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Abstract

We investigate solution techniques for numerical constraint satisfaction problems and vali-
dated numerical set integration methods for computing reachable sets of nonlinear hybrid
dynamical systems in presence of uncertainty. To use interval simulation tools with higher
dimensional hybrid systems, while assuming large domains for either initial continuous state
or model parameter vectors, we need to solve the problem of flow/sets intersection in an
effective and reliable way. The main idea developed in this paper is first to derive an ana-
lytical expression for the boundaries of continuous flows, using interval Taylor methods and
techniques for controlling the wrapping effect. Then, the event detection and localization
problems underlying flow/sets intersection are expressed as numerical constraint satisfaction
problems, which are solved using global search methods based on branch-and-prune algo-
rithms, interval analysis and consistency techniques. The method is illustrated with hybrid
systems with uncertain nonlinear continuous dynamics and nonlinear invariants and guards.

Keywords: Continuous-time systems. Hybrid systems. Interval analysis. Nonlinear
systems. Reachability. Uncertain systems.

1. Introduction

Reachability analysis is an important step when addressing verification or synthesis tasks
with hybrid systems. Several methods have been developed recently for computing over-
approximations of reachable sets using various set representations [2, 3, 4, 5, 6, 7, 8, 9]
or hybrid abstractions [10, 11, 12, 13, 14, 15, 16, 17]. When the continuous dynamics is
nonlinear, approximate numerical simulation tools [18] are also used. In fact, when used
with nonlinear dynamics, conventional numerical integration techniques derive approxima-
tions with unknown global error. Few authors have investigated validated methods to derive
enclosures that contain true solutions of nonlinear continuous dynamics. Validated set inte-
gration methods based on interval Taylor methods (ITM) (see [19] for a review) have already
been used for hybrid systems simulation and analysis. In [20], ITM were used for rigorous
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simulation of hybrid systems, and an effective technique was developed to enclose as tightly
as possible mode switching points. ITM were used within the HYPERTECH tool [21] for the
analysis of hybrid systems with nonlinear continuous dynamics. In [22], comparison theo-
rems for differential inequalities were used with I'TM to develop a more efficient nonlinear
set integration method, when large domains are taken for either initial continuous state or
parameter vectors. In [21, 22|, event detection is done simply by using the a priori solution
enclosure set, that is, the rough set given by the Picard-Lindel6f operator [19], which contains
whole flow pipe between two integration time steps, whereas event localization within these
time intervals was not addressed. To extend these interval simulation methods to hybrid
systems of higher dimension, and in presence of large uncertainties, we must solve the prob-
lem of flow/sets intersection in an effective and reliable way. Event detection with nonlinear
differential equations has benefited from a large amount of work, and there are efficient al-
gorithms, which can solve event detection and localization [23, 24]. Here, we consider flow
pipes of non trivial size intersecting guard sets, thus leading to a continuum of time instants,
where events may occur. Our objective is to enclose the time intervals, where these events
occur, and compute a reliable enclosure of jump transitions including reset functions.

The main idea developed in this paper is first to use ITM, along with methods for
controlling the wrapping effect, to derive an analytical expression for the boundaries of
continuous flow pipes. Then, using these expressions, the event detection and localization
problems underlying flow/sets intersection can naturally be expressed as numerical constraint
satisfaction problems [25, 26, 27]. Finally, the latter are solved using global search methods
based on branch-and-prune algorithms, interval analysis and consistency techniques.

The idea of using constraint propagation techniques for the safety verification of hybrid
systems is not new. Such techniques were used within an abstraction refinement frame-
work [28], that is, without computing explicitly reachable sets. To the contrary, the present
work addresses the explicit computation of reachable sets without abstraction. Further-
more, interval constraint propagation techniques allied with I'TM were integrated recently
into a SAT-modulo-theory approach to facilitate automated reasoning about large boolean
combinations of non-linear arithmetic constraints involving ODEs [29].

Finally, the methods advocated in this paper bring a technical improvement to the hybrid
reachability scheme introduced in [21] and to the event localization method suggested in
20, 24], when initial state and parameter vectors are taken in domains of large size.

The structure of this paper is as follows. Sect. 2 introduces notation and the problem we
study. Sect. 3 overviews the interval tools we use for solving flow intersection with invariants
and guards, and evaluating reset functions. Sect. 4 shows how to compute analytical expres-
sions for flow boundaries using I['TM. Sect. 5 contains the main contribution of this paper,
namely, solving flow/invariants and flow/guards intersection. The method is illustrated in
Sect. 6, with two nonlinear hybrid systems in presence of parametric uncertainty.

