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Improved parameterizegdompleity of the
Maximum AgreementSubtreeand Maximum
CompatibleTree problems

VincentBerry , Fran®is Nicolas

Abstract

Given a set of evolutionary treeson a sameset of taxa, the maximumagreemensubtreeproblem (MAST),
respectiely maximum compatibletree problem (MCT), consistsof nding a largestsubsetof taxa suchthat all
inputtreesrestrictecto thesetaxaareisomorphic respectrely compatible Theseproblemshave several applications
in phylogeneticssuch as the computationof a consensuf phylogeniesobtainedfrom different datasetsthe
identi cation of speciessubjectedo horizontalgenetransfersand, more recently the inferenceof supertreese.g.
TreesOf Life.

We provide two linear time algorithmsto checkthe isomorphism respectrely compatibility of a setof trees
or otherwiseidentify a con ict betweenthe treeswith respectto the relative location of a small subsetof taxa.

Then, we use thesealgorithms as subroutinesto solve MAST and MCT on rooted or unrootedtrees of
unboundeddegree. More precisely we give exact x ed-parametetractablealgorithms, whose running time is
uniformly polynomialwhenthe numberof taxaon which the treesdisagreds bounded.The improveson a knowvn
resultfor MAST and proves x ed-parametetractability for MCT.

Index Terms

Phylogenetics algorithms,consensuspatternmatching,trees,compatibility x ed-parametetractability.

I. INTRODUCTION

This paperinvestigatestwo tree consensuproblemswith applicationsn phylogeneticsThis eld aims
at reconstructinghe evolutionary history of speciesor more generallytaxa. This evolutionary history is
representedby an evolutionarytree, or phylageny, in which leaves are labelled by present-dayaxa and
internal nodescorrespondo hypotheticalancestorof taxa. The branchingpatternof sucha tree shavs
how speciationevents have resultedin different taxonomicgroups,i.e. shavs how taxa relateto one
anotherin termsof commonancestors.

A. Overviav of MAST and MCT

The two problemsconsideredn this papertake asinput a setof evolutionary treeson a sameset of
taxa. We begin by statingthe problemsand indicating motivation for their study

1) Maximum agreementsubtee: Given a set of evolutionary trees on the sameset of taxa, the
MAXIMUM AGREEMENT SUBTREE problem (MAST) consistsof nding a subtreehomeomorphically
includedin all input treesandwith the largestnumberof taxa[1], [2], [3], [4], [5], [6]. In otherwords,this
involvesselectinga largestsetof taxasuchthatthe input treesareisomorphic,i.e. agreg whenrestricted
to thesetaxa.

This problemarisesin variousareas,ncluding phylogenetics whereit canbe usedto reachdifferent
practicalgoals:
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to obtainthe largestintersectionof a setof phylogeniesinferred from different molecularor mor-
phological datasetsThesedatasetsan be, e.g. different regions of the samemolecularsequences,
or sequencesf differentgenessuspectedo resultfrom differentevolutionaryhistories.This largest
intersections usedto measurehe similarity of the differentestimatechistoriesor to identify species
that could be implied in horizontaltransfersof genes.

Systematidcbiologistsalsouse MAST (e.g., implementedn the well-knovn PAUP packag€g7]) as
a methodto obtain a consensuf a set of phylogeniesthat are optimal for some tree-tuilding
criterion. E.g, for the parsimory criterion, some datasetscan induce several dozens(sometimes
hundreds)of optimal trees.Similarly, methodsthat build treesaccordingto a maximumlikelihood
criterion can give numeroustreeswith non-signi cantly different likelihood values.In suchcases,
whenrankingthe outputphylogeniesby decreasindik elihoodvalues,the rst treealonemay not be
a goodrepresentate of the evolutionary hypothesedor the studiedspeciesanda consensusf the
rst dozentreesis often preferred.

Dependingon thedifferencesn thetreesconsideredthe MA ST methodcanbethe consensumethod
giving the mostinformative output[7], [8].

Recently MAST also appearedas a subproblemof a supertreeinferencemethod[9], [10]. This
methodbuilds an agreemensupertee of a collection of input treeshaving non-identicalleaf sets.
The main application of supertreemethodsis the constructionof Treesof Life spanningseveral
thousandof speciesHere,fastpolynomialtime algorithmsare of crucial importance.

2) Maximumcompatibletree: A variantof MAST, mostoften called MAXIMUM COMPATIBLE TREE
(MCT) [11], [12], [13], [8] is also of particularinterestin phylogeneticswhen the input treesare not
binary. In anevolutionarytree,a nodewith morethantwo descendantssuallyrepresentsincertaintywith
respecto therelative groupingsof its descendantsatherthana multi-speciatiorevent. The MCT problem
takesthis into accountby seekinga treethatis compatiblewith the input treesandthat containsa largest
numberof taxa The compatibility of two treesmeansthat the leastcommonancestornf a subsetof taxa
canbe of high degreein onetree andof low degreein the other aslong asthe groupsde ned by both
treeson this subsetof taxa can be representedogetherin a sameoutputtree.In practice,phylogenetic
softwaresusually output binary treesfrom primary data. However, one cantypically resortto the MCT
problemwhenthe input treesare provided with con dencevaluesassignedo their edgegqe.g. thanksto a
bootstrapprocessof the primary data). The edgeswith the lowestcon denceare usually discardedrrom
the analysis,which resultsin the creationof somehigherdegreenodesin the input trees.

Note thata maximumcompatibletree of a collectionof treesalwayscontainsat leastasmary taxaasa
maximumagreemensubtreeof the collection,sincecompatibilityis a wealer constrainthanisomorphism.
Also, the MCT and MAST problemsare identicalwhenthe input treesare binary,

B. Previousresults

1) Polynomialcasesof MAST and MCT: The MAST problemis NP-hardon only threerootedtrees
of unboundediegree[3], and MCT on two rootedtreesas soonasone of themis of unboundedegree
[13]. Ef cient polynomialtime algorithmsh%(e_ beenrecentlyproposedor MAST on two rootedn-leaf
trees:O(nlogn) for binarytrees[6], andO( dnlog %”) for treesof degreeboundedby d [5]. Whenthe
two input treesare unrootedand of unboundediegree,the O(n®) algorithmof [14] canbe used.

Supposek rootedtreesare given asinput:

if atleastoneof theseinput treeshasmaximumdegreed thenMAST canbe solvedin O(n%+ kn3)
time [2], [3], [15] and,
if all of the input treeshave maximumdegreed then MCT canbe solved in O(2%9nk) time [12].

2) Fixed parametertractability: MAST is known to be xed-parametertractable (FPT) in p, the
smallestnumberof labelsto remove from the input set of labels suchthat the input treesagree:[16]
describean algorithmin O(3Pknlogn) time and [17] give an algorithmin O(2:27° + kn3) time. This
parameterizedersionof the problemis of particularinterestin phylogeneticswheremary instancesof
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Fig. 1. Fourrootedtrees.A collectionT := fTy;T>g, oneof theM AST(T) trees,andthe M CT(T).

MAST andMCT now consistof phylogeniesinferred by differenttree-tuilding methodson the basisof
molecularsequencesf reasonabldength. Hence,the treesgiven asinput to MAST and MCT usually
differ w.r.t. the location of a small numberp of species.

3) Approximability: See[18] andreferencegherein.

C. Our contribution

1) Lineartime algorithms: We proposetwo linear time algorithmsthat check the isomorphism,re-
spectvely compatibility of a collectionof k input treesor that otherwiseidentify a small setof taxaon
which two input treescon ict. By identifying sucha setof taxa,our algorithmsextendthe work of [19],
respectrely [20] thatonly decideisomorphismrespectrely compatibility, without increasingthe running
time. We provide algorithmsfor both collectionsof rootedtreesand collectionsof unrootedtrees.

2) Fixedparametertractability: Building onthework of [16], we obtainanO(minf 3Pkn; 2:27°+ kn3g)
parameterizedlgorithm for both MAST and MCT on rootedtrees.This improves the time bound for
the MAST problemwith respectto [16] andis the rst resultof x ed-parametetractability for MCT.
Moreover, from this standpointMCT hasthe samecompleity as MAST which was not expected.

We shav how thesealgorithmscan be usedat mostp + 1 timesto handlethe caseof collectionsof
unrootedtrees.The exponentialterm in the compleity of the presented=PT algorithmsfor MCT does
not dependon the degree or numberof input trees,which might be an advantagein practiceover the
algorithmof [12], althoughthe latter may be fasterfor treeswith a high level of disagreement.

D. Organizationof our paper

Sect.ll presentde nitions and preliminary results,then Sect.lll presentdinear time algorithmsthat
concludeon the isomorphismand compatibility of trees,or otherwiseidentify a con ict on a small subset
of labels. Then Sect. IV shovs how thesealgorithms can be used as subroutinesof x ed-parameter
algorithmsto solve MAST and MCT for rootedand unrootedtrees.

II. DEFINITIONS AND PRELIMINARIES

Formally, ary tree T consideredin this paperhasits leaf set L(T) in bijection with a label set
representingaxa, and is either rooted in which caseall internal nodeshave at leasttwo children, or
unrooted in which caseinternalnodeshave degreeat leastthree.Whenthereis no ambiguity we identify
aleaf with its label. The sizeof atreeT is the numberof its leavesandis denoted# T. Let u be a node
in arootedtree,we denoteS(u) the subtreerootedat u (i.e. u andits offspring) anddenotel (u) the set
of leaves of this subtree As an example,for the nodeu in thetree T, of Fig. 1, the subtreeS(u) is the
oneenclosedn the dashedareaandL (u) is the segof leavesenclosedn the dottedarea,i.e. fa;b;cg. If
C is a setof nodesin atree,thende ne L(C) := - L(u). GivenarootedtreeT anda setof leaves
L L(T), wedenotelcar (L) the nodethatis the lowestcommonancestorof L in T.
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Fig. 2. ThreeunrootedtreesU, U% U%suchthatU®= Ujf a;c;egv U andU®® U.

