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CONVEX CONES AND SAGBI BASES OF PERMUTATION INVARIANTSNICOLAS M. THIÉRY AND STÉPHAN THOMASSÉAbstra
t. Let G be a permutation group a
ting on {1, . . . , n}, and < be anyadmissible term order on the polynomial ring K[x1, . . . , xn]. We prove thatthe invariant ring K[x1, . . . , xn]G of G has a �nite SAGBI basis if, and only if,
G is generated by re�e
tions.1. Introdu
tionLet K be a �eld (or a ring). Let G be a permutation group on {1, . . . , n}. Let

V := Kn, and x := (x1, . . . , xn) be the 
anoni
al basis of the dual of V . Theinvariant ring K[x]G of G is the graded subalgebra of the polynomials of K[x] :=
K[x1, . . . , xn] whi
h are invariant for the natural a
tion of G on the variables. Givena ve
tor u ∈ Nn, we denote by xu the monomial xu1

1 · · ·xun

n . The orbit sum o(xu)of a monomial xu is the sum of all the monomials in the G-orbit of xu. Given asubset S of {1, . . . , n}, we denote by S(S) the symmetri
 group of all permutationsof S and by ed(S) the d-th elementary symmetri
 polynomial in the 
orrespondingvariables ∑
(i1<···<id)∈Sd xi1 · · ·xid

.We re
all the de�nition of a SAGBI basis (Subalgebra Analog of a Gröbner Basisfor Ideals) [KM89, RS90℄, whi
h provides a useful devi
e in the 
omputational studyof invariant rings of permutation groups [Thi01℄. Given an admissible term order <on K[x], we denote by in<(K[x]G) the monoid of all initial monomials of invariantsin K[x]G. For a permutation group, this 
an also be de�ned as the monoid of allmonomials xu su
h that xu ≥ g.xu for all g ∈ G. By abuse of notations, we alsodenote by in<(K[x]G) the initial algebra of K[x]G, whi
h is the linear span of thosemonomials. A SAGBI basis of K[x]G is a subset S of invariants in K[x]G whoseinitial monomials generates in<(K[x]G) as an algebra. It follows in parti
ular that
S generates K[x]G as an algebra. A monomial xu ∈ in<(K[x]G) is irredu
ible if it
annot be de
omposed as a produ
t of two non-trivial monomials of in<(K[x]G) (thisde�nition generalizes for any monoid). If xu is irredu
ible, then any SAGBI basis of
in<(K[x]G) must 
ontain a polynomial having xu as initial monomial. The set of allorbit sums of irredu
ible monomials is a
tually the minimal redu
ed SAGBI basisof in<(K[x]G). We refer for example to [CLO97, Stu96℄ for further ba
kground oninvariant rings, term orders, and SAGBI bases.As opposed to Gröbner bases, SAGBI bases need not be �nite, and it is animportant problem to 
lassify the algebras whi
h have a �nite SAGBI basis forsome term order [Stu96℄. In this arti
le we 
omplete this 
lassi�
ation for invariantrings of permutation groups in their permutation basis.Let S1, . . . , Sr be the orbits of G on the variables, and E be the set of the nelementary symmetri
 polynomials

