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ABSTRACT
Morphometrics is a quantitative analysis to compare a set

of geometric representations of forms, including shape and size.
Analysis of shape variation is useful in systematics, evolution-
ary biology, biostratigraphy, and developmental biology. Distin-
guished by the data being analyzed, three forms of morphomet-
rics are commonly recognized. Traditional morphometrics mea-
sures the lengths, ratios, angles, etc., of patterns of shape vari-
ations. Outline-based morphometrics analyzes the outlines of
forms using open or closed curves. Landmark-based geometric
morphometrics summarizes shapes in terms of the coordinates
of anatomical landmarks. The three morphometric methods are
able to capture the variation of forms exactly, but require analyz-
ing numerous variables. As an alternative approach to morpho-
metrics, this paper presents a kinematic synthesis methodology
of planar rigid-body chains. This methodology approximates
the set of profile curves that represent a series of shapes with
a single chain comprised of rigid-body links connected by revo-
lute or prismatic joints. The primary advantage of the present-
ed approach is that a modest number of physical parameters
describes the shape and size change between a set of curves.
Three morphometric problems are investigated by applying the
methodology of synthesizing planar rigid-body chains to match
the prescribed shapes. The result validates that the presented
methodology might be used as an alternative approach to the
analysis of morphological forms.

∗Address all correspondence to this author.

1 INTRODUCTION

Shape analysis has been an essential component of
biology research. Morphometrics is the quantitative study of
biologic shape, shape variation, and covariation with other
variables or factors. Describing and comparing morphological
shapes has provided fundamental information for taxonomic
classification of organisms and understanding the diversity of
biological life [1]. Based on the data being analyzed, forms
of morphometrics are usually distinguished as traditional
morphometrics, landmark-based geometric morphometrics,
and outline-based geometric morphometrics. Traditional or
multivariate morphometrics uses multivariate statistical tools
to analyze a small set of variables which characterize the
global shape as diameters or angles [2, 3]. Several difficulties
remain in traditional morphometrics, such as choosing the most
appropriate method for size correction, assessing a common
definition of the variables among all the shapes, distinguishing
small variations of the shapes which are not emphasized by
the global variable, and generating graphical representations
of shape variations from variables. Geometric morphometrics
(including outline- and landmark-based methods) are now
common methods of analyzing morphological shapes as they
are able to capture the whole geometry of morphological
structures and preserve this information throughout the analysis.
Outline-based geometric morphometrics fits the coordinates
of the points sampled from the outline of a structure or region
with a mathematical function, typically in some form of
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Fourier analysis, and then analyzes the coefficients of the
functions as multivariate parameters [4]. Major concerns about
outline-based methods are that the sampling points do not
have clear correspondences among specimens, and different
fitting methods yield different results [5]. Landmark-based
geometric morphometrics involves the analysis of collections
of discrete biological landmarks. Each landmark is described
by its two- or three-dimensional coordinates. The limitation of
the landmark-based method is that non-shape variations (such
as position, orientation, and scale of the specimen) cannot be
analyzed directly and need to be mathematically eliminated
prior to analysis. Additionally, comparing multiple complex
shapes using geometric morphometrics requires a large number
of landmarks, which increases the difficulty of the analysis.

This paper presents the methodology for synthesizing a
rigid-body chain that can match a set of curves and shows the
potential of applying it to two-dimensional (2D) morphometric
problems. A shape matching problem starts with specifying a
set of 2D curves (profiles) that describe the shapes of interest.
For example, as shown in Fig. 1, the shape of a syrphidae (also
known as flower fly) wing is described by a curve that connects
16 landmarks positioned at vein intersections or terminations [6].
Several curves would be collected in the same fashion from a
number of syrphidae wing specimens. The goal of the synthesis
is to design a jointed rigid-body chain to match each of the
series of prescribed profiles with its edge geometries, allowing
comparison of all shapes using one single chain. Analyzing
the movements of the joints in the chain provides information
about the variation and invariant of the shapes. Note that for
morphometric and other shape-change problems that have been
studied by the authors, the analysis focuses on the variation in
profile shapes rather than the motion of the chain.

FIGURE 1. THE PROFILE OF A WING OF A SYRPHIDAE OB-
TAINED BY TRACING A CURVE ALONG 16 LANDMARKS.

