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Abstract

This paper is devoted to set membership parameter estimation for non-linear
complex-valued models. In such a context, the error between the measured data
and the output model is supposed to be bounded with known prior bounds. The
proposed approach is based on set inversion via complex interval analysis. A first
contribution of this paper is the extension of logarithm and exponentiel functions to
polar intervals. In a second part, it is shown on an engineering application devoted
to thermal parameter estimation, that the proposed interval complex representation
is useful.

Key words: Parameter estimation, set-membership estimation, complex intervals,
complex constraint satisfaction, set inversion.

1 Introduction

In the literature, parameter estimation problems are usually solved by prob-
abilistic methods when an explicit characterization of the errors and the un-
certainties are available. In practice, this is not usually the case for many
reasons such as the presence of deterministic modelling errors which cannot
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be taken as random variables. It is then more natural to assume that the
perturbations belong to a known set but are otherwise unknown. In such a
case, bounded-error approaches allow the characterization of the set of all pa-
rameter vectors that are compatible with (i) the measured data, (ii) a model
structure and (iii) the prior error bounds. The problem of parameter estima-
tion in a bounded error context has been investigated by many researchers
and several techniques have been established for characterizing the posterior
feasible set (see Milanese et al. (1996) and the references therein). For linear
models, simple-shaped forms such as ellipsoids, parallelotopes, zonotopes or
boxes are used to give an enclosure of this set (Durieu et al., 2001; Maksarov et
al., 2002) whereas for non-linear models, techniques based on interval analysis
and constraint satisfaction techniques are used ((Jaulin et al., 1993, 2001) and
references therein).

Many real-life engineering problems can be modelled by differential equations
which are nonlinear w.r.t physical parameters but linear w.r.t inputs. Set mem-
bership estimation can then be tackled in the frequency domain: the system
is then described by a complex-valued nonlinear model. In a bounded error
context, the uncertainties are thus described by complex sets. As a result, the
derivation of an optimal inclusion function for a complex-valued non-linear
model is a major issue for ensuring efficiency for the identification procedure.
The simplest complex interval approximation is the rectangular representa-
tion (Alefeld et al., 1983; Petkovic et al., 1998), where a complex-shaped set
is approximated by an axis-aligned rectangle. Nevertheless, the circular form
(Alefeld et al., 1983; Petkovic et al., 1998; Henrici, 1971; Klatte et al., 1980;
Rokne et al., 1971) is often used. Unfortunately, both complex interval repre-
sentations cited above derive very pessimistic results with non-linear functions.
To reduce such a pessimism, we introduced in a previous paper (Candau et
al., 2006) an arithmetic for complex intervals based on the extension of polar
representation of complex numbers to intervals. The main advantage of this
representation is that the multiplication operation is exactly defined. However,
this is no more the case for the addition operation and a new algorithm was
developed for this purpose (Candau et al., 2006). In this paper, the main func-
tions such as logarithm and exponential used in the parameter identification
section are extended to polar intervals. In the second part, the performances of
the new complex interval arithmetic are evaluated in the context of bounded
error identification of thermal parameters.

The paper is structured as follows: in section 2, set membership identification
is recalled. The section 3 is devoted to complex interval arithmetics and the
extension to polar intervals of non-linear functions such as log, exp, cosh and
sinh represents the first contribution of this paper. Section 4 is dedicated
to constraint propagation on polar complex intervals. Finally, polar complex
intervals are used to solve the parameter estimation problem using actual data
and the obtained results are compared to the ones given by the rectangular
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complex representation.

2 Set membership identification

Denote by ym(p) the model output vector, ỹ the experimental data vector and
E a feasible domain for the output error, known prior to the identification.
The feasible domain for model output is then given by:

Y = ỹ + E (1)

A parameter vector p is called feasible if the model output is compatible with
the measured data domain. Estimating the parameter vector p in a bounded
error context consists in determining the set S of all feasible parameters:

S = {p ∈ P | ym(p) ∈ Y} = y−1
m (Y) ∩ P (2)

where P is a search domain for the parameter vector.

The characterization of the solution set S is a set inversion problem and a
guaranteed approximation of such a set can be provided by SIVIA algorithm
(Set Inversion Via Interval Analysis) (Jaulin et al., 1993) based on interval
analysis. SIVIA is a recursive algorithm which explores all the search space
without losing any solution. This algorithm permits to derive a guaranteed
enclosure of the solution set S as follows:

S ⊆ S ⊆ S (3)

where S and S are respectively the inner and the outer approximations of
S. The complexity of SIVIA is exponential with respect to the number of
parameters and constraint satisfaction techniques are used in order to reduce
the computing time.