(e1(S1), . . . , e|S1|(S1), . . . , e1(Sr), . . . , e|Sr|(Sr)).Date: Id : main.tex, v1.142004/04/0507 : 33 : 02nthieryExp.This resear
h was partially funded by Queen's University and the Royal Military College ofKingston (Ontario, Canada). 1
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2 NICOLAS M. THIÉRY AND STÉPHAN THOMASSÉAssume that G is generated by re�e
tions (i.e. by transpositions); otherwise said,assume that G is the dire
t produ
t S(S1) × · · · × S(Sr) of the symmetri
 groupson its transitive 
omponents. Then, it is well known that not only K[x]G is thepolynomial ring in E, but E is a 
omprehensive SAGBI basis of K[x]G, that is aSAGBI basis of E for any admissible term order.In [Göb98℄, M. Göbel proved that these are the only permutation groups with a�nite SAGBI basis with respe
t to the lexi
ographi
 term order.Theorem 1.1. Let G be a permutation group a
ting on {1, . . . , n}, and <lex bethe lexi
ographi
 term order on K[x]. Then, the invariant ring K[x]G has a �niteSAGBI basis with respe
t to <lex if, and only if, G is generated by re�e
tions.In [Göb99b, Göb99a, Göb00℄, M. Göbel further 
onje
tures that this result ex-tends to any admissible term order, and proves it for the alternating groups An,and a few other groups.In this paper, we 
on�rm this 
onje
ture by proving the following theorem.Theorem 1.2. Let G be a permutation group a
ting on {1, . . . , n}, and < be anyadmissible term order on K[x]. Then, the invariant ring K[x]G has a �nite SAGBIbasis with respe
t to < if, and only if, G is generated by re�e
tions.This result was also obtained independently by Z. Rei
hstein [Rei02℄, as a 
orol-lary of a more general theorem on multipli
ative invariants, as well as by ShigeruKuroda [Kur02℄, with some further generalizations. The te
hniques used in ea
h
ases are essentially the same, our proof being by far the shortest.Note that theorem 1.2 does not pre
lude the existen
e of a �nite SAGBI basisfor K[x]G = K[V ]G when the dual basis of V is not one of its permutation basis.Consider, for example, the 
y
li
 group C3 = A3 a
ting by permutation on thevariables x1, x2, x3 in 
hara
teristi
 3. In the basis y1 := x1, y2 := x2 − x1, y3 :=
x3 − 2x2 + x1, the invariant ring F3[x]C3 = F3[V ]C3 = F3[y1, y2, y3]

C3 has a �niteSAGBI basis w.r.t. the degree reverse lexi
ographi
 order with y1 < y2 < y3 [SW02℄.Thus, 
lassifying the invariants rings of permutation groups whi
h have a �niteSAGBI basis for some term order in some basis remains an open problem.The paper is organized as follows. In se
tion 2, we show that, if a 
onvex 
one
C of R+n is not 
losed for the usual topology, then its monoid of integer ve
tors(ve
tors with nonnegative integer 
oordinates) 
ontains in�nitely many irredu
ibleelements. In se
tion 3, we des
ribe the monoid in<(K[x]G) as the monoid of integerve
tors of a suitable 
onvex 
one C<(G) of R+n, and prove theorem 1.2 by showingthat this 
onvex 
one is not 
losed when G is not generated by re�e
tions. Thislast step relies on an expli
it and fairly simple 
onstru
tion of a line segment in Cwith an extremity not in C. 2. Convex 
onesLet R+ be the set of non-negative real numbers. We 
all 
onvex 
one a subset
C of R+n su
h that λu + µv ∈ C for all u, v in C and λ, µ in R+. In parti
ular,
C is a monoid for +. Its integral 
one M(C) := C ∩ Nn is the submonoid of theinteger ve
tors of C. An element of M(C) is irredu
ible if it 
annot be de
omposedas the sum of two non-trivial elements of M(C). Obviously, the set of irredu
ibleelements of M(C) is a minimal generating set for M(C).Lemma 2.1. Let C be a 
onvex 
one whi
h spans Rn as a ve
tor spa
e, and isnot 
losed for the usual topology of Rn. Then, its integral 
one M(C) has in�nitelymany irredu
ible elements.Proof. Let v1, . . . , vn be a subset of M(C) whi
h spans Rn as a ve
tor spa
e. As-sume M(C) is generated by a �nite set S of integer ve
tors, and let 〈S〉 be the
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onvex sub
one of C spanned by S. This sub
one is a 
losed subset of Rn. Hen
e,
C\〈S〉 is non-empty. Let v0 be a ve
tor of C\〈S〉, and 
onsider the 
onvex hull
O := {λ0v0 + λ1v1 + · · · + λnvn, 0 < λi < 1}, whi
h is both open and 
ontained in
C. Sin
e v0 is in the 
losure of O, and 〈S〉 is 
losed, O\〈S〉 is non-empty, open andin
luded in C. Hen
e, C\〈S〉 has a non-empty interior.Now, we 
an take an open ball B(u, ǫ) of 
enter u and radius ǫ > 0 in C\〈S〉.The open ball B(