2. Hybrid automata

We consider a hybrid automaton [2] given by H = (Q, D, P, %, A, Inv, F). Here Q is a set
of locations. Given a location ¢ € Q, the continuous dynamics, and hence flow transitions,
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Figure 1: Set reachable in finite time by system (1-2). When starting from an initial state vector z(to) taken
in X(to), a discrete transition occurs, if continuous flow intersects the guard set at time .. Then continuous
state vector is reset as x1(t7) = po(zo(t)). X is the set of all possible z(t.) when z(ty) varies in X(t).
Reachable set may intersect a forbidden area.

are described by non-autonomous differential equations f, € F of the form

flow(q) :  (t) = fyla,p.t), (1)

where f, : D x P x RT + D is nonlinear and assumed sufficiently smooth over D C R",
with dimension n that may depend on ¢, and p € P, where P is an uncertainty domain for
the parameter vector p. Inv is an invariant, which assigns a domain to the continuous state
space of each location. It is defined by the following system of inequalities:

Inv(q) :  v,(x(t),p,t) <0,

where inequalities are taken componentwise, v, : Dx P x RT — R™ is also nonlinear, and the
number m of inequalities may also depend on g. The set A is the set of discrete transitions
{e = (q — ¢')} given by the 5-uple (g, guard, o, p, ¢'), where ¢ and ¢’ represent upstream and
downstream locations respectively; guard is a condition given as the system of equations

guard(e) :  v.(z(t),p,t) = 0; (2)

o is an event, and p is a reset function. In this paper we consider uncertain, but simple
affine reset functions; the case of nonlinear reset functions can be addressed using existing
set computation techniques (see also Remark 4).

A transition ¢ — ¢ occurs when continuous state flow reaches the guards set, i.e. when
the continuous state satisfies condition (2), as depicted in Fig. 1.

Remark 1. We can use equality in (2), because we use global search methods capable of
detecting and localizing events that may occur on sets of zero measure. Of course, we can
also use inequality guard conditions if necessary.



For simplicity, we introduce a new state variable z = (x,p,t) with 2 = (&,0, 1) and let
Z =D x P xR". System (1-2) becomes

flow(q) : 2(t) = f,(2), (3)
Inv(q) : v, and (4)

guard(e) : .(z (5)

Now all uncertain quantities are embedded in the initial state vector. In fact, systems of
differential equations with nonlinear guards can be transformed to equivalent systems with
linear guards by appending a new state variable y = v.(z) [24]. Our method does not require
this transformation. As a consequence, we do not need to increase the size of the continuous
state vector in (3).

3. Solving constraint satisfaction problems with interval methods

In this section, we overview key concepts regarding methods based on interval analy-
sis that we use for finding intersections with invariants and guards, and evaluating jump
functions.

Consider the system of m (in)equalities over n variables z € R"

C: Algigm(hi(Z) =< O), <€ {:, <} (6)

and denote the domain of z by Z. Here inequalities are considered when one computes
mode invariants or prune solution sets from those parts that are not contained in invariants.
Equalities are considered when one addresses flow/guard intersection and the evaluation of
jump successors.

System (6) is a numerical constraint satisfaction problem CSP : (Z, C). Denoting by S
its set of solutions, we have

S={z¢€ 2| N<i<m (hi(2) < 0)}. (7)

An enclosure of & can be computed in a reliable and guaranteed way via branch-and-prune
approaches using interval analysis [27].

3.1. Interval analysis

A real interval a = [a, @] is a closed subset of R. We have Inf(a) = a and Sup(a) = a@.
The set of all real intervals is denoted by IR. Real arithmetic operations are extended to
intervals. Consider o € {4, —, %, +} and a and b intervals. Then

aob= [mfuea,veb wev, SUPcanebt° vl.

An interval vector is the Cartesian product of n intervals. The set of n-dimensional real
interval vectors is denoted by IIR™. For an n-dimensional real vector v € R™ and an n-
dimensional real interval vectors a,b € IR", we have u € a < Vi u; € a;, and a C b &
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Vi a; € b;. Consider g : Dy € R® — R™. The range of g over an interval vector a C D,
is given by g(a) = {g(u) | v € a}. An inclusion function for g can be obtained by replacing
each occurrence of a real variable by the corresponding interval and each standard function
by its interval counterpart. The quality of this inclusion function depends on the formal
expression for g.