In this paper, set-membership parameter estimation is performed in the fre-
quency domain using SIVIA and constraint satisfaction techniques. An inclu-
sion test should be defined in order to prove that a parameter set is , unfeasible
or undeterminated. This test is based on the evaluation of the output model
ym(p) using complex interval analysis. In the following sections, polar arith-
metic is detailed and optimal inclusion functions of the main used functions
are proposed.
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3 Complex interval analysis

The simplest complex interval representation is the rectangular form where a
complicated shaped set is approximated by a rectangle; but the circular form,
where a set is approximated by a disc, is more often used. Unfortunately, both
complex interval representations cited above are not closed with respect to the
arithmetic operations {+,−, ∗, \}. This is due to the fact that a multiplication
of a set by a complex number is a rotation, thus the result of such an operation
must be wrapped in a rectangle or a disc, which introduces some pessimism.
The arithmetic operation ∗ is then non minimal and a pessimism is introduced
when a multiplication of two complex intervals, represented by rectangles or
discs, is performed (Alefeld et al., 1983; Petkovic et al., 1998; Henrici, 1971;
Klatte et al., 1980; Rokne et al., 1971; Kearfott, 1996; Nickel, 1980).

In a recent paper (Candau et al., 2006), we extended the polar representation
of complex numbers to the case of intervals. It was proved that both the multi-
plication and the division are exact operations: the result of the multiplication
of two polar complex intervals is a polar interval. Nevertheless, this property
is not satisfied for addition and subtraction. In (Candau et al., 2006), algo-
rithms are given in order to reduce the pessimism of these operations. In the
following, the polar representation is recalled and the extension of the main
functions to polar intervals represents the first contribution of this paper.

3.1 Polar representation and arithmetic operations

Consider the intervals [ρ] = [ρ−, ρ+] ∈ IR+ and [θ] = [θ−, θ+] ∈ IR where IR+

is the set of positive intervals (i.e. ρ− ≥ 0). The set defined by:

Z = {z ∈ C | z = ρeiθ, ρ ∈ [ρ], θ ∈ [θ]} (4)

is called a polar complex interval (or a sector) denoted by

Z , {[ρ], [θ]} (5)

A polar interval can be uniquely characterized by two real intervals: its magni-
tude [ρ], and its angle [θ] as illustrated in figure 1. The set of all polar complex
intervals is denoted by S(C).

To ensure uniqueness of the representation, we can always choose the bounds
of the angle interval such that:

0 ≤ θ+ − θ− ≤ 2π, 0 ≤ θ− < 2π, 0 ≤ θ+ < 4π (6)
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Fig. 1. A sector orientation

Remark: Given Z = {[ρ], [θ]}, if [ρ] = [0, 0], then Z is represented by
{[0, 0], [0, 2π]}. �

Let Z1 = {[ρ1], [θ1]} and Z2 = {[ρ2], [θ2]} be two sectors, the multiplication
operation between Z1 and Z2 is defined as follows:

Z1 ∗ Z2 = {z1 ∗ z2 | z1 ∈ [z1], z2 ∈ [z2]}
= {[ρ1] ∗ [ρ2], [θ1] + [θ2]}

(7)

Since the set of real intervals is closed with respect to addition and multi-
plication, the product of two sectors is also a sector; this operation is then
minimal. Similarly, the division is defined by:







Z1/Z2 = {z1/z2 | z1 ∈ [z1], z2 ∈ [z2]}
= {[ρ1]/[ρ2], [θ1] − [θ2]}





 (8)

where 0 /∈ [ρ2]. We should note that the argument bounds of the result may not
verify (6). In such a case, we add 2kπ, k ∈ Z to the argument of the computed
sector until (6) is met. The following example illustrates this phenomenon.

Example: Given two sectors Z1 = {[1, 2], [2π/3, π]} and Z2 = {[1, 2], [5π/3, 2π]}.
By using expression (7), we have:

Zp = Z1 ∗ Z2 = {[1, 2] ∗ [1, 2], [2π/3, π] + [5π/3, 2π]} = {[1, 4], [7π/3, 3π]}

Obviously, the sector Zp does not respect the condition (6) and −2π is added
to its argument. Thus, a sector Z with a same magnitude and with an angle
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which respects (6) is obtained. In figure 2, the sectors Z1, Z2, Zp and Z are
plotted in the (magnitude,angle)-plan. It is easy to note that the sector Z is
obtained by a vertical translation of Zp.
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Fig. 2. The product of the sectors Z1 and Z2. Zp is computed by (7), it does not
respect (6). Z is the true result which respects (6).

