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Proximal Point Algorithm
Fixed-point algorithm for nonsmooth optimization

• Gradient and subgradient:
∇F(x) = u def⇐⇒ ∀ y, F(y) = F(x) + 〈u | y − x〉 + o(‖y − x‖)

u ∈ @F(x) def⇐⇒ ∀ y, F(y) ≥ F(x) + 〈u | y − x〉

• First-order optimality:
• 0 = ∇F(x?)

• 0 ∈ @F(x?)

• Fixed point equation:
• x? = x? − ‚∇F(x?)

• x? ∈ x? − ‚@F(x?)

• Algorithm:
• x(k+1) = (Id−‚∇F)x(k)

• x(k+1) ∈ (Id−@F)x(k)
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= argminx
1
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F = g + h Douglas–Rachford (Lions and Mercier, 1979)

y(k+1) = 1
2 rprox‚g

`
rprox‚h(y

(k))
´
+ 1

2y
(k); x(k+1) = prox‚h(y

(k+1))

F = P
i gi D.–R. on Product Space (Spingarn, 1983)

∀i, y(k+1)i = y(k)i + prox ‚
wi
gi

`
2x(k) − y(k)i

´
− x(k); x(k+1) =

P
i wiy(k+1)i

F = f + P
i gi Generalized F.-B. (Raguet et al., 2013)

∀i, y(k+1)i = y(k)i + prox ‚
wi
gi

`
2x(k) − y(k)i − ‚∇f (x(k))

´
− x(k);

x(k+1) =
P

i wiy(k+1)i
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Primal algorithms

F = f + g Forward-Backward (Lions and Mercier, 1979)

F = g + h Douglas–Rachford (Lions and Mercier, 1979)

F = P
i gi D.–R. on Product Space (Spingarn, 1983)

F = f + P
i gi Generalized F.-B. (Raguet et al., 2013)

what about g ◦ L, g simple, L bounded linear operator?
‘‘tight frame’’

‘‘split’’ ‘‘augment space’’

proxg◦L(x) = x + 1
�
L∗
“
prox�g− Id

”
Lx
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Primal algorithms

F = f + g Forward-Backward (Lions and Mercier, 1979)

F = g + h Douglas–Rachford (Lions and Mercier, 1979)

F = P
i gi D.–R. on Product Space (Spingarn, 1983)

F = f + P
i gi Generalized F.-B. (Raguet et al., 2013)

what about g ◦ L, g simple, L bounded linear operator?
‘‘tight frame’’ ‘‘split’’

‘‘augment space’’

g ◦ L = Pi gi ◦ Li, gi simple, Li tight frame
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Primal algorithms

F = f + g Forward-Backward (Lions and Mercier, 1979)

F = g + h Douglas–Rachford (Lions and Mercier, 1979)

F = P
i gi D.–R. on Product Space (Spingarn, 1983)

F = f + P
i gi Generalized F.-B. (Raguet et al., 2013)

what about g ◦ L, g simple, L bounded linear operator?
‘‘tight frame’’ ‘‘split’’ ‘‘augment space’’

min
x

g
`
Lx
´
= min

x,y
g(y) subject to Lx = y



Proximal Splitting Algorithms
Primal algorithms

F = f + g Forward-Backward (Lions and Mercier, 1979)

F = g + h Douglas–Rachford (Lions and Mercier, 1979)

F = P
i gi D.–R. on Product Space (Spingarn, 1983)

F = f + P
i gi Generalized F.-B. (Raguet et al., 2013)

what about g ◦ L, g simple, L bounded linear operator?
‘‘tight frame’’ ‘‘split’’ ‘‘augment space’’

min
x

g
`
Lx
´
= min

x,y
g(y) + «{(x,y) | Lx=y}(x, y)



Proximal Splitting Algorithms
Primal algorithms

F = f + g Forward-Backward (Lions and Mercier, 1979)

F = g + h Douglas–Rachford (Lions and Mercier, 1979)

F = P
i gi D.–R. on Product Space (Spingarn, 1983)

