Hidden Markov Models with Patterns and Their
Application to Integrated Circuit Testing

Laurent Bréhélin, Olivier Gascuel, and Gilles Caraux

LIRMM, Université Montpellier 11
161 rue Ada, 34392 Montpellier Cedex 5, France
{brehelin,gascuel,caraux}@lirmm.fr

Abstract. We present a new model, derived from classical Hidden Mar-
kov Models (HMMs), to learn sequences of large Boolean vectors. Our
model — Hidden Markov Model with Patterns, or HMMP — differs from
HMM by the fact that it uses patterns to define the emission probability
distributions attached to the states. We also present an efficient state
merging algorithm to learn this model from training vector sequences.
This model and our algorithm are applied to learn Boolean vector se-
quences used to test integrated circuits. The learned HMMPs are used as
test sequence generators. They achieve very high fault coverage, despite
their reduced size, which demonstrates the effectiveness of our approach.

1 Introduction

The Hidden Markov Model (or HMM) was introduced by Baum and colleagues
in the late 1960s [1]. This model is closely related to probabilistic automata
(PAs) [2]. A probabilistic automaton is defined by its structure, made up of states
and transitions, and by probability distributions over the transitions. Moreover,
each transition is associated with a letter from a finite alphabet that is generated
each time the transition is ran over. An HMM is also defined by its structure,
composed of states and transitions, and by probability distributions over the
transitions. The difference with respect to PAs is that the letter generation is
attached to the states. Each state is associated with a probability distribution
over the alphabet that expresses the probability for each letter to be generated
when the state is encountered.

When the structure is known, the HMM learning (or training) problem is
reduced to estimating the value of its parameters — transition and generation
probabilities — from a sample of sequences. A well-known approach is the Baum-
Welch algorithm [3], which complies with the maximum likelihood principle and
is a special case of the Expectation-Mazimization (EM) algorithm [4]. This is
an iterative re-estimation algorithm that ensures convergence to a local opti-
mum. Abe and Warmuth [5] studied the training problem from a Computational
Learning Theory perspective. They proved that the PA class is not polynomially
trainable unless RP=NP, while, to the best of our knowledge, for the HMMs the
question remains open. However, we can reasonably assume that the problem is
not easier, and that heuristics have to be used.
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In many applications, it is not possible to infer the structure of the HMM
from the a priori knowledge we have about the problem under investigation. In
this case, the HMM learning problem becomes even more difficult. We have to
estimate the parameters of the structure, and also infer this structure from the
learning sample. Various authors have proposed a heuristic approach derived
from automata theory. It involves generalizing an initial specific automaton that
accurately represents the learning sample, by iteratively merging ”similar” states
until a ”convenient” (e.g. sufficiently general or small) structure is obtained. This
principle has been successfully applied to non-probabilistic automata [6] as well
as to probabilistic ones [7], and to HMMs [8].

HMDMs have been used as models for sequences from various domains, such
as speech signals (e.g. [9]), handwritten text (e.g. [10]) and biological sequences
(e.g. [11]). In these applications, the usual approach involves using an HMM for
each word or character to be recognized. Typically HMMs have a pre-determined
left-to-right structure with fixed size, and they are trained using the Baum-Welch
method. Moreover, these applications all learn and use HMMs for recognition
purposes. In this article, we present a new application: the Built-in Self Test for
integrated circuits. This application differs in that we use HMMs for generation
purposes: an HMM is learned from a sample of sequences, which involves building
a convenient structure and estimating its parameters. This HMM is then used
to generate sequences similar (eventually identical) to the learning sequences.
Another difference is that the alphabet in this application can be extremely
large, e.g. 2'%°, so the emission probabilities cannot be easily defined in the
usual way. This led us to develop a new class of HMM that we called HMMP
(Hidden Markov Model with Patterns).

