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Abstract

This paper deals with set membership state estimation for continuous-time sys-
tems from discrete-time measurements, in the unknown but bounded error frame-
work. The classical predictor-corrector approach to state estimation uses interval
Taylor methods for solving the prediction phase, which are known to have poor
performance in presence of large model or input uncertainty. In this paper, we show
how to derive more efficient predictors by using a nonlinear hybridization method
which builds hybrid automata to characterize the boundaries of reachable sets. The
derived continuous-discrete set membership predictor-corrector estimator is then
tested with simulated data from a bioreactor. Our method is compared to classical
continuous-time interval observers and is shown to have promising performance.
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1 Introduction

State estimation is an important issue when addressing control or diagno-
sis issues with dynamical systems. For many systems, such as bioreactors for
instance, it is more natural to assume that all uncertain quantities — measure-
ment noise, model uncertainty and modelling errors — belong to a known set.
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This assumption is rather natural and requires much less data than statistical
assumptions. In such an unknown-but-bounded-error (UBBE) framework, the
estimation problem no longer has an unique solution, but there exists a set of
state vectors that are consistent with measured data, the model structure and
the prior error bounds. Set-membership estimation (SME) techniques allow
the characterization of this solution set (Schweppe, 1968).

SME techniques have reached a mature stage when dealing with linear or
nonlinear discrete-time models (see (Milanese et al., 1996) and the references
therein). For the linear case, the solution set is a convex polyhedron which can
be characterized either exactly or superscribed in simple-shaped forms, such as
ellipsoids (Chernousko and Rokityanskii, 2000; Durieu et al., 2001; Maksarov
and Norton, 2002; Chernousko, 2005), parallelotopes (Chisci et al., 1996) or
zonotopes (Alamo et al., 2005). When the discrete-time model is nonlinear,
Alamo et al. (2008) used DC programming with zonotopes (a DC function is
a function that can be expressed as the difference of two convex functions),
while Jaulin et al. (2001) and Kieffer et al. (2002a) developed new tools using
interval analysis, consistency techniques and constraint propagation. Chen
et al. (1997) introduced an extension of the Kalman filter to intervals.

To the contrary, SME with continuous-time nonlinear systems needs further
investigations, and even more when the models, in the form of differential
equations, encompass uncertainty. In the SME literature, there are mainly
two types of SME techniques:

(1) The first one addresses the case of continuous-time state estimation from
continuous-time measurements, and was proposed for some classes of continuous-
time systems (such as bioreactors for instance), for the first time by Gouzé
et al. (2000), then further investigated by Hadj-Sadok and Gouzé (2001), Ra-
paport and Gouzé (2003), Dochain (2003), Bernard and Gouzé (2004), Ra-
paport and Dochain (2005) and Moisan et al. (2009). Such observers will be
denoted interval observers in the sequel.

(17) The second one addresses the case of continuous-time state estimation
from discrete-time measurements and was introduced by Jaulin et al. (2001),
then improved by Raissi et al. (2004), Raissi et al. (2005), Kieffer et al. (2006)
and Goffaux et al. (2009). In the sequel, we will investigate this type of ap-
proach, which we denote as the prediction-correction approach.

The prediction-correction approach relies on a two-stage methodology. The
first stage is a prediction stage, which relies on guaranteed set integration,
i.e. validated numerical integration methods for solving the initial value prob-
lem (IVP) for ordinary differential equations (ODE). Prediction stage yields a
guaranteed numerical evaluation of the state vector as the solution of the ODE
at measurement time steps — (Nedialkov et al., 1999) is a very good review on
validated numerical integration methods based on interval Taylor series. The
second stage is a correction stage, which consists in studying the consistency



between the feasible domain for actual output and the feasible one for model
output, in order to prune inconsistent parts from the two outputs. In fact, the
over-approximations induced by interval computations in the validated numer-
ical integration methods (Moore, 1966; Anguelov and Markov, 1998) used in
the prediction stage, reduce the performance of the prediction/correction ap-
proach, and more importantly when system model encompasses uncertainty in
either parameters or inputs. Even though, several validated numerical integra-
tion methods (Lohner, 1987; Rihm, 1994; Berz and Makino, 1998; Nedialkov
and Jackson, 1999; Deville et al., 2002; Lin and Stadtherr, 2006; Kletting
et al., 2007) are available, they usually fail (computing algorithm stops) as
long as the magnitude of model uncertainties is large. To date, the method
most often used to control over-approximations proceeds by bisecting state or
parameter vectors uncertainty sets. Unfortunately, bisection strategies lead to
combinatorial complexity, hence large computation time and memory usage,
which is a severe drawback if an on-line implementation is required for state
estimation.

