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A decompressor is a computable partial function
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» Kolmogorov complexity of a string x € {0,1}* with respect
to a decompressor D: Cp(x) := min{|y| | D(y) = x}.

» There exists an optimal decompressor U such that Cy is
minimal up to O(1). C(x) := Cy(x) is a plain complexity of
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» A decompressor is called prefix-free if its domain is

prefix-free.

» There exists an optimal prefix-free decompressor V.
K(x) := Cy(x) is a prefix complexity of x.
» The difference K(x) — C(x) can be as large as log|x|.
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» We build an optimal decompressor U such that for every
optimal prefix-free decompressor V holds dom V & dom U.



The construction



The construction

» We show that there exists a set A such that:

1. A contains the domain of one specific optimal decompressor,
2. A does not contain the domain of any optimal prefix free
decompressor.



The construction

» We show that there exists a set A such that:
1. A contains the domain of one specific optimal decompressor,
2. A does not contain the domain of any optimal prefix free
decompressor.
» The first part is easy. It is sufficient to require from A the
following two properties:
1. A is recursive,
2. Ais sufficiently dense.



The construction

» We show that there exists a set A such that:
1. A contains the domain of one specific optimal decompressor,
2. A does not contain the domain of any optimal prefix free
decompressor.
» The first part is easy. It is sufficient to require from A the
following two properties:
1. A is recursive,
2. Ais sufficiently dense.

» By sufficiently dense we mean that for every n
|[AN{0,1}"| > ¢-2".



The construction

» We show that there exists a set A such that:
1. A contains the domain of one specific optimal decompressor,
2. A does not contain the domain of any optimal prefix free
decompressor.

» The first part is easy. It is sufficient to require from A the
following two properties:

1. Ais recursive,
2. Ais sufficiently dense.

» By sufficiently dense we mean that for every n
|[AN{0,1}"| > ¢-2".
> An easy case of a result from [CNSS]. Consider an arbitrary
optimal decompressor D. A is recursive, so there exists a
computable injective mapping i: {0,1}* — {0, 1}* such that:
1. i(x) € A for every x,
2. ]i(x)] < |x| 4+ ¢, where c is a fixed constant (one can actually
take ¢ := [log1/e]).



The construction

» We show that there exists a set A such that:
1. A contains the domain of one specific optimal decompressor,
2. A does not contain the domain of any optimal prefix free
decompressor.
» The first part is easy. It is sufficient to require from A the
following two properties:
1. A is recursive,
2. Ais sufficiently dense.

» By sufficiently dense we mean that for every n
|[AN{0,1}"| > ¢-2".
> An easy case of a result from [CNSS]. Consider an arbitrary
optimal decompressor D. A is recursive, so there exists a
computable injective mapping i: {0,1}* — {0, 1}* such that:
1. i(x) € A for every x,

2. ]i(x)] < |x| 4+ ¢, where c is a fixed constant (one can actually
take ¢ := [log1/e]).

» Di(i(x)) := D(x).
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It remains to build a recursive set A with the following
properties:
1. Ais sufficiently dense,
2. A does not contain the domain of any optimal prefix-free
decompressor.

A will be, in some sense, a universal set. For every n consider
strings of length n in the set A. They determine some subset
in Cantor space, which is open-closed.

What is needed for A: every open-closed subset of Cantor
space of measure at least 1/3 is represented at some level and
even at many subsequent levels

Infinite binary tree «» {0,1}* < cylinders in {0,1}*

Qy = {a € {0,1}¥ | « begins with x}

P C {0,1}* is basic if P = [J7_; Q.

A C {0,1}" represents P at level n if P = J,can0130 Ox-
Construction of A: for every basic set P of measure at least
1/3 there are infinitely many n such that A represents P at
levels n,n+1,...,2n.
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Theorem: Alice wins.

» Technically, we must consider more complicated game,
because complexity is defined up to a constant.

» The idea of a proof is the following: Alice wins, and her
winning set is more or less A.



Thank you for your attention.



