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Abstract

Let T be an ultrametric tree with corresponding ultrametric matrix
D. Given an observed matrix A = D + E, where E is a matrix of
error terms, one of the goals of hierarchical clustering algorithms is
reconstructing T from A. The performance of any algorithm then
depends on how “close” A is to the true matrix D, and one measure
of this is ||D — Allxc = ||E|lcc. The safety radius of an algorithm,
introduced by Atteson (1999) for the more general additive case, is the
largest value of ||E||» below which the algorithm correctly reconstructs
the tree structure with certainty.

In this paper we use the safety radius approach to analyze the per-
formance of several algorithms for hierarchical clustering. We show
that there is a maximal size the safety radius can have, that is I*,
where [* is the minimum internal edge length of the tree, while in the
additive case the best possible safety radius is {*/2. Any algorithm that

obtains this maximal size for the safety radius is called optimal, and



we show that several commonly used agglomerative algorithms are op-
timal, such as the single or average linkage algorithms. Furthermore,
we demonstrate that the safety radius of ADDTREE and Neighbor
Joining is not improved in the ultrametric case, and remains {*/2. In
addition, we show that as the number of objects increases, the safety
radius tends to zero under any least-squares optimization approach.
Finally, practical and theoretical implications of these findings are dis-

cussed.

1 Introduction

Let T be an ultrametric tree on n objects and its corresponding matrix be
D = [d;;], where d;; is the distance between objects ¢ and j. From D the
tree T can be reconstructed in terms of both structure and edge lengths.
However, commonly one only has the observed matrix A = [§;;] available,
where A = D+ E, and E = [¢;;] are error terms. One of the main problems
that hierarchical clustering algorithms address is, starting from the observed
matrix A, finding a good estimate of the tree T, with the primary interest
being in the structure of T rather than on its edge lengths. This problem is
encountered in domains where attempts are made to reconstruct an inher-
itance pattern as, for example, the history of manuscripts in archaeology,
the evolution of species in biology, or the filiation of languages.

The two main approaches used to solve this problem are agglomerative
methods and direct optimization techniques. In agglomerative methods, n
clusters containing single objects are started with, two of these are joined
to give a single cluster, and the distance from this cluster to the rest of the
clusters is calculated. The process then starts again and repeats until there
is a single cluster left. Most agglomerative methods choose to join the two
clusters with the smallest distance between them, and the main difference

between the methods is how distances from a newly formed cluster to other



clusters is calculated. The four most common agglomerative methods are
single-linkage (Florek et al. 1951; Sneath 1957), complete-linkage (S¢rensen
1948; McQuitty 1960), weighted pair group method using arithmetic av-
erages (WPGMA) (McQuitty 1966), and unweighted pair group method
using arithmetic averages (UPGMA or average-linkage) (Sokal and Mich-
ener 1958). However, numerous other methods exist (see Gordon (1996) for
extensive references).

Direct optimization methods attempt to minimize |CZU — d;], or more
commonly the sum of squares Z(JU — §;j)%, subject to the constraint that
the estimated matrix D must be ultrametric. More generally the quantity
|ID — Al[, can be minimized, where || - ||, is the p—norm, and often the
weighted least squares quantity Zwij(a?z-j — 6;5)% is used as well. For large
n, and p = 1 or p = 2, direct optimization methods of |D — Al[, have to be
heuristic as it has been shown that this optimization problem is NP-hard
(Krivanek and Mordvek 1986; Krivanek 1986; Day 1987). Indeed, optimal
branch-and-bound algorithms for least-squares are limited to about twenty
objects (Chandon et al. 1980). In constrast, for p = oo polynomial time
algorithms exist (Farach et al. 1995; Chepoi and Fichet 2000). Hartigan
(1967) presented a method that started with a putatively good estimated
tree, which was then altered by the movement of edges and insertion of
vertices to attempt to obtain a tree that was even better in the weighted
least-squares sense. Carroll and Pruzansky (1980) and Soete (1984) intro—@
duced a penalty function that measured the extent to WW
condition held for triplets of leaves. Mathematical programming techniques
were then used to minimize the sum of the weighted least-squares function
and the penalty function. Other approaches are described in Barthélemy
and Guénoche (1991); Gordon (1996); Hansen and Jaumard (1997), and
Hubert et al. (2001).