In, this paper we address the improvement of the prediction stage by using
validated numerical methods for set integration which do not revert to bisec-
tion when used with large uncertainty sets. The idea is to use comparison
theorems for differential inequalities, and in particular the classical Miiller’s
theorem (Miiller, 1927; Marcelli and Rubbioni, 1997; Walter, 1997; Singer and
Barton, 2006) which makes it possible to derive two bracketing dynamical sys-
tems which enclose the original uncertain dynamical system and thus bound
the solution set between a minimal solution, i.e. a flow that is always lower
than the solution flow pipe, and a maximal solution, i.e., a flow that is always
larger. Since the two bounding systems involve no more uncertainty, classical
interval Taylor methods can be used for the guaranteed computation of the
minimal and maximal solutions, hence the solution set. As a matter of fact,
such bracketing methods are the very ones used within the classical interval
observers recalled above. Moreover, Goffaux et al. (2009) improved recently
the prediction-correction approach by using the Miiller’s theorem to build a
set of framers, i.e. bracketing systems, for computing solution sets for the
prediction stage, while assuming that system’s Jacobian off-diagonal matrix
elements are of fixed sign. It remains that for the general case where the lat-
ter Jacobian matrix elements may change sign over a given time horizon, the
previous methods do not work, hence obtaining tight bracketing systems, or
framers, remains an issue.

In our previous works (Ramdani et al., 2008, 2009), we addressed this issue
and introduced a hybrid bounding approach. Given a time grid, to < t; < t3 <
... < tp,., our method analyzes the signs of the off-diagonal Jacobian matrix
elements. Over each time interval [t;,¢;11], where these signs remain fixed,
our method uses the Miiller’s theorem to build the two bracketing dynamical
systems. Over each time interval [¢;, ¢;11], where the sign of at least one partial



derivative changes, our method reverts to classical interval Taylor method
and solves the prediction stage by using whole domains. Finally, when the
obtained bounding systems are analyzed over the whole time interval [to, t,.,.],
they behave as the subsystems of a hybrid system, which switches from one
subsystem to another each time a partial derivative changes sign. In fact, the
ability of our hybrid bounding approach to yield effective results in general, is
driven by its ability to ascertain the signs of the partial derivatives. Therefore,
when the size of the domains taken for initial state vector or parameter vector
are large, one expects the method to have difficulties to ascertain the signs,
and hence to seldom use the bounding systems approach. A simple idea to
circumvent such a drawback may consist again in allowing the domains to be
partitioned in a way that renders easier the determination of the signs of the
partial derivatives. But then, method complexity would grow exponentially.

In the sequel, we will show how to modify our nonlinear hybridization ap-
proach in order to improve the performance of the prediction stage, hence the
set-membership prediction-correction state estimator without using neither
parameter nor state bisection. The main improvement resides in the develop-
ment of a new rule, a generic rule for deriving the bracketing systems over
time intervals when our original rule does not work, i.e. when the sign of
off-diagonal elements of system’s Jacobian matrix changes with time. A nice
consequence of the improvement is that it may no longer be necessary to revert
to interval Taylor methods for solving the prediction stage.

The organization of the paper is as follows. In section 2, we overview set-
membership state estimation with continuous-time systems from discrete-time
data. We recall our hybrid bounding method and give the improved rule for
building the bracketing systems in section 3. Finally, we show the potential of
our improved hybrid bounding method for set-membership state estimation
for bioreactor, in section 4. We compare also the outcome of our method with
the one of a classical interval observer, by using simulated data.

2 Set-membership state estimation in presence of uncertainty

Consider the uncertain continuous dynamical system (1) where uncertainties
are represented by bounded sets with a prior: known bounds,

x(t) =f(x,p,1)
y(t) = g(x.p, 1) (1)
x(t)) €EXgCD,peP, t €l =lty,tn,]



Functions f : DxPxRT — R" and g : DxPxR* — R™ are possibly nonlinear.
feC* I (DxPxRT), DxPxR" CR*™*! is an open set; n, m and n, are
the dimensions of respectively the state vector x, the output vector y and the
parameter vector p. The initial state x(¢o) is assumed to belong to an a priori
known set X, and we assume that measurements y; of the output vector are
available at sampling times ¢; € {t1,t2,...,t,,.} in [to, ¢, = T] = I. Note
that sampling interval needs not be constant. Measurement noise is a discrete
time signal assumed additive and bounded with known bounds. Denote by E;
a feasible domain for output error at time ¢;, the feasible domain for output
model at time ¢; is then given by

Y =y; +E; . (2)

SME aims at characterizing, in a guaranteed way, the set X of all state trajec-
tories consistent with model (1), its uncertainties, the actual data, and their
feasible domains. Denote X(t; g, Xy, P), the solution set at time ¢, ¢t > tg, of
(1), originating from each initial condition in Xq at time ¢y and each parameter
vector in P.