Consider now the addition, the set:

Z1 ⊕ Z2 = {z1 + z2 | z1 ∈ [z1], z2 ∈ [z2]} (9)

known as the Minkowski sum (Farouki et al., 2002) is not a sector but has a
complex shape. To define addition as an operation in S(C), one has to deter-
mine some element of S(C) which contains this set. Some degree of pessimism
will thus be introduced. To minimize the pessimism, we define Z1 + Z2 as the
smallest sector (see figure 3), in the sense of inclusion, containing Z1 ⊕ Z2:

Z1 + Z2 =
⋂

Z, Z ∈ S(C) (10)

Z1 + Z2 defined in this way exists as an element of S(C), because the inter-
section of any number of closed boxes is a closed box in R2.
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In (Candau et al., 2006), computing the lower and upper bounds of [ρ] and
[φ] is formulated as optimization problems which are solved analytically since
the number of variables is only 3. For more details about these algorithms see
(Candau et al., 2006).

Fig. 3. Minkowski sum - minimal sum of two sectors

Remark: Subtraction is defined in the same way, and does not in fact ne-
cessitate a separate treatment from addition, because Z1 − Z2 = Z1 + (−Z2),
where (−Z2) = {z| − z ∈ Z2}.

When physical parameter identification is performed in the frequency domain
one usually meets functions such as logarithm, exponential, hyperbolic sine,
hyperbolic cosine and their reciprocal functions (acosh, ...). Their extension
to polar intervals represents a first contribution of this paper.

3.2 Minimal inclusion function for log(Z)

The aim of this part is to compute the minimal union of sectors containing
the range of the function log(Z) where Z is a sector. Let log(r) be the natural
logarithm of a positive real number r. The logarithm of a non-nul complex
number z = reiθ is defined by:

log(z) = log(r) + iθ (11)

Hence,

log(z) = log|z| + iarg(z), z 6= 0 (12)
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In (12), the function arg(z) is an arbitrary determination of the angle of z and
the complex number z has an infinite logarithm evaluations with a real part
defined in a unique way and an imaginary part containing a 2π additive term.
The principal determination of log(z) is given by:

log(z) = log|z| + iArg(z), z 6= 0, −π < Arg(z) 6 π (13)

where Arg(z) is the principal determination of arg(z). It is trivial to prove that
the form (13) is univaluated. Nevertheless, the function log(z) defined by (13)
is holomorphic only over the domain Arg(z) ∈] − π, π[. Hence, the negative
real half-axis is discarded. In the other hand, inclusion functions do not need
holomorphic property, the domain Arg(z) ∈] − π, π] is then considered.

Consider now a sector Z = {[ρ], [θ]}. Since the angle [θ] of Z has to satisfy
the inequalities:

0 ≤ θ+ − θ− ≤ 2π, 0 ≤ θ− ≤ 2π, 0 ≤ θ+ < 4π

the complex-valued function

log([Z]) = log([ρ]) + i[θ] (14)

could not be an inclusion function for log(z). Indeed, in the expression (13)
of the log function, the term Arg(z) should satisfy the condition : Arg(z) ∈
] − π, π]. As the angle of the log(Z) should verify (6), the main difficulty
consists in handling the angles [π, 2π], [2π, 3π] and [3π, 4π]. This difficulty is
shown in the following example.

Numerical example: The sector Z = {[ρ], [θ]} = {[1, 1], [2π
3

, 4π
3

]} does not
respect the condition (6). By using the expression (14), we have:

log([ρ]) + i[θ] = log([1, 1]) + i[2π
3

, 4π
3

]

= {[2π
3

, 4π
3

], π
2
}

(15)

In the other hand, the sector Z can be decomposed in two sectors Z1 and Z2

such that:

Z = Z1 ∪ Z2

where:
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









Z1 = {[1, 1], [2π
3

, π]}
Z2 = {[1, 1], [π, 4π

3
]}

The evaluation of the logarithm function over the sector Z1 is given by:

log(Z1) = i[2π
3
, π] ≡ {[2π

3
, π], π

2
}

In addition

∀z ∈ Z2, log(z) = log(|z|) + i(arg(z) − 2π)

Hence

log(Z2) = −i[2π
3

, π] ≡ {[2π
3
, π], 3π

2
}

As log(Z2) is not included in log(Z) computed using (15), the evaluation (14)
could not be an inclusion function of log(z). In the following section, a general
method to compute an inclusion function of log(z) is proposed.