In both approaches an important question is, given an observed matrix,
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how good is the estimated tree? Clearly this depends on how “close” the
observed matrix A is to the true matrix D, and on the algorithm used to
estimate the tree. One measure of “closeness” is |D — Al = ||Ellec =
n;_ax|eij|. This quantity is used in the definition (Atteson 1999) of a measure
ofjthe performance of an algorithm we call the “safety radius” (Lo radius
in Atteson’s article), this being the largest value that | E||o can have, below
which it can be guaranteed that the algorithm will correctly reconstruct the
tree structur
ere is a maximal size the safety radius can have, beyond which it
cannot be guaranteed that a tree will be reconstructed correctly, no matter
what reconstruction algorithm is used. If an algorithm has a safety radius
that is maximal then we call it an “optimal” algorithm, as its safety radius
cannot be exceeded (though it may not be the only optimal algorithm).
Atteson (1999) demonstrated that in the case of additive (or tree) distances,
which generalize ultrametric distances (Barthélemy and Guénoche 1991), a
certain class of methods, which includes ADDTREE (Sattath and Tversky
1977) and Neighbor Joining (Saitou and Nei 1987), are optimal with a safety
radius of [*/2, where [* is the minimal internal edge length of the additive
tree. In this paper we use the same approach to analyze the performance of
several algorithms for ultrametric trees.

In the following we first provide notation and formal definitions (Sec-
tion 2), and then find the optimal safety radius for ultrametric trees (Sec-
tion 3). Next we introduce a class of agglomerative algorithms, and show
that their safety radius is optimal (Section 4). We then show that the safety
radius for ADDTREE and Neighbor Joining (NJ) is unimproved when deal-
ing with ultrametric data (Section 5). Following this, we investigate the
safety radius under a least-squares optimization approach, and show that
the safety radius decreases to zero as the number of leaves increase (Sec-

tion 6). Lastly, we discuss the safety radius approach and its practical and
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theoretical impact (Section 7).

2 Notation and Definitions

We use in this section commonly known definitions and results which can
be found in textbooks such as Barthélemy and Guénoche (1991) or Semple
and Steel (2003). We refer the reader to these for detailed explanations and
bibliographic references.

Let T be the ultrametric tree we aim at reconstructing. T has n leaves
which are bijectively labeled by the n objects, and the edges of T are pos-
itively valued with /(e) being the valuation (length) of edge e. T defines
a distance matrix D = [d;;] between the objects, where d;; is equal to the
length of the path in T from 4 to j. T can be reconstructed from D. A = [§;]
is the observed matrix with d;; being an estimate of d;;. E = D—A = [¢;] is
the matrix of errors terms and we assume, as usual, that A is a dissimilarity:
(1) dij > 0; (i) 65 = dj45 (iii) 0;5 = 0 &4 = j.

D satisfies the ultrametric inequality: for all leaves 4, j, k we have d;; <
max(d;, dji). This inequality is a special case of the more general additive
inequality (Zaretskii 1965; Buneman 1974) also called the four-point condi-
tion: for all leaves 1, j, k, [ we have d;; +dy; < max(d;x, +dji, d;i, +dy), which
corresponds to an additive distance being defined by a tree with positive
valuations on the edges, without the ultrametric constraint.

Since T is ultrametric it is also spherical: there exists an edge on which
a vertex r can be inserted such that the length d;. of the path from r to any
leaf ¢ is constant and independent of i. We interpret r as a root and T is
then best seen as a rooted tree. Moreover, for any pair of leaves i, 7 we have:
diy = dj, = d;j/2, where v is the least common ancestor of 4 and j. Figure 1
displays an illustration of the spherical representation of ultrametric trees.
The dendrogram is another popular (equivalent) representation, but it will

not be used here as it makes comparison of results with the additive case



awkward. For the rest of the paper we implicitly consider T as a rooted
tree, unless otherwise stated

The internal vertices of T are the non-leaf vertices and include the tree
root. We assume that T is fully resolved, which means that every internal
vertex of T has two descendants. An unresolved (internal) vertex has three
descendants or more, and an unresolved tree contains unresolved vertices.
The internal edges of T join internal vertices and the set of internal edges is
denoted as E. I* is the length of the shortest edge in . We assume [* > 0;
having I* = 0 would be equivalent to having an unresolved vertex in T. We
preclude unresolved vertices to avoid having different but equivalent trees
and more complicated definitions and proofs.

