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Examples of applications

» Embedded low-resolution imaging devices:
Increasing the resolution

» Thermal camera: Increasing the resolution

» Multi-camera and multi-view recording in aerial or
satellite imaging: Registration and image fusion

» Medical and Biological imaging systems:
Multi modal image fusion

» Holographic and 3D TV imaging: 3D from 2D
» 3D photography and surface modeling for 3-D scenes
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SISO (Single Input Single Output) SR problem

— B+—

» B: Blurring (needs image restoration)

g(fl?, y) = / f(x,7 y/)h(x - x,7 Yy— y/) dz’ dy/

Ny pr——

» h(r) = h(x,y): Point Spread function
» Convolution/Deconvolution
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SISO (Single Input Single Output) SR problem

g(r)

«—DB<+—

» B: Blurring (needs image restoration)

» D: Down sampling (needs interpolation and Up Sampling)
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MISO (Multi Input Single Output) SR problem

gk (T) «— D My B<+—
» B: Blurring (needs image restoration)
» M;: Movement
(needs Registration and image fusion)
» D: Down sampling (needs interpolation and Up Sampling)

A. Mohammad-Djafari, superesolution, Cours Master Montpelier 2013 6/75



MIMO (Multi Input Multi Output) SR problem

gk (7) «—— DM B<+—

» B: Blurring (needs image restoration)
» M;: Movement
(needs Registration and image fusion)
» D: Down sampling (needs interpolation and Up Sampling)
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MISO 3D SR problem

+— DMB +—

» Non Destructive Testing (NDT) using
Computed Tomography (CT)

» Multi modal medical imaging
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Forward model for SISO SR problem

— B+—
» B: Blurring (needs image restoration)

g9(z,y) = // f@' y)h(z — 2,y —y') da’ dy’
ar) = [ s — ) ar’

» h(r) = h(x,y): Point Spread function
» Convolution/Deconvolution
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Image Restoration (Deconvolution)

v

Forward problem: Convolution:

oe.y) = // @y (e — o'y — o) da dyf

v

Inverse problem: Given g and h find f: Deconvolution

v

Fourier based methods:

F(u,v) = //f(x,y)exp{—j(ux—l—vy)} dz dy
£@9) = [ Pluo)es {itun + o)} dudo

9(z,y) = f(x,y) * h(z,y) — G(u,v) = H(u,v)F(u,v)

Inverse Filtering: F'(u,v) = mG(u,v)

v
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Deconvolution: 1D and 2D cases

€(t)

l
) Hmﬂ@ﬁga)

(0) = [ £ bt~ 1) dt' (0

» f(t), g(t) and €(t) are modelled as Gaussian random signal

6(31, Y)
fx,y) —| h(zy) |— D — g(z,y)

g(z,y) = / f@ )bz =2’y —y) da’ dy + e(x,y)

» f(z,y), g(x,y) and €(z,y) are modelled as homogeneous and
Gaussian random fields
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Wiener Filtering: 1D Case

» Expected values:

E{g(t)} = h(t) « E{f(t)} + E{e()}

» Auto and Inter correlation functions:

Ryy(m) = E{g(t) g(t +7)}
Ryp(1) = E{f(t) f(t +7)}

Rep(1) = Rye(—7) = E{e(t) f(t+7)}
Rgy(7) = Rpg(—7) = E{g(t) f(t +7)}

Cours Master Montpelier 2013
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Wiener Filtering: 1D Case
eit)

FO) =4 ht) ) g(t)

» Auto and Inter correlation functions:
Ryg(T) = h(t)*h(t) * Rpp(7) + Ree(T)
Ryp(1) = h(t)* Rys(7)
» Spectral density functions:
Sgg(w) = [H(w )| Sir(w) + Ree(w)
Sgf(w) H(w)Syp(w)
Stg(w) = H'(w)Spp(w)

> Wiener filtering:

t)—>—>f(t or G(w —>-—>F (w)
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Wiener Filtering: 1D Case

~

EQM = E{[f(t) = F(t)?} = E{[F(t) — w(t) x g(t)]*}

A = 2 {(f(0) ~ w(®) <o 0] <t + 7} =0

E{If(t) —w(®) xg(D)]g(t +7)} =0 Vt,7 —

Ryg(m) = w(t) * Ryy(7)
_ Spe(w) H*(w) Syp(w)