F = f + P
i gi Generalized F.-B. (Raguet et al., 2013)

what about g ◦ L, g simple, L bounded linear operator?
‘‘tight frame’’ ‘‘split’’ ‘‘augment space’’

proj{(x,y) | Lx=y} involves
`
Id +L∗L

´−1 or
`
Id +LL∗

´−1



Proximal Splitting Algorithms
Primal algorithms

F = f + g Forward-Backward (Lions and Mercier, 1979)

F = g + h Douglas–Rachford (Lions and Mercier, 1979)

F = P
i gi D.–R. on Product Space (Spingarn, 1983)

F = f + P
i gi Generalized F.-B. (Raguet et al., 2013)

what about g ◦ L, g simple, L bounded linear operator?
‘‘tight frame’’ ‘‘split’’ ‘‘augment space’’

otherwise: primal-dual algorithm
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Primal-dual algorithms

Canonical form: F = g ◦ L + h, g, h simple, L linear operator
Split as minx,y g(y) + h(x) subject to y = Lx

Alternating-Direction Method of Multipliers? (Gabay
and Mercier, 1976)
x(k+1) = argminx

1

h(x) + 

2‖Lx − (y(k) − –(k))‖2

y(k+1) = argminy
1

g(y) + 1

2‖y − (Lx(k) + –(k))‖2

–(k+1) = –(k) + 
`
Lx(k+1) − y(k+1)

´

• update on x

• well de�ned only for L injective
• more complicated than prox 1


h

• require storing both y and –



Proximal Splitting Algorithms
Primal-dual algorithms

Canonical form: F = g ◦ L + h, g, h simple, L linear operator
Split as minx,y g(y) + h(x) subject to y = Lx

Alternating-Direction Method of Multipliers? (Gabay
and Mercier, 1976)
x(k+1) = argminx

1

h(x) + 

2‖Lx − (y(k) − –(k))‖2

y(k+1) = argminy
1

g(y) + 1

2‖y − (Lx(k) + –(k))‖2

–(k+1) = –(k) + 
`
Lx(k+1) − y(k+1)

´
• update on x
• well de�ned only for L injective

• more complicated than prox 1

h

• require storing both y and –



Proximal Splitting Algorithms
Primal-dual algorithms

Canonical form: F = g ◦ L + h, g, h simple, L linear operator
Split as minx,y g(y) + h(x) subject to y = Lx

Alternating-Direction Method of Multipliers? (Gabay
and Mercier, 1976)
x(k+1) = argminx

1

h(x) + 

2‖Lx − (y(k) − –(k))‖2

y(k+1) = argminy
1

g(y) + 1

2‖y − (Lx(k) + –(k))‖2

–(k+1) = –(k) + 
`
Lx(k+1) − y(k+1)

´
• update on x
• well de�ned only for L injective
• more complicated than prox 1


h

• require storing both y and –



Proximal Splitting Algorithms
Primal-dual algorithms

Canonical form: F = g ◦ L + h, g, h simple, L linear operator
Split as minx,y g(y) + h(x) subject to y = Lx

Alternating-Direction Method of Multipliers? (Gabay
and Mercier, 1976)
x(k+1) = argminx

1

h(x) + 

2‖Lx − (y(k) − –(k))‖2

y(k+1) = argminy
1

g(y) + 1

2‖y − (Lx(k) + –(k))‖2

–(k+1) = –(k) + 
`
Lx(k+1) − y(k+1)

´
• update on x
• well de�ned only for L injective
• more complicated than prox 1


h

• require storing both y and –



Proximal Splitting Algorithms
Primal-dual algorithms
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ADMM? (Gabay and Mercier, 1976)
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Proximal Splitting Algorithms
Primal-dual algorithms

Canonical form: F = g ◦ L + h, g, h simple, L linear operator
Split as minx,y g(y) + h(x) subject to y = Lx

ADMM? (Gabay and Mercier, 1976)

F = g ◦ L + h Primal-Dual of Chambolle and Pock (2011)
or more generally, F =

P
i gi ◦ Li

And if f is smooth but not simple?

