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Abstract

This paper offers some new results on randomness with respect to
classes of measures, along with a didactical exposition of their context
based on results that appeared elsewhere.

We start with the reformulation of the Martin-Lof definition of ran-
domness (with respect to computable measures) in terms of randomness
deficiency functions. A formula that expresses the randomness deficiency
in terms of prefix complexity is given (in two forms). Some approaches
that go in another direction (from deficiency to complexity) are consid-
ered.

The notion of Bernoulli randomness (independent coin tosses for an
asymmetric coin with some probability p of head) is defined. It is shown
that a sequence is Bernoulli if it is random with respect to some Bernoulli
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measure B,. A notion of “uniform test” for Bernoulli sequences is intro-
duced which allows a quantitative strengthening of this result. Uniform
tests are then generalized to arbitrary measures.

Bernoulli measures B, have the important property that p can be recov-
ered from each random sequence of B,,. The paper studies some important
consequences of this orthogonality property (as well as most other ques-
tions mentioned above) also in the more general setting of constructive
metric spaces.

1 Introduction

This paper, though intended to be rather self-contained, can be seen as a contin-
uation of [11] (which itself built on earlier work of Levin) and [13].

Our enterprise is to develop the theory of randomness beyond the framework
where the underlying probability distribution is the uniform distribution or a
computable distribution. A randomness test t(w, P) of object w with respect to
measure P is defined to be a function of both the measure P and the point w.

In some later parts of the paper, we will also go beyond the case where the
underlying space is the set of finite or infinite sequences: rather, we take a con-
structive metric space with its algebra of Borel sets.

We will apply the above notion of test to define, following ideas of [16], for
a class ¢ of measures having some compactness property, a “class test” t¢ (w).
This is a test to decide whether object w is random with respect to any one
measure P in the class 4. We will show that in case of the class of Bernoulli
measures over binary sequences, this notion is equivalent to the class tests intro-
duced by Martin-Lof in [20].

In case there is an effective sense in which the elements of the class are mutu-
ally orthogonal, we obtain an especially simple separation of the randomness test
t(w, P) into two parts: the class test and an arbitrarily simple test for “typical-
ity” with respect to the measure P. In some natural special cases, the typicality
test corresponds to a convergence property of relative frequencies, allowing to
apply the theory to any general effectively compact class of ergodic stationary
processes.

There are some properties of randomness tests t(w, P) that depend on the
measure P, which our tests do not necessarily possess, for example a kind of
monotonicity in P. It is therefore notable that in case of the orthogonal classes,



randomness is equivalent to an “blind” notion of randomness, that only considers
randomness tests that do not depend on the measure P.

Here is an outline of the paper. We start with the reformulation of the Martin-
Lof definition of randomness (with respect to computable measures) in terms of
tests. A randomness test provides a quantitative measure of non-randomness,
called “randomness deficiency”; it is finite for random sequences and infinite for
non-random ones. There are two versions of these tests (“average-bounded” and
“probability-bounded” ones); a relation between them is established.

A formula that expresses the (average-bounded) randomness deficiency in
terms of prefix complexity is given (in two forms). It implies the Levin-Schnorr
criterion of randomness (with prefix complexity, as in the special case first an-
nounced in Chaitin’s paper [4]). Some approaches that go in another direction
(from deficiency to complexity) are considered.

The notion of Bernoulli sequence (looking like the outcome of indepen-
dent coin tosses for an asymmetric coin) is defined. It is shown that the set of
Bernoulli sequences is the union (over all p € [0, 1]) of the sets of sequences that
are random with respect to B),, the Bernoulli measure with probability p; here
we assume that p is given as an oracle). A notion of “uniform test” for Bernoulli
sequences is introduced. Then the statement above is proved in the following
quantitative form: the Bernoulli deficiency is the infimum of B, deficiencies
over all p € [0,1].

The notion of general uniform test (not restricted to the class of Bernoulli
measures) is introduced. It is shown that it generalizes Martin-Lofs earlier defi-
nition of randomness (which was given only for computable measures).

Bernoulli measures B, have the important property that p can be recovered
from each random sequence of B,. The paper studies some important conse-
quences of this orthogonality property (as well as most other questions men-
tioned above) also in the more general setting of constructive metric spaces.

The following notation is useful, since inequalities hold frequently only
within an additive or multiplicative constant.

Notation 1.1. We will write f(x) < g(x) for inequality between positive func-
tions within a multiplicative constant, that is for the relation f(x) = O(g(x)):
precisely, if there is a constant ¢ with f(x) < cg(x) for all x. The relation f =g
means f < g and f > g. Similarly, f < g and f = g means inequality within an
additive constant.

