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Improved parameterizedcomplexity of the
Maximum AgreementSubtreeandMaximum

CompatibleTreeproblems
VincentBerry� , François Nicolas

Abstract

Given a set of evolutionary treeson a sameset of taxa, the maximumagreementsubtreeproblem(MAST),
respectively maximumcompatibletree problem(MCT), consistsof �nding a largestsubsetof taxa suchthat all
input treesrestrictedto thesetaxaareisomorphic,respectively compatible.Theseproblemshave severalapplications
in phylogeneticssuch as the computationof a consensusof phylogeniesobtainedfrom different datasets,the
identi�cation of speciessubjectedto horizontalgenetransfersand,morerecently, the inferenceof supertrees,e.g.
TreesOf Life.

We provide two linear time algorithmsto checkthe isomorphism,respectively compatibility, of a setof trees
or otherwiseidentify a con�ict betweenthe treeswith respectto the relative locationof a small subsetof taxa.

Then, we use thesealgorithms as subroutinesto solve MAST and MCT on rooted or unrootedtrees of
unboundeddegree. More precisely, we give exact �x ed-parametertractablealgorithms,whose running time is
uniformly polynomialwhenthe numberof taxaon which the treesdisagreeis bounded.The improveson a known
result for MAST andproves �x ed-parametertractability for MCT.

Index Terms

Phylogenetics,algorithms,consensus,patternmatching,trees,compatibility, �x ed-parametertractability.

I . INTRODUCTION

This paperinvestigatestwo treeconsensusproblemswith applicationsin phylogenetics.This �eld aims
at reconstructingthe evolutionaryhistory of speciesor moregenerallytaxa.This evolutionaryhistory is
representedby an evolutionary tree,or phylogeny, in which leaves are labelledby present-daytaxa and
internal nodescorrespondto hypotheticalancestorsof taxa.The branchingpatternof sucha tree shows
how speciationevents have resultedin different taxonomicgroups,i.e. shows how taxa relate to one
anotherin termsof commonancestors.

A. Overview of MAST and MCT

The two problemsconsideredin this papertake as input a set of evolutionary treeson a sameset of
taxa.We begin by statingthe problemsand indicatingmotivation for their study.

1) Maximum agreementsubtree: Given a set of evolutionary trees on the same set of taxa, the
MAXIMUM AGREEMENT SUBTREE problem(MAST) consistsof �nding a subtreehomeomorphically
includedin all input treesandwith thelargestnumberof taxa[1], [2], [3], [4], [5], [6]. In otherwords,this
involvesselectinga largestsetof taxasuchthat the input treesareisomorphic,i.e. agree, whenrestricted
to thesetaxa.

This problemarisesin variousareas,including phylogenetics,whereit can be usedto reachdifferent
practicalgoals:
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Authorsarewith the ÉquipeMéthodeset Algorithmespour la Bioinformatique– L.I.R.M.M.
161, rue Ada 34392Montpellier cedex 5, France
E-mails:vberry@lirmm.fr, nicolas@lirmm.fr– Phone:+33 4 67 41 86 55 – Fax:+334 67 41 85 00



IEEE TCBB 2

� to obtain the largest intersectionof a set of phylogeniesinferred from different molecularor mor-
phologicaldatasets.Thesedatasetscan be, e.g. different regions of the samemolecularsequences,
or sequencesof differentgenes,suspectedto resultfrom differentevolutionaryhistories.This largest
intersectionis usedto measurethesimilarity of thedifferentestimatedhistoriesor to identify species
that could be implied in horizontaltransfersof genes.

� Systematicbiologistsalso useMAST (e.g., implementedin the well-known PAUP package[7]) as
a method to obtain a consensusof a set of phylogeniesthat are optimal for some tree-building
criterion. E.g., for the parsimony criterion, some datasetscan induce several dozens(sometimes
hundreds)of optimal trees.Similarly, methodsthat build treesaccordingto a maximumlikelihood
criterion can give numeroustreeswith non-signi�cantly different likelihood values.In suchcases,
whenrankingthe outputphylogeniesby decreasinglikelihoodvalues,the �rst treealonemay not be
a goodrepresentative of the evolutionaryhypothesesfor the studiedspecies,anda consensusof the
�rst dozentreesis often preferred.
Dependingon thedifferencesin thetreesconsidered,theMAST methodcanbetheconsensusmethod
giving the most informative output [7], [8].

� Recently, MAST also appearedas a subproblemof a supertreeinferencemethod[9], [10]. This
methodbuilds an agreementsupertree of a collection of input treeshaving non-identicalleaf sets.
The main applicationof supertreemethodsis the constructionof Treesof Life spanningseveral
thousandsof species.Here,fastpolynomial time algorithmsareof crucial importance.

2) Maximumcompatibletree: A variantof MAST, mostoften calledMAXIMUM COMPATIBLE TREE

(MCT) [11], [12], [13], [8] is also of particular interestin phylogeneticswhen the input treesare not
binary. In anevolutionarytree,a nodewith morethantwo descendantsusuallyrepresentsuncertaintywith
respectto therelative groupingsof its descendantsratherthana multi-speciationevent.TheMCT problem
takesthis into accountby seekinga treethat is compatiblewith the input treesandthat containsa largest
numberof taxaThe compatibility of two treesmeansthat the leastcommonancestorof a subsetof taxa
canbe of high degreein one treeandof low degreein the other, as long as the groupsde�ned by both
treeson this subsetof taxa can be representedtogetherin a sameoutput tree. In practice,phylogenetic
softwaresusually outputbinary treesfrom primary data.However, one can typically resortto the MCT
problemwhenthe input treesareprovidedwith con�dencevaluesassignedto their edges(e.g. thanksto a
bootstrapprocessof the primary data).The edgeswith the lowestcon�denceareusuallydiscardedfrom
the analysis,which resultsin the creationof somehigherdegreenodesin the input trees.

Note thata maximumcompatibletreeof a collectionof treesalwayscontainsat leastasmany taxaasa
maximumagreementsubtreeof thecollection,sincecompatibilityis aweakerconstraintthanisomorphism.
Also, the MCT and MAST problemsare identicalwhenthe input treesarebinary.

B. Previousresults

1) Polynomialcasesof MAST and MCT: The MAST problemis NP-hardon only threerootedtrees
of unboundeddegree[3], and MCT on two rootedtreesassoonasoneof themis of unboundeddegree
[13]. Ef�cient polynomial time algorithmshave beenrecentlyproposedfor MAST on two rootedn-leaf
trees:O(n logn) for binary trees[6], andO(

p
dn log 2n

d ) for treesof degreeboundedby d [5]. Whenthe
two input treesareunrootedandof unboundeddegree,the O(n1:5) algorithmof [14] canbe used.

Supposek rootedtreesaregiven as input:
� if at leastoneof theseinput treeshasmaximumdegreed thenMAST canbesolved in O(nd + kn3)

time [2], [3], [15] and,
� if all of the input treeshave maximumdegreed then MCT canbe solved in O(22kdnk) time [12].
2) Fixed parameter tractability: MAST is known to be �xed-parameter tractable (FPT) in p, the

smallestnumberof labels to remove from the input set of labels such that the input treesagree:[16]
describean algorithm in O(3pkn logn) time and [17] give an algorithm in O(2:27p + kn3) time. This
parameterizedversionof the problemis of particularinterestin phylogeneticswheremany instancesof
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Fig. 1. Four rootedtrees.A collectionT := f T1 ; T2g, oneof the M AST(T ) trees,and the M CT(T ).

MAST andMCT now consistof phylogeniesinferredby different tree-building methodson the basisof
molecularsequencesof reasonablelength.Hence,the treesgiven as input to MAST and MCT usually
differ w.r.t. the locationof a small numberp of species.

3) Approximability: See[18] andreferencestherein.

C. Our contribution

1) Linear-time algorithms: We proposetwo linear time algorithmsthat check the isomorphism,re-
spectively compatibility of a collectionof k input treesor that otherwiseidentify a small set of taxaon
which two input treescon�ict. By identifying sucha setof taxa,our algorithmsextendthe work of [19],
respectively [20] thatonly decideisomorphism,respectively compatibility, without increasingthe running
time. We provide algorithmsfor both collectionsof rootedtreesandcollectionsof unrootedtrees.

2) Fixedparametertractability: Building on thework of [16], we obtainanO(minf 3pkn; 2:27p+ kn3g)
parameterizedalgorithm for both MAST and MCT on rootedtrees.This improves the time boundfor
the MAST problemwith respectto [16] and is the �rst result of �x ed-parametertractability for MCT.
Moreover, from this standpoint,MCT hasthe samecomplexity as MAST which wasnot expected.

We show how thesealgorithmscan be usedat most p + 1 times to handlethe caseof collectionsof
unrootedtrees.The exponentialterm in the complexity of the presentedFPT algorithmsfor MCT does
not dependon the degreeor numberof input trees,which might be an advantagein practiceover the
algorithmof [12], althoughthe latter may be fasterfor treeswith a high level of disagreement.

D. Organizationof our paper

Sect.II presentsde�nitions andpreliminary results,thenSect.III presentslinear time algorithmsthat
concludeon the isomorphismandcompatibilityof trees,or otherwiseidentify a con�ict on a small subset
of labels. Then Sect. IV shows how thesealgorithms can be used as subroutinesof �x ed-parameter
algorithmsto solve MAST and MCT for rootedandunrootedtrees.

