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1. Introduction

In this article, we only consider simple finite graphs. All considered planar graphs are supposed to be embedded in the
plane.

We look into the problem of finding large induced forests in planar graphs. Albertson and Berman [2] conjectured that
every planar graph admits an induced forest on at least half of its vertices. This conjecture, if true, would be tight, as shown
by the disjoint union of copies of the complete graph on four vertices. One of the motivations of this conjecture is that it
would imply that every planar graph admits an independent set on at least one fourth of its vertices, the only known proof
of which relies on the Four Colour Theorem. However, this conjecture appears to be very hard to prove. The best known
result for planar graphs is that every planar graph admits an induced forest on at least two fifths of its vertices. This is a
consequence of the theorem of 5-acyclic colourability of planar graphs of Borodin [4].

The conjecture of Albertson and Berman has been proved and strengthened for smaller classes of graphs. For example,
Hosono [7] showed that every outerplanar graph admits an induced forest on at least two thirds of its vertices, which is tight.
Akiyama and Watanabe [1], and Albertson and Haas [3] independently conjectured that every bipartite planar graph admits
an induced forest on at least five eighths of its vertices, which is tight. For triangle-free planar graphs (and thus in particular
for bipartite planar graphs), the present authors showed that every triangle-free planar graph of order n and size m admits
an induced forest of order at least (38n — 7m)/44, and thus at least (6n + 7)/11 [6].

An interesting variant of this problem is to look for large induced forests with bounded maximum degree. A forest with
maximum degree at most 2 is called a linear forest.

The problem for linear forests was solved for outerplanar graphs by Pelsmajer [8]: every outerplanar graph admits an
induced linear forest on at least four sevenths of its vertices, and this is tight. More generally, the problem for a forest of
maximum degree at most d, withd > 2, was solved for graphs with treewidth at most k for all k by Chappell and Pelsmajer [5].
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Fig. 1. The graph Gy of Claim 3.

Their result in particular extends the results of Hosono and Pelsmajer on outerplanar graphs to series—parallel graphs, and
generalizes it to graphs of bounded treewidth.

In this paper we focus on linear forests. Chappell conjectured that every planar graph admits an induced linear forest
on more than four ninths of its vertices. Again, this would be tight if true. Poh [9] proved that every planar graph can have
its vertices be partitioned into three sets, each inducing a linear forest, and thus that every planar graph admits an induced
linear forest on at least one third of its vertices. In this paper, we prove and strengthen Chappell’s conjecture for a smaller
class of graphs, the class of triangle-free planar graphs. Observe that planar graphs with arbitrarily large girth can have an
arbitrarily large treewidth, so in this setting the best result known to date is that every triangle-free planar graph admits an
induced linear forest on at least one third of its vertices.

We prove the following theorem:

9n—2m
T

Theorem 1. Every triangle-free planar graph of order n and size m admits an induced linear forest of order at least =.

Thanks to Euler’s formula, we can derive the following corollary:

Corollary 2. Every triangle-free planar graph of order n > 2 admits an induced linear forest of order at least 5”141’8.
For a graph G = (V,E),and S C V, let G[S] denote the subgraph of G induced by S. Note that we cannot hope to get a
better lower bound than 3 + 1. Indeed, we prove the following claim:

Claim 3. For all integer n > 2, there exists a triangle-free planar graph of order n whose largest induced linear forest has order
51+ 1

Proof. Let us build such a graph for n = 2k. For odd n, adding an isolated vertex to the graph of order n — 1 yields the result.
Let Gy be defined by G, = ( U1§i§k{ui, vi}, Ulsiskfl {ujuir1, U1, Villi, Vivie1}), as represented in Fig. 1. Let us prove
by induction on k > 1 that the largest induced linear forest of G has order k + 1.

e For k = 1, G; is the graph with two vertices and no edge, and G; is its own largest induced linear forest, with order
2=k+1.

e For k = 2, G, is a cycle of length 4, any three vertices of G, induce a linear forest of order 3 = k + 1, and G, is not a
linear forest (thus it has no induced linear forest of order 4).

e For k = 3, {uy, vy, us, v3} induces a linear forest in Gs, and it is easy to check that no five vertices of G3 induce a linear
forest.

e Suppose k > 4. By induction hypothesis, G,_1, Gx_», and Gi_3 have a largest induced forest of order k, k — 1, and k — 2
respectively. Adding uy and vy to any induced linear forest of G,_, leads to an induced linear forest of Gy, thus G has
an induced linear forest of order k + 1. All that remains to prove is that G has no induced linear forest of order at least
k+ 2.

Let F C V(Gy) be a set inducing a linear forest of G. Let us prove that |F| < k4 1. As F\{uy, v} induces a linear forest in
Gy—1, we have |[F\{uy, ve}| < k.Similarly, |F\{ug, vk, tg—1, vk—1}| < k—Tand [F\{u, vy, ug—1, k-1, Ug—2, Vgk—2}| < k—2.