W) = 5@ = TH@ES, @) + Su@)
Wy o @Sy 1 HWP
|H(w)[2Sfp(w) + See(w)  H(w) |H(w)[2 + 5;;@)
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Wiener Filtering: 2D Case

~

» Linear Estimation: f(z,y) is such that:

o~

» f(z,y) depends on g(z,y) in a linear way:
fla,y) = //g(m', y)w(z -2,y —y') da’ dy’
w(z,y) is the impulse response of the Wiener filtre
» minimizes MSE: E {|f(x,y) - ]?(x,y)|2}

» Orthogonality condition:

(f(z,y)—flz,y)Lg(a',y) — E {(f(w,y) - f(a:,y))g(x’,y’)} =0

f=grw — E{(f(z,y) - g(z,y) *w(z,y)) 9(x + a1,y + az)} = 0

Ryg(ar, a2) = (Rggxw) (a1, p) — TF — Syg(u,v) = Syq(u, v)W (u,v)
N8

_ Stg(u,v)
Sgg(u,v)

W (u,v)
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Wiener filtering: 1D and 2D Cases

Signal ‘ Image
I ) N ()
W) Sgg(w) Wiwv) Sgg(u, v)

Particular Case:
f(x,y) and €(z,y) are assumed to be centered and non correlated

Spg(u,v) = H'(u,v) Sy (u,v)

Sgq(u,v) = [H (u,v)[* Sgr(u,v) + See(u, v)
H'(u,v)S¢¢(u,v)

W) = T 0P Sy ) + Sl o)
Signal ‘ Image
2 2
Wiw) = sz) ‘Hz(W)‘See(w) W, v) = H(i v) ‘H(;Lm)'s«(u,v)
[H (W) + 5770 U H (u,0) P+ 5wy
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Convolution, Deconvolution, ldentification and Blind
Deconvolution in signal processing

€(t)

f(t) = h(t) 9(t)

/f ) dt' +b(t) = /h(t’)f(t—t’) dt’ + b(t)
» Convolution: Given f and h compute g
» Identification: Given f and g estimate h

» Deconvolution: Given g and h estimate f

» Blind deconvolution: Given g estimate both A and f
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Convolution: Discretization

ft)— h(t) 9(t)

/f ) dt' +e(t) = /h(t’)f(t —t') dt’ + €(t)

» The signals f(t), g(t), h(t) are discretized with the same
sampling period AT =1,

» The impulse response is finite (FIR) : h(t) = 0, for ¢ such that
t < —qAT or Vt > pAT.

= Z h(k) f(m — k) +e(m), m=0,--- M
k=—q
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Convolution: Discretized matrix vector forms

[ f(=p) ]
_gg(l]; 1 rh(p) -+ h(0) -+ h(—q) 0 0 1 f(go)
. 0 : F(1)
_ h(p)  --- h(0) oo h(=q)
£
: : . 0 JOM +1)
»g(].\l)_ ) . o 0 h(p) o h(0) --- h(—q)]
LM +q)]
g=Hf +e€
» gis a (M + 1)-dimensional vector,
» f has dimension M +p+q+1,
» h=[h(p), -~ ,h(0), -, h(—q)] has dimension (p + ¢+ 1)

» H has dimensions (M + 1) x (M +p+q+1).
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Convolution: Discretized matrix vector form

» If system is causal (¢ = 0) we obtain

Q(M )

vV vy

v

A. Mohammad-Djafari,

h = [h(p), -

superesolution,

g is a (M + 1)-dimensional vector,
f has dimension M +p + 1,

,h(0)] has dimension (p + 1)
H has dimensions (M + 1) x (M +p+1).
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Convolution: Causal systems and causal input

v

v

v

v

A. Mohammad-Djafari,

g7  [ho)
g(1) h(1)
— |np) h(0)
0
gan] Lo - 0 ap)

g is a (M + 1)-dimensional vector,
f has dimension M + 1,

h=[h),

superesolution,

Cours Master Montpelier 2013

,h(0)] has dimension (p + 1)
H has dimensions (M + 1) x (M +1).
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Convolution, ldentification, Deconvolution and Blind
deconvolution problems

g(t) :/f(t’)h(t—t’) dt’ + €(t) :/h(t’)f(t—t’) dt’ + €(t)

e(t) e(t)
P ) gt Iz Dng(t)
E(w) E(w)
Floy Hw) () oy Hw) ()

