
Conten ts

1 In tro duction 2

2 Linear mixed mo dels for gene expression pro�le 3
2.1 An exampleof LMM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
2.2 Alternativ e models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

3 Mixture of linear mixed mo dels 6
3.1 Mixture model for repeated geneexpressiondata . . . . . . . . . . . . . . . 6
3.2 Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

4 Numerical Exp erimen ts 8
4.1 Monte Carlo experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
4.2 Wood formation DNA microarray analysis . . . . . . . . . . . . . . . . . . . 9

4.2.1 The data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
4.2.2 Pretreatment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
4.2.3 EM initialization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
4.2.4 Model selection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
4.2.5 Cluster analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
4.2.6 The software . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

5 Discussion 19

i



ii



List of Figures

1 Maximum log-likelihood valuesfor the di�eren t models. . . . . . . . . . . . 11
2 AIC, BIC and ICL criteria for the di�eren t models. . . . . . . . . . . . . . 13
3 Geneexpressionpro�les of the 13 clusters for model E2-M3. . . . . . . . . . 15
4 Geneexpressionpro�les of the 13 clusters for model E0-M3. . . . . . . . . . 16
5 Clusters Expressionpro�les. . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

List of Tables

1 Parameter estimation valueswith EM from 100simulated models (A) and (B). 9
2 Classi�cation error rates from 100 simulations for models (A), (B) and (A'). 9
3 Parameter estimations for the 13 component mixture with model E2-M3 for

the wood formation dataset. . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
4 Log-likelihood valuesfor modelsE0-M3 and E2-M3 with K = 1 and K = 13

components. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
5 Parametersestimation for the 13 components of the mixture model E0-M3. 14
6 Confusion table (in percentage) for the classi�cations derived from models

E0-M3 and E2-M3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

iii



iv



Authors
Gilles Celeux

Research Director
Adress: Departement de math�ematiques
Bâtiment 425
Universit�e Paris-Sud
91405Orsay Cedex
France
Phone: +(33) 1 69 15 57 77
Fax:: +(33) 1 69 15 72 34
Email: Gilles.Celeux@inria.fr

Olivier Martin
Adress: INRA, Unit �e Prot�eomique
2, Place Viala
34060Montp ellier C�edex1
FRANCE
Phone: +(33) 4 99 61 26 14
Email: martinol@ensam.inra.fr

Adress: LIRMM - IFA/MAB
161, rue Ada
34392Montp ellier C�edex5
France
Phone: +(33) 4 67 41 86 71
Email: martin@lirmm.fr

Christian Lavergne
Professor
Adress: Institut de Math�ematiqueset de Mod�elisation de Montp ellier
UMR CNRS 5149
Place Eug�eneBataillon
34095Montp ellier C�edex5
France
Email : Christian.Lavergne@math.univ-montp2.fr

v



vi



Mixture of linearmixedmodelsfor clusteringgeneexpression
pro�les from repeatedmicroarray experiments

Gilles Celeux,Olivier Martin, Christian Lavergne

May 17, 2005

Abstract

Data variabilit y can be important in microarray data analysis. Thus, when cluster-
ing gene expressionpro�les, it could be judicious to make use of repeated data. In
this paper, the problem of analyzing repeated data in the model-basedcluster analy-
sis context is considered. Linear mixed models are chosen to take into account data
variabilit y and mixture of these models are considered. This leads to a large range of
possiblemodels depending on the assumptionsmade on both the covariance structure
of the observations and the mixture model. The maximum likelihood estimation of this
family of models through the EM algorithm is presented. The problem of selecting
a particular mixture of linear mixed models is consideredusing penalized likelihood
criteria. Illustrativ e Monte Carlo experiments are presented and an application to the
clustering of geneexpressionpro�les is detailed. All those experiments highlight the
interest of linear mixed model mixtures to take into account data variabilit y in a cluster
analysis context.
Keyw ords: Cluster Analysis; GeneExpressionPro�le; Linear Model; Mixture Model;
PenalizedLikelihood Criteria; Random E�ect.
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1 In tro duction

Microarrays areoneof the domainsin experimental molecularbiology which o�er the
abilit y to measurethe expressionlevels of large amount of genessimultaneously, up
to several thousands(Dugganet al. 1999). Geneexpressionpro�les are usedto study
the genefunction in cellular process.Becauseof the large number of genesand the
complexity of biological networks, clustering is often used to �nd co-regulatedand
functionally related groupsof genes.Among the most usedmethods, we can cite hi-
erarchical classi�cation (Eisenet al. 1998),self-organizingmaps(Tamayo et al. 1999)
and the K -meansalgorithm (Tavazoieet al. 1999). More recently, someauthors have
basedcluster analysisof geneexpressionpro�les on multiv ariate Gaussianmixtures
(Yeunget al. 2001,Ghosh& Chinnaiyan 2002).

Data sets from multiple experiments are represented by an expressionmatrix in
which each column represents a single microarray experiment. A row represents
the expressionvector for a particular geneand is called the geneexpressionpro�le.
Columns can represent di�erent time points in a particular experimental condition
or di�erent factor levels (occurrenceof somediseasefor instance). In most cases,the
logarithm of the expressionratio betweenthe experimental condition and a reference
condition for each gene is computed. As shown in (Lee et al. 2000), any single
microarray experiment is subject to substantial variabilit y and replicate measures
are neededto provide a reliable analysisof geneexpression. However, as far as we
know, most clustering studiesof genesexpressionpro�les did not take into account
the variabilit y of geneexpressionpro�les and did not considerrepeateddata to derive
genesclusters.

Standard clustering algorithms and �nite mixture models are not tailored for
taking into account repeateddata. Two commonattitudes whenfacingthis variabilit y
problem in cluster analysisof geneexpressionpro�les are the following:

� Neglectingthe problem and clustering genesfrom a singlemeasureof the vari-
ablesfor each gene.

� Restricting the variabilit y to a meane�ect and clustering genesfrom the mean
valuesof independent repeatedmeasuresfor each gene.

Both attitudes canbe expectedto be unsatisfactory. The �rst oneclearly jeopardizes
the analysisassoon as the variabilit y is important. The secondoneis assumingthat
the variabilit y doesnot dependon covariatesor on the genesand canbeunrealistic. A
notable e�ort to deal with repeateddata in a cluster analysisof genesis the software
of Yeunget al. (Yeunget al. 2003)whereseveral ad hoc proceduresare proposedto
down weight geneswith noisy measures.