I I . DEFINITIONS AND PRELIMINARIES

Formally, any tree T consideredin this paper has its leaf set L(T) in bijection with a label set
representingtaxa, and is either rooted, in which caseall internal nodeshave at least two children, or
unrooted, in which caseinternalnodeshave degreeat leastthree.Whenthereis no ambiguity, we identify
a leaf with its label.The sizeof a treeT is the numberof its leavesandis denoted# T. Let u be a node
in a rootedtree,we denoteS(u) the subtreerootedat u (i.e. u andits offspring) anddenoteL(u) the set
of leavesof this subtree.As an example,for the nodeu in the treeT1 of Fig. 1, the subtreeS(u) is the
oneenclosedin the dashedareaandL(u) is the setof leavesenclosedin the dottedarea,i.e. f a;b;cg. If
C is a setof nodesin a tree,thende�ne L(C) :=

S
u2 C L(u). Given a rootedtreeT anda setof leaves

L � L(T), we denotelcaT (L) the nodethat is the lowestcommonancestorof L in T.
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Fig. 2. ThreeunrootedtreesU, U0, U00 suchthat U0 = Ujf a; c;eg v U andU00� U.

A. De�nition of MAST and MCT

The de�nitions andresultsof this sectionapply both to rootedandunrootedtrees.

De�nition 1: Given a setL of labelsanda treeT, the restrictionof T to L, denotedTjL, is the tree
obtainedin the following way: take the smallestinducedsubgraphof T connectingleaveswith labelsin
L \ L(T); then remove any degreetwo (non-root)nodeto make the treehomeomorphicallyirreducible.
If T is a collectionof trees,thende�ne T jL := f TjL : T 2 T g.
SeetreesU; U0 in Fig. 2 for an example.Note that for any tree T and any two label setsL and L 0, it
holds that (TjL)jL 0 = Tj(L \ L 0) = (TjL 0)jL .

De�nition 2: Two rooted(respectively unrooted)treesT, T 0 areisomorphic, which is denotedT = T 0,
if f thereexists a one-to-onemappingfrom the nodesof T onto the nodesof T 0 preservingleaf labels
anddescendancy (respectively leaf labelsandadjacency). Let T; T 0 be two trees,T is homeomorphically
includedin T0, which is denotedT v T0, if f T = T0jL (T).

The well-known MAST problemis de�ned as follows:
De�nition 3: Given a collectionT of rooted,respectively unrooted,treeswith identical leaf setL, an

agreementsubtreeof T is any rooted,respectively unrooted,treeT with leavesin L s.t.8Ti 2 T , T v Ti .
An agreementsubtreeof T that is of maximumsizeis calleda maximumagreementsubtreeof T andis
denotedM AST(T ). The correspondingoptimizationproblemis statedas follows:

Name: MAXIMUM AGREEMENT SUBTREE (MAST)
Input : A collection T = f T1; T2; : : : ; Tkg of k trees(all rootedor all unrooted)with identical leaf set

L of cardinalityn.
Task: Find a maximumagreementsubtreeof T .
The MCT variantof MAST is basedon the relationof re�nement insteadof that of isomorphism.
De�nition 4: A treeT re�nes a treeT 0, which is denotedT � T0, whenever T canbe transformedinto

T0 by contractingsomeof its internaledges(contractingan edge(u; v) meansremoving nodesu andv,
replacingthemby a singlenew nodethat is madeadjacentto every nodepreviously adjacentto u or v).
More generally, a treeT re�nes a collectionT , which is denotedT � T , whenever T re�nes all treesin
T .
Note that an evolutionary tree T re�ning anothertree T 0 agreeswith the entire evolutionary history of
T0, while containingadditionalhistory absentfrom T 0. SeeFig. 2 for an illustration of the � notationon
unrootedtrees.The MCT problemis de�ned as:

De�nition 5: Given a collection T of rooted, respectively unrooted,trees,with identical leaf set L,
a rooted,respectively unrooted,tree T with leaves in L is said to be compatiblewith T iff 8Ti 2 T ,
T � Ti jL (T). If there is a tree T compatiblewith T s.t. L(T) = L, i.e. that is a commonre�nement
to all treesin T , then the collection T is simply said to be compatible. Note that this is generallynot
the caseand it is thus interestingto �nd a maximumcompatibletreeof T , de�ned asa treecompatible
with T that containsa maximumnumberof leaves.Sucha treeis denotedM CT(T ). The corresponding
optimizationproblemis statedas follows:
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Name: MAXIMUM COMPATIBLE TREE (MCT)
Input : A collection T = f T1; T2; : : : ; Tkg of k trees(all rootedor all unrooted)with identical leaf set

L of cardinalityn.
Task: Find a maximumcompatibletreeof T .

Fig. 1 shows an exampleof a treeM AST(T ) anda treeM CT(T ) for a collectionof two rootedtrees.
Note that for all collectionsT , a maximumcompatibletree of T includesat leastas many leaves as a
maximumagreementsubtreeof T . Also notethat the treeM AST(T ), andsimilarly M CT(T ), may not
be unique,so then the notationsM AST(T ) and M CT(T ) denoteany single tree amongthe possible
trees.However, thenumberof leavesin a maximumagreementsubtree,respectively maximumcompatible
tree,of a collectionT is uniqueanddenoted# M AST(T ), respectively # M CT(T ). Note also that the
MCT problemis equivalent to MAST when input treesare binary. However, as statedbefore,MCT is
of particularinterestwhenconsideringevolutionary treesthat arenot binary as input.

Theparticularcasewhere# M AST(T ) = # L ariseswhenever all treesin T areisomorphic.Similarly,
# M CT(T ) = # L occurswhenever the collectionT is compatible.

From now on, by default, leaves are denotedby `, rootedtreesare denotedby T and unrootedtrees
are denotedby U. In a similar way, collectionsof rootedtrees,respectively unrootedtrees,are denoted
T , respectively U.

B. Other formalismsto describetrees

Rootedtreescanbe describedin termsof rootedtriples and fans:
De�nition 6 (Triples and fans): Let T be a rootedtree.
For any threedistinctleaves`, `0, `002 L(T), thereareonly threepossiblebinaryshapesfor Tjf `; `0; `00g,

denoted,respectively, `j` 0̀ 00, `0j`` 00or `00j`` 0, dependingon their innermostgrouping,respectively, f ` 0; `00g,
f `; `00g or f `; `0g. Thesetreesarecalledrootedtriples (or resolvedtriples). Alternatively Tjf `; ` 0; `00g can
be a fan (also called unresolvedtriple), which is the tree in wherethe root is directly connectedto the
threeleaves.The fan on the leaves f `; `0; `00g is denoted(`; `0; `00).

We de�ne r t(T), respectively f (T), to be the set of rootedtriples, respectively fans,inducedby the
leavesof a treeT. We extendthesede�nitions to de�ne rootedtriplesandfansof a collectionT of rooted
trees:r t(T ) :=

T
Ti 2T r t(Ti ) and f (T ) :=

T
Ti 2T f (Ti ).

For example,in Fig. 1:
� r t(T2) = f bjad;cjad;ejad;ejab;ejac;ejbd;ejcd;ejbcg,
� f (T2) = f (a;b;c); (b;c;d)g,
� r t(T ) = f ejab;ejac;ejbcg,
� f (T1) is empty, hencealso is f (T ).
Given a rootedtree T, note that the lca relationshipsenableus to know which rootedtriple or fan is

inducedby T. Hence,given `; `0; `002 L(T),
� `j` 0̀ 002 r t(T) iff lcaT (`0; `00) is a nodestrictly below lcaT (`; `0; `00) and
� (`; `0; `00) 2 f (T) iff lcaT (`; `0) = lcaT (`; `00) = lcaT (`0; `00).

Note also that a fan is compatiblewith any rooted triple having the sameset of leaves. However, two
different rootedtriples on the samesetof leavesare incompatible.

We now recall the translationin terms of triples and fans of the relationsbetweentreesde�ned in
Sect.II-A:

Lemma1: Let T be a collectionof rootedtreeswith identical leaf setL and let T, T 0 be two rooted
trees.
(i) T is an agreementsubtreeof T iff r t(T) � r t(T ) and f (T) � f (T ).

(ii) T is isomorphicto T 0 if f r t(T) = r t(T0) and f (T) = f (T0).
(iii) T re�nes T0 if f r t(T0) � r t(T) andL(T) = L(T0).
(iv) T is compatiblewith T iff L(T) � L and8Ti 2 T ; r t(Ti jL (T)) � r t(T).
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Proof: (i) is [15, Lem. 6.6]. (ii) derives from (i) and is the rootedequivalent of [3, Thm. 2]. By
[21, Thm. 1], TjL(T0) re�nes T0 if f r t(T0) � r t(T) and L(T0) � L(T). From that we deduce(iii). Let
us now prove (iv).

T is compatiblewith T meansthat

8Ti 2 T T � Ti jL (T)

by (iii), this is equivalent to

8Ti 2 T
�
L(Ti jL (T)) = L(T) and r t(Ti jL (T)) � r t(T)

�

which is equivalent to

L(T) � L and
�
8Ti 2 T r t(Ti jL (T)) � r t(T)

�
:

Lemma 1-(i) meansthat T is an agreementsubtreeof T iff any restriction of T to a set of 3 leaves
is an agreementsubtreeof T . Similarly, Lem. 1-(iv), meansthat T is a tree compatiblewith T iff any
restrictionof T to a 3-leaf set is a treecompatiblewith T .

De�nition 7 (Hard and soft con�icts): Let T, T 0 be two rootedtrees.
� A hard con�ict betweenT andT 0 is a 3-leaf set f `; `0; `00g � L(T) \ L(T0) suchthat `j` 0̀ 002 r t(T)

and`0j`` 002 r t(T0).
� A soft con�ict betweenT andT 0 is a 3-leaf set f `; `0; `00g � L(T) \ L(T0) suchthat `j` 0̀ 002 r t(T)

and(`; `0; `00) 2 f (T0).
Let T be a collectionof rootedtrees.A hard,respectively soft, con�ict in T is a hard,respectively soft,
con�ict betweentwo treesof T .
For example,in Fig. 1:

� T1 andT2 have a hardcon�ict on f a;c;dg (sincedjac 2 r t(T1), while cjad 2 r t(T2)) and,
� T1 andT2 have a soft con�ict on f a;b;cg (sincecjab2 r t(T1), while (a;b;c) 2 f (T2)).
The previous de�nitions togetherwith Lem. 1 have the following straightforward consequences:
Proposition1 ([22], [15], [16], [8]): Let T be a collectionof rootedtreeson the sameleaf set.