The organization of this paper is as follows. In Section 2, we present the
integrated circuit test; we indicate the main features of the manipulated data and
explain how this problem can naturally be dealt with using HMMs. In Section 3,
we define HMMPs, and in Section 4 we present an HMMP learning algorithm
which uses the state merging principle. Section 5 provides experimental results
of our method with classical benchmark circuits of the test community.

2 Integrated Circuit Testing

An integrated circuit manipulates Boolean values (0 or 1). It is made of inputs,
outputs and internal elements that compose the body of the circuit. It is possible
to apply values to the inputs and read the output values, but it is not possible to
access the internal elements. These elements may be affected by various physical
faults. We can infer the set of potential faults of a circuit because we know
its logic structure. The test of a potential fault of a given circuit is achieved
by using an appropriate sequence — or test sequence — of Boolean vectors. The
vectors are sequentially applied to the inputs; when the outputs are identical to
those logically expected the fault is not present, and conversely, when the fault
is present the outputs are erroneous. In a test sequence, the vector application
order is as important as the vectors themselves. One sequence can test several
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faults, and one fault may be tested by several sequences. Note that the sequence
length varies according to the faults (between two and hundreds of vectors) and
that we can deduce, by simulation, all the faults detected by a given sequence.

The research of a test sequence, for a circuit and a given fault, is NP-hard [12].
Automatic Test Pattern Generators (ATPGSs) try to circumvent the difficulty by
using various heuristics, and usually provide satisfying results. We shall see in
Section 5 that the fault coverage — the proportion of faults for which the ATPG
finds a test sequence — is usually above 80%.

ATPGs provide sequences of patterns € {0, 1,*}* (where k is the number
of inputs) rather than sequences of vectors. The * character means that the bit
value is unimportant, i.e. if the fault occurs, it is detected regardless of the value
of this bit. A Boolean pattern defines a set of vectors; a pattern with n * bits
represents 2" vectors. In the same way, a sequence of patterns defines a set of
vector sequences. We present below an example of three test sequences similar
to those generated by an ATPG.

Sequence 1 Sequence 2 Sequence 3

*k k%0 *k k%0 *k k%0
1*x001 1x001 1xx01
0*101 0*101 0*x001
10%01 11x01 1x101
0**01

When test sequences with high fault coverage have been obtained, we have
to position the test procedure. The classical approach involves using an external
tester. Due to the price of these testers and, sometimes, the fact that there is no
physical access to the circuit, we often prefer the method of built-in self test or
BIST. The BIST principle is to incorporate a supplementary test structure in the
circuit. This structure should be able to generate test sequences and analyse the
circuit responses. Response analysis is a task that has efficient solutions. This is
not the case for test sequence generation. The problem is to find a generator of
sequences that combines high fault coverage and small size (in terms of silicon
area). Indeed, we can not physically stock all the ATPG sequences on ground of
silicon cost. On the other side, we can build small generators of pseudo-random
sequences, but they have low fault coverage.

Our approach consists of building, with a learning algorithm, an instance
of a new class of HMM (called HMMP) that generates ATPG sequences or
similar sequences with sufficiently high probability. We shall see (Section 5)
that relatively small HMMPs effectively generate sequences with fault coverage
equivalent to that of the ATPG.

3 The HMMP Class

The HMMs that we want to infer are intended to generate Boolean vector se-
quences. Then the size of the manipulated alphabet is 2% (for our test problem, k
is the number of inputs of the circuit), which is potentially very large (e.g., there
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are circuits with & > 100). Common HMMs do not fit the modeling of such
sequences. We define here a new class of HMMs, named Hidden Markov Model
with Patterns (or HMMPs), specially adapted to deal with this problem. Owing
to the specificity of the test sequences (we learn from patterns, i.e. from sets
of vectors and not from simple vectors; moreover, we perform generation and
not recognition), we use symbols and operators specific to these data and to the
problem. However, HMMPs can also be used to model more conventional vector
sequences (Boolean or not). This point is discussed in Section 6.