By using a method for characterizing the reachable set for uncertain nonlinear
continuous-time systems, the prediction stage computes a conservative over-
approximation X%, of the set X(t;11;1;,X;,P) of all possible solutions of (1)
at time ¢;,; originating from each initial condition in X; at time ¢; and each
parameter vector in PP.

The correction stage uses contractors and consistency techniques to character-
ize X;'-Tl, which is an over-approximation of the reciprocal image of the output
feasible domain Y, by function g, at time ¢;,, then reduces the predicted
state set by computing the intersection between the reciprocal image ijﬁ’l and
the predicted set X7, ,, as follows

XC

1 — X;Tl N X?—H (3>

Finally, in the next step, the prediction phase is initialized with X;; = X7 ;.

The algorithm below summarizes the procedure of this set-membership state
estimation approach.

Algorithm 1 Prediction-Correction Set-Membership Estimator

(1) Input: (Xo,P,f, g, Yq,...,Y,.)

(2) tj = to,’ X]’ = XO;

(3) while (t; < t,r) do
*** Prediction phase **

(4) {tjs1, XY, 1} =Guaranteed-Set- Integration(f,X;, P, t;);
*¥*% Correction phase **



(5) X =Guaranteed-Set-Inversion(g, Y;,1,P, ;41);
(6) X5 =X N X
*¥¥ Re-initialization **
(7) Xj—kl': X5-5-1
(8) j=i+1
(9) end
(10) Output: (X§,X5,... X5 ).

The ability of this algorithm to solve practical problems depends essentially on
the performances (size of enclosures, computation time, ... ) of the computing
reachable set methods used. Hence, the main contribution of this paper, that is
the use of our nonlinear hybridization approach to reachable set computation
(Ramdani et al., 2009) allied with an enhanced rule for deriving the bracketing
systems.

Remark 1 The set inversion step needed for correction stage may be achieved
by using interval analysis, branching and reduction functions based on con-
straint satisfaction and consistency techniques (see (Jaulin et al., 2001) and
the references therein). When on-line implementation is desired, set inver-
sion can be achieved efficiently without bisection nor branching by using a
smart combination of differential algebraic and Taylor model methods (Berz
and Makino, 1998; Lin and Stadtherr, 2007).

3 Guaranteed set integration using a nonlinear hybridization

In a previous work (Ramdani et al., 2008, 2009), we have introduced a hybrid
bounding approach to nonlinear reachability computation for uncertain non-
linear systems. This approach relies on (i) an adapted version of the classical
Miiller’s existence theorem (Miiller, 1927; Walter, 1997) given in (Kieffer et al.,
2006); (ii) and a partition of the reachable state set for the nonlinear uncertain
systems into regions over which it is possible to implement the Miiller’s theo-
rem. In other words, our method analyzes the signs of the partial derivatives
(0fi/0x;)(x,p,t) and (0f;/0pk)(x,p,t), evaluated over the current reached
state space X(t;9,Xo,P) and for any p € [p|. Then, over each time inter-
val [t;, t;+1] where these signs remain constant it designs a bracketing coupled
dynamical system thanks to Miiller’s theorem, which we write as follows

x = f(x,X,p.p,t)
x =f(x,X,p,p,t
M= X f(x,X,p,p,1) (1)
i(to) — io,
K(to) = Xy

(=}



where there is no uncertainty in either state or parameter vectors and which
yields a guaranteed enclosure of all the possible solutions for the original un-
certain system (1). That is, the flow pipe of the original uncertain system is
enclosed between a minimal and a maximal solution, obtained as the solution
of the bracketing coupled system (4). In appendix A, we recall the adapted
version of the Miiller theorem (Walter, 1997; Kieffer et al., 2006) and the prac-
tical rule (Kieffer et al., 2006; Ramdani et al., 2009) based on a monotonicity
test which makes it possible to design, in the general case, the bracketing cou-
pled system (4) over time intervals where the partial derivatives have constant
sign.

Now, for each time interval where the sign of at least one partial derivative is
not constant for all ¢ in [t;,¢;14], that is,

Htl, tg € [tjathrl]a E|X(t1) < X(fl) E|X(t2) < X(tg), E'p S [p], El’L’
3l (sign ((0.fi/0)(x(t1), p, t1)) - sign ((0fi/ 1) (x(t2), P, t2)) < 0)V
3k (sign ((9fi/Opr)(x(t1), p, 1)) - sign ((9f;/Ope) (X(t2), P, t2)) < 0) (5)

then rule 2 (see appendix A) cannot be used. The first version of our hy-
bridization uses interval Taylor methods and computes the solution set using
whole domains. To address this severe shortcoming, we introduce a new rule.