Given a bounded set £ of complex shape, one usually defines an axis-aligned box or a
paving, i.e. a union of non-overlapping boxes &€, which contains the set £: this is known as
an outer approximation of it. Likewise, one also defines an inner approximation £ which is
contained in the set £. Hence, we have the following property £ C £ C £.

3.2. Branch-and-prune algorithms

Consider system (6) and the case when < is =. Constraint-satisfaction algorithms work
as follows.

Algorithm Interval-Solve(input : ‘Aj<i<mhi(2) = 0°, z; output : list of boxes S)

1. define a running list of boxes £ and initialize it with z = Hull(Z).
2. while list £ is not empty do
3. pick first box z from the list

4. evaluate h;(2)

5. if (Fi: 0 ¢ hy(z)) discard box z

6.  elseif ((||z]] <€) or (max; ||hi(2)] < €2))
store box z in list S

7. else partition z and store new boxes in £

When < is <, it suffices to replace the test at step 5 by Ji : Inf(h;(z)) > 0.

Clearly, this simple algorithm is of exponential complexity. There are several technical
and heuristic improvements, which make it possible to control the overall computation time
and memory usage [27, 30]. These improvements address inclusion functions at step 4 using
monotonicity as follows

Oh;

if Inf (32’ (z)) > 0 = Sup (hi(z)) = Sup (h; (21, 22, ..., SUp(2k), ..., Zn)) -
k

They also address partitioning strategies, and the possible use of interval narrowing proce-

dures on box z.

3.3. Interval narrowing procedures

The idea underlying these procedures is to use a reduction function that reduces the size
of box z during the branching scheme of algorithm Interval-Solve without using bisection.
This reduction can be achieved by an interval narrowing operator for (6) on z, which we
write as

z' = Interval-narrowing(C, z).

This operator removes from z all parts that do not contain a solution to (6) and satisfies
the following properties: (a) 2z’ C z and (b) 2’ NS = 2N S, where S is the solution set (7).
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Most narrowing operators use consistency filtering techniques (e.g. [31], see also the
review [32]) and/or constraint propagation [27]. Interval propagation techniques are based on
the interval extension of the local Waltz filtering [25, 33, 26]. Consistency filtering techniques
rely on local consistency properties.

Remark 2. A global consistency property requires that one can find an assignment, that
is, a value for all the variables such that all constraints are satisfied at the same time. A
local consistency property requires that one can find a value for all the variables such that
each constraint, when taken individually, is satisfied. Clearly, local consistency is a weaker
requirement than global consistency.

The interesting part is that whenever a consistency property is violated, there is an associated
rule for pruning some interval. Most solvers use a local consistency named arc-consistency.
Assume ¢ is a k-ary constraint over variables z = (z1, ..., 2,); ¢ is arc-consistent if, for any
21 € z;, there exists at least one value in each domain z,,, m # [, such that ¢ holds.
2B-consistency and 3B-consistency are relaxations of arc-consistency, which are more easily
verified.

Here we use 3B-consistency [31]. In this method, we consider each variable z; in turn
and its range [z;,%Z;]. Let 2z, be a point within this range. We first calculate the interval
evaluation of the functions in the system (6) with the full ranges for all the variable except
for the variable z;, where the range will be [z;,%]. If one of the constraints is not satisfied,
then we may reduce the range of the variable z; to [2;,Z]. Then we repeat this procedure
with [2;,Z;] until all constraints are satisfied. Then we proceed with this ‘shaving’ procedure
for the upper bound of z;. Here, we use as first 2; the value z; + dz;, where dz; is given by
the user, and at each step dz; is augmented (by a factor 2).

Numerical implementation. The above system solving methods are implemented in the ALTAS
C++ library [34]. We use the Profil/Bias C++ class library [35] for interval computation
and the FABDAB++ package [36] for automatic differentiation.

4. Enclosing flows with interval Taylor methods

4.1. Guaranteed set integration

Consider the uncertain dynamical system described by (3). Recall that z = (x,p, ).
Denote by Z; the initial domain for state vector z(ty) at time t; > 0. Let us denote by
Z(t;ty, Z0) the set of solutions of (3) at time ¢ originating from each initial condition in 2,
at tg. Define a time grid ¢y < t; < to < ... < t,,, which is taken equally spaced in this
paper, and assume Zy = zo = [z, Zo|-

