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Substitution-Insertion-Deletion models

Over the last 20 years: 3 main classes of stochastic evolution models for
Substitution-Insertion-Deletion (SID)

1) First approach by Thorne et al. (1991) : “TKF91” model

Birth-Death process
 Explicit birth rate λ (insertion) and death rate µ (deletion)

Substitution process definied by a stochastic matrix M applied to both
sequences, conditional on the insertion process

Extension to “long indels” insertion

Thorne et al. (1992), Metzler (2003), Miklós et al. (2004)
Review: Miklós et al. (2009)
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Substitution-Insertion-Deletion over the last 20 years

2) Extended substitution model “substitution + gap”

Introduced by McGuire et al. (2001)
Extention of the “F84” model by Felsenstein and Churchill (1996):
addition of a 5th residue representing a “gap”

5th column: residue deletion
5th line: residue insertion

Extended substitution rate matrix:

R =


∗ γπC

γπG
πR

+ γπG γπT γπ−
γπA ∗ γπG

γπT
πY

+ γπT γπ−
γπA
πR

+ γπA γπC ∗ γπT γπ−
γπA

γπC
πY

+ γπC γπG ∗ γπ−
γπA γπC γπG γπT ∗


P(t) = (PA(t),PC (t),PG (t),PT (t)) = P(0).exp (Rt)
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Substitution-Insertion-Deletion over the last 20 years

So far: reversible models

Useful property for unrooted phylogenetic trees inference

Classical for substitution models

Strong theoretical constraints for the insertion-deletion process

 e.g. for the alignment of 2 sequences: reversibility ⇔ equality of the
insertion and deletion frequencies
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Substitution-Insertion-Deletion over the last 20 years

3) Generalisation of the model by McGuire to a non-reversible model
(Rivas (2005), Rivas and Eddy (2008))

alphabet of size K
addition of explicit parameters for insertion (p1, p2, · · · , pK ) and
deletion µ

Q =


∗ − − − µ
− ∗ − − µ
− − ∗ − µ
− − − ∗ µ
λp1 λp2 · · · λpK 1− λ


Analytical expression of the residue substitution probabitility over a
period of time [0, t[ but only in the particular case where

(pk)1≤k≤K ∝ (πk)1≤k≤K .

Development of an alignment algorithm DNA sequence “with gap”
Problem: a uniform deletion rate µ should not affect residue occurence
probability P(t) at time t

S. Lèbre sophie.Lebre@icube.unistra.fr LIIS model: Limited Insertion Independent of Substitution



Evolution models for Substitution-Insertion-Deletion

3 main classes of stochastic SID models

Thorne et al. (1991) (TKF91) and extensions: Birth-Death process
Mc Guire et al. (2001): extended substitution matrix
Rivas (2005) and Rivas and Eddy (2008): non-reversible model

⇒ Designed for alignment, phylogeny,...

Two aims

1 Focus on sequence content evolution
(e.g. GC content PG+C (t), nucleotide
PA(t), codon PATG (t), etc ... )

2 Insertion, Deletion independent of the
Substitution equilibrium distribution
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Outline

1 Insertion Deletion Independent of Substitution (IDIS) model

2 Application to GC content

3 Limited Insertion Independent of Substitution (LIIS) model
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IDIS model: Insertion Deletion Independent of Substitution

Let Ni (t) be the random variable for the number of occurrences of
nucleotide i in the sequence, 1 ≤ i ≤ K (K = 4 for {A,C ,G ,T}).

Random vector (Ni (t))1≤i≤4 follows a Birth-Death process with
instantaneous rates (at time t)

Birth Death

rin(t) dni (t)

The sequence size N(t) =
∑

1≤i≤4 Ni (t) follows a Birth-Death
process with linear growth

birth rate λ(t) =
∑

i ri n(t)
death rate µ(t) =

∑
i dni (t) = dn(t)

Then E (N(t)) = n0e(
∑

i ri−d)t  population dynamics (Malthus)
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Average behaviour description of the sequence content

Assumption (1)

Insertion of nucleotide i : n′i (t) = rin(t)− dni (t)

Then n′(t) =

(∑
i

ri − d

)
n(t) and n(t) = n0e(

∑
i ri−d)t

p′i (t) =
∂

∂t

(
ni (t)

n(t)

)

= ri −

∑
j

rj

 pi (t) (independent of deletion rate d)

Vector P(t) = (pi (t))1≤i≤4 of the average nucleotide ratio satisfies
the differential equation :

P ′(t) = R − rP(t) with r =
∑

i ri
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Average behaviour description of the sequence content

Assumption (2)

Classical residue substitution model with stochastic matrix M
 site evolution i.i.d.

Then the sequence ratio satisfies the differential equation

P ′(t) = (M − I ) · P(t)

where M is stochastic in column.
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Average behaviour description of the sequence content

Assumption (3)

Insertion-deletion independent of substitution

Then P ′(t) = (M − I ) · P(t)︸ ︷︷ ︸
Substitution

+ (−rP(t) + R)︸ ︷︷ ︸
Insertion-Deletion

= A · P(t) + R

with A = M − (1 + r)I , r =
∑

i ri .