The clusters of T correspond to the subsets of leaf labels
induced by the subtrees of T, e.g. in Figure 1 we have:
{i}, {5}, {k}, ... {k, 5}, ... {i,k, 5} ... {i,k,5,l,m}. The structure of T is de-
fined by its graphical representation using vertices and edges as well as by
its cluster set. Our aim is to reconstruct from A the structure of T, but not

the edge lengths, which is not achievable unless A = D.

3 Optimal Safety Radius in the Ultrametric Case

Theorem 1 For ultrametric distances the mazimal safety radius is at most
I*, where I* is the minimum internal edge length of the ultrametric tree that

has been perturbed.

Proof. Let T be the resolved ultrametric tree shown in Figure 2. We
now introduce an unresolved ultrametric tree T’ (Figure 2), with associated
matrix D’, which is a perturbed version of T. We then have A = D’ and

for D’ the dissimilarities are

o = e = dpe =22+ 1" a€AbeEB,ceC



which implies that
dy = dgp + 1% dhe = dpe = dge — 1" = dpe — 1,

while all other distances are identical in D and D'. In other words ||E|o =
ID - D]l =1

The pertinent feature of T’ is that the cluster {A, B, C'} is unresolved,
so there are three resolved ultrametric trees that are compatible with it,
and it is not possible to recover the structure of T from that of T’ with
certainty. Hence, if |D — Al|s > I* it cannot be guaranteed that a tree will
be correctly reconstructed, no matter what algorithm is used. O

We have shown that the safety radius is at most [* in the ultrametric case.
In the next section, we will show that there exist algorithms that achieve
this safety radius, which is then optimal. So, significantly, for ultrametric
distances the optimal safety radius is twice that for additive distances. This
implies that when dealing with ultrametric data there exist, as we shall see,
algorithms that can be guaranteed under certain circumstances to outper-

form algorithms that are based on additivity only.

4 Agglomerative Algorithms

4.1 A Class of Agglomerative Algorithms

Single-linkage, complete-linkage, WPGMA, and UPGMA are special cases

of the following agglomerative procedure for ultrametric distances:

1. Input the observed matrix A.
2. Select the pair {z,y} to be joined that minimizes d;;.

3. Join z and y to form a new cluster u. For clusters ¢ # z,y reduce
the dissimilarity matrix using dy; = Az + (1 — A)dy;, while all other

distances remain unchanged.



4. Repeat steps 2-3 until there is one cluster left.

For the purposes of this paper we restrict the value of the parameter A to
[0,1], but allow it to take different values for each joined pair z,y and for
each 7. In particular, for single-linkage we have A = 1 for d;; < d,; and
A = 0 when dy; > dy;; in complete-linkage A = 0 for d;; < dy; and A = 1
when &, > 6,3 for WPGMA X = 1/2; in UPGMA X = |z|/(|z] + |y]),
where |z| is the number of objects in the cluster z. If A = D then this
procedure recovers the correct tree structure, and does so for any value
of the parameter A (including A ¢ [0, 1]), which implies that this class of
algorithms is consistent. There exists a wide variety of other reduction
formulae (Lance and Williams 1967; Gordon 1996), but they include non-
consistent algorithms (see Gascuel (2000) for a discussion of this point).
However, there are some consistent agglomerative algorithms that are not
part of this class, for example the algorithm described by Degens (1983) that
uses median values instead of averages to reduce the dissimilarity matrix.
Finally, the algorithm of Farach et al. (1995) and generalized by Chepoi and
Fichet (2000), which is optimal for the infinite norm (see the Introduction),
does not belong to this class, but at each agglomeration finds the same tree

structure as single-linkage and has the same (optimal) safety radius.

4.2 Safety Radius

In this section we prove that the above class of agglomerative methods is not
only consistent but also optimal. This implies that, in particular, the single-
linkage algorithm, complete-linkage algorithm, WPGMA, and UPGMA are
optimal. Before proving the main theorem we prove three preliminary lem-
mas.

In our first lemma we give a lower bound that will be useful in the proof
of the final theorem. Note that two leaves are called neighbors if they are

separated by a single vertex.



Lemma 1 Let D = [d;;] be an ultrametric matriz. If the leaves x,y are not

neighbors, then there is a pair of neighbors i,j:
dypy —dij > 217 .