3.1 New bracketing methods

In this section, we consider the time intervals [t;,¢;41] over which condition
(5) is satisfied. Thus, let us consider real variable z € [z, Z] and let us assume
that the range of %J;" (.,z,.) over [z,Zz] contains zero. Here, z denotes either x;
or py. Our aim consists in building two functions f and £, from the algebraic

expression of f;, which satisfy

Vzelz,7] f(.27.) < filh2.) < fi(nZ2.). (6)

To derive the two bracketing functions f, and f., we can use the following
property

Property 1 (P1) (Moisan and Bernard, 2005). Any Lipschitz function f;
can be written as the sum of one decreasing function d(., z,.) and one increas-
ing function c(.,z,.), i.e.:

Vze gzl =12, fi(,z.)=d(,z.) +c(,z.) (7)



PROOF. Denoting A the Lipschitz constant of f; with respect to z, one can
write fi(.,2,.) =d(., z,.) +c(.,z,.), where

See the detailed proof in (Moisan and Bernard, 2005).

In fact, there are several ways of decomposing function f;. Some decompo-
sitions may introduce large overapproximation when writing inequalities (6),
hence very loose bounds for the computed reachable set. Therefore, we must
look for decompositions that do not introduce the latter overapproximations,
decompositions which are obtained using what we define as a pragmatic way.
The proof of property (P1) gives one way to decompose function f; as the
sum of one increasing function and one decreasing one (egs. (8)-(9)). When
Lipschitz constant A is large, the computed bounds may be loose (though
not necessarily). Therefore, it is also interesting to investigate the possibility
to decompose function f; as the product of one increasing function and one
decreasing one. In both cases, we will assume that the decompositions are ob-
tained using pragmatic ways, which we summarize in the following assumption

(H1).

Hypothesis 1 (H1) The function f; can be written in a pragmatic way, as
the sum or the product of one decreasing function d(., z,.) and one increasing
function c(., z,.), i.e.:

Veel ez =2, filhz)=d(,z.)xc(,z2.) (10)
where % € {+, x}.
Proposition 1
Veelzz], d,z)xc(,2.) < filhz.) <d(,z,)xc(.7,.). (11)

where x € {+, x} if (H1) is true, or x € {+} if not. O

PROOF. If (H1) is true, it is easy to check that

maxX.cp(fi(., 2,.)) = max.cp(d(., z.,) xc(., 2.,))
< max,ep(d(., 2,.)) x max.cy(c(., 2,.))

<
<d(.,z.)xc(.,Z,.).



min.ep(fi(., 2,.)) = min.ep)(d(z) * ¢(2))
min.cp.)(d(., z,.)) * min e (c(., 2, .))

d(.,z,.) *c(.,z,.).

v

v

If (H1) is not true, then one can use property P1 and the above still holds
with x = 4. This completes the proof. 0

Remark 2 One may also improve this method by using DC' functions theory
(Carrizosa, 2001), (Tuy, 1995).

We can now state our enhanced rule for designing the bracketing dynamical
systems which encompass the original uncertain system (1) in all possible situ-
ations. Hence, over each time interval [t;, ¢;1], we use the following enhanced
rule.

Rule 1 (The enhanced rule)

For each component f;(., ., .) of the field vectors f(., ., .) of the uncertain system
(1), one must apply one of the two rules below to obtain the framing functions

L.(., ) and f,(.,.,.),

(1) If (eq.(5) is not satisfied) then use rule 2 presented in appendix A,
(2) else if (H1) is true, then use (11) (proposition 1) with (10),
(3) else use (11) (proposition 1) with (8)-(9) (property P1).

Consequently, when the bracketing systems obtained by the enhanced rule are
analyzed over the whole time interval [ty, t,,], they behave as subsystems of
a hybrid system

H={ M, Ms,..., M} (12)

constituted by a collection of bracketing systems and the discrete transitions
of the hybrid system H is governed by sign change of the partial derivatives,

Gein(x, p,t) = sign(0fi(x,p,t)/0p) and
Gci,j (X7 b, t) = Szgn(afz (Xa P, t)/ax])

(13)

which act as the guard conditions that drive the discrete transitions from
one bracketing system to another one. So, given initial conditions, the execu-
tion of this hybrid deterministic automaton (12) characterizes a conservative
over-approximation of the reachable set of the analyzed uncertain nonlinear
continuous system (1).



3.2 Illustrative example

Let us consider the following uncertain system

NN )
By = fa(z1,2) = #@uxl)

where z1(to) and z5(to) belong in positive intervals [x1(to)] and [z2(to)] respec-
tively. Note that, for these initial conditions all the state trajectories x;(t) and
xo(t) stay positive for any ¢ > ¢, because the face z5(ty) = 0 is repulsive.