Gw) | E(w) _ Gw) |, EWw)
Flw) =Ty + 1w Hw) = 7@ + 7w
» Convolution: Given h and f compute g
» Identification: Given f and g estimate h
» Simple Deconvolution: Given h and g estimate f
» Blind Deconvolution: Given g estimate h and f
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Deconvolution: Given g and h estimate f

> Direct computation: f=deconv(g,h)

» Fourier domain: Inverse Filtering F'(w) = %

=

» Compute H(w), G(w) and F(w) = %
» Compute g(t) by inverse FT of F(w)

» Main difficulties: Divide by zero and noise amplification
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|dentification: Given g and f estimate h

» Direct computation:
> f(t) =6(t) — g(t) = h(t) — h(t) = g(t)

g f(ﬂ:{ (1) iig — g(t) = [} h(t) dt — h(t) = 920

» Fourier domain: Inverse Filtering H (w) = %

» Compute F(w), G(w) and H(w) = %
» Compute h(t) by inverse FT of H(w)

b

» Main difficulties: Divide by zero and noise amplification

A. Mohammad-Djafari, superesolution, Cours Master Montpelier 2013 24/75



Convolution: Discretization for Identification

Causal systems and causal input

_Q(M)_

0
f(0)
f(0)  f(1)
()
g=Fh+e

» gis a (M + 1)-dimensional vector,
» F has dimension (M +1) x (p+1),

A. Mohammad-Djafari,
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Convolution in imaging systems

e(z,y)

[z, y—  h(z,y) 9(z,y)

g(z,y) = // f@y) h(z,y; 2 y') dz’ dy' + e(z,y)
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2D Convolution for image restoration
e(z,y)

feyy— hizy) —(—9(@.y)

g(z,y) = //D f@ ) h(x — 2’y —y') dz’ dy' + b(z, y)

I +J
g(mAz,nAy) = Y > h(iAx, jAy) f((m —i)Az, (n — j)Ay)

i=—1 j=—J
m=1,...,. M - -
{[nzl,...,N] Ar=Ay=1
+I  +J
g(mvn) = Z Z h(z,j)f(m—z,n—])
i=—1 j=—J
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2D Convolution for image restoration

Two caracteristics:
+1 +J

g(m,n) = Z Z h(lvj)f(m_lvn_j)

i=—1 j=—J

» g(m,n) depends on f(k,1) for (k,1) € N(k,l) where N(k,I)
means the neigborhood pixels around the pixel '(k,1) — No
Causality

» The boarding effects cannot be neglected as easily as in the
1D case.

Vectorial Forme:
+I  +J

g(m,n) = Z Z h(lvj)f(m_lvn_j)

i=—1 j=—1J

s { [ =N g[S K] e {21

g=Hf
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2D Convolution for image restoration

g = [ .9(1,1)7"'7.9(]\]71)7 9(1,2)s -5 9(M,2)s

-

f:[ f(1,1)7"'7f(K,1)a f(l,Q)a"'af(K72)a

ces 9A,N)s - - 79(M,N)]

t

o fanys - faen)
L

The structure of the matrix H depends on the domaines Dy, Dy

and Dy .
Matrix Form H :

> Image > Object
» Image=Object
> Image < Object
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2D Convolution for image restoration: Image > Object

J N
Domainel] Domainel]
de l'image du noyaul
L
g baticbes D, > D; M=K+I-1
fk,1) g N=L+J-1

s {[n i W] sen{(i2i] e {[i2t ]

QZ[ 9(1,1)7~~~,9(M71)7 9ga,2)s- - 9(M,2), -+ g(l,N)w-wg(M,N)]t

F=10 fau, - facn, fazy,-- fU2), .., farn), - fknl
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2D Convolution for image restoration: Image > Object

[Hy . © T [h(i, J)

H : : (i, J)

hi, 1) K, J)

Hl HlI :
. h(i, 1) R(i, J)

Hy : : (i, 1)

Hy | . . h(i, 1) ]

Toeplitz-Bloc-Toeplitz
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2D Convolution for image restoration: Image < Object