If |{ug, e} NF| < 1, then |F| = [{u, vg} NF| + [F\{tg, vk}| < k + 1. Suppose now that [{u, vg} NF| > 1,
i.e. {ug, vy} C F. At most one of u,_; and v,_q is in F, otherwise Gi[F] has a cycle. If {uy_q1,ve1} N F = §,
then |F| = [{uk, v} NF| + [{th—1, ve—1} NF| + [F\{ug, vk, U1, ve-1}] < 2+ k — 1 = k + 1. Assume now that

{ug—1, vk—1} NF # B, w.l.o.g. u,_1 € F. We have {uy_,, vy} N F = §, otherwise u_; has degree at least 3 in G[F].
Hence, [F| = [{uk, v} N Fl+{ug—1, ve—1} N Fl+{uk—2, vk—2} O FI+|F\{ttk, vk, U1, Vk—1, Uk—2, Vk—2}| < 2+1+k=2 =
k+1. O
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Fig. 2. The situation in Observation 5 (left) and Observation 6 (right). Thick lines are paths, normal lines are edges and dashed lines are edges that may or
may not be present.

2. Proof of Theorem 1

Consider a graph G = (V, E). ForasetS C V, let G — S be the graph obtained from G by removing the vertices of S and all
the edges incident to a vertex of S. If x € V, then we denote G — {x} by G — x. For a set S of vertices such that SNV = {, let
G + S denote the graph obtained from G by adding the vertices of S. If x ¢ V, then we denote G + {x} by G + x. For a set F of
pairs of vertices of G such that F N E = ¢, let G + F be the graph constructed from G by adding the edges of F. If e is a pair of
vertices of G and e ¢ E, then we denote G + {e} by G + e. If x € V, then we denote the neighbourhood of x, that is the set of
the vertices adjacent to x, by N(x). For a set S C V, we denote the neighbourhood of S, that is the set of vertices in V\S that
are adjacent to at least an element of S, by N(S). We denote |V| by |G| and |E| by || G]||.

We call a vertex of degree d, at least d, and at most d, a d-vertex, a d*-vertex, and a d~-vertex respectively. We call a cycle
of length [ an I-cycle, and a face with a boundary of length [ an [-face.

Let P4 be the class of triangle-free planar graphs. Let G = (V, E) be a counter-example to Theorem 1 with the minimum
order. Let n = |G| and m = ||G||. We will use the schemes presented in Observations 4-6 many times throughout this paper.

Observation 4. Let «, B, y be integers satisfyingo > 1, 8 > 0,y > 0. Let H* € P4 be a graph with |H*| = n — « and
|H*|| < m — B. By minimality of G, H* admits an induced linear forest of order at least %(n —a)— %(m — B). Given an induced
linear forest F* of H* of order |F*| > %(n —a) — %(m — B), if there is an induced linear forest F of G of order |F| > |F*| + y,
thenas |F| < 2n— 2m,wehavey < 2a — ZB.

Observation 5. Suppose L C V is a non-empty set of vertices inducing a linear forest in G, and M is a set of vertices such that
MNL=@andM D N(L). Let G = G — M — L. See Fig. 2 (left) for an illustration. By minimality of G, G’ admits a linear forest
F' with |F'| > %|G/| — % IIG'||. Observe that F = G[V(F’') U L] is an induced linear forest of G. As G is a counter-example to
Theorem 1, |F| < |G| — 2 |[Gl|. Therefore |L| = |F| — |F'| < Z(IM| +IL|) — Z(IIGIl — IG']}).

Observation 6. Suppose L C V induces a linear forest in G. Suppose there is a set of vertices M and two vertices u € L and v such
that M NL =@, {v} = N(L)\ M, and {u} = Nw)NL Let G = G— M — L. Suppose v is a 1~ -vertex in G’ and u is a 1~ -vertex
in G[L). See Fig. 2 (right) for an illustration. By minimality of G, G’ admits a linear forest F’ with |F'| > % |G| — % IIG'|l. Observe
that F = G[V(F') U L] is an induced linear forest of G. As G is a counter-example to Theorem 1, |F| < 7|G| — 12—1 |G||. Therefore
Ll = |F| = |F'| < F(M|+ L) — ZUGI = 1G]

Now we want to prove some structural properties of G, so that we can later show that the counter-example G does not
exist, and thus that Theorem 1 is true. First note that G is connected, otherwise one of its components would be a smaller
counter-example to Theorem 1. Then note that every vertex of G has degree at most 4. Otherwise, by considering a vertex of
degree at least 5 and by Observation 4 applied to H* = G — v with (&, 8, ¥) = (1,5,0)and F = F*,we have 0 < 2 — 5%,
a contradiction.