(i) f `; `0; `00g is a hard or soft con�ict in T if and only if there is no agreementsubtreeT of T s.t.
f `; `0; `00g � L(T).

(ii) f `; `0; `00g is a hardcon�ict in T if andonly if thereis no compatibletreeT with T s.t. f `; ` 0; `00g �
L(T).

Anotherwell-known alternative descriptionof rootedtrees,is asa setof clusters(seee.g. [23]):
De�nition 8 (Clusters): Let T be a rootedtreeandv be an internalnodeof T, then the setof leaves

L(v) is calledthe clusterof T inducedby v. A clusteris alsocommonlycalleda cladein phylogenetics.
Let Cl(T) denotethe setof clustersof a treeT, de�ned as the clustersinducedby all internalnodesof
T.
For example,in Fig. 1:

� Cl(T1) = ff a;bg; f d;eg; f a;b;cg; f a;b;c;d;egg and
� Cl(T2) = ff a;dg; f a;b;c;dg; f a;b;c;d;egg.

Here,we do not needto considersingle leavesasclusters,unlike the practisein [24], [23].
Whendealingwith unrootedtrees,splits or bipartitionsplay the role that clustersplay for rootedtrees.

In the unrootedcontext, thereis a well-known characterizationof a minimum re�nementof a compatible
collectionof trees[25], [20], [23]. Here,we requirea versionof this resultapplying to rootedtrees.

Lemma2 (Minimumre�nement): Let T = f T1; T2; : : : ; Tkg bea collectionof rootedtreeson a leaf set
L and let T be a rootedtreeon L. The threefollowing assertionsareequivalent:
(i) T is a minimum re�nement of T (that is any treeT 0 re�ning T also re�nes T),

(ii) Cl(T) = Cl(T1) [ Cl(T2) [ : : : [ Cl(Tk),
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(iii) r t(T) = r t(T1) [ r t(T2) [ : : : [ r t(Tk).
Moreover, if T is compatiblethen thereexists a minimum re�nement of T .

Proof: SeeAppendix II.

C. Rootingand unrooting collectionsof trees

De�nition 9: Given an unrootedtreeU and` 2 L(U), U � ` is the rootedtreeon L(U) � f `g obtained
by rooting U at leaf ` andthenremoving ` andits incidentedge.Let U be a collectionof unrootedtrees
and` a leaf commonto all treesof U, the collectionof rootedtreesf U � ` : U 2 Ug is denotedU� ` .

Conversely, given a rootedtreeT anda leaf ` =2 L(T), de�ne T + ` asthe unrootedtreeon L(T) [ f `g
obtainedby grafting ` at the root of T by a new edgeand unrootingthe tree.Let T be a collection of
rootedtreesanda leaf ` not appearingin any treeof T , the collectionof unrootedtreesf T + ` : T 2 T g
is denotedT + ` .

For example,consideringthe treeU in Fig. 2 andleaf f 2 L(U), thentreeU � f is the treeT2 in Fig. 1.
Reciprocally, consideringthis treeT2, then treeT+ f

2 is treeU in Fig. 2.
Clearly, the waysof rooting andunrootingtreesde�ned above aresymmetric.More formally:
Lemma3:

(i) Let U be an unrootedtreeand` 2 L(U). ThenU =
�
U� `

� + `
.

(ii) Let T be a rootedtreeand` =2 L(T). ThenT =
�
T+ `

� � `
.

Isomorphismand re�nement relationsbetweentreesare also conserved by rooting or unrooting the
treesin the sameway:

Lemma4:
Let U1, U2 be two unrootedtreess.t. L(U1) � L(U2) and let ` be a leaf appearingin U1 (andU2):

U� `
1 v U� `

2 ( ) U1 v U2 ; (1)

U� `
1 � U� `

2 ( ) U1 � U2 : (2)

Let T1; T2 be two rootedtreess.t. L(T1) � L(T2) and let ` be a leaf not appearingin T2 (andT1):

T1 v T2 ( ) T+ `
1 v T+ `

2 ; (3)

T1 � T2 ( ) T+ `
1 � T+ `

2 : (4)
Proof: (1) results from the fact that the tree modi�cations to go from U1; U2 to U� `

1 ; U� `
2 , or

reciprocally, preserve the isomorphismbetweenU1 andU2jL (U1).
Concerning(2), U � `

1 � U� `
2 meansthat U � `

2 can be obtainedfrom U � `
1 by contractingsomeedges.

Contractingthesesameedgesin the unrootedtreeU1 leadsto U2, andthusU1 � U2. The converseholds
for the samereason.

(3) and(4) follow immediatelyfrom (1) and(2) by Lem. 3-(i).
For collectionsof trees,the two previous lemmashave the following consequencesthatwill play a role

for solving MAST and MCT on unrootedtrees:
Lemma5:

(i) Let T bea collectionof rootedtreeswith identicalleaf setL, let ` bea leaf not in L andlet T bean
agreementsubtreeof T , respectively a tree compatiblewith T . Then,T + ` is an agreementsubtree
of T + ` , respectively a treecompatiblewith T + ` .

(ii) Let U be a collection of unrootedtreeswith identical leaf set L, let U be an agreementsubtreeof
U, respectively a tree compatiblewith U, and let ` 2 L(U). Then,U � ` is an agreementsubtreeof
U� ` , respectively a treecompatiblewith U� ` .
Proof: A direct consequenceof Lem. 3 and4.

This inducesa relation betweenthe sizes of maximumagreementsubtrees,respectively maximum
compatibletrees,of collectionsof unrootedtreesandcorrespondingcollectionsof rootedtrees:

Lemma6: Let U be a collectionof unrootedtreeswith identical leaf setL, and let ` 2 L:
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(i)
# M AST(U) � # M AST(U� ` ) + 1 (5)

andequalityholds iff ` appearsin somemaximumagreementsubtreeof U.
(ii)

# M CT(U) � # M CT(U� ` ) + 1 (6)

andequalityholds iff ` appearsin somemaximumcompatibletreeof U.
Proof: (i) Let M := # M AST(U) andM ` := # M AST(U� ` ). Let T := M AST(U� ` ). By Lem. 5-

(i), the unrootedtree T+ ` is an agreementsubtreeof the collection
�
U� `

� + `
which is equal to U by

Lem. 3. Hence,we have M � # T+ ` = M ` + 1, i.e. (5).
Supposè appearsin no maximumagreementsupertreeof U. In this caseT + ` cannotbe a maximum

agreementsubtreeof U, and thuswe have M > # T + ` = M ` + 1: inequality (5) is strict.
Conversely, supposè appearsin somemaximumagreementsubtreeU of U. By Lem. 5-(ii), the rooted

treeU� ` is an agreementsubtreeof U� ` . Hence,we have M ` � # U� ` = M � 1. Togetherwith (5), this
yields M = M ` + 1: inequality (5) is an equality.

The proof of (ii) is similar.
In the next section,we describelinear time algorithmsthat will be usedassubroutinesin ef�cient FPT

algorithms(seeSect.IV) for MAST and MCT problems.

I I I . L INEAR TIME ALGORITHMS FOR FINDING A CONFLICT OR CHECKING ISOMORPHISM ,
RESPECTIVELY COMPATIBIL ITY OF TREES

Prop.1 shows that the identi�cation of con�icts betweentwo input treesis essentialto solve MAST
and MCT. This suggestsextending the algorithmsof [19], respectively [20] to identify a con�ict, in
the caseof non-isomorphism,respectively incompatibility. Identifying such con�icts is the basisof an
approximationalgorithm[3] andof an FPT algorithm[16] for MAST. Also, [8] improve ideasof [3] to
proposea con�ict-basedapproximationalgorithmfor MCT.

Concerningthe running time, [16] usea subroutineto checkthe isomorphismof two rootedtreesor
otherwiseidentify a con�ict, that runsin O(n logn) time. [8] describedatastructuresthat enablein time
O(n2) to checkthe compatibility of two rootedtreesor otherwiseidentify a con�ict. In this section,we
provide algorithmswith betterrunning time than the onescited above:

� an O(n) time algorithm to check that two rooted treesare isomorphicor otherwiseidentify three
leaveson which the treescon�ict;

� an O(n) time algorithm to check that two rooted treesare compatibleor otherwiseidentify three
leaveson which the treescon�ict. Moreover, in caseof compatibility, the algorithmactually returns
a certi�cate, i.e. a treere�ning the input trees.This certi�cate is minimum (seeThm. 2).

In eachcase,it is outlinedhow linear time algorithmsfollow alsofor unrootedtrees(Sect.III-C) andfor
collectionsof more than two trees.

A. The CHECK-ISOMORPHISM-OR-FIND-CONFLICT algorithm

Let T = f T1; T2g be a collection of two rooted treeswith identical leaf set L of cardinality n. We
detail herean algorithmcalled CHECK-ISOMORPHISM-OR-FIND-CONFLICT(T ) that checkswhetherT1

and T2 are isomorphicor alternatively identi�es a hard or soft con�ict. This algorithm is obtainedby
modi�cation of the linear time tree isomorphismalgorithm proposedby [19] for leaf-labelledtreesand
extendedby [20] to moregeneraltrees.Note that thealgorithmof [19], [20] doesnot �nd a con�ict when
the input treesare not isomorphic,but we show herethat it can be modi�ed to achieve this goal while
preservinglinear time complexity.

