represent entities, attributes, states, and events, andrelation nodes show how the concepts are interconnected� [Sowa 84]. Some conceptvertices are said to be individual and design particular entities, the others are calledgeneric and represent unspecified entities of a given type.A conceptual graph is related to a support, which defines syntactic constraints, andprovides background information on a specific application domain.In this notion of a support, we regroup:a set of concept types, structured in a lattice, representing an AKO - is-a-kind-of -hierarchy, and allowing multiple inheritance,a set of relation types,a set of star graphs, that we call basis, showing for every relation type what kind ofconcept types it can link (in other words, a star graph represents the signature of arelation type),a set of markers for concept vertices: one generic marker and individual markerswhich allow to distinguish and name distinct entities,a conformity relation, which defines association constraints between a concept typeand a marker (intuitively, if we allow the association of a type t with a marker m,this means �there is an individual m that IS-A t�).One important point is the separation and structuration of knowledge into twolevels: relationships between concept types or classes (i.e. the link AKO) whichbelong to the support, and relationships among individuals or instances which areencoded in a particular conceptual graph.Figure 2 partially exemplifies the notion of a support, with a concept type latticeand a basis, and Figure 3 gives a sample of conceptual graphs definable on thissupport.

Definition.A support is a 5-tuple S=(Tc,Tr,M,conf,B) where:(1)Tc, the set of concept types, is a finite lattice with:£ as order, 1 as supremum (the universal type), 0 as infinum (the absurdtype), � and � denoting the lower and upper bounds,(2)Tr, the set of relation types, is a finite set; Tc and Tr are disjoint, page 6(3)B is a set of �star graphs�, {Bri, ri˛Tr}, in bijection with Tr; every Bri isbuilt as follows: exactly one vertex of Bri is labelled by the element ri ofTr, this vertex has a non empty and totally ordered set of neighbours, theseneighbours being pairwise non adjacent, and each of them is labelled by anelement of Tc. (See Figure 1).

123n...t at bt ct xriFigure 1. The star graph Briassociated with ri˛Tr(4)M is a countable set of individual markers; in addition, there exist a markercalled generic * and an absurd marker 0; we provide the set M¨{*,0} witha lattice structure by the order, denoted by <, such that any two elements ofM are incomparable, and " m ˛ M: 0˚<˚m˚<˚*.(5)conf, the conformity relation, is a predicate on Tcx(M¨{*,0}) satisfying:"˚m˚˛˚M and " t, t’˛Tc(5.1) conf(1,m) and not conf(0,m) and not conf(t,0)(5.2) t’ £ t and conf(t’,m) imply conf(t,m)(5.3) conf(t’,m) and conf(t,m) imply conf(t’�t,m), thus t’�t>0(5.4) "t ˛ Tc \ {0} conf(t,*), and not conf(0,*).We now define an S-graph as a conceptual graph on a given support S. An S-graphrepresents a factual information, which is interpretable in the context of S.

Definition.An S-graph related to a support S, is a multigraph G=(R,C,U,lab) where:(1)G is a bipartite, connected, finite graph, R ={r-vertices} andC={c-vertices} denote the two classes of relation and concept vertices,which we also call r-vertices and c-vertices, U is the set of edges, andC „ ¿,(2)this graph is partially ordered by R: for every r ˛ R, the set of edgesadjacent to r is totally ordered, and we label these edges i=1, � , degree(r);we denote by G(r) the neighbour set of r; for every c-vertex c, we statec˚=˚Gi(r) if there exists an edge rc labelled i, and c is said to be the i-ithneighbour of r,

page 7(3)every vertex has a label defined by a mapping lab which obeys to thefollowing;if r ˛ R then lab(r) = type(r) ˛ Tr ,if c ˛ C then lab(c)=(type(c),ref(c)), with type(c) ˛ Tc and ref(c) ˛ M¨{*},if ref(c) ˛ M, c is called an individual concept, and if ref(c)=*, c is calleda generic concept,(4)the degree in G of an r-vertex with type r is equal to the degree in Br of ther-vertex (with type r), and the type of its i-ith neighbour is smaller or equal(£) to the type of the i-ith neighbour of the r-vertex in Br,(5)the conformity predicate, conf, satisfies:"c ˛ C, conf(type(c),ref(c)).

Remark. An isolated c-vertex is an S-graph.Let Eq be the set of all possible labels for c-vertices, i.e. the set of elements (t,m)of Tcx{M¨{*,0}}. Eq is a lattice whose order is defined as the product of theorders on Tc and on {M¨{*,0}}.The verification that a labelling fulfills the conformity relation conf - condition 5concerning an S-graph - avoids some incoherences, it is an elementary form ofreasoning. Furthermore, condition 5.3 applying to the conformity relation of asupport S induces that, for any S-graphs set on S, the lower bound t of all typesassociated with the c-vertices having a same individual marker m is such that: t > 0and conf(t,m). In other words, if m is a t1 and a t2 then m is a t1�t2 that is not theabsurd type.In the following, all S-graphs are implicitly related to a same support S. We willidentify any star graph with the naturally associated S-graph: Br is the S-graphhaving a unique r-vertex labelled r, whose neighbours are generic c-vertices. B is saidto be the basis associated with S.We will study now the operations defined on S-graphs. We firstintroduce the notion of projection (section 3), which is an S-graphmorphism. Then we will see less classical operations, Sowa’sspecialization rules (section 4), and give the correspondence betweenthe two views (section 5).

page 8grounduniversalabsurdTc, the concept type latticegeometric objectpolygonregular polygonparallelogramrectanglediamondsquare object

B, the set of star graphs onleftobjectobjectobjectobject1212

Figure 2. Partial definition of a support S

onground : gpolygon : *square :*

on1122Gc1c2c3r2r1

onpolygon : *square :*

on1122onground : ggeo.object : *rectangle :*

on1122

Hr3r4r5r6c4c5c6c7c8left1ground : g1square : a

onon122square : bonon122

square : cK

12r7r8r9r10r11c9c10c11c12 A rectangle t : mrepresents a c-vertex with label (t,m).represents an r-vertex with label (r).A circlerFigure 3. S-graphs G, H, K related to the support S

page 93. Projections and S-graphs morphisms.We define the �projection� and �S-graphs morphism� notions as morphisms ofordered bipartite graphs, which we provide with additional constraints on the verticeslabellings.

Definition. (See Figure 4)A projection from an S-graph G = (R,C,U,lab) to an S-graph G’˚=˚(R’,C’,U’,lab’)is an ordered pair (f,g) of mappings, f from R to R’, and g from C to C’, such that:(i)"r ˛ R and "i ˛ {1, ... , degree(r)}, Gi(r) = c implies g(c) = G’i(f(r)),1(ii)"r ˛ R lab’(f(r)) = lab(r),(iii)"c ˛ C lab’(g(c)) £ lab(c).Hence a projection is a morphism of the underlying graphs, that preserves ther-vertices labels and may restrict the c-vertices labels. To decrease the label of ac-vertex c is equivalently expressed as to restrict the type of c and / or, only if c isgeneric, to put an individual marker instead of its generic one, while satisfying theconformity relation conf.E.g. for graphs H and K of Figure 3, � = {(c4,c9), (c6,c9), (c5,c10), (c7,c11),(c8,c12), (r3,r7), (r4,r8), (r5,r9), (r6,r10)} is a projection from H to K.

Definition.An S-graph morphism from an S-graph G = (R,C,U,lab) to an S-graphG’˚=˚(R’,C’,U’,lab’) is an ordered pair (f,g) of mappings fulfilling the sameconditions as a projection, except for (iii) replaced by:(iv)"c ˛ C lab’(g(c)) = lab(c).Hence a morphism is a particular projection.E.g. for graphs G and H of Figure 3, � = {(c1,c4), (c2,c5), (c3,c8), (r1,r3), (r2,r4)}is an injective morphism from G to H.

1In other words, for every edge rc labelled i in U, f(r)g(c) is an edge labelled i in U�.