The presented work is based on the methodology of synthe-
sizing shape-changing rigid-body mechanisms, which approxi-
mates a series of shape variations with the edge geometry of
a chain composed of rigid bodies connected by revolute joints

and prismatic joints [7, 8]. Prismatic joints enable the rigid-
body chain to approximate profiles with significant variation of
arc length [9]. One limitation of these works is that the pres-
ence of revolute joints in the chain is mandatory, which could
be unwanted in some cases. Fused connections are introduced
to accommodate the need for eliminating or reducing the use of
revolute joints, providing the capacity to achieve shape change
via primarily prismatic joints [10].

The remainder of the paper is organized as follows. Sec-
tion 2 summarizes the general procedure for synthesizing a rigid-
body chain for shape matching. Section 3 presents the develop-
ments in the methodology, including matching profiles contain-
ing sharp corners, shifting endpoints for closed profiles to reduce
matching error, and assembling the chain with revolute joints.
In Sec. 4, the methodology is applied to three morphometric
problems and results are presented.

2 SUMMARY OF METHODOLOGY FOR RIGID-BODY
SHAPE CHANGE SYNTHESIS

The synthesis of rigid-body chains for shape matching in-
cludes two parts: target profile generation and segmentation. The
synthesis initiates with a set of curves called design profiles,
which represent the shapes of interest. As shown in Fig. 2, de-
sign profiles are categorized into open profiles [7], closed pro-
files [8], and profiles with endpoints fixed by revolute joints or
prismatic joints [10,11]. Most morphological curves fall into the
open or closed type. Design profiles are converted to target pro-
files, which are piecewise linear curves with roughly equal piece
lengths. Hence, the arc length of a design profile is quantified
by the number of pieces in the corresponding target profile. In
the segmentation process, the set of target profiles are approx-
imated by a single chain of rigid bodies connected by revolute
or prismatic joints, as shown in Fig. 3. Note that by varying the
angles of the revolute joints and the lengths of the C -segments,
the chain varies its configuration to match the shapes of different
profiles in the set. The geometry (shape and length) of the bodies
are iteratively optimized until a chain that best matches the set of
target profiles is obtained. In the presented work, the rigid-body
chain is described by a number of segments and the connections
between them. There are two types of segments, M -segments
and C -segments. An M -segment represents a rigid body that
approximates a portion of the same number of pieces for all
profiles. A C -segment represents constant curvature links that
contain a prismatic joint, and approximates a variable number of
pieces on each target profile. The C -segments enable the chain
to match a set of profiles of significantly different arc lengths.
Two segments can be connected by a revolute joint (R) or fused
(F ) at a fixed angle.
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FIGURE 2. TYPES OF DESIGN PROFILES INCLUDE (a) OPEN
PROFILES, (b) CLOSED PROFILES, AND (c) FIXED-END PRO-
FILES.

FIGURE 3. A RIGID-BODY CHAIN APPROXIMATES THE
SHAPE OF THREE TARGET PROFILES.

2.1 Terminology for Rigid-Body Chain Synthesis
The flowchart shown in Fig. 4 illustrates the general proce-

dure of the proposed synthesis methodology. The terminology
used in this paper is consistent with Ref. [10]. First, a set of
p design profiles are specified. Design profiles represent the
desired shapes to be approximated by the rigid-body chain, and
may be defined in various ways, such as curve functions, point
coordinates, line drawings, etc. Each design profile is converted
to a target profile by equally distributing N j points along the
design profile, where j is the profile number. Therefore the jth

target profile contains N j − 1 linear pieces. For example, by

specifying a minimum profile length of 2000 pieces, the three
target profiles in Fig. 3 are generated containing 2000, 2322,
and 2253 linear pieces with an average piece length of 0.0577.
Piecewise linear target profiles are used in all following analyses,
and are referred to as “profiles”. Next, the analyst would specify
an appropriate structure of the chain, including the number of
segments (q), the type of segments (represented by the segment
type vector, V), and the type of connections between segments
(represented by the connection type vector, W). The chain shown
in Fig. 3 has a segment type vector V = [C M C M M ] and a
connection type vector W = [R F R R]. Then, a population
(usually several hundred) of segment matrices (SM) are random-
ly generated. An SM is a p× q matrix in which each entry me

j

represents the number of pieces contained in the eth segment for
the jth profile. Note that a column of SM corresponding to an
M -segment would have equal entries, as an M -segment has the
same number of pieces for all profiles.