Weproposea moreformal approach, embeddedin the model-basedclusteranalysis
context. It is aiming to take into account randome�ectscarriedby repeatedmeasures
in a proper way. In statistical analysis, variabilit y in data is classically related to
random e�ects. Linear mixed models (LMM) are devoted to analyzethose random
e�ects from repeated data (Searleet al. 1992). Examples of LMM applications in
geneexpressionpro�le analysisare (Wol�nger et al. 2001) and (Efron et al. 2000).
In this article, we proposeto take into account the variabilit y of measurements for
mixture distributions with linear mixed models.

Assumingthat the measuresarerepeatedR times for a time seriesof T points and
for each genei (i 2 f 1; : : : ; I g), the repetition r of the log-ratio measurefor the i -th
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geneat time t is denotedyitr . In order to represent the di�erential expressionwithin
a cluster k and to take into account repeatedmeasures,a possiblerepresentation is

yk
itr = � kt + � k

it + � k
itr :

In this model, the �xed e�ect � kt gives the intensity of the di�erential expression
at time t in cluster k. Owing to the important number of genesthe genee�ect is
consideredas a random e�ect. The term � k

it represents a random e�ect which is
addedto measuresof genei at time t in cluster k. This term can be regardedas the
variation betweengeneexpressionpro�les and the cluster center. Finally, the error
term � k

itr represents the experimental error.
This type of approach can lead to numerousmodelsfor clusteringgeneexpression

pro�les from repeated data. It is consideredin this article which is organizedas
follows. Section2 is devoted to the presentation of linear mixed models. It is focused
on models of interest for analyzing geneexpressiondata. Mixture of mixed models
and its estimation through the EM algorithm is presented in Section3, and the EM
equationsaredetailed for a particular model. Section4 is devoted to the presentation
of illustrativ enumericalMonte Carlo experiments andanapplication on the formation
of wood tissuesis detailed. A short concludingsectionsummarizesthe main points
of this article and givessomeperspectives for future work.

2 Linear mixed mo dels for gene expression pro�le

To simplify the generalpresentation of linear mixed models, hereafter abbreviated
LMM, wefocusattention in Section2.1on a particular linear mixed model. In Section
2.2 alternative LMM are presented.

2.1 An example of LMM

Recall that the r th repetition of an expressionlog-ratio between two experimental
conditions at time t for genei is denoted yitr . It is assumedthat R repetitions of
expressionratios are recordedat T di�erent times for I independent genes. The
linear mixed model, taking into account a covariancestructure in the repetitions we
considerhere, is

yitr = � t + � it + � itr (2.1)

where

� � t represents the �xed e�ect of time,

� � it � N (0; � 2) is the random e�ect of genei at instant t,

� � itr � N (0; � 2) is the error measure.

It is important to understandthat the measurements of two di�erent genesare sup-
posedto be independent. But, the covariancestructure betweentwo log-ratios is as
follows (noting � k0

k = 1 if k = k0 and 0 otherwise):

cov(yitr ; yi 0t0r 0) = � 2� i 0

i � t0

t + � 2� i 0

i � t0

t � r 0

r : (2.2)
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In this model, the covariancebetweenthe repetitions of a geneat the sameinstant is
not null and is equal to � 2. The varianceof an observation is � 2 + � 2. For any given
gene,the correlation betweenthe measurements at two di�erent instants is null.

As seenin model (2.1), linear mixed modelsare aiming to analyzethe variabilit y
that is evident in data by including both �xed and randome�ects (Searleet al. 1992).
The generalequation of a LMM is

y = X �|{z}
�xed e�ects part

+ U �|{z}
random e�ects part

+ � (2.3)

where

� y is the random vector of N observations,

� X (N ;p) and U (N ;q) are known designmatrices,

� � is the �xed e�ect vector, of sizep, to be estimated,

� � = (� 0
1; : : : ; � 0

H )0 is the vector of the H random e�ects, with � h of size qh

for h = 1; : : : ; H , such that the � h 's are independent, � h � N (0; � 2
h Id qh ), for

h = 1; : : : ; H; and the variances� 2
h , h = 1; : : : ; H are to be estimated,

� � is a random vector of residualsof sizeN such that � � N (0; � 2Id N ) with � 2

to be estimatedand � is independent of each � h .

The canonicalequation (2.3) appliesfor model (2.1) with

� y = (y 0
1; : : : ; y 0

I )0 where y i is the random vector of measuresfor genei . The
sizeof y i is RT,

� � = (� 11; : : : ; � 1T ; : : : ; � I 1; : : : ; � I T )0 vector of sizeI T of random e�ects (H = 1),
and � � N (0; � 2Id I T ),

� the designmatrix

U (N ;I T ) =

2

6
6
6
4

1R 0R � � � 0R

0R
. . . � � �

...
... � � �

. . . 0R

0R � � � 0R 1R

3

7
7
7
5

(2.4)

where 1R and 0R denotesrespectively the vectors (1; : : : ; 1)0 and (0; : : : ; 0)0 of
sizeR,

� � : random vector of errors of sizeN = I RT and � � N (0; � 2Id N ),

� � : unknown �xed e�ects vector of sizeT,

� and the designmatrix X (N ;T ) of the form

X (N ;T ) =

2

6
4

_X
...
_X

3

7
5 (2.5)
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where

_X (RT ;T ) =

2

6
6
6
4

1R 0R � � � 0R

0R
. . . � � �

...
... � � �

. . . 0R

0R � � � 0R 1R

3

7
7
7
5

: (2.6)

LMM are incomplete data models where the missing data are the realizations
� it ; i = 1; : : : ; I ; t = 1; : : : ; T of the random e�ect. The maximum likelihood pa-
rameter estimates can be derived for instance with the EM algorithm (Dempster
et al. 1977,McLachlan & Krishnan 1997) which consistsof maximizing iterativ ely
the conditional expectation of the completelikelihood,

l(� ; � 2; � 2jy ; � ) = �
1
2

(N + I T) ln(2� ) �
1
2

N ln(� 2) �
1
2

I T ln(� 2)

�
1
2

(y � X � � U � )0(y � X � � U � )
� 2

�
1
2

� 0�
� 2

; (2.7)

knowing the observations and a current value of the parameters.
Detailed formulas for the EM algorithm for linear mixed modelscan be found, for

instance,in (Searleet al. 1992,Section8.3) or in (Trottier 1998).