A. De nition of MAST and MCT
The de nitions andresultsof this sectionapply both to rootedand unrootedtrees.

De nition 1: Givena setL of labelsandatreeT, therestrictionof T to L, denotedTjL, is the tree
obtainedin the following way: take the smallestinducedsubgraphof T connectingleaveswith labelsin
L\ L(T); thenremove ary degreetwo (non-root)nodeto make the tree homeomorphicallyirreducible.
If T is acollectionof trees,thendene TjL :=fTjL: T 2 Tg.

SeetreesU; U%in Fig. 2 for an example.Note that for ary tree T and ary two label setsL and L it
holdsthat (TjL)jL%= Tj(L\ LY = (TjLOjL.

De nition 2: Two rooted(respectiely unrooted)treesT, T areisomorphic which is denotedT = T°,
iff there exists a one-to-onemappingfrom the nodesof T onto the nodesof T° preservingleaf labels
anddescendanc(respectiely leaf labelsand adjaceng). Let T; T ° be two trees, T is homeomorphically
includedin T° which is denotedT v TO iff T = TYL(T).

The well-knovn MAST problemis de ned asfollows:

De nition 3: Givena collectionT of rooted,respectrely unrooted,treeswith identicalleaf setL, an
agreemensubteeof T is ary rooted,respectrely unrootedtreeT with leavesin L s.t.8T; 2 T, T v T,.
An agreemensubtreeof T thatis of maximumsizeis calleda maximumagreemensubteeof T andis
denotedM AST(T). The correspondingptimizationproblemis statedasfollows:

Name MAXIMUM AGREEMENT SUBTREE (MAST)

L of cardinalityn.

Task Find a maximumagreemensubtreeof T.

The MCT variantof MAST is basedon the relation of re nementinsteadof that of isomorphism.

De nition 4: A treeT re nesatreeT® whichis denotedT TC wheneer T canbe transformednto
TO by contractingsomeof its internal edges(contractingan edge(u; v) meansremaving nodesu andv,
replacingthemby a single nev nodethat is madeadjacentto every nodepreviously adjacentto u or v).
More generallyatreeT re nes a collectionT, which is denotedT T, wheneer T re nes all treesin
T.
Note that an evolutionarytree T re ning anothertree T? agreeswith the entire evolutionary history of
T° while containingadditionalhistory absentfrom T°. SeeFig. 2 for anillustration of the notationon
unrootedtrees.The MCT problemis de ned as:

De nition 5: Given a collection T of rooted, respectiely unrooted,trees,with identical leaf setL,
a rooted, respectrely unrooted,tree T with leavesin L is saidto be compatiblewith T iff 8T; 2 T,
T TijL(T). If thereis atree T compatiblewith T s.t. L(T) = L, i.e. thatis a commonre nement
to all treesin T, thenthe collectionT is simply saidto be compatible Note that this is generallynot
the caseandit is thusinterestingto nd a maximumcompatibletree of T, de ned asa tree compatible
with T that containsa maximumnumberof leaves.Suchatreeis denotedV CT(T). The corresponding
optimizationproblemis statedas follows:
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Name MAXIMUM COMPATIBLE TREE (MCT)

L of cardinalityn.

Task Find a maximumcompatibletreeof T.
Fig. 1 shavs an exampleof atreeM AST(T) andatreeM CT(T) for a collectionof two rootedtrees.
Note that for all collectionsT, a maximumcompatibletree of T includesat leastas mary leavesasa
maximumagreemensubtreeof T . Also notethatthetreeM AST(T ), andsimilarly M CT(T ), may not
be unique, so then the notationsM AST(T) andM CT(T) denoteary single tree amongthe possible
trees.However, the numberof leavesin a maximumagreemensubtreeyespectrely maximumcompatible
tree,of a collectionT is unigueanddenoted# M AST(T ), respectrely # M CT (T ). Note alsothat the
MCT problemis equivalentto MAST wheninput treesare binary However, as statedbefore, MCT is
of particularinterestwhen consideringevolutionary treesthat are not binary asinput.

The particularcasewhere# M AST(T) = # L ariseswheneer all treesin T areisomorphic.Similarly,
#MCT(T) = #L occurswheneer the collectionT is compatible.

From now on, by default, leaves are denotedby °, rootedtreesare denotedby T and unrootedtrees
are denotedby U. In a similar way, collectionsof rootedtrees,respectiely unrootedtrees,are denoted
T, respectrely U.

B. Other formalismsto describetrees

Rootedtreescan be describedn termsof rootedtriples andfans:

De nition 6 (Triples and fans): Let T be a rootedtree.

For ary threedistinctleaves™, *° 992 L(T), thereareonly threepossiblebinaryshapedor Tijf *; *% 9%,
denotedyespectiely, “j~ 99§ 0gr *09**0 dependingon their innermostgrouping,respectiely, f*¢ %%,
%% or f; "%. Thesetreesare called rootedtriples (or resolvedtriples). Alternatively Tjf ; ~% 9 can
be a fan (also called unresolvedtriple), which is the tree in wherethe root is directly connectedo the
threeleaves. The fan on the leavesf *; *¢ "% is denoted("; "¢ 9.

We de ne rt(T), respectrely f (T), to be the setof rootedtriples, respectrely fans,inducedby the
leavesof atree. We extendthesede nitiops to de ne rootedtriples andfansof a collectionT of rooted
treesirt(T) = ., rt(Ti) andf (T) == 1, F(TH).

For example,in Fig. 1:
rt(T,) = fhad;dad;€ejad;ejab;ejac;ejbd;ejcd;ejba,
f (T2) = f(a;b;0); (b;c;d)g,
rt(T) = fejab;gac;gba,
f (T,) is empty hencealsois f (T).

Given arootedtree T, note that the |ca relationshipsenableus to know which rootedtriple or fanis

inducedby T. Hence,given *; *% 092 | (T),

70002 rt(T) iff lcar (9 is a nodestrictly below Icar (*; "% "% and

(570709 2 £ (T) iff lcar (; 79 = lcar (5; 7% = lcar (°5 9.
Note also that a fan is compatiblewith ary rootedtriple having the sameset of leaves. However, two
differentrootedtriples on the samesetof leaves are incompatible.

We now recall the translationin terms of triples and fans of the relationsbetweentreesde ned in
Sect.ll-A:

Lemmal: Let T be a collection of rootedtreeswith identicalleaf setL andlet T, T° be two rooted
trees.

() T is anagreemensubtreeof T iff rt(T) rt(T) andf(T) f(T).
(i) T is isomorphicto TOiff rt(T) = rt(TY andf (T) = f (T9.
(i) T renesTOiff rt(TY rt(T) andL(T) = L(T9.
(iv) T is compatiblewith T iff L(T) L and8T; 2 T;rt(T;jL(T)) rt(T).
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Proof: (i) is [15, Lem. 6.6]. (ii) derivesfrom (i) andis the rooted equivalent of [3, Thm. 2]. By
[21, Thm. 1], TiL(T9 re nes TOiff rt(TY rt(T) andL(TY L(T). From that we deduce(iii). Let
us now prove (iv).
T is compatiblewith T meansthat

8Ti2T T TjL(T)
by (iii), thisis equvalentto
8Ti2T L(TijL(T)) = L(T) and rt(T;jL(T)) rt(T)
which is equvalentto
L(T) L and 8T;2T rt(T;L(T)) rt(T) :

|
Lemma1l-(i) meansthat T is an agreemensubtreeof T iff ary restrictionof T to a setof 3 leaves
is an agreemensubtreeof T. Similarly, Lem. 1-(iv), meansthat T is a tree compatiblewith T iff ary
restrictionof T to a 3-leaf setis a tree compatiblewith T.
De nition 7 (Hard and soft con icts): Let T, T?be two rootedtrees.
A hard con ict betweenT andT%is a 3-leafsetf™; "% % L(T)\ L(T9 suchthat j %2 rt(T)
and 4792 rt(T9.
A soft con ict betweenT andTCis a 3-leafsetf™; "% % L(T)\ L(TY suchthatj®%2 rt(T)
and("; %99 2 f(T9.
Let T bea collectionof rootedtrees.A hard,respectrely soft, conict in T is a hard,respectrely soft,
con ict betweentwo treesof T.
For example,in Fig. 1:
T, and T, have a hardconict onfa;c;dg (sincedjac2 rt(T,), while cjad 2 rt(T;)) and,
T, and T, have a soft conict onfa;b;cg (sincecab2 rt(T,), while (a;b;c) 2 f (T,)).
The previous de nitions togetherwith Lem. 1 have the following straightforvard consequences:
Proposition1 ([22], [15], [16], [8]): Let T be a collectionof rootedtreeson the sameleaf set.
(i) 7;°%°% is a hard or soft conict in T if andonly if thereis no agreemensubtreeT of T s.t.
£75°9°%  L(T).
(i) £7;°% % isahardconict in T if andonly if thereis no compatibletree T with T s.t.f; "% 0%
L(T).

Anotherwell-known alternatve descriptionof rootedtrees,is asa setof clusters(seee.g. [23]):
De nition 8 (Clustes): Let T be arootedtreeandv be aninternalnodeof T, thenthe setof leaves
L (v) is calledthe clusterof T inducedby v. A clusteris alsocommonlycalleda cladein phylogenetics.
Let A(T) denotethe setof clustersof atreeT, de ned asthe clustersinducedby all internal nodesof
T.
For example,in Fig. 1:
d(T,) = ff a;bg; fd;eg;fa;b;cg; fa;b;c;d;egg and
d(Ty) = ff a;dg; fa;b;c;dg; fa;b;c;d;egg.
Here,we do not needto considersingle leaves as clusters,unlike the practisein [24], [23].
Whendealingwith unrootedtrees,splits or bipartitions play the role that clustersplay for rootedtrees.
In the unrootedcontet, thereis a well-known characterizatiof a minimum re nementof a compatible
collection of trees[25], [20], [23]. Here,we requirea versionof this resultapplyingto rootedtrees.