Let A denote the empty string.



Logarithms are taken, as a default, to base 2. We use |x| to denote the length
of a string x. For finite string, x and finite or infinite string y let x C y denote that
x is a prefix of y. If x is a finite or infinite sequence then its elements are written
as x(1),x(2),..., and its prefix of size n will be denoted by x(1 : n).

Let ﬁJr = [0,00] be the set of nonnegative reals, with the special value o
added. The binary alphabet {0, 1} will also be denoted by B. N

2 Randomness on sequences, for computable
measures

2.1 Lower semicomputable functions on sequences

In the first sections, we will study randomness over infinite binary sequences.

Definition 2.1 (Binary Cantor space, Baire space). We will denote by € the set
of infinite binary sequences, and call it also the binary Cantor space. For a finite
string x let xQ be the set of all infinite sequences that have finite prefix x. These
sets will be called basic open sets, the set of all basic open set is called the basis
of Q (as a topological space). A subset of Q is open if it is the union of a set of
basis elements.

The set of infinite sequences of natural numbers will be called the Baire
space. Basic open sets and open sets can be defined for it analogously. J

A notion somewhat weaker than computability will play crucial role.

Definition 2.2. An open set G C Q is called effectively open, or lower semi-
computable open, or c.e. open, or re. open if it is the union of a computable
sequence x;€ of basic elements. A set is upper semicomputable closed, or effec-
tively closed if its complement is effectively open.

A set I is called effectively G if there is a sequence of sets Uy, k = 1,2,...
effectively open uniformly in & such that I' = (), Uy.

A function ¢ : Q — [0,00] is lower semicomputable if

(a) For any rational r the set {w : r < t(w)} is open in Q, that is is a union of
intervals xQ.

(b) Moreover, this set is effectively open uniformly in 7, that is there exists an
algorithm that gets r as input and generates strings xo, x1,... such that the
union of interval x;Q is equal to {w : r < t(w)}.
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This definition is a constructive version of the classical notion of lower semi-
continuous function as in requirement (a). The same class of lower semicom-
putable functions has other (equivalent) definitions; here is one of them.

Definition 2.3. A function u defined on Q and having rational values is called
basic if the value u(w) is determined by some finite prefix of w. 3

If this prefix has length N, the function can be presented as a table with 2V
rows; each row contains N bits (the values of the first N bits of w) and a rational
number (the value of the function). Such a function is a finite object.

The proof of the following proposition is a simple exercise:

Proposition 2.4. The (pointwise) limits of monotonic sequences of basic func-
tions are exactly the lower semicomputable functions on Q.

Since the difference of two basic functions is a basic function, we can refor-
mulate this criterion as follows: lower semicomputable functions are (pointwise)
sums of computable series made of non-negative basic functions.

One more way to define a lower semicomputable function goes as follows.

Definition 2.5 (Generating). Let 7" be a lower semicomputable function on the
set {0,1}* of finite sequences of zeros and ones with non-negative (finite or
infinite) values. This means that the set of pairs (x,r) such that r < T(x) is
enumerable. Then function ¢ defined as

H(w) =supT(x)

xCw

is a lower semicomputable function on Q: we will say that function 7'(-) gener-
ates function #(-) if it is also monotone: 7'(x) < T'(y) if x C y. 4

The monotonicity requirement can always be satisfied by taking 77(x) =
max,c T'(z).

Proposition 2.6. Any lower semicomputable function t on Q is generated by an
appropriate function T on {0,1}* this way.

We may also assume that 7" is a computable function with rational values.
Indeed, since only the supremum of 7 on all the prefixes is important, instead of



increasing T'(x) for some x we may increase 7' (y) for all y J x of large length;
this delay allows T to be computable.

For a given lower semicomputable function ¢ on Q there exists a maximal
monotonic function 7 on finite strings that generates ¢ (in the sense just de-
scribed). This maximal 7" can be defined as follows:

T(x)= olgfxt(w) (1)

Let us now exploit the finiteness of the binary alphabet {0, 1}, which implies that
the space Q is a compact topological space.

Proposition 2.7. The function T defined by (1) is lower semicomputable. In the
definition, we can replace inf by min.

Proof. Indeed, r < inf,, =, f(w) if and only if there exists some rational ¥ > r with
r' < t(w) for all w J x. The last condition can be reformulated: the open set of
all sequences w such that #(w) > 7 is a superset of xQ. This open set is a union
of an enumerable family of intervals; if these intervals cover x{2, compactness
implies that this is revealed at some finite stage, so the condition is enumerable
(and the existential quantifier over ' keeps it enumerable).