Guaranteed set integration via interval Taylor methods compute interval vectors z;, j =
1,...,np, that are guaranteed to contain the set of solutions Z(t;;ty, Zp) of (3) at time
t;. They first verify existence and uniqueness of the solution using the Banach fixed point
theorem and the Picard-Lindelof operator [37, 38, 39] and compute an a priori enclosure z;
such that z; D Z(t) for all t in [t;, ;1] [19, 40]. A tighter enclosure for the set of solutions



of (3) at ¢4 is then computed using a Taylor series expansion of order k of the solution at
tj, where z; is used to enclose the remainder term. Now, it is easy to see that this expansion
is valid for any ¢ in [¢;,%;41]. Consequently, the set of solutions of (3) at time ¢ in [t;,¢;44] is
simply given by
k—1
Z(tit), 2;) C 2(tity, 25) = 2+ Y (t =)'l (z5) + (¢ — 1) 1 (Z)). (8)
i=1
Eq. (8) is an analytical expression for the boundaries of the continuous flow characterized by
(3). The coefficients f. H(zj) are the Taylor coefficients of the solution, which are computed
numerically via automatic differentiation. It is well known that the scheme (8) is width
increasing, and thus not suitable for numerical implementation. Effective methods use the
mean-value form, matrix preconditioning and linear transformations.
In this paper we control wrapping using the mean-value approach [19]. At each time step
tj, the solution enclosure is computed in the form

Z(tj;to, 20) € {v; + Ajrj|v; € vy, € 75} 9)

The performance of the method relies significantly on the choice of matrices A;. An effective
method introduced by Lohner uses QR-factorization [19].

4.2. An analytical expression for the continuous flow pipe

Let us extend the mean-value approach to characterize the solution enclosure at time
t > to, which is not necessarily on the time-grid {¢y, t1, to, ..., tn, }. This solution enclosure
can in fact be computed in the form

Z(t; 10, 20) € {v(t) + At)r(t) [v(t) € v(t), (1) € r(t)},
and we can define a compound form x(t) for the solution enclosure at time t as follows
x(t) = {z(1), 2(1), v(t), 7(t), A(t)}. (10)
where Z(t) := Mid(z(t)). We can now write an analytical expression for the solution set of

(3) at time ¢ € [t;, t;41], as follows:
Algorithm @(input : X, t;, t, z;, output : x(t))

o(t) = 5 + kf(t ) + (- ) E))

1.

2. S(t) = I+ki(t—t) L (2))

3. q(t) = (S()A)r; + (1) v, - 2)

L 2(t) = o(t) + a(t)

5. obtain A(t) via QR-factorization of Mid(S(t)A;)
6. (1) = A(t) " (S(H)Aj)r; + (A(1) " S)(v; — )
7. 2(t) := Mid(v(t))

8. x(t) = {2(1), 2(1), v(t), r(t), A)}

(Here Mid is componentwise midpoint and [ is the identity matrix). Finally, solution enclo-
sure at time ;. is given by x;,; = ©(X;, tj, tji1, Z;5)-



4.8. An inclusion function for the continuous flow pipe

It is now interesting to see how we can compute say the solution set
Z([tatl];tﬁ zj) = {Z(T)v T E [tvt/] - [tj7tj+1]}7

which is the set of solutions of (3) at time 7, originating from each initial condition in z; at
t;, when 7 is taken in a time interval [t,#']| C [t;,¢;41]. Formally speaking this is merely an
inclusion function for ¢(x;, t;, t, z;). We have

Lastly, an over-approximation of the set reachable over the time interval [t1, 5] is merely
given by x([t1, t2]: t1, x(t1))-
5. Computing hybrid transitions

This section gathers the main contribution of this paper. We use the tools introduced in
Sect. 3 and 4 to solve flow/invariants and flow/guards intersections, jump transitions and
reset functions.

5.1. Computing flow/invariants intersection

Here, we compute the intersection of the continuous flow with the invariant set at time
t; only, and we do not compute this intersection for all ¢ in (¢;,%;41).
At time t;, denote 2’ = inv(q) N z;. We have

zj € 2 & inv(q) Nz & (25 € 25) A (v(z5) <0).
Now, since we are using (9) and the compound form (10), we have
zj €1inv(q) Nz; = Jv; X r; € v; xr; such that v, (v; + Ajr;) < 0.
To obtain z;-, we have to solve the CSP
(vj X r;, ‘vy(v; + Ajry) <0). (11)

To do so using the methods introduced in section 3 in an effective way, we just need to
compute the Jacobian of v, with respect to v; and r;. We have
dvy 0Oy,

— = — and

8vj n 82’

vy _ vy

87“]‘_82’. J

where Jv,/0z is obtained using automatic differentiation. If v’ x r’ is the set of solutions
to CSP (11), the solution set 2/, = inv(q) N z; is given by

z; ={v; + Ajr;, |v; € 'v;, r; € 'r;}
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Figure 2: Solving flow/guard intersection. Our aim is to find the set of all initial conditions 2} that lead to

a flow z(t*;t5, z]*) which intersects the guard set at time ¢*. Given a subset z7, this leads to a continuum of

time instants t*.The combination of all possible 27 x t* is the set [t*, '] x Zx.