L andlet T be arootedtreeon L. The threefollowing assertionsare equvalent:

(i) T is aminimumre nementof T (thatis ary treeT°re ning T alsore nes T),
(i) A(T)=a(M)[ A(T)[ :::[ A(Tw),
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(i) rt(T)=rt(T)[ rt(T) [ :::[ rt(Ty).
Moreover, if T is compatiblethenthereexists a minimum re nementof T.
Proof: SeeAppendixII. [ |

C. Rootingand unrooting collectionsof trees

De nition 9: Given an unrootedtreeU and” 2 L(U), U is therootedtreeon L(U) f g obtained
by rooting U atleaf ™ andthenremoving = andits incidentedge.Let U be a collectionof unrootedtrees
and’ aleaf commonto all treesof U, the collectionof rootedtreesfU ~: U 2 Ug is denotedU

Corversely given arootedtree T andaleaf” 2 L(T), dene T* astheunrootedtreeon L(T)[ f g
obtainedby grafting = at the root of T by a new edgeand unrootingthe tree.Let T be a collection of
rootedtreesanda leaf * not appearingn ary treeof T, the collection of unrootedtreesf T* : T 2 Tg
is denotedT * .

For example,consideringhetreeU in Fig. 2 andleaff 2 L(U), thentreeU ' is thetreeT, in Fig. 1.
Reciprocally consideringthis tree T,, thentreeT2+f is treeU in Fig. 2.

Clearly, the ways of rooting and unrootingtreesde ned above are symmetric.More formally:

Lemmag3:

() Let U beanunrootedtreeand™ 2 L(U). ThenU = U\\
(i) LetT bearootedtreeand” 2 L(T). ThenT = T+

Isomorphismand re nement relationsbetweentreesare also consered by rooting or unrooting the
treesin the sameway:

+°

Lemma4:
Let Uy, U, betwo unrootedtreess.t. L(U;) L (U,) andlet = be a leaf appearingn U; (and U,):
U vU, () UvU,; (1)
U, U, () U U (2)
Let T;; T, betwo rootedtreess.t. L(T;) L(T,) andlet " be a leaf not appearingn T, (and T):
TivT () TvT 3
T T () T T;: (4)

Proof: (1) resultsfrom the fact that the tree modi cations to go from U;;U, to U; ;U, , or
reciprocally presere the isomorphismbetweenU; and UjL (Uy).

Concerning(2), U, U, meansthat U, can be obtainedfrom U, by contractingsome edges.
Contractingthesesameedgesin the unrootedtree U, leadsto U,, andthusU; U,. The corverseholds
for the samereason.

(3) and (4) follow immediatelyfrom (1) and(2) by Lem. 3-(i). [ |

For collectionsof trees,the two previous lemmashave the following consequencehatwill play arole
for solving MAST and MCT on unrootedtrees:

Lemmab:

(i) LetT beacollectionof rootedtreeswith identicalleaf setL, let * bealeafnotin L andlet T bean
agreemensubtreeof T, respectiely a tree compatiblewith T. Then, T* is an agreemensubtree
of T* , respectiely a tree compatiblewith T+ .
(i) Let U be a collection of unrootedtreeswith identical leaf setL, let U be an agreemensubtreeof
U, respectiely a tree compatiblewith U, andlet * 2 L(U). Then,U ~ is an agreemensubtreeof
U , respectrely a tree compatiblewith U
Proof A directconsequencef Lem. 3 and 4. [ |
This inducesa relation betweenthe sizes of maximumagreementsubtrees,respectrely maximum
compatibletrees,of collectionsof unrootedtreesand correspondingollectionsof rootedtrees:
Lemma6: Let U be a collectionof unrootedtreeswith identicalleaf setL, andlet * 2 L:
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(i)
#MAST(U) #MAST(U )+ 1 (5)

and equality holdsiff * appearsn somemaximumagreemensubtreeof U.
(i) .
#MCTU) #MCTWU )+1 (6)
and equality holdsiff = appeardn somemaximumcompatibletree of U. \
Proof: (i) LetM := # MAST(U) andM- := # MAST(U ).LetT := MAST(U ). By Lem.5-
(i), the unrootedtree T* is an agreementubtreeof the collection U "7 which is equalto U by
Lem. 3. Hencewe have M #T" = M- + 1, i.e. (5). )
Suppose appearsn no maximumagreemensupertreeof U. In this caseT™ cannotbe a maximum
agreemensubtreeof U, andthuswe have M > #T* = M. + 1. inequality (5) is strict.
Corversely suppos€ appearsn somemaximumagreemensubtreeU of U. By Lem. 5-(ii), therooted

treeU  is anagreemensubtreeof U . Hencewe have M- #U = M 1. Togetherwith (5), this
yieldsM = M- + 1: inequality (5) is an equality
The proof of (ii) is similar. [ |

In the next section,we describdinear time algorithmsthatwill be usedassubroutinesn efcient FPT
algorithms(seeSect.IV) for MAST and MCT problems.

[11. LINEAR TIME ALGORITHMS FOR FINDING A CONFLICT OR CHECKING ISOMORPHISM,
RESPECTIVELY COMPATIBILITY OF TREES

Prop. 1 shows that the identi cation of con icts betweentwo input treesis essentiato solve MAST
and MCT. This suggestsxtending the algorithmsof [19], respectrely [20] to identify a conict, in
the caseof non-isomorphismrespectrely incompatibility Identifying suchcon icts is the basisof an
approximationalgorithm[3] andof an FPT algorithm[16] for MAST. Also, [8] improve ideasof [3] to
proposea con ict-basedapproximationalgorithmfor MCT.

Concerningthe running time, [16] usea subroutineto checkthe isomorphismof two rootedtreesor
otherwiseidentify a con ict, thatrunsin O(nlogn) time. [8] describedatastructureghat enablein time
O(n?) to checkthe compatibility of two rootedtreesor otherwiseidentify a con ict. In this section,we
provide algorithmswith betterrunningtime thanthe onescited above:

an O(n) time algorithmto checkthat two rootedtreesare isomorphicor otherwiseidentify three
leaves on which the treescon ict;
an O(n) time algorithm to checkthat two rootedtreesare compatibleor otherwiseidentify three
leaves on which the treescon ict. Moreover, in caseof compatibility, the algorithm actually returns
a certi cate, i.e. atreere ning the input trees.This certi cate is minimum (seeThm. 2).
In eachcase,it is outlinedhow lineartime algorithmsfollow alsofor unrootedtrees(Sect.llI-C) andfor
collectionsof morethantwo trees.

A. The CHECK-ISOMORPHISM-OR-FIND-CONFLICT algorithm

Let T = fT;;T,g be a collection of two rootedtreeswith identical leaf setL of cardinality n. We
detail herean algorithm called CHECK-1SOMORPHISM-OR-FIND-CONFLICT(T ) that checkswhetherT;
and T, areisomorphicor alternatvely identi es a hard or soft con ict. This algorithm is obtainedby
modi cation of the linear time tree isomorphismalgorithm proposedby [19] for leaf-labelledtreesand
extendedby [20] to moregeneraltrees.Note thatthe algorithmof [19], [20] doesnot nd acon ict when
the input treesare not isomorphic,but we shav herethat it can be modi ed to achieve this goal while
preservinglinear time compleity.

The algorithm of [19] implicitly relies on nodesof a tree that have only leaves as children. Sucha
nodeis calleda cherry.
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Lemma7 ([19]): Let Tq; T, be two isomorphictreesand let v; be a cherryin T;. Then,thereis a
cherryvy 2 T, s.t. L(vy) = L(Vvy).

In caseof non-isomorphismthe following resultstateshow a con ict canbe identi ed:

Lemma8: Let v; be a cherryin atree Ty, let © 2 L(v;) andv, be the parentnodeof ~ in a tree
T,. Thereis a conict betweenT; and T, involving = wheneer L(v,) 6 L(V,) or v, is not a cherry
Moreover, knowing v; and ", sucha conict canbeidenti ed in O(n) time.

Proof: If L(v;) 6 L(v2) thentherearetwo cases:

(i) # L(vy)\ L(v2) = 1,i.e. " istheonly commonleafof v; andv,. Then,L(v;) L(v2) 6 ; and
L(v2) L(vy) 8 ;.Pickingary "°2 L(v;) L(v2) andary "9°2 L(v2) L(v1), thesetf™; % % is
a hardcon ict betweenT; and T, since %)% 2 rt(T;) while 4% 2 rt(T,).

(i) # L(v)\ L(vo) > 1. Let 26 ;792 L(vi)\ L(v»). SinceL(vi) 8 L(v»), we can pick a leaf
"Qin the symmetricaldifferencelL(vy) » L(v,). Thenf™; % % is a conict. More precisely if
T002 L(vy) L(vp) thenf™; % %% is a soft conict becausg; %% 2 f (T,) while *%§ 02 rt(T,).
Otherwise, %92 L(v,) L(vy) andtheconict is softif lcar,("% % = v, (becausd’; "% % 2 f (T,)
while “%9* %2 rt(T,)), and hard otherwise(because %" °2 rt(T,) while “j~ %2 rt(T,)).

Now considerthe casewhere v, is not a cherry and assumealso that L (v;) = L(v,) (otherwisethe

rst part of the proof applies).Sincev;, is not a cherry it hasa non-leafchild c. Let *% %®pe ary two

leavesin L(c), thenf™; "% %% is a soft con ict becausej ®%2 rt(T,), while (*; %% 2 f (T,) (since

L(c) L(vp)= L(v1) andv; is acherry).Moreover, if Ty, T, conict, a simplelineartime searchof the

subtreegootedat v, andv; is sufcient to identify threeleaves™; *% *®involvedin a con ict, according

to the guidelinesgiven above. [ |

Sletch of the algorithm.