2.2 Alternativ e models

Model (2.1) introducesa random e�ect of the genei at instant t. For a samegene,
this random e�ect changesat each time. A natural alternative model would be to
assumean additional random e�ect of a genenot dependingof time. Thus a possible
generalizationof model (2.1) is a two random e�ects model

yitr = � t + (� i + � it ) + � itr (2.8)

where� i � N (0; ! 2) is the random e�ect of the genei on the expressionlog-ratio.
This model is the most complexlinear mixed model that will be consideredin this

article. The covariancebetweentwo di�erent instants for the samegeneis equal to
! 2. At a �xed time, the covariancebetweenthe repetitions of a geneis ! 2 + � 2. The
varianceof an observation is ! 2 + � 2 + � 2. This covariancestructure is summarized
in

cov(yitr ; yi 0t0r 0) = ! 2� i 0

i + � 2� i 0

i � t0

t + � 2� i 0

i � t0

t � r 0

r : (2.9)

On the other side,a simpler model than (2.1) is

yitr = � t + � i + � itr : (2.10)

It is a onerandom e�ect model assumingthat there is speci�c generandom e�ect.
The covariancebetweentwo measuresof any given geneis equalto ! 2, independently
of time and repetition. The varianceof an observation is ! 2+ � 2. This model assumes
that the correlation betweentwo repeatedmeasuresdoesnot depend on time:

cov(yitr ; yi 0t0r 0) = ! 2� i 0

i + � 2� i 0

i � t0

t � r 0

r : (2.11)

This assumptioncan be regardedas unrealistic in many situations.
Finally, several LMM are possibleto describe geneexpressionlog-ratios:
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� Model E1 described by equation (2.10) with onerandom e�ect of genei ,

� Model E2 described by equation (2.1) with onerandom e�ect of genei at time
t,

� Model E3 described by equation (2.8) with two random e�ects,

We canalsoconsidermodel E0 with no random e�ect. It is described by the equation

yitr = � t + � itr : (2.12)

3 Mixture of linear mixed mo dels

In this section,the �nite mixture model is extendedto the LMM context in order to
proposea model-basedclusteranalysistool for repeateddata. SinceGaussianmixture
is the most employed mixture model especially in a cluster analysiscontext (seefor
instance (Yeung et al. 2001) and (Ghosh & Chinnaiyan 2002) for geneexpression
clustering), we restrict attention to this model. In a multiv ariate Gaussianmixture
model, it is assumedthat an observation y is arising from the mixture distribution

f (y ) =
KX

k=1

pk ' (y j� k ; � k) (3.1)

where pk � 0; k = 1; : : : ; K are the mixing proportions verifying the constraintP K
k=1 pk = 1, ' (:j� k ; � k) being the density of a Gaussiandistribution with mean

vector � k and variance matrix � k . Consequently, knowing the mixture component
Ck from which an observation arises,its conditional distribution is a Gaussiandistri-
bution with mean� k and variancematrix � k .

3.1 Mixture model for rep eated gene expression data

In this section, we focus attention on Gaussianmixture models related to linear
mixed model E2. To take into account repeated data in the mixture framework,
we simply add the assumption that the repeated measuresof a genebelong to the
samemixture component. This natural assumption allows us to embed LMM in
the mixture framework. The speci�c LMM assumptionsto be added in the mixture
model (3.1) concernthe component mean� k and variancematrix � k . It is assumed
that y k , the vector of observations arising from mixture component Ck , obeysa LMM
equation of the form

y k = X k � k + U k � k + � k (3.2)

� k being the �xed e�ect vector, � k the random e�ect vector, X k and U k the design
matrices.

The observations are arising from oneof the K components and thosethat come
from component Ck de�ne a random vector y k of size Nk = I kTR where I k is the
number of genesbelongingto Ck . For E2 model at hand, vectors y k , k = 1; : : : ; K ,
verify the equation

yk
itr = � kt + � k

it + � k
itr : (3.3)

Thus
y k � NN k (X k � k ; � 2

k U k (U k )
0
+ � 2

k Id N k ) (3.4)

where
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� X k
(N k ;T ) is a design matrix with the samestructure as the design matrix X

de�ned in (2.5) and (2.6),

� � k is the �xed e�ect vector of sizeT for component Ck , � k = (� kt ; t = 1; : : : ; T),

� U k
(N k ;I k T ) is a designmatrix with the samestructure as the designmatrix U

de�ned in (2.4),

� � 2
k is the random e�ect variancefor component Ck ,

� � 2
k is the residual variancespeci�c to each component.

Furthermore, the random e�ect vector of sizeT, � k
i = (� k

it ; t = 1; : : : ; T), and � k

are assumedindependent.
In order to estimatethe parametersof a LMM mixture, we considerthe maximum

likelihood approach. Wemakeuseof the EM methodologythat takesinto account the
incompletestructure of the data. Heremissingdata areof two types: (i) the indicator
vectors z = (z i ; i = 1; : : : ; I ) of genememberships to the mixture components:
z i = (z1

i ; : : : ; zK
i ) with zk

i = 1 if i 2 Ck and 0 otherwise, (ii) the random e�ects
� k

i ; i = 1; : : : ; I , for each mixture component. The EM algorithm is detailed in the
Appendix for LMM mixture model involving E2.

3.2 Remarks

We have consideredabove a mixture model where parameters � k , � 2
k and � 2

k are
dependent from k. In somesituations, it can be useful to constrain the mixture
parametersto be �xed upon components and many alternative mixture models can
be considered:

� M1: (� k ; k = 1; : : : ; K ; � 2; � 2),

� M2: (� k ; � 2
k ; k = 1; : : : ; K ; � 2),

� M3: (� k ; � 2
k ; � 2

k ; k = 1; : : : ; K ), namely the above mentioned model.

Deriving the EM formulas for thosealternative modelsdoesnot involve any technical
di�cult y (seefor instance(Celeuxet al. 2002)for a presentation of the EM algorithm
with model M2).

Obviously, thosethree mixture model structures can be consideredwith di�erent
assumptionson the randome�ects. Insteadof model E2, model E3, E1 or evenmodel
E0 can be considered.