After an SM is generated, segments are constructed accord-
ingly. An M -segment represents the average shape of the corre-
sponding portions of profiles [7]. A C -segment is created with
the average curvature of all points on the corresponding portion
of all profiles. The length of each piece in a C -segment equals
the average piece length of its corresponding portions of the tar-
get profiles [9]. Once generated, segments are shifted to align
with the profiles such that the total error to match each profile is
minimized, and the angles between them are measured. Then, the
connections between segments, specified as F in the connection
type vector W, are fused at the average angle.

After being fused, segments are repositioned to align with
the profiles again. A p× q error matrix (EM) is constructed to
evaluate the matching error of each segment. Each component
Ee

j is calculated as the maximum point-to-point matching error
of the eth segment at the jth profile. For process efficiency, only
a few (typically 1-5) SMs that yield the lowest average matching
error are kept for optimization. The optimization uses a gradient-
based iterative method to adjust SM, such that the matching error
is minimized. Note that each time the matching error is eval-
uated, the segments are aligned with the profiles at their error-
minimizing locations. Finally, the chain is constructed according
to each final SM, and revolute joints are added to assemble all
segments into a continuous chain.

There are two reasons for not adding revolute joints until
the last step. First, experience shows that optimizing the chain
without adding revolute joints in the iterative process does not
have considerable impact on the final result. Second, the step
of adding revolute joints consumes significant computation time
relative to other steps. This is more so as the number of design
profiles and the number of joints in the chain increases. There-
fore, adding revolute joints is not favorable in the process of
generating a large population of initial SMs or in the iterative
optimization process. In summary, adding revolute joints in the
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optimizing process does not effectively yield better results, but
significantly increases the computation time, therefore revolute
joints are not added until the chain has been optimized.

For the chain shown in Fig. 3, the optimized SM is

SM =

326 420 376 522 356
660 420 364 522 356
509 420 446 522 356

 .

Note that the the entries in the 2nd, 4th, and 5th columns have the
same values because they correspond to M -segments, and that
the sum of each row equals the total number of pieces in each
target profile.

FIGURE 4. THE FLOWCHART OF GENERAL PROCEDURES IN
RIGID-BODY CHAIN SYNTHESIS. SEE FIGS. 5 AND 8 FOR MORE
DETAILS ON STEPS * AND **.

2.2 Optimization of the Segment Matrix
Figure 5 presents the gradient-based method for optimizing

the SM. During each step of the iteration, the segments are gen-
erated according to the segment type vector V and the segment
matrix SM, some connections are fused according to the con-
nection type vector W, and the error matrix EM is constructed.
The SM is adjusted according to the EM such that segments that
have higher error are shortened while segments of lower error
are elongated. The error of the eth C -segment on profile j is Ee

j .
Evaluation of an M -segment is based on the average matching

error over all profiles defined as

Ēe =
1
p

p

∑
j=1

Ee
j , (1)

where e is the segment number in the chain. The detailed method
of evaluating and adjusting the SM according to the EM can
be found in Ref. [10]. The overall matching error of an SM is
defined as the average value of the EM, which is

Ē =
1
pq

p

∑
j=1

q

∑
e=1

Ee
j . (2)

This process is repeated until Ē has not decreased during the
prior 10 steps. The SM that yields the lowest Ē is recognized
as the result of the optimization.

Note that there is a random factor in selecting the order of
adjusting the segments, therefore the same initial SM may be
optimized to different results. Many local minima commonly
exist in the solution field.

FIGURE 5. THE GRADIENT-BASED METHOD FOR OPTIMIZ-
ING A GIVEN SM USED IN THE STEP MARKED BY ‘*’ IN FIG. 4.

3 DEVELOPMENTS OF METHODOLOGY FOR MOR-
PHOMETRICS
In this section, developments of the rigid-body chain

methodology for morphometrics are presented. First, methods
for matching profiles that contain sharp corners are given.
Second, shifting endpoints for closed profiles to potentially
improve shape matching is presented. Third, a method for
assembling the chain with revolute joints is presented.