3.1 Presentation
An HMMP H is defined by a triplet (S, P, M), where

— S is a finite set of states; S contains two special states start and end which
are used to initiate and conclude a sequence respectively. Each state of S,
except start and end, is labeled by a pattern from P.

— P = {ps,s € S —{start,end}} is the set of patterns associated with the
states; ps is the pattern associated with state s.

— M : S —{end} x S — {start} — [0,1] is the matrix that contains transition
probabilities between states. M defines the probability distributions associ-
ated with states of H. We have: Vs,t, M (s —t) >0, and Vs, >, g M(s —
t)=1.

The structure of an HMMP is the set of its states and of its non-zero transi-
tions. Figure 1 gives an example of HMMP with six states and seven transitions.

Fig. 1. Example of HMMP: each state is labelled by its name and associated
pattern; transitions are labeled by their transition probability

3.2 Generating Vector Sequences with an HMMP

The procedure involves beginning on the start state, running over the transi-
tions and generating a test vector for each state encountered by using the pattern
associated with that state. The test vectors generated by a given pattern are con-
sistent with this pattern and, moreover, the * has equal probability of generating
a 0 and a 1. For example, pattern *1* generates, with probability 1/4, each of
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the 4 vectors 010, 011, 110 and 111. Once a test vector has been generated, we
choose, according to the associated probabilities, one transition starting from
the current state, and then go to the targeted state. This procedure is continued
until the end is reached. A sequence of vectors is thus generated, and another
sequence can eventually be generated by going onto the start again.

3.3 Generation Probability of a Set of Sequences

The pattern p is said to be compatible with the pattern p; if its fixed bits (those
with value 0 or 1) have the same value or the value * in p,. For example, p = 11%
is compatible with p, = 1*0, while p = 11%* is not compatible with ps = 100. The
probability is zero that the state s will generate a pattern p that is not compatible
with ps. The generation probability by a state s of a pattern p compatible with pg
depends on the number of bits which are fixed in p but have the value * in p,. Let
P denote this number. For example, if p = 10%* and ps = L¥** then ) = 1.

Since * has equiprobability of generating a 0 or a 1, the probability of generating

the compatible pattern p on state s is given by the formula:

Plpls) = (%) . )

For example, if p = 1¥01* and ps = 1010, then P(p|s) = 1. On the other hand,
if p = 1%010% and p, = ***10%, then P(pls) = ¢

Let © = pips...p; be a sequence of patterns. A common method for com-
puting the generation probability of x by an HMM H is to make the Viterbi
assumption [13] that « can only be generated by a unique path (or sequence of
states) through H. In other words, all paths except the most likely are assumed
to have a negligible (or null) probability of generating x. This path is called the
Viterbi path of x. For example, the Viterbi path of the first sequence of Section 2
in the HMMP of Figure 1 is start — s; — so — s3 — 4 — s3 — end. Moreover, this is
the only path that can generate this sequence — which often occurs in practice —,
and the Viterbi assumption holds in this case.

Let Vo = wp, -~ vp,,, (With vy, = start and v,,,, = end) be the Viterbi path
of the sequence © = p; - - - p;. Then, under the Viterbi assumption, the generation
probability of x by H is:

-1
(I|H <HM Up;, — Up1+1)P(pi+1|Upi+1)> M(Upl - Upl+1)'
=0

For the above sequence, we have: M (start — s1) = 1, P(p1|s1) = 1, M (s1 —
82) = 1, P(p2‘82> = 1, M(SQ — Sg) = 1, P(pg‘Sg) = 1/27 M(Sg — 84) = 3/47
P(pa|ss) = 1/2, M(s4 — s3) = 1/3, P(ps|ss) = 1, M(s3 — end) = 1/4. Tt
follows that the probability of HMMP of Figure 1 generating this sequence is
equal to: 1/2x3/4x1/2x1/3x1/4=1/64.
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Let X be a set of sequences and V' = {V,,x € X} the set of Viterbi paths
associated with the sequences of X. The probability P(X|H) of generating, with
| X | trials, the set X using H, is obtained (under the same assumption) by the
following formula:

P(X|H) = x| [] P(alH),

reX

that can be rewritten as:

px|H)=IX!"T[{ TI P@ls)™ J] M(s—pm—], (2)

s€S \pEPx. s teOut(s)

where Px ;s is the set of patterns generated by s (in V), n? is the number of
times s generates the pattern p (€ Pxs), ns—¢ is the number of times the
transition s — t is used, and Out(s) is the set of states ¢t for which there is a
transition s — ¢.

4 Learning HMMPs

Let X be a set of pattern sequences (for example obtained from an ATPG).
Our aim is to build an HMMP of low size (i.e. with a low number of states
and transitions), and that generates X with probability as high as possible.
We designed a learning algorithm for this purpose which is based on the state
merging generalization method.

4.1 Main Algorithm

The main algorithm — HMMPLEARNING — of the learning procedure proceeds
in a greedy ascending way. First, it builds with the INITIALHMMPBUILDING
procedure (Line 1) an initial specific HMMP that represents the sequences of X.
Next, at each step of the algorithm, the BESTSTATEPAIR procedure (Line 2)
selects the state pair that, when merged, involves the lowest loss of probability
of generating X. If several pairs have the same probability loss, it chooses the
pair that involves the nearest patterns. The selected state pair is merged with
the MERGE procedure (Line 3), which modifies the structure of the HMMP and
updates its parameters. The algorithm iterates this procedure until the desired
number of states (N) is reached.

Figure 2 details six steps of the algorithm when applied to the three sequences
of Section 2.

4.2 Building the Initial HMMP

The initial HMMP Hj is obtained by building the prefiz tree of X. In such a
tree, each path from the root to a leaf corresponds to a sequence of X, and the
common prefixes are not repeated but represented by a unique path starting
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Algorithm 1: HMMPLEARNING (X ,N)

Data : XN
Result : H
1 H « INITIALHMMPBUILDING (X);
while Number of states of H > N do
2 (s1,82) «—BESTSTATEPAIR(H);
3 L H «— MERGE(H,s1,82);

return H;

from the tree root. In our case, the root represents the start state. Next, to each
state s we attach its pattern ps (except for the start with which no pattern is
associated) and the number of times (ns) it is used in the Viterbi paths. In Hy,
Viterbi paths are naturally described by sequences and the Viterbi assumption
holds. Therefore, ng is equal to the number of leaves of the sub-tree with root s,
and, in the same way, ns_; is equal to the number of leaves of the sub-tree
with root ¢t. Values of both parameters (ns and n,_,;) are stored. Moreover, we
set Px s = {ps} and nPs = n,.

According to the maximum likelihood principle, the values of the transi-
tion probabilities associated with the edges of Hy are estimated by maximizing
P(X|Hp). Maximizing Expression (2) is equivalent to maximizing each of its
sub-products. Therefore, we estimate the transition probabilities by maximizing
the expressions HtEOut(s) M (s — t)"=—t. Each of these expressions is identical
to the probability distribution of a multinomial law and is maximized by

M(s — ) = ==L, (3)
N
Finally, we create the end state to which every leave is linked with transition
probability 1. The HMMP obtained is the most specific, in that it describes all
sequences of X, but only these sequences.
The HMMP Hj of Figure 2 is the initial HMMP obtained from the sequence
set of Section 2. Each sequence has probability 1/3 of being generated by H.
Therefore, P(X|Hy) =3!'x1/3x1/3x1/3=6/2T.

4.3 State Merging

When two states s; and sy have been selected (the criterion used is described
in Section 4.4), they are merged. States s; and sy are deleted and replaced by
a new state s. The in and out edges from s; and so are connected to s, and
the potential double transitions (e.g., t — s; and t — s2) are also merged. An
example of state merging is provided in Figure 3.

