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Optimization
Simple, smooth and convex
Maximize log-likelihood
Find w € argmingy F: w — 3, —log o (¢™(w, x)) }

e Firstorder:  (VF), = Z —cPwx"(1 = o (c(w,x™)))

e Secondorder:  (V?F)y, = (Pwwxxa(1 — o)

n
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Gradient descent

wk) = o _ ’)’VF(W(k))
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Optimization
Simple, smooth and convex
Maximize log-likelihood
Find w € argmingy F: w — 3, —log o (¢™(w, x)) J

e Firstorder:  (VF), =Y —c"wx{” (1 — o (c(w,x™)))
n

e Secondorder:  (V*F)y, = _(PwwxxVa(1 — o)

n

WO

(Quasi-)Newton method

wk) = Wk — y(V2F) T VF(wW)
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Stability and prior knowledge
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e "Ridge” F(w) = £w) + Xjwl]?
e "“LASSO"” Fw) =Lw) + X3, |wy|

o "“Group LASSO” F(w) = £(w) + A ¥, ||ws||

e "‘Total variation” F(w) = &(w) + X 3, ||Dw, ||
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= argmin, 1|x® — x||? + yF(x) = prox;(x*)

F(x)
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Primal algorithms

F =f + g, where:

e f smooth (Lipschitz-continuous gradient)

e gsimple (proximity operator easy to compute)

0 €

0 €

— Vfix*) ¢
(Id =Vfx* €

(Id +9g) '(Id —

OF (x*)

(VFf + 0g)x*
0g(x*)

(Id +0g)x*
VHx* = x*

Forward-Backward Splitting Algorithm

x40 = prox, , (x% — yVF(x¥)).




‘Proximal Splitting Algorithms

Primal algorithms

F = f + g Forward-Backward (Lions and Mercier, 1979)
XV = prox, . (x® — yVF(x¥)).

F=g+h, gandharesimple



!roxmal !pll!!mg !lgon!l!ms

Primal algorithms

F = f + g Forward-Backward (Lions and Mercier, 1979)
XV = prox, . (x® — yVF(x¥)). }

F=g+h, gandharesimple rprox = 2prox— Id

kD) _ 1 K 106, keT) _
AR 2 rproxvg(rproxwh(y( )+ iy( ) Xt = prox. ,,(y

F = g + h Douglas—-Rachford Splitting Algorithm }
(k+1))




Proximal Splitting Algorithms

Primal algorithms

F = f + g Forward-Backward (Lions and Mercier, 1979)

x40 = prox, , (x% — yVF(x)).

F = g + h Douglas—Rachford (Lions and Mercier, 1979)

k) 1 0Y) 4 1K), k) _ ke
y¥ = Zrprox, , (rprox.,,(y®)) + 3y%; X+ = prox. , (y**?) ‘

Lol well Lo/ [ Dws |




Proximal Splitting Algorithms

Primal algorithms

F = f + g Forward-Backward (Lions and Mercier, 1979)
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F = f + g Forward-Backward (Lions and Mercier, 1979)
x40 = prox, , (x% — yVF(x¥)).

F = g + h Douglas—Rachford (Lions and Mercier, 1979)

k) 1 DY) 4 1y k) ke
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F = f + ¥ ;g; Generalized F.-B. (Raguet et al., 2013)
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X(k+1) — Z: W/y,( +1)
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Primal algorithms

F = f + g Forward-Backward (Lions and Mercier, 1979)

F = g + h Douglas—Rachford (Lions and Mercier, 1979)

F =3 ;gi D.-R. on Product Space (Spingarn, 1983)

F =f + Y ;g; Generalized F.-B. (Raguet et al., 2013)

whataboutgo L, gsimple, L bounded linearoperator?
"tight frame”’ “split”’ “augment space”’

min g(Lx) = n)’;n 9y) + t{y) | =y (X Y)



‘Proximal Splitting Algorithms

Primal algorithms

F = f + g Forward-Backward (Lions and Mercier, 1979)

F = g + h Douglas—Rachford (Lions and Mercier, 1979)

F =3 ;gi D.-R. on Product Space (Spingarn, 1983)