General case:

Consider a sector Z = {[ρ], [θ]} and denote:







































Z1 = {[ρ], [θ1]}
Z2 = {[ρ], [θ2]}
Z3 = {[ρ], [θ3]}
Z4 = {[ρ], [θ4]}

(16)

where:







































θ1 = [θ] ∩ [0, π]

θ2 = [θ] ∩ [π, 2π]

θ3 = [θ] ∩ [2π, 3π]

θ4 = [θ] ∩ [3π, 4π]

(17)
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According to (16) and (17), we obtain:







































log(Z1) = log([ρ]) + i[θ1] ≡ {[ρ1], [φ1]}
log(Z2) = log([ρ]) + i([θ2] − 2π) ≡ {[ρ2], [φ2]}
log(Z3) = log([ρ]) + i([θ3] − 2π) ≡ {[ρ3], [φ3]}
log(Z4) = log([ρ]) + i([θ4] − 4π) ≡ {[ρ4], [φ4]}

(18)

where ρi and φi are the magnitude and angle of Zi and with log({[ρ], ∅}) = ∅.
Finally, the inclusion function for logarithm operator is characterized by:

log(Z) =
⋃

i=1,...,4

log(Zi) (19)

We can see that the logarithm of a sector becomes a set of 4 sectors at most,
then, computing again the logarithm of the result may lead to 42 sectors.
Clearly, the evaluation of the inclusion function (19) is combinatorial. There-
fore, we suggest to use as inclusion function, the convex hull defined in the
following equation

log(Z) = ConvexHull(log(Zi)i=1,...,4) (20)

Numerical example: Consider the sector Z = [exp(1), exp(2)], [7π/4, 13π/4].
As shown in figure 4, Z must be splitted into 3 sectors Z1, Z2 and Z3 as ex-
plained above. The evaluations of the logarithm function over these sectors
are plotted on figure 5. log(Z) is taken as the convex hull of log(Zi)i=1,2,3.

3.3 Enclosure of exp(Z)

Consider the mapping of a sector by the transformation z 7→ exp(z). A com-
plex number z = {ρ, θ} is given in the Cartesian plan by:

z = {ρ, θ} = ρ cos θ + iρ sin θ

According to this consideration, we have :



























exp(z) = exp(ρ cos θ + iρ sin θ)

= exp(ρ cos θ) · exp(iρ sin θ)

= {exp(ρ cos θ), ρ sin θ}
(21)
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Fig. 4. Sector Z splitted into Z1, Z2 and Z3, x-axis is real part and y-axis is imaginary
part.

Hence, the natural inclusion function of (21) defined by:

exp(Z) = {exp([ρ] cos([θ])), [ρ] sin([θ])} (22)

gives the exact range of the function exp(Z). Nevertheless, the bounds of the
angle [ρ] sin([θ]) may not satisfy the condition (6), which means that the angle
[φ] of exp(Z) should be chosen such that:

[φ] = [ρ] sin([θ]) + 2kπ, i ∈ Z (23)

where the bounds of [φ] satisfy (6).

Remark: The hyperbolic functions such as cosh, sinh, and tanh can be easily
computed by using the inclusion function exp(Z) defined in (22).
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Fig. 5. Logarithm of Z1, Z2, Z3, their union and the convex hull, x-axis is real part
and y-axis is imaginary part.

3.4 Enclosure of the range of acosh(Z)

We propose in this section an enclosure of the reciprocal function of cosh(Z)
defined by:

acosh(z) = log(z +
√

z2 − 1) (24)

Denote by t = {r, φ} = z2 − 1, then:

√
t =











t1 = {√r, φ

2
}

t2 = {√r, φ

2
+ π}

which means that the equation y = log(z+
√

z2 − 1) has two solutions. Hence,
the minimal inclusion function of acosh(Z) is given by:

acosh(Z) =
⋃

(f1(Z), f2(Z)) (25)
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where:

√
t =



























f1(Z) = log(Z + T1)}
f2(Z) = log(Z + T2)}
T1, T2 : square roots of (Z2 − 1)

Note that the log(Z + Ti)i=1,2 could be an union of sectors as described pre-
viously.

Remark: For degenerate intervals, we have always z +
√

z2 − 1 6= 0. This
is not the case for non-degenerate intervals because of the wrapping effect.
Hence,

acosh(Z) = {[0, +∞[, [0, 2π]}, if 0 ∈ (Z +
√

Z2 − 1).

4 Constraint propagation on polar intervals

Consider the constraint satisfaction problem (CSP)

H : (f(z) = 0, z ∈ Z ∈ S(Cn)) (26)

where f : Cn → C and denote by S the solution set of (26).