For choosing both a LMM and a mixture model structure, we favored the BIC
(Bayesian Information Criterion) criterion (Schwarz 1978). This criterion has been
proved to be e�cien t in model selection(Kass & Raftery 1995) and appears to be
one of the most relevant criteria on a practical ground for choosing the number
of components in a mixture model (Fraley & Raftery 1998, Roeder & Wasserman
1997). BIC criterion has beende�ned in a non informative Bayesian framework to
approximate the integrated likelihood of a model. For a model M , BIC (a criterion
to be minimized) is minus maximum log-likelihood for model M plus (� M =2) ln(n),
� M being the number of freeparametersin model M , and n the samplesize. Another
interesting criterion in the cluster analysiscontext is the ICL (Integrated Completed
Likelihood) criterion which is an �a la BIC approximation of the integrated complete
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likelihood (Biernacki et al. 2000),(McLachlan & Peel2000,Section6.10,6.11). This
criterion will be consideredin the numerical experiments too, aswell as the classical
AIC criterion of Akaike (Akaike 1974).

4 Numerical Exp erimen ts

In this section, results of numerical experiments on both simulated and real data
setsare reported. Simulation experiments are aiming to assessthe abilit y of the EM
algorithm to correctly estimate LMM mixture parameters. Experiments on a real
data set, concerningwood formation, aim to highlight the interest of LMM mixture
model for geneexpressionpro�les clustering from repeateddata.

4.1 Mon te Carlo exp erimen ts

For each Monte Carlo experiment, we generated100samplesfrom each type of simu-
lated data. Two E2-M2 mixture models,denoted(A) and (B) in the following, have
beensimulated. In both cases,I is �xed to 200, the number T of instants was three
and the number R of repetitions is four and a three component E2-M2 mixture model
is considered.The mixing proportions were p1 = 0:3; p2 = 0:5 and p3 = 0:2. Fixed
e�ect parameterswere � 1 = (0; 0; 2)0, � 2 = (� 1; 0; � 1)0 and � 3 = (1; 2; 0)0. The
random e�ect varianceswere� 2

1 = 0:2; � 2
2 = 0:5 and � 2

3 = 1. Models(A) and (B) only
di�er by the error measurevariance: For model (A), it is � 2

(A) = 2 and � 2
(B ) = 3 for

model (B).
Table1 displays the meanand into parenthesesthe standard error of the estimate

parametersobtained with the EM algorithm. The EM algorithm has beeninitiated
from a hierarchical clusteringcomputedwith the Ward criterion (Ward 1963). Table2
providesthe classi�cation error rate using the maximum a posteriori (MAP) decision
rule from the estimate parameter values p̂; �̂ obtained with EM. This decisionrule
consistsof assigningall the measuresof genei to mixture component k(i ) such that

k(i ) = argmax
k

dt i (k) (4.1)

where dt i (k) = P(i 2 Ck jy i ; bp; b� ).
Table 1 shows that sensibleestimatesof the model parametersare obtained in

both situations (A) and (B). As expected, the estimation accuracydependson the
randome�ect variances:the greaterthe variance,the greaterthe estimation standard
error. In the samemanner, Table 2 shows that the classi�cation error rate increases
with the random e�ect variances.And, as � 2 increases(model (B)), the varianceof
the parameter estimatesincreaseseven if the mean estimatesremain good. In the
sameway, comparingthe results in Table 2 for models(A) and (B), we note that the
classi�cation error rate increaseswith � 2.

To assessthe role of repetitions for estimating LMM mixture models, we carry
out additional Monte Carlo experiments. They consist of 100 replications of model
(A) but the number of repetitions is R = 2 instead of R = 4. We denoted (A')
this occurrenceof model (A). The results for model (A') displayed in Table 2 clearly
show that the classi�cation error rate decreaseswith the number of repetitions. This
con�rms our opinion that it is important to take into account properly repetitions to
get relevant clustering structures for highly variable data sets.

8



Parameter Model Component 1 Component 2 Component 3
(1) �xed e�ects t = 1 � 11 = 0 � 21 = � 1 � 31 = 1
(2) (A): � 2 = 2 0.029 (0.124) -1.007 (0.125) 1.071 (0.274)
(2) (B): � 2 = 3 0.019 (0.141) -1.044 (0.156) 1.035 (0.420)
(1) �xed e�ects t = 2 � 12 = 0 � 22 = 0 � 23 = 2
(2) (A): � 2 = 2 -0.008 (0.131) 0.004 (0.131) 2.061 (0.373)
(2) (B): � 2 = 3 -0.009 (0.163) -0.014 (0.163) 2.030 (0.401)
(1) �xed e�ects t = 3 � 13 = 2 � 23 = � 1 � 33 = 0
(2) (A): � 2 = 2 1.994 (0.153) -0.992 (0.123) 0.008 (0.256)
(2) (B): � 2 = 3 1.970 (0.208) -0.999 (0.165) -0.037 (0.330)
(1) proportions p1 = 0:3 p2 = 0:5 p3 = 0:2
(2) (A): � 2 = 2 0.301 (0.030) 0.501 (0.041) 0.197 (0.045)
(2) (B): � 2 = 3 0.308 (0.043) 0.487 (0.060) 0.204 (0.069)
(1) random e�ects � 2

1 = 0:2 � 2
2 = 0:5 � 2

3 = 1
(2) (A): � 2 = 2 0.211 (0.092) 0.484 (0.117) 0.901 (0.270)
(2) (B): � 2 = 3 0.216 (0.134) 0.449 (0.153) 0.866 (0.303)

error measure
(2) (A): � 2 = 2 2.005 (0.069)
(2) (B): � 2 = 3 2.995 (0.095)
(1) Simulated parameter values.
(2) Mean and (standard error) for parameter estimations.

Table 1: Parameter estimation valueswith EM from 100 simulated models (A) and (B).

model (A) model (B) model (A')
R = 4, � 2 = 2 R = 4, � 2 = 3 R = 2, � 2 = 2

Cluster 1 8.30 21.57 14.62
Cluster 2 6.38 21.16 13.82
Cluster 3 23.65 28.88 34.55

Table 2: Classi�cation error rates from 100 simulations for models (A), (B) and (A').

4.2 Wood formation DNA microarra y analysis

Data we consideredin this subsectionhave beengatheredto study the mechanisms
involved in wood formation (Hertzberget al. 2001). We �rst give a brief presentation
on biological and technical aspects of the considereddata set. More information
concerningbiological results, materials and methods can be found in the article of
Hertzberg et al. (Hertzberg et al. 2001).

4.2.1 The data

Hertzberget al. (Hertzberget al. 2001)have studied the developingsecondaryxylem
of poplar by analyzingthe pro�les of 2,995expressedsequencetags(EST). The highly
organization of secondaryxylem allows to distinguish easily di�erent developmental
zonesand to determine a unique tissue-speci�c transcript pro�le for a well de�ned
developmental gradient. This property of wood-forming tissuesallowed to collect
�v e tissue samples(A, B, C, D, E) and also a phloem sample(Phl). The biological
description of thesetissuesis given in (Hertzberg et al. 2001).