Now, to design a deterministic hybrid system which encompasses the uncertain
system (14), we must analyze the signs of the two following partial derivatives
%(732) and g—ﬁ(xl,@). Thus, for the first partial derivative it is clear that
it 1s always positive for any zo(t) € [x2(t)]. However, for the second partial
derivative there exist three situations with respect to the following guard con-
dition
G . 0f o 2

c21(21,22) = szgn(a—xl(xl, Tg)) = sign(2 — x7). (15)
There are two situations where the sign of the guard condition can be ascer-
tained:

o Vu,(t) € [z1(t)], 2— 2% > 0 then by using the rule 2 we obtain as bracketing
system M

—_- _ 52
1 = 147,
L T2T)
To = — —

_ 1+71)(24x

M, = (@) (16)

- J— =2
L = 44z,
o LoZy
L2 = [tz

o Vxi(t) € [z1(t)], 2— 27 < 0 then by using the rule 2 we obtain as bracketing
system M,

- _ 52

1= 4%,

= T2Zq

Ty = ——~a——

. 1+z,)( 2+
My = (I4z))(24z,) (17)

i, = 22

=1 44z,

. _ &251

L2 = Tz e+a)

The third situation corresponds to the case where there exist «(t) and 2”4 (t)
in [z1(t)] such that

2 —2P(t) >0 and 2—2"3(t) < 0.

10



Hence, to obtain the third bracketing system M3, we use rule 2 to frame f;
and fy with respect to x5 and we use the new bracketing method (e.g. we
use proposition 1 under (H1) with x = +) to frame fy with respect to 1, in
a pragmatic way. For this, we rewrite f; as

2 1 )
I'1+2 .’E1+1

fa(1, m2) = @o(

and so we obtain the following double inequalities Vx;(t) € [x1(t)]

2 1 2 1
_ < < _
T+ 2 @1+1)—f2($1’$2)—$2(g1+2 fl+1)’

$2(

which allow to obtain the below third bracketing system M3

e if 2 € [z}(t)], then by using the enhanced rule we obtain as bracketing
system M3

- To

U= E
= — 2 1
To = X — =
Ms={" ffml” 1) (18)
Y — =2
L1 = Iia,

s 2 1
Ly = $2<§1+2 o £1+1)

Thus, according to the sign of the guard condition (15), the hybrid system
H = { My, Mz, M3} which encompasses the uncertain system (14) is governed
by the automaton depicted in the Figure 1.

3.8 Comment on convergence analysis

It is well established today that contrarily to statistical state estimators for
which the convergence issues are handled through the asymptotic properties of
the point estimations when the number of data measurements tends to infinity,
the convergence of set membership state estimation or state interval observers
is connected to the properties of guaranteedness and arbitrary precision. The
guaranteedness property is the fact that the estimated set for the state vector
is guaranteed to enclose the actual state vector of the system. The property of
arbitrary precision means that the estimated set converges from the outside
to the actual state vector. These issues are now well-established for bounded-
error observers for discrete-time systems, see (Kieffer et al., 2002b) for details.
For the type of systems under study in the present paper, the arbitrary pre-
cision convergence property is subject to the one of the prediction step, i.e.
the verified integration of the ODE. To address this issue, one can analyze
the boundedness of the reachable set as over-approximated by our nonlinear

11



hybridization method, which in turn can be addressed by analyzing the con-
vergence of the size of the derived over-approximation. In (Ramdani et al.,
2009) we have shown how to tackle this problem via the e-practical stability
notion for hybrid and switching systems developed in (Xu and Zhai, 2005),
i.e. conditions which keep system trajectories within given bounds. Indeed,
we have given in Proposition 7 of (Ramdani et al., 2009) a condition on the
eigenvalues of the Jacobian matrix of the nonlinear uncertain system which
ensures practical stability for the size of the estimated reachable set over a
bounded time horizon. In other words, this result makes it possible to analyze
whether the size of the reachable set computed between two measurement
time instants remains within given bounds.

4 Application

In order to emphasize the performance of our nonlinear hybridization approach
allied with the improved bracketing rule, when used for set-membership state
estimation, we will consider state estimation with bioreactors. Furthermore,
we will compare the performance of our prediction-correction method with the
interval observer proposed in (Moisan and Bernard, 2005). The latter assumes
continuous time measurements, or at least very fast sampling of them. To
the contrary, our method considers discrete time or rare data. We will show
that our set-membership state estimation approach yields better results than
interval observers when sampling periods for actual data are either small or
fairly large.

A bioreactor is based on fermentation principles which consist in exploiting
metabolic reactions that take place in cells of microorganisms (bacteria, yeast,
phytoplankton, etc.). The derivation of a model for bioreactors is in general
difficult. This is mainly due to the presence of living organisms whose behavior
is only poorly represented by uncertain parametric functions. It is therefore
interesting to model the uncertain variables and uncertain parameters of these
systems by interval vectors.