Let us define the notion of a chain (or simple chain) of G which is a quadruplet C = (P, N, u, v) such that:

ePCV,NCV\P,ueP,andv € V\(NUP);

e G[P]is a linear forest;

e vertex uisa 1~ -vertex of G[P], and N(v) N P = {u};
e N(P) C NU {v}inG;

e vertex visa2 -vertexinG — (N UP).

See Fig. 3 (left) for an illustration. We will use the following notation for a chain C = (P, N, u, v) of G:

e |C| =|P|+ IN[;
eG—C=G—(NUP):
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Fig. 3. A simple chain (left) and a double chain (right).

e d(C)is the degree of v in G — C (thus d(C) < 2);
o ICII=lGI = 1IG—C]l.

We will now prove the following lemma:
Lemma 7. For every chain C = (P, N, u, v) of G, |P| < 2IC| — Z(|[C] — 3).

2

Proof. Let us consider by contradiction a chain C = (P, N, u, v) such that |P| > 1—91 IC] — 55

(IICll — 3) maximizing |C|.

e Suppose d(C) = 0. The set P U {v} induces a linear forest, and its neighbourhood is a subset of N. By Observation 5
appliedtoL = P U {v}and M = N, we have [P| + 1 < 2(|C| + 1) — Z|IC|l. As [P| > 2|C| — Z([IC|| — 1), it follows
that 1 < & — &, a contradiction.

e Suppose d(C) = 1. The set P induces a linear forest, and its neighbourhood is a subset of N U {v}. Furthermore,
N(w)NP = {u}, N(u) N (G — C) = {v}, and u and v are 1-vertices in P and G — C respectively. By Observation 6
applied to L = P and M = N, we have [P| < 2|C| — Z|C||, thus [P| < 2|C| — Z(||C| — 1), a contradiction.

e Suppose d(C) = 2. Let wg and w1 be the neighbours of v in G — C.

- Suppose one of the w;’s, say wy, has degree 1in G — C.Let G’ = (G — C) — {v, wg, w¢}. The set P U {v, wyp} induces
a linear forest and its neighbourhood is a subset of N U {w1}. By Observation 5 applied to L = P U {v, wp} and
M = N U {ws}, we have [P + 2 < 2(IC| +3) — Z(ICIl + 2). As [P| > 2[C| — Z(IIC|l — 3). it follows that
2 < 23— 22 acontradiction.

- Suppose the w;’s both have degree 2 in G — C. Observe that they are not adjacent since G is triangle-free. The set
PU{v} induces a linear forest, and its neighbourhood is a subset of N U {wg, w1}. Furthermore, N(w{)N(PU{v}) =
{v}, N(v) N ((G — C) — {v, wo}) = {w1}, and v and w are 1-vertices in P U {v} and G — C — {v, wp} respectively.
By Observation 6 applied to L = P U {v} and M = N U {wo}, we have |[P| + 1 < 2(|C| +2) — Z([IC|| + 3). As
IP| > Z%ICl = &(IC|l — 3). it follows that 1 < 22 — & Z, a contradiction.

- Suppose the w;’s both have degree 4 in G — C. Again they are not adjacent since G is triangle-free. The set P U {v}
induces a linear forest, and its neighbourhood is a subset of N U {w1, wp}. By Observation 5 applied to L = P U {v}
and M = N U {wp, wi}, we have [P| + 1 < 2(|C| 4+ 3) — Z(IIC|| + 8). As [P| = 2|C| — Z(|[C| — 1), it follows
that 1 < 23 — £ 17, a contradiction.

- Suppose one of the w;’s, say wy, is a 3~ -vertex in G — C and the other one is a 3"-vertexin G — C.Let (' = (P U
{v}, NU{w1}, v, wo). Then C’ is a chain of G, and by maximality of |C|, we have [P|+1 < (|C|+2)— Z([IC]|+2).
As |P| = 2|C] — Z(|IC|| — ). it follows that 1 < X2 — %4, a contradiction. O

Let us now define a new notion quite similar to the notion of chain. A double chain of G is a sextuplet C =
(P, N, ug, uy, vg, v1), so that:

e PCV,NCV\P,up € P,us € P,vg € V\(NUP)and v, € V\(N UP);

e vy # v1;

e G[P]is a linear forest;

e 1 and uq are 1~ -vertices of G[P] if they are distinct, a 0-vertex of G[P] if they are equal, and fori € {0, 1}, N(v;) NP =
{ui};

o N(P) C N U{vo}U{uvi};

e vg and vq are 2™ -vertices in G — (N U P).