F = f + g ◦ L + h Primal-Dual of Condat (2013); Vũ (2013)

or more generally, F = f +
P

i gi ◦ Li



Proximal Splitting Algorithms
Summary

F = f + g Forward-Backward (Lions and Mercier, 1979)
a.k.a proximal gradient algorithm

F = g + h Douglas–Rachford (Lions and Mercier, 1979)

F = P
i gi D.–R. on Product Space (Spingarn, 1983)

a.k.a Parallel Proximal Algorithm

F = f + P
i gi Generalized F.-B. (Raguet et al., 2013)

a.k.a Forward-Douglas–Rachford

F = g ◦ L + h Primal-Dual of Chambolle and Pock (2011)
a.k.a Primal-Dual Hybrid Gradient

F = f + g ◦ L + h Primal-Dual of Condat (2013); Vũ (2013)
a.k.a Forward-Backward Primal-Dual



Some Motivation

Proximal Splitting

Variants and Accelerations

Cut-pursuit Algorithm



Proximal Splitting Algorithms
Overrelaxation and Inertial Forces

All Methods
• y(k+1) = Tx(k)

• x(k+1) = y(k+1) + ¸k(y(k+1) − y(k))

Acceleration observed in practice (Iutzeler and Hendrickx, 2018)

F = f + g Forward-Backward
Theoretical acceleration on functional values F(x(k))− F(x?)
(Beck and Teboulle, 2009)



Proximal Splitting Algorithms
Metric Conditioning

F = f + g Forward-Backward
Variable metric forward-backward (Chen and Rockafellar, 1997)
Quasi-Newton forward-backward (Becker and Fadili, 2012)

F = f + P
i gi Generalized Forward-Backward

∀i, y(k+1)i = y(k)i + prox ‚
wi
gi

`
2x(k) − y(k)i − ‚∇f (x(k))

´
− x(k);

x(k+1) =
P

i wiy(k+1)i



Proximal Splitting Algorithms
Metric Conditioning

F = f + g Forward-Backward
Variable metric forward-backward (Chen and Rockafellar, 1997)
Quasi-Newton forward-backward (Becker and Fadili, 2012)

F = f + P
i gi Generalized Forward-Backward

∀i, y(k+1)i = y(k)i + prox`
−1Wi

gi

`
2x(k) − y(k)i − `∇f (x(k))

´
− x(k);

x(k+1) =
P

i Wiy(k+1)i

• ` approximate ‘‘(∇2F−1)’’
• Pi Wi = Id, butWi might be only semide�nite
• prox`−1Wi

gi might be computable when proxgi is not



Proximal Splitting Algorithms
Metric Conditioning

F = f + g Forward-Backward
Variable metric forward-backward (Chen and Rockafellar, 1997)
Quasi-Newton forward-backward (Becker and Fadili, 2012)

F = f + P
i gi Generalized Forward-Backward

∀i, y(k+1)i = y(k)i + prox`
−1Wi

gi

`
2x(k) − y(k)i − `∇f (x(k))

´
− x(k);

x(k+1) =
P

i Wiy(k+1)i (Raguet and Landrieu, 2015)

F = g ◦ L + h Primal-Dual Hybrid Gradient
Preconditioning on L (Pock and Chambolle, 2011)

F = f + g ◦ L + h Forward-Backward Primal-Dual
Preconditioning on both L and ‘‘∇2f ’’ (Lorenz and Pock, 2015)



Proximal Splitting Algorithms
Stochastic and distributed versions

Douglas–Rachford and ADMM
Seminal work of Iutzeler et al. (2013)

All Methods
Fall within the scope of stochastic �xed point algorithms
(Combettes and Pesquet, 2015)

Special case of Forward-Douglas–Rachford
Replace∇f by a random variable G
Typical convergence conditions:
• E

ˆ
G(k) | X (1), ... , X (k)˜ = ∇f (X (n)) a.s.

• Pk E
ˆ
‖G(k) −∇f (X (n))‖2 | X (1), ... , X (k)˜ < +∞ a.s.