3.1 Profiles Containing Sharp Corners
In morphometric problems, many curves have sharp corners

or high curvature regions such as landmarks 4, 5, 8-13 of the
profile curve of the syrphidae wing shown in Fig. 1. Recall
that a C -segment serves the purpose of allowing the chain to
match a set of profiles of different arc lengths, and is obtained
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using the average curvature of the corresponding portions. Using
a C -segment to match the sharp corner region generates a bad
result because the average curvature is greatly affected by the
sharp corner (the current optimization algorithm does not pre-
vent a C -segment from including a sharp corner). Avoiding C -
segments that include sharp corners can be done by adding a few
constraints in the optimization process. A judicious choice is
to approximate the sharp corner region with two M -segments
connected by a revolute joint (since an M -segment matches the
shapes better than a C -segment does, and C -segments are prob-
lematic around sharp corner regions). The sharp corner region
can also be approximated by a single M -segment, if the corre-
sponding portions on all target profiles have roughly equal angle.

Consider the example shown in Fig. 6a, where each of the
two fixed-end profiles contains a sharp corner. A chain of three
C -segments is used to match the two profiles with the segment
matrix

SM =

[
608 112 680
390 181 833

]
.

The shape of the sharp corner region on Profile 2 is poorly
matched by the second C -segment. Note that the other segments
approximate the shape of their corresponding portions properly.
After being assembled, the other segments are shifted from
the original error-minimizing positions and consequently the
matching error is increased significantly. As a result, the prior
gradient-based method does not shorten the C -segment that
approximates the region with the sharp corner, and may even
elongate it as other segments now have higher error.

When sharp corners exist, they should be evaluated and lo-
cated. The curvature of a piecewise linear target profile at point i
is defined as the reciprocal of the circumradius of the points i−1,
i, and i+1. As shown in Fig. 7, the sharp corner of a design pro-
file is not always represented accurately by the piecewise linear
target profile. The curvature values at the two points adjacent
to the sharp corner do not converge as the number of pieces
in the target profile increases, and cannot be used to measure
the angle of the sharp corner. Note that the angle between the
two pieces adjacent to the sharp corner converges as the target
profile contains a sufficient number of pieces. Therefore, the
angle change between the (i − 1)th and the (i + 1)th pieces is
measured and termed as the “bend angle” at the ith piece. The
bend angle is a signed value: a positive value indicates the curve
bends counterclockwise, and vice versa. The bend angle of a
sharp corner would be much higher than a smooth curve, thus it
can be used to quantify and identify sharp corners. Once a sharp
corner is identified, an apices matrix A j is constructed for the jth

profile, with each column recording the location and bend angle
of the sharp corners (or high-curvature regions) on that profile.
The points on target profiles where the sharp corners occur are

FIGURE 6. APPROXIMATE PROFILES CONTAINING HIGH-
CURVATURE REGIONS WITH (a) THREE C -SEGMENTS AND, (b)
TWO C -SEGMENTS AND AN M -SEGMENT.

considered to be inviolable for C -segments, meaning that C -
segments are not allowed to contain these points. At each step
during the optimization, the SM is checked against the apices
matrices to ensure that the inviolable points are not included in
any C -segments, otherwise the SM is reset to the previous value
(note that the SM could continue to be optimized as there is a
random factor in the optimization process).

FIGURE 7. A DESIGN PROFILE (YELLOW SOLID LINE) AND
THE CORRESPONDING TARGET PROFILE (BLACK DASHED
LINE).

For the target profile shown in Fig. 6, the maximum bend an-
gle for each profile is −38.74◦ and −37.83◦, respectively, when
the number of pieces in each target profile is sufficient. The
numbers of pieces of the target profiles are determined to be 1400
and 1404. The apices matrices are generated as

A1 =

[
625

−38.74◦

]
and A2 =

[
466

−37.83◦

]
.

Since the sharp corners on two profiles have roughly equal bend
angles, an M -segment is used to approximate the region that
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contains the sharp corner. A chain with a segment type vector
V = [C M C ] is generated to match the same set of profiles.
The segment matrix is determined to be

SM =

[
322 688 390
164 688 552

]
.