Since the function #(w) is lower semicontinuous, it actually reaches its infi-
mum on the compact set x€2, so inf can be replaced with min. 0

2.2 Randomness tests

We assume that the reader is familiar with the basic concepts of measure theory
and integration, at least in the space €2 of infinite binary sequences. A measure
P on Q is determined by the values

P(x) = P(xQ)

which we will denote by the same letter P, without danger of confusion. More-
over, any function P : {0,1}* — [0, 1] with the properties

P(A)=1, P(x)=P(x0)+P(x1) (2)
uniquely defines a measure (this is a particular case of Caratheodory’s theorem).

Definition 2.8 (Computable measure). A real number is called computable if
there is an algorithm that for all rational € returns a rational approximation of x



with error not greater than &. Computable numbers can also be determined as
limits of sequences xp,xp,... for which |x, — x, 14| <27". An infinite sequence
S1,52,... of real numbers is a strong Cauchy sequence if for all m < n we have
|sm — sn| <27

A function determined on words (or other constructive objects) is com-
putable if its values are computable uniformly from the input, that is there is
an algorithm that from each input and & > O returns an g-approximation of the
function value on this input.

Measure P over Q is said to be computable if the function P: {0,1}* — [0,1]
is computable. J

Definition 2.9 (Randomness test, computable measure). Let P be a computable
probability distribution (measure) on Q. A lower semicomputable function ¢ on
Q with non-negative (possible infinite) values is an (average-bounded) random-
ness test with respect to P (or P-test) if the expected value of ¢ with respect to P
is at most 1, that is

/t(a)) dP < 1.

A sequence w passes a test t if t(w) < oo. A sequence is called random with
respect to P it is passes all P-randomness tests (as defined above). J

The intuition: when #(w) is large, this means that test ¢ finds a lot of “regu-
larities” in w. Constructing a test, we are allowed to declare whatever we want
as a “regularity”’; however, we should not find too many of them on average: if
we declare too many sequences to be “regular”, the average becomes too big.

This definition turns out to be equivalent to randomness as defined by Martin-
Lof (see below). But let us start with the universality theorem:

Theorem 2.10. For any computable measure P there exists a universal (maxi-
mal) P-test u: this means that for any other P-test t there exists a constant ¢ such
that

Hw) < c-u(w)

for every w € Q.

In particular, u(w) is finite if and only if #(w) is finite for every P-test ¢, so
the sequences that pass test u are exactly the random sequences.

Proof. Let us enumerate the algorithms that generate all lower semicomputable
functions. Such an algorithm produces a monotone sequence of basic functions.



Before letting through the next basic function of this sequence, let us check that
its P-expectation is less than 2. If the algorithm considered indeed defines a P-
test, this expectation does not exceed 1, so by computing the values of P with
sufficient precision we are able to guarantee that the expectation is less than 2. If
this checking procedure does not terminate (or gives a negative result), we just
do not let the basic function through.

In this way we enumerate all tests as well as some lower semicomputable
functions that are not exactly tests but are at most twice bigger than tests. It
remains to sum up all these functions with positive coefficients whose sum does
not exceed 1/2 (say, 1/2/%2). O

Recall the definition of randomness according to Martin-Lof.

Definition 2.11. Let P be a computable distribution over Q. A sequence of open
sets Uy, Uy, ... is called a Martin-Lof test for P if the sets U; are effectively open
in a uniform way (thatis U; = jXi €2 where the double sequence x;; of strings
is computable), moreover P(Uy) < 2% for all k.

A set N is called a constructive (effective) null set for the measure P if there
is a Martin-Lof test Uy, U, ... with the property N = [, U. Note that effective
null sets are constructive Gg sets.

A sequence w € Q is said to pass the test Uy, Us,... if it is not in N. It
is Martin-Lof-random with respect to measure P if it is not contained in any
constructive null set for P. J

The following theorem is not new, see for example [19].

Theorem 2.12. A sequence w passes all average-bounded P-tests (=passes the
universal P-test) if and only if it is Martin-Lof random with respect to P.

Proof. 1f t is a test, then the set of all w such that #(w) > N is an effectively open
set that can be found effectively given N. This set has P-measure at most 1/N
(by Chebyshev’s inequality), so the sets of sequences w that do not pass ¢ (that
is t(w) is infinite) is an effectively P-null set.