Definition.An S-graph isomorphism (resp. isoprojection) is an S-graph morphism (resp.projection), say (f,g), such that f and g are bijective.Let us recall that condition (4) of definition of an S-graph implies that, given S-graphs G and G�, all r-vertices with same type have the same degree. So, if f and gare bijective, this suffices to ensure that the underlying graphs of G and G� areisomorphic (i.e. condition (i) of projection definition becomes: "r ˛ R and"i ˛ {1, ... , degree(r)}, Gi(r) = c if and only if g(c) = G’i(f(r))). Thus, an S-graphisomorphism is equivalently defined as an S-graph morphism whose reciprocal isalso an S-graph morphism. This is false for an isoprojection, when it strictlyrestricts the label of at least one c-vertex.12

�u�vGH21

2H112rc1c2r1c3c4c5r3r2t : m2t : m3t : m5t : 1*t : 4*Tc1

0t1t2t6t3t4t5t1t2�( , )�u :G fi H1�v :G fi H2r1 fi r2r1 fi r3c1 fic3c1 fi c4c2 fi c3c2 fi c5�u is a non injective projection and �v is an isoprojection.Figure 4. Projections

page 11A composition of S-graph morphisms (resp. projections, S-graph isomorphisms,isoprojections) is an S-graph morphism (resp. projection, S-graph isomorphism,isoprojection).

Definition.Let G be an S-graph; a sub-S-graph of G is a subgraph of G which is an S-graphwhen provided with the restriction of the G mapping lab.Condition (4) applying to S-graphs implies that a strict partial subgraph of G is nota sub-S-graph, and more generally a subgraph of G that does not respect the arity ofr-vertices is not a sub-S-graph; so we immediately have:

Property 1.A sub-graph of an S-graph G is a sub-S-graph if and only if it is aconnected component of an induced sub-graph of G obtained bydeleting a set of r-vertices.4. Specialization and generalization operations.Let us now give Sowa�s elementary specialization rules, and introduce the dualgeneralization rules.

Definition. ([Sowa 84], 3.4.3)The elementary specialization operations are internal operations on the set ofS-graphs defined as follows:(1)deletion of twin r-vertices (simplify): if two r-vertices of anS-graph G with the same type are twin r-vertices, that is have exactly thesame i-ith neighbours, then we build the S-graph G’ obtained from G bydeleting one of the duplicates,(2)elementary restriction (restrict): let c be a c-vertex of an S-graph G,then doing a restriction on c consists in building an S-graph G’ obtainedfrom G by replacing the label of c, say e, by e’, such that: e’ £ e andconf(e’), page 12(3)elementary join: let G, G’ be two non necessarily distinct S-graphs, andc, c’ be two c-vertices belonging respectively to G and G’ and having thesame label, then the result of the join of G and G’ according to c and c’ isthe S-graph G" obtained from G and G’ by identifying these two vertices.

Definition.G is said to be a specialization of H if H belongs to a specialization sequenceending with G.Let us denote the specialization relation by £.Given a set of S-graphs E, we note S(E) the closure of E under the specializationoperations. An S-graph G of S(E) is said to be derived from E.Following operation c-vertex fusion is a combination of restrict and join operations.

Definition.Given n c-vertices c1,...,cn, n‡1 belonging to S-graphs G1, ... , Gk, k£n, we saythat they are fusionnable if conf(e) holds, where e is the lower bound of theirlabels. A fusion of these n vertices consists in identifying them in a single vertexwhose label, say e�, satisfies: e�£ e and conf(e�). This operation is a composition ofn restrictions followed by n-1 joins, thus is a specialization operation. If n=1, thefusion is an elementary restriction.In Figure 4, H1 is obtained from G by doing a fusion of c1 and c2 (or by restrictingthe labels of c1 and c2, then by joining these vertices). To obtain H2 from G, weneed only to restrict the labels of c1 and c2. Note that H1 and H2 are incomparablefor the specialization relation, in particular because c4 and c5 are not fusionnablevertices.Condition 5.3 applying to the conformity predicate of a support ensures that in anygraph we can fusion all c-vertices having the same individual marker. Hence, whenthe labelling mapping is not injective on the set of individual markers, we can usefusion to amount to an injective one.

DefinitionThe elementary generalization operations are the inverse of the elementaryspecialization operations:(1)twin r-vertex addition,(2)elementary extension, which replaces a c-vertex label by a greater label,such that it obeys to the type constraints issued from the basis B (i.e. forevery edge rc with label i, type(c) £ type of the i-ith neighbour of ther-vertex in S-graph Btype(r)),(3)elementary split, which duplicates a c-vertex, say c, into two vertices, sayc1 and c2, with identical labels, and the set of edges adjacent to these newvertices is a bipartition - in a large meaning, one of the two parts may beempty - of the set of edges adjacent to c.The latter operation produces several graphs if c is an articulation point or if one ofthe two parts is empty.Note that dual restriction and extension operations are both limited by the support:increasing the type of a c-vertex is constrained by the basis B, whereas decreasing alabel is constrained by the conformity relation conf.

Definition.H is said to be a generalization of G if H can be obtained from G by a sequenceof elementary generalization operations. Given a set E of S-graphs, we will be led toconsider G(E) the closure of E under the generalization operations.We easily verify the following: if an elementary specialization (resp. generalization)operation yields G from H, then there is an elementary generalization (resp.specialization) operation which yields H from G. Then:

Property 2.G is a specialization of H if and only if H is a generalization of G .

Remark.The set of S-graphs definable on a support with basis B is exactly S(B˚¨˚{[1,*]}),where [1,*] is the S-graph reduced to a single generic c-vertex of universal type. Inparticular, for any S-graph set E, G(E) and S(E) are included in S˚(B˚¨˚{[1,*]}).We have seen two basic operations, on one hand the projection and onthe other hand specialization / generalization elementary rulesproducing the £ relation. We yield here a complete correspondencebetween these two notions.5. Specialization and projection.

Lemma 1.If there exists a projection from H to G , then G £ H .Proof.Let us denote by �=(f,g) a projection from H to G.For all c-vertex c of G, if g-1(c)={c1,...,cn} then we can fusion the c-vertices ci of Hin a unique vertex whose label is that of c; if n=1, the fusion is simply a restriction.In doing that, we define a specialization sequence S1 and a new S-graph H1 obtainedfrom H by S1.For all r-vertex r of G, if f-1(r)={r1,...,rm} then the ri are twin vertices of H1. Bydeleting m-1 such vertices, we define a specialization sequence S2 and a new S-graphH2 obtained from H1 by S2.Let G’=�(H) be the sub-S-graph of G image of H by the projection � andisomorphic to H2. Let us consider the graph K=G \ G’. Let us add to it the linkingedges of G’ in G, that is edges with one endpoint in G’ and the other in G. Theendpoint in G’ of such edges is necessarily a c-vertex. Let K’ be the obtained graph,then a connected component of K’ is an S-graph. By successively joining the severalconnected components of K and K’, we obtain G from G’ (see Figure 5). Let usdenote by S3 the specialization sequence it is associated with.We go from H to G by the specialization sequence S1S2S3.o page 15 c ab123d4e67ab1de67K’ 1K’ 2G’ = � (H )GK’

first neighbour5c5second neighbour

Figure 5. Obtaining G from G’ and K (in lemma 1 proof)

Corollary: If H is a sub-S-graph of G then G £ H .