See Fig. 3 (right) for an illustration. We will use the following notation for a double chain C = (P, N, ug, uy, vg, v1) of G:

e |[C| = [P| + IN[;
eG—C=G—(NUP);



F. Dross, M. Montassier and A. Pinlou / Discrete Mathematics 342 (2019) 943-950 947

e do(C)is the degree of vy in G — C (thus do(C) < 2);
e d{(C)is the degree of v; in G — C (thus d{(C) < 2);
o ICII=1GI—1IG—=C]l.

Adouble chain C = (P, N, ug, u1, vg, v1)of G such that vg and v, are on different components of G—C is called a separating
double chain of G.
We will now prove the following lemmas:

Lemma 8. For every double chain C = (P, N, uo, uy, vo, v1) of G, |P| < 2|C| — Z(IIC|| — 3).

Proof. Let us consider by contradiction a double chain C = (P, N, ug, uy, vg, v1) such that |[P| > %|C| - ]2—](||C|| —-3)
maximizing |C]|.
Suppose first that vg and v are not adjacent.

e Suppose do(C) = 0. Then (P U {v}, N, uq, vl)is asimple chain of G. By Lemma 7, |P| + 1 < 2(IC| + 1) — Z(IIC|| — 3).
As|P| = ZIC| — Z(lIC|l — 3), we have 1 < 2 — 5 2 2 a contradiction.

e Suppose dp(C) = 1. Let w be the neighbour of vg in G — C. Then (P U {vg}, N U {w}, u1, vq) is a 51mple chain of G. By
Lemma?7,|P|+1 < 2(IC|+2)— Z(ICll+ 3).As [P| = 2 |C] — Z([IC|| — 3), we have 1 < %2 — =7 a contradiction.

e Suppose do(C) = 2. Let wg and wq be the neighbours of vy in G — C.

- Suppose one of the w;’s, say wo, has degree 1in G — C.Then (P U {vo, wo}, N U {w1},ug, vq)isa 51mple chain of
G.BylLemma7,|P|+2 < —(|C|+3) ](||C||+ 2).As |P| > H|C| ](||C||—3),Wehave2< 3—ﬁ§,a
contradiction.

- Suppose that the w;’s both have degree 2 in G — C. Note that they are not adjacent since G is triangle-free. They
may, however, be adjacent to v;.

Suppose both of the w;’s are adjacent to v;. The set P U {vg, v} induces a linear forest in G, and its neighbourhood
is a subset of N U {wy, wl} By Observation 5 applled toL = PU{v,vi}and M = N U {wg, wq}, we have
IP|+2 < 2(ICI+4)— Z(ICI +4).As [P| = 2 |C| — Z(|IC|| — 3), it follows that 2 < >4 — %7, a contradiction.
Therefore one of the w; s say wy, is not adjacent to vl. Let x be the neighbour of wg in G — C distinct from vy.
Suppose x has degree 4in G — C — {vg, wq}. Now (P U {vg, wo}, N U {w1, X}, uq, v1) is a chain of G. By Lemma 7,
IPl+2 < 2(Cl+4)— &(ICll + 2). As |P] = 2|C] — &([IC|| — 3), we have 2 < 24 — 213 a contradiction.
Therefore x 1s a3~ -vertex in G — C — {vg, wq}. Then (P U {vg, wo}, N U {w1}, wo, U1, X, v1) is a double chain of
G, so by maximality of [C|, [P| +2 < Z(IC| 4+ 3) — Z(lICll + 4 — 3). As |[P| > 2|C| — Z(I[C|| — 3), we have
< 23— 24, a contradiction.

- Suppose that the w;’s are 4 vertices in G — C. Now (PU {vo} N U {wg, wq}, uq, vl) is a chain of G. By Lemma 7,
IPl+1< Z(IC1+3) — Z(ICI + 2).As [P| = Z|C| — &(IIC[| — 3),wehave 1 < 23— & 2;,a contradiction.

- Suppose one of the wj, say wo, is a 37 —vertex m G — C and the other one is a 3+-vertex m G — C. Then
(PU{vo}, NU{w1}, vg, U1, wg, v1)is adouble chain of G. By maximality of |C|, [P|+1 < —(|C|+2) (||C||+4 3).
As |P| > 2|C| — Z(IIC| — 3), we have 1 < 22 — 24, a contradiction.

Now vg and v are adjacent.

e Suppose do(C) = 1ordy(C) = 1,saydy(C) = 1.The set PU{vp} induces a linear forest, and its neighbourhood is a subset
of N U {v}. By Observation 5 applied to L = P U {vo} and M = N U {vq}, we have [P| + 1 < 2(|C|+2) — Z([IC]| + 1).
As |P| > 2|C] — Z(|IC|| — 3),it follows that 1 < 22 — 4, a contradiction.

e Now dyp(C) = 2 and d{(C) = 2. Let w be the neighbour of vg in (G — C) — vy. Note that w is not adjacent to vy, otherwise
vov1w would be a triangle in G.