√
n

ǫ
u,

√
n) still lies in C\〈S〉, but also 
ontains an integer ve
tor

p. This ve
tor p 
annot be generated by S, whi
h is the desired 
ontradi
tion. �As a �rst appli
ation, we verify one of the very �rst results on SAGBI basis,namely that the invariant ring K[x]A3 of the alternating group A3 on 3 elementshas no �nite SAGBI basis with respe
t to the lexi
ographi
 term order with x1 >

x2 > x3. Let xu := xu1

1 xu2

2 xu3

3 be a monomial. Then, xu is initial if, and only if,
(u1, u2, u3) ≥lex (u2, u3, u1) and (u1, u2, u3) ≥lex (u3, u1, u2),whi
h we 
an rewrite as

(u1 − u2, u2 − u3, u3 − u1) ≥lex (0, 0, 0) and (u1 − u3, u2 − u1, u3 − u2) ≥lex (0, 0, 0).We de�ne the initial 
one C to be the 
onvex 
one of all ve
tors of R+3 satisfyingthose inequations, so that inlex(K[x]A3) is the integral 
one of C. Note that C spans
Rn, sin
e it 
ontains the independent ve
tors (1, 0, 0), (1, 1, 0), and (1, 1, 1).Now, proving that K[x]A3 has no �nite SAGBI basis for lex is immediate: (1, 0, 1)is not in C, whereas (1, 0, 1)+ ǫ(1, 0, 0) is in C for any ǫ > 0; hen
e, C is not 
losed,and by lemma 2.1 inlex(K[x]A3) has in�nitely many irredu
ible elements.The general proof will follow exa
tly the same line.3. Infiniteness of SAGBI basis of permutation invariantsLet < be an admissible term order on K[x]; without loss of generality, we mayassume that x1 > x2 > · · · > xn. By the 
lassi
al 
hara
terization of admissibleterm orders (see [CLO97℄), there exists n linearly independent linear forms l1, . . . , lnin Rn 7→ R su
h that xu > xv if, and only if,

(l1(u), . . . , ln(u)) >lex (l1(v), . . . , ln(v)).Then, a monomial xu is in the initial algebra in<(K[x]G) if, and only if, xu ≥ g.xu,for all g ∈ G, that is
(l1(u), . . . , ln(u)) ≥lex (l1(g.u), . . . , ln(g.u)), for all g ∈ GWe de�ne the initial 
onvex 
one C := C<(K[x]G) to be the 
onvex 
one of R+nde�ned by those inequations:
(l1(u − g.u), . . . , ln(u − g.u)) ≥lex (0, . . . , 0), for all g ∈ G,so that inlex(K[x]G) is the integral 
one of C. It is well known that any non-in
reasing monomial (monomial xu su
h that u1 ≥ u2 ≥ · · · ≥ un) is in C; it isthe initial monomial of the 
orresponding symmetri
 fun
tion. Hen
e, (1, 0, . . . , 0),

(1, 1, 0, . . . , 0), (1, . . . , 1) are in C, and C spans Rn as a ve
tor spa
e.We now turn to the proof of theorem 1.2.Proof. Let G be a permutation group. Assume that C is 
losed, while G is notgenerated by re�e
tions. Then, there exists a < b su
h that the transposition (a, b)is not in G, while a is in the G-orbit of b. Choose su
h a pair a < b with b minimal.We 
laim that there is no transposition (a′, b) in G with a′ < b. Otherwise, aand a′ are in the same G-orbit, and by minimality of b, (a, a′) ∈ G; thus, (a, b) =
(a, a′)(a′, b)(a, a′) ∈ G. Pi
k g ∈ G su
h that g.b = a, and de�ne

ut := ((n − 1)t, (n − 2)t, . . . , (n − b + 1)t, n − b, (n − b − 1)t, . . . , t, 0).