Assembling the segments with revolute joints, Fig. 6b shows that
the shape matching of both profiles is significantly improved by
using the M -segment to approximate the high-curvature region.

3.2 Shifting Endpoints for Closed Profiles
Although morphological outlines of a structure can be ho-

mologous, the points on the curves do not always have clear
correspondences. For the purpose of improving shape matching,
the endpoints of closed profiles may be shifted. As shown in
Fig. 4, additional steps are taken for each target profile in a closed
profile problem to seek an endpoint location that reduces the
matching error. For the jth profile, the endpoint is shifted using
the method shown in Fig. 8, and the SM is optimized using the
gradient-based method shown in Fig. 5. These two steps are
repeated until the matching error of the jth profile is minimized.
The series of operations are performed on all profiles.

The detailed method for seeking a better endpoint of the jth

profile given a specified SM is as follows (Fig. 8). First, two
new sets of target profiles are generated separately by shifting
the endpoint location of the jth profile by one piece forward
(set 1) and backward (set 2) along one profile while keeping
the endpoints of the other profiles unchanged. Then, segments
are generated for each set of the new target profiles using the
original SM. The average matching error of each new set of
target profiles is measured and compared to the original error. If
the matching error is decreased after shifting the endpoint in one
direction, then the endpoint location continues to be shifted in
that direction until the error stops decreasing. Thus the endpoint
of the jth target profile is shifted to the location where a lower
matching error is obtained with the given SM.

For example, as shown in Fig. 9, the profiles in Fig. 2b
originally have their endpoints located at (405.0, 936.0), (399.0,
896.0), and (405.5, 845.0). With a segment matrix

SM =

31 91 58 84 83 91 132 123 128 12 171
47 91 49 84 86 91 96 123 109 12 113
30 91 41 84 90 91 48 123 69 12 121

 ,
the average matching error is Ē = 7.0414. Using the presented
method, the endpoints are shifted to (410.5, 935.9) (+2 pieces),
(369.5, 888.7) (-11 pieces), and (421.9, 847.7) (+6 pieces). The

FIGURE 8. SHIFTING ENDPOINT LOCATION OF A CLOSED
PROFILE WITH A GIVEN SM (THE STEP MARKED BY ‘**’ IN
FIG. 4).

segment matrix is also adjusted during the process and becomes

SM =

34 94 52 81 79 94 129 124 129 15 173
50 94 47 81 89 94 92 124 106 15 109
33 94 42 81 93 94 39 124 66 15 119

 .
The average matching error is reduced to Ē = 6.3331 (by 10%).
The final chain is presented in Fig. 13b.

FIGURE 9. THE ENDPOINTS OF THE CLOSED PROFILES OF
FIG. 2b ARE SHIFTED TO REDUCE MATCHING ERROR.
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3.3 Assembling the Chain with Revolute Joints
After the geometry of all segments is determined, the final

step is to add revolute joints to assemble the segments into a
continuous chain. The final configuration of the chain should
satisfy certain boundary conditions. Closed profiles require two
endpoints of the chain to coincide with each other. Fixed-end
profiles require the endpoints of the chain fixed in the designated
locations. In addition, the link approximating the fixed prismatic
joint of fixed-end profiles needs to remain in the same orienta-
tion. The MATLAB nonlinear programming function f mincon is
used to solve for the final configuration of the chain with revolute
joints added.

After the segments are fused and aligned with the profiles at
the error-minimizing location, the current configuration is mea-
sured and the information is used as the initial guess of the final
configuration. Many local minima exist in the solution field,
therefore a pool of initial guesses that are slightly varied from
the original values are investigated.

The function that is used to minimize the average matching
error of all points on the chain is

f =
∑

p
j=1 ∑

N j
i=1

∥∥∥z̄i
j − zi

j

∥∥∥
p∑

p
j=1 N j

, (3)

where zi
j is the position vector of the ith point on the jth target

profile, and z̄i
j is the position vector of the corresponding point

on the chain.
The output of f mincon is the coordinates and angles that

defines the final configuration of the chain for all p profiles.
Specifically, the output includes (i) the coordinates of the starting
point of the chain, (ii) the starting orientation of the chain, (iii)
the arc lengths of C -segments, and (iv) the angles of revolute
joints.