Proof. Since z,y are not neighbors then there must be at least two internal
vertices separating these leaves. Without loss of generality, let v be the
internal vertex adjacent to x, and [ the length of the edge above v. Finally,
let C be the cluster neighboring . See Figure 3 for an illustration. Whether
1,7 € C, or one of 7,5 is equal to x with the other being in C', we have

oy — dij > 21 >21%. O

Lemma 2 Let D be the ultrametric matriz corresponding to the ultrametric
tree T, and [* be the shortest internal edge length in T. Using D as input to
the agglomerative procedure, and agglomerating neighbors 1,7, then denote

D’ as the reduced matriz at the next step. We have the following two results:

(a) D' is an ultrametric matriz.

(b) mgl l(e) > I* , where E' is the internal edge set for the ultrametric
eck’

tree corresponding to D’.

Proof. For the tree T let v be the vertex adjacent to the neighboring leaves
1,7 which are chosen to be agglomerated, and w be the vertex adjacent to v
(but not either of 7,5). Form a new ultrametric tree T/, which has one less
leaf than T, by removing either of 7, 7 and relabelling the remaining leaf as
u. In this new tree d|, = d;, = dj), for k # 4,7, and all other distances are
unchanged. The distances for the new tree are the same as those given by
the agglomerative algorithm, so D’ is the ultrametric matrix corresponding
to T'. Part (b) of the lemma follows from noting that T’ has the same
internal edges as T, except for the deletion of the edge {v, w}. O

For our last lemma, we find an upper bound for the difference between the
estimated and actual dissimilarities after one iteration of the agglomerative

procedure.



Lemma 3 Define E = A — D. Let A be the input to the agglomerative
procedure, with leaves i,j been chosen to join, giving the reduced matriz A'.

Using the same leaves 1, j, reduce D to give D' (as was done in Lemma 2).
We have
1A" = Dlos < Bl -

Proof. Let z,y be arbitrary indices. If x,y # wu then the distances are
unchanged and we have |0, — d;, | = [0zy — duy| < [|Eljoo. If 2 = u (and

similarly if y = u) then we have

|80y — iy | = [(ASiy + (1 = N)djy) — (Adiy + (1 — A)dj)|
= [X (0iy — diy) + (1 = X) (654 — djy)|
S Moiy — diy| + (1 = X) |65y — dijy| (since A € [0,1])

< [[Blloo -

We now use the three lemmas to prove that the class of agglomerative

algorithms introduced in Section 4.1 are all optimal.

Theorem 2 Let D = [d;;] be the dissimilarity matriz for an ultrametric tree
T with minimum internal edge length I*, and A = [§;;] the observed matriz.
If |ID — Allso = ||E|loc <I* then any algorithm from the class introduced in
Section 4.1 correctly reconstructs the structure of T when A is used as the

nput.

Proof. Start at the first step of the agglomerative procedure with input A.
Let x,y be a pair of non-neighbors and 4, j a pair of neighbors that satisfy

Lemma 1. We have the following:

Ozy = 0ij = (Oay — duy + dij — dij) + (duy — dij)

Y

—2||E[oc + (day — dij) (by definition)
> —2||Bllo + 21 (Lemma, 1)

0.

V

10



Therefore a pair of neighbors will be chosen to join. Joining the pair of
neighbors 7, 7, let A be reduced to A’ and D to D’. By Lemma 2, the matrix
D’ is ultrametric with smallest internal edge length (I"*) greater than or equal
to [*. Combining this with Lemma 3 we have ||A’ — D'l < [|E|loe < 1™
Thus using A’ as input to the agglomerative procedure again, neighbors will
be chosen to join again, and by induction this will happen at every iteration

of the agglomerative procedure. [

5 Neighbor Joining and ADDTREE

We have shown (Section 3) that the optimal safety radius in the ultrametric
case is [*, while it is only [* /2 in the more general additive case. Moreover,
we have demonstrated (Section 4) that the usual agglomerative algorithms
for ultrametric data are optimal, i.e. their safety radius equals [*. An analo-
gous result was shown by Atteson (1999) in the additive case for ADDTREE,
NJ and related algorithms (also agglomerative but using specific pair selec-
tion criteria), i.e. their safety radius is {*/2 (only). So the more restricted
ultrametric setting seems to be easier to solve than the additive one, and we
may wonder whether ADDTREE or NJ possess a better safety radius with
ultrametric data than in the general case. The following theorem indicates

that the answer is negative.