Lem. 7 suggestsexamining cherriesof a tree in a bottom-upprocess.Given a cherryv; 2 T;, choose
* 2 L(vp) andlet v, be the parentnodeof leaf * in T,. If v, is nota cherryor if L(vi) 6 L(v,) then
Lem. 8 statesthat threeleaves *; “% *%on which T; and T, conict canbe identi ed in O(n) time. If,

however, v, is a cherryand L(v;) = L(Vvy), thenthe cherriescan be eatenin both trees.This means
that leaves hangingfrom v; andv, are deleted,turning v; andv, into leavesto which a samelabel is

assignedthe label is arbitrarily chosenin L(v;) = L(Vv;)). Note that this modi cation of the tree canin

turn transformthe parentnodeof v, respectiely v,, in a cherrynode.

The processingof cherriesin T, is iterateduntil the treesare both reducedto a single leaf with the
samelabel (thenwe know thatthe input treesareisomorphic)or until a con ict is identi ed (thatis also
presentin the original trees).For this algorithm to be usedas a subroutineof other algorithmsin the
paper we assumethat the tree T, is returnedin the casewhereisomorphismis detectedand otherwise
that the threeleaves of the identi ed con ict arereturned.

Theoem1: Let T,, T, be two rootedtreeswith identical leaf setL of cardinality n. In time O(n)
algorithm CHECK-1SOMORPHISM-OR-FIND-CONFLICT(f T1; Tog) eitherconcludeshat the treesare iso-
morphicwheneer this is the case,or otherwiseidenti es a hard or soft con ict betweenT,, T,.

Proof: Correctnesstemsfrom Lemmas7 and 8, andfrom the fact that only identical partsof the
treesare eaten.In that case,assigningto v, andv, the samelabel chosenin L(v;) = L(v,) guarantees
that the modi ed treeswill be isomorphiciff the original treesareisomorphic.Moreover, if f*; "% % is
acon ict betweenthe modi ed treesthenf™; “% "% is alsoa con ict in the original trees.

Concerningthe running time, computingand maintainingthe list of cherriesin T, costsO(n) time
globally. Givena cherryv; 2 T;, nding the correspondingiodev, 2 T, is O(1). Eatingv, andv, costs
a time proportionalto the numberof their children,henceO(n) amortizedtime over the whole process.
When non-isomorphisnis detectedjdentifying a con ict requiresO(n) time (cf Lem. 8). [ |

solvable in linear time O(kn): run the above-statedalgorithm successiely on all pairs (Ty; Tj), where
1<i k,until aconict is found (andthenreturned)or all treesare processedandthenthetreeT; is
returned).



IEEE TCBB 10

B. The FIND-REFINEMENT-OR-CONFLICT algorithm

Let T = fTy; Tog bea collectionof two input treeswith identicalleaf setL of cardinalityn. We detail
herean O(n) algorithm,called FIND-REFINEMENT-OR-CONFLICT(f Ty; T»Q), thateitheridenti es a hard
con ict betweentreesof T or returnsa minimum re nementof T.

Similarly to the previous section,this algorithmcould be obtainedby direct modi cation of an existing
algorithmthatdecideswvhethertwo treesarecompatible[19], [8]. However, the algorithmof [8] maintains
O(n?)-sizeddatastructureg(to identify con icts) whenwe aim for linear time. Moreover, the lineartime
algorithmof [19] performsseveral passesverthetrees( rst re ning T, accordingto T,, thenT, according
to T,, and nally doing an isomorphismcheckof the resultingtrees).Instead,we presenta someavhat
differentlinear time algorithm performinga single passover the treesand identifying a con ict in case
of non-compatibility

Since soft conicts are allowed by compatibility a cherryv; 2 T, doesnot always correspondto
a cherryv, 2 T, with the sameleaf set. Given v, the parentin T, of a leaf = 2 L(v,), caseswhere
L(vi) L(w)orL(vy) L(vi) arenow allowed.Moreover, v, is no longerrequiredto be a cherry'. We
usethe following result,which playsfor compatibility the samerole asLem. 7 playsfor isomorphism:

Lemma9: Let fT;; Tog be a compatiblecollection, v, a cherryin T, andv, := lcar,(L(v1)). Then
thereis a subsetC of (at leasttwo) childrenof v, suchthatL(v;) = L(C).

Proof. Let C bethe setof childrenc of v, s.t.L(¢c)\ L(v,) 6 ;.

First,let * beary leafin L(v;1). Becauser, is a properancestroof °, thereis a child c of v, onthe path
from * to v,. Hence,” 2 L(c)\ L(vy), thusc2 C and™ 2 L(c) L(C). It followsthatL(v;) L(C).
Now, if C wasto containa single child of v,, thenthis child would be a commonancestorof L(v,) and
thusv, would not be the leastcommonancestorof L(v;). Thus,we have #C 2

Finally, supposehat L (v;) is a propersubsetof L(C). Then,thereisc2 C s.t.9" 2 L(c) L(vq).
Consider®2 L(c)\ L(v1),®2 Cs.t.c°8 cand %2 L(cA\ L(vy): "% 02 rt(T,) while 'j70002 rt(Ty).
Hence,by Prop.1-(ii), f Ty; T»g is not compatiblewhich is a contradiction.Therefore,L(v;) = L(C). m

Sletd of algorithm.

Let T = fTy;T,g be a collection of two input treeswith identical leaf setL. The algorithm gradually

prunespartsof T, and T,, repeatedlyeatingcherriesin T; and correspondingpartsin T,. This process

endswhenthe treesarereducedo a singleleaf or a (hard)con ict is found. At eachstep,a cherryv; in

T, is chosen,andthe correspondinghodev, := Icar,(L(v1)) identi ed, aswell asthe subsetC of v,'s

childrenc suchthatL(c)\ L(v;) 6 ;. Theneither:

() L(vy) = L(C) = L(v2) (i.e. C is the setof all childrenof v;), then subtreesS(v;) and S(v,) are
pruned;

(i) L(v1) = L(C) L(vp), thensubtreeS(v;) andthe setS of subtreesS(c), with c2 C, arepruned,;

(i) L(vi) 6 L(C), thenaconict involving aleaf* 2 L(C) L(vy) andtwo leaves % %2 L(v,) is
identi ed (seeproof of Lem. 9) andreturned.

Pruning a subtreeS(v,); S(v») or a setS of subtreesneansdeletingall its nodesand replacingit (the

subtreeor the whole setS underv,) by a single leaf. Both in T; and T, this new leaf is given a new

label,say ™ (which changesat every step).

To build the re nement of T, and T,, a forest of treesis maintained,initially containinga leaf-tree
for eachleafin L. Unlike T, and T, treesof the foresthave labelson their internalnodes.At eachstep
of the algorithm, sometreesin the forestare assembledo mimic subtreesof T, and T, that are pruned
(caseq(i) and(ii)). Treesto assemblareidenti ed thanksto the label of their root, which is found at a
leaf in the part of T; and T, to reproduce Every suchassemblyaddsa new clusterof T, or T, in the
forest. The clustersformed by treesin the forestare thus all clustersidenti ed by the algorithmin the
two input trees.More precisely eachtree of the forestis a minimum re nementof a subtreein T, and
the correspondingsubtreein T,. As the assemblingporocessgoeson, the numberof treesin the forest

e.g. using parentheticahotation, T1 = ("1;2; (C3; 4)) and T2 = ((1; 2): 3; 4), admit(("1; 2); (3; 4)) ascommonre nement.
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decreasesnd eachtree containsmore and more leaves, i.e. is a re nement of a larger part of T, and
T,. Whenonly onetree T remainsin the forest,it containsall leaves of T; and T, andis a minimum
re nementof the entire T, and T, trees.

The pseudo-codd-IND-REFINEMENT-OR-CONFLICT(f Tq; Tog) (seeAlgorithm 1) detailsthis process
that eitheridenti es a hardcon ict betweenT; andT,, or returnsa tree minimally re ning them.

Algorithm 1: FIND-REFINEMENT-OR-CONFLICT(f T1; T»Q)
Input: Two rootedtreesT;; T, on the sameleaf setL.
Result A hardcon ict betweenT; andT,, or atreeT on L minimally re ning T; andT,.
F L /*F is aforestof rootedtrees(initially leaf-trees)*/
Let Ch bethelist of cherriesin T,
1 while Ch 6 ; do
Choosev; in Ch
2 Let© beanew label,v anew nodein F labelled™ andlet v, = Icar,(L (V1))
C ; [* C are the subteesof v, to prune becauseof v, */

3 P L(v1) /* P areleavesleadingto identify new subteesto prune*/
4 foreachleaf " 2 L(v,) do
5 if ~ 2 P then
6 Let ¢ be the child of v, s.t.” 2 L(c)
7 foreachleaf *°%2 L(c) do
8 if "2 P thenP P 0%

else

[* case(iii) in the text */

9 Let ‘°bealeafin L(vi) L(c)

Let T, respectiely TC respectiely T be the tree of F whoseroot is labelled
by °, respectiely “° respectrely *°°

10 * aleafof T, % aleafof T% " aleaf of T

return f7;°%°% /* conict onf™; "% 0% %/

11 Add to F atreeT, thatis a copy of S(c) thenconnectT, to othertreesin F by memging
respectrely eachof its leaves with the root of the tree having the samelabel
12 Add an edgein F making T, a new child subtreeof v.
L AddctoC

13 ReplaceS(v;) in T, by a new leaf labelled™ andaddits parentto Ch if it becomesa cherry
14 foreachnodec 2 C do Remae the subtreeS(c) from T,

15 if v, hasbecomea leafin T, then /* case(i) in thetext */ Labelv, by "

16 else /* case(ii) in thetext */ Grafta new leaf labelled” by a new edgeunderv,

return atreeT in F /* in fact, there is only onetreeleft in F at that stage */

Theoem?2: Let Ty, T, be two rooted treeswith identical leaf sets,in time O(n) algorithm FIND-
REFINEMENT-OR-CONFLICT(f T1; T,Q) eitherreturnsatree T minimally re ning T, andT, if suchatree
exists, or otherwisereturnsa hard con ict betweenT,; and T,.