Expressionpro�les for T = 6 di�erent tissues(Phl, A, B, C, D, E) with DNA chips
are to be analyzed. To determine the steady-statemRNA levels at speci�c stages
during the ontogeny of wood formation, 30-� m-thick sectionshave been sampled
through the wood development region. Thosesampleshave beenanalyzedby using
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a spotted cDNA-microarray consistingof the 2,995ESTs. Expressionspro�les have
beenobtained by incorporating the Cy5 
uorophor in the experiment samples(Phl,
A, B, C, D, E) and the Cy3 
uorophor in the referencesample,namely a mixture
of samplesA-E. For each experiment, replications have beencarried out in order to
obtain four measuresfor each gene.Thus, for each gene,we got R = 4 repetitions for
the coupleof measures(Cy5, Cy3). In the next section,we detail the pretreatment
we achieved.

4.2.2 Pretreatmen t

Beforeclustering geneexpressionpro�les, two stagesappearedto be necessary.

� Data normalization
To remove systematic biasesfrom microarray data, due to technical and bio-
logical problems, data must be normalized. For this task, we chosethe well
known approach proposedin (Yang et al. 2001). This normalization allows for
a correction depending on intensity level of the spot and is di�erent for each
print-tip usedto set down the probeson the glass.

� Geneselection
Cluster analysis is to be performed on the logarithm of the 
uorescent inten-
sities ratios log(Cy5/Cy3) betweenthe two samples. The clustering is usually
performedon a subsetof genesshowing changesbetweenthe experiments and
the control. For instancein (Hertzberg et al. 2001),a hierarchical clustering is
presented on the 539 genesshowing at a least 8-fold di�erential expression.A
lessdrastic 4-fold level criterion have beenusedto select870genes.

For this data set of 870 genes,the performancesof 154 di�erent mixture models
have beencompared.They concerned126di�erent LMM mixtures, the nine models
Ei -Mj , for i = 1; 2; 3 and j = 1; 2; 3 with K = 2 to K = 15 components, and the 28
modelsE0-M1 and E0-M3 with K = 2 to K = 15 components.

4.2.3 EM initialization

EM solution can highly depend on its starting position especially in a multiv ari-
ate context. This jeopardizesstatistical analysisof mixture. Spuriousor insensible
estimatescan be derived from somestarting valuesespecially for mixture models in-
volving many parameters(McLachlan & Peel2000). Thus, the EM algorithm should
be applied from a wide choiceof starting valuesto be ensuredto get a sensiblemax-
imum. To attenuate the starting value problem of EM, we made use of a strategy
consistingof ten short runs of EM from di�erent k-meansresults, followed by a long
run of EM from the "short run" solution providing the highest log-likelihood. By
\Short run" of EM, we mean that the EM algorithm is stopped after few iterations
(ten in the present numerical experiments). This kind of approach has beenproved
to be e�cien t in many cases(Biernacki et al. 2003),(Berchtold 2004).

Figure 1 displays the log-likelihood for the di�erent models in competition. As
expected the log-likelihood increaseswith the model complexity. At least, it shows
that, for each consideredmodel, EM is not trapped in a sub-optimal or spurious
solution.
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Figure 1: Maximum log-likelihood values for the di�eren t models with K = 2 to 15. The
four graphics represent the log-likelihood for the four models Ei (i = 1; : : : ; 4) combined
with the di�eren t mixture models. In top left, the log-likelihoods for the models E1-M2
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component parameter � random e�ect measure
proportion std. dev. error

1 � 1 = (� 0:230; 0:347; 0:442; 0:437; 0:433; � 1:474)0 p1 = 0:077 � 1 = 0:462 � 1 = 0:224
2 � 2 = (� 1:749; � 0:212; 0:023; 0:082; 0:137; � 0:423)0 p2 = 0:073 � 2 = 0:356 � 2 = 0:219
3 � 3 = (0:086; � 0:362; � 0:246; 0:269; 1:621; 1:005)0 p3 = 0:172 � 3 = 0:183 � 3 = 0:143
4 � 4 = (� 0:499; � 0:808; � 0:122; 1:611; 2:820; 2:253)0 p4 = 0:038 � 4 = 0:767 � 4 = 0:385
5 � 5 = (0:685; 0:541; 0:390; � 0:268; � 1:465; 0:020)0 p5 = 0:078 � 5 = 0:401 � 5 = 0:274
6 � 6 = (� 2:214; � 0:611; 0:242; 0:933; 0:934; 0:338)0 p6 = 0:061 � 6 = 0:786 � 6 = 0:348
7 � 7 = (2:942; 3:045; 2:907; 0:472; � 1:708; 0:795)0 p7 = 0:055 � 7 = 0:705 � 7 = 0:711
8 � 8 = (1:911; 1:847; 1:245; 0:196; � 0:940; � 0:537)0 p8 = 0:075 � 8 = 0:694 � 8 = 0:212
9 � 9 = (� 0:287; � 0:385; � 0:226; 0:343; 1:433; 1:297)0 p9 = 0:105 � 9 = 0:531 � 9 = 0:215
10 � 10 = (1:027; � 0:016; � 0:524; � 0:427; 1:320; 2:378)0 p10 = 0:067 � 10 = 0:584 � 10 = 0:373
11 � 11 = (1:328; 0:665; 0:157; � 0:452; � 0:157; 1:566)0 p11 = 0:092 � 11 = 0:790 � 11 = 0:201
12 � 12 = (1:721; 1:598; 1:117; � 0:474; � 1:567; 0:853)0 p12 = 0:063 � 12 = 0:639 � 12 = 0:458
13 � 13 = (1:586; 2:000; 1:730; 1:071; � 0:050; � 1:343)0 p13 = 0:044 � 13 = 1:243 � 13 = 0:432

(std. dev. is an abbreviation for standard deviation)

Table 3: Parameter estimations for the 13 component mixture with model E2-M3 for the
wood formation dataset.