Lemma 2.If G £ H then with every specialization sequence from H to G we canassociate a projection from H to G .Proof. (See [Sowa 84], theorem 3.5.4)Let H(=G0) s0 G1 � sk-1 (Gk=)G be a sequence of elementary specializations. Withevery specialization si from Gi to Gi+1 we can associate a projection from Gi toGi+1. Indeed:when we delete a twin r-vertex, we choose a projection unifying the two twinvertices,when we do an elementary restriction, we take the projection induced by thedecreasing of the c-vertex label,and when we do an elementary join, we consider the projection induced byidentifying the two joined c-vertices; let us note that, if the join applies to c-verticesof two disjoint S-graphs, then the projection is an injective morphism.Finally, we obtain the wanted projection by composing all these elementaryprojections.oThe two previous lemmas yield:

Theorem 1.G £ H if and only if there exists a projection from H to G .

page 16Furthermore, we can associate with any specialization from H to G, and thus withany projection from H to G , a sequence in a particular form, that we callspecialization in normal form; this specialization is made up of the threespecializations defined in lemma 1: a first one contains only c-vertex fusions, andleads to an S-graph H1, a second one consists exclusively of twin r-vertex deletions,and leads to an S-graph H2, and a third one, the last, contains the joins from S-graphs pairwise disjoint and separated from H2, yielding G.If the projection from H to G is an injective morphism, then the specialization innormal form (associated with the projection) comprises solely the joins step. If it issurjective, then it does not contain the third joins step.We have seen ground operations on S-graphs. In next part, wecomplete these with definitions of r-vertex fusion, and compatiblepartitions, which are useful notions for studying the structure of thespecialization relation (section 7) and matching operations (section 8).6. Compatible partitions.Let G=(R,C,U,lab) denote an S-graph.

Definition.A partition PC of C is compatible if each of its classes is a set of fusionnablec-vertices - as defined in section 4 - (or compatible set of c-vertices).Let PC = {C1, ... , Cn} be a compatible partition of C , then we obtain aspecialization G’ of G by the surjective projection �=(f,g) defined as follows:f : R fi R’ is the identity relationg : C fi C’={c1, ... , cn} with if c˛Ci theng(c)= cilab(ci) = inf{lab(c) / c˛Ci}Figure 6 illustrates this kind of projection, with the partition PC={{1,3,8},{6}}, thatgives the S-graph K from G.

Definition.For any r˛R, let Pr be the partition of {1, ... , degree(r)} induced by the equality ofr neighbours, that is i and j are in the same class of Pr if and only if Gi(r) = Gj(r).

Definition.An r-vertex set, say A, is compatible if:(i)" r˛A, lab(r) = t(ii)Let PA be the partition on {1, ... , degree(t)}, upper bound of the partitionsinduced by the r-vertices of A: PA = � {Pr � r˛A}.Then for every class I of PA, the c-vertex set CI={Gi(r) � i˛I and r˛A} is compatible.The partition PA induces a partition on C, called PC(A), with the followingclasses: the sets CI and the singletons containing the c-vertices that do not belong to¨{G(r) � r˛A}.In Figure 6, let us consider A = {4,7}, a set of G r-vertices with identical labels. Thepartitions induced by the neighbours equality are respectively P4={{1,2}} andP7={{1},{2}}. Thus PA={{1,2}} and it induces on the c-vertex set of G the partitionPC(A)={{3,6,8},{1}}, where each subset is compatible.

Definition.The r-vertices of a compatible set, say A, are also said to be fusionnable: thefusion of these vertices consists in fusionning the c-vertices of each class of PC(A)into one vertex whose label is the lower bound of the fusionned vertices labels, andin keeping only one representative of A (i.e. deleting | A |-1 twins of A).

Definition.A partition PR of R is compatible if:(i) " Ri˛PR, Ri is a compatible r-vertex set(ii)Let PC(PR) be the partition on C induced by PR, that is the upper boundofthe partitions PC(Ri) induced by each class Ri of PR; then each classof PC(PR) is a compatible c-vertex set.We obtain a specialization G’ of G by doing a fusion of the r-vertices according toPR˚=˚{R1, ... , Rn}, that is by the following surjective projection �=(f,g):f : R fi R’={r1, ... , rn} withif r˛Ri then f(r)=ri and lab(ri) = lab(r˛Ri)g : C fi C’={c1, ... , cp} withPC(PR) = {C1, ... , Cp}if c˛Ci then g(c)=ciand lab(ci) = inf{lab(c) | c˛Ci} page 18Figure 6 illustrates this kind of projection, with PR={{2,5},{4,7}}, that gives theS-graph H from G.

Definition.A partition P = PR + PC on the vertex set of an S-graph G is compatible if(i)PR is a compatible partition of R(ii)PC is a compatible partition of C, less thin than PC(PR).

Definition.Let G be an S-graph and P = PR+PC be a compatible partition of its vertex set. Weprovide the underlying quotient graph G/P with an S-graph structure by labellingevery class of R with the label of one of its elements and by labelling every class ofC with the lower bound of its element labels.This graph is called the quotient S-graph of G by P, and denoted by G/P.With a compatible partition P of G is naturally associated a surjective projectionfrom G to G/P. Conversely, if there is a projection � from G to H , thenP=PR+PC, the partition induced by the equality of the images by � , is acompatible partition. Indeed, PR and PC are compatible partitions by definition of aprojection and PC is less thin than PC(PR) by definition of the underlying graphsmorphism. Furthermore, there exists an isoprojection from G/P to �(G): � definesan isomorphism between the underlying graph of G/P and the one of �(G); andgiven any class {c1,...,cp} of PC, let y be the c-vertex of H such that for i=1,...,p,�(ci) = y, then �(lab(ci)) ‡ lab(y).

page 196

1234578sSpecialization by fusionning c-vertices :PR = discrete partitionPC = {{1,3,8}, {6}}Specialization by fusionning r-vertices : PR = {{2,5},{4,7}}PC = PC(PR) = {{1}, {3,6,8}}G srTc10t1t2t3t4Ksrst2t4t4t3t2t1rHst3t4Figure 6. Compatible partitionsWe now study the structure of the specialization relation £. Wespecify here that £ is only a preorder and not an order as oftenproposed (it is not an antisymmetric relation). This is a truedistinction, because we will show in last part that the problem ofdetermining whether two S-graphs are equivalent is NP-complete. Inorder to characterize exactly the equivalence relation associated with £,we introduce the notion of irredundant S-graphs.

page 207. Equivalence.The concatenation of two specialization sequences is a specialization sequence, sothe specialization relation is a transitive relation. It is also a reflexive relation, if weconsider that the empty sequence is a specialization sequence.

Property 3.The specialization relation £ is a preorder.It is not an order because, as shown in Figure 7, where G£H and H£G, theantisymmetry property is not fulfilled:H

rrr1 2 2112G’t : *t : *t : *t : *t : *c’1c’2c’3c3c4Gr12t : *t : *c1c2H is obtained from G by joining G and G’ according to c2 and c4.G is obtained from H by joining c’1 and c’3 then by deleting a twin r-vertex.Figure 7. H£G, G£H and H is not isomorphic to GThe purpose of this paragraph is to study the equivalence relation associated with thepreorder.If G£H and H£G then H and G are said to be equivalent, denoted by G”H.If G and H are equivalent, and G=G1,G2,...,Gn=H is a specialization sequence, thenall Gi are equivalent.If G£H, and H is not equivalent to G, then G is said to be strictly more specific thanH, denoted G<H. The < relation is antisymmetric, transitive and absorbs the £relation (i.e. G<H and G’£G � G’<H, G<H and H£H’ � G<H’).Definition.A graph G is said to be irredundant if it has no strict sub-S-graph equivalent to it.Thus G is irredundant if and only if there does not exist a projection from it to oneof its strict sub-S-graphs.In Figure 6, G and H are equivalent, K is strictly more specific than G, and H isirredundant but K is not. For another example, see Figure 3, where G and K areirredundant and K < H ” G.

page 21Any irredundant graph G has no twin r-vertices, since by deleting such a vertex weobtain a strict sub-S-graph of G which is equivalent to G.