J N
Domainel) Domainet]
de l'objet du noyaul
L
Domainel]
de limage
M K 9 D, < Dy

m=1,...,.M k=1,...

g(m’n){_n:L...,N] f(k’l){[l:L...
g=| 9,1y - 9Mm,1) 9(1,2)5 - -5 9(M,2)s
.f = [ f(1,1)7"'7f(K,1)7 f(1,2)7"'af(K,2)7

A. Mohammad-Djafari,

superesolution,

Cours Master Montpelier 2013

M=K-I1-1
N=L-J+1
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1) ren{fZid]

e AN 9N
N

o fanys s k)t
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2D Convolution for image restoration: Image < Object

H, Hy, --- Hj
H, Hy
H = H, H;
i H, H, Hy|
with

h(i,1)  h(i,2) h(i, J) T

h(i, 1) h(i, J)

H; = h(i, 1) h(i,.J)

I h(i, 1) h(i,2) h(i, J)
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2D Convolution for image restoration: Image=0bject

Domainel]
du noyaul

Domainel
de l'objet

Domainel]
de limage

et ] oot ] ol

g(man){{nzl,...,N

g= [ ga,n)s- -5 9(M,1),

F=0 fa, - fik,

A. Mohammad-Djafari, superesolution,

9 __
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i=1,...,1
- 9(M2)s -5 9(1,N)s .- ;g(M,N)]t
_ __IN___
S fuk2y e fanys s faen)|
IR S
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2D Convolution for image restoration: Circulante forme
=1,...,M k=1,...,K o ffi=1,. T
9("“”){[72_17...,N} f(k’l){{l_l,...7L} h(lvﬂ){{;_L...,J}

P=K+1-1
ozt

i f((m,n)) 0
Flmyn) = | - e e dim(f) = [P, Q]
0 : 0
g(k, 1) 0
Gk, )= |-+ e e dim(§) = [P, Q]
o 0|
~ -h(z’, q) 0 |
h('l,j) — ... e e d|m( ) [P Q]
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2D Convolution for image restoration: Circulante forme

Hy, Hy -+ -+ -« Hp]
Hp Hy Hs Hp_1
H = : bloc-circulante
_Hp Hp_; H, ]
—h(z,l) h(i,2) h(z,P)_
Wi, P) k(1) h(i,2) - .- h(i,P)
H, = : : : circulante
Wi, P) h(G,P—1) R(i,P—2) - - h(i,1)]

Circulante-Bloc-Circulante
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Classification of the signal and image restoration methods

» Analytical methods
Ft) — — g(t) = HIf(D)]
flz,y) — — g(x,y) = H[f(z,y)]

H Linear Operator

g(t) — — f(t) = H ()]
g(z,y) — — fla,y) = H ' [f(2,y)]

G Linear Operator approximating H !

> Inverse Filtring
» Pseudo—inverse Filtering

» Wiener Filtering
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Classification of the signal and image restoration methods

» Algebraic methods
g(t) = H[f(t)] — Discretization — g=Hf

g(xz,y) = H[f(z,y)] — Discretization — g=Hf

Ideal case : H invertible — f = H™!g
More general case : H is not invertible
» Generalized Inversion
» Least Squares (LS) and Minimum norm LS
» Regularization

» Probabilistic methods

» Wiener Filtering
» Kalman Filtering
» General Bayesian approach
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Algebraic Approches
Signal ‘ Image

f(t)—>—>g(t)‘f(x,y)—> h,y) | — g(a,y)

Discretization

U
g=Hf

» ldeal case: H invertible — f =H g
» M > N Least Squares: f = arg min p {J(f)}

J(f)=lg—Hf|* =g Hf|lg— Hf]
VJ=-2H'[g-Hf]|=0— HHf=Hg— f=(HH) 'Hg
» M < N Min Norme Solution: f = H'(HH') g
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Regularization

» M > N Least Squares: f = arg min p {lg — Hf|*}

» M < N Min Norme Solution: f = argmingy ¢_g {I£117}

» Regularization: f = argmingr ¢_o {llg — HfI*+ NI fI?}

10
-1 1
p_|0 -1 1
0 -1 1
| 0 0

0

or D=

-1 1)

1

J(f) = llg — HAI? + XD

0

VJ=2H'[Hf — g +2AD'Df =0

[H'H+\D'D|f =H'g— f=[H'H+\D'D|"'H'g

A. Mohammad-Djafari, superesolution,

Cours Master Montpelier 2013
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Bayesian estimation approach