The structure of the HMMP is modified and its parameters have to be up-
dated. We assume (as usual) that the Viterbi paths are not altered by merging,
and the new Viterbi paths are inferred from the previous ones by replacing sy
and s9 by s. This assumption provides an efficicent way of updating parame-
ters associated with the new state and to its adjacent edges. We have: ng =
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e Getard)

1

Ho : P(X|Ho) =6/27 ~0.22  Hy : P(X|Hy) =6/27~0.22  Ha : P(X|Ha) = 6/27 ~ 0.22

Hg: P(X|Hg) ~5.8-107°
Hs: P(X|Hs) = 0.0003

Hy: P(X|Hy)=1/36 ~ 0.028
Hg: P(X|H3)=1/9~0.11

Fig. 2. Generalization achieved by six state mergings. The HMMPs are obtained
by merging the grey nodes. For each HMMP, we indicate the probability of
generating the learning sequences. Each state is labeled by its name and the
number of times ng it is used in the Viterbi paths. Each edge is also labeled by
the number of times n,s_.; it is ran over. The transition probability associated
with s — ¢ is equal to the ratio ns—:/ns (c.f. Formula (3))

Ng, + Ny, Pxs = Pxs;, U Pxs,, and Vp € Px s, n} = nL + nf . Moreover,
for edges adjacent to s, we have: ns_t = Mgyt + Nsy—t, Nis = Nt—sy + Nt—rsy
and Ns—s = Ng—s; + Ms;—sy + Msy—sy + Nsy—s, - Note that only parameters
associated with the new state and its adjacent edges need to be updated; the
merging has no effect on the other states and transitions. Finally, the transition
probabilities attached to the updated edges are computed using Formula (3).
The pattern associated with the new state must generate, with the highest
possible probability, all patterns of Px . It can be computed by merging all
these patterns bit after bit, but a more efficient method is to merge bit after bit

t1

|10 *

1(1 %1
0[*00
*[10 *

k% k Xk

*1 K1 *I| *I

*

Fig. 4. Response table of the bit merg-

Fig. 3. States and transitions before :
ing operator

and after the merging of s1 and s2
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the patterns ps, and ps, attached to s; and sy. Let v denote the bit merging
operator. The character * means that the value of the bit is not important.
Therefore, y(*,0) = 0 and v(*, 1) = 1. But two patterns are not always mutually
compatible. In this case, some of their bits differ and the merged pattern must
generate 0 or 1 with equal probability on these bits. These bits take the value *
in the merged pattern and are marked to store the fact that their value results
from the merging of a 0 and a 1. Let * denote the marked *. During further
steps of the learning algorithm, this information is needed so that we do not set
this bit at value 0 or 1. The merging operator takes this into account, and we
have: 7(0,1) = %, and during the further steps, v(¥,0) = y(¥,1) = y(¥,*) = %
Figure 4 summarizes the result of operator ~.

4.4 Selection of the Best State Pair

The aim of the learning algorithm is to reduce the HMMP structure while keeping
(as much as possible) a high probability (given by Formula (2)) of generating X.
At each step, the algorithm chooses the state pair which, when merged, involves
the lowest loss of probability of generating X. Nevertheless, sometimes (espe-
cially at the beginning of the process) many pairs agree with this criterion. Then,
we choose among these pairs that for which pattern merging involves fixing the
lowest number of bits. The number of bits fixed by the merging of two patterns p
and p’ is obtained by formula

o (p. ) = min(sx ") 5 P0)), (4)
For example, if p = 1*11* and p’ = *0%**, then ~(p,p’) = 10%1%; we have

*Zv)(pyp’) =1, *Z(p,p’)
than p’, then ¢(p,p’) = 0. Using Formula (4) has two justifications. First, at the
beginning of the learning procedure, this avoids fixing bits in the patterns too
soon, which would make further mergings more difficult (in terms of likelihood).
Second, we can reasonably assume that similar patterns quite likely play the
same part in sequences.