Given Z ∈ Z, an operator C is called a contractor if:

C(Z) ∩ S ⊆ [Z] ∩ S (27)

Hence, a contractor permits to reduce the searching space without performing
any bisection.

The computation of C(Z)∩S can be obtained by the extension of the theorem
1 of (Jaulin, 2000) to complex variables. Assume that it is possible to proceed
with an explicit inversion of (26), i.e.

∀i ∈ {1, . . . , n}, ∃gi | f(z) = 0 ⇔ zi = gi(iz) (28)

where iz = (z1, . . . , zi−1, zi+1, . . . , zn)T .

Denote by [gi] an inclusion function for gi and by Zi a domain for the variable
zi, then the projection π(S) of the solution set S with respect to the ith axis
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satisfies

π(S) ⊆ [gi]([iz]) ∩ Zi (29)

In several cases, the explicit inversion is not available or given by a very com-
plicated expression; hence, a decomposition of the (CSP) into some primitive
constraints is then necessary.

The algorithm used is based on complex interval extension of the local Waltz
filtering (Waltz, 1975). In fact, the relationships (26) between the variables can
be viewed as a network where the nodes are connected with the constraints.
In order to spread the consequences of each node throughout the network, the
main idea is to deal with a local group of constraints and nodes and then record
the changes in the network. Further deductions will make use of these changes
to make further changes. The inconsistent values for the parameter vector are
thus removed. If the network exhibits no cycles, then optimal filtering can be
achieved by performing only one forward and one backward propagation: this
is known as the forward-backward contractor (Jaulin et al., 2001).

In this paper, we propose to extend the forward-backward contractor to polar
intervals using the arithmetic operations {+,−, ∗, /} and the classical func-
tions i.e. {exp, log, cosh, . . .} defined in the previous sections.

Example: Consider the (CSP)

H :







































z3 − z2log(z1) = 0

z1 ∈ {1, [2π
3

, 4π
3

]}
z2 ∈ {[1, 3], π

6
}

z3 ∈ {[2, 10], [π
2
, π]}

(30)

The constraint can be decomposed into three primitive constraints such that:

a1 = Log(z1)

a2 = z2a1

z3 − a2 = 0

(31)

where the domains for the introduced variables ai are given by the sector
{[0, +∞[, [0, 2π]}.
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The forward propagation is performed by:

A1 = Log(Z1) ∩ A1

A2 = Z2A1 ∩ A2

Z3 = A2 ∩ Z3

(32)

where Ai and Zi are the domains for the variables ai and zi. Often the exact
evaluation of the logarithm function over a polar interval is not a connected
set but is a union of disjoint sectors which is characterized via the convex
hull as defined in (20). Consequently, the inversion of the primitive constraint
logarithm would be obtained by computing first the convex hull and then by
doing projection. Obviously, it may be useful to perform projection before
computing the convex hull. Let us assume Log(Z1) =

⋃

i=1,...,4 log(Z1i), then
the first constraint in (32) should be written as

A1 = ConvexHull({log(Z1i) ∩ A1}i=1,...,4) (33)

For the considered example, we obtain:

A1 =
{

{2π
3
, π

2
}⋃{2π

3
, 3π

2
}
}

⋂ {] −∞, +∞[, [0, 2π]}
= {2π

3
, π

2
}⋃{2π

3
, 3π

2
}

A2 = {[1, 3], π
6
} ·

{

{2π
3

, π
2
}⋃{2π

3
, 3π

2
}
}

⋂{] −∞, +∞[, [0, 2π]}
= {[2π

3
, 2π], 2π

3
}⋃{[2π

3
, 2π], 5π

3
}

Z3 =
{

{[2π
3
, 2π], 2π

3
}⋃{[2π

3
, 2π], 5π

3
}
}

⋂{[2, 10], [π
2
, π]}

= {[2, 2π], 2π
3
}

We remark that the domain of the variable z3 is contracted, the backward
propagation phase permits to propagate the changes of Z3 on the other vari-
ables. The backward propagation is given by:

A2 = Z3 ∩ A2

A1 = A2/Z2 ∩ A1

Z2 = A2/A1 ∩ Z2

Z1 = exp(A1) ∩ Z1

(34)

Then we obtain
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A2 = {[2, 2π], 2π
3
}

A1 =
{

{[2, 2π], 2π
3
}/{[1, 3], π

6
}
}

⋂

{

{2π
3

, π
2
}⋃{2π

3
, 3π

2
}
}

= {2π
3

, π
2
}

Z2 =
{

{[2, 2π], 2π
3
}/{2π

3
, π

2
}
}

⋂{[1, 3], π
6
}

= {[1, 3], π
6
}

Z1 = exp({2π
3

, π
2
}) ⋂{1, [2π

3
, 4π

3
]}

Finally we remark that the domains for the variables z1, z2 and z3 are con-
tracted without performing any bisection. In addition the polar representation
is suitable when nonlinear function such as log, exp, . . . and multiplication have
to be evaluated.