On the other hand, let us show that for every effectively null set Z there
exists an average-bounded test that is infinite at all its elements. Indeed, for
every effectively open set U the function 1y that is equal to 1 inside U and to 0
outside U is lower semicomputable. Then we can get a test }_; 1. The average
of this test does not exceed ) ; 21 =1, while the sum is infinite for all elements
of ﬂi U;. 0



When talking about randomness for a computable measure, we will write
randomness from now on, understanding Martin-L6f randomness, since no other
kind will be considered.

Sometimes it is useful to switch to the logarithmic scale.

Definition 2.13. For every computable measure P, we will fix a universal P-test
and denote it by tp(w). Let dp(w) be the logarithm of the universal test tp(w):

tp(w) =297,

With other kinds of test also, it will be our convention to use t (boldface) for the
universal test, and d (boldface) for its logarithm. J

In a sense, the function dp measures the randomness deficiency in bits.

The logarithm, along with the requirement [tp(w)dP < 1, implies that
dp(w) may have some negative values, and even values —oo. By just choos-
ing a different universal test we can always make dp(w) bounded below by, say,
—1, and also integer-valued. On the other hand, if we want to make it nonnega-
tive, we will have to lose the property [ 20r(Wgp < 1, though we may still have
[2dr (@) gp < 2. 1t will still have the following property:

Proposition 2.14. The function dp(-) is lower semicomputable and is the largest
(up to an additive constant) among all lower semicomputable functions such that
the P-expectation of 297 () is finite.

As we have shown, for any fixed computable measure P the value dp(w)
(and tp(w)) is finite if and only if the sequence w is Martin-L6f random with
respect to P.

Remarks 2.15. 1. Each Martin-Lof’s test (U, Us,...) is more directly related
to a lower semicomputable function F(w) = sup,,y,i. This function has
the property P[F(w) > k] < 2. Such functions will be called probability-
bounded tests, and were used in [30]. We will return to such functions later
(subsection 2.3).

2. We have defined dp(w) separately for each computable measure P (up to a
constant). We will later give a more general definition of randomness de-
ficiency d(w, P) as a function of two variables P and w that coincides with
dp(w) for every computable P up to a constant depending on P.
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2.3 Average-bounded and probability-bounded deficiencies

Let us refer for example to [19, 26] for the definition of and basic properties of
plain and prefix (Kolmogorov) complexity. We will define prefix complexity in
Definition 2.18 below, though. We will not use complexities explicitly in the
present section, just refer to some of their properties by analogy.

The definition of a test given above resembles the definition of prefix com-
plexity; we can give another one which is closer to plain complexity. For that
we use a weaker requirement: we require that the P-measure of the set of all
sequences w such that #(w) > N does not exceed 1/N. (This property is true if
the integral does not exceed 1, due to Chebyshev’s inequality.)

In logarithmic scale this requirement can be restated as follows: the P-
measure of the set of all sequences whose deficiency is greater than n does not
exceed 27". If we restrict tests to integer values, we arrive at the classical Martin-
Lof tests: see also Remark 2.15, part 1.

While constructing an universal test in this sense, it is convenient to use the
logarithmic scale and consider only integer values of n. As before, we enumerate
all tests and “almost-tests” d; (where the measure is bounded by twice bigger
bound) and then take the weighted maximum in the following way:

d(w) = max[d;(w) —i] —c.
l
Then d is less than d; only by i+ ¢, and the set of all w such that d(w) > k is the
union of sets where d;(w) > k+i+c. Their measures are bounded by O(2~%~=¢)
and for a suitable ¢ the sum of measures is at most 2%, as required.

In this way we get two measures of non-randomness that can be called
“average-bounded deficiency” d*¥" (the first one, related to the tests called “inte-
gral tests” in [19]) and “probability bound deficiency” dP™P (the second one). It
is easy to see that they define the same set of nonrandom sequences (=sequences
that have infinite deficiency). Moreover, the finite values of these two functions
are also rather close to each other:

Proposition 2.16.
daver(w) 2 drrob (w) 2 daver(w) +2log daver(w).

Proof. Any average-bounded test is also a probability-bounded test, therefore
daver(w) 2 dprob (w)
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For the other direction, let d be a probability-bounded test (in the logarithmic
scale). Let us show that d —2logd is an average-bounded test. Indeed, the
probability of the event “d(w) is between i — 1 and i does not exceed 1/2/~1,
the integral of 29721924 gver this set is bounded by 2~/F12i=2l0gi — 2 /;2 and
therefore the integral over the entire space converges.