The algorithm of [19] implicitly relies on nodesof a tree that have only leaves as children. Sucha
nodeis calleda cherry.
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Lemma7 ([19]): Let T1; T2 be two isomorphictreesand let v1 be a cherry in T1. Then, there is a
cherryv2 2 T2 s.t. L(v1) = L(v2).

In caseof non-isomorphism,the following resultstateshow a con�ict canbe identi�ed:
Lemma8: Let v1 be a cherry in a tree T1, let ` 2 L(v1) and v2 be the parentnode of ` in a tree

T2. There is a con�ict betweenT1 and T2 involving ` whenever L(v1) 6= L(v2) or v2 is not a cherry.
Moreover, knowing v1 and`, sucha con�ict canbe identi�ed in O(n) time.

Proof: If L(v1) 6= L(v2) then thereare two cases:
(i) #

�
L(v1) \ L(v2)

�
= 1, i.e. ` is the only commonleaf of v1 and v2. Then,L(v1) � L(v2) 6= ; and

L(v2) � L(v1) 6= ; . Picking any `0 2 L(v1) � L(v2) andany `002 L(v2) � L(v1), the set f `; `0; `00g is
a hardcon�ict betweenT1 andT2 since`00j` 0̀ 2 r t(T1) while `0j`00̀ 2 r t(T2).

(ii) #
�
L(v1) \ L(v2)

�
> 1. Let `0 6= `; `0 2 L(v1) \ L(v2). SinceL(v1) 6= L(v2), we can pick a leaf

`00 in the symmetricaldifferenceL(v1) • L(v2). Then f `; `0; `00g is a con�ict. More precisely, if
`002 L(v1) � L(v2) thenf `; `0; `00g is a soft con�ict because(`; `0; `00) 2 f (T1) while `00j`` 0 2 r t(T2).
Otherwise,̀ 002 L(v2) � L(v1) andthecon�ict is soft if lcaT2 (`0; `00) = v2 (because(`; `0; `00) 2 f (T2)
while `00j`` 0 2 r t(T1)), andhardotherwise(becausè 00j`` 0 2 r t(T1) while `j` 0̀ 002 r t(T2)).

Now considerthe casewhere v2 is not a cherry and assumealso that L(v1) = L(v2) (otherwisethe
�rst part of the proof applies).Sincev2 is not a cherry, it hasa non-leafchild c. Let `0; `00be any two
leaves in L(c), then f `; `0; `00g is a soft con�ict becausè j` 0̀ 002 r t(T2), while (`; `0; `00) 2 f (T1) (since
L(c) � L(v2) = L(v1) andv1 is a cherry).Moreover, if T1, T2 con�ict, a simplelinear time searchof the
subtreesrootedat v1 andv2 is suf�cient to identify threeleaves`; `0; `00involved in a con�ict, according
to the guidelinesgiven above.

Sketch of the algorithm.
Lem. 7 suggestsexamining cherriesof a tree in a bottom-upprocess.Given a cherry v1 2 T1, choose
` 2 L(v1) and let v2 be the parentnodeof leaf ` in T2. If v2 is not a cherry or if L(v1) 6= L(v2) then
Lem. 8 statesthat three leaves `; `0; `00on which T1 and T2 con�ict can be identi�ed in O(n) time. If,
however, v2 is a cherry and L(v1) = L(v2), then the cherriescan be eatenin both trees.This means
that leaves hangingfrom v1 and v2 are deleted,turning v1 and v2 into leaves to which a samelabel is
assigned(the label is arbitrarily chosenin L(v1) = L(v2)). Note that this modi�cation of the treecan in
turn transformthe parentnodeof v1, respectively v2, in a cherrynode.

The processingof cherriesin T1 is iterateduntil the treesare both reducedto a single leaf with the
samelabel (thenwe know that the input treesareisomorphic)or until a con�ict is identi�ed (that is also
presentin the original trees).For this algorithm to be usedas a subroutineof other algorithmsin the
paper, we assumethat the tree T1 is returnedin the casewhereisomorphismis detected,and otherwise
that the threeleavesof the identi�ed con�ict are returned.

Theorem1: Let T1, T2 be two rooted treeswith identical leaf set L of cardinality n. In time O(n)
algorithm CHECK-ISOMORPHISM-OR-FIND-CONFLICT(f T1; T2g) eitherconcludesthat the treesare iso-
morphicwhenever this is the case,or otherwiseidenti�es a hardor soft con�ict betweenT1, T2.

Proof: Correctnessstemsfrom Lemmas7 and8, and from the fact that only identicalpartsof the
treesare eaten.In that case,assigningto v1 and v2 the samelabel chosenin L(v1) = L(v2) guarantees
that the modi�ed treeswill be isomorphiciff the original treesare isomorphic.Moreover, if f `; ` 0; `00g is
a con�ict betweenthe modi�ed treesthen f `; `0; `00g is alsoa con�ict in the original trees.

Concerningthe running time, computingand maintainingthe list of cherriesin T1 costsO(n) time
globally. Given a cherryv1 2 T1, �nding the correspondingnodev2 2 T2 is O(1). Eatingv1 andv2 costs
a time proportionalto the numberof their children,henceO(n) amortizedtime over the whole process.
Whennon-isomorphismis detected,identifying a con�ict requiresO(n) time (cf Lem. 8).

Considernow thecaseof a collectionT = f T1; T2; : : : ; Tkg of k treeson n leaves.Theproblemis still
solvable in linear time O(kn): run the above-statedalgorithm successively on all pairs (T1; Ti ), where
1 < i � k, until a con�ict is found (andthenreturned)or all treesareprocessed(andthenthe treeT1 is
returned).
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B. The FIND-REFINEMENT-OR-CONFLICT algorithm

Let T = f T1; T2g be a collectionof two input treeswith identicalleaf setL of cardinalityn. We detail
herean O(n) algorithm,calledFIND-REFINEMENT-OR-CONFLICT(f T1; T2g), that eitheridenti�es a hard
con�ict betweentreesof T or returnsa minimum re�nement of T .

Similarly to theprevioussection,this algorithmcouldbeobtainedby directmodi�cation of anexisting
algorithmthatdecideswhethertwo treesarecompatible[19], [8]. However, thealgorithmof [8] maintains
O(n2)-sizeddatastructures(to identify con�icts) whenwe aim for linear time. Moreover, the linear time
algorithmof [19] performsseveralpassesover thetrees(�rst re�ning T1 accordingto T2, thenT2 according
to T1, and �nally doing an isomorphismcheckof the resulting trees).Instead,we presenta somewhat
different linear time algorithm performinga single passover the treesand identifying a con�ict in case
of non-compatibility.

Since soft con�icts are allowed by compatibility, a cherry v1 2 T1 doesnot always correspondto
a cherry v2 2 T2 with the sameleaf set. Given v2 the parentin T2 of a leaf ` 2 L(v1), caseswhere
L(v1) � L(v2) or L(v2) � L(v1) arenow allowed.Moreover, v2 is no longerrequiredto bea cherry1. We
usethe following result,which plays for compatibility the samerole asLem. 7 plays for isomorphism:

Lemma9: Let f T1; T2g be a compatiblecollection, v1 a cherry in T1 and v2 := lcaT2 (L(v1)) . Then
thereis a subsetC of (at leasttwo) childrenof v2 suchthat L(v1) = L(C).

Proof: Let C be the setof childrenc of v2 s.t. L(c) \ L(v1) 6= ; .
First, let ` beany leaf in L(v1). Becausev2 is a properancestrorof `, thereis a child c of v2 on thepath

from ` to v2. Hence,` 2 L(c) \ L(v1), thusc 2 C and` 2 L(c) � L(C). It follows that L(v1) � L(C).
Now, if C wasto containa singlechild of v2, thenthis child would be a commonancestorof L(v1) and
thusv2 would not be the least commonancestorof L(v1). Thus,we have # C � 2.

Finally, supposethat L(v1) is a propersubsetof L(C). Then, thereis c 2 C s.t. 9 ` 2 L(c) � L(v1).
Consider̀ 0 2 L(c) \ L(v1), c0 2 C s.t.c0 6= c and`002 L(c0) \ L(v1): `00j`` 0 2 r t(T2) while `j` 0̀ 002 r t(T1).
Hence,by Prop.1-(ii), f T1; T2g is not compatiblewhich is a contradiction.Therefore,L(v1) = L(C).

Sketch of algorithm.
Let T = f T1; T2g be a collection of two input treeswith identical leaf set L. The algorithm gradually
prunespartsof T1 and T2, repeatedlyeatingcherriesin T1 and correspondingparts in T2. This process
endswhenthe treesarereducedto a singleleaf or a (hard)con�ict is found.At eachstep,a cherryv1 in
T1 is chosen,and the correspondingnodev2 := lcaT2 (L(v1)) identi�ed, as well as the subsetC of v2's
childrenc suchthat L(c) \ L(v1) 6= ; . Theneither:
(i) L(v1) = L(C) = L(v2) (i.e. C is the set of all children of v2), then subtreesS(v1) and S(v2) are

pruned;
(ii) L(v1) = L(C) � L(v2), thensubtreeS(v1) and the setS of subtreesS(c), with c 2 C, arepruned;
(iii) L(v1) 6= L(C), then a con�ict involving a leaf ` 2 L(C) � L(v1) and two leaves `0; `002 L(v1) is

identi�ed (seeproof of Lem. 9) andreturned.
Pruning a subtreeS(v1); S(v2) or a set S of subtreesmeansdeletingall its nodesand replacingit (the
subtreeor the whole set S underv2) by a single leaf. Both in T1 and T2 this new leaf is given a new
label, say ` � (which changesat every step).