5 The experimental study

The experimental procedure under analysis hereafter is devoted to the esti-
mation of thermal properties of materials. The thermal diffusivity, denoted by
a, and the thermal conductivity λ of a sample are simultaneously measured
by using a so-called periodic method which is based on the excitation of the
system by multi-harmonic heating signals (Boudenne et al., 2004).

The experimental set-up is shown on figure 6. The sample under study is
held in between a metallic rack, with a thermal grease ensuring good thermal
exchange between the sample and the metallic rack. The front side of the rack,
made of brass, is also fixed to a heating device. The rear side, made of copper,
is in contact with air at ambient temperature and high vacuum. Experimental
data is given as the following frequency response:

H(s) =
Trear(s)

Tfront(s)
(35)

with s = j2πf , and the temperature spectra are given by the Fourier transform
of the time-history signals. In this paper, we propose to solve the parameter
estimation problem in a bounded error context.

5.1 The model

In a periodic mode, the thermal behaviour of each material can be described by
a one-dimensional quadrupole (two-port transfer functions). The quadrupole is
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Fig. 6. The experimental set-up

obtained by analytically solving the traditional equations of thermal diffusion.
The quadrupole method is well known and extensively used in thermal sciences
(Wang et al., 2002).

A ”quadrupole” Z(s) is given by:

Z(s) =







cosh(
√

τs) R√
τs

sinh(
√

τs)
√

τs

R
sinh(

√
τs) cosh(

√
τs)





 (36)

where: τ = δ2

a
is the sample material Fourier time, R = δ

λ
is the sample

material thermal resistance; δ : sample material thickness, a its diffusivity
and λ its conductivity.

Since the model based on the quadrupole theory can be written using the
parameters τ and R, the parameter vector to be estimated is chosen as:

pT = (p1, p2)
T = (R,

√
τ )T (37)

For the particular case of the grease layer, which is assumed without inertia,
the relationship uses the resistance only and becomes:

ZGre(s) =







1 R

0 1





 (38)

Denote by ZBra, ZGre, ZSam and ZCopp the quadrupole corresponding to re-
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spectively Brass, Grease, sample to be characterized, and Copper materials.
Hence, the front temperature and flux are given by:







Tfront

φfront





 = ZBraZGreZSamZGreZCopp







Trear

φrear





 (39)

And the rear temperature and flux are given by:







Trear

φrear





 = ZCopp half







T0

φ0





 (40)

where T0 and φ0 are rear face surface temperature and flux. Now, assume that
the coefficient, denoted by h, modelling surface heat exchanges with ambi-
ent air, is constant. Hence, the convection phenomenon with ambient air is
modelled by:

φ0(s) = hT0(s) (41)

Finally, by using the equations (36)-(41), we obtain the analytical expression
of equation (35).

5.2 The measured data

The signal delivered by the heat source is a sum of five sinusoidal signals; it
is given by:

u(t) = U0 +
5

∑

i=1

Ui sin(2πfit) (42)

with fi = 2i−1f1, f1 = 0.781mHz, U0 = 10, U1 = 1.014, U2 = 1.384, U3 =
1.74, U4 = 2.387, U5 = 3.081 ℃. For each frequency fi, 30 measurement series
j in the same conditions are performed. During each one of these series, the
temperatures of the front face T j

front(t) and the rear face T j
rear(t) are provided

using thermocouples. After amplification, the signals collected are low-pass fil-
tered (fc = 4Hz). Finally, the Fourier transform provides a frequency response,
Hj

i , for each series:

Hj
i (fi) = T

j
rear(fi)

T
j

front
(fi)
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5.3 Complex interval approximations of actual data

The set of the feasible values of the uncertain data Hi is given by:

Hi =
⋃

j=1...30

Hj
i (43)

The experimental data H1 for the frequency f1 are given in figures 3 and 7,
where X-axis represents the real part of the transfer function whereas Y-axis
represents the imaginary part. As only a finite number of actual experimental
data is available, the set Hi is approximated by a complex interval domain.
The simplest complex interval characterization is the rectangular one, where
the complex-shaped set Hi is approximated by an axis-aligned rectangle. The
set H1 and the smallest rectangle containing it are plotted in figure 7.
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−0.165

−0.16

Fig. 7. The smallest rectangle approximating the measured data H1

In addition, the set Hi can also be characterized by a sector. In such a case, the
polar intervals presented in this paper are used. The set H1 and the smallest
sector containing it are plotted in figure 8.