The constraints used for fmincon are as follows. The dif-
ference in the arc length of each C -segment between the un-
connected chain and the assembled chain is limited to 10% to
preserve the current arc length and shape of the C -segments.
Boundary conditions such as the endpoint locations for fixed-end
and closed profiles are also applied.

4 EXAMPLES
Three morphometric problems are investigated by applying

the presented rigid-body chain methodology. The first problem
is the analysis of cochlea shapes of human subjects. The second
problem is the spatiotemporal evolution of human skull profiles.
The third problem studies the growth of the head circumference
of children. For these three very different problems, geometric
morphometrics methods require the researcher to identify cor-
responding landmarks on each sample. Complex shapes and

high numbers of samples call for a large number of landmarks,
eventually leading to a long and tedious analysis task. With
the presented method, the researcher only needs to specify a
segment type vector and a connection type vector to analyze
all the samples. The segment and connection type vectors may
be determined generally (the cochleas and the skull profiles) or
based on some assumptions proposed by experts (the head cir-
cumferences).

4.1 The Cochleas
The cochlea is the auditory portion of the inner ear. The

length and shape of the cochlea are related not only with
growth [12] and gender [13], but also with phylogenetics [14].
The cochlea has a smooth 3D spiral shape, therefore geometrical
feature points are lacking. Consequently, the shape of the
cochlea cannot be analyzed using any classical methods of
morphometrics based on landmarks. Previous research analyzed
the cochlea in terms of length, number of turns, angles, scaling,
etc. [15, 16]. Some researchers tried to distribute landmarks
regularly over the center line [17] which estimates quite
precisely the overall shape, but the correspondence between the
landmarks of different samples is arguable.

A total of 21 profile curves are collected from 10 female
and 11 male children aged from 2 months to 5 years old. Each
profile curve is the 2D projection of the 3D centerline of the
cochlea on a common plane. Although unnecessary for the p-
resented method, all the curve data obtained had been scaled to
a roughly equal size. The segment type vector is selected to be
V = [M M M M C M M C M M M ]. All segments are
connected by revolute joints. As shown in Fig. 10, a single rigid-
body chain is able to fit very precisely all 21 cochlea profiles. The
average width and length of the cochlea profiles are 798.68 and
976.40 respectively, while the mean matching error of the whole
chain for all profiles is 6.91 (0.87% of the width and 0.71%
of the length). This means that with only 12 parameters (the
10 angles of the revolute joints and the 2 centric angles of the
prismatic joints), the shape of a cochlea can be defined without
pointing any landmarks. This small set of parameters can be
used for morphometric analysis, such as building a mean model
for each gender by averaging the parameters or assessing the sex-
ual dimorphism by contrasting the parameters among the gender
groups.

4.2 Skull Profiles
Five sagittal skull profiles corresponding to different

stages in human evolution were investigated: Australopithecus,
Homo habilis, Homo erectus, Homo neanderthalensis, and
Homo sapiens.1 Unlike the smooth cochlea profiles, the
sagittal skulls have complex shapes, hence the number

1Outline resources available at: http://www.deformetrica.org/?page id=105
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FIGURE 10. A SINGLE RIGID-BODY CHAIN MATCHES THE
COCHLEA PROFILE CURVES OF 10 FEMALE INDIVIDUALS (1-
10) AND 11 MALE INDIVIDUALS (11-21).

of segments contained in the chain is increased. These
skull profiles are closed profiles. As shown in Fig. 11, the
chain contains 51 segments, with the segment type vector
V = [M M M C M M M C ... M M M C M M M ]
(12 C -segments and 39 M -segments). All segments are
connected by revolute joints. With an average width and length
of 165.50 and 171.20 for the profiles, the mean matching error of
the chain is 0.65 (0.39% of the width and 0.38% of the length).
The complex shapes of the skull profiles are successfully
characterized with only 63 parameters (the 51 angles of the
revolute joints and the 12 centric angles of the prismatic joints)
without using any landmarks. Now, in order to use the result in

evolution study, the trajectory of the corresponding joints still
needs to be analyzed to see if they correspond to homologous
features (points which are considered as correspondent from
a biological point of view) and if the parameters can help to
characterize and quantify shape modifications (as receding
forehead or protuberant face) along human evolution as in [18].