4 NICOLAS M. THIÉRY AND STÉPHAN THOMASSÉNote that u0 < g.u0, so u0 6∈ C, whereas u1 ∈ C. Furthermore, the entries of utare all distin
t, ex
ept when t = n−b

n−a′
for some a′ < b, in whi
h 
ase the a′-th and

b-th entries are equal. Sin
e (a′, b) 6∈ G, for any t, 0 < t ≤ 1, the orbit of ut is ofsize |G|, and there exists a unique permutation σt ∈ G su
h that σt.ut is in C.Let t0 = inf{t ≥ 0, ut ∈ C}. If ut0 6∈ C, then ut0 is in the 
losure of C, butnot in C, a 
ontradi
tion. Otherwise, ut0 ∈ C, and t0 > 0 be
ause u0 6∈ C. Forany permutation σ, {σ.ut, t ≥ 0} is a half-line; so, C being 
onvex and 
losed,
Iσ := {t, σ.ut ∈ C} is a 
losed interval [xσ, yσ]. For example, Iid = [t0, 1] ( [0, 1].Sin
e the interval [0, 1] is the union of all the Iσ , there exists σ 6= id su
h that
t0 ∈ Iσ. This 
ontradi
ts the uniqueness of σt0 . �4. Con
lusionLet a be a real number. The 
onvex 
one in R+2 of all (x, y) su
h that y > ax isa very simple geometri
al obje
t; yet, its integer monoid has a very ri
h stru
ture,the irredu
ible elements being essentially the famous Sturm words. The very samephenomenon appears for SAGBI basis of permutation groups, and explains thetediousness of the ad ho
 
onstru
tions of in�nite sequen
es of irredu
ible elementsin [Göb99b, Göb99a, Göb00℄. Thus, the proof of theorem 1.2 suggests that lookingat the geometry of the initial 
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one is the proper tool to obtain furtherinformation on SAGBI basis of permutation groups.Referen
es[CLO97℄ David Cox, John Little, and Donal O'Shea. Ideals, varieties, and algorithms. Springer-Verlag, New York, se
ond edition, 1997. An introdu
tion to 
omputational algebrai
geometry and 
ommutative algebra.[Göb98℄ Manfred Göbel. A 
onstru
tive des
ription of SAGBI bases for polynomial invariants ofpermutation groups. J. Symboli
 Comput., 26(3):261�272, 1998.[Göb99a℄ Manfred Göbel. The optimal lower bound for generators of invariant rings without �niteSAGBI bases with respe
t to any admissible order. Dis
rete Math. Theor. Comput. S
i.,3(2):65�70 (ele
troni
), 1999.[Göb99b℄ Manfred Göbel. The �smallest� ring of polynomial invariants of a permutation groupwhi
h has no �nite SAGBI bases w.r.t. any admissible order. Theoret. Comput. S
i.,225(1-2):177�184, 1999.[Göb00℄ Manfred Göbel. Rings of polynomial invariants of the alternating group have no �niteSAGBI bases with respe
t to any admissible order. Inform. Pro
ess. Lett., 74(1-2):15�18, 2000.[KM89℄ Deepak Kapur and Klaus Madlener. A 
ompletion pro
edure for 
omputing a 
anoni
albasis for a k-subalgebra. In Computers and mathemati
s (Cambridge, MA, 1989), pages1�11. Springer, New York, 1989.[Kur02℄ Shigeru Kuroda. The in�niteness of the sagbi basis for 
ertain invariant rings. OsakaJournal of Mathemati
s, (39):665�680, 2002.[Rei02℄ Zinovy Rei
hstein. SAGBI basis in rings of multipli
ative invariants. CommentariiMath. Helveti
i, 2002. To appear.[RS90℄ Lorenzo Robbiano and Moss Sweedler. Subalgebra bases. In Commutative algebra (Sal-vador, 1988), pages 61�87. Springer, Berlin, 1990.[Stu96℄ Bernd Sturmfels. Gröbner bases and 
onvex polytopes. Ameri
an Mathemati
al So
iety,Providen
e, RI, 1996.[SW02℄ R. James Shank and David Wehlau. Computing modular invariants of p-groups. Journalof Symboli
 Computation, 2002. Submitted.[Thi01℄ Ni
olas M. Thiéry. Computing minimal generating sets of invariant rings of permutationgroups with SAGBI-Gröbner basis. In Dis
rete models: 
ombinatori
s, 
omputation,and geometry (Paris, 2001), Dis
rete Math. Theor. Comput. S
i. Pro
., AA, pages315�328 (ele
troni
). Maison Inform. Math. Dis
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