5.2. Computing flow/gquards intersection

The jump transition e = ¢ — ¢’ occurs at time ¢,, when continuous flow reaches the
guards set, that is, when the continuous state z(t) satisfies condition (5) at ¢.. Since we are
dealing with flow pipes of non-zero size, there will be a continuum of time instants, where
such intersection may occur. Hence, our aim is to find all the couples ¢, x z(t.) that satisfy
(5). Now, since an analytical expression for an over-approximation of the boundaries of the
flow pipes is given by algorithm ¢ over the time interval [t;,¢;11], we just need to find all the
initial state vectors 27 that lead to a z(t.;t;, 2}) that satisfies (5) at t. = t*, that is, the set
(t*, 7] x Z7 depicted on Fig. 2. Therefore, the main idea is to filter the domain for initial
state vector, namely z;, by pruning all the parts that lead to a flow that does not intersect
the guards sets for all ¢ € [t;,¢;41]. We will show now which CSP to solve with respect to t.
and z;.

Using the analytical expression for the boundaries of the flow pipes as given by algorithm
¢ and considering solution sets z; and (5), the jump transition e = ¢ — ¢’ occurs at time .
if

Jte X 2(te) € [t),tj41] X z(te,t;,2;) such that ~.(z(t.)) =0,
which leads to

dt. x zj € [tj,t;41] x z; such that 7. (p(z5,15,te,2;)) = 0. (12)

Now, recall that algorithm ¢ uses the compound form (10), where solution sets are charac-
terized using form (9). Since the size of box v; depends mainly on ¥ (%;) (see algorithm ¢)



and is generally small, we let aside v; by keeping it fixed. Hence, solving (12) with respect
to t. x r; instead of t. x z;, (12) becomes

Hte X T € [tj, tj+1] XT; such that Ye (QO(’UJ‘ + AjTj,tj, te, E]) = O) . (13)
Solving (13) boils down to finding the solution set S, of the CSP
([t t; + 1 x 75, Ye (00 (), o 8,)) = 0). (14)

Remark 3. Note that since we let aside v;, hence z;, ¢(z;,t;,t., 2;) will have non-zero
width. This will introduce overapproximation when characterizing S,,. Nevertheless, the

latter should remain small as it depends mainly on the size of fék}(zj), that is, the enclosure
of the truncation error, which is usually small.

To do so using tools introduced in section 3 in an effective way, we need to derive the
Jacobian of v, with respect to ¢ and r;. It is easy to see that

0 B 0y, 0z B 0

or ~0: ot 0z Tt
Now according to (8), we have
0z . Ofl]
-~ _7 t—t)Y L (2 =
azj + / ( J) az (Z]) S’

which is computed at step 2 of algorithm ¢, and according to (9) we have

MNe  Ove 0z 0z; O

or; Oz .8,2]- . or; 0z

.S A,

Here we use automatic differentiation to obtain dv./0z.
Denote by [t*, 7] x % the enclosure of the set S, , solution set for CSP (14). We can
summarize our main result in the following proposition.

Proposition 1 (Flow/guards set intersection).

o If set [t*,T] x %, solution set for CSP (14), is empty, then the flow does not intersect
the guards set for all t € [t;,t;41].

e If there exists t, € [t;,t;11] at which the flow intersects the guards set, then t, € [t*,T],
and there exists r; taken in 5 such that if the flow starts with r; at t;, it will intersect
the guards sets at t,.
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5.8. Computing discrete transition

If the continuous flow intersects the guards set at time ¢, a discrete transition e = ¢ — ¢
occurs and x(tF) = pe(x(t.)). Now, since we have a conservative approximation, namely
[t*,2"] of the continuum of time instants, where switching occurs, we need a relaxation for
computing reset functions. We will use the following relaxation.

Proposition 2 (Relaxed reset function).

If set [t*,T7] x % is not empty, we say that the event e = q — ¢’ occurs at t. = t* and
assume that x(t;) = x([t*,T7]).