4.2.4 Mo del selection

The 154modelshave beencomparedwith penalizedlog-likelihood criteria AIC, BIC
and ICL. For simplicity, we do not report their values. All those criteria show a
marked superiority of mixture model M3 which allows for a di�erent error measure
variance for each mixture component. This fact illustrates the variabilit y problems
occurring with microarray data. Figure 2 displays AIC, BIC and ICL valuesfor the
modelsE0-M3, E1-M3, E2-M3 and E3-M3. The threecriteria strongly support model
E2-M3 and E3-M3. Sincethey provide quite similar valuesfor both models,we chose
the most parsimoniousmodel E2-M3. From Figure 2, it appearsthat thosecriteria,
even ICL, indicate no evidencefor a particular number of components. Here, the
overlapping of the groupshighlights the di�cult y to choosean appropriate number
of components. We choseto focus on the 13 component mixture for the following
reason.With 13 components the smallestproportion is equal to 3.8%(33 genes)and
with 14 components, it is 2.2%(19 genes).Sincethe vector parameter(pk ; � k ; � k ; � k),
associated to component k, is a nine-dimensionvector, it did not seemreasonableto
selecta 14 component mixture. The parameterestimations for K = 13 are given in
Table 3.

Before presenting the clustering associated to the 13 component mixture model
E2-M3, it is of interest to comparemodels E0-M3 (no random e�ect) and E2-M3.
Table4 giveslog-likelihood valuesfor the two modelsE0 andE2 in the no mixture case
(K = 1) and in the K = 13 component mixture case.Comparing thesevalueswith
the log-likelihood of the null model (without �xed e�ect) which is -34342,it appears
clearly that taking into account random e�ects lead to a dramatic improvement of
the model.

Model E0-M3 Model E2-M3
K=1 -34257 -16267
K=13 -18099 -10485

Table 4: Log-likelihood values for models E0-M3 and E2-M3 with K = 1 and K = 13
components.
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Figure 2: AIC, BIC and ICL criteria for the di�eren t models with K = 2 to 15. The three
graphics represent AIC (top), BIC (bottom left) and ICL (bottom right) criteria for the
di�eren t mixture model M3 and for K = 2; : : : ; 15 components. The values for models
E2-M3 and E2-M3 are so close that it is di�cult to distinguish the curves for the three
criteria.
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4.2.5 Cluster analysis

The thirteen clusters obtained from the MAP operator (4.1) for model E2-M3 are
depicted in Figure 3. For each cluster and each gene,all the repetitions are repre-
sented.

Despite the fact that penalizedlog-likelihood criteria show that model E0-M3 is
irrelevant for this data set and could lead to unreliable clustering of the genes,since
it does not take into account di�erences in the genevariabilit y, it is interesting to
look at the resultsobtainedwih this model for K = 13 to analyzethe consequencesof
neglectingthe possiblerandom e�ects. The parameterestimationsfor model E0-M3
are given in Table 5 and Figure 4 represents the cluster pro�les.

component parameter � measure
proportion error

1 � 1 = (� 0:210; 0:379; 0:461; 0:480; 0:435; � 1:498)0 p1 = 0:083 � 1 = 0:529
2 � 2 = (� 1:759; � 0:225; 0:007; 0:056; 0:100; � 0:388)0 p2 = 0:081 � 2 = 0:423
3 � 3 = (0:076; � 0:370; � 0:256; 0:266; 1:603; 0:971)0 p3 = 0:174 � 3 = 0:228
4 � 4 = (� 0:598; � 0:812; � 0:079; 1:682; 3:105; 2:659)0 p4 = 0:030 � 4 = 0:813
5 � 5 = (0:763; 0:647; 0:469; � 0:277; � 1:468; 0:200)0 p5 = 0:106 � 5 = 0:533
6 � 6 = (� 2:275; � 0:563; 0:482; 1:358; 1:290; 0:167)0 p6 = 0:053 � 6 = 0:954
7 � 7 = (2:870; 3:221; 2:999; 0:824; � 1:329; 0:170)0 p7 = 0:070 � 7 = 1:112
8 � 8 = (1:708; 1:542; 1:112; 0:282; � 0:935; � 0:917)0 p8 = 0:087 � 8 = 0:681
9 � 9 = (� 0:008; � 0:470; � 0:267; 0:530; 1:675; 1:126)0 p9 = 0:093 � 9 = 0:517
10 � 10 = (1:043; 0:089; � 0:474; � 0:431; 1:467; 2:974)0 p10 = 0:050 � 10 = 0:574
11 � 11 = (1:779; 0:351; � 0:205; � 0:592; 0:370; 1:127)0 p11 = 0:054 � 11 = 0:614
12 � 12 = (2:040; 1:971; 1:196; � 0:581; � 1:374; 1:714)0 p12 = 0:074 � 12 = 0:685
13 � 13 = (� 0:641; � 0:085; � 0:192; � 0:288; 0:473; 1:699)0 p13 = 0:045 � 13 = 0:524

Table 5: Parametersestimation for the 13 components of the mixture model E0-M3.

Table 6 comparesthe classi�cations derived from models E0-M3 and E2-M3. It
givesthe percentage of commongenesbetweenthe clustersof the two classi�cations.
This table deservessomeremarks.

� A wide similarity betweenclusters1, 2 and 3 for the two modelscanbe noticed.
All theseclusters present a small random e�ect (� 1 = 0:462; � 2 = 0:356; � 3 =
0:183) in model E2-M3. Thus, neglectingthe random e�ect in thesecaseswould
not a�ect greatly the composition of the clusters.

� Clusters4-12present a weakagreement betweenthe two classi�cations(percent-
agesof commongenesare between35 % and 71 %). A more marked random
e�ect canbe observed for theseclusters: Neglectingthe random e�ects for these
clusterscan lead to unreliable results.

� It appearsthat there is no relation betweenclusters13 from modelsE0-M3 and
E2-M3. Table 3 shows that the cluster 13 from model E2-M3 is the one with
the greatest random e�ect (� 13 = 1:243). This cluster can not be recovered
when random e�ects are neglected.And, this cluster could be interesting from
a geneticpoint of view: the more deeper the tissuesare in the poplar, the more
the genesof this cluster are underexpressed.