To build the re�nement of T1 and T2, a forest of treesis maintained,initially containinga leaf-tree
for eachleaf in L. Unlike T1 andT2, treesof the foresthave labelson their internalnodes.At eachstep
of the algorithm,sometreesin the forestareassembledto mimic subtreesof T1 andT2 that arepruned
(cases(i) and(ii)). Treesto assembleare identi�ed thanksto the label of their root, which is found at a
leaf in the part of T1 and T2 to reproduce.Every suchassemblyaddsa new clusterof T1 or T2 in the
forest.The clustersformed by treesin the forest are thus all clustersidenti�ed by the algorithm in the
two input trees.More precisely, eachtree of the forest is a minimum re�nement of a subtreein T1 and
the correspondingsubtreein T2. As the assemblingprocessgoeson, the numberof treesin the forest

1e.g. usingparentheticalnotation,T1 = (`1 ; `2 ; (`3 ; `4)) andT2 = (( `1 ; `2); `3 ; `4), admit (( `1 ; `2); (`3 ; `4)) ascommonre�nement.
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decreasesand eachtree containsmore and more leaves, i.e. is a re�nement of a larger part of T1 and
T2. When only one tree T remainsin the forest, it containsall leaves of T1 and T2 and is a minimum
re�nement of the entireT1 andT2 trees.

The pseudo-codeFIND-REFINEMENT-OR-CONFLICT(f T1; T2g) (seeAlgorithm 1) details this process
that either identi�es a hardcon�ict betweenT1 andT2, or returnsa treeminimally re�ning them.

Algorithm 1: FIND-REFINEMENT-OR-CONFLICT(f T1; T2g)
Input : Two rootedtreesT1; T2 on the sameleaf setL.
Result: A hardcon�ict betweenT1 andT2, or a treeT on L minimally re�ning T1 andT2.
F  L /* F is a forestof rootedtrees(initially leaf-trees)*/
Let Ch be the list of cherriesin T1

1 while Ch 6= ; do
Choosev1 in Ch

2 Let ` � be a new label, v a new nodein F labelled` � and let v2 = lcaT2 (L(v1))
C  ; /* C are the subtreesof v2 to prunebecauseof v1 */

3 P  L(v1) /* P are leavesleading to identify new subtreesto prune*/
4 foreach leaf ` 2 L(v1) do
5 if ` 2 P then
6 Let c be the child of v2 s.t. ` 2 L(c)
7 foreach leaf `002 L(c) do
8 if `002 P then P  P � f `00g

else
/* case(iii) in the text */

9 Let `0 be a leaf in L(v1) � L(c)
Let T, respectively T0, respectively T00, be the tree of F whoseroot is labelled
by `, respectively `0, respectively `00

10 `  a leaf of T, `0  a leaf of T0, `00 a leaf of T00

return f `; `0; `00g /* con�ict on f `; `0; `00g */

11 Add to F a treeTc that is a copy of S(c) thenconnectTc to othertreesin F by merging
respectively eachof its leaveswith the root of the treehaving the samelabel

12 Add an edgein F makingTc a new child subtreeof v.
Add c to C

13 ReplaceS(v1) in T1 by a new leaf labelled` � andadd its parentto Ch if it becomesa cherry
14 foreachnodec 2 C do Remove the subtreeS(c) from T2

15 if v2 hasbecomea leaf in T2 then /* case(i) in the text */ Label v2 by ` �

16 else /* case(ii) in the text */ Graft a new leaf labelled` � by a new edgeunderv2

return a treeT in F /* in fact, there is only one tree left in F at that stage */

Theorem2: Let T1, T2 be two rooted treeswith identical leaf sets, in time O(n) algorithm FIND-
REFINEMENT-OR-CONFLICT(f T1; T2g) eitherreturnsa treeT minimally re�ning T1 andT2 if sucha tree
exists, or otherwisereturnsa hardcon�ict betweenT1 andT2.

Proof:
Correctness. (i) First considerthe casewhere the algorithm returnsa treeT.
Note that the progressive eating of T1 (line 13) guaranteesthat eachinternal node of the original T1

becomesat somestep a cherry v1 in the modi�ed T1. Moreover, during the processingof v1 at some
iteration of loop 1, the updatesof F (lines 2,11,12)guaranteethat F containsa tree Tv rootedat v s.t.
L(Tv) is theclusterof theoriginal T1 inducedby v1 whenthe inner loop (initiatedat line 4) ends.Hence,
in particular, after processingthe root of T1, thereis a treein F with leaf setL. Note in passingthat this
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is the only treeremainingin F at that point sincethe setof leavesof treesin F is alwaysexactly L (this
is true whenF is createdandafter eachupdateof F ). Hence,returningthe only treeleft in F at the end
of the algorithmgivesa treeT s.t. L(T) = L.

F is initialized with treesof sizeone,eachonebeinga leaf labelledby anelementof L, i.e. containing
no cluster. Thenchangesin theforestonly consistin connectingsomeof its trees,which addsnew clusters
and never removes alreadyformed clusters.The assemblingof treescontinuesuntil they all have been
connectedinto onetreeT that hencecontainsall clustersformedin F during executionof the algorithm.
We now show that Cl(T) = Cl(T1) [ Cl(T2), i.e. that all clustersof T1 andT2 areformedin F , andonly
those.

� Clusters of T1: let C1 be a clusterof T1 inducedby an internal nodev1 of T1. The gradualeating
of cherriesof T1 guaranteesthat v1 is the considerednode at an iteration of loop 1. During this
iteration,after the endof loop 4, F containsa new tree,sayTv, with root v s.t. L(Tv) = L(v1), i.e.
C1 is inducedby a tree in F .

� Clusters of T2: eachclusterC2 of Cl(T2) is either inducedby the nodec in T2 consideredon line 6
or inducedby a node inside S(c). In both cases,after the executionof line 11, a copy of C2 has
beenaddedin a treeof F .

This shows that every cluster of T1 and T2 is formed in F at somestep, i.e. is presentin the tree T
output by the algorithm. Moreover, new clustersare only formed in F due to changesdoneat line 11
and line 12. Thesechangesin F respectively involve:

� creating in F a copy of the subtreeS(c) of T2, whose leaves are merged with roots of trees
previously in F having respectively the samelabel. Each such label either belongsto L or is a
label ` � correspondingto an internalnodev in the original T2. In the latter case,the treeof F with
root labelledby ` � hasL(v) as leaf-set.This guaranteesthat line 11 addsin F only clusterspresent
in the original treeT2;

� addingexisting treesor newly formed treesas child subtreesof the nodev of F , until it becomes
the root of a treehaving L(c) asleaves.Thus,theseexecutionsof line 12 form in F a clusterof T1.

Therefore,only clusterspresentin T1 andT2 are formed in F .
As a result, if the algorithmreturnsa treeT, this tree is s.t. Cl(T) = Cl(T1) [ Cl(T2). By Lem. 2, this

implies that T is a minimum re�nement of T1 andT2.
(ii) Finally, considerthe casewhere the algorithm returnsa con�ict.

The algorithm returnsa con�ict `; `0; `00whenever a leaf `00 =2 P, i.e. `00 =2 L(v1) is found in the subtree
rooted at a child c of v2 := lcaT2 (L(v1)) . But since L(c) containsboth a leaf in ` 2 L(v1) and leaf
`00 =2 L(v1) then there is no subsetC of v2 children s.t. L(C) = L(v1). Hence,by Lem. 9 there is a
con�ict betweenT1 andT2 in their currentstate(recall that thesetreesaregraduallyreducedduring the
algorithm).Indeed,let `0 2 L(v1) � L(c) (sucha leaf existsby de�nition of v2), then`00j`` 0 2 r t(T1) while
`0j`` 002 r t(T2). Now if f `; `0; `00g is a con�ict betweenT1 and T2, the way treesare graduallyreduced
by the algorithm on lines 13-16 implies that there is a con�ict in the original treesT1 and T2. Sucha
con�ict is returnedby the algorithmby replacing`, respectively ` 0; `00by a leaf of the original subtreeit
represents(the treeof the forestto which `, respectively `0; `00, belongsis a re�nementof a subtreeof the
original treeT1 andof a subtreeof the original treeT2). Thus, if the algorithmreturnsa con�ict, this is
a con�ict betweenthe input treesT1 andT2.
Runningtime. Thealgorithmis traversingT1, T2 a constantnumberof times,spendinga constantamount
of time at eachof theO(n) nodesandedges.Nodesv2 areidenti�ed in O(n) amortizedtime by exploring
a differentsubtreeof T2 eachtime (or usingdynamicdatastructuresproposedby [26]). Thelist of cherries
in T1 is maintainedin O(n) globally, setsof subtreesS(c) correspondingto processedcherriesof T1 are
identi�ed andremoved in O(n) globally. SeeAppendix I for moredetails.

We now generalizeThm. 2: given a collectionT = f T1; T2; : : : ; Tkg of k rootedtreeswith leaf setL
of cardinalityn, we want to computea minimum re�nement of T if T is compatible.Otherwise,a hard
con�ict betweentwo treesof T hasto be identi�ed.
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Note that we can not proceedexactly as done in the previous sectionfor isomorphism,becausethe
compatibility relation is not transitive. However, taking minimum re�nement of (compatible)treesis an
associativeoperation.Thus,we caniteratetheprocessdescribedabove for two treesin thefollowing way:
choosetwo treesof T andreplacethemin T by their minimumre�nementoutputby theprocess.Repeat
that operationuntil either a con�ict is found or until T hasonly one tree left, which is the minimum
re�nement of the initial collection. In the �rst hand, the running time is clearly O(kn) since at most
k � 1 pairs of treeswith n leaves are considered.On the other hand,Lem. 2-(iii) assuresthat the setS

Ti 2T r t(Ti ) is left unchangedafter eachiterationof the algorithm.Hence,if a hardcon�ict is returned
then this hardcon�ict is presentbetweentwo treesof the original collection.