Proof:
Correctness(i) First considerthe casewhere the algorithmreturnsa treeT.
Note that the progressie eatingof T, (line 13) guaranteeghat eachinternal node of the original T,
becomesat somestepa cherryv; in the modi ed T;. Moreover, during the processingof v, at some
iteration of loop 1, the updatesof F (lines 2,11,12)guaranteghat F containsa tree T, rootedat v s.t.
L (T,) is the clusterof the original T; inducedby v; whentheinnerloop (initiated at line 4) ends.Hence,
in particular after processinghe root of Ty, thereis atreein F with leaf setL. Note in passingthat this
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is the only treeremainingin F at that point sincethe setof leavesof treesin F is alwaysexactly L (this
is truewhenF is createdandafter eachupdateof F). Hence,returningthe only treeleft in F atthe end
of the algorithmgivesatreeT s.t.L(T) = L.

F isinitialized with treesof sizeone,eachonebeinga leaf labelledby anelementof L, i.e. containing
no cluster Thenchangesn the forestonly consistin connectingsomeof its trees,which addsnew clusters
and never removes alreadyformed clusters.The assemblingof treescontinuesuntil they all have been
connectednto onetreeT thathencecontainsall clustersformedin F during executionof the algorithm.
We now shaw thatd(T) = A(Ty) [ d(T,), i.e. thatall clustersof T, andT, areformedin F, andonly
those.

Clustes of T;: let C; be a clusterof T, inducedby an internalnodev,; of T;. The gradualeating
of cherriesof T, guaranteegshat v, is the considerednode at an iteration of loop 1. During this
iteration, after the end of loop 4, F containsa new tree,say T,, with rootv s.t. L(Ty) = L(v4), i.e.
C, isiinducedby atreein F.

Clustes of T,: eachclusterC, of d(T,) is eitherinducedby the nodec in T, consideredn line 6
or inducedby a nodeinside S(c). In both cases after the executionof line 11, a copy of C, has
beenaddedin atreeof F.

This shaws that every clusterof T, and T, is formedin F at somestep,i.e. is presentin the tree T
output by the algorithm. Moreover, new clustersare only formedin F dueto changesdoneat line 11
andline 12. Thesechangesn F respecirely involve:

creatingin F a copy of the subtreeS(c) of T,, whose leaves are memged with roots of trees
previously in F having respectrely the samelabel. Each such label either belongsto L or is a

label* correspondindo aninternalnodev in the original T,. In the latter case the tree of F with

root labelledby ° hasL (v) asleaf-set.This guaranteeshatline 11 addsin F only clusterspresent
in the original tree T;

addingexisting treesor newvly formedtreesas child subtreesof the nodev of F, until it becomes
theroot of atreehaving L (¢) asleaves. Thus,theseexecutionsof line 12 form in F a clusterof T;.

Therefore,only clusterspresentin T; and T, areformedin F.

As aresult,if the algorithmreturnsatreeT, this treeis s.t. A(T) = A(Ty) [ A(T,). By Lem. 2, this
impliesthat T is a minimum re nementof T, andT,.

(i) Finally, considerthe casewhere the algorithm returnsa con ict.
The algorithmreturnsa conict *; *% *®wheneer a leaf "2 P, i.e. "2 L(v,) is found in the subtree
rooted at a child ¢ of v, := Icar,(L(v1)). But sinceL(c) containsboth a leaf in ~ 2 L(v;) and leaf
"002 | (v4) thenthereis no subsetC of v, childrens.t. L(C) = L(v,). Hence,by Lem. 9 thereis a
con ict betweenT; and T, in their currentstate(recall that thesetreesare graduallyreducedduring the
algorithm).Indeed,let "°2 L(v;) L(c) (sucha leaf exists by de nition of v,), then %" °2 rt(T,) while
47002 rt(T,). Now if £7;°% %) is a conict betweenT,; and T,, the way treesare gradually reduced
by the algorithm on lines 13-16 implies that thereis a con ict in the original treesT; and T,. Sucha
con ict is returnedby the algorithmby replacing’, respectiely "% *%py a leaf of the original subtreeit
representgthe tree of the forestto which °, respectiely % % belongsis a re nementof a subtreeof the
original tree T; and of a subtreeof the original tree T,). Thus,if the algorithmreturnsa con ict, thisis
a con ict betweenthe input treesT; andT,.
Runningtime The algorithmis traversingT,, T, a constaninumberof times, spendinga constantamount
of time at eachof the O(n) nodesandedgesNodesv, areidenti ed in O(n) amortizedtime by exploring
adifferentsubtreeof T, eachtime (or usingdynamicdatastructuregproposeddy [26]). Thelist of cherries
in T, is maintainedin O(n) globally, setsof subtreesS(c) correspondindgo processedherriesof T, are
identi ed andremaovedin O(n) globally. SeeAppendix| for more details. [ ]

of cardinalityn, we wantto computea minimumre nementof T if T is compatible.Otherwise,a hard
con ict betweentwo treesof T hasto beidenti ed.
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Note that we can not proceedexactly as donein the previous sectionfor isomorphism,becausehe
compatibility relationis not transitive However, taking minimum re nement of (compatible)treesis an
associativeoperation.Thus,we caniteratethe processlescribedabore for two treesin the following way:
choosetwo treesof T andreplacethemin T by their minimumre nementoutputby the processRepeat
that operationuntil eithera conict is found or until T hasonly one tree left, which is the minimum
re nement of the initial collection. In the rst hand, the runningtime is clearly O(kn) since at most

1 pairs of treeswith n leaves are consideredOn the other hand,Lem. 2-(iii) assureghat the set

1,21 Tt(Ti) is left unchangedafter eachiteration of the algorithm.Hence,if a hardcon ict is returned

thenthis hardconict is presentbetweentwo treesof the original collection.

C. Dealing with unrootedtrees
Let U be a collection of unrootedtreeswith identicalleaf setL andlet 2 L. As suggestedy [3],

[8]:

all (rooted)treesof the collectionU  areisomorphiciff all (unrooted)tree of U are isomorphic

and,

the collectionU is compatibleiff the collectionU is compatible.
Moreover, if ;%% is a hardor soft con ict, respectiely a hardcon ict, betweentwo treesTy, T, 2
U ,thenthetreesT, , T, whichbothbelongto U aresuchthatT, jf ; >, % % andT, jf ; ;% 0%
are not isomorphic,respectiely T, jf ; ;¢ 9%, T, jf ; ;% % is not compatible. Thus, usingthe
algorithmspresentedn this sectionon U , it is possibleto checkin linear time whetherall treesin U
areisomorphicor compatible,and otherwiseto identify a quartetof con icting leaves.

IV. FIXED-PARAMETER TRACTABILITY OF MAST AND MCT

The previous sectionconsideredhe problemof decidingwhethertreesof an input collection con ict
on the relative location of leaves,i.e. taxa.n most practical casesthe answeris positve and one can
then aim at producinga consensu®f the input treesby remaving a minimum setof con icting leaves,
thatis solving the MAST and MCT problems.The presentsectionproposesexact algorithmsto solve
theseproblems.They useassubroutineghe algorithmspresentedn the previous section.

The MAST andMCT problemsareboth NP-hardin general However, differentalgorithmshave been
proposedor MAST with a runningtime thatis exponentialonly on a given parameterfor instancethe
degree.[16] showved that a parameterizedrersionof MAST is x ed-parametetractable(FPT). More
formally, a problemis FPT wheneer it can be solved by an algorithmwith O(f (p)N ) runningtime,
where p is the parameterN is the size of the input, is a constant(independanbf both p and N)
andf is an arbitraryfunction, thoughusually exponential[16]. The interestin designing x ed-parameter
algorithmsis that for somepracticalinstancesthe value of the parameteilis knowvn to be small. Hence,
the exponentialterm hiddenin the functionf is not penalizingthat muchthe runningtime, which means
that the problemis tractablefor that kind of instances.

We rst considerthe x ed-parametetractabilityof MAST andM CT onrootedtrees.The parameterized
versionof MAST consideredn [16], [17] is the following searchproblem:

Name: PARAMETERIZED ROOTED MAXIMUM AGREEMENT SUBTREE (PRMAST)

Parameter: anintegerp O.
Task: Find an agreemensubtreeT of T s.t.#T n p, if suchatreeexists.

Similarly, we de ne

Name: PARAMETERIZED ROOTED MAXIMUM COMPATIBLE TREE problem(PRMCT)
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Parameter: anintegerp O.
Task: Find atree T compatiblewith T s.t.#T n p, if sucha treeexists.

On practicaldata,the valueof p is likely to be reasonnablygmall. Indeed,sourcetreesare now usually
inferredfrom lenghtymolecularsequenceandthroughmoreandmoreaccuratenferencemethodsThus,
treesinferred on a samesetof taxaand given asinputto PRMAST and PRMCT are unlikely to differ
on the location of a large numberof taxa. Moreover, con dence valuesenableto detectand collapse
edgeswith unsufcient statisticalsupport,which incidentallyreduceghe numberof con icts betweenthe
sourcetrees.

Links betweenMAST, respectrely MCT, and the HITTING SET problem|[3], [15], [16], [17], re-
spectvely [8], have suggestedwo waysto solve the former: SectionlV-A describesa recursve method
sketchedin [16], whose complity is slightly improved here. Then, Sect. IV-B describesa method
explicitly solving 3-HITTING SET asa subproblen{16], [17]. Thesetwo methoddeadto FPT algorithms
having complementaryrunning times. Indeed, which approachis the fastestdependson the particular
valuestaken by p and n. Both methodswere originally introducedfor solving PRMAST. They also
apply to solve PRMCT as shavn belov. Moreover, Sect. IV-C shawvs that the two methodscan be
extendedto dealwith unrootedtrees.

A. Recusive FPT algorithms

Startingfrom the remarkthatif arny two treesof a collectionhave a con ict, thenthe leavesinvolved
in the conict do not appearin ary agreemensubtreeof the whole collection (Prop. 1-(i)), a recursve
algorithmfor nding an agreemensubtreeof an initial collection T of k rootedtreesis the following
[16]: identify acon ict f; “% %Y betweentwo input trees,thentry alternatiely to remove oneof °, *¢ ~®
from all treesof T anditerateon the threepossiblerestrictedcollectionsuntil a collectionof isomorphic
treesis obtainedor until p leaves have beenremaoved. Hence,to solve PRMAST, we needa subroutine
that checksthat k treesare isomorphicor otherwisereturnsa hard or soft con ict betweentwo of these
trees.Algorithm CHECK-1SOMORPHISM-OR-FIND-CONFLICT of Sect.lll-A canbe usedfor this purpose.
We call RECURSIVE-MAST the resultingrecursve algorithmsolving PRMAST.