Prediction of random e�ects and cluster expression pro�les. We have high-
lighted the important role of random e�ects in the clustering context. Models that
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Figure 3: Geneexpressionpro�les of the 13 clusters for model E2-M3.
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Figure 4: Geneexpressionpro�les of the 13 clusters for model E0-M3.
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Model E0-M3 Number
Model Cluster of
E2-M3 1 2 3 4 5 6 7 8 9 10 11 12 13 genes

1 91.7 0 0 0 0 0 0 0 0 0 0 0 0 66
2 0 90.1 0 0 0 0.9 0 0 0 0 0 0 0 65
3 0 0 89.4 0 0 0 0 0 3.2 0 0 0 0 150
4 0 0 0 70.6 0 1.3 0 0 6.7 0 0 0 0 32
5 0 0 0 0 70.1 0 0 1.4 0 0 0 0 0.9 71
6 0.8 5.2 0 0 0 64.4 0 0 2.4 3.7 0 0 3.5 51
7 0 0 0 0 0 0 63.6 0 0 0 0 4.8 0 47
8 0 0 0 0 4.6 0 5.9 44.8 0 0 0 5.8 0 64
9 0 0 4.2 1.7 0 2.2 0 0 44.5 3.8 0 0 17.9 93
10 0 0 0 0 0 0 0 0 7 43.1 13.8 0 6.5 59
11 0 0 0 0 4.9 0 0 0 0 7 35.5 16.5 8.3 78
12 0 0 0 0 7.9 0 0 11 0 0 1 35.2 0 56
13 4.8 0 0 0 0 3.7 13.8 17.7 0 0 1.2 0 0 38

Number
of 72 70 153 26 94 46 61 75 79 44 48 63 39 870

genes

Table 6: Confusion table (in percentage) for the classi�cations derived from models E0-M3
and E2-M3.

do not take into account random e�ects can lead to unreliable interpretation. Now,
with a mixture of LMM, it is important to analyzethe random e�ects in each cluster.
First, it is interesting to remove the random e�ects to seethe variabilit y due to error
measurein each cluster. Secondly, it is interesting to predict the geneexpression
pro�les in each cluster.

Removing the random e�ects consistsof representing the pro�les with yitr � � k
it , if

genei is assignedto cluster k, rather than yitr . The unknown � k
it 's can be estimated

with their Best Linear UnbiasedPredictor (BLUP) �̂ k
it (Searleet al. 1992). Figure 5

represents the resulting 13 pro�les for model E2-M3 with all the repetitions for each
gene.An interesting interpretation of the clusteringbuilt with a mixture of LMM can
be deducedfrom the examinationof the two Figure 3 and Figure 5. Figure 5 provides
a clearer representation of the clustersexpressionpro�les than Figure 3 and Figure
4. And, comparisonof Figure 3 and Figure 5 throws light on the respective roles
of error measurements and random e�ects in the clusters variabilit y. For instance,
cluster 11 has a marked pro�le with a wide random e�ect. On an other hand, it
appears that cluster 7 has an important measureerror variabilit y, etc. Moreover if
genei is assignedto cluster k, a natural prediction of its di�erential expressionpro�le
is � k + �̂ it .

Biological commen ts. By analysing two metabolic pathways related to cell-wall
formation and presented in (Hertzberg et al., 2001, page 14736), we found some
similar results described in this article. The �rst pathway concernsselectedstepsin
the carbohydrate metabolism. For this pathway, we observed that �v e genesof the
cluster 13 wereimplied in connectedenzymaticreactions(three genesin the reaction
EC4.2.2.2,onegenein the reactionEC3.1.1.11andonegenein the reactionEC3.2.15).
Concerningthe metabolic pathway for lignin biosynthesis, the genesimplied in the
successive reactions EC1.14.13.11,EC6.2.1.12,EC1.2.1.44and EC1.1.1.195were in
cluster10or in cluster6. It couldbe thought of assurprisingthat connectedreactions
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Figure 5: Clusters Expressionpro�les.
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genesbelongto clusterswith quite di�erent pro�les. Our view is that the biological
interpretation of this clustering remainsdi�cult. But, it could be usedto infer new
biological hypothesisand new experiments to verify them.

4.2.6 The soft ware

All the results have beenobtained using R software (http://www.r-pro ject.org) and
a library, namely l3m, which hasbeendeveloped for thesemixture modelsis available
from the corresponding author upon request. Concerningthe computation time, it
depends on the number of genesand on the number of components. For the 870
genesof our dataset,parameterestimationstake about 15 minutes for model E2-M3
with K = 13 components. But, a great improvement could be expected by using C
languagerather than R language.

The parametersand information criteria are computed in the program l3m(). A
simulated data set,namelydataL3M, of 100statistical units is available in the library
l3m in order to present the useof di�erent functions. To obtain the parameteresti-
mation for model E2-M3 with K = 3, two commandsare necessary. First, the data
set needsto be loadedusing the commanddata(datal3m). Secondly, the model pa-
rametersestimation is carriedout with the commandl3m(datal3m, model="E2.M3",
K=3).

The R commandhelp() provides accessto documentation on di�erent functions
of the library. For example,the commandhelp(l3m) gives informations on di�erent
arguments and di�erent results for the function l3m().

5 Discussion

A mixture of LMM modelshasbeenproposedand estimatedwith the EM algorithm.
It can be useful in situations where repeated measuresare available. In a cluster
analysis context, it is expected to lead to more reliable clustering structures than
standard model-basedclustering sinceit allows to take pro�t of the powerful LMM
methodology in the mixture framework. And, in many situations, it can be crucial
to distinguish the observations accordingto their variabilit y.

In microarray data analysis it could have many applications and could become
a referencemethod for clustering gene expressionpro�les when the variabilit y is
important. Moreover, using the BLUP (Best Linear Unbiased Predictor) (Searle
et al. 1992),canbe usefulto build realistic pro�les, providing a preciserepresentation
of each genein its cluster.

Moreover, the analysisof LMM mixture modelscan lead to interesting interpreta-
tions, useful for the practitioners sincethose models are powerful and parsimonious
models.

As wehave seen,the LMM mixture model can leadto numerousmodelswhich can
be reliable in speci�c situations (for instancemixture components can have the same
�xed e�ects but di�erent random e�ects). This is the reasonwhy it is important to
proposean e�cien t way to selecta reliable model. In this paper, we have proposed
to choosea LMM mixture with the BIC criterion, or the ICL criterion when cluster
analysisis the main concern. In the application we considered,those penalisedlog-
likelihood criteria appearedto be usefulto selecta model, but not to selecta sensible
number of mixture components. The question of de�ning an appropriate penalized
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loglikelihood criterion to selecta model would deserve future research. As shown in
(Vaida & Blanchard 2003),it is possiblethat the way of counting the e�ective number
of parametershas to be modi�ed when the focus is on conditional inference. Also,
the approach proposedin (Birg�e & Massart 2001)could be of interest especially in a
moderate samplesizesetting.

