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Multi-agent Consensus Applications

> Multi-agent Consensus has many applications

> Civil:
« Reinforce border security and
surveillance.
« Heavy weight transportation.

« Ensure the best coverage with
minimal resources.

> Military:
« Terrestrial Planet Finder
(NASA).
« Aerial Refueling.
« Spacecraft docking maneuver.
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Multi-agent scenario

» Common scenario for multi-agent consensus.

« Information flow topology based on nearest neighbor rules.
« Perfect communication.

> Basic leader-based multi-agent consensus scenario
« Single or multiple leader
« Information flow topology
« Packet loss
« Time delays

> Leader-based multi-agent (Followor(s)) | muttiagont Systom
scenario )
° Forced ConsenSUS o {Ii%i;.:r} —I_= Observer —3| Global Controller
Nonlinear o
Saturation B
— H I
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Kinematic Model

> Let us consider a group of N agents with single integrator dynamics
x,(H)=u,(t) Vi=1,..,N
> Multi-agent consensus algorithm
(1) == (x,()—x,(1))
jen,
> Forced consensus algorithm

l/_ll(t) = — Z (xi (t) — xj (t)) + biui(t) G =10 ihe it:-ugenl 1s follower

, b; =1 the i""-agent is leader

> Forced consensus system

%(¢) = —Lx(¢) + Bu(t)

) (4)
¥(H) =C"x(t)
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Origin of Uncertainty in M-A Systems

> Consider the following mechanical system

gl

M1

g

—AAM—

M2

- AM—

M3

—

x(t) =—L(q)x(¢) + Bu(t)

ok y(6) = C"x(t)

Qv =ta=lgy - ai)ia <q <4/}

> Similarity transformation

0 1 0 0 0 > System characteristic equation
. 0 0 1 0 0 > Transfer function
7,(0) = o o o 1 1Mo u®) 5 Eigenvalues
—q -~ —¢ -5 |1] > Eigenvectors
y(®)=C'n(t)
——mm I
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Controllability and Observability

Proposition 1: Consider the multiple agent system whose
evolution is described by (4). This system 1s not observable
if there exist a right eigenvector w; of £ such that CTw; = 0.

Proposition 2: Consider the multiple agent system whose
evolution is described by (4). This system is uncontrollable
if there exist an eigenvector v; of £ such that v/ B = 0.

Lemma 1: The center of mass of the multi-agent system
(4) corresponds to controllable and observable modes.

R. Lozano, Mark W. Spong, J.A. Guerrero, N. Chopra, « Controllability and Observability of
Leader-based Multi-Agent Systems », in IEEE Conference on Decision and Control (CDC
2008), Cancun, México, 2008.
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Observer Design

> Due to the nature of information flow between agents,
full state is in general not available.

> In order to obtain the full state we propose a simple full
order observer of the form

X = Ax + Bu(x)
)ézZCx+(A—ZC))?—u()%)
y=0Cx
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Forced Robust Consensus Design

> Assuming controllabiliy and observability from the input
and output of the leader.

- { i(t) = A(a~)n(t) + Bu(t) + BL(r)n(t)
o= y = Ci(t)

E?‘lﬂ‘m ==

2 { i(t) = A(q~)n(t) + Bu(t)
y(t) = Cn(t)

> With control u =—B"Sn(?)
> Optimal Control Approach

V(n) = min /W{T;T{t}Fn{t} +nT(t)n(t) + ul (Hu(t))dt
uck fg

J.A. Guerrero, G. Romero, R. Lozano, “Robust Consensus Tracking of Leader-Based Multi-Agent
System 7, in IEEE American Control Conference (ACC 2010), Baltimore, 2010.
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Robust Stability Analysis

> Consider the multi-agent system

varsité
Compiégne

nologie

(1) = —L(q)x(t) + B(q)u(t) =
y(®=C" (@)x() (11) i -
u(t)=-w(t,y) JL— T — M —

> Transfer Function —

G(s5,q) = C" (q)(s] - (~L(q))) 'B(q)
il = n(s,q) _ Z;:zﬂai{q)sf —

i(s,0) Lo bi(q)s
Lemma [: Consider the system (11), where ¥(f,y) sat-
isfies the sector [0, k] condition. Then, the system (11) is
robustly absolutely stable if 2(s,q) = 1+ kG(s,q) is SPR
for all q € Q.
——m . 1
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Robust Stability Analysis

T'heorem 1: A polynomic plant is robustly SPR if and
only if (s, q) is stable for some q € Q and:

1) h(w,q) is positive for all q € @ and w € (0, 0).

2) g(w,q) is positive for all g € @ and w € (0, ).
where

2

h(w, q) = |d(jw, q)| (13)
9(w,q) = n(jw,q)d(—jw,q) + n(—jw,q)d(jw,q) (14)

H=UDILSY . 11
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Sign Decomposition

> Definition: Let . R'—»R be a continuous function and
Q < P < Rn a convex subset, 1(-) has sign decomposition
in Q If there exist two bounded non-growing functions

()2 0, 1,(-) 2 0, that f(q)= 1,(q) - ,(q) for all q € Q.