Nonetheless, we keep track of the actual switching points t, € [t*,7], because the time
interval [t*,7"] is stored in z(t}). Indeed, recall that z = (z,p,t). In order to perform an
accurate estimation of the switching time, hence performing an accurate event localization,
one may need to control the overestimation that may be introduced by this relaxation. This
can be done by analyzing the size of either time interval [t*, 7] or box z*, as obtained via
X" = 00t [t*,7],Z). If one of them is too large, we may use bisection. Since we are
performing flow transition using the compound form (10), state partitioning must be done
with care. It is done as follows

Algorithm Partition(input : x ; output : Ly, #

X)

split z — Lz, Fz,

solve Br = {rer|Izxvelfzxv, z=v+ Ar}
solve I'r ={rer|Jzxvelzxv, z=0v+ Ar}
By ={Bz, 2, v, fr A}
Ix ={tz, 2, v, 'r, A}

AR

For solving the linear systems at step 2 and 3, we use the interval version of Gauss elimination
[27].

Remark 4. In this paper we consider uncertain, but simple reset functions p.(z(t1)) =
p + diag(«)z(t, ), where diag(«) is a diagonal matrix, a € a, and § € 3. The case of
nonlinear and complex reset functions can be addressed easily using the several techniques
developed in the interval analysis literature for computing accurately the image of a set by
a nonlinear function (see e.g. algorithm ImageSP in [27]).

Finally, in order to obtain the compound form x(¢}) we need to find sets v’, and 7’ and
matrix A" such that z(¢tF) = {v/ + A |V € v/, r € r'}. We have

pe(2(t5) = B + diag(a)z(t, ) = (A" = A) A (v = B + diag(a)v) A (v = diag(a)r).
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5.4. Hybrid transition

We can now summarize the previous methods in algorithm Hybrid-Transition given
in Table 1. This algorithm addresses both continuous and discrete transitions. Its main
structure is similar to the one suggested in [21]. In this version, integration time step is
fixed. Algorithm handles lists of triples (g, ¢, x(t)) composed of the discrete location, a
clock time and the compound form (10) for continuous state solution set at time t. The lists
are as follows:

1. Reachable state list Ef is the set reached at time ¢;. It contains enclosures of the
continuous flows for all modes, as obtained via algorithm ¢, when time sweeps from %
to tj.

2. Frontier list Ef is the frontier reached at time t;. It contains the enclosures of the
continuous flows as obtained via algorithm ¢ at time ¢;, which intersect the invariant
sets. Note that the compound form Y is used for characterizing solution sets.

3. Running jump list £, is a running list for solving discrete transition. As for the two
lists above, it contains the discrete location ¢, an initial time ¢35 and the continuous
state solution set at time %y, but it contains also a final time ¢;. This extra data is
needed since we are analyzing the occurrence of a discrete transition over the time
interval [ty, 1] and are planning to partition time interval as indicated in section 5.3.

4. Running frontier list £, which is needed to proceed with flow transition with mode ¢’
from [t., t;+1], when a discrete transition e = ¢ — ¢’ occurs at t. € [t;, tj41].

Algorithm Hybrid-Transition proceeds with continuous transition over integration time
step [t;,t;41] (steps 5 to 9) for all boxes in the running frontier list. It computes whole flow
enclosure at step 5 and updates reachable state list at step 6. It computes solution set at
step 7 and computes its intersection with the invariant sets at step 8. If not empty, the
filtered solution set is stored in frontier list (step 9).

Algorithm Hybrid-Transition then proceeds with discrete transition, which may occur
over integration time step [t;,t;11]. For all boxes in the running jump list, it checks whether
a discrete transition exists (step 15) and solves the CSP at step 16. If continuous flow
intersects guards sets (step 17) then discrete transition is done only if the size of [t*, 7] is
smaller than a given threshold (step 18). In this case, the flow enclosure over [t*,7"], namely
X* is computed as obtained with x} as initial state vector at time to (step 18). If this
solution set is smaller than a given threshold (step 19), then algorithm proceeds with the
discrete transition, the running frontier list is updated (step 20), and eventually a further
continuous transition will occur from ¢* to t;41 (step 3). If X* is too large, then a solution
set is computed at time ¢t* and is partitioned (step 23), and the two sub-boxes are used to
update the running jump list. Note here that initial and final times are also updated. Now,
if the size of [t*,7"] is too large, then this time interval is bisected and the running jump list
is updated. Here again note that initial and final times are adapted (step 28-31).