It remains to note that the inequality a <b+ 2logb follows from b >a—
2loga. Indeed, we have b > a/2 (for large enough a), hence loga < logb + 1,

and then a < b+2loga < b+ 2logh. O

In the general case the question of the connection between boundedness in
average and boundedness in probability is addressed in the paper [24]. It is
shown there (and this is not difficult) that if u : [1,00] — [0,00] is a monotonic
continuous function with [{”u(¢)/#>dt < 1, then u(t(w)) is an average-bounded
test for every probability-bounded test ¢, and that this condition cannot be im-
proved. (Our estimate is obtained by choosing u(r) = t/log?t.)

Remark 2.17. This statement resembles the relation between prefix and plain de-
scription complexity. However, now the difference is bounded by the logarithm
of the deficiency (that is bounded independently of length for the sequences that
are close to random), not of the complexity (as usual), which would be normally
growing with the length. J

Question 1. It would be interesting to understand whether the two tests differ
only by a shift of scale or in some more substantial way. For the confirmation of

such a more substantial difference could serve two families of sequences w; and
W' for which

daver(w;) _ daver(wi) PON
for i — oo, while

P (]) — dP (@) — —co.

The authors do not know whether such a family exists.

2.4 A formula for average-bounded deficiency

Let us recall some concepts connected with the prefix description complexity.
For reference, consult for example [19, 26].
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Definition 2.18. A set of strings is called prefix-free if no element of it is a
prefix of another element. A computable partial function T : {0,1}* — {0,1}*
is called a self-delimiting interpreter if its domain of definition is a prefix-free
set. We define the complexity Kp;(x) of a string x with respect to T as the
length of a shortest string p with T(p) = x. It is known that there is an optimal
(self-deliminiting) interpreter: that is a (self-delimiting) interpreter U with the
property that for every self-delimiting interpreter 7" there is a constant ¢ such
that for every string x we have Kpy(x) < Kpr(x) +c. We fix an optimal self-
delimiting interpreter U and denote Kp(x) = Kp(x).

We also denote m(x) = 2-KP(¥) and call it sometimes discrete a priori prob-
ability. J

The ““a priori” name comes from some interpretations of a property that
distinguishes the function m(x) among certain “weight distributions” called
semimeasures.

Definition 2.19. A function f: {0,1}* — [0,00) is called a discrete semimeasure

iy, f(x) < 1. -

Lower semicomputable semimeasures arise as the output distribution of a
randomized algorithm using a source of random numbers, and outputting some
word (provided the algorithm halts; with some probability, it may not halt).

It is easy to check that m(x) is a lower semicomputable discrete semimeas-
ure.

Recall the following fact.

Proposition 2.20 (Coding Theorem). Among lower semicomputable discrete
semimeasures, the function m(x) is maximal within a multiplicative constant:
that is for every lower semicomputable discrete semimeasure f(x) there is a
constant ¢ with ¢ -m(x) > f(x) for all x.

The universal average-bounded randomness test tpl (the largest lower semi-
computable function with bounded expectation) can be expressed in terms of a
priori probability (and therefore prefix complexity):

Proposition 2.21. Let P be a computable measure and let tp be the universal
average-bounded randomness test with respect to P. Then

o g

xCw
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(If P(x) = 0, then the ratio m(x)/P(x) is considered to be infinite.)

Proof. A lower semicomputable function on sequences is a limit of an increasing
sequence of basic functions.

Withouth loss of generality we may assume that each increase is made on
some cylinder xQ. In other terms, we increase the “weight” w(x) of x and let
our basic function on w be the sum of the weights of all prefixes of w. The
weights increase gradually: at any moment, only finitely many weights differ
from zero. In terms of weights, the average-boundedness condition translates
1nto

ZP(x)w(x) <1,

so after multiplying the weights by P(x), this condition corresponds exactly to
the semimeasure requirement. Let us note that due to the computability of P, the
lower semicomputability is conserved in both directions (multiplying or dividing
by P(x)). More formally, the function

m(x)
L b

xCw

is a lower semicomputable average-bounded test: its integral is exactly Y, m(x).
On the other hand, every lower semicomputable test can be presented in terms of
an increase of weights, and the limits of these weights, multiplied by P(x), form
a lower semicomputable semimeasure. (Note that the latter transformation is
not unique: we can redistribute the weights among a string and its continuations
without altering the sum over the infinite sequences.) [

Note that we used that both P (in the second part of the proof) and 1/P (in
the first part) are lower semicomputable.