M g=Hf +e

» Observation model M + Hypothesis on the noise € —
p(glf; M) =pe(g — Hf)

» A priori information p(f|IM)

_ plglf; M) p(fIM)

Link with regularization :

Maximum A Posteriori (MAP) :

f = argmjfg}X{p(flg)}Zargmjfg}X{p(glf)p(f)}

= argmji:n{—lnp(mf) —Inp(f)}

with  Q(g, Hf) =—Inp(g|f) and AQ(f)=—Inp(f)
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Case of linear models and Gaussian priors
g=Hf+e

» Hypothesis on the noise: € ~ N(0,021)
plolf) x exp {5t llg — H F|}
» Hypothesison f : f NN(O,U?(D’D)_l)
p(7) xoxp { ~ & ID 1P}
» A posteriori:
prlo) xexp{-allg — HFI? — D71}
xexp{~5L(F -7V (/- D}
> MAP:  f =argmax ¢ {p(f|g)} = argmin ¢ {J(f)}
with — J(f)=llg - Hf|? +A|IDfI?, A=2%

2
f

N~

» Advantage : characterization of the solution

flg~N(f,P) with f=PH'g, P=(H'H+\D'D)"’
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MAP estimation with other priors:
f=arg min {J(£)} with J(f) =llg — HF[* + 2(f)

Separable priors:

> Gaussian:  p(f;) ocexp {—alfj|*} — Q(f) = a X, [fi]°

» Gamma:
p(fj) o [ exp{=Bf;} — Q(f) = a ) ;In f; + Bf;

> Beta:
p(fj) < fFA—=f;)f — Q(f) =aX;Inf+ 63, In(1 — f;)

> Generalized Gaussian:  p(f;) < exp{—a|f;|P}, 1<p<
2— Q) = a5,

Markovian models:

p(f3]F) o< exp {a > ¢(fj7f¢)} — Q) =a) > e ),

iEN; J ieN;
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MAP estimation with markovien priors:

f= argmji_,n{ef(f)} with J(f) = [lg — Hf|* + AQ(f)

Z¢ — fi-1)

with ¢(t) :
Convex functions:
t2 It <T
a / 2 _ <
[t|Y, V14 t? —1, log(cosh(t)), { O — T2 [t >T
or Non convex functions:
t2 2 |t <T
2 2 <
log(1 + ), I arctan(t%), { T2 |t|>T

A. Mohammad-Djafari, superesolution, Cours Master Montpelier 2013 44/75



Main advantages of the Bayesian approach

» MAP = Regularization

» Posterior mean 7 Marginal MAP 7

» More information in the posterior law than only its mode or
its mean

» Meaning and tools for estimating hyper parameters

» Meaning and tools for model selection

» More specific and specialized priors, particularly through the
hidden variables

» More computational tools:

» Expectation-Maximization for computing the maximum
likelihood parameters

» MCMC for posterior exploration

» Variational Bayes for analytical computation of the posterior
marginals

A. Mohammad-Djafari, superesolution, Cours Master Montpelier 2013 45/75



Blind Deconvolution: Bayesian approach

Deconvolution Identification
g=Hf+e g=Fh+e
p(g|f) = N(Hf,Z = o21) p(glh) = N(Fh,%, = o21)
p(f) = N (0,5 = 03Dy D)) | p(h) = N(0,Zp = 03 (D},Dy) ™)
_ p(flg) =N(f. Zf) _ p(hlg) =N(h, )
£, =[H'H +\D}Dy]"! 3, = [F'F + A\, DDy ™!
f=[HH + )\fD’fo]‘lﬂ’g h=[F'F + )\hD;th]_lF'g

» Joint posterior law:

p(f,hlg) < p(glf,h)p(f)p(h)
p(f,hlg) x exp{-J(f, h)}
with
J(f,h) = llg = RFI? + Ml Ds FII° + Anll Dih|?