Theorem 2.For an S-graph G , the following properties are equivalent:(1)G is irredundant,(2)G has no twin vertices and every S-graph G’ obtained from Gby fusionning two c-vertices is strictly more specific than G ,(3)Every S-graph obtained from G by fusionning two r-verticesis strictly more specific than G .Proof.not (2) implies not (1):Let G’ be a graph obtained from G by fusionning two c-vertices and G’ equivalent toG, then there exist a non injective projection from G to G’ and a projection from G’to G by the equivalence definition, thus, by composing these two projections, weobtain a projection from G to one of its strict sub-S-graphs.(2) implies (3):Let G’ be a graph obtained from G by fusionning two r-vertices. By hypothesis (2),G has no twin vertices, so this r-vertex fusion involves at least one c-vertex fusion.Let G" be the graph obtained from G by one of these c-vertex fusions. Then G’ £ G"and G"˚<˚G (by (2)), thus G’ < G (absorption property of <).not (1) implies not (3):Let us assume that there exists one sub-S-graph of G, say G’, equivalent to G. Then,there is a projection � from G to G’, and � is not injective on R, by definition of astrict sub-S-graph. Let a and b be some r-vertices of G with �(a) = �(b). The graphG" obtained from G by fusionning a and b is a specialization of G; now G £ G’ andG’˚£˚G", then, by transitivity, G £ G"; thus G"” G.o

Property 4.If some S-graph G is equivalent to some irredundant S-graph H ,then G has a sub-S-graph isomorphic to H .Proof.H and G are equivalent, so there is a projection � from H to G, and there is aprojection �’ from �(H) to H.

page 22We have �’(�(H))=H, otherwise there would exist a projection from H to one of itsstrict sub-S-graphs, and H would not be irredundant. Thus �(H) and H areisomorphic S-graphs.o

Theorem 3.An equivalence class contains one and only one irredundant S-graph.Proof.Property 4 implies that two irredundant S-graphs are equivalent if and only if theyare isomorphic. So an equivalence class contains at most one irredundant graph.Given an equivalence class, let us consider some graph, say G, with a minimalnumber of vertices. Such a graph is irredundant, otherwise it would possess somestrict sub-S-graph equivalent to it, and this would contradict the hypothesis on G.oThus, each equivalence class is provided with a unique representative. Furthermore,this representative is the unique S-graph having the smallest vertex number.Next part is devoted to definitions of the extended join operation,which is a form of pattern matching between S-graphs. It is theprincipal computation tool introduced by Sowa, because all moresophisticated operations are based on it. We introduce two forms: theextended join -˚the most general operation˚- and the isojoin - arestricted form which is the one usually used.8. Extended join and isojoin.

Definition.Two S-graphs G1 and G2 are fusionnable if there are partitions P1 and P2respectively compatible on G1 and G2, such that there exists an isomorphism g ofthe G1/P1 underlying graph onto the G2/P2 underlying graph, and g fulfills: forevery vertex x of G1/P1, {x, g (x)} is compatible.The fusion of G1 and G2 consists in fusionning two by two the vertices of G1/P1and G2/P2 matched by g; the labels of the new c-vertices are the lower bound of thefusionned vertices labels.Let us denote by F the obtained S-graph. Equivalently, F is the S-graph constructedfrom G1/P1 in replacing the label of each c-vertex c by the lower bound of the c andg(c) labels; then G1/P1 and G2/P2 are more general or equal (‡) to F, and we have:

Property 6.G 1 and G 2 are fusionnable if and only if there exist an S-graph Fand surjective projections ~1: G1 fi F and ~2: G2 fi F.

Definition.An extended join operation between two distinct S-graphs H and K consists infusionning two of their fusionnable sub-S-graphs (see Figure 8).

gf’1f’2f’’1f’’2HKG1G2G1 / P1G2 / P2F f1 = f’’1 ¥ f’1f2 = f’’2 ¥ f’2f’’1 and f’’2 are isoprojections. f’1 and f’2 are in general case surjective projections,and the identity (or isomorphisms) if G1 and G2 are isofusionnable (see below).Figure 8. Extended join between H and K

Property 7.G is derivable from an S-graph set E if and only if it is derivablefrom E by the extended join operation.

page 24Proof.�Extended join is a composition of elementary specialization operations.�Reciprocally, we can express every elementary specialization operation withan extended join. An elementary join applying to distinct S-graphs is a particularcase of extended join. To do a join between two c-vertices x and y of a same graph Gconsists in fusionning G and an other graph G’ identical to G, by fusionning eachvertex with its homologue, and also x with y (the fusion keeps the c-vertex labels).Deleting a twin r-vertex consists in fusionning G with a G’ identical to G, infusionning each vertex with its homologue, and in identifying the four r-verticesinvolved (the fusion keeps the c-vertex labels). To do a restriction on a c-vertex c ofG, replacing its label by e�, consists in fusionning G and G� identical to G, byfusionning each vertex with its homologue. This fusion keeps the c-vertex labels,except for the label of c replaced by e�. oThe composition of extended joins is generally not an extended join, due to theconnectivity constraint on the fusionned subgraphs.

Definition.Let G = (R,C,U,lab) and G’ = (R’,C’,U’,lab’) be two S-graphs, a a bijection fromA˚� R to A’ � R’, and b a bijection from B � C to B’ � C’. The bijections pair g=(a,b)is said to be compatible if:(1)¢c[B, c and b(c) are fusionnable,(2)¢r[A, G(r) � B andlet r�=a(r) , then lab(r)=lab’(r’) and ¢i:1..degree(r), b(Gi(r))=G’i(r’)(3)G[A"B] and G’[A’"B’] are connected graphs (i.e. are S-graphs).In this case, G[A"B] and G’[A’"B’] are fusionnable (sub)S-graphs with discretepartitions (i.e. g is an isomorphism of their underlying graphs): they are said to beisofusionnable. The associated fusion is called isojoin between G and G ’ according to g (see Figures 8 and 9).The decisional problem associated with the search of an isojoin between G and G�,such that the cardinal of A"B is maximal, is an NP-complete problem. It is still NP-complete when we restrict it to the search of an S-graph maximal for inclusion1.

1These problems contain for instance the NP-complete problem �clique� [Garey Johnson 79, GT19].See section 9 for transformations of unlabelled graphs to S-graphs.

page 25

ABCDEFGIJH123 r

st456789GG ’K rstWe assume that all c-vertices are pairwise fusionnable.g maximal for inclusion:g1: a1 = {(2,B)}b1 = {(1,C),(3,A)}A¨B maximal for inclusion:g2: a2 = {(2,F),(4,D)}b2= {(1,G),(3,E), (5,C)}A¨B or g with maximal cardinal:g3:a3 = {(4,F),(6,H),(8,J)}b3= {(3,G),(5,E), (7,I),(9,K)}123, G rs4, F5, E6, H7, I8, J9, K

DCBA

rrtGraph obtained by an isojoin of G and G’ according to g3Figure 9. Maximal isojoins between G and G’

page 26So we will often replace it by the search of an isojoin with g maximal forinclusion (i.e. such that there is no extension of g that conserves the connectivityof the fusionned subgraphs). Furthermore this last notion seems to be the one usedby Sowa, starting moreover with two given c-vertices c and c’ which respectivelybelong to C and C’ and form a pair for b. It is immediate to build polynomial timealgorithms computing a maximal isojoin - for the inclusion on the associatedbijections pair - proceeding by depth-first, breadth-first or mixed search, starting withc and c’.Figure 9 illustrates the different meanings of a �maximal isojoin�.If we restrict extended join to isojoin, then we can no more ensure property 7:indeed, such an operation can not decrease the number of c-vertices of a graph, so itcan not simulate an elementary join between two c-vertices of a same graph.Up to now, we have been focusing on graph operations: projection,elementary specialization / generalization rules, c-vertex and r-vertexfusions, extended join. The purpose of the next part is to studylogical interpretation of S-graphs and graph operations. We will showthat graph generalization rules constitute a complete set of inferencerules for the set of logical formulas associated with S-graphs.9. Logical interpretation.9.1. Logical formula associated with an S-graph.Sowa proposes, in 3.3.2 of [Sowa 84], to associate with every conceptual graph G awell formed formula of the first order predicate calculus, say ~(G), by the followingconstruction:with each generic c-vertex ci, associate a distinct variable xi, (there is abijection between the generic c-vertices and the variables)with each individual marker m, associate a constant - that we also call m -,(there is a bijection between the individual markers and the constants, but notnecessarily one between the individual c-vertices and the constants)the predicate set is in bijection with the set Tc¨Tr of all types,given any c-vertex c of C, let ident(c) denote the variable or the constantassociated with c, then: with every c of C, associate the atom type(c) (ident(c)),with every r of R, associate the atom type(r) (ident(c1), ..., ident(cn)),where n is the arity of r and ci is the i-ith neighbour of r in G, page 27finally, let p(G) be the formula consisting of the conjunction of all atomsassociated with the vertices, then ~(G) is the existential closure of p(G).E.g. with the graph H of Figure 3, is associated the formula $x $y $z $tpolygon(x) � square(y) � geo.object(z) � rectangle(t) � on(x,y) � on(y,g) � on(z,t) �on(t,g).Moreover, we assume that: for all t, t’ concept types of Tc, if t’£t then" x˚t’(x)˚fi ˚t(x).1