In Proposition 2.21, we can replace the sum with a least upper bound. This
way, the following theorem connects three quantities, tp, the supremum and the
sum, all of which are equal within a multiplicative constant.

Theorem 2.22. We have tp(w) = sup,r,, % =Yirw %, or in logarithmic

notation

dp(w) = sup (—log P(x) — Kp(x)). 3)

xCw
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Proof. The supremum is now smaller, so only the second part of the proof of
Proposition 2.21 should be reconsidered.

The lower semicomputable function [dp(w)]| can be obtained as the supre-
mum of a sequence of integer-valued basic functions of the form k;g,,(w), where
gx(w) = lo(w) =1 if x C w and 0 otherwise. We can also require that if i # j,
x; C x; then k; # k;: indeed, suppose k; = k;. If i < j then we can delete the jth
element, and if i > j, then we can replace 2%ig x; With the sequence of all functions
2kig. where z has the same length as x ; but differs from it. We have

2tp(w) > 2% @1 = sup2hig, (w) = sup 2k > 271 Y 2ki =2~ 122’< 2o (w).
i xiCw ixiCow

The last inequality holds since according to our assumption, all the values k;

belonging to prefixes x; of the same sequence w are different, and the sum of

different powers of 2 is at most twice larger than its largest element. Integrating

by P, we obtain 4 > ¥,;2%P(x;), hence 25 P(x;) < m(x;) by the maximality of

m(x), so 2k < (( )) We found

tp(w) < s m(x) <s m(x)
w u < su .
i i:x,-;pw P(xi) xEB P(X)

Here is a reformulation:
dp(w) = sup(—log P(w(1:n)) —Kp(w(1: n))).
n
This reformulation can be generalized:

Theorem 2.23. Letny <np < --- be an arbitrary computable sequence of natural
numbers. Then

dp(w) = SIzp(—logP(a)(l ‘i) — Kp(w(1:my))).

The constant in the = depends on the sequence ny.

Proof. Every step of the proof of Theorem 2.22 generalizes to this case straight-
forwardly. O

This theorem has interesting implications of the case when instead of a se-
quence w we consider an infinite two-dimensional array of bits. Then for the
randomness deficiency, it is sufficient to compare complexity and probability of
squares starting at the origin.
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Historical digression

The above formula for randomness deficiency is a quantitative refinement of the
following criterion.

Theorem 2.24 (Criterion of randomness in terms of prefix complexity). A se-
quence w is random with respect to a computable measure P if and only if the
difference —log P(x) — Kp(x) is bounded above for its prefixes.

(Indeed, the last theorem says that the maximum value of this difference
over all prefixes is exactly the average-bounded randomness deficiency.) This
characterization of randomness was announced first, without proof, in [4], with
the proof attributed to Schnorr. The first proof, for the case of a computable
measure, appeared in [9].

The historically first clean characterizations of randomness in terms of com-
plexity, by Levin and Schnorr independently in [16] and [23] have a similar form,
but use complexity and a priori probability coming from a different kind of inter-
preter called “monotonic”. (In the cited work, Schnorr uses a slightly different
form of complexity, but later, he also adopted the version introduced by Levin.)

Definition 2.25 (Monotonic complexity). Let us call to strings compatible if one
is the prefix of the other. An enumerable subset A C {0,1}* x {0,1}* is called
a monotonic interpreter if for every p,p’,q.q', if (p,q) € A and (p’,q’) € A and
p is compatible with p’ then g is compatible with ¢’. For an arbitrary finite or
infinite p € {0,1}*UQ, we define

A(p) =sup{x:3p'Cp (p'.x) €A}.

The monotonicity property implies that this limit, also in {0,1}* UQ, is well
defined.

We define the (monotonic) complexity Kmy(x) of a string x with respect to
A as the length of a shortest string p with A(p) J x. It is known that there is
an optimal monotonic interpreter, where optimality has the same sense as above,
for prefix complexity. We fix an optimal monotonic interpreter V and denote
Km(x) = Kmy/(x). 4

Remark 2.26 (Oracle computation). A monotonic interpreter is a slightly gener-
alized version of what can be accomplished by a Turing machine with a one-way
read-only input tape containing the finite or infinite string p. The machine also
has a working tape and a one-way output tape. In the process of work, on this
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tape appears a finite or infinite sequence 7'(p). The work may stop, if the ma-
chine halts or passes beyond the limit of the input word; it may continue forever
otherwise. It is easy to check that the map p — T'(p) is a monotonic interpreter
(though not all monotonic interpreters correspond to such machines, resulting in
a somewhat narrower class of mappings).