In Figure 2, two state pairs of Hy involve a null loss of generation probability:
(s2,83) and (s7,ss). However, ¢(ps,,ps;) = 0, while p(ps,,pss) = 1. Therefore,
(s2,83) is selected and merged to obtain Hj.

At each step of the algorithm, this selection criterion involves computing the
loss of generation probability for every state pair, i.e. calculating O(n?) times
Formula (2), where n is the number of states in the current HMMP. When the
initial HMMP contains numerous states (i.e. when the learning sequence set is
large) this yields prohibitive computing time. A more efficient algorithm is pro-
posed in [14]. It make use of the fact that merging has no effect on the states and
transitions which are not adjacent to the merged states. It follows that the per-
formance of a pair is not really affected, unless one of its states is adjacent to the
merged states. Therefore, we initially compute the O(n?) criterion values for all
pairs, and further we only update the values of the adjacent pairs, that is O(nb),
where b is the branching factor of the HMMP. Moreover, b remains relatively low

= 2 and then ¢(p,p’) = 1. Note that if p is more general
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during the learning process. Indeed, our selection criterion (minimizing the loss
of P(X|H)) tends to lower the number of out transitions (c.f. Formula (2)). For
example, with [Out(s)| = 1 we have [];co,45 M (s — )"~ = 1, while with
|Out(s)| = 2 and 154, = Ny, We have [ [, M (s — )"t = (1/2)".

5 Experimental Results

After the learning phase, the HMMP can be physically implemented as test
sequence generator. We do not describe this procedure (the interested reader can
consult [15]). It consists in a natural microelectronic translation of the HMMP
structure; the size of the implementation (an crucial factor for the validity of our
approach) is strongly connected to the size of the HMMP (in terms of number
of states and transitions).

The performances of our method were tested on the classical benchmark!
circuits of the electronic community. The results are reported in Table 1. After
the name of the circuit, the number of its inputs (#I.) and potential faults (#F.),
we provide the fault coverage and the total length (in thousands of patterns)
of ATPG sequences. For comparison purposes, we include the fault coverage
achieved by a long Boolean vector sequence generated by a pure random process
(only simulating one long sequence is highly justified in the case of a purely
random approach, and no improvement is obtained by decomposing this long
sequence into many shorter ones).

For every circuit, we computed by simulation the fault coverage of 10 random
sequences, and the fault coverage of 10 sets of test sequences generated with
the HMMP learned from the ATPG sequences. The T.Len. column provides
both the length of the random sequences and the total length of the set of
HMMP sequences. This length has been manually tuned for each circuit, in
order to obtain a sufficient fault coverage. The following column (ratio) provides
the ratio of this length over the total length of ATPG sequences. The %Best
columns indicate the best fault coverage achieved in the 10 simulations; the
%Av. columus indicate the average of these 10 fault coverages. Columns #S and
#E provide the number of states and the number of transitions of the learned
HMMP respectively. On the bottom line, we report the means of these quantities.

First, it can be seen that the fault coverage achieved by using learned HMMP
is much larger than the fault coverage of the random sequence. Next, we observe
that it is often equal (s298, s1494), sometimes little smaller (s820, s832) and
sometimes larger (s444, s526 and general mean) than the fault coverage of the
ATPG sequences. This result is surprising and is a good confirmation of our
method. It demonstrates that it is possible to infer very efficient construction
rules from ATPG sequences. These rules do not ensure accurate generation of
the original sequences, but they achieve high fault coverage when the generated
sequence set is large enough. The good results obtained with our method could

! These benchmarks were created for the International Symposium on Circuits € Sys-
tems (ISCAS) in 1989. They are available at http://www.cbl.ncsu.edu/benchmarks/