5.5. Comments on Complexity

The computational complexity of our approach to hybrid reachability is mainly driven
by the one of solving the numerical CSPs within Algorithm Hybrid-Transition. The un-
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derlying Taylor series method is of polynomial complexity. The work per step is O(k?) to
compute Taylor coefficients, and O(n?) for performing the linear algebra. However, it is gen-
erally admitted that solving CSPs, either on discrete or on continuous domains, is in theory
NP-hard. There have been efforts though to develop solving techniques, whose practical
time complexity is better than the exponential worst case. Techniques for solving CSP on
discrete domains were successfully used to solve non-trivial issues in several domains such
as operations research, scheduling and planning, vehicle routing, component configuration,
networks, and bioinformatics [41]. The case of numerical CSP on continuous domains is
much harder, because solving techniques rely on exhaustive search techniques that compute
solution space coverings by means of multi-dimensional boxes. Nevertheless, several solving
techniques were developed by adapting discrete constraint satisfaction techniques to continu-
ous problems. Here again, solving techniques for NCSP were developed and successfully used
to solve non trivial problems in control, robotics, and design [27, 42]. Finally, though solving
NCSP is NP-hard in theory for the general case, the actual time complexity encountered in
practice is generally tractable.

6. Examples

6.1. Example 1

Consider the hybrid transition for a hybrid dynamical system with two modes ¢ = 1, 2
and one jump transition e = 1 — 2 given by

( flow(1): fi(ay,20) = (:cg, —pxy — gsin(xy))
ﬂlﬂVEég . f E.Tl, 1’2; ( <x1§ - :1:2/10—(07))
ow . 2\ L1, T Lo, —OPT2 g STy
inv(2) : oz, x0) = —v1 (a1, 29) (15)
guard(1) : vi(z1, 22) = v1 (21, 22)
[ reset(l): pi(wy,22) = (121, Qo)

with oy = —1, ag € [—2.05, 2], g = 10, p € [6,6.3] and z( € [-0.9, —0.8] x [3, 3.5].

In both Fig. 3 and Fig. 4, we display the set reachable as given by lists Ef; the frontier
sets are given by lists Ef , for hybrid system (15), when time sweeps from ¢,=0s to t;=0.3s.
Fig. 3 displays the reachable set in x; X x9-space, and Fig. 4 displays the reachable set in
t X xg-space. The top plots in both figures correspond to the reachable set given by the
approach that uses a priori solutions only as in [21]. The computations are done in less than
0.1s CPU time (PIV 2GHz). The bottom plots correspond to the reachable set as given
by our algorithm Hybrid-Transition. They are obtained in 26s CPU time (here only the
time interval [t*,7"] was bisected until a threshold ez = 0.005s (steps 28-31 of algorithm
Hybrid-Transition) , while the integration time step was taken constant ¢,1 —t; = 0.05s).
One can see how our algorithm partitions continuous space to proceed with discrete transition
from mode 1 to 2. Then, flow transitions occur in mode 2 with the new list of boxes. One
can also notice that for frontier boxes, that is, the solution set for (15) in mode 2, time ¢ is
now an interval, since the actual time instant ¢, when the transition occurs is not known,
but enclosed in an interval, according to proposition 2.
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It is clear from these plots that our approach yields better results than [21]; that is, more
accurate reachable and frontier sets, but with increased computational cost. When bisection
is performed on the time step only, computation time remains satisfactory as we found that
reducing by half ez doubles CPU time. To the contrary, and as expected, when the search
domain for the continuous state vector is also bisected, then the computation time grows
significantly. Future efforts should focus on using more efficient narrowing procedures for
state vector domains without using bisection. Also finding a way to merge the obtained list
of boxes should also reduce computation time.

6.2. Fxample 2
Let us consider as second example an artificial hybrid system inspired from a three state
biochemical reactor, with two modes ¢ = 1, 2 and one jump transition e =1 — 2:

( flow(1): fi(wr, 22, 73) = (91($1,$2,$3) 92(%@2@3%93(901,$2,$3))
11’1V<1) . (.Tl,.l’g,l’g) —1’1 +LU2+SU3 —30
fow(2) : fo(z1, w2, 23) = fi(z1, 22, 23) (16)
inv(2) : vo(w1, 22, 03) = —v1 (21, T2, T3)

guard(1) : v1(zq, T2, x3) = v1(x1, 29, 3)
[ reset(1): pi(x1, 22, 23) = (21 + 60, 25 + 15, 23 + 30)
where
g1(z1, 29, 23) = (0.4 + p(wz, v3))71,

) =
9g2(w1, w2, 3) = —0.4(22 + ) — (22, 23)21)/(0.4)
g3(x1, 22, 23) = (0.2 + 2.2u(xe, x3)) 21 — 0.423

(w2, x3) = (Hmw2(1 — 23/50))/ (ks + 22).