F =f + Y ;g; Generalized F.-B. (Raguet et al., 2013)

whataboutgo L, gsimple, L bounded linearoperator?
"tight frame”’ “split”’ “augment space”’

PrOj(y) 1xey} iNVOIVes  (Id+L"L)™" or  (Id+LL*)™"
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Primal algorithms

F = f + g Forward-Backward (Lions and Mercier, 1979)

F = g + h Douglas—Rachford (Lions and Mercier, 1979)

F =3 ;gi D.-R. on Product Space (Spingarn, 1983)

F =f + Y ;g; Generalized F.-B. (Raguet et al., 2013)

whataboutgo L, gsimple, L bounded linearoperator?
"tight frame”’ “split”’ “augment space”’

otherwise: primal-dual algorithm
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Primal-dual algorithms

Canonicalform: F=golL+h, g,hsimple, L linear operator
Splitas  min,, g(y) + h(x) subjecttoy = Lx

Alternating-Direction Method of Multipliers? (Gabay
and Mercier, 1976)
x¥ = arg min, —h( + 2[|Lx — (py™® — X0)||2

y!“ = argmin, 2g(y) + 3|y — (pLx™ + X))
)\k+1 }\(k) +p(LX k+1 _yk+1))

e update on x
e well defined only for L injective
e more complicated than prox:,
P

e require storing both y and A
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Primal-dual algorithms

Canonicalform: F=golL+h, g,hsimple, Llinearoperator
Splitas  min,, g(y) + h(x) subjecttoy =Lx

ADMM? (Gabay and Mercier, 1976)

F = g o L + h Primal-Dual of Chambolle and Pock (2011)
ormoregenerally, F=3%,giol;
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Primal-dual algorithms
Canonicalform: F=golL+h, g,hsimple, Llinearoperator
Splitas  min,, g(y) + h(x) subjecttoy =Lx

ADMM? (Gabay and Mercier, 1976)

F = g o L + h Primal-Dual of Chambolle and Pock (2011)
ormoregenerally, F=3%,giol;

And if f is smooth but not simple?

F =f+ g oL+ hPrimal-Dual of Condat (2013); Vi (2013)
ormoregenerally, F=f+3% g0l J
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Summary
F = f + g Forward-Backward (Lions and Mercier, 1979)
a.k.a proximal gradient algorithm

F = g + h Douglas—Rachford (Lions and Mercier, 1979)

F =3 ;g; D.-R. on Product Space (Spingarn, 1983)
a.k.a Parallel Proximal Algorithm

F = f + ¥ ;g; Generalized F.-B. (Raguet et al., 2013)

a.k.a Forward-Douglas-Rachford

F = g o L + h Primal-Dual of Chambolle and Pock (2011)
a.k.a Primal-Dual Hybrid Gradient

F =f + g o L+ hPrimal-Dual of Condat (2013); Vi (2013)
a.k.a Forward-Backward Primal-Dual
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Proximal Splitting Algorithms

Overrelaxation and Inertial Forces

All Methods
oyl = Ty
o xk+) = y(k+1) + ak(y(k+1) _ y(k))

Acceleration observed in practice (lutzeler and Hendrickx, 2018)

F = f + g Forward-Backward

Theoretical acceleration on functional values F(x¥) — F(x*)
(Beck and Teboulle, 2009)




Proximal Splitting Algorithms

Metric Conditioning

F = f + g Forward-Backward

Variable metric forward-backward (Chen and Rockafellar, 1997)
Quasi-Newton forward-backward (Becker and Fadili, 2012)

F =f+%;g; Generalized Forward-Backward
Vi, Y =y 4 proxa g (6 — [ — 4 VFxK)) — x¥;

X(k+1) _ Z Wi y(k+1)




Proximal Splitting Algorithms
Metric Conditioning

F = f + g Forward-Backward

Variable metric forward-backward (Chen and Rockafellar, 1997)
Quasi-Newton forward-backward (Becker and Fadili, 2012)

F =f + 3 ; g; Generalized Forward-Backward
Vi, y*H = ylk +proxr Wiaxh — y# _ rof(x®)) — x®;
k+1) _ Z Wy(k+'|)

e [ approximate “/(V2F )"
e Y ;W; =1d, but W; might be only semidefinite
o proxgri Wi might be computable when prox,, is not