C. Dealing with unrootedtrees

Let U be a collection of unrooted treeswith identical leaf set L and let � 2 L. As suggestedby [3],
[8]:

� all (rooted) treesof the collection U� � are isomorphiciff all (unrooted)tree of U are isomorphic
and,

� the collectionU� � is compatibleiff the collectionU is compatible.
Moreover, if f `; `0; `00g is a hardor soft con�ict, respectively a hardcon�ict, betweentwo treesT1, T2 2
U� � , thenthe treesT+ �

1 , T+ �
2 which bothbelongto U aresuchthatT + �

1 jf �; `; `0; `00g andT+ �
2 jf �; `; `0; `00g

are not isomorphic,respectively
�

T+ �
1 jf �; `; `0; `00g; T+ �

2 jf �; `; `0; `00g
	

is not compatible.Thus,using the
algorithmspresentedin this sectionon U� � , it is possibleto checkin linear time whetherall treesin U
are isomorphicor compatible,andotherwiseto identify a quartetof con�icting leaves.

IV. FIXED-PARAMETER TRACTABILITY OF MAST AND MCT

The previous sectionconsideredthe problemof decidingwhethertreesof an input collectioncon�ict
on the relative location of leaves, i.e. taxa. In most practicalcases,the answeris positive and one can
then aim at producinga consensusof the input treesby removing a minimum set of con�icting leaves,
that is solving the MAST and MCT problems.The presentsectionproposesexact algorithmsto solve
theseproblems.They useassubroutinesthe algorithmspresentedin the previous section.

The MAST andMCT problemsarebothNP-hardin general.However, differentalgorithmshave been
proposedfor MAST with a running time that is exponentialonly on a given parameter, for instancethe
degree. [16] showed that a parameterizedversion of MAST is �x ed-parametertractable(FPT). More
formally, a problemis FPT whenever it can be solved by an algorithm with O(f (p)N � ) running time,
where p is the parameter, N is the size of the input, � is a constant(independantof both p and N )
andf is an arbitraryfunction, thoughusuallyexponential[16]. The interestin designing�x ed-parameter
algorithmsis that for somepracticalinstances,the valueof the parameteris known to be small. Hence,
the exponentialterm hiddenin the function f is not penalizingthat muchthe runningtime, which means
that the problemis tractablefor that kind of instances.

We�rst considerthe�x ed-parametertractabilityof MAST andMCT onrootedtrees.Theparameterized
versionof MAST consideredin [16], [17] is the following searchproblem:

Name: PARAMETERIZED ROOTED MAXIMUM AGREEMENT SUBTREE (PRMAST)
Input: A collectionT = f T1; T2; : : : ; Tkg of k rootedtreeswith identical leaf setL of cardinalityn.
Parameter: an integer p � 0.
Task: Find an agreementsubtreeT of T s.t. # T � n � p, if sucha treeexists.

Similarly, we de�ne

Name: PARAMETERIZED ROOTED MAXIMUM COMPATIBLE TREE problem(PRMCT)
Input: A collectionT = f T1; T2; : : : ; Tkg of k rootedtreeswith identical leaf setL of cardinalityn.
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Parameter: an integer p � 0.
Task: Find a treeT compatiblewith T s.t. # T � n � p, if sucha treeexists.

On practicaldata,thevalueof p is likely to be reasonnablysmall. Indeed,sourcetreesarenow usually
inferredfrom lenghtymolecularsequencesandthroughmoreandmoreaccurateinferencemethods.Thus,
treesinferredon a samesetof taxaandgiven as input to PRMAST and PRMCT areunlikely to differ
on the location of a large numberof taxa. Moreover, con�dence valuesenableto detectand collapse
edgeswith unsuf�cient statisticalsupport,which incidentallyreducesthenumberof con�icts betweenthe
sourcetrees.

Links betweenMAST, respectively MCT, and the HITTING SET problem [3], [15], [16], [17], re-
spectively [8], have suggestedtwo ways to solve the former: SectionIV-A describesa recursive method
sketchedin [16], whose complexity is slightly improved here. Then, Sect. IV-B describesa method
explicitly solving3-HITTING SET asa subproblem[16], [17]. Thesetwo methodsleadto FPTalgorithms
having complementaryrunning times. Indeed,which approachis the fastestdependson the particular
valuestaken by p and n. Both methodswere originally introducedfor solving PRMAST. They also
apply to solve PRMCT as shown below. Moreover, Sect. IV-C shows that the two methodscan be
extendedto dealwith unrootedtrees.

A. RecursiveFPT algorithms

Startingfrom the remarkthat if any two treesof a collectionhave a con�ict, then the leaves involved
in the con�ict do not appearin any agreementsubtreeof the whole collection (Prop.1-(i)), a recursive
algorithm for �nding an agreementsubtreeof an initial collection T of k rootedtreesis the following
[16]: identify a con�ict f `; `0; `00g betweentwo input trees,thentry alternatively to remove oneof `, ` 0, `00

from all treesof T anditerateon the threepossiblerestrictedcollectionsuntil a collectionof isomorphic
treesis obtainedor until p leaveshave beenremoved. Hence,to solve PRMAST, we needa subroutine
that checksthat k treesare isomorphicor otherwisereturnsa hardor soft con�ict betweentwo of these
trees.Algorithm CHECK-ISOMORPHISM-OR-FIND-CONFLICT of Sect.III-A canbeusedfor this purpose.
We call RECURSIVE-MAST the resultingrecursive algorithmsolving PRMAST.

To solve PRMCT, a similar algorithm can be used.It needsa subroutinethat returnsa minimum
re�nementof a collectionof k treeswhensucha treeexists,or otherwisereturnsa hardcon�ict between
two treesof the collection.The linear-time algorithm FIND-REFINEMENT-OR-CONFLICT of Sect.III-B
canbeusedfor thispurpose.Wecall RECURSIVE-MCT thisalgorithmsolvingPRMCT. Notethattheonly
differencebetweenRECURSIVE-MAST and RECURSIVE-MCT is that the former issuescalls to CHECK-
ISOMORPHISM-OR-FIND-CONFLICT, while the latter issuescalls to FIND-REFINEMENT-OR-CONFLICT.
The pseudo-codefor RECURSIVE-MCT is given in Algorithm 2.

Algorithm 2: RECURSIVE-MCT(T ; p)
Input : A collectionT = f T1; T2; : : : ; Tkg of k rootedtreeswith identical leaf set L andan integer

p � 0.
Result: A treeT compatiblewith T s.t. # T � # L � p if sucha treeexists or, otherwise,the empty

tree ; .
res FIND-REFINEMENT-OR-CONFLICT(T )
if resis a treeT then return T /* this tree is compatiblewith T */
/* Otherwiseresis a setof three leavesthat is a con�ict in T */
if p > 0 then

foreach leaf ` 2 resdo
17 T  RECURSIVE-MCT

�
T j(L � f `g); p � 1

�

18 if T 6= ; then return T

19 return ;
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Theorem3:
(i) Algorithm RECURSIVE-MAST solves the PRMAST problemin O(3pkn) time.

(ii) Algorithm RECURSIVE-MCT solves the PRMCT problemin O(3pkn) time.
Proof:

Correctness. We give the proof of (ii), the proof of (i) is similar.
We proceedby inductionon p. If p = 0, thentheresultof RECURSIVE-MCT is theresultof thealgorithm
FIND-REFINEMENT-OR-CONFLICT, which is correct.

If p > 0, andT is compatible,thenFIND-REFINEMENT-OR-CONFLICT returnsa minimum re�nement
of T , i.e. a treeof size# L � # L � p andcompatiblewith T , which is correct.

If p > 0 andT is notcompatible,thentheresultresof thealgorithmFIND-REFINEMENT-OR-CONFLICT

is a hardcon�ict f `; `0; `00g betweentwo treesof T .
By Prop.1-(ii), this implies that there is no tree compatiblewith T including all leaves of res. This

meansthat there is a tree of size at least # L � p and compatiblewith T iff there is a tree of size
at least # L � p and compatiblewith T j(L � f `g), T j(L � f `0g) or T j(L � f `00g). On line 17 of the
algorithmRECURSIVE-MCT, areissuedrecursive callson the threecollections,whoserespective leaf sets
areall of cardinality# L � 1. By induction,eachof thesecalls, taking as input a collectionwith leaf set
~L 2 f L � f `g; L � f `0g; L � f `00g

	
, returnsa treeof sizeat least# ~L � (p� 1) = # L � p andcompatible

with the consideredcollection iff sucha treeexists. Thereare two cases:
� the threerecursive calls returnan empty tree,which thenmeansthat thereis no treeof sizeat least

# L � p andcompatiblewith T and justi�es returningan empty treeon line 19;
� one of the three recursive calls returnsa tree T of size at least# L � p and compatiblewith the

consideredcollection.Returningthis treeon line 18 asa solution to (T ; p) is correct.
Runningtime. Therecursive calls in thealgorithmsRECURSIVE-MCT form a searchtreeof depthat most
p (p is decreasedby oneat eachrecursive call until it reaches0) whosenodeshave degreeboundedby 3
(0 to 3 recursive calls are issuedat eachexecutionof the pseudo-code).Hence,the searchtreeexplored
containsat mostO(3p) nodes.Moreover, by resultsof Sect.III eachnodeis processedin O(nk) because
it requiresa singlecall to FIND-REFINEMENT-OR-CONFLICT (restrictingT to L � f `g only costsO(k)).