Analytical solution?
⇒ General solution by the method of variation parameters:

P(t) = eA(t−t0)P(t0) + eAt
(∫ t

t0

e−Audu

)
R
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IDIS model

Proposition

When M can be diagonalized with real eigenvalues (λk)1≤k≤4,
let Q be an associated eigenvector matrix of M
(the kth column of Q being an eigenvector for eigenvalue λk)

For all 1 ≤ k ≤ 4, we define matrix Ok of size 4× 4 by using the
eigenvector matrix Q of M,

∀1 ≤ i , j ≤ 4, Ok [i , j ] = Q[i , k] · Q−1[k , j ]

P(t)=

(
4∑

k=1

1

r + 1− λk
Ok

)
R+

4∑
k=1

Ok ·
(
P(t0)− 1

r + 1− λk
R

)
e−(r+1−λk)(t−t0)

with

R = (ri )1≤i≤4

r =
∑

1≤i≤4 ri is the total insertion rate

P(t0) = (pi (t0))1≤i≤4
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IDIS model as a function of sequence length l = n(t)

IDISL model

P(l)=

(
4∑

k=1

1

r + 1− λk
Ok

)
R +

4∑
k=1

Ok ·
(
P(l0)− 1

r + 1− λk
R

)(
l

l0

)− r+1−λk
r−d

with

R = (ri )1≤i≤4

r =
∑

1≤i≤4 ri is the total insertion rate
d is the deletion rate
P(t0) = (pi (t0))1≤i≤4

(λk)1≤k≤4 are the eigenvalues of M

Indeed: from the Insertion-Deletion assumption: n′i (t) = ri × n(t)− d × ni (t)
Then n(t) = n(t0)e(r−d)(t−t0)

and e−(t−t0) =
(

l
l0

)− 1
r−d

with l0 = n(t0).
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IDISL-HKY model

Eigenvalues:

{λ1 = 1− β, λ2 = 1− απR − βπY , λ3 = 1− απY − βπR , λ4 = 1}

Eigenvectors:

{
v1 =

{
−πY πA
πRπT

,
πC
πT

,−πY πG
πRπT

, 1

}
, v2 = {−1, 0, 1, 0},

v3 = {0,−1, 0, 1}, v4 =

{
πA
πT

,
πC
πT

,
πG
πT

, 1

}}
.
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IDISL-HKY model

For all l = n(t) and l0 = n(t0)

P(l) = PK + k1,R,Y


πA
πR
−πC
πY
πG
πR
−πT
πY


(

l

l0

)− µ1
r−d

+



k2,A,G

(
l
l0

)− µ2
r−d

k3,C ,T

(
l
l0

)− µ3
r−d

−k2,A,G

(
l
l0

)− µ2
r−d

−k3,C ,T

(
l
l0

)− µ3
r−d


where PK is a constant

and for all 1 ≤ i ≤ 3, j ∈ {A,C ,R}, k ∈ {G ,T ,Y },

ki ,j ,k =
πj (rk−µiPk (l0))−πk (rj−µiPj (l0))

(πj+πk)µi
,

µi = r + 1− λi
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Outline

1 Insertion Deletion Independent of Substitution (IDIS) model

2 Application to GC content

3 Limited Insertion Independent of Substitution (LIIS) model
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CG content modeling

Data

The length (number of nucleotides) and the GC content
of bacterial genome were extracted from the NCBI website
www.ncbi.nlm.nih.govgenomeslproks.cgi.

Bacterial genomes are classified according to their taxonomic group
and their anaerobic/non-aerobic property

Groups with more than 30 genomes are included.

Assumption: The residue frequencies in bacterial genomes are still
transient.
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IDISL-HKY model for GC content

Assumptions (G=C and A=T)
pC (l0) = pG (l0), pA(l0) = pT (l0),
πC = πG , πA = πT ,
rC = rG , rA = rT .

Proposition (GC content)

With κ = α+β
2r , the GC content pG+C (l) = pC (l) + pG (l) reads:

pG+C (l) = 2

( rC
r + κπC

1 + κ

)
+ 2

(
pC (l0)−

rC
r + κπC

1 + κ

)(
l

l0

)− 1+κ

1− d
r

Then pG+C (l) is a polynom:

pG+C (l) = a + b

(
l

l0

)−c
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Best fit curve p̂G +C (l) with the IDISL-HKY model
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Best fit curve p̂G +C (l) with the IDISL-HKY model
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GC content as a function of the genome length l
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Limited Insertion Independent from Substitution (LIIS)
Assumption

Insertion assumption: n′i (t) = ri

(
1− n(t)

nmax

)
n(t)

Proposition

P(t; t0,P(t0)) =
4∑

k=1

Ok · [d1(t; k , t0)P(t0) + d2(t; k, t0)R]

where

d1(t; k, t0) =
(
τ + (1− τ) e−r(t−t0)

)
e−(1−λk )(t−t0)

d2(t; k, t0) =
1

r

[
1−

(
τ + (1− τ)e−r(t−t0)

)(
e−(1−λk )(t−t0)

+
1− λk

(τ − 1) (1− λk + r)

(
e−(1−λk )(t−t0)

2F1(k , 1)− er(t−t0)
2F1(k, er(t−t0))

))]
τ = n0

nmax
and for all (k , x), ∀1 ≤ k ≤ 4 and ∀x ≥ 0,

2F1(k , x) is the Gauss hypergeometric function:

2F1(k , x) = H2F1
[
1, 1 + 1−λk

r , 2 + 1−λk

r , τ
τ−1 x

]
.
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Best fit curve p̂G +C (l) with the IDIS versus LIIS model
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Best fit curve p̂G +C (l) with the IDIS versus LIIS model
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To conclude

IDIS model

Insertion-Deletion independent of Substitution

Description of the average behaviour of the sequence content in 2
cases :

Linear growth and deletion
Limited growth

Mathematical properties : fixed point, time scale, time inversion, ...

Allows the description of sequence content evolution, e.g. GC content,
codon model, ...

Software on line:
http://lsiit-bioinfo.u-strasbg.fr/webMathematica/GETEC/

Accueil.jsp

Ongoing work

Add limited deletion (LIDIS model)
Stochastic framework
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