Proximal Splitting Algorithms
Metric Conditioning

F = f + g Forward-Backward

Variable metric forward-backward (Chen and Rockafellar, 1997)
Quasi-Newton forward-backward (Becker and Fadili, 2012)

F=f+%;g, Generalized Forward-Backward
(k+1)

¥i, y¥*0 =y + prox] " (2x — y® — [VF(xK)) — x¥;
XU = 57wy kD (Raguet and Landrieu, 2015)

v

F = g o L + h Primal-Dual Hybrid Gradient

Preconditioning on L (Pock and Chambolle, 2011)

F =f+ g oL+ hForward-Backward Primal-Dual
Preconditioning on both L and *"V?f"’ (Lorenz and Pock, 2015)
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Stochastic and distributed versions

Douglas-Rachford and ADMM

Seminal work of lutzeler et al. (2013)

All Methods

Fall within the scope of stochastic fixed point algorithms
(Combettes and Pesquet, 2015)

Special case of Forward-Douglas—Rachford

Replace Vf by a random variable G
Typical convergence conditions:

o E[GW| XD, .. xW] = VFX™) as.
o TLE[IGH — VFXD)|P | XD, .., XW] < 400 as.
(Cevher et al., 2016)




Proximal Splitting Algorithms

Nonconvex cases

F = f + g Forward-Backward

Any function nonconvex (Attouch et al., 2013)
f smooth, g convex (Ochs et al., 2014; Chouzenoux et al., 2014)

V.

F = g o L + h Primal-Dual Hybrid Gradient

g semiconvex, h strongly convex (Mollenhoff et al., 2015)
h smooth, L surjective (with ADMM, Li and Pong, 2015)

But actually my classification of proximal algorithms
is not anymore relevant in absence of convexity



Some Motivation
Proximal Splitting
Variants and Accelerations

Cut-pursuit Algorithm



Cut-pursuit Algorithm

Enhancing proximal algorithm with combinatorial optimization
G=(V,E) F:(x) VGV'_>f +ng Xy) + Z W(uv‘Xu

veV (uv)eE
f smooth; g separable
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Cut-pursuit Algorithm

Enhancing proximal algorithm with combinatorial optimization
G=(VIE) F: (Xv VGV'_>f +ng Xv Z W(uv‘Xu |

veV (uv)eE
f smooth; g separable

Typical proximal algorithm:
e GFB (preconditioning)
e PDHG (if prox; available)
e PDFB (use Vf)

Visit the entire graph at each iteration!



Cut-pursuit Algorithm

Enhancing proximal algorithm with combinatorial optimization
G=(V:E) F: (Xv VGV'_>f +ng Xv Z W(uv‘Xu |

veV (uv)eE
f smooth; g separable

Typical proximal algorithm:
e GFB (preconditioning)
e PDHG (if prox; available)
e PDFB (use Vf)

Visit the entire graph at each iteration!

Use the fact that the solution has few constant components:
e block coordinate
e "‘working set” (Landrieu and Obozinski, 2017)



Cut-pursuit
Working set approach

G=(VIE) F: (XVVGV'_>f +ngxv
vev
f smooth; g separable

V partitionof V;  x =3 ey &y

Z W(u v) ‘Xu

(uv)eE
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V partitionof V;  x =3 ey &y
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Cut-pursuit
Working set approach

G=(V:E) F: (XVVGV'_>f +ngxv
vev
f smooth; g separable

V partitionof V;  x =3 ey &y

Y EWver = F(Zyer &0l0)

(T )+ Y T el Y

Z W(u,v) ‘Xu

(uv)eE

Z W) |§U

vev vev veU (UUNEE (uv)eENUx U’

_XV




Cut-pursuit
Working set approach
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Cut-pursuit
Working set approach

G=(V,E)  F:()ev = fO)+D_gulx)+ D Wnlxe —

veV (uv)eE
f smooth; g separable

V partitionof V; x=Yyp &y G=,E)