(Cevher et al., 2016)



Proximal Splitting Algorithms
Nonconvex cases

F = f + g Forward-Backward
Any function nonconvex (Attouch et al., 2013)
f smooth, g convex (Ochs et al., 2014; Chouzenoux et al., 2014)

F = g ◦ L + h Primal-Dual Hybrid Gradient
g semiconvex, h strongly convex (Möllenho� et al., 2015)
h smooth, L surjective (with ADMM, Li and Pong, 2015)

But actually my classi�cation of proximal algorithms
is not anymore relevant in absence of convexity



Some Motivation

Proximal Splitting

Variants and Accelerations

Cut-pursuit Algorithm



Cut-pursuit Algorithm
Enhancing proximal algorithm with combinatorial optimization

G = (V , E) F : (xv)v∈V 7→ f (x) +
X
v∈V

gv(xv) +
X

(u,v)∈E
w(u,v)|xu − xv|

f smooth; g separable

Typical proximal algorithm:
• GFB (preconditioning)
• PDHG (if proxf available)
• PDFB (use∇f )

Visit the entire graph at each iteration!
Use the fact that the solution has few constant components:
• block coordinate
• ‘‘working set’’ (Landrieu and Obozinski, 2017)
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Cut-pursuit
Working set approach

G = (V , E) F : (xv)v∈V 7→ f (x) +
X
v∈V

gv(xv) +
X

(u,v)∈E
w(u,v)|xu − xv|

f smooth; g separable

V partition of V ; x =
P

U∈V ‰U1U

G = (V ,E )

F(V ) : (‰U)U∈V 7→ F(
P

U∈V ‰U1U)

= f
“ X
U∈V

‰U1U
”
+
X
U∈V

X
v∈U

gv
`
‰U
´
+

X
(U,U′)∈E

X
(u,v)∈E∩U×U′

w(u,v)|‰U − ‰′U|

�nd ‰(V ) ∈ argmin F(V )

e�cient with proximal algorithm
(if correctly conditioned)

Algorithmic scheme:
1. solve reduced problem
2. re�ne partitionV
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Cut-pursuit
Re�ning the partition

F : (xv)v∈V 7→ f (x) +
P

v∈V gv(xv) +
P

(u,v)∈E w(u,v)|xu − xv|

F′(x, d)

∇vf (x)dv g′v(xv , +1)dv
g′v(xv ,−1)dv

w(u,v) sign(xv − xu)dv
w(u,v)|du − dv|

Steepest descent direction? argmin
d∈RV

F′(x, d)

X
v∈V
dv>0

‹+v (x)dv +
X
v∈V
dv<0

‹−v (x)dv +
X

(u,v)∈E(x)=

w(u,v)|du − dv|

Can be solved by a minimal cut in an
appropriate �ow graph



Cut-pursuit
Re�ning the partition

F : (xv)v∈V 7→ f (x) +
P

v∈V gv(xv) +
P

(u,v)∈E w(u,v)|xu − xv|

F′(x, d) ∇vf (x)dv

g′v(xv , +1)dv
g′v(xv ,−1)dv

w(u,v) sign(xv − xu)dv
w(u,v)|du − dv|

Steepest descent direction? argmin
d∈RV

F′(x, d)

X
v∈V
dv>0

‹+v (x)dv +
X
v∈V
dv<0

‹−v (x)dv +
X

(u,v)∈E(x)=

w(u,v)|du − dv|

Can be solved by a minimal cut in an
appropriate �ow graph



Cut-pursuit
Re�ning the partition

F : (xv)v∈V 7→ f (x) +
P

v∈V gv(xv) +
P

(u,v)∈E w(u,v)|xu − xv|

F′(x, d) ∇vf (x)dv g′v(xv , +1)dv
g′v(xv ,−1)dv

w(u,v) sign(xv − xu)dv
w(u,v)|du − dv|

Steepest descent direction? argmin
d∈RV

F′(x, d)

X
v∈V
dv>0

‹+v (x)dv +
X
v∈V
dv<0

‹−v (x)dv +
X

(u,v)∈E(x)=

w(u,v)|du − dv|

Can be solved by a minimal cut in an
appropriate �ow graph



Cut-pursuit
Re�ning the partition

F : (xv)v∈V 7→ f (x) +
P

v∈V gv(xv) +
P

(u,v)∈E w(u,v)|xu − xv|

F′(x, d) ∇vf (x)dv g′v(xv , +1)dv
g′v(xv ,−1)dv

w(u,v) sign(xv − xu)dv
w(u,v)|du − dv|

Steepest descent direction? argmin
d∈RV

F′(x, d)