These machines can be viewed as the definition of what we will later call
oracle computation: namely, a computation that uses p as an oracle.

In our applications, such a machine would have the form 7' (p,w) where the
machine works on both infinite strings p and w as input, but considers p the
oracle and w the string it is testing for randomness.

The class of mappings is narrower indeed. Let S be an undecidable recur-
sively enumerable set of integers. Set 7(0"1) =0 foralln € S, and T(0"10) =0
for all n. Now after reading 01, the machine T has to decide whether to output
a 0 before reading the next bit, which is deciding the undecidable set S. It is
unknown to us whether this class of mappings yields also a different monotonic
complexity. a

A monotonic interpreter will also give rise to something like a distribution
over the set of finite and infinite strings.

Definition 2.27. Let us feed a monotonic interpreter A a sequence of indepen-
dent random bits and consider the output distribution on the finite and infinite
sequences. Denote My (x) the probability that the output sequence begins with
x. Denote KMy (x) = —log My(x).

Recall that A denotes the empty string. A function y : {0,1}* — [0,1] is
called a continous semimeasure over the Cantor space Q if u(A) < 1 and u(x) >
1(x0) 4+ u(x1) for all x € {0,1}*. N

It is easy to check that My(x) is a lower semicomputable continuous semi-
measure. The proposition below is similar in form to the Coding Theorem (Pro-
position 2.20) above, only weaker, since it does not connect to the complexity
Km(x) defined in terms of shortest programs. (It cannot, as shown in [10].)

Proposition 2.28. (see [30])

(a) Every lower semicomputable continuous semimeasure is the output distri-
bution of some monotonic interpreter.

(b) Among lower semicomputable continuous semimeasures, there is one that is
maximal within a multiplicative constant.
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Definition 2.29 (Continuous a priori probability). Let us fix a maximal lower
semicomputable continuous semimeasure and denote it M(x). We call M(x)
sometimes the continuous a priori probability, or apriori probability on a tree.

J

Now, the characterization by Levin (and a similar one by Schnorr) is the
following. Its proof, technically not difficult, can be found in [7, 19, 26].

Proposition 2.30. Let P be a computable measure over €. Then the following
properties of an infinite sequence w are equivalent.

(1) w is random with respect to P.
(i) limsup,, —log P(x) — Km(x) < co.
(iii) liminf,-, —log P(x) — Km(x) < oo.
(iv) limsup,-,, —log P(x) — KM(x) < oo.
(v) liminf,-,, —log P(x) — KM(x) < co.

Theorem 2.24 proved above adds to this a next equivalent characterization,
namely that —log P(x) — Kp(x) is bounded above. It is different in nature from
the one in Proposition 2.30: indeed, the expressions —log P(x) — Km(x) and
—log P(x) — KM(x) are always bounded from below by a constant depending
only on the measure P (and not on x or w), while —log P(x) — Kp(x) is not.

Moreover, in the latter we cannot replace limsup with liminf, as the follow-
ing example shows. Note that we can add to every word x some bits to achieve
Kp(y) = |y| (where |y| is the length of word y). Indeed, if this was not so, then for
the continutations of the word we would have m(y) > 2Pl and the sum Y,m(y)
would be infinite. Let us build a sequence, adding alternatingly long stretches
of zeros to make the complexity substantially less than the length, then bits that
again bring the complexity up to the length (as shown, this is always possible).
Such a sequence will not be random with respect to the uniform measure (since
the lim sup of the difference is infinite), but has infinitely many prefixes for which
the complexity is not less than the length, making the liminf finite.

The following statement is interesting since no direct proof of it is known:
the proof goes through Theorem 2.23, and noting that since the permutation of
terms of the sequence does not change the coin-tossing distribution, it does not
change the notion of randomness. More general theorems of this type, under the
name of randomness conservation, can be found in [17, 18, 11].
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Corollary 2.31. Consider the uniform distribution (coin-tossing) P over binary
sequences. The maximal difference between |x| and Kp(x) for prefixes x of a
random sequence is invariant (up to a constant) under any computable permu-
tation of the sequence terms. (The constant depends on the permutation, but not
on the sequence.)

Here is another corollary, a reformulation of Proposition 2.21:

Corollary 2.32 (Miller-Yu “ample excess” lemma). A sequence w is random
with respect to a computable measure P if and only if

Z 2—logP(x)—Kp(x) < .

xCw
This corollary also implies the fact mentioned above already:
Corollary 2.33. Every finite sequence x has an extension 'y with Kp(y) > |y|.