To solve PRMCT, a similar algorithm can be used.It needsa subroutinethat returnsa minimum
re nementof a collectionof k treeswhensucha treeexists, or otherwisereturnsa hardcon ict between
two treesof the collection. The lineartime algorithm FIND-REFINEMENT-OR-CONFLICT of Sect.llI-B
canbeusedfor this purposeWe call RECURSIVE-MCT this algorithmsolving PRM CT. Notethattheonly
differencebetweenRECURSIVE-MAST and RECURSIVE-MCT is thatthe former issuescalls to CHECK-
| SOMORPHISM-OR-FIND-CONFLICT, while the latter issuescalls to FIND-REFINEMENT-OR-CONFLICT.
The pseudo-codéor RECURSIVE-MCT is givenin Algorithm 2.

Algorithm 2: RECURSIVE-MCT(T ; p)

Input: A collectionT = fTq;T;:::; Tkg of k rootedtreeswith identicalleaf setL andan integer
p O

Result A treeT compatiblewith T s.t.#T #L pif suchatreeexistsor, otherwise the empty
tree; .

res FIND-REFINEMENT-OR-CONFLICT(T)
if resisatreeT thenreturn T /* this treeis compatiblewith T */
[* Otherwiseresis a setof threeleavesthatis a conict in T */
if p> 0O then
foreachleaf ™ 2 resdo
17 L T RECURSIVE-McT Tj(L f'gip 1
18 if T6; thenreturn T

19 return ;
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Theoem 3:

(i) Algorithm RECURSIVE-MAST solvesthe PRMAST problemin O(3Pkn) time.
(i) Algorithm RECURSIVE-MCT solvesthe PRMCT problemin O(3Pkn) time.
Proof:
CorrectnessWe give the proof of (ii), the proof of (i) is similar.
We proceedby inductionon p. If p= 0, thentheresultof RECURSIVE-MCT is theresultof the algorithm
FIND-REFINEMENT-OR-CONFLICT, which is correct.

If p> 0, andT is compatiblethen FIND-REFINEMENT-OR-CONFLICT returnsa minimum re nement
of T, i.e. atreeof size#L #L pandcompatiblewith T, which is correct.

If p> OandT is notcompatiblethentheresultresof thealgorithmFIND-REFINEMENT-OR-CONFLICT
is a hardconict f; % % betweentwo treesof T.

By Prop. 1-(ii), this implies that thereis no tree compatiblewith T including all leaves of res This
meansthat thereis a tree of size at least#L p and compatiblewith T iff thereis a tree of size
atleast#L p and compatiblewith Tj(L f'g), Tj(L f Q) or Tj(L  °Y). On line 17 of the
algorithmRECURSIVE-MCT, areissuedrecursve calls on the threecollections,whoserespecire leaf sets
areall of cardinality# L 1. By induction,eachof thesecalls, taking asinput a collectionwith leaf set
c2fL f'gL f%L f°,returnsatreeof sizeatleast# C (p 1)= #L pandcompatible
with the considereccollectioniff sucha tree exists. Thereare two cases:

the threerecursve calls returnan empty tree, which then meansthat thereis no tree of size at least
#L pandcompatiblewith T andjusti es returningan emptytreeon line 19;

one of the threerecursve calls returnsa tree T of sizeat least# L  p and compatiblewith the
consideredcollection. Returningthis tree on line 18 asa solutionto (T ; p) is correct.

Runningtime Therecursve callsin the algorithmsRECURSIVE-MCT form a searchiree of depthat most
p (p is decreasedby one at eachrecursve call until it reache<)) whosenodeshave degreeboundedby 3
(0 to 3 recursve calls areissuedat eachexecutionof the pseudo-code)Hence,the searchtree explored
containsat mostO(3P) nodes.Moreover, by resultsof Sect.lll eachnodeis processedn O(nk) because
it requiresa singlecall to FIND-REFINEMENT-OR-CONFLICT (restrictingT toL f g only costsO(k)).
|
For PRMAST, this improves on the compleity of [16] by a logn factor ConcerningPRMCT, this
is the rst time thatthe problemis shaovn to be FPT. The burdenof the compleity depend=only on the
level of disagreemenbetweenthe input trees.When consideringa collection of treesdisagreeingon few
specieswe obtainan ef cient algorithm,whaterser the size, numberand degreeof the input trees.

B. Algorithmsresortingexplicitly to 3-HITTING SET

1) TheHITTING SET problem:

Let C be a collection of subsetsof a groundsetL. A hitting setof Cis a setH s.t.for all X 2 C,
H \ X is non-empty The correspondingearchproblemis:
Name HITTING SET

Input: A collectionC of subsetf a nite groundsetL andanintegerp O.

Task Find a hitting setH of Cs.t.#H p, if sucha setexists.

HITTING SET is an alternateformulationof SET CovER. It is NP-complete[27] and W[2]-completefor
parametemp [28, Prop.10].

The d-HITTING SET problem(whered is a x ed positive integer) is the restrictionof HITTING SET to
instancesvheresetsin C have cardinalityd. Thed-HITTING SET problemis known to be x ed-parameter
tractable,the bestcurrentalgorithmrunningin O(c® + # C) time wherec=d 1+ O(d 1) [29].

The particularcaseswhered = 2 andd = 3 have beenextensiely consideredThe 2-HITTING SET
problemcanbe seenasan alternateformulation of the VERTEX COVER problem,for which thereis very
efcient FPT algorithms(see[30] and referencedherein).For 3-HITTING SET, [29] give an algorithm
runningin O(2:27° + # C) time, which is more ef cient thanthe algorithmfor generald.
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2) ReducingPRMCT and PRMAST to 3-HITTING SET:
PRMCT and PRMAST canbe solved by reductionto 3-HITTING SET:
Proposition2: Let T be a collectionof rootedtreeswith identicalleaf setL andletH L.

(i) Let C be the setof hard and soft conicts in T: H is a hitting setof C iff thereis an agreement
subtreeof T with leafsetL H.

(i) Let Cbethesetof hard conicts in T: H is a hitting setof Ciff thereis a tree compatiblewith T
with leaf setL  H.
Proof:

() If H is a hitting setof C thenfor every hardor soft con ict on threeleavesin T, at leastone of
theseleavesis removedin L H. Thus,all treesin Tj(L H) inducethe sametriple andfansets,i.e. by
Lem. 1-(ii) areisomorphic.TheseisomorphictreesonL H areagreemensubtreesof T. Corversely
let T be anagreemensubtreeof T with leafsetL H.LetX 2 C wehawveX LandX 6L H
by Prop.1-(i). ThisimpliesX \ H 6 ;, henceH is a hitting setof C.

(i) If H hits all hard con icts betweentreesof T, thentreesin Tj(L H) have no hard con ict.
Thus,by Prop.1-(ii), Tj(L H) is compatible,.e. thereis a treewith leaf setL H thatis compatible
with T. Conversely let T be a treecompatiblewith T having leaf setL  H, the samereasoningasthe
secondpart of the proof of (i) appliesthanksto Prop.1-(ii) to shav thatH is a hitting setof C. [ |

Proposition2-(i) is implicitly usedin [17] and Prop.2-(ii) in [8].

Theoem4: PRMAST and PRMCT problemscanbe solvedin O(2:27° + kn3) time.

Proof: Knowing the rootedtriples and fansinducedby a tree can be donein O(n?®) [24]. Hence,
knowing the set C of hard and soft con icts (respectrely only hard con icts) betweenthe k input trees
requiresO(kn?) time. Using C asinput, the FPT algorithmof [29] eithergivesa hitting setH of sizeat
mostp or concludeghatno suchsetexists,in O(2:27°+ # C) time, where# C= O(n®). In thelatter case,
Prop. 2-(i), respectrely Prop. 2-(ii), implies that thereis no feasiblesolutionto PRMAST, respectrely
PRMCT. This conclusionis reachedn O(2:27° + kn?) time.

To solve PRMAST, when the algorithm of [29] returnsa hitting setH of C, then chooseary tree
T, 2 T andreturnT;j(L H). Thistree,of atleastn p size,is computedn time O(n) andis a solution
for PRMAST, asinducedby Prop.2-(i). To solve PRMCT from a hitting setH returnedby the algorithm
of [29], computethe collectionTj(L H). Prop.2-(ii) guaranteeshatthereis a tree compatiblewith T
thathasL H asleafset,i.e. thathasatleastn p leaves.Algorithm FIND-REFINEMENT-OR-CONFLICT
(describedat the end of Sect.lll-B) producessucha treein O(kn) time. Thus,the mostcomputational
intensve stepsto obtaina solutionto PRMCT are computingC and obtainingH, i.e. PRMCT canbe
solvedin O(2:27° + kn?3) time. m

The factthat PRMAST canbe solved in O(2:27° + kn?) time is alreadystatedin [17].

C. Unrootedtrees

We now considervariant of the problem PRMAST, respectrely PRMCT, that takes a collection of
unrootedtreesasinput. We call PUMAST, respectrely PUMCT, the resultingproblem (U is for UN-
ROOTED). SupposaivenanalgorithmFIND-ROOTED-TREE thatsolvesPRMAST, respectiely PRMCT(e.g.,
seeSect.IV-A and SectlV-B). For eachcollection T of rootedtreeswith identical leaf setL and for
eachintegerp 0O, FIND-ROOTED-TREE(T ; p) returns

theemptytreeif # MAST(T) < #L p, respectiely if #MCT(T) < #L p,
an agreemensubtreeof, respectrely a tree compatiblewith, T of sizeatleast#L p otherwise.