Here, we address a simple model where only one population of microorganisms
is taken into account. Two state variables are necessary to describe the state
of the bioreactor. The first one represents the microorganism concentration
called biomass and denoted by z;, the second one represents the substrate
concentration, denoted by z5. The growth rate is given by the Haldane model,
Thus one gets the following standard equations for the dynamics of the two
state bioreactor

12



21(t) = pop(r2)1 — aD(t)T)
To(t) = —kypop(r2)T1 + D(t)(8in(t) — 72)

where popu(xs) is the growth rate of biomass, modeled by non-monotonic Hal-
dane law:

(19)

T2
To + ks + 23 /k;
with an uncertain bounded parameter

pop(T2) = pio (20)
Mo < Ho < T -

This type of bioreactor is fed by a solution containing substrate in concentra-
tion s;,(f) which is not known exactly

5in(t) < sin(t) < Bin(t)

and we assume also that biomass measurement is available at discrete time
instants t; (j € {1,...,n¢}), and than its feasible domain is given by

W) = 21(t;) + [=e, +e] (), j € {1, ..., nr} (21)

where e is the maximal absolute measurement error at instant ¢;.

4.1  Building the hybrid bracketing system

In order to establish the local bracketing systems for bioreactor (19), the
analysis of the variations of its partial derivatives signs is necessary. It is easy
to show that the signs of the partial derivatives are always constant, except
for (0&,/0x5). Indeed, the sign of the latter depends on substrate z5(t):

sign((91)/(912)(t)) = sign(y/ ksk; — (1)) (22)

We have to use our nonlinear hybridization approach for guaranteed set in-
tegration with (19). According to the sign of (041)/(0x2), system (19) ad-
mits three local bracketing systems which form the hybrid bracketing system.
Indeed, the first system M is valid over time intervals [t;,¢;41] when the
derivative is negative

T1(t) = Tigi(29)T1 — aD(t)7
(M) To(t) = —k1p pi(T2)zy + D(t)(5im(t) — T2) (23)
&y (t) = pp(T2)zy — aD(t)z,
By (t) = —kifipp(z2)T1 + D(t)(8in(t) — 22)

13



and the second system M is valid over time intervals when the derivative is
positive

(24)

)
To(t) = —hkptgpu(T2)xy + D(t)(3in(t) — T2)
&y (t) = pop(zs)zy — aD(t)zy

)

(
AR
(
(

Recall that systems (23) and (24) are built locally by means of rule 2. Now,
over the time intervals where the sign of (0%;)/(0x3) is not constant, we can
use the new bracketing method to frame p(z3) and so obtain a third bracketing
system Msj. Indeed, for ks, = 9.28 and k; = 256, we can rewrite u(xs) as

266.43 10.43

= - 25
i) = TSI635  p t 0.60 (25)
then we have the following double inequalities to frame p(xzs):
266.43 10.43 266.43 10.43
- - < p(zg) < - = (26)
Tp +246.35 x5 +9.64 Ty +246.35 T+ 9.64

Consequently, we consider as third bracketing system M3, the following dif-
ferential equations:

T (t) = ﬁo(bzfgfé%s) — Stee))T1 — aD()T
To(t) = —k1popu(Ta)zy + D(5in(t) —52)

_ 266.43 10.43
= 1o(F12i635 — g2+9.64)§1 —aD(t)z,

(27)

We have succeeded in building the bracketing systems needed to solve the
prediction phase of the Prediction-Correction Set-Membership Esti-
mator. In the Guaranteed-Set-Integration function, the hybrid system
H = { My, My, M3} with guard condition Gey o(x2) = sign(vVksk; — z2(t)) is

implemented.

4.2 Test and results

The data considered in this example are as follows: a = 0.5, k = 42.14,
ks = 9.28mmol/l, k; = 256mmol/l, uy € [0.703,0.777], z1(ty = 0) € [0, 10],
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25(to = 0) € [0,100], s45(t) € [0.95,1.05](50 + 15 cos(1/5¢)),

2 if 0<t<5
D(t) = 0.5 if 5<t<10
1.067 if 10 <t < 20,

and the feasible measurement domain is given by [y](¢;) = [0.95y(¢;), 1.05y(¢;)],
with a constant measurement time step h = t;41 —t; = 0.3 days. Almost all
these data are the same as those given in (Moisan and Bernard, 2005).

First, we use the interval Hermite-Obreschkoff series with variable step control
as implemented in the VNODE software (Nedialkov, 1999; Nedialkov et al.,
2001), for guaranteed set integration within the Prediction-Correction Set-
Membership Estimator. The interval Taylor method fails to solve guaran-
teed set integration.