M) €Wver — F(Zyew Eul0)
= f( > fu1u) +> > g+ Y > Wuwléu — &l
vev e vel (UUNEE (uv)eENUX U’
find ¢&%) € arg min F)
efficient with proximal algorithm
(if correctly conditioned)
Algorithmic scheme:
1. solve reduced problem
2. refine partition V




Cut-pursuit
Refining the partition
F: (Xv)vev — f(X) + Zvev gv(Xv) + Z(u,v)eE W(u,v) Xy — Xy

F'(x,d)

Steepest descent direction? arg min F'(x, d)
deRY
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Cut-pursuit
Refining the partition
F: (Xv)vev — f(X) + Zvev gv(Xv) + Z(u,v)eE W(u,v)|Xu - Xv|
F'(x,d) V.fx)d, g,(x,+)d, W,y Sign(x, — x,)d,
g\l,(xv, _1)dv W(u,v)’du - dv’

Steepest descent direction? arg min F'(x, d)
deRY




Cut-pursuit
Refining the partition

F: (Xv)vev = f(X) + Zvev gv(Xv) + Z(u,v)eE W(u,v)|Xu - Xv|

F'(x,d) V. fx)d, g,x,+1)d,
g,x,, —1)d,

Steepest descent direction? arg min F'(x, d)
deRY

Z 6:(X)dv + Z (SV_(X)dV + Z W(u,v)’du — dv’
(% ev (x)
Jv>0 (}’v<0 (uv)EE2

W) Sign(xv — X,)d,
Wy |dy — dy|




Cut-pursuit
Refining the partition
F: (Xv)vev — f(X) + Zvev gv(Xv) + Z(u,v)eE W(u,v)|Xu - le

F'(x,d) V.fxd,  g,x,+0)d, W Sign(x, — x,)d,
g\l,(xv, _1)dv W(u,v)|du - dv’
Steepest binary descent direction? arg min F'(x, d)
de{—1,+1}V
Z 5;—()() - Z 6;()() + Z W(u,v)|du - dv’
vev veV (U,V)GE(:X)
dy=+1 dy=—1

Can be solved by a minimal cut in an
appropriate flow graph




Cut-pursuit
Refining the partition
F: (Xv)vev — f(X) + Zvev gv(Xv) + Z(u,v)eE W(u,v)|Xu - le

F'(x,d) V.fx)d, g,(x,+)d, W,y Sign(x, — x,)d,
g\,/(xv, _1)dv W(u,v)|du - dv’
Steepest ternary descent direction? argmin F'(x,d)
de{—1,0+1}V
Z 5;—()() - Z 6;()() + Z W(u,v)|du - dv’
i A e
Can be solved by a minimal cut in an
appropriate flow graph

Theorem: this set of descent
directions is rich enough to ensure
optimality




Cut-pursuit

Preliminary results

Brain source identification in electroencephalography
F:x— %Hy - q)XHZ + Z(Av|xv| + L|R+(XV)) + Z W(u,v)|Xu — Xv|

veV (uv)EE

V| = 19626
|E| = 29439

PFDR
PPD

AN

1076



Cut-pursuit
Preliminary results

regularization of 3D point cloud classification
given probabilistic assignment g € RV*¥

F: p— Z KL(ﬁ)(QW pv) + Z LAK(pv) + Z W(u,v)Hpu - pv||1

veV veV (u,v)eE

V| = 300011
|E| = 17206 938

10°

0 1000 2000 3000
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Cut-pursuit

Preliminary results

regularization of 3D point cloud classification
given probabilistic assignment g € RV*¥

Fip—= Y KU, p)+ > tadp) + 3 wuwllpe — pull

veVv veV (uv)eEe

V| = 300011
|E| = 17206938

Next: parallelize graph cuts along components in V/
e almost linear acceleration
e distributed optimization



Integration in I[CAR team

Strengths
e continuous methods
e regularization techniques
e convex optimization

Weaknesses
e not (yet) an expert in (deep) learning
e not familiar with ““discrete formulations’’

Research interest
e registration and inverse problems for medical imaging
e high-resolution satellite image segmentation

e dependence measures for identifying functional
relationship between data with statistical tools
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