Resultsof Sect.ll-C suggesthat PUMAST, respectrely PUMCT, on a collectionU of unrootedtrees
canbe solved by n runsof FIND-ROOTED-TREE, onecall for eachU (" 2 L). This procedurewould
add an n factorto the complity for the rooted case.However, Algorithm 3 belowv solves PUMAST,
respectrely PUMCT, with at mostp+ 1 callsto FIND-ROOTED-TREE.
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Algorithm 3: FIND-UNROOTED-TREE(U; p)
Input: A collectionU of unrootedtreeswith identicalleaf setL andanintegerp O.
Result a solutionto PUMAST, respectrely PUMCT, if oneexists, the emptytree; otherwise.

Choosearbitrarily L L s.t.#L°%°=p+ 1
foreach™ 2 L°do

T FIND-ROOTED-TREE(U ;p)
L if T-6: thenreturn T~

return ;

We now prove the correctnes®f this algorithm:

Proposition3: Given a collectionU of unrootedtreeswith identicalleaf setL andanintegerp 0,
algorithm FIND-UNROOTED-TREE returnsan unrootedagreemensubtreeof U, respectrely an unrooted
tree compatiblewith U, of sizeatleast# L  p iff sucha tree exists.

Proof: Assumethat FIND-ROOTED-TREE solvesthe PRMAST. We showv that FIND-UNROOTED-
TREE solves PUMAST (the proof for PRMCT / PUMCT is similar).

Below, in a) we shav thatif # MAST(U) < #L p then FIND-UNROOTED-TREE(U; p) returnsthe
emptytree.In b) we showv thatif # MAST(U) #L pthenFIND-UNROOTED-TREE(U; p) returnsa
treeof sizeatleast# L  p thatis an agreemensubtreeof U.

a) Supposet MAST(U) < #L p: Then,for ary ~ 2 L, by Lem. 6-(i), we have

#MAST(U )+1 #MAST(U)< #L p;

i.e. #MAST(U )< (#L 1) p.SinceU is a collectionof rootedtreeswith leaf setL  f g of
cardinality# L 1, thetreeT- returnedby FIND-ROOTED-TREE (U ;p) is theemptytreefor all * 2 L°
HenceFIND-UNROOTED-TREE returnsthe emptytree.

b) Supposet MAST(U) #L p: Thesizeof L?guaranteeshat at leastoneleaf ", in L%is in
a maximumagreemensubtreeof U. By Lem. 6-(i) we have

#MAST(U ")+ 1=#MAST(U) #L p;

i.e.# MAST(U ™) (#L 1) p.HenceT, isanagreemensubtreeofU ™ st.#T., (#L 1) p.
This guaranteeshat at leasta call to FIND-ROOTED-TREE returnsa non-emptytree, hencethat FIND-
UNROOTED-TREE(U; p) returnsan non-emptytree. Let * be the rst leaf of L°s.t. - 6 ;. Then, by
Lems. 3 and 5-(), T- * is an agreementsubtreeof U = ° = U andis of size # T- + 1. Thus
# T 7  #L p m

Using the algorithms of the previous section (for the rooted case)as subroutinesin the algorithm

FIND-UNROOTED-TREE, enablesus to statea runningtime in which PUMAST and PUMCT can be
solved.

PUMAST andPUMCT canbe solvedin time O (p+ 1) minf 3Pkn; 2.27° + kn3g .

Proof: Use the algorithm FIND-UNROOTED-TREE, where choosingL? requiresO(n) time and
obtaining T " from atree T requiresO(1). Then, the only other thing to do is to perform at most
p+ 1 callsto FIND-ROOTED-TREE. Using the algorithmsof Sect.IV-A andIV-B to instantiatethe calls
to FIND-ROOTED-TREE givesthe claimedresultby Thms.3 and4. [ |

D. Remarkdor solvingrelatedproblems

The computationaproblemsconsideredabore canbe seenasgeneralization®f the well-knovn TREE
IsomoRrPHISM and TREE COMPATIBILITY problems.The latteris of particularinterestin phylogenetics
and is deciding whethera collection of rooted input treeswith identical leaf setsis compatible[25].
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TREE COMPATIBILITY for rootedtreesis identical to the restrictionof PRMCT to instancedor which
p = 0. Algorithm RECURSIVE-MCT solves this particularproblemin linear time (Thm. 3 with p = 0).
The TREE COMPATIBILITY problemfor unrootedtreesis identicalto the PUMCT problemwith p= 0
andis thensolved in linear time also (Thm. 5). Linear algorithmsare obtainedin a similar way for the
TREE ISOMORPHISM problemon rootedor unrootedtrees,which are particularcasesof PRMAST and
PUMAST respecitirely.

Hence,the generalalgorithmsproposedn this paperallow to solve TREE ISOMORPHISM and TREE
COMPATIBILITY in the samerunningtime as dedicatedalgorithms[19], [20].

REFERENCES

[1] M. A. SteelandT. J. Warnaw, “KaikouratreetheoremsComputingthe maximumagreemensubtreé, Information Processing_etters,
vol. 48, no. 2, pp. 77-82,1993.
[2] M. Farach,T. M. Przytycka,and M. Thorup, “On the agreementf mary trees, Information ProcessingLetters, vol. 55, no. 6, pp.
297-301,1995.
[3] A. Amir andD. Keselman;Maximum agreemensubtreein a setof evolutionarytrees:metricsandef cient algorithm; SIAM Journal
on Computing vol. 26, no. 6, pp. 1656—-1669,1997.
[4] A. GuptaandN. Nishimura,“Finding largestsubtreesand smallestsupertree$, Algorithmica vol. 21, no. 2, pp. 183-210,1998.
[5] M.-Y. Kao, T. W. Lam, W.-K. Sung,andH.-F. Ting, “An even fasterand more unifying algorithmfor comparingtreesvia unbalanced
bipartite matchings, Journal of Algorithms vol. 40, no. 2, pp. 212-233,2001.
[6] R. Cole, M. Farach-ColtonR. Hariharan,T. M. Przytycka,and M. Thorup,“An O(n logn) algorithmfor the Maximum Agreement
SubTreeproblemfor binary trees, SIAM Journal on Computing vol. 30, no. 5, pp. 1385-14042001.
[7] D. Swofford, G. Olsen,P. Wadell,andD. Hillis, “Phylogeneticinference, in Molecular systematicg2nd edition), D. Hillis, D. Moritz,
andB. Mable, Eds. USA: Sunderland 1996, pp. 407-514.
[8] G.Ganapath andT. J. Warnaw, “Approximatingthe complemenbf themaximumcompatiblesubsebf leavesof k trees) in Proceedings
of the 5th International Workshopon Approximation Algorithmsfor Combinatorial Optimization(APPROX'02), 2002, pp. 122-134.
[9] V. Berry and F. Nicolas, “Maximum agreementand compatiblesupertrees,in Proceedingsof CPM, ser LNCS, S. C. Sahinalp,
S. Muthukrishnanand U. Dogrusoz,Eds.,vol. 3109,2004, pp. 205-219.
[10] J.Jansson,). H.-K. Ng, K. Sadakaneand W.-K. Sung, “Rooted maximum agreemensupertrees,in Proceedingsof the 6th Latin
AmericanSymposiunon Theoetical Informatics (LATIN), 2004, (in press).
[11] A. M. HamelandM. A. Steel,“Finding a maximumcompatibletreeis NP-hardfor sequenceandtrees, Applied Mathematicd etters,
vol. 9, no. 2, pp. 55-59,1996.
[12] G. Ganapatpsaraanabgan and T. J. Warnaw, “Finding a maximum compatibletree for a boundednumberof treeswith bounded
degreeis solvablein polynomialtime; in Proceedingf the 1st International Workshopon Algorithmsin Bioinformatics(WABI'01),
O. GascuelandB. M. E. Moret, Eds.,2001, pp. 156-163.
[13] J.Hein,T. Jiang,L. Wang,andK. Zhang,“On the complity of comparingevolutionarytrees; Discrete AppliedMathematicsvol. 71,
no. 1-3, pp. 153-169,1996.
[14] M.-Y. Kao, T. W. Lam, W.-K. Sung, and H.-F. Ting, “A decompositiontheoremfor maximum weight bipartite matchingswith
applicationgo evolutionarytrees), in Proceeding®f the 7th Annual EuropeanSymposiunon Algorithms(ESA99), 1999,pp. 438-449.
[15] D. Bryant, “Building trees,hunting for treesand comparingtrees:theory and methodin phylogeneticanalysis, Ph.D. dissertation,
University of Canterlury, Departmeniof Mathemathics1997.
[16] R. G. Downey, M. R. Fellows, andU. Stege, “Computationaltractability: The view from mars; Bulletin of the EuropeanAssociation
for Theoetical ComputerSciencevol. 69, pp. 73-97,1999.
[17] J. Alber, J. Gramm, and R. Niedermeier “Faster exact algorithms for hard problems:a parameterizecpoint of view,” Discrete
Mathematicsvol. 229, no. 1-3, pp. 3-27,2001.
[18] V. Berry, S. Guillemot, F. Nicolas,and C. Paul, “On the approximationof computingevolutionarytrees; in Proceedingsf the 11th
International Computingand CombinatoricsConfeence(COCOON'05) ser LNCS, L. Wang, Ed., 2005.
[19] D. Gus eld, “Ef cient algorithmsfor inferring evolutionarytrees, Networks vol. 21, pp. 19-28,1991.
[20] T. J. Warnaw, “Tree compatibility and inferring evolutionary history” Journal of Algorithms vol. 16, no. 3, pp. 388—407,1994.
[21] D. BryantandM. A. Steel,"Extensionoperationson setsof leaf-labelledtrees; Advancesn Applied Mathematicsvol. 16, no. 4, pp.
425-453,1995.
[22] G. F. EastabrookC. S. JohnsonandF. R. McMorris, “An algebraicanalysisof cladistic character$, Discrete Mathematicsvol. 16,
pp. 141-147,1976.
[23] C. Sempleand M. Steel,Phylagenetics ser Oxford Lecture Seriesin Mathematicsand its Applications. Oxford University Press,
2003, vol. 24.
[24] D. BryantandV. Berry, “A structuredfamily of clusteringandtree constructionmethods, Advancesn Applied Mathematicsvol. 27,
no. 4, pp. 705-732,2001.
[25] G. F. Eastabrookand F. R. McMorris, “When is one estimateof evolutionary relationshipsa re nement of another?”Journal of
MathematicalBiology, vol. 10, pp. 367—-373,1980.
[26] R. Cole and R. Hariharan,“Dynamic LCA querieson trees; in Proceedingsof 10th Annual ACM-SIAM Symposiunmon Discrete
Algorithms(SODA'99), 1999, pp. 235 - 244.
[27] T. H. Cormen,C. E. Leiserson,R. L. Rivest,and C. Stein, Introductionto Algorithms 2nd ed. Cambridge Massachusettdvl.l.T.
Press2001.