Definition.Given a support S, we call S-formula any well formed formula in the form ~(G)where G is an S-graph on S. The set of S-formulas is exactly ~(S(B ¨ {[1,*]}),using notations of part 4.9.2. Logical interpretation of specialization / generalizationoperationsLet us assume that we go from G to H with an elementary specialization rule(reciprocally from H to G with an elementary generalization rule). Let ~(G) and ~(H)be the logical formulas respectively associated with G and H, equivalently denotedby EC(p(G)) and EC(p(H)), where EC denotes the existential closure.(1)Twin r-vertices deleting / addition.Let r(t1, ... , tk) be the atom associated with the deleted r-vertex of G yielding H,where r is a predicate and the ti are terms (variables or constants). We go from ~(G)to ~(H) by deleting an occurrence of r(t1, ... , tk) in f(G). From the logicalequivalence r(t1,˚...˚,˚tk)�r(t1, ... , tk) ” r(t1, ... , tk), we directly deduce that~(G) ” ~(H).(2)Restriction / extension of the label of a c-vertex c.First case: marker restriction / extension.We replace the label (t,*) with (t,a), where a is an individual marker. Let x be thevariable and a be the constant associated with the c-vertex c, respectively in ~(G) and

1This classical hypothesis allows us not introducing, in this paper, Sowa’s denotation operator d (3.2.2 of[Sowa 84]).

page 28~(H). ~(G) = EC(F[x] � A) and ~(H) = EC(F[a] � A), with F[x] = ($x t(x) �r1(..., x, ...) �..� rk(..., x, ...)), where F[a] results from the substitution of a for xin F[x], and A is a conjunction of atoms not containing x (a may appear as aconstant associated with other individual c-vertices). We go from ~(G) to ~(H) bysubstituting a for x, so (~(H) fi ~(G)) is a valid formula.Second case: type restriction / extension.~(G) is in the form EC(t(x)�A) or EC(t(a)�A), where we replace the predicate t bythe predicate t’, with: "x(t’(x) fi t(x)). Thus (~(H) fi ~(G)) is a valid formula.When we restrict (reciprocally extend) both type and marker, we compose the abovetwo operations, so we preserve the validity of (~(H) fi ~(G)).(3)Join of two vertices / split of a c-vertex.If H is obtained by joining two c-vertices of G, then the reciprocal split operationkeeps H connected (following cases 1.1 and 2.1). But, if H is obtained by joining ac-vertex of G and a c-vertex of another graph into a c-vertex c, then c is anarticulation point of H, and the reciprocal split operation decomposes H into twoconnected components (following cases 1.2 and 2.2).First case: individual c-vertices.(1.1) If we join two individual c-vertices of G (reciprocally split an individualc-vertex of H) then we do not change the associated logical formula. So,~(G) = ~(H).(1.2) If we join an individual c-vertex of G with an individual c-vertex of G’,G „ G’, then ~(H) = EC(p(G) � p(G’)), where we assume that the variablesets of p(G) and p(G’) are disjoint sets. So, ~(H) ” (~(G) � ~(G’)).Second case: generic c-vertices.(2.1) Let c1 and c2 be generic c-vertices of G, joined into the generic c-vertex c ofH, and x1, x2 and x be the respectively associated variables.~(G) = EC(F[x1] � F’[x2] � A) where: F[x1] = (t(x1) � r1(..., x1, ...) � ...� ri(..., x1, ...)) and F’[x2] = (t(x2) � ri+1(..., x2, ...) � ... � rj(..., x2, ...))where x2 does not appear in F[x1], x1 may appear in an atom of F’[x2]containing x2, and x1 and x2 do not appear in A.~(H) = EC(F[x1] � ri+1(..., x1, ...) � ... � rj(..., x1, ...) � A), where Adoes not contain occurrences of x1, thus ~(H) is equivalent to the formulaobtained in substituting x1 for x2 in ~(G). So (~(H) fi ~(G)) is a validformula.

page 29(2.2) When we join c1 of G with c2 of G’, we have ~(G) = EC(F[x1] � A),~(G’) = EC(F’[x2] � A’), where A and A’ do not contain occurrencesrespectively of x1 and x2, and the variables sets of ~(G) and ~(G’) aredisjoint.~(H) = EC(F[x1] � ri+1(..., x1, ...) � ... � rj(..., x1, ...) � A � A’). Thus(~(H) fi ~(G) � ~(G’)) is valid.The interpretation of the join operation is simple in a theory with equality; indeed,identifying two variables x and y appearing in a same formula, or in two formulaswith disjoint variable sets, is equivalent to adding the atom equal(x,y).

Theorem 4.If H £ G then ~(H) fi ~(G)Proof. (See [Sowa 84], theorem 3.5.3.)Let G (=H1) s1 H2 s2 ... sn-1 (Hn=) H, be a sequence of elementary specializationsfrom G to H. For every i, i = 1, ... , n-1, we have ~(Hi+1) fi ~(Hi), due to theabove given logical interpretation of specialization rules, thus, by composition,~(H)˚fi˚~(G).oFinally, generalization operations correspond to inference rules, and conversely, therules associated with the specialization operations are refutation rules - i.e. if aformula, say f, can be derived from a set of false formulas by a specializationsequence, then f is false.9.3. Completeness of generalization operations.

Definition.Let f and g be two S-formulas. An S-substitution from g to f is a mapping swhich, to every term or atom of g, associates a term or atom of f, in the followingway:if a is a constant of g: s(a) = a (so a must be a constant of f ),if x is a variable of g: s(x) is a variable or a constant of f,if t is the unary predicate associated with the concept type t: s(t) = t’ wheret’ £ t,if r is the predicate associated with the relation type r: s(r) = r,In addition, the image by s of every atom v(x1, ... , xk) of g is an atoms(v)(s(x1),...,s(xk)) of f.

page 30In other words, s(g) is the S-formula obtained by substituting for every term orpredicate in g its image in f, and then deleting the existential quantifiers that wereapplying to variables of g turned into constants of f. We immediately have thefollowing property:

Property 8.There is a projection from G to H if and only if there is an S-substitution from ~(G) to ~(H).

Definition.Two S-formulas are separated if they do not share any variable or constant. As S-formulas are existentially quantified, the important point is that the two constantsets are disjoint.We will note A the set of clauses associated with the concept type lattice, Tc, that isthe set: {Tij= ´ti(x) � tj(x) � tj covers ti in Tc}.The closure of A under the resolution rule is the set of clausesA’˚=˚{Tij=˚´ti(x) � tj(x) � ti < tj in Tc}.