To the contrary, our nonlinear hybridization approach successfully solves the
prediction stage as shown below. The red bold continuous curves on Figure 2
and Figure 3 show a guaranteed enclosure of all the possible state trajectories
of (19) consistent with all the uncertainties and the feasible domains for mea-
surements. The blue dashed curves represent the pseudo-actual data for state
vector of (19) as obtained by running the model with the following values
for the uncertain parameters and the initial state: po = 0.74, z1(ty = 0) = 5,
x9(to = 0) = 40 and s;,,(t) = 50415 cos(1/5t). Figure 4 shows the autonomous
switching signal which controls the switching between the three bracketing
systems. This signal depends only on the initial conditions.

As first conclusion, our nonlinear hybridization method successfully addresses
set membership state estimation for system (19) whereas interval Taylor meth-
ods fail to do so.

Remark 3 If one uses the old nonlinear hybridization method to deals with
this example, it is necessary to combine the interval Taylor method with a
bisection strategy to obtain satisfactory results even when the magnitude of
the uncertainties on the initial state vector and the parameter vector is small.

4.8  Comparison with interval observer

In this subsection, we compare, by using simulated data, the results of the set-
membership state estimation obtained with a prediction-correction estimator
using our enhanced nonlinear hybridization, and those obtained with the bun-
dle interval observer as developed in (Moisan and Bernard, 2005). Recall that
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the main advantage of the prediction-correction approach w.r.t interval ob-
servers is the fact that it considers discrete-time measurements which is more
realistic in practice.

To make this comparison we have, made the following assumptions

e For the continuous-time measurement case: we use a bundle of estimations
obtained by considering in parallel 70 interval observers working with vari-
ous gains taken in (ki, ke)? € [—14,0] x [0, 140] and with a reinitialization
period r, = 1 days. The structure of these interval observers is given in
(Moisan and Bernard, 2005). Note that, we have used consistency tech-
niques to eliminate the negative values of the lower bound of the substrate
generated by the interval observers.

e For the discrete-time measurement case: we use the prediction-correction es-
timator allied with the nonlinear hybridization and we set the measurement
time step h = 0.1 days.

The other parameters, uncertainties and initial state vector are the same as
in the previous subsection.

As shown in Figure 5 and Figure 6, the prediction-correction estimator gives
better results than the bundle interval observers. The red curves correspond
to the estimated interval state vector obtained by the prediction-correction
estimator and the green dotted curves correspond to the estimated interval
state vector as obtained by the bundle of interval observers.

Now, let us reduce the reinitialization period of the bundle interval observers
to 1, = 0.5 days and increase the time measurement step to h = 0.5 days. Here
also the prediction-correction estimator works better than the bundle interval
observers. See Figure 7 and Figure 8.

In a last test, we keep reinitialization period r, = 0.5 days and we take a
larger measurement time step h = 5 days. Figure 9 and Figure 10 show that if
the prediction-correction estimator works with very large measurement time
step, then it may give results which are not better than the bundle interval
observers.

5 Conclusion

In this paper, we have addressed set membership state estimation for continuous-
time systems from discrete-time measurement data. We used a nonlinear hy-
bridization approach to set integration with an improved rule for deriving
bracketing systems. The prediction-correction set-membership estimator can
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now be used with a broader class of nonlinear systems. We successfully il-
lustrated the obtained estimator with examples involving bioreactors and we
compared the results of our method with the ones given by a classical method
which uses a bundle of interval observers.

Future work should focus on the use of consistency techniques to improve
further the accuracy of estimated state boxes, and to filter the feasible domain
for the uncertain parameters.
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Fig. 1. The hybrid automaton.
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Biomass
'S

0 5 10 15 20
Time(days)

Fig. 2. The estimated interval biomass. Red continuous curves represent the lower
and the upper bounds of this interval, blue dashed curves represent the real value
of biomass. h = 0.3 days.

A Appendix. An adapted version of Miiller theorem
Here, we recall Miiller’s theorem (Miiller, 1927; Marcelli and Rubbioni, 1997;
Walter, 1997; Singer and Barton, 2006) as reported in (Kieffer and Walter,

2006).

Theorem 1 ((Walter, 1997; Kieffer et al., 2006)) If7;(t) and z,;(t) sat-
isfy the following inequalities for alli € {1,...,n}

e the left DINI derivatives D~ z;(t) and D~T;(t) and the right DINI derivatives
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Fig. 3. The estimated interval substrate. Red continuous curves represent the lower
and the upper bounds of this interval, blue dashed curves represent the real value
of substrate. h = 0.3 days.
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Fig. 4. Autonomous switching signal
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Biomass
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Fig. 5. The estimated interval biomass. Red continuous curves represent the lower
and the upper bounds of this interval obtained by the prediction-correction esti-
mator. Green dots curves represent lower and the upper bounds of this interval
obtained by the bundle observers. h = 0.1 days and r, = 1 days.