IEEE TCBB 19

[28] U. Feige,M. M. Halldérsson,and G. Kortsarz,“Approximating the domatic numbef’ in Proceedingsof the 32nd Annual A.C.M.
Symposiunon Theoryof Computing(STOC'00), 2000, pp. 134-143.

[29] R. Niedermeierand P. Rossmanith;An efcient x ed parametealgorithmfor 3-Hitting Set, Journal of Discrete Algorithms vol. 1,
no. 1, pp. 89-102,2003.

[30] R. G. Downey, “Parameterizeddomplexity for the skeptic; in Proceedingof the 18th IEEE Confeenceon ComputationalComplexity
(CCC'03), 2003, pp. 147-168,invited paper

ACKNOWLEDGEMENT

TheauthorghankC. PaulandJ. Cassaignéor carefulreadingsof the manuscripindhelpin simplifying
someproofs. The authorsare also gratefulto anorymousreviewersfor their valuablecomments.

APPENDIX |
DETAILS ON THE IMPLEMENTATION OF FIND-REFINEMENT-OR-CONFLICT ON TWO TREES

The O(n) runningtime of the algorithmis shavn herein detail by a successie examinationof data
structuresand operationghey support:

TreesT; and T, arestoredby usualpointers.

Eachedgeof T; is processednce,whenits higher nodeis the cherry v, processedy the main
loop. Its highernodeis eithera cherryat start,or becomesa cherrybecausef the repeatedrocess
of replacingcherriesof T, by a new leaf each.

Edgesof T, areeachexamineda constanihumberof times:whenconsideringa nodev,, the edgesof
eachsubtreeS(c) containingleavesin L(v1) will be consideredbncewhentraversingS(c) (line 7),
plus oncefor someof them,whenc hasto beidenti ed (line 6: edgesof the pathfrom leaf " to the
rst ascendant thatis a child of v,). In caseof con ict, edgesof a subtreecanbe traversedanother
time to identify a leaf “° (line 9) before stoppingthe algorithm. Finding sucha leaf is the reason
why subtreesS(c) are not readily removed from T, when processedhencethe reasonfor list C).
When all leaves of L(v;) have beenprocesseduccessfullyeachedgeof a subtreeS(c) hasbeen
traversedtwice and is traverseda nal time to make a copy of the subtreein F (line 11), before
beingremoved (line 14).

ForestF consistsof a setof nodesarrangedn a setof non-overlappingtreesthat are subtreef the
nal outputtree on n leaves. Thus,at ary step,the forest containsO(n) nodes.Assemblingsome
treesin F (line 14) involves identifying nodeswith labelscorrespondingo leavesin a subtreeof
S(v,) and connectingthem accordingto the topology of this subtreeof T,. For this purpose,an
additionalarray can be easily maintainedio nd eachrequirednodeof F in O(1). Creatinga nev
nodev in F with a given label (line 2) is doneO(n) times and costsO(1) eachtime. In caseof
con ict, at mostthreedifferenttreesof F, i.e. O(n) nodes,aretraversed(line 10) to nd leaves of
L (i.e. leavesof treesin F).

List C is a simplelinked list of root nodesof child subtreesof v, to be removed from T, after all
leaves of P have beenprocessedEach elementis addedin O(1) and removed in O(1) whenthe
list is emptied(line 14). Remw/ing eachsubtreefrom the list of child subtreesf v, is performedin
O(1) whencodingits childrenasa bidirectionallinked list.

Thelist of leavesP is managedasan arrayof 2n 2 bits: one for eachof the n original labelsof
leaves, plus one for eachof then 2 new labels(assignedo a cherry nodethat becomesa leaf
when pruning its child nodes.Initially, all entriesare zeroed,indicating the absenceof ary leaf in
P. When consideringleaves L (v1) of a cherryv; 2 T,, only bits correspondingo theselabelsare
set(line 3). Thenleavesputin P (line 3) are successiely taken until noneremains(loop line 4).
This is doneby listing the childrenof v, (they areall leaves).

Testingwhethera leaf *®is in P (line 8) is just checkingwhetherthe correspondingpit is set at
1. On the sameline, removing the leaf from P is just settingthis bit at 0. Note that after the last
iteration of the loop line 4, P hasreturnedto its initial state,i.e. all the bits thatweresetat 1 have
beenturnedbackto 0. Thus,usingP to handleleavesof a cherryv; duringaniterationof the main
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while loop (line 1) costsa time proportionalto # L (v;). After this iteration, the leaves L (v;) are
removed from the tree, hencethe amortizedcost for maintainingP during the whole algorithmis

O(n).

For Ica queries,we can usethe dynamicstructureof [26], initialized in O(n) which enablesus to

obtainthelca of any two nodesin O(1) worst casetime andsupportsnsertion/deletion®f leavesin

O(1). Globally, O(n) Ica queriesissuefrom line 2: queriesissuefrom setof leaf labelsL (v;) taken
from a cherryin v; 2 T; and concernnodesin v, 2 T,. To identify v, := Icar,(L(v1)), we need
#L(v1) 1 queries.But thentheseleaves areremoved from the treesandv; becomesa leaf, that
will beimplied in a cherryat a latter step(if no con ict arises),thusgiving rise to onelca queryin

turn. Thus,eachnodeof T, will be usedin at mostoneIca query so the algorithm performsO(n)

Ica queries,eachin O(1). The datastructuremaintaininglca relationshipsalso hasto be updated
during the algorithm, but this requiresO(n) insertionsand deletionsof leaves,henceO(n) globally:

the numberof leavesinserted(line 15) is boundedby the numberof processedherriesv, 2 T,,

sois O(n). Remwing a subtreefrom T, (line 14) costsa numberof leaf deletionsproportionalto

the numberof its nodes(performinga postordertraversal). Thereare O(n) nodesinitially in T, and
O(n) will beadded(line 15),thusO(n) deletionsareperformedeachcostingO(1). Hence deletions
will costO(n) time to updatethe Ica structure.Note that an alternatve to using the dynamicdata
structureto identify Icasis to perform careful traversalof partsof T,.

APPENDIX ||
PROOF OF LEMMA 2

To prove the lemmawe rst needtwo remarksanda preliminary claim. The rst remarkpreciseshe
link betweenclustersand contractionsof edgesin a tree.
Remarkl: Let T be a rootedtree andlet v be an internal non-rootnodeof T. Contractingthe edge
of T betweenv andits parentgivesa treewith A(T) fL(v)g assetof clusters.
The next remarkpreciseshe link betweenclustersand rootedtriples of a tree.
Remark2: Let T bearootedtreeandlet *, * “®pethreedistinctleavesof T: *j~ %02 rt(T) iff there
is aninternalnodev in T s.t.” 2 L(v) andf % %)  L(v).
Lemmal0 ([25]): LetT andTbetwo treesonthe samesetof leaves.T re nes TCiff A(TY  A(T).
Proof: If T re nes T°then,Rem.1 impliesd(T% d(T). Corversely assumed(T9  d(T).
Then,we have rt(T9  rt(T) by Rem.2. Thus,by Lem. 1-(iii), T re nes T n
Proof of Lemmaz2:
() ) (ii). Assumethat T is the minimumre nementof T. Forall T; 2 T, T re nes T; and, thus, by
Lem. 10 (T;) is a subsetof A(T). Hence,we have

A(M) [ A(T) [ :::[ A(T)  QA(T): (7)

By contradiction,assumethat this inclusionis proper

Thenthereis aninternalnodev of T s.t.forall T; 2 T, L(v) 2 d(T;). SincelL is aclusterof all T;'s,
v is not theroot of T.

Let T? be the tree obtainedfrom T by contractingthe edgebetweenv andits parent.Forall T; 2 T,
Rem.1 yields

aA(T9 = A(T)nfL(v)g 4A(T)

andthus,T%re nes T. SinceT?haslessedgeshanT, T%cannotre ne T. Therefore T is notaminimum
re nementof T. Hence,we have shavn thatinclusion (7) is an equality
(i) ) (iii) is easilydeducedrom Rem.2.
@iy ) (i). Assumethatrt(T) = rt(Ty) [ rt(T2) [ :::[ rt(Ty).
Forall T; 2 T, rt(T;) is a subsetof rt(T) andthus,by Lem. 1-(iii), T re nes T;. Hence,T renesT.
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Moreover, let T°be atreeonL rening T. Forall T, 2 T, T°re nes T, and,thus,we have rt(T;)
rt(T9. Fromthatwe deducet(T) = rt(Ty)[ rt(To)[ :::[ rt(Tx) rt(TY: T°re nesT from Lem. 1-(iii).
Hence,we have shovn that T is a minimumre nementof T.

Finally, we have to prove the existenceof a minimum re nement wheneer T is compatible.Suppose
that T is compatibleandlet T°beatreere ning T. By Lem.10,we hare A(T;) Cd(T) forall T; 2 T
andthus

A(T) [ A(T)[ [ A(Te)  A(TH:

Moreover, we can modify T°to remove clustersin
ATy AT [ AT [ [ A(Tw)

by contractingcorrespondingdgesaccordingto Rem. 1. Thus,we obtainatree T satisfyingLem. 2-(ii),
i.e. T is aminimumre nementof T. [ |
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