5.4 Polar versus rectangular form for the inclusion test

The thermal parameters are estimated by using the algorithm SIVIA. Hence,
we have only to define an inclusion test, i.e. a test which permits to verify
if a box [p] is feasible, and a contractor. Here we use the forward-backward
contractor as defined in section 4.

To prove that a box [p] is feasible, one should verify that:

[H ](fi, [p]) ⊆ [Hi], ∀i ∈ {1, . . . , N} (44)
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Fig. 8. The smallest sector approximating the measured data H1

To prove that a box [p] is unfeasible, one should prove that:

∃i ∈ {1, . . . , N}, [H ](fi, [p]) ∩ [Hi] = ∅ (45)

where [H ] is an inclusion function for H and [Hi] is the smallest complex
interval containing the set Hi. In the following, we denote respectively by [Hr

i ]
and [Hp

i ] the rectangle and the sector containing Hi. Similarly, we denote by
[Hr] and [Hp] the inclusion functions respectively based on the rectangular
and the polar arithmetics.

Example: Assume that [p] = [0.0298124, 0.0300508]× [14.5938, 14.7071]. The
evaluation of [Hr] and [Hp] for the frequencies: f1 = 0.781mHz, f2 = 1.562mHz,
f3 = 3.125mHz, f4 = 6.25mHz and f5 = 12.5mHz are given by the tables 1
and 2.

Frequency (mHz) [Hp] Data

0.781 {[0.1776, 0.1821], [4.7717, 4.7852]} {[0.176, 0.1841], [4.7713, 4.8098]}
1.562 {[0.0891,0.0915],[4.4858,4.4988]} {[0.0887,0.092],[4.4728,4.5372]}
3.125 {[0.0420,0.0433],[4.1004,4.1144]} {[0.0407,0.04391],[4.0712,4.1384]}
6.25 {[0.0171,0.0178],[3.4968,3.5153]} {[0.0155,0.02],[3.42,3.5814]}
12.5 {[0.0053,0.0056],[2.6119,2.6364]} ([0.0009,0.0084],[3.1813,9.421])

Table 1
Evaluations of the polar inclusion function and real data

Frequency (mHz) [Hp] Data

0.781 [0.0085, 0.0154] + i[−0.1915,−0.1681] [0.0107, 0.0175] + i[−0.1834,−0.1754]

1.562 [−0.0224,−0.0173] + i[−0.0947,−0.082] [−0.0216,−0.0158] + i[−0.0898,−0.087]

3.125 [−0.0264,−0.0222] + i[−0.0379,−0.0325] [−0.0253,−0.0226] + i[−0.0364,−0.0335]

6.25 [−0.018,−0.0148] + i[−0.0071,−0.0054] [−0.0189,−0.0144] + i[−0.0077,−0.0045]

12.5 [−0.0053,−0.0042] + i[0.0023, 0.0032] [−0.0073, 0.0004] + i[−0.0025, 0.007]

Table 2
Evaluations of the rectangular inclusion function and real data
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The evaluations of [Hp] and [Hr] for f1 are plotted on figure 9 and figure 10.
Hence, we remark that [Hp](f1, [p]) is contained in the smallest sector includ-
ing the measured data. Similarly, we can easily verify such a property for the
other frequencies. Therefore, we can conclude that when using polar complex
intervals the inclusion test is satisfied for the five frequencies, i.e.
∀p ∈ [p] = [0.0298124, 0.0300508]× [14.5938, 14.7071], Hi(p) ∈ Hi. Hence, the
box [p] = [0.0298124, 0.0300508]× [14.5938, 14.7071] is deemed feasible.

On the contrary, the results are different when rectangular complex intervals
are used. Due to the pessimism induced by the rectangular form, the box
[p] = [0.0298124, 0.0300508] × [14.5938, 14.7071] is now deemed ambiguous
and must be splitted to achieve a conclusion (see figure 10). Obviously, the
polar inclusion function is more suitable for the model under study.
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−0.17

−0.165

Fig. 9. Evaluation of [Hp](f1, [p]). Dashed line: evaluation of [Hp], sold line: the
smallest sector containing the measured data

5.5 Polar versus rectangular form for set inversion

Error bounds on the experimental transfer function are calculated prior to the
identification from measurements repeated 30 times. For the sample under
study, prior searching space for the parameters are:











p1 ∈ [10−4, 5]

p2 ∈ [1, 1000]
(46)

First, we will compare SIVIA results when no contractor is used and for the
two inclusion tests, i.e. with a natural inclusion function based on the polar
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Fig. 10. Evaluation of [Hr](f1, [p]). Dashed line: evaluation of [Hr], sold line: the
smallest rectangle containing the measured data

complex interval representation and the one based on rectangular complex
intervals.