Proof. Take w random, then xw is random, and therefore by the Miller-Yu
lemma xw has arbitrarily long prefixes whose complexity is larger than the
length. ]

2.5 Game interpretation

The formula for the average-bounded deficiency can be interpreted in terms of
the following game. Alice and Bob make their moves having no information
about the opponent’s move. Alice chooses an infinite binary sequence w, Bob
chooses a finite string x. If x turns out to be a prefix of w, then Alice pays
Bob 2" where n is the length of x. (This version of the game corresponds to the
uniform Bernoulli measure, in the general case Alice pays 1/P(x).) Recall the
game-theoretic notions of pure strategy, as a deterministic choice by a player,
and mixed strategy, as a probability distribution over deterministic choices.

Bob has a trivial strategy (choosing the empty string) that guarantees him 1
whatever Alice does. Also Alice has a mixed strategy (the uniform distribution,
or, in general case, P) that guarantees her the average loss 1 whatever Bob does.
Bob can devise a strategy that will benefit him in case (for whatever reason)
Alice brings a nonrandom sequence.

A randomized algorithm that has no input and produces a string (or nothing)
can be considered a mixed strategy for Bob (if the algorithm does not produce
anything, Bob gets no money). For any such algorithm D the expected payment
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(if Alice produces w according to distribution P) does not exceed 1. Therefore,
the set of sequences w where the expected payment (averaged over Bob’s random
bits) is infinite, is a null set. Observe the following:

(i) For every probabilistic strategy of Bob, his expected gain (as a function of
Alice’s sequence) is an average-bounded test. (From here already follows
that this expected value will be finite, if Alice’s sequence is random in the
sense of Martin-Lof.)

(ii) If m(x) is the probability of x as Bob’s move with algorithm D, his expected
gain against w is equal to

Z m(x)/P(x).

xCw

(iii) Therefore if we take the algorithm outputting the discrete apriori probabil-
ity m(x), then Bob’s expected gain will be a universal test (by the proved
formula for the universal test).

Using the apriori probability as a mixed strategy enables Bob to punish Alice
with an infinite penalty for any non-randomness in her sequence.

One can consider more general strategies for Bob: he can give for a pure
strategy, not only a string x, but some basic function f on Q with non-
negative values. Then his gain for the sequence w brought by Alice is set to
f(w)/ | f(w)dP. (The denominator makes the expected return equal to 1.) To
the move x corresponds the basic function that assigns 214l to extensions of x and
zero elsewhere. This extension does not change anything, since this move is a
mixed strategy and we allow Bob to mix his strategies anyway. (After producing
[, Bob can make one more randomized step and choose some of the intervals on
which f is constant, with an appropriate probability.) In this way we get another
formula for the universal test:

(o) =y @)

7 Jf(w)dP
where the sum is taken over all basic functions f. This formula might be useful in
more general situations (not Cantor space) where we do not work with intervals
and consider some class of basic functions instead.

On concluding this part let us point to a similar game-theoretical interpreta-
tion of probability theory developed in the book [25] of Shafer and Vovk. There,
the randomness of an object is not its property but, roughly speaking, a kind of
guarantee with which it is being sold.
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3 From tests to complexities

Formula (3) expresses the randomness deficiency (the logarithm of the universal
test) of an infinite sequence in terms of complexities of its finite prefixes. A
natural question arises: can we go in the other direction? Is it possible to express
the complexity of a finite string x, or some kind of “randomness deficiency” of
x, in terms of the deficiencies of x’s infinite extensions? Proposition 2.6 and the
discussion following it already brought us from infinite sequences to finite ones.
This can also be done for the universal test:

Definition 3.1. Fix some computable measure P, and let # be any (average-
bounded) test for P. For any finite string x let 7(x) be the minimal deficiency
of all infinite extensions of x:

f(x) = inf #(w).

wx

|

By Proposition 2.7,  is a lower semicomputable function defined on finite
strings, and the function ¢ can be reconstructed back from 7; so if tp is our fixed
universal test then tp can be considered as a version of randomness deficiency
for finite strings.

The intuitive meaning is clear: a finite sequence z looks non-random if all
infinite sequences that have prefix z look non-random.

Question 2. Kolmogorov [14] had a somewhat similar suggestion: for a given
sequence 7 we may consider the minimal deficiency (with respect to the uniform
distribution, defined as a difference between length and complexity) of all its
finite extensions. Are there any formal connections?

Let us spell out what we found, in more general terms.

Definition 3.2 (Extended