Suppose w is a 27 -vertex in (G — C). The set P U {vg} induces a linear forest, and its neighbourhood is a subset of
N U {vq, w}. Furthermore, N(w) N (P U {vg}) = {vo}, N(vo) N V((G — C) — {v1}) = {w}, and vg and w are 1~ -vertices
in G[P U {vp}] and (G — C) {vo} respectively. By Observation 6 appliedto L = P U {vg} and M = N U {v4}, we have
IPl+1 < 2(ICl +2) = &(ICIl 4 3).As [P| = 2|C| — Z(|IC]| — 3),it follows that 1 < 22 — 6, a contradiction.
Now w is a 3" -vertex in (G C).The set PU{vo} induces a linear forest, and its neighbourhood is a subset of N U {v, w}.
By Observation 5 applied to L = P U {vg} and M = N U {vy, w}, we have [P| + 1 < Z(|C| + 3) — Z(IIC|| + 5). As
IP| = 2|C| — Z(IIC|| — 3), it follows that 1 < 23 — 8, a contradiction. O

Lemma 9. For every separating double chain C = (P, N, ug, Uy, vg, v1) of G, |P| < %|C| - 12—1(||C|| —1).

Proof. Let us consider by contradiction a separating double chain C = (P, N, ug, u1, vg, v1) such that [P| > 1—91|C| - =
(IIC]I = 1) maximizing |C]|.

e Suppose do(C) = 0. Then (P U {vp}, N, uy, v1)

simple chain of G. By Lemma 7, |[P| + 1 < ﬁ(|C|+1) %(||C|| - —)
As|P| = 2|C] — Z(|IC|| — 1), we have 1 < = — %

1. a contradiction.
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e Suppose do(C) = 1.Let w be the neighbour of vg in G—C. Suppose w is a 4-vertex in G—C. Then (PU{vo}, NU{w}, uq, vq)
isa simple chain of G.By Lemma 7, [P| + 1 < 2(|C| +2) — Z(ICll + 2). As [P| = |C| — Z(||C|l — 1), we have
1< —2 - “ 2,a contradiction.

Now w isa3~-vertexin G — C.Let C' = (P U {wo}, N, v, U1, w, v1). One can see that C’ is a separating double chain of
G, and by maximality of |C|, [P| + 1 < 2(|C| 4+ 1) — Z(I[C|). As [P| > 2|C| — Z(C|l — 1), wehave 1 < 2 — %, a
contradiction.

e Suppose do(C) = 2. Let wg and w4 be the neighbours of vy in G — C.

- Suppose one of the wj;’s, say wy, has degree 1 in G — C. We have a simple chain (P U {vg, wo}, N U {w1}, uq, v
By Lemma 7, |P| +2 < 2(IC| 4+ 3) — Z(ICl| + 2). As [P] = Z|C| — Z(|IC]| — 1), we have 2 < 23 — 22,
contradiction.

- Suppose the w;’s both have degree 2 in G — C. Note that they are not adjacent since G is triangle-free. Let x be the
second neighbour of wg in G — C. Suppose x is a 4-vertex in G C —{wy}. Then (P U {vo, wo}, N U {w1, x}, uq, vq)
is a simple chain of G. By Lemma 7, [P| + 2 < 2 (IC| +4) — &(ICll + ). As [P] > 2|C| — Z(|IC]| — 1), we have
2 < 24— 21 3 contradiction. Now x is a 3~ -vertex in G — C—{wl} ) (PU{vo, wo), NU{uh} Wo, u1,x vq)isa
separatingdoublechain of G. By maximality of |C|, |P|+2 < —(|C|+3) (||C||+3) As|P| > 5 2 |C|— (||C|| 1),
we have 2 < ﬁ3 — 12—14 a contradiction.

- Suppose the w;'s have degree 4 in G — C. Again they are not adjacent since G is triangle-free. We have a simple
chain (PU{vq}, NU{wo,w1},u1,v1).ByLemma7,|P|+1 < 2(IC|+3)= & (ICI+2).As|P| = 2|C|—&(lICl[—1),
we have 1 < 23 — 121 <, a contradiction.

- Suppose one ofthe w;'s, say wy, is a 37-vertex in G— C and the other one is a 3*-vertex in G—C.Then (PU{vg}, N
{wq}, vo, Uy, wo, v1) is a separating double chain. By maximality of |C|, |P| + 1 < —(|C| +2)— %(||C|| + 3). As

9 2 . .
[Pl > 5 9 1C) — 1(||C|| — 1), we have 1 < 52 — 54, a contradiction. O

)-
a

Let us now prove some lemmas on the structure of G.
Lemma 10. Graph G has no 2™ -vertex.