X
v∈V
dv>0

‹+v (x)dv +
X
v∈V
dv<0

‹−v (x)dv +
X

(u,v)∈E(x)=

w(u,v)|du − dv|

Can be solved by a minimal cut in an
appropriate �ow graph



Cut-pursuit
Re�ning the partition

F : (xv)v∈V 7→ f (x) +
P

v∈V gv(xv) +
P

(u,v)∈E w(u,v)|xu − xv|

F′(x, d) ∇vf (x)dv g′v(xv , +1)dv
g′v(xv ,−1)dv

w(u,v) sign(xv − xu)dv
w(u,v)|du − dv|

Steepest descent direction? argmin
d∈RV

F′(x, d)X
v∈V
dv>0

‹+v (x)dv +
X
v∈V
dv<0

‹−v (x)dv +
X

(u,v)∈E(x)=

w(u,v)|du − dv|

Can be solved by a minimal cut in an
appropriate �ow graph



Cut-pursuit
Re�ning the partition

F : (xv)v∈V 7→ f (x) +
P

v∈V gv(xv) +
P

(u,v)∈E w(u,v)|xu − xv|

F′(x, d) ∇vf (x)dv g′v(xv , +1)dv
g′v(xv ,−1)dv

w(u,v) sign(xv − xu)dv
w(u,v)|du − dv|

Steepest binary descent direction? argmin
d∈{−1,+1}V

F′(x, d)X
v∈V
dv=+1

‹+v (x) −
X
v∈V
dv=−1

‹−v (x) +
X

(u,v)∈E(x)=

w(u,v)|du − dv|

Can be solved by a minimal cut in an
appropriate �ow graph

s

t

u v w
2w(u,v)

−‹−u (x)

‹+u (x)



Cut-pursuit
Re�ning the partition

F : (xv)v∈V 7→ f (x) +
P

v∈V gv(xv) +
P

(u,v)∈E w(u,v)|xu − xv|

F′(x, d) ∇vf (x)dv g′v(xv , +1)dv
g′v(xv ,−1)dv

w(u,v) sign(xv − xu)dv
w(u,v)|du − dv|

Steepest ternary descent direction? argmin
d∈{−1,0,+1}V

F′(x, d)X
v∈V
dv=+1

‹+v (x) −
X
v∈V
dv=−1

‹−v (x) +
X

(u,v)∈E(x)=

w(u,v)|du − dv|

Can be solved by a minimal cut in an
appropriate �ow graph

Theorem: this set of descent
directions is rich enough to ensure
optimality

s

t

u(1) v(1) w(1)

u(2) v(2) w(2)

w(u,v)

w(v,u)

−‹−u (x) +mu

‹+u (x) +mu

mu



Cut-pursuit
Preliminary results

Brain source identi�cation in electroencephalography
F : x 7→ 1

2‖y − Φx‖2 +
X
v∈V

`
–v|xv| + «R+ (xv)

´
+
X

(u,v)∈E
w(u,v)|xu − xv|

|V| = 19 626
|E| = 29 439



Cut-pursuit
Preliminary results

regularization of 3D point cloud classi�cation
given probabilistic assignment q ∈ RV×K

F : p 7→
X
v∈V

KL(˛)(qv , pv) +
X
v∈V

«4K (pv) +
X

(u,v)∈E
w(u,v)‖pu − pv‖1

|V| = 3 000 111
|E| = 17 206 938



Cut-pursuit
Preliminary results

regularization of 3D point cloud classi�cation
given probabilistic assignment q ∈ RV×K

F : p 7→
X
v∈V

KL(˛)(qv , pv) +
X
v∈V

«4K (pv) +
X

(u,v)∈E
w(u,v)‖pu − pv‖1

|V| = 3 000 111
|E| = 17 206 938

Next: parallelize graph cuts along components inV
• almost linear acceleration
• distributed optimization



Integration in ICAR team

Strengths
• continuous methods
• regularization techniques
• convex optimization

Weaknesses
• not (yet) an expert in (deep) learning
• not familiar with ‘‘discrete formulations’’

Research interest
• registration and inverse problems for medical imaging
• high-resolution satellite image segmentation
• dependence measures for identifying functional
relationship between data with statistical tools
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