Lemma 3.Let f and g be two S-formulas. If g is logically deducible from Aand f then there exists an S-substitution from g to f.Proof.Let us write: f = $x1...$xp(tv1 � ... � tvm � rw1 � ... � rwn),p£m, andg = $y1...$yq(ti1 � ... � tih � rj1 � ... � rjk),q£h,where the tv and ti (resp. rw and rj) are atoms associated with c-vertextypes (resp. r-vertex types).�g is logically deducible from f and A� is equivalent to �f � A � ´g is aninconsistent formula�. The clausal form C of the formula f � A � ´g contains thefollowing clauses :the clause associated with ´g: ´ti1 � ... � ´tih � ´rj1 � ... � ´rjk thatcontains the variables y1...yq,the set Cf of clauses associated with f, where each clause consists of asingle atom and contains no more variables, since the variables x1...xphave been changed into Skolem constants a1...ap,and the clauses of A.Since the formula f � A � ´g is inconsistent, it is possible to obtain the emptyclause by using the resolution rule. The last time this rule is used in a sequence page 31ending with the empty clause, it applies to: either a tij of ´g and, either a tva of Cfor a ts obtained by resolution between A’ and a tva of Cf; or a rjs of ´g and a rwb ofCf. So we have to empty ´g in order to obtain the empty clause, and we can assumethat it is done following the order ti1,...,tih, rj1,...,rjk. If we note sl the substitutionthat deletes ´til, sh+l the one that deletes ´rjl, the composition of thesesubstitutions defines a substitution from g to f (this composition is actually only aunion).o

Lemma 4.Let {f1,�,fk} be a set of pairwise separated S-formulas.For every S-formula f we have:if f is logically deducible from A ¨ { f 1 ,� , f k } then there is aformula fi, 1£i£k, such that f is a logical consequence of A and fi.Proof.Let us go back to the proof of lemma 3, and, consider the set of clauses associatedwith the formulas f1,�,fk, instead of f solely. And let us consider a sequence ofapplications of the resolution rule emptying ´g.The first clause occurring in a resolution with ´g comes from one of the formulasf1,�,fk, for example f1, or is obtained by resolution between a clause of f1 and aclause of A’. Now g is �connected�, that is, if we consider any two terms u and v ofg, there is a sequence u = w1 A1 w2 ... An wn+1 = v, where, for 1£i£n, Ai is anatom of g, and wi, wi+1 are some terms occurring in Ai. In addition, the clausesassociated with fi, 1£i£k, are without variables and have constant sets pairwisedisjoint (condition of separability and skolemization). So, to empty ´g, we can onlyuse the clauses associated with f1 and those associated with A.oWe can now establish the following theorem:

Theorem 5 (of completeness).Let E be a set of S-graphs, and {f1 ,� , f k } be a subset of ~ ( E ) consisting of pairwise separated S-formulas.For every S-formula f we have: if f is logically deducible fromA˚¨ ˚{f1 ,�,fk } then f ˛ ~(G (E)).

page 32Proof.If f is logically deducible from A and {f1,�,fk}, pairwise separated, then, withlemma 4, there is a formula fi, 1£i£k, such that f is logically deducible from A andfi. Thus, with lemma 3, there is an S-substitution from f to fi, and we concludewith property 8.oTheorems 4 and 5 yield that the set of generalization operations on S-graphscorresponds to a sound and complete set of logical rules on separated S-formulas.We can not relax the separation constraint on formulas, as shown in the followingexample:G1 = [ t : a ] fi ( P ) fi [ t’: * ]G2 = [ t’’ : * ] fi ( P ) fi [ t : a ]g1 = $ x t(a) � P(a,x) � t’(x)g2 = $ y t’’(y) � P(y,a) � t(a)G = [ t’’ : * ] fi ( P ) fi [ t : a ] fi ( P ) fi [ t’ : * ]g = $ x $ y t’’(x) � P(x,a) � t(a) � P(a,y) � t’(y)g can be deduced from g1 and g2, which are non separated formulas, but G can notbe obtained from G1 and G2 by the generalization rules (on the other hand, it ispossible with the specialization rules).We have given a framework consisting of S-graphs related to asupport, and associated graphs operations, provided with a logicalinterpretation. Last but not least is now to study algorithmiccomplexity of its handling. Next part is devoted to this study. In asimplified manner, encountered problems are generally NP-completeand polynomial on instances involving S-graphs whose underlyinggraphs are trees.10. Algorithmic complexity of basic operations.Underlying graphs of S-graphs are bipartite graphs with any structure: therefore, page 33when a graph problem, in its decisional form, is NP-complete, then its transpositionin an S-graph problem is NP-complete too.1Any directed graph G can be seen as a particular case of S-graph: the vertices of Gare c-vertices having all the same label, and every edge (x,y) represents a binary r-vertex whose x is the first neighbour and y the second one, the r-vertices having allthe same label.2This transformation yields a simple proof for NP-completeness of the two followingproblems:Problem 1: Projection (comparison by the specialization / generalization relation)Instance:Two S-graphs A and B.Question:Is there a projection from A to B ?

Property 9.The �projection� problem is NP-complete.Proof.Let us consider the following problem �directed graphs morphism�: given twodirected graphs G1 = (X1,E1), G2 = (X2,E2), is there a mapping from X1 to X2satisfying: for all x,y of X1, if (x,y) belongs to E1 then (�(x),�(y)) belongs to E2?This problem is NP-complete since it contains as a particular case the NP-completeproblem �clique� [Garey Johnson 79, GT19].Transforming G1 and G2 into the S-graphs G’1 and G’2 by the above mentionedtransformation, we have: there is a morphism from G1 to G2 if and only if there is aprojection (here it is an S-graphs morphism) from G’1 to G’2.oProblem 2: �Sub-S-graph�, [injective projection]Instance:Two S-graphs A and B.Question:Is A isomorphic to a sub-S-graph of B?

Property 10.The �sub-S-graph� [�injective projection�] problem is NP-complete.

1All problems studied here are clearly in NP. In next NP-completeness proofs, we will omit to precise itagain.2This holds for non-directed graphs since they can be seen as a particular case of directed graphs:each non directed edge xy corresponds to symetric directed edges (x,y) and (y,x).

page 34Proof.It admits as a particular case the NP-complete problem �isomorphic subgraph�[Garey Johnson 79, GT48].oIn the two previous problems, the labels have no part in NP-completeness, and, onthe other hand, may simplify the problem in practical applications. But it is not thesame for the following problems �isoprojection� and �isofusionnability�.Problem 3: IsoprojectionInstance:Two S-graphs G1 and G2.Question: Is there an isoprojection from G1 to G2 ?If we add the constraint that a vertex and its image have the same label, then theproblem becomes equivalent to the one of the existence of an isomorphism betweenany two graphs. Let us recall that this problem is still unclassified and that its classis called �isomorphism complete�. Otherwise, problem 3 is NP-complete:

Property 11.The �isoprojection� problem is NP-complete - even if we are givena total order on the c-vertex labels.Proof.We prove the NP-completeness of �isoprojection� by proving the NP-completenessof a particular case, the following problem A, which restricts the S-graphs todirected graphs labelled on the vertices, the labels being totally ordered.Problem A: Labelled graphs isomorphismInstance:Two directed graphs labelled on the vertices, G1 and G2, ‡ a total order on the label set.Question:Is there an isomorphism b of G1 into G2 satisfying:For every vertex x of G1, label(x) ‡ label(b(x)) ?Let us consider the NP-complete problem �isomorphic partial graph".Instance:Two non directed graphs H=(Xh,Uh) and K=(Xk,Uk) withthe same vertex number n, page 35Question:Is H isomorphic to a partial graph of K (i.e. a graphobtained by deleting edges) ?1We will reduce �isomorphic partial graph� to the previous problem A. We transformH and K in bipartite graphs H’ and K’ as follows:let Yh,Yk be the vertex sets corresponding to the edges of complete graphs whosevertex sets are respectively Xh and Xk; H’ is bipartite on Yh and Xh, every elementxy of Yh having the neighbours x and y in Xh (see Figure 10). All edges have thesame direction (for instance from Xh to Yh). Similarly, we construct K’ on Yk andXk.Let us consider the total order £ on {0,1}: every vertex xy of Yh (resp. Yk) islabelled 0 if xy is an edge of H (resp. K) and 1 otherwise. The vertices of Xh and Xkare labelled 0.