Proof. As G is connected, if it has a 0-vertex, then G is the graph with one vertex and it satisfies Theorem 1, a contradiction.

By contradiction, suppose u € V is a 1-vertex. Let v be the neighbour of u. If v is a 37-vertex in G, then ({u}, @, u, v) is a
chain of G, thus by Lemma 7, 1 < ﬁ - —(1 - 5) a contradiction.

Now v is a 4-vertex. Let H* = G — {u v}. Graph H* has n — 2 vertices and m — 4 edges. Adding vertex u to any induced
linear forest of H* leads to an induced linear forest of G. By Observation 4 applied to (&, 8, y) = (2,4, 1), 1 < %2 — %4, a
contradiction.

Therefore G has no 1~ -vertex. Suppose now that u € V is a 2-vertex. Let vy and v be the two neighbours of u.

Suppose vo and v; are both 37 -vertices. We have a double chain ({u}, @, u, u, vp, v1), and thus by Lemma 8, 1 <

21— Z(4 — 3), a contradiction.

Suppose vg OT v, say vo, iS a 4-vertex, and the other one is a 37 -vertex. We have a simple chain ({u}, {vo}, u, vq). By
Lemma7,1 < —2 - —(5 — —) a contradiction.

Now vg and v1 are 4 vertices. Let H* = G — {u, vg, v1}. Graph H* has n — 3 vertices and m — 8 edges. Adding vertex u
to any induced linear forest of H* leads to an induced linear forest of G. By Observation 4 applied to («, 8, ) = (3, 8, 1),

1 < 23 — 28, acontradiction. O
Lemma 11. Graph G has no 3-vertex adjacent to another 3-vertex and two 4-vertices.

Proof. By contradiction, suppose G has a 3-vertex u, adjacent to a 3-vertex v and two 4-vertices wo and wi. We have a simple
chain ({u}, {wo, w1}, u, v). By Lemma 7, 1 < 3 — (9 — 3), a contradiction. O

Lemma 12. Graph G has no 3-vertex adjacent to two other 3-vertices and a 4-vertex.

Proof. Let u be a 3-vertex adjacent to two 3-vertices vg and vy, and to a 4-vertex w. Let xq and x; be the two neighbours of
vp distinct from u. Note that Xy and x; may be adjacent to w. Note that xo and x; are 3" -vertices in G by Lemma 10, and thus
1*-vertices in G = G — {u, w, vo} since they are not adjacent to u.

Suppose that xo and x; are 2" -vertices in G'. We have a simple chain ({u, vo}, {X0, X1, w}, u, v1) in G. By Lemma 7,

5 — —(12 — —) a contradiction.

Suppose one of the Xi's, say Xo, is a 2*-vertex in G, and the other one is a 1-vertex in G'. We have a double chain
({u, vo}, {w, X0}, U, vo, v1, X;). By Lemma 8,2 < 24 — (10 — 3), a contradiction.

Now the x;’s are 1-vertices in G’. By Lemma 10, the x;’s are 3-vertices in G, and thus are both adjacent to w. By planarity
of G, one of the x;'s, say Xo, is not adjacent to v;. Let y be the neighbour of xq in G’. By Lemmas 10 and 11, y is a 3-vertex in G.
We have a simple chain ({u, vo, Xo}, {w, v1, X1}, X0, y). By Lemma 7, 3 < 36 — —(11 — —) a contradiction. O
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Lemma 13. Graph G has no two adjacent 3-vertices.

Proof. By Lemma 10, every vertex in G has degree 3 or 4. By Lemmas 11 and 12, there is no 3-vertex adjacent to a 3-vertex
and a 4-vertex in G. Suppose by contradiction that there are two adjacent 3-vertices in G. Then as G is connected, G only has
3-vertices.

Suppose there is a 4-cycle uguiu,us in G. For all i, let v; be the third neighbour of u;. Since G has no triangle, the only
vertices among the u;’s and v;’s that may not be distinct are vg and v, on the one hand, and v; and v3 on the other hand.
Suppose vg = vy and v; = vs3. Let H* = G — {uy, u1, Uy, us}. Graph H* has n — 4 vertices and m — 8 edges. As vy and v
are 1-vertices in H*, that, by planarity, are separated by ugu;u,us in G, adding vertices ug and u; to any induced linear forest
of H* leads to an induced linear forest of G. By Observation 4 applied to («, 8, y) = (4, 8, 2), we have 2 < %4 — %8, a
contradiction. Now w.l.0.g. vg and v, are distinct. We have a double chain ({ug, uy, uz}, {us, v1}, tg, Uz, vg, v2). By Lemma 8,
3 < 25— Z(9 — 3), a contradiction.