For PRMAST, this improves on the complexity of [16] by a logn factor. ConcerningPRMCT, this
is the �rst time that the problemis shown to be FPT. The burdenof the complexity dependsonly on the
level of disagreementbetweenthe input trees.Whenconsideringa collectionof treesdisagreeingon few
species,we obtainan ef�cient algorithm,whatever the size,numberanddegreeof the input trees.

B. Algorithmsresortingexplicitly to 3-HITTING SET

1) The HITTING SET problem:
Let C be a collection of subsetsof a groundset L. A hitting set of C is a set H s.t. for all X 2 C,

H \ X is non-empty. The correspondingsearchproblemis:
Name: HITTING SET

Input : A collectionC of subsetsof a �nite groundsetL andan integer p � 0.
Task: Find a hitting setH of C s.t. # H � p, if sucha setexists.

HITTING SET is an alternateformulationof SET COVER. It is NP-complete[27] andW[2]-completefor
parameterp [28, Prop.10].

The d-HITTING SET problem(whered is a �x ed positive integer) is the restrictionof HITTING SET to
instanceswheresetsin C have cardinalityd. Thed-HITTING SET problemis known to be �x ed-parameter
tractable,the bestcurrentalgorithmrunning in O(cp + # C) time wherec = d � 1 + O(d� 1) [29].

The particularcaseswhered = 2 and d = 3 have beenextensively considered.The 2-HITTING SET

problemcanbe seenasan alternateformulationof the VERTEX COVER problem,for which thereis very
ef�cient FPT algorithms(see[30] and referencestherein).For 3-HITTING SET, [29] give an algorithm
running in O(2:27p + # C) time, which is moreef�cient than the algorithmfor generald.
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2) ReducingPRMCT and PRMAST to 3-HITTING SET:
PRMCT and PRMAST canbe solved by reductionto 3-HITTING SET:
Proposition2: Let T be a collectionof rootedtreeswith identical leaf setL and let H � L.

(i) Let C be the set of hard and soft con�icts in T : H is a hitting set of C iff there is an agreement
subtreeof T with leaf setL � H .

(ii) Let C be the setof hard con�icts in T : H is a hitting setof C iff thereis a treecompatiblewith T
with leaf setL � H .
Proof:

(i) If H is a hitting set of C then for every hard or soft con�ict on threeleaves in T , at leastone of
theseleavesis removed in L � H . Thus,all treesin T j(L � H ) inducethesametriple andfansets,i.e. by
Lem. 1-(ii) are isomorphic.Theseisomorphictreeson L � H areagreementsubtreesof T . Conversely,
let T be an agreementsubtreeof T with leaf setL � H . Let X 2 C, we have X � L andX 6� L � H
by Prop.1-(i). This implies X \ H 6= ; , henceH is a hitting setof C.

(ii) If H hits all hard con�icts betweentreesof T , then treesin T j(L � H ) have no hard con�ict.
Thus,by Prop.1-(ii), T j(L � H ) is compatible,i.e. thereis a treewith leaf setL � H that is compatible
with T . Conversely, let T be a treecompatiblewith T having leaf setL � H , the samereasoningasthe
secondpart of the proof of (i) appliesthanksto Prop.1-(ii) to show that H is a hitting setof C.

Proposition2-(i) is implicitly usedin [17] andProp.2-(ii) in [8].
Theorem4: PRMAST and PRMCT problemscanbe solved in O(2:27p + kn3) time.

Proof: Knowing the rootedtriples and fansinducedby a tree can be donein O(n3) [24]. Hence,
knowing the set C of hard and soft con�icts (respectively only hard con�icts) betweenthe k input trees
requiresO(kn3) time. Using C asinput, the FPT algorithmof [29] eithergivesa hitting setH of sizeat
mostp or concludesthatno suchsetexists, in O(2:27p + # C) time, where# C = O(n3). In the lattercase,
Prop.2-(i), respectively Prop.2-(ii), implies that thereis no feasiblesolution to PRMAST, respectively
PRMCT. This conclusionis reachedin O(2:27p + kn3) time.

To solve PRMAST, when the algorithm of [29] returnsa hitting set H of C, then chooseany tree
Ti 2 T andreturnTi j(L � H ). This tree,of at leastn � p size,is computedin time O(n) andis a solution
for PRMAST, asinducedby Prop.2-(i). To solve PRMCT from a hitting setH returnedby thealgorithm
of [29], computethe collectionT j(L � H ). Prop.2-(ii) guaranteesthat thereis a treecompatiblewith T
thathasL � H asleaf set,i.e. thathasat leastn � p leaves.Algorithm FIND-REFINEMENT-OR-CONFLICT

(describedat the end of Sect.III-B) producessucha tree in O(kn) time. Thus, the most computational
intensive stepsto obtain a solution to PRMCT are computingC and obtainingH , i.e. PRMCT can be
solved in O(2:27p + kn3) time.

The fact that PRMAST canbe solved in O(2:27p + kn3) time is alreadystatedin [17].

C. Unrootedtrees

We now considervariant of the problemPRMAST, respectively PRMCT, that takes a collection of
unrootedtreesas input. We call PUMAST, respectively PUMCT, the resultingproblem(U is for UN-
ROOTED). SupposegivenanalgorithmFIND-ROOTED-TREE thatsolvesPRMAST, respectively PRMCT(e.g.,
seeSect. IV-A and Sect IV-B). For eachcollection T of rooted treeswith identical leaf set L and for
eachinteger p � 0, FIND-ROOTED-TREE(T ; p) returns

� the empty tree if # M AST(T ) < # L � p, respectively if # M CT(T ) < # L � p,
� an agreementsubtreeof, respectively a treecompatiblewith, T of sizeat least# L � p otherwise.
Resultsof Sect.II-C suggestthat PUMAST, respectively PUMCT, on a collectionU of unrootedtrees

canbe solved by n runsof FIND-ROOTED-TREE, onecall for eachU� ` (` 2 L). This procedurewould
add an n factor to the complexity for the rootedcase.However, Algorithm 3 below solves PUMAST,
respectively PUMCT, with at mostp + 1 calls to FIND-ROOTED-TREE.
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Algorithm 3: FIND-UNROOTED-TREE(U; p)
Input : A collectionU of unrootedtreeswith identical leaf setL andan integer p � 0.
Result: a solution to PUMAST, respectively PUMCT, if oneexists, the empty tree ; otherwise.
Choosearbitrarily L 0 � L s.t. # L 0 = p + 1
foreach` 2 L 0 do

T`  FIND-ROOTED-TREE(U� ` ; p)
if T` 6= ; then return

�
T`

� + `

return ;

We now prove the correctnessof this algorithm:
Proposition3: Given a collection U of unrootedtreeswith identical leaf set L and an integer p � 0,

algorithmFIND-UNROOTED-TREE returnsan unrootedagreementsubtreeof U, respectively an unrooted
treecompatiblewith U, of sizeat least# L � p iff sucha treeexists.

Proof: Assumethat FIND-ROOTED-TREE solves the PRMAST. We show that FIND-UNROOTED-
TREE solves PUMAST (the proof for PRMCT / PUMCT is similar).

Below, in a) we show that if # M AST(U) < # L � p then FIND-UNROOTED-TREE(U; p) returnsthe
empty tree.In b) we show that if # M AST(U) � # L � p then FIND-UNROOTED-TREE(U; p) returnsa
treeof sizeat least# L � p that is an agreementsubtreeof U.

a) Suppose# M AST(U) < # L � p: Then,for any ` 2 L, by Lem. 6-(i), we have

# M AST(U� ` ) + 1 � # M AST(U) < # L � p;

i.e. # M AST(U� ` ) < (# L � 1) � p. SinceU� ` is a collection of rootedtreeswith leaf set L � f `g of
cardinality# L � 1, the treeT` returnedby FIND-ROOTED-TREE (U� ` ; p) is theemptytreefor all ` 2 L 0.
HenceFIND-UNROOTED-TREE returnsthe empty tree.

b) Suppose# M AST(U) � # L � p: The sizeof L 0 guaranteesthat at leastone leaf `M in L 0 is in
a maximumagreementsubtreeof U. By Lem. 6-(i) we have

# M AST(U� `M ) + 1 = # M AST(U) � # L � p;

i.e. # M AST(U� `M ) � (# L � 1)� p. Hence,T`M is anagreementsubtreeof U� `M s.t.# T`M � (# L � 1)� p.
This guaranteesthat at leasta call to FIND-ROOTED-TREE returnsa non-emptytree,hencethat FIND-
UNROOTED-TREE(U; p) returnsan non-emptytree. Let ` be the �rst leaf of L 0 s.t. T` 6= ; . Then, by
Lems. 3 and 5-(i),

�
T`

� + `
is an agreementsubtreeof

�
U� `

� + `
= U and is of size # T` + 1. Thus

#
�
T`

� + `
� # L � p.

Using the algorithmsof the previous section (for the rooted case)as subroutinesin the algorithm
FIND-UNROOTED-TREE, enablesus to statea running time in which PUMAST and PUMCT can be
solved.

Theorem5: Givena collectionU = f U1; U2; : : : ; Ukg of k unrootedtreeson anidenticalsetof n leaves,
PUMAST and PUMCT canbe solved in time O

�
(p + 1) � minf 3pkn; 2:27p + kn3g

�
.

Proof: Use the algorithm FIND-UNROOTED-TREE, where choosingL 0 requiresO(n) time and
obtaining

�
T`

� + `
from a tree T` requiresO(1). Then, the only other thing to do is to perform at most

p+ 1 calls to FIND-ROOTED-TREE. Using the algorithmsof Sect.IV-A andIV-B to instantiatethe calls
to FIND-ROOTED-TREE gives the claimedresultby Thms.3 and4.