This case also reveals the current general strategy for deter-
mining the segment type vector V for complex profiles. That
is, the initial V is composed of a sufficient number of repeat-
ing segments ([M M M C ] in the skull case). One segment
or a few segments are C -segments for the purpose of varying
the chain’s arc length, while the majority are M -segments as
they approximate shapes better, which is especially critical for
complex profiles. During the optimization, some of the segments
might be reduced to a minimum segment length (defined by their
number of pieces), and these segments are eliminated from the
chain. In this way, the segment type vector V, together with
the connection type vector W, is evolved during the optimization
process.

4.3 Head Circumferences
The analysis of transverse head shape as a child grows

may have direct clinical applications in the case of cranial
deformation as plagiocephaly [19]. The head outline of an
affected child can be drawn as a closed curve. Studying the
head outline over time may help to understand if the head
growth becomes normal or not and evaluate the severity of the
deformation or the efficacy of a therapeutic procedure. Each
curve corresponds to the head circumference of a child at a
given date. According to suggestions from a pediatric surgeon,
the transverse skull outline of a child is symmetrical and can
be divided into 5 rigid (bony) parts (2 frontal, 2 partietal, and 1
occipital) that can be modeled by M -segments, and 5 growing
parts containing the suture areas (1 metopic, 2 coronal, and 2
lambdoid) that can be modeled by C -segments (see Fig. 12).
Since the endpoint of the design profile is located at the center
of forehead, the frontal C -segment is decomposed into two
fused C -segments. To constraint the deformation of the skull,
only one degree of freedom is allocated between the bony parts
and the growing parts by setting a fused connection at one
side of the C -segment and a revolute joint at the other side.
The segment type vector and the connection type vector are
then determined to be V = [C M C M C M C M C M C ]
and W = [F F R F R F F R F R F ], where the first
fused connection refers to the connection between the first and
the last segments. Figure 13a and b show the application of
rigid-body chain matching the growth of head circumferences
of two different children over three time steps. For the case
in Fig. 13a, the maximum diameter of the head circumference
is approximately 567.50 and the mean matching error is 2.61
(0.46% of the diameter). For the case in Fig. 13b, the maximum
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FIGURE 11. FITTING THE SAGITTAL SKULL OUTLINES OF
(a) AUSTRALOPITHECUS, (b) HABILIS, (c) ERECTUS, (d) NE-
ANDERTHALENSIS, AND (e) SAPIENS, WITH A SINGLE RIGID-
BODY CHAIN.

head circumference diameter is about 877.1672, and the mean
error is 6.8956 (0.79%). In both cases, the fitting is accurate
with only 9 parameters (the 4 angles of the revolute joints and
the 5 centric angles of the prismatic joints). This small set
of values could help the physician to better keep track of the
growth of the shape or the evolution of any therapy. These
results also show that the mechanical structure does not only
allow some constraints in the space of possible deformations,
but also may be correlated to concrete hypotheses depending on
the application.

5 CONCLUSION
This paper presents the developments in the methodology

for synthesizing rigid-body chains for shape matching and also

FIGURE 12. THE MECHANICAL STRUCTURE OF A TRANS-
VERSE SKULL BASED ON ANATOMICAL ASSUMPTIONS.

FIGURE 13. THE RESULTS OF FITTING TWO SETS OF HEAD
CIRCUMFERENCE PROFILES THROUGH THREE TIME-STEPS.

applies the technique to different morphometric problems. The
shapes to be matched are represented by a set of curves) which
can be open or closed. The methodology generates a chain of
rigid bodies connected by revolute or prismatic joints to match
the set of prescribed profiles. A pool of initial segment matrices
SM are randomly generated, among which the ones that yield the
lowest error would be optimized through an iterative gradient-
driven process. Constraints of the SM would be addressed if the
profiles contain sharp corners. The endpoint would be shifted for
closed profiles to reduce matching error. In the end, revolute
joints are added to assemble the chain. Three morphometric
problems are analyzed using the presented methodology. The
results validate that the rigid-body chain technique could be em-
ployed as an alternative method for morphometrics.
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