Now there is no 4-cycle in G. Suppose there is a 5-cycle ugu ususuy in G. For all i, let v; be the third neighbour of
u;. Now all the v;’s are distinct, otherwise there is a 4-cycle and we fall into the previous case. We have a double chain
({uo, us., uz, us}, {us, v1, va}, o, us, vo, v3). By Lemma 8,4 < 27 — %(14 — 3), a contradiction.

Now G is a 3-regular planar graph with girth at least 6, which contradicts Euler’s formula. O

Lemma 14. There is no 4-cycle with at least two 3-vertices in G.

Proof. By contradiction, suppose there is such a 4-cycle uguu,u3. By Lemmas 10 and 13, this cycle has exactly two 3-vertices
and two 4-vertices, and the two 3-vertices are not adjacent. W.l.o.g. ug and u, are 3-vertices, and u; and us are 4-vertices.
Let vy and v, be the third neighbours of ug and u; respectively. By Lemma 13, vy and v, are 4-vertices.

Suppose that ug and u, have three neighbours in common, uy, u3,and v = vg = vy.Let H* = G — {uo, u1, Uy, us, v}. Graph
H* has n — 5 vertices and m — 12 edges. Adding vertices ug and u; to any induced linear forest of H* leads to an induced
linear forest of G. By Observation 4 applied to (a, B, y) = (5, 12,2),2 < =5 — £ 12, a contradiction.

Now v and v, are distinct. Suppose that vov, € E. We have a chain ({uo, u,}, {u1, us, vz}, tg, vo). By Lemma 7, 2 <
25— 2(13 — 1), a contradiction.

Now vou;, ¢ E.Let H* = G — {ug, uy, Uy, Us, vg, v2}. Graph H* has n — 6 vertices and m — 16 edges. Adding vertices uy and
u; to any induced linear forest of H* leads to an induced linear forest of G. By Observation 4 applied to («, 8, y) = (6, 16, 2),
2 < 26 — 216, a contradiction. O

Lemma 15. There is no 4-face with exactly one 3-vertex in G.

Proof. By contradiction, suppose there is a 4-face uguqu,us, such that ug is a 3-vertex and the other u; are 4-vertices. Let v
be the third neighbour of u,. Note that v is a 4-vertex by Lemma 13.

Suppose first that vu, € E. By planarity of G, {ug, v, u;} separates the vertices u; and us. Therefore ({uo},
{v, uz}, ug, g, Uy, u3) is a separating double chain of G. By Lemma 9, 1 < 1—913 - %(9 — 1), a contradiction.

Now vu, ¢ E. Let wy and w; be the neighbours of u; distinct from ug and u;.

e Suppose wg and w; are adjacent to us. Let H* = G — {up, uy, uy, U3, v, wo, w1 }. By Lemma 10, the w;’s are 3T -vertices,
and since G is triangle-free, they cannot be adjacent to u,. Moreover, by planarity, at least one of the w;’s is not adjacent
to v. This implies that H* has at most m — 15 edges. Graph H* has n — 7 vertices. Adding vertices ug, u1, and us to any
induced linear forest of H* leads to an induced linear forest of G. By Observation 4 applied to («, 8, y) = (7, 15, 3),
3 < 27 — %15, a contradiction.

e Suppose that one of the w;’s, say wy, is adjacent to u3 and that the other one (w1) is not adjacent to us. Let w, be the
neighbour of us distinct from uyg, uy, and wo.

- Suppose w; or w,, say ws, is a 3-vertex in G — {ug, uy, Uy, U3, v, wo}. Suppose w, is a 3-vertex in G —
{uo, uq, uy, us, v, we, wq} (note that this implies that wyw, ¢ E, since otherwise w, would have degree greater
than 4 in G). Let H* = G — {ug, U1, Uy, U3, v, Wy, w1, wy}. Graph H* has n — 8 vertices and at most m — 20
edges. Adding vertices ug, Uy, and us3 to any induced linear forest of H* leads to an induced linear forest of G. By
Observation 4 applied to («, B, ¥) = (8, 20, 3), 3 < 28 — 220, a contradiction.

Now w, is a 27-vertex in G — {ug, U1, Uy, U3, v, wo, w1}, and thus ({ug, uy, us}, {us, v, we, wi}, us, wy) is a chain
of G.By Lemma 7,3 < 7 — £(17 — 1), a contradiction.

- Suppose w; and w, are 2~ -vertex in G — {ug, uy, Us, U3, v, wo}. We have a double chain ({ug, uy, us},
{u2, v, wo}, Uy, U3, wy, wp). By Lemma 8,3 < 26 — Z(14 — 3), a contradiction.

e Suppose the w;’s are not adjacent to us. Let us prove by contradiction that the w;’s are 2~ -vertices in G — {ug, u1, Uy, v}.