140 T T T

Substrate
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Fig. 6. The estimated interval substrate. Red continuous curves represent the lower
and the upper bounds of this interval obtained by the prediction-correction esti-
mator. Green dots curves represent lower and the upper bounds of this interval
obtained by the bundle observers. h = 0.1 days and 7, = 1 days
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Biomass
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Fig. 7. The estimated interval biomass. Red continuous curves represent the lower
and the upper bounds of this interval obtained by the prediction-correction esti-
mator. Green dots curves represent lower and the upper bounds of this interval
obtained by the bundle observers. h = r, = 0.5 days.
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0 5 10 15 20
Time(days)

Fig. 8. The estimated interval substrate. Red continuous curves represent the lower
and the upper bounds of this interval obtained by the prediction-correction esti-
mator. Green dots curves represent lower and the upper bounds of this interval
obtained by the bundle observers. h = r, = 0.5 days
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Biomass
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Fig. 9. The estimated interval biomass. Red continuous curves represent the lower
and the upper bounds of this interval obtained by the prediction-correction esti-
mator. Green dots curves represent lower and the upper bounds of this interval
obtained by the bundle observers. h =5 days and r, = 0.5 days.
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2
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Time(days)

Fig. 10. The estimated interval substrate. Red continuous curves represent the lower
and the upper bounds of this interval obtained by the prediction-correction estima-
tor. Green dots curves represent lower and the upper bounds of this interval obtained
by the bundle observers. h = 5 days and r, = 0.5 days
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Dtz (t) and DTZ;(t) of z;(t) and T;(t) are such that

D¥(t) < min fi(x, p, 1) (A1)

D*;(t) > max f;(x, p, t) (A.2)
D(t)

where D(t) is the subset of D(t) defined by

Ti = L(t)
D, : { 2,(t) <3y <T(1), G #i (A.3)
P<p<pP

and where D(t) is the subset of D(t) defined by

xT; = 71' (t)
Di:{ z;(t) <oy <T(t), j #i (A.4)
P<pP<DpP

Then for all xg € X, X0, P € [P, P, the following double inequalities hold

fx,x,p,p,t) <f(x,p,t) <£(X,X,P,p, 1), Vig=t (A.5)
and the solution x(t) of the system (1) ezists and remains bounded by
x(f) < x(t) < %(t), V0> 1 (A.6)

where x(t) and X(t) are the solution of the system (4). In addition, if for all
P € [P, Pol, the function f(x,p,t) is Lipschitz with respect to x over D then
this solution is unique for any given p.

Remark 4 The comparison operator < applied between vectors should be un-
derstood as a collection of inequalities applied component by component.

PROOF. See (Walter, 1997; Singer and Barton, 2006).

One manner to implement the above theorem when all the partial derivatives
have constant sign, is given in (Ramdani et al., 2008, 2009). Indeed, we use
the following rule.

Rule 2 [Analysis of the partial derivatives signs/: The inequalities below are
meant Vt € [tj, t;11], ¥x(t) € X(t) and Vp € P. Define & (py) as follows

| oo if O
3 (p) = {pk L (A7)

e Ofi
Py zf@<0
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and Sz(p) = [gi(pl), ...,gi(pk), )T In a similar way, define 8" (py,) as follows

£ Ofi
s = | B o =0 (A8)
1% k B f af; < 0 .
P 1 i

and 8'(p) = [0'(p1), .-, 0" (px), -..]T. Now define 7'(x;) as follows

T, ifi=j
V@)= i (#j)ngE >0 (A.9)

i (A)NGE<O

and 7'(x) = 7 (z1), ..., ¥(x;), ...]". In a similar way, define v*(x;) as follows
z, ifi=]
Vo) =z i G#HAgE >0 (A.10)
T if (i#J) A g <0

and v'(x) = [¥(z1), ... 7 (zx),..]T. Now the components of the differential
equations which make it possible to compute the upper and lower solutions are
obtained as follows

o {@(t) = $1(60.8'p). Ay
7i(t) = fi(7'(x),0 (p), 1)
Denote
[.(x.%,p.p,t) = fz-(f(X),éf(p),t) (A.12)
fi(x.%,p,P,t) = fi(7(x),0 (p), 1) (A.13)

then obuviously x(t) and X(t) are in general, solutions of a system of coupled
differential equations, that is

%(t) = %(z, X.p,p:t), x(t;)=x;, tet, tjn]Cl (A.14)
i(t) = f(Xa X, PP, t)? i(ij) =X;j
which involves no uncertain quantity. [
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