5.5.1 Polar form

With polar form, SIVIA generates in 20s the set of the boxes plotted on
figure 11. The projection of the outer approximation gives the feasible domain
of the parameter vector. Hence, we obtain:

p1 ∈ [0.029097, 0.030736] and p2 ∈ [14.254, 15.1036]

Thus, the uncertainty domains for the thermal parameters are:

a ∈ [0.10959, 0.123045]× 10−6u.SI

λ ∈ [0.16267, 0.17183]u.SI

5.5.2 Rectangular form

Now, SIVIA without a contractor but with a natural inclusion function based
on the rectangular complex interval representation generates in 60s the set
of the boxes plotted on figure 12. The projection of the outer approximation
gives the feasible domain of the parameter vector. Hence, we obtain:

p1 ∈ [0.028993, 0.030915] and p2 ∈ [14.0274, 15.0752]
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Fig. 11. Inner and outer approximations generated by SIVIA with polar represen-
tation

Thus, the domains for the thermal parameters are:

a ∈ [0.11, 0.12705]× 10−6u.SI

λ ∈ [0.16173, 0.17245]u.SI
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Fig. 12. Inner and outer approximations generated by SIVIA with rectangular rep-
resentation

As given in the table 5.5.2, the computing time is longer when the rectangular
representation is used. Indeed, as already stated earlier, the latter introduces
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some pessimism and the parameter vector need be further splitted.

Polar form Rectangular form

Computing time 20 60

Table 3
Computing time in seconds for polar and rectangular representations without con-
traction

5.5.3 Comparison of the splitting number for the polar and rectangular rep-

resentations

To compare the polar and the rectangular representations, The number of
bisections needed for the algorithm SIVIA with an inclusion functions respec-
tively based on the rectangular and the polar representations is given in the
table 3. We note that the polar form permits to reduce the number of bi-
sections of the parameter vector domain; hence, the computing time is less
important. In fact, the model is described by a strongly non-linear function.
In such a case, the inclusion function based on the rectangular form is more
pessimistic. In the other hand, we remark that the parameter vector is less
bisected when a contractor is used.

Representation Polar Rectangular Polar and Rectangular

Without contraction 4103 22139 7443

With contraction 3285 17229 6957

Table 4
Bisection number

5.6 Combination of polar and rectangular representations for set inversion

As indicated in section 5.2, the domains of the measured data are not given
by complex intervals; hence, a pessimism is introduced. To reduce the effect of
this pessimism on the estimated parameters, we propose to use simultaneously
the rectangular and the polar representations. SIVIA generates, in 116 s, the
set of the boxes plotted on figure 13. In this case, the feasible set is computed
by the intersection of the feasible sets obtained using the polar and the rect-
angular representations. The projection of the outer approximation gives the
uncertainty on the parameter vector. Hence, we obtain:

p1 ∈ [0.028859, 0.031005] and p2 ∈ [14.1973, 15.1602]

Thus, the uncertainty domains for the thermal parameters are:

a ∈ [0.10877, 0.12403]× 10−6
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λ ∈ [0.16126, 0.17325]

We remark that by using both the rectangular and polar representations, the
uncertainties on the estimated parameters are reduced.
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Fig. 13. Inner and outer approximations generated by SIVIA with rectangular rep-
resentation

6 Conclusion

This paper addresses bounded error parameter identification for complex-
valued non-linear models. The set inversion algorithm SIVIA is used to com-
pute the set of all the parameter vectors such as the model output is consistent
with the measured data and the error bounds. SIVIA is based on an inclusion
test which needs the evaluation of the complex-valued model over complex in-
tervals. In this paper, the main functions, such as ln, exp, acosh, are extended
to polar intervals. In the other hand, two complex interval representations
are compared: polar and rectangular forms. Finally, we showed that using
simultaneously polar and rectangular representations permits to reduce the
pessimism on the estimated parameters.

In order to reduce the pessimism and so the computing time, we propose
in a future work to use other inclusion functions based on Taylor forms. In
such a context, the derivatives of the complex-valued functions are needed. To
compute these derivatives, automatic differentiation on polar intervals should
be investigated.
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