> iterative algorithm
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Blind Deconvolution: Bayesian Joint MAP criterion
» Joint posterior law:
p(f,hlg) < p(g|f, h)p(f)p(hh)
p(f,hlg) < exp{=J(f, h)}
with
J(f 1) = llg = hfII? + XD fIP + Al Duhl®

> iterative algorithm

Deconvolution Identification
p(glf,H)=N(Hf, %) p(glh, F) = N(Fh, %)
p(f) = N(0.5) p(h) = N0, 51)
p(flg, H) = N(f,Zy) p(hlg, F) = N(h,Xp)

S;=[H'H+\D}Df]"! | %)= [F'F+ D)D)
f=[HH+ DDy "'H'g | h = [F'F + \, D}, D;] ' F'g
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Blind Deconvolution: Marginalization and EM algorithm
» Joint posterior law:
> Marginalization, 119 o p(g| £ h) p(f) p(hh)
(nlg) = [ o(£.1lg) df

h = arg max {p(hlg)} — f =arg max {p(f\g, h)}
» Expression of p(h|g) and its maximization are complexes
» Expectation-Maximization Algorithm

Inp(f,hlg) < J(f,h) = |g—hF|*+ | Dy fI1*+ Ml Drh

> lterative algorithm
» Expectation: Compute

Q(h, hk_l) = Ep(f7hk—1\g) {J(f )} = (Inp(f, h|g)>p(f7hk—1\g)

» Maximization:
ht = arg max {Q(h,h* 1)}
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Blind Deconvolution:
Variational Bayesian Approximation

» Joint posterior law:
p(f,hlg) < p(g|f,h)p(f)p(hh)

> Approximation: p(f,hlg) by q(f,h|g) = a1(f) q2(h)
» Criterion of approximation: Kullback-Leiler

KL(qlp)=/qlng=/q1qz n L2
p p

/q1 lnq1+/q2 lnq2—/qlnp

= —H(q) - H(g) + (—Inp((f,hlg)),

K'—(Ql q2 |p)

» When the expression of ¢; and ¢o are obtained, use them.
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Variational Bayesian Approximation algorithm

» Kullback-Leibler criterion
KL(q1 g2lp) = /q1 lnq1+/qz lnqz+/qlnp
= —H(q) — Hlg) + (—Inp((f, hlg)),
» Free energy

}'(ql q2) = — (hlp((f, h’|g)>qu]2

» Equivalence between optimization of KL(q1 g2|p) and F(q1 ¢2)

> Alternate optimization:

o = argrr;}n{KL(qmlp)}Zargngn{f(qlqz)}
@ = argrr;;n{KL(qmlp)}Zargngn{f(qlqz)}
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Deconvolution results
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Forward modeling: from a HR image to LR images
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Modeling forward problems of superresolution

gr(r) = [Hif](r) + ex(r) = [DBMf](r) + ex(7)

v

B: Blurring effects (needs deconvolution)

v

M Movement effects (needs registration)

v

D: Sub sampling effects (needs interpolation)

Two models:

v

ge(r) = [DBMyfl(r) + ex(r)
= [DMiBf](r) + ex(r)
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Two models for MISO SR

problems

LR iméges

[DMBf](r)
HR image f(r)

LR iméges
[DBM,.f](r)

A. Mohammad-Djafari, superesolution,

Cours Master Montpelier 2013

54/75



Classical methods

» Many classical methods are based on adjoint operators:
gi(r) = [DBMifl(r) — f(r) = 32 [MB'D gi](r)

» 3 basic operations:
Interpolation, Registration and Image fusion
> Interpolation: an ad hoc way to upsampling
» Registration: compensation for movements
Correlation based methods:

fi(r) Movement fo(r) = fi(r —d)

c) = [ hir)salr — ') ar =5~ a)
Fourier domain based methods:

" )

fr—d) o exp{—jud} F(w)
» Image fusion: linear (mean) or non linear (median)
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Classical methods: adjoint operators