Hidden Markov Models with Patterns 85

Table 1. Fault coverage achieved by ATPG, random sequences and HMMPs

CIRCUIT ATPG Len. R.H. | RANDOM HMMP

Name #I. #F.|%Cov. Leng|T.Len ratio |%Best %Av.|%Best %Av. #S. #E.
298 3 596 | 89.9 2408| 2.5K 1.03 | 75.2 68.1 | 899 &893 5 19
s344 9 670 | 97.0 427 | 1K 234 | 96.1 942 | 976 976 3 7

382 3 764 | 8.7 9178| 15K 1.63 | 154 154 | 96.7 96.3 5 13
8386 7 772 90.2 754 | 5K 6.63 | 740 688 | 89.6 89.3 7 20
s444 3 888 | 75.5 2074| 10K 4.82| 134 133 | 97.1 925 4 9

sb26 3 1052 52.9 966 | 10K 10.35| 10.8 10.7| 8.2 79.3 5 10
s820 18 1640| 96.3 4993| 30K 6.00 | 494 484 | 93.3 91.2 13 40
s832 18 1664| 95.3 5024| 30K 5.97 | 473 46.3 | 93.6 90.6 13 43
991 65 1948 99.2 1139| 6K 527 | 93.8 936 | 96.9 96.6 8 25
s1488 8 2976| 95.6 6776 30K 4.42 | 780 75.1 | 98.6 985 8 30
s1494 8 2988| 98.1 6723| 30K 4.46 | 783 75.1 | 98.1 98.0 8 29
s3330 40 6660| 79.2 5616| 30K 5.34 | 76.5 744 | 785 781 13 46
Avg: 87.9 485 59.0 56.9| 929 914

also be explained by the weakness of some ATPG sequence sets (and by the
NP-hardness of the task) and by the easiness of achieving relatively high fault
coverages for some circuits (see the results obtained by the random method).

6 Conclusion

We presented a new probabilistic model for learning Boolean pattern sequences,
and its application for testing integrated circuits. This model is close to the
classical HMM, but differs in that it defines the emission probability distribution
with a boolean pattern. Moreover, we use this model for generation purposes and
not for recognition, as in most HMM applications. Experimental results indicate
that our model is well adapted for testing integrated circuits. Nevertheless, the
fault coverage achieved for some circuits may be improved. A possible solution
could be to weight ATPG sequences by the number of faults they detect.

HMMPs were defined to model pattern sequences. This notion of pattern — a
set of vectors — is relatively specific to the test problem. Moreover, due to the
generation aim of the test problem (with the constraint of generating at least
one vector sequence from each pattern sequence computed by the ATPG), our
~ operator performs specialization (y(0,*) = 0 and (1,*) = 1) and not only
generalization as is usually done in the recognition framework.

Nevertheless, as stated in the introduction, HMMPs could be used to model
more usual vector sequences (as time series for example). In this case, the non-
marked character * does not appear, and  only performs generalization in the
usual sense: ¥(0,1) = (0, %) = v(1, ¥) = ¥. Moreover, the ¢ function is useless
(it returns 0 for every pair) and the likelihood is the only selection criterion.
Therefore, for Boolean vector sequences, the « operator and our learning algo-
rithm could be used directly. For sequences of vectors with discrete variables



86 Laurent Bréhélin et al.

(ordinal or not), slight modifications of the model, and of the learning procedure
(especially of 7) are easily conceivable.

The Boolean patterns define very simple probability distributions over{0, 1}*.
Numerous more expressive distribution classes could be envisaged, such as, for
example, using a Bernoulli distribution associated with each bit. However, the
simplicity of Boolean patterns is well suited for microelectronic purpose. Indeed,
the * is free and the 1 and 0 have very low cost in terms of silicon area over-
head [15], while implementing continuous probabilities is much more expensive.
Moreover, our Boolean patterns are very similar to the condition parts of the
rules used in symbolic and hybrid classification methods [16], and, just as in
these methods, the simplicity of these descriptions is associated to explanatory
virtues which should be of interest from a modeling and learning perspective.
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