Theorem 3 The safety radius of ADDTREE and NJ in the ultrametric

case remains equal to I* /2, just as in the more general additive case.

Proof. We shall see with a simple four objects example that the safety
radius of NJ and ADDTREE cannot be better than [*/2. In this case,
ADDTREE and NJ are identical and use the additive inequality (Saitou
and Nei 1987; Gascuel 1994). Refer to the tree in Figure 4. Considering this
tree as unrooted (ADDTREE and NJ infer unrooted trees and do not have

the ability to recover the tree root), it contains only one internal edge with
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length [*. For i,5 (or z,y) to be selected as a neighboring pair, the observed

dissimilarity must satisfy:

(5my + 5ij < min(dz; + 5yja (5:cj + 5yi)a
or
4h — 21" — 2l + €4y + €55 < min(4h — 2l + €4 + €y, 4h — 21 + €5 + €4;).

Taking the worst-case for the error terms, then rewriting in terms of the
infinity-norm gives | B/ < {*/2. O

In fact most of algorithms are identical with four objects, e.g.: the convex
versions of ADDTREE (Bandelt and Dress 1986) or of NJ (Atteson 1999),
or the iterative least-squares projection approach (Gascuel and Levy 1996),
which, moreover, is not heuristic but exact with four objects. So Theorem 3
applies to all these methods, all of which compare unfavorably with the

simple usual agglomerative algorithms in the ultrametric case.

6 Safety Radius under Least Squares Optimiza-
tion

Least-squares optimization is the second commonly used approach to build
trees from dissimilarities. In this section, we do not examine any special al-
gorithm, but demonstrate that the safety radius tends to zero as the number
of objects increases, when assuming that least-squares are effectively mini-
mized. Note, however, that this latter assumption is not that obvious for any
practical algorithm, since the minimization task is NP-Hard (K#ivanek and
Mordvek 1986). So it is still conceivable that some poor (regarding min-
imization) heuristic least-squares algorithm has better safety radius than
that predicted here.

The principle of the proof is to bound from the above the safety radius

for the reconstruction of a certain set of trees, under ordinary least-squares
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(OLS) optimization. We show that for this set of trees, with a fixed minimum
edge length, the safety radius tends to zero as the number of leaves increases.
Accordingly, since this set of trees is a subset of the possible trees, the safety
radius for OLS optimization also tends to zero as the number of leaves
increases. Moreover, since OLS is a special case of weighted least-squares
and generalized least-squares (Searle 1971), this result implies that the safety
radius also tends to zero for these other two cases as well.

OLS approaches can be decomposed into two steps: (1) finding the ap-
propriate tree structure, (2) optimizing the edge lengths associated with
this structure. The following lemma provides the basic property of OLS

edge length estimates, for the case of ultrametric trees.

Lemma 4 Let A = [§;;] be the observed dissimilarity matriz, and T any
ultrametric tree with fized structure for which the edge lengths have been
fitted so that its induced matriz D is as close as possible to A in the OLS
sense, i.e. |[A—Dl|y is minimal. Let X be a cluster of T, which is composed
of two neighboring clusters A and B. Then for any a € A and b € B, we

have:

oy = |A||B| Z v
]EB

Proof. For completeness we outline the proof here - full details can be found
in Degens (1986). The fact that dgp is constant for any a € A and b € B
is a direct consequence of the spherical property (Figure 1). Let d be this
constant. Now |[D — A||s can be written as
ID—Alls =2 (d—dw)’+ > (dij — dij)*
acd i¢ A or j¢B

Both summations are independent, and only the first refers to cluster X
and to d. Thus to minimize |D — Al it is necessary (and sufficient when
considering all clusters of 'i‘) to minimize the first sum, which implies that

d is equal to the mean of the terms d,,. O
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We now state the main result of this section.

Theorem 4 Under any least-squares approach to reconstructing an ultra-

metric tree, the safety radius tends to zero as the number of leaves increases.

Proof. We place ourselves in the OLS framework, which is a special case
of weighted least-squares and generalized least-squares. Let T be the ultra-
metric tree shown in Figure 5a with corresponding matrix D. Denote by A
the dissimilarities when an error term is added and let these terms take the

special form:

dij =a+e
g =b—c¢
djz =b+e
Ozy = dgy

where € is a constant, and z,y are any leaves from C. The leaves i,j are
a neighboring pair and the correctly estimated tree should have the same
structure as that of Figure 5a. Under this tree structure, repeated appli-
cation of Lemma 4, gives for the estimated distances cZZ-j = dij, me = gy,
diy = Ajm = b. With these estimates, the sum of squares error is 2(n — 2)e2.