11| 0 |fi2| 0 || O [f12| O |f14
ojojJjofjo ojojojo
- sl f31| 0 |f33] 0 || O |f32] 0 |/34 -
i1l 12)f1s]/1a 1113l 12114 oo oo oo oo i)/ 1off1sff14
. f32lfs — .
f21|f22ff23) 24 — fa1lfas][fs2|f34 — M f21|/22ff23|/24
oolralaa| PoMe ol M [ ToToTo [0 [0 o [0 | =T b
V31f/so33f/54 f21lf23]|f22|/24 k fs1|/solfs3)/51
far|f1offas)faa Vailfas||fa2|f14 /21| 0 |f23[ 0 || 0 [fo2] O Jfou fa1|/1offas)faa
ojojJjofo ojojojo
a1 0 Jfas] O ]| O 0 R
F(r) 9 (r) = [DoMy f] (") M. D95]( f(r) = f(r)
T 11 2f12][ 12
i A Sl el | 2B
1111|1212 12
1 P1 pP1 p1|p2
: 31|, 31| 33| 33| 32
[E1 N | RE1RE) 2
oo Jrs] Ly P2 po R ey e [ A
—— 21 22]| 21| 22 i 7o o o | P
for|foolfosloa] — L b1 fPo P2 - - ZM/fm f20|faslf24
- D1 My, EIRT] [REIRD M. Dy | 21| 21] 23] 23]| 22| 22| 24| 24 T - |-
[ai|/solfasf/aa e | 3 P3 U3 P3 1P1 Y1 Pi Pi | k f31)/32f/33]/54
- o 21| 21| 23] 23]| 22| 22| 24| 24 — 1 |
farlfa2ffaslfaa El o | Ps P3 U3 P |01 g1 pPa pa a1l iolfas)faa
a1 at1| as] as|| 42| 42| 24| 14
P3 P3 Ps3 04 P4 P4 Pa
a1[ a1] as] as|[ 12| 12| 14| 44
, 3 P3 P3 P3 V4 P4 Pa Pa N
f(r) gi(r) = [D1 Mg fI(r") M, D g](T) f(r) # f(r)

A. Mohammad-Djafari, superesolution, Cours Master Montpelier 2013 56/75



Interpolation, HR registration and image fusion

fu

f12

fis

fi.

for

f22

fas

fo:

f31

/32

£33

f

fa1

fa2

fa3

fa

g gt g2 a2 % | | % |gb ! lgd! loa? [od?
g gt g2 a2 % | | % |gb ! lgd! loa? [od?
g1t g7 " lgi* g7 | X | | % o3 |o3" |93 o3
g lg2] i Toi2| Jodtlott o] X | | % lg3"lo3" lo3 lo3”
9%1 9%2 (/51 (/52 X X X X X X X X X X
9%19%2%1‘042 x| x| x|x]|x x| x| x| x]|x
93 932|197 o7 | loatloatloa®loa®] % | | % |oit ot loi? lot?
93" loa" lo3%ga?| x | | % lod' ot loi% ot
93 193 V32 l93%| X | | % ot oz ot lor
93 03" l932 1932 | x | | * it loit o7 ot
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Classical SR methods

Three main methods:

> f(r) =225 [BD'Migi](r)
» Sub pixel LR registration
» Interpolation to HR grid
» Mean or Median image fusion

> f(r) =22 IMBDgil(r)
» Interpolation of all LR images to HR grid
» HR registration
» Mean or Median image fusion

> lterative Backprojection methods

D = 5O+ a Y IBDM] (g~ MiDBS®)
k
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Classical SR methods

Unwrapping and interpolation — Linear or Non Lineaire combination
Sub pixel registration + Interpolation + Mean or Median image fusion

Interpolation 4+ HR registration + Mean or Median image fusion

A. Mohammad-Djafari,
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General inversion methods

ge(r) = [Hifl(r) +ex(r) = [DMgBf](r) + ex(r)
g =H.f +e =DM;Bf +¢€

» Least squares (LS) methods: f=arg min g {J(f)}

=S lgk — Hif 17 =" lgu(r) — Haf)(r)?
k

E TER
> lterative algorithms

~(k+1)

(%)
f

~(k) ~

=7 —avi(F")

0 , (k)
=f "+2a), Hi(g,— Hrf ")
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General inversion methods

» Regularization methods (Tikhonov)

J(F) = llgy — Hpf|*> + M| D £
k

» Robust estimation (RE) [7, 8] [9, 7, 8, 10]
J(F) =D llgx — HifI" + AIDFI*, 1< 1,8 <2
k

» Bayesian MAP estimation methods [1, 2, 3, 4, 5, ?].