- Suppose the w;'s are 3-vertices in G — {ug, Uy, Uz, v}. Then we have the following chain: ({uo, ui},
{u2, v, wo, w1}, Up, u3). By Lemma 7,2 < 26 — Z(18 — 1), a contradiction.

- Now one of the w;’s, say wy, is a 2~ -vertex in G— {ug, Uy, Uz, v}. Suppose wy is a 3-vertex in G—{ug, Uy, Uy, v}. Then
we have the double chain: ({uo, u1}, {uz, v, wi}, Uo, Uy, U3, wo).By Lemma 8,2 < =5—2(15—3),a contradiction.
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Now the w;’s are 27 -vertices in G — {ug, u1, Uy, v}. The w;’s are 3-vertices or 4-vertices in G, they are not adjacent to
up and u; since G is triangle-free, and by Lemma 14, if for some i, w; is adjacent to v, then w; is a 4-vertex. Therefore
each of the w;’s is either a 3-vertex non-adjacent to v or a 4-vertex adjacent to v, and thus the w;’s are 2-vertices in
— {UO, uq, up, ’l)}.

Let xo and x; be the two neighbours of wq in G — {ug, uy, Uy, us, v}. Let d be the sum of the degrees of xy and x; in
G— {uo, us, Uz, v, Wo, IU1}.

- Suppose d > 4. We have asimple chain ({uo, u1, wo}, {u2, v, w1, Xo, X1}, U, u3).ByLemma7,3 < =8—2(20—3),
a contradiction.

- Suppose d < 3. Suppose one of the x;, say xo, is a 0-vertex in G — {ug, Uy, Uy, v, wo, w1}. We have a simple chain
({uo. U1, wo, Xo}, {U2, v, w1, X1}, Ug, us). By Lemma 7, 4 < =8 — £(16 — 1), a contradiction.
Thus we can assume one of the x;, say X, is a 1-vertex in G — {ug, uy, Uz, v, wo, w1} and the other one (x;) is a
1-vertex or a 2-vertex in G — {ug, uq, Uz, v, Wo, W1}.
Let us prove by contradiction that xq is not adjacent to us. Suppose xg is adjacent to us.
Suppose xow; € E. By Lemma 14, at least one of the w;’s, wyg say, is a 4-verteX, and thus is adjacent to v. By
planarity, w1 is not adjacent to v, and thus w is a 3-vertex in G. In this case, xq is adjacent exactly to wg, wq and
us since it is a 1-vertex in G — {ug, uy, Uo, v, wo, w1} and G is triangle-free. Then xy and w, are adjacent 3-vertices
in G, which contradicts Lemma 13.
Now xow; ¢ E. We have a simple chain ({uo, u1, Xo}, {2, 3, v, wo}, uy, w1). By Lemma 7,3 < 27 — £(16 — 1),
a contradiction.
Therefore we know that xo is not adjacent to us. Let y be the neighbour of xg in G — {ug, uy, Uz, v, wo, wq}.
Suppose y is a 3-vertex in G — {ug, Uy, Us, v, Wo, W1, Xg, X1}. Now the following quadruplet is a simple chain:
({uo. 1, wo., Xo}, {Uuz, v, w1, X1, y}, Uo, u3). By Lemma 7, 4 < 29 — (21 — 1), a contradiction. Now y is a
27 -vertexin G—{ug, Uy, Uy, v, W, W1, Xo, X1}. Then ({ug, U1, wo, X0}, {U2, v, w1, X1}, Ug, Xo, U3, y)isadouble chain.
By Lemma 8,4 < 8 — 2(18 — 3), a contradiction. O

For every face f of G, let I(f ) denote the length of the boundary of f, and let c4(f ) denote the number of 4-vertices in f. For

every vertex v, let d(v) be the degree of v. Let k be the number of faces of G, and for every 3 < d < 4and every 4 < [, let k;
be the number of [-faces and ny the number of d-vertices in G.

Each 4-vertex is in the boundary of at most four faces. Therefore the sum of the c4(f) over all the 4-faces and 5-faces is

qu 4<I()<5 c4(f) < 4n4. Now, by Lemmas 10, 14, and 15, every 4-face of G has only 4-vertices in its boundary, so for each

4-face f, c4(f) = 4. By Lemma 13, every 5-face of G has at least three 4-vertices, so for each 5-face f we have c4(f) > 3 > 2.
Thus Zf’m:‘l af) + Zf,((f):s c4(f) = 4kyq + 2ks. Thus 4n4 > 4k4 + 2ks, and thus 2ny > 2k4 + ks. By Euler’s formula, we

have:

—12 = 6m — 6n — 6k

=2) dw)+ Y If)—6n—6k

veV feF(G)
=Y (2d—6)ng+ Y (I-6)k
d>3 >4
> 2n4 — 2k4 — ks
>0

That contradiction ends the proof of Theorem 1.
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