¥ y¥ ¥ xz

¥ x¥ xy¥ xz¥ yz�¥ y¥ z�H= (Xh, Uh) H’YhXh

000001

Figure 10. Transforming H into H� (in proof of property 11)There is a labelled graph isomorphism of H’ onto K’ if and only if H is isomorphicto a partial graph of K.oProblem 4: IsofusionnabilityInstance:Two S-graphs G1 and G2.Question: Are G1 and G2 isofusionnable?

Property 12.The �isofusionnability� problem is NP-complete.

1This problem is NP-complete since it contains as a particular case the NP-complete problem�isomorphic spanning tree� - Given a graph G and a tree T, does G contain a spanning tree isomorphicto T? - [Garey Johnson 79, ND8].

page 36Proof.Let us consider the following particular case of isofusionnability.Problem B: Labelled graphs isofusionnabilityInstance:Two (directed) graphs G1 and G2 labelled on the vertices,and the label set is structured in a lattice.Question:Is there an isomorphism of G1 onto G2 satisfying: forevery vertex x of G1, label(x) � label(b(x)) „ 0 ?We will reduce problem A to problem B. Let us consider an instance of problem A,with the total order T on the label set: x1<x2<...<xn. Let T’ be the latticeconstructed as follows (see Figure 11):it has a chain y1<y2<...<yn,n vertices z1,z2,...zn, with, for every i, zi is covered by yi,there is an element 0 covered by each zi.Let G�1 (resp. G’2) be the graph obtained from G1 (resp. G2) by replacing labels xiby yi (resp. zi.). It is easily verified that the label of a vertex x of G1 is greater orequal to the label of a vertex y of G2 if and only if the lower bound, in T’, of the xlabel in G1 and the y label in G’2 is „ 0. Thus there is an isomorphism between G1and G2 satisfying the condition of problem A if and only if there is an isomorphismbetween G1 and G’2 satisfying the condition of problem B.o0

T’ynyn-1y1y2

znzn-1

z2z1Figure 11. The lattice T� (in proof of property 12)Problem 5: EquivalenceInstance:Two S-graphs A and B.Question:Are A and B equivalent ?

page 37

Property 13.The �equivalence� problem is NP-complete.Proof.Let G1 and G2 be instances of �projection�. We construct G’1 (resp. G’2) by addingto G1 (resp. G2) an individual c-vertex x whose referent does not appear in any G1or G2 vertex label, and by introducing for each c-vertex y of G1 (resp. G2) a binaryr-vertex with type r with first neighbour x and second neighbour y. We construct athird S-graph G"2 by joining G’1 and G’2 on x (see Figure 12).We will show that there is a projection from G1 to G2 if and only if G’2 and G"2are equivalent. If there is a projection from G1 to G2, then it is immediately verifiedthat there is a projection from G"2 to G’2; since there is a trivial projection fromG’2 to G"2, we only have to prove the reciprocal.So let us assume that G’2 and G"2 are equivalent. Hence there is a projection fromG"2 to G’2. x can be projected only on x since it is an individual c-vertex whosemarker does not appear in G2. Furthermore, no vertex of G"2, and in particular ofG1, can be projected on x otherwise G’2 would have a loop on x containing r. Thus,the restriction to G1 of the projection from G"2 to G’2 is a projection from G1 toG2.o

¥ xrrG1G’1

¥ xrrG2G’2G’’2¥ xrrr�

rG1G2Figure 12. Building G�1, G�2 and G�2 from G1 and G2 (in proof of property 13)

Remark.One sidelight of the above proof is that it actually shows that the problem is stillNP-complete when B is isomorphic to a strict sub-S-graph of A: it suffices to notethat, in the proof, G’2 is isomorphic to a sub-S-graph of G"2.

page 38Problem 6: IrredundanceInstance:One S-graph A.Question:Is A irredundant ?

Property 14.The �irredundance� problem is co-NP-complete.Proof.Let us recall than a problem is co-NP-complete if it is the complementary of an NP-complete problem. �Irredundance� is the complementary of the following problem:�is there a projection from A to one of its strict sub-S-graphs?�, on which we willprove the NP-completeness. Let us call this problem 6c.Assuming that A has no twin r-vertices, and remarking that a wanted projection isnot necessarily surjective, we can reformulate 6c as follows: �Is there a projectionfrom A to one of its sub-S-graphs corresponding to a connected component of thegraph obtained by deleting in A a c-vertex and its neighbours?�.Let us consider the following particular case of �injective projection� (problem 2)that remains NP-complete: �Given the S-graphs A and B, and x a c-vertex of A, y ac-vertex of B, is there an injective projection � from A to B, with �(x)=y ?�.We will transform an instance of the above problem, say {A, B, x, y}, to aninstance of problem 6c, say G�, as follows:Let r be a binary r-vertex type that does not appear as a label of any A or B r-vertex.We construct the S-graph G from A and B and new c-vertices c and c’, with lab(c) =lab(c�) linked to x and y as illustrated in following Figure 13.

ABxycrrrc’

A’B’G

r1r2r3r4Figure 13. Constructing G (in proof of property 14)

page 39The graph (G \ c) obtained from G by deleting the c-vertex c and its neighbours, hastwo connected components A’ and B’: A’=A and B’ includes B. There is a projection� from A to B with �(x) = y if and only if there is a projection �’ from G to(G \ c), i.e. from G to B’ since necessarily �’(c’)= c’; for example, �’=�¨{(c’,c’),(c,c’), (r1,r3), (r2,r4)}.Let s be a binary r-vertex type that does not appear as a label of any G r-vertex. Withevery c-vertex pair (c1,c2) of A (resp. of B), we associate two r-vertices of type s,one with first neighbour c1 and with second neighbour c2, and vice-versa for theother r-vertex. In doing so, we transform A and B to irredundant graphs As and Bsand every projection from As to Bs becomes injective. Let G’ be the graph finallyobtained from G. There is an injective projection � from A to B with �(x) = y ifand only if there is a projection from G’ to one of its strict sub-S-graphs (necessarilyB’s).oIn order to study polynomial cases for the above problems, let us introduce S-graphswhose underlying graphs are trees.

Definition.An S-tree is an S-graph without cycles, except cycles created by multi-edgesbetween an r-vertex and a c-vertex. A rooted S-tree is an S-tree satisfying: if weorientate the S-tree - or choose a root - such that, for every r-vertex, its predecessoris its first neighbour, and its successors are its other neighbours, then we obtain arooted tree.S-trees are frequently used in type definition of relations or concepts (see for example[Sowa 84]). Let us also mention the work of M. Liqui�re in machine learning,where rooted S-trees are used to describe the knowledge learnt on objects representedby conceptual graphs [Liqui�re Sallantin 89].Polynomial cases for the previous mentioned problems are based upon theseparticular S-graphs. Since the aim of this paper concerns fundamental notions andnot concrete algorithmic problems, we only mention, without proof, the principalresults (for algorithms and proofs, see [Mugnier Chein 92] and [Mugnier 92]).Projection: when A is an S-tree and B is any S-graph, then it is immediate to finda polynomial algorithm computing a projection from A to B, and counting theprojections from A to B. If B is a rooted S-tree and A is any S-graph, we also have apolynomial algorithm, because we can construct from A a rooted S-tree, say A’,such that each projection from A to B corresponds to exactly one projection from A’to B.