D. Remarksfor solvingrelatedproblems

The computationalproblemsconsideredabove canbe seenasgeneralizationsof the well-known TREE

ISOMORPHISM and TREE COMPATIBIL ITY problems.The latter is of particularinterestin phylogenetics
and is deciding whethera collection of rooted input treeswith identical leaf sets is compatible[25].
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TREE COMPATIBIL ITY for rootedtreesis identical to the restrictionof PRMCT to instancesfor which
p = 0. Algorithm RECURSIVE-MCT solves this particularproblemin linear time (Thm. 3 with p = 0).
The TREE COMPATIBIL ITY problemfor unrootedtreesis identical to the PUMCT problemwith p = 0
and is then solved in linear time also (Thm. 5). Linear algorithmsare obtainedin a similar way for the
TREE ISOMORPHISM problemon rootedor unrootedtrees,which areparticularcasesof PRMAST and
PUMAST respectively.

Hence,the generalalgorithmsproposedin this paperallow to solve TREE ISOMORPHISM and TREE

COMPATIBIL ITY in the samerunning time asdedicatedalgorithms[19], [20].
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APPENDIX I
DETAILS ON THE IMPLEMENTATION OF FIND-REFINEMENT-OR-CONFLICT ON TWO TREES

The O(n) running time of the algorithm is shown herein detail by a successive examinationof data
structuresandoperationsthey support:

� TreesT1 andT2 arestoredby usualpointers.
Eachedgeof T1 is processedonce,when its higher node is the cherry v1 processedby the main
loop. Its highernodeis eithera cherryat start,or becomesa cherrybecauseof the repeatedprocess
of replacingcherriesof T1 by a new leaf each.
Edgesof T2 areeachexamineda constantnumberof times:whenconsideringa nodev2, theedgesof
eachsubtreeS(c) containingleaves in L(v1) will be consideredoncewhentraversingS(c) (line 7),
plus oncefor someof them,whenc hasto be identi�ed (line 6: edgesof the pathfrom leaf ` to the
�rst ascendantc that is a child of v2). In caseof con�ict, edgesof a subtreecanbe traversedanother
time to identify a leaf `0 (line 9) beforestoppingthe algorithm. Finding sucha leaf is the reason
why subtreesS(c) arenot readily removed from T2 whenprocessed(hencethe reasonfor list C).
When all leaves of L(v1) have beenprocessedsuccessfully, eachedgeof a subtreeS(c) hasbeen
traversedtwice and is traverseda �nal time to make a copy of the subtreein F (line 11), before
beingremoved (line 14).

� ForestF consistsof a setof nodesarrangedin a setof non-overlappingtreesthat aresubtreesof the
�nal output tree on n leaves.Thus,at any step,the forest containsO(n) nodes.Assemblingsome
treesin F (line 14) involves identifying nodeswith labelscorrespondingto leaves in a subtreeof
S(v2) and connectingthem accordingto the topology of this subtreeof T2. For this purpose,an
additionalarray can be easily maintainedto �nd eachrequirednodeof F in O(1). Creatinga new
nodev in F with a given label (line 2) is doneO(n) times and costsO(1) eachtime. In caseof
con�ict, at most threedifferent treesof F , i.e. O(n) nodes,are traversed(line 10) to �nd leavesof
L (i.e. leavesof treesin F ).

� List C is a simple linked list of root nodesof child subtreesof v2 to be removed from T2 after all
leaves of P have beenprocessed.Eachelementis addedin O(1) and removed in O(1) when the
list is emptied(line 14). Removing eachsubtreefrom the list of child subtreesof v2 is performedin
O(1) whencoding its childrenasa bidirectionallinked list.

� The list of leavesP is managedasan arrayof 2n � 2 bits: one for eachof the n original labelsof
leaves, plus one for eachof the n � 2 new labels (assignedto a cherry node that becomesa leaf
when pruning its child nodes.Initially, all entriesare zeroed,indicating the absenceof any leaf in
P. When consideringleaves L(v1) of a cherry v1 2 T1, only bits correspondingto theselabelsare
set (line 3). Then leaves put in P (line 3) are successively taken until noneremains(loop line 4).
This is doneby listing the childrenof v1 (they areall leaves).
Testingwhethera leaf `00 is in P (line 8) is just checkingwhetherthe correspondingbit is set at
1. On the sameline, removing the leaf from P is just settingthis bit at 0. Note that after the last
iterationof the loop line 4, P hasreturnedto its initial state,i.e. all the bits that weresetat 1 have
beenturnedbackto 0. Thus,usingP to handleleavesof a cherryv1 during an iterationof the main
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while loop (line 1) costsa time proportionalto # L(v1). After this iteration, the leaves L(v1) are
removed from the tree, hencethe amortizedcost for maintainingP during the whole algorithm is
O(n).

� For lca queries,we can usethe dynamicstructureof [26], initialized in O(n) which enablesus to
obtainthe lca of any two nodesin O(1) worst casetime andsupportsinsertion/deletionsof leavesin
O(1). Globally, O(n) lca queriesissuefrom line 2: queriesissuefrom setof leaf labelsL(v1) taken
from a cherry in v1 2 T1 and concernnodesin v2 2 T2. To identify v2 := lcaT2 (L(v1)) , we need
# L(v1) � 1 queries.But then theseleaves are removed from the treesand v1 becomesa leaf, that
will be implied in a cherryat a latter step(if no con�ict arises),thusgiving rise to onelca query in
turn. Thus,eachnodeof T1 will be usedin at mostone lca query, so the algorithmperformsO(n)
lca queries,eachin O(1). The datastructuremaintaininglca relationshipsalso has to be updated
during the algorithm,but this requiresO(n) insertionsanddeletionsof leaves,henceO(n) globally:
the numberof leaves inserted(line 15) is boundedby the numberof processedcherriesv1 2 T1,
so is O(n). Removing a subtreefrom T2 (line 14) costsa numberof leaf deletionsproportionalto
the numberof its nodes(performinga postordertraversal).ThereareO(n) nodesinitially in T2 and
O(n) will beadded(line 15), thusO(n) deletionsareperformed,eachcostingO(1). Hence,deletions
will cost O(n) time to updatethe lca structure.Note that an alternative to using the dynamicdata
structureto identify lcas is to performcareful traversalof partsof T2.

APPENDIX I I
PROOF OF LEMMA 2

To prove the lemmawe �rst needtwo remarksanda preliminaryclaim. The �rst remarkprecisesthe
link betweenclustersandcontractionsof edgesin a tree.

Remark1: Let T be a rootedtree and let v be an internal non-rootnodeof T. Contractingthe edge
of T betweenv and its parentgivesa treewith Cl(T) � f L(v)g assetof clusters.
The next remarkprecisesthe link betweenclustersandrootedtriples of a tree.

Remark2: Let T be a rootedtreeandlet `, `0, `00be threedistinct leavesof T: `j` 0̀ 002 r t(T) iff there
is an internalnodev in T s.t. ` =2 L(v) and f `0; `00g � L(v).

Lemma10 ([25]): Let T andT 0 betwo treeson thesamesetof leaves.T re�nes T 0 if f Cl(T0) � Cl(T).
Proof: If T re�nes T0 then,Rem.1 implies Cl(T 0) � Cl(T). Conversely, assumeCl(T 0) � Cl(T).

Then,we have r t(T0) � r t(T) by Rem.2. Thus,by Lem. 1-(iii), T re�nes T 0.
Proof of Lemma2:

(i) ) (ii). Assumethat T is the minimum re�nement of T . For all Ti 2 T , T re�nes Ti and, thus,by
Lem. 10 Cl(Ti ) is a subsetof Cl(T). Hence,we have

Cl(T1) [ Cl(T2) [ : : : [ Cl(Tk) � Cl(T) : (7)

By contradiction,assumethat this inclusion is proper.
Thenthereis an internalnodev of T s.t. for all Ti 2 T , L(v) =2 Cl(Ti ). SinceL is a clusterof all Ti 's,

v is not the root of T.
Let T0 be the treeobtainedfrom T by contractingthe edgebetweenv and its parent.For all Ti 2 T ,

Rem.1 yields
Cl(T0) = Cl(T) n f L(v)g � Cl(Ti )

andthus,T0 re�nes T . SinceT0 haslessedgesthanT, T0 cannot re�ne T. Therefore,T is not a minimum
re�nement of T . Hence,we have shown that inclusion(7) is an equality.
(ii) ) (iii) is easilydeducedfrom Rem.2.
(iii) ) (i). Assumethat r t(T) = r t(T1) [ r t(T2) [ : : : [ r t(Tk).

For all Ti 2 T , r t(Ti ) is a subsetof r t(T) andthus,by Lem. 1-(iii), T re�nes Ti . Hence,T re�nes T .
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Moreover, let T0 be a treeon L re�ning T . For all Ti 2 T , T0 re�nes Ti and,thus,we have r t(Ti ) �
r t(T0). Fromthatwe deducer t(T) = r t(T1)[ r t(T2)[ : : :[ r t(Tk) � r t(T0): T0 re�nes T from Lem.1-(iii).
Hence,we have shown that T is a minimum re�nement of T .
Finally, we have to prove the existenceof a minimum re�nement whenever T is compatible.Suppose
that T is compatibleandlet T 0 be a treere�ning T . By Lem. 10, we have Cl(Ti ) � Cl(T) for all Ti 2 T
andthus

Cl(T1) [ Cl(T2) [ : : : [ Cl(Tk) � Cl(T0) :

Moreover, we canmodify T 0 to remove clustersin

Cl(T0) �
�
Cl(T1) [ Cl(T2) [ : : : [ Cl(Tk)

�

by contractingcorrespondingedgesaccordingto Rem.1. Thus,we obtaina treeT satisfyingLem. 2-(ii),
i.e. T is a minimum re�nement of T .
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