We have presented the EM algorithm for a LMM mixture model using the ML
method for estimating the vector parameter� . An alternative method for estimating
the parametersof an LMM model is the restricted maximum likelihood (REML)
method, which can be regardedas a method of estimation the variancecomponents
by maximizing the marginal likelihood obtained by integrating the likelihood over
the �xed e�ect parameter � . In the mixture context, we do not consider REML
estimation. Actually, it seemsthat there is no sensitive di�erence betweenEM and
REML estimatesin LMM (Searleet al. 1992,Section 6.7), and consideringREML
estimation in this context would involvetechnical complicationswithout providing the
ML estimationof the �xed e�ect parameters� k , k = 1; : : : ; K . This is a realdrawback
becausemaximum likelihood value enters the composition of penalized likelihood
criteria to selecta parsimoniousmodel. However, consideringthe REML approach
could be of interest in the mixture context becauseit can provide more reliable
estimatesthan ML for small proportion mixture components. Henceconsideringthe
implementation of the REML approach using stochastic versionsof EM (McLachlan
& Krishnan 1997,Section6.3) could be pro�table.
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APPENDIX: EM algorithm for LMM mixture

Wedetail the EM algorithm for the LMM mixture model involving E2. Wedenotep =
(p1; : : : ; pK )0 the mixture proportion vector, � k = (� 0

k ; � 2
k ; � 2

k)0 the parametervector of
the LMM associated to component Ck and � = (� 0

1; : : : ; � 0
K ; � 2

1 ; : : : ; � 2
K ; � 2

1; : : : ; � 2
K )0.

As notedabove, therearetwo typesof missingdata: the indicator vectorsz = (z i ; i =
1; : : : ; I ) and the random e�ects (� k

it ; t = 1; : : : ; T), for each genei in Ck .

The log-likelihood associated to the completedata (y ; z; � ) for this model is

l(� ; pjy ; z; � ) =
IX

i =1

KX

k=1

zk
i ln

�
pk � (y i ; � k

i j� k)
�

(5.1)

wherethe vector y i of sizeTR contains all the measuredratios for genei and where
� k

i = (� k
i 1; : : : ; � k

iT ) denotesthe random e�ect vector of genei in Ck . Knowing that
genei is in Ck , y i is a realization from a N ( _X � k ; � k) with � k = � 2

k
_U _U

0
+ � 2

k Id T R

where

_U (T R;T ) =

2

6
6
6
4

1R 0R � � � 0R

0R
. . . � � �

...
... � � �

. . . 0R

0R � � � 0R 1R

3

7
7
7
5

is the designmatrix associated to y i .

Therefore, the probability distribution function (pdf) � of component Ck is a

Gaussiandistribution with mean
�

_X � k
0T

�
and variancematrix

"
� k � 2

k
_U

� 2
k

_U
0

� 2
k Id T

#

.
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Thus, we have

l(� ; pjy ; z; � ) =
IX

i =1

KX

k=1

zk
i ln(pk) +

IX

i =1

KX

k=1

zk
i ln(� (y i ; � k

i j� k))

=
IX

i =1

KX

k=1

zk
i ln(pk) +

IX

i =1

KX

k=1

zk
i h(� k jy i ; � k

i )) (5.2)

where

h(� k jy i ; � k
i ) = �

1
2

(TR + T) ln(2� ) �
1
2

TR ln(� 2
k ) �

1
2

T ln(� 2
k )

�
1
2

(y i � _X � k � _U � k
i )0(y i � _X � k � _U � k

i )
� 2

k

�
1
2

(� k
i )0(� k

i )
� 2

k

: (5.3)

E step

At iteration q > 0, this stepconsistsof computing the expectation of the completelog-
likelihood knowing the observed data and a current value of the parameters� [q]; p[q],
[q] denoting the iteration index. In the LMM mixture context it is

Q(� ; pj� [q]; p[q]) = E
�

l(� ; pjy ; z; � )jy ; � [q]; p[q]
�

=
IX

i =1

KX

k=1

t [q]
i (k) ln(pk)

+
IX

i =1

KX

k=1

t [q]
i (k)E[h(� k jy i ; � k

i )jy ; � [q]] (5.4)

where

t [q]
i (k) = P(i 2 Ck jy i ; � [q]; p[q]) =

p[q]
k ' (y i j�

[q]
k )

P K
l=1 p[q]

l ' (y i j�
[q]
l )

(5.5)

denotesthe conditional probability that y i arisesfrom component Ck .
Since (� k

i )0(� k
i ) and (y i � _U � k

i ), 1 � k � K , are su�cien t statistics for the
complete model (Searleet al. 1992), there is no need to compute the expectation

E
�

l(� ; pjy ; z; � )jy ; � [q]; p[q]
�

. To proceedto the maximization of Q(� ; pj� [q]; p[q]), in
the M step, we only needto compute the conditional expectation of thosesu�cien t
statistics (� k

i )0(� k
i ) and (y i � _U � k

i ), knowing observed data y i and a current value of
the parameters� [q] and p[q] (Dempster et al. 1977).

Following (Trottier 1998,page49) and knowing that y i 2 Ck , we get easily

E(� k0

i � k
i jy i ; � [q]) = � 4

k (y i � _X � k)0� � 1
k

_U _U
0
� � 1

k (y i � _X � k)

+ R� 2
k � � 4

k tr( � � 1
k

_U _U
0
) (5.6)

and
E(y i � _U � k

i jy i ; � [q]) = _X � k + � 2� � 1
k (y i � _X � k): (5.7)
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M step

This step consistsof �nding the valuesmaximizing Q(� ; pj� [q]; p[q]). From (5.4), it
leadsto

p[q+1]
k =

IX

i =1

t [q]
i (k)

I
; for k = 1; : : : ; K ; (5.8)

and to solve the following log-likelihood equationsfor parameters� k ; � 2
k , � 2

k , for k =
1; : : : ; K ,

IX

i =1

t [q]
i (k)

@E[h(� k jy i ; � k
i )jy ; � [q]]

@� k
= 0; (5.9)

IX

i =1

t [q]
i (k)

@E[h(� k jy i ; � k
i )jy ; � [q]]

@� 2
k

= 0; (5.10)

and
IX

i =1

t [q]
i (k)

@E[h(� k jy i ; � k
i )jy ; � [q]]

@� 2
k

= 0: (5.11)

Using the conditional expectationsof the su�cien t statistics (5.6) and (5.7), it leads
to the following explicit formulas, for k = 1; : : : ; K ,

� 2[q+1]
k =

1

TR
P I

i =1 t [q]
i (k)

IX

i =1

t [q]
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i
; (5.12)
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