If instead the estimated tree has the incorrect tree structure of Figure 5b,
then using Lemma 4 again, the estimated distances are Jij = chm = 0,

me = Ogy, diy = 0;z, Where 3 = W’w. It follows that the sum of

squares error for this incorrect tree structure is

(= 2)[(b+ )~ B +[(a+ )~ 2 = = (b~ a)”.

Thus the incorrect tree structure will be preferred under the ordinary

least-squares criterion as soon as

n—2

2(71—2)62 > 1(b—a)Q,

n —

14



or in terms of the size of the error term

1
€ > m(b—a).

Consequently, as the number of leaves (n) increases, but with (b — a) fixed,
the safety radius decreases towards zero. Moreover, note that the example of
Figure 5 is precisely that encountered by iterative addition algorithms, such
as KITSCH from the Phylip package (Felsenstein 1989). Assuming that 4 is
the new object to be added in the current tree, the correct position (a) will

not be selected and a wrong tree will be constructed. [J

7 Discussion

Our findings may be summarized as follows: (i) the optimal safety radius
in the ultrametric case equals the length of the shortest internal edge of the
true tree, instead of half of this length in the more general additive case;
(ii) the usual agglomerative algorithms such as single or average linkage are
optimal, while ADDTREE, NJ and related algorithms, which are optimal for
additive data, do not perform any better when the true tree is ultrametric
and are sub-optimal in this case; (iii) the safety radius decreases to zero
when the number of objects increases, under any least-squares approach.
These results may be seen as surprising regarding the numerous pub-
lished computer simulations that have compared those approaches, and
which do not reflect the method ordering induced by the safety radius anal-
ysis. However, most of these simulations used Gaussian error terms, which
perfectly fits least-squares approaches. Moreover, in phylogenetic simula-
tions the error is mostly additive (Bruno et al. 2000), i.e. affects the edge
lengths and transforms the true ultrametric tree into a non-ultrametric one,
which explains why NJ tends to outperform UPGMA (Saitou and Nei 1987).
With non-phylogenetic noise and ultrametric data, UPGMA and related ag-

glomerative algorithms tends to perform better than NJ, as expected from
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our analysis (authors results, available on request). But, fundamentally,
simulation studies and safety radius analysis differ. The former aims at
describing an average behavior, while the latter exhibits worst cases and
pathological situations. So our findings must be interpreted carefully. They
do not say that least-squares approaches are weak in average, but indicate
that they may be extremely weak in some (perhaps unlikely) situations,
where the data matrix is very close to an ultrametric tree and these ap-
proaches do not recover this tree. Agglomerative algorithms do not have
such shortcomings and can then be seen as more robust.

In the additive case, the safety radius approach has proven to be useful
for computing the convergence rate of various phylogeny methods (Erdos
et al. 1997; Atteson 1999; Berry and Gascuel 2000), and the very same
approach was used by Atteson (1999) to demonstrate that ADDTREE sys-
tematically recovers the edges which are longer than twice |E||, while N.J
does not possess this property. Moreover, Wang and Gusfield (1998) used
a closely related approach to determine necessary and sufficient conditions
for the uniqueness of optimal tree structures. Similar studies could be con-
ducted in the ultrametric case. On the other hand, it would be of interest to
determine whether our findings for least-squares ultrametric methods extend

to the additive case.
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Figure 1: Spherical tree distances. d;, = dj, = d;;/2.
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Figure 2: An unresolved ultrametric tree T’ close to the resolved ultrametric
tree T : |[D’ — D||o, = I*. The quantities [* and y are edge lengths, while z
represents the path length between v and any leaf of A or B. The shaded

regions A, B, C, F represent arbitrary ultrametric trees.
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Figure 3: Non-neighbors z,y, separated by at least two vertices (e). The

tree structure labelled C contains at least one of the neighbors i, j.
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l*

h—1*—1

Figure 4: ADDTREE and NJ in the ultrametric case.
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b/2 (b—a)/2

Figure 5: C is an arbitrary ultrametric tree structure with n — 2 leaves (a)

correct tree structure (b) incorrect tree structure.
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