J(f)=—Inp(flg) = —Inp(glf) —Inp(f) +c

z@mum{3§2mrﬂm@
€ Kk

and p(f) is the prior law
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General Bayesian inference

» Use forward and errors model to obtain the likelihood

g, =Hiyf+e=DM;Bf + €

p@ﬁ)d@@{-i@}jhh—fhfW}
€ kK

» Use prior knowledge to assign prior law p(f)

» Obtain the expresion of the posterior law

1)
p(flg) = p( p

» Use it to make inference: MAP or

PM
= argmaxlp(7lg)) o ?/Mﬂg
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Hidden Markov model variables

F

region labels z(r)  contours ¢(7)

p(f(r)z(r) =k) = N(myv}), Pla(r) =k) =y
p(f(r)) = S0 N (my, v})

Ri = U Ry with R =0, MR =0, Up R =R

p(z(r)=(r), 7" € V(7)) OCexp{w > ))}

r’'ev(r)
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Expression of the posterior law

> Likelihood: p(g|f,o?) o« exp {—ﬁ >k llgr — ka}

» Prior laws:

(1= o))« T 11 exp{ Lo >—mk>2}

k=1TeRy
p(zly) xexpay Do > 8(z (r')
TER T/ eV(r
Oc Hp mk 7)
k

» Joint Posterior law of all the unknowns:

p(f,z,0lg) o p(g|f.o?) p(flz, {mw, vc}) p(2|7) P(6)
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Bayesian computation

p(f.z,0lg) o< p(g|f,o?) p(£lz, {mr, vi}) p(z]7) p(6)

» Joint MAP : (Optimization)

(f,2,0) = arg max {p(f,26lg))

(J.2.0)
» Posterior means: (Integration)
f=E{flg}, 6=E{olg}, z=E{zl9)}

» General iterative algorithms:

f ~ b(fIz.9, g) Estimation
z ~ p(z|f,0,g9) Segmentation
0 ~ p(0|f,z,g) Hyperparameters
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Bayesian SR

» In real SR problems, we have also to estimate the PSF h and
the movement or registration parameters dy,

p(fazvevha dk|g) X p(2|f,(762)
p(z|y) p(6

» General iterative algorithms:

Update PSF h

Update registration parameters dj
Update segmentation z and contours g
Update registration parameters 6
Update the HR image f

p(f|Z, {mk’vvk’})
) p(h) 11 p(dy)

v

vV vy VvVvyy
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A first algorithm

» Initialization:
1. Estimate the sub-pixel translational movements dj, between
the LR images g, (7);
2. Estimate a first HR image }(7') based on LS or quadratic
regularization

» lterations:

1. Estimate a segmentation z(r) for the HR image }(r) based
on the Potts Markov modeling;

2. Estimate the parameters 8 of Gaussian mixtures;

3. Update the HR image using:

np(f15:0.9) = Y lo~ Hufl* + 3 3 (£ ’“)

k TERg
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New algorithm

» |nitialization:

1. Estimate a first HR image ?(r) by interpolating
the first LR image;

» lterations:
1. Estimate the translational movements d;, between the HR

image ;"(r) and newly entered LR images g, (r) which is
interpolated to the HR dimensions.

2. Estimate the blurring PSF h.

3. Estimate a segmentation Z(r) for the HR image

4. Estimate the parameters 0 of Gaussian mixtures

5. Update the HR image as before
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Results

Robust regularlzatlon

df = ILF=foll?

Proposed method
- = 9% df = I =foll?

TRle = 7%
A. Mohammad-Djafari
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Results

p ol

Original HR f, LR images with k =3  One of the LR images

N &

'Y =

Robust regularlzation Proposed method
df = ||f fo|| =4.9% df = ||f f0|| —=2.8%
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Conclusions

» The Bayesian approach is an appropriate approach for any
inverse problem, and so, for SR problem.

» In this approach, it is possible to account for any prior
knowledge.

» The uncertainties in each step are transmitted to the following
steps in a natural way through the probability laws.

» Obtained methods give more satisfaction if the forward and
prior models are more appropriate.

> In general, the computational costs are higher than classical
methods, but non really so much.
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Challenges

» Forward modeling: Translation, Rotation, Zooming and other
projective models for registration step has to be accounted for.

» Prior modeling: Accounting for textures in each region

» More efficient and robust movement, or more generally,
registration parameters estimation algorithms

» More efficient PSF estimation algorithms

» More efficient optimization algorithms, and more generally,
Bayesian computation methods (MCMC, Variational methods)
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Questions and comments 7
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