page 40Sub-S-graph: the polynomial cases of this problem come directly from thoseknown for subgraph isomorphism [Garey Johnson 79, GT 48]. In particular, whenA and B are S-trees, we have a polynomial algorithm that computes an injectivemorphism (or projection) from A to B. This algorithm is an extension of the oneanalyzed in [Reyner 77]. On the other hand, when A is an S-tree and B is any S-graph, then the problem is still NP-complete. Furthermore, counting the injectivemorphisms between two rooted S-trees is an NP-hard problem.Polynomial cases for equivalence come directly from projection. We do not knowif there are S-graphs classes for which equivalence is polynomial whereas projectionis NP-complete.Isoprojection and isofusionnability are polynomial on S-trees. Is it possibleto find other S-graphs classes for which these problems are polynomial? Theseclasses should be derived from polynomial cases known for classical graphisomorphism problem.11. ConclusionIn this paper, we tried to state precise definitions for what we think to be Sowa’sbasic notions, and we studied the first consequences of these definitions. We yieldeda complete correspondence between the ground S-graph operations, namelyprojection and generalization / specialization rules. On a logical viewpoint, weestablished that the generalization operations define a complete set of inference ruleson the set of formulas associated with S-graphs. On an algorithmic complexityviewpoint, the graph formulation allowed us to characterize some polynomial casesof the main problems we encountered. Finally, the fact that the £ relation is only apreorder is a true distinction, because the problem of determining whether two S-graphs are equivalent is NP-complete.Nevertheless there are yet a lot of problems to study and we will indicate those weare working on now.A first point is the final clarification of some basic notions.

page 41As an example let us consider the ambiguities related to the fundamentalspecialization / generalization relation. Some definitions and results of [Sowa 84]implicitly refer to injective projection1. Consequently, coherence with previousresults implies to limit the use of specialization rules: in particular, it should beforbidden to join c-vertices of a same graph. This change is not a slight one since itleads, in particular, to restrict the fusionnability to isofusionnability, and theextended join to the isojoin. Furthermore the specialization relation becomesH <ssg G if and only if there exists an isoprojection from G to a sub-S-graph of H.This notion seems to be widely used, for instance in the french IBM project�KALIPSOS� [Fargues and al. 86]. Let us indicate some immediate consequences ofthe latter approach. On one hand, it provides a partial order relation. On the otherhand, it drastically restricts the comparability between two S-graphs. Thecomplexity of the comparison between two S-graphs can even increase. For instanceif we are given an S-tree A and an S-graph B then the problem B <ssg A is NP-complete whereas B £ A is polynomial (see projection and sub-S-graph problems ofsection 10). These are only remarks and a careful study would be necessary to pointout all consequences of the restricted definition. In addition, a true comparative studyof the two definitions needs a discussion on the use of each approach, in relationwith works in domains like concept learning from examples, e.g. [Haussler 89], orpattern recognition, e.g. [Shapiro Haralick 81].A second point is to extend the kernel of notions.In the basic model we presented, the set of S-graphs definable on a support S isexactly the set of S-graphs derivable by a sequence of elementary specialization rulesfrom the basis B (the star graph set), or the generic c-vertex with universal type ifthe S-graph is reduced to a single c-vertex. This notion of a basis can be generalizedin considering, instead of a star graph set, a set of any conceptual graphs, called�canonical basis� in [Sowa 84]. Any S-graph derivable from the canonical basis by asequence of elementary specialization rules is then said to be canonical. Theintroduction of a canonical basis leads to new problems (in particular, therecognition of a canonical graph) and requires to adapt our results: to reconsider thecorrespondence between projection and specialization rules, to redefine thegeneralization rules (in particular, a sub-S-graph of a canonical S-graph is notnecessarily a canonical S-graph) and to reformulate the links with the logicaloperations.

1For instance, Sowa�s results on �compatible projections� which define the �extended join� - theorem3.5.7. of [Sowa 84] - do not hold if projections are not injective on the c-vertex set.

page 42Sowa uses a lot of different types of markers and it is clearly insufficient to consideronly individual markers. In the same way, an actual application needs dynamicdefinitions of types of concepts and relations, thus a careful algorithmic study oftype contraction and expansion should be useful.12. References[AWCG 88] Proceedings of the third Annual Workshop on Conceptual Graphs,at AAAI-88, St Paul, Minesota, (1988).[AWCG 89] Proceedings of the fourth Annual Workshop on Conceptual Graphs,at IJCAI-89, Detroit, Michigan (1989).[AWCG 90] Proceedings of the fifth Annual Workshop on Conceptual Graphs,American meeting at AAAI-90, Boston, MA, European meeting at ECAI-90,Stockholm, Sweden (1990).[AWCG 91] Proceedings of the sixth Annual Workshop on Conceptual Graphs,Bighamton, NY, Way E. (Ed), Suny Bighamton, (1991).[AWCG 92] Proceedings of the seventh Annual Workshop on Conceptual Graphs, LasCruces, New Mexico, Pfeiffer H.D. (Ed), New Mexico State University, (1992).[Chein 89] Chein M., �S-graphes (1): notions de base�, R.R. CRIM, 87,(Octobre 89).[Clancey 85] Clancey W.J., �Sowa’s book review�, Artificial Intelligence, 27,(1985), 113-128.[Ellis 91] Ellis G., �Compiled Hierarchical Retrieval�, Proceedings of the sixthAnnual Workshop on Conceptual Graphs, Bighamton, NY, Way E. (Ed), SunyBighamton, (1991), 187-207.[Fargues and al. 86] Fargues J., Landau M.C., Dugourd A., Catach L., ConceptualGraphs for Semantics and Knowledge Processing, IBM J. Res. Develop., 30, 1,(1986), 70-79.[Garey Johnson 79] Garey M.R., Johnson D.S., Computers and intractability -A guide to the Theory of NP-Completeness, Freeman W.H. and Co, (1979).[Haussler 89] Haussler D., �Learning conjunctive concepts in structural domains�,Machine Learning, 4, (1989), 7-40.

page 43[Jackman 88] Jackman M.K., Inference and the Conceptual Graph KnowledgeRepresentation Language, in Moralee S. (Edt), Research and Development in ExpertSystems IV, Cambridge University Press, (1988).[JETAI 92] Journal of Experimental & Theoretical Artificial Intelligence (JETAI),�Special Issue: Conceptual Graphs�, 4, (2), (September 92).[KBS 92] Knowledge-Based Systems, �Special Issue: Conceptual Graphs�, 5, (3),(September 92).[Liqui�re Sallantin 89] Liqui�re M., Sallantin J., �INNE: Induction in Networks�, IEEEInternational Workshop on Tools for IA, Fairfax USA, (1989).[Mugnier Chein 92] Mugnier M.L., Chein M., �Polynomial algorithms for projectionand matching�, Proceedings of the seventh Annual Workshop on Conceptual Graphs,Las Cruces, New Mexico, Pfeiffer H.D. (Ed.), New Mexico State University, (1992),pp 49-58.[Mugnier 92] Mugnier M.L., �Contributions algorithmiques pour les graphesd�h�ritage et les graphes conceptuels�, PhD thesis, LIRMM & Universit� MontpellierII, (October 92).[Nagle ed. 92] Conceptual Structures - Current Research and Practice, Nagle T., NagleJ., Gerholtz L., Eklund P. (Eds), Horwood E. Publishers, (1992).[Reyner 77] Reyner S.W., �An analysis of a good algorithm for the subtree problem�,SIAM J. Computer, Vol. 6, N�4, (December 1977), 730-732.[Shapiro Haralick 81] Shapiro L.G., Haralick R., �Structural Description and InexactMatching�, IEEE Transactions, Vol. PAMI-3, 5, (September 81).[Smoliar 87] Smoliar S.W., �Sowa’s book review�, Artificial Intelligence, 33,(1987), 259-266.[Sowa 84] Sowa J.F., Conceptual Structures - Information Processing in Mind andMachine, Addison-Wesley (1984).[Sowa 88] Sowa J.F., �On Conceptual Structures, a response to the review by S.W.Smoliar�, Artificial Intelligence, 34, (1988), 388-394.[Sowa 92] Sowa J.F., �Conceptual Graphs as a universal knowledge representation�,in Semantics Networks in Artificial Intelligence, Lehmann F. (Ed.), Pergamon Press,(1992), 75-93.