> Theorem [Elizondo C.]: Let f: Rn—R be a continuous
function with sign decomposition in Q such Q c P R’ Is
a box with minimum and maximum Euclidian vertices
vmin, vmax then f(q) is lower and upper bounded by
t,(vmin) - f,(vmax) and f,(vimgx) - f,(vmin) respectively.

H=UDILSY 12
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Sign Decomposition

> Theorem [Elizondo C.]: Let f: R"—>R be a continuous
function with sign decomposition in Q such Q c P R’ Is
a box with minimum and maximum Euclidian vertices
vmin, vmax then the function f(q)>0 in Q if and only if
there exist some / ; box sets, such that

> o-UA"  and f=5rvw )-5fL . )

> are greater than zero for each one /;

H=UDILSY 13
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Sign Decomposition

> Minimized functions:
h‘min I::.,.-j} - h'u- (w

) - hn |:_iu;'._ {}'-'_}

J.q
0. q7) = gn (w,q7)

Imin (W) = gp (w

> The next conditions are satisfied:

hmin 'I:'*"*:I E h (L‘J: Q)
min {.,.-,‘jl E g {"‘: ':?]I
Twe(0,00); g&
> Definition of new sets:
Vi = lwg il x @ Vg = lwg g x @
— i [ |




Robust Stability Analysis

Proposition 3: The fictitious transfer function z(s,q) =
1 + kG(s.q) is robustly SPR if

1) Forall A} € Vy, h; = h,(v
than zero for each h

2) For all A} € V. g5 = gplvg,) — gnlt vl ) is greater
than zero fDI' each g;.

—h, (vl ) is greater

1']'1111) max

Corollary 1: Consider the multi-agent system shown in
Figure 3, where 1'(t,y) satisfies the sector [0, k| condition.
Then, the multi-agent system is robustly absolutely stable if
zle,q) = 1+ k{s,q) is robustly SPR for all g € Q.

Submitted to CDC2011
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Example 1: Cyclic Topology

> Consider a 3-agent system with cyclic topology

2

G(s,q) = s tstl g, = [3.2168 ,3.8168 ]

3

2
STHqST +gys+] g, = [3.8591 ,4.4591 ]

> The ficticious TF

s+ (g, +D)s> +(qg, +1)s +2
s+ q, 87+ q,s+1

> Positive and neagive parts

hy(w,9)=0’+qo’+q,0+1

u—->

z(s,q) =

h(®,9)=2qg;0° +2q]@
g,(w,q)= 2w’ + (2q12 + 2q, Yo © + (2q22 +2qg,)o +4
g, (@,9)=(4q, + 2)o* + (6¢, +2)w
> Minimized functions
h. (0)=w>~-29 4176 o® -14 .2433 o +1
g.. (@)=2w>+7.2932 0w’ +12.5873 o +1

> Using sign decomposition method: /(v.q) > 102 2151

h(w,q) > 102 .2151

H=UDILSY 16
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Example 2: Balanced Graph Topology

> Consider a 4-agent system with balanced topology

s+ st +s+1

s+ g5+ q,s7 + q,s + 0.31262 u °’°

G(s,q)=

> The ficticious TF

t(s.qy~ SH (@ DS+ (g DT+ (gus 1)+ 0.3162 ° o
4 st+ g+ g5t +qys+1
g, = [7.2489 ,8.8489 ]

q, = [17 .3538 ,21.1538 |
q, = [11.3221 ,13 .7221 ]

> Positive and neagive parts
h(w,9)=0"+(2q,9; +q; +0.62)0* + 0.0961
h (w,q)=(2q, +2q12)a)3+(q32+0.62 q,)o
g, (w,q) = 20 + (29 +2q,) )0’ +(2q +2q,)0° +(2q; +2q,)o + 0.8122
g (0,q)=2(qg, + Do’ +2(q, +qg, +2q,q9;,)0” +2(1.62g, +0.31)o

> Minimized functions
h. (0)=o"+ 465 9199 ©’ —-120 .6106 @ > — 201 .4114 o + 0.091
g.. (w)=20"+32.9757 w® +109 4124 ®? + 209 .8658 w + 0.8122

> Using sign decomposition method:

h(w,q) > 53019536

H=UDILSY 17
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Conclusions and Future Work

> A method to verify the robust absolute stability property for multi-agent
systems has been developed.

> The systems is transformed into a Lur’e system.

« Transforms the original problem of robust stability into a verifying the
positivity of a multivariable polinomial

> Sign decomposition method has been used to verify the positivity of a
multivariable polinomial.

» The results were validated in simulations

> Independent uncertainty has been considered in examples, however, this
method is also valid for systems with polynomic uncertainty structure.

H=UDILSY 18




™

Thank you for your
attention

Questions?

Université de Technol
CCCCCCCCC

HEUDILSY .

19