Initial domains for state variables are taken as follows: x(ty) € [58.5, 71.5], xo(ty) €
[47.5, 52.5], and x3(tp) € [142.5, 157.5]. Uncertainty domain for parameters are p,, €
[0.396, 0.404], ks € [1.485,1.515] and =y € [19.8,20.2].

As for the previous example, we compare the outcome of the method in [21] and our
Hybrid-Transition algorithm. Fig. 5 displays the projection of the reachable and frontier
sets in the 1 x xo-space (classical approach: up, our approach: down) and Fig. 6 displays
the projection of the reachable and frontier sets in the ¢ X xo-space. Though the method in
[21] requires less than 0.1s, our method requires 30s CPU time. We used bisection on time
step only until a threshold e = 0.005s, while the integration time step was taken constant
tj+1 - tj = 0.05s.

When used with a continuous state vector of dimension 3 with three uncertain parameters,
previous conclusions hold, i.e. our method derives more accurate results at the price of a
satisfactory computation time, as long as only time is partitioned.

7. Conclusion

In this paper we have addressed the issues of solving the intersection of a nonlinear
flow with invariants and guards sets. These issues are at the core of event detection and
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localization problems when computing reachable sets with hybrid systems. We have shown
that it is possible to derive analytical expression for the boundaries of continuous flows using
interval Taylor methods and techniques for controlling the wrapping effect. As a consequence,
the problem of flow/sets intersection boils down to solving a numerical constraint satisfaction
problem.

We have shown that the latter can be done in an efficient and accurate way using interval
methods. However, the complexity and computation time are also increased. In fact, a
trade-off between accuracy and computation time can be achieved by an appropriate tuning
of algorithm Hybrid-Transition. For instance, when the tresholds are chosen very loose,
this algorithm boils down to the method originally introduced in [21], which requires small
computation time, but achieves only an approximate event localization. Obviously, accurate
event localization requires larger computation time.

It remains to study further the complexity of the proposed algorithm, which can be im-
proved by using more efficient constraint satisfaction techniques that do not rely on variable
partition.

A drawback of the method introduced in this paper is that we have addressed jump
transition in a very simple manner. We need to partition continuous state vector to proceed
with discrete transitions, hence we generate a list of boxes, which may provoke a large number
of flow transitions starting from every box in the list. Future work will investigate ways to
merge these boxes without introducing overestimation. Moreover, we will also consider
nonlinear reset functions.
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Table 1: Algorithm Hybrid-Transition
(iDPUt :‘Cfa tj-l—la {qu()a aq()v VQ()}QEQa{’Ye()a pE()}EE&ET? €z; output :‘Cf—f—lv ‘Cﬁi—l)

1. Initialization : initialize running frontier list £ := Ef ;

2. while running frontier list £ not empty, do
3. pick up L list element (g, to, Xo);
4. Continuous transition
5. compute continuous expansion over [tg,t;11] — Z;;
6. update reached set list Efﬂ — (q,t0,tj+1,25);
7. compute new solution at time t; 11 — X;1;
8. solve CSP (11) to compute X, = X1 Ninv(q);
9. if x;,, not empty, then update frontier list Efﬂ (@t X))
10. Discrete transition
11. for all transitions e in £ do
12. initialize running jump list £, := {(q, to, Xo, tj+1)};
13. while jump list £, not empty, do
14. pick up L, list element (g, to, Xo,tj+1);
15. if transition e = (¢, ¢') exists, then
16. solve CSP (14) to compute [t*,T7] x x3;
17. if [t*,7"] x x not empty then
18. if (" —t*) < er) then compute flow enclosure over [t*,77] — X*.
19. if width(x™) < e, then
20. jump and update running frontier list £ < (¢, t*, pe(X"));
21. else
22. compute solution set at t* — x7;
23. partition x7 — {"x7, 'x7};
24. update running jump list £, < (¢, t*," X1, tj11);
25. update running jump list £, + (¢,2*, "X, tj+1);
26. end if;
27. else
28. compute solution set at t* — x7;
29. compute solution set at ty := (* +1)/2 = x3;
30. update running jump list L. < (q,t*, X7, t2);
31. update running jump list £, < (¢, 2, X3, tj+1);
32. end if;
33. end if;
34. end if;
35. end while; % on L,
36. end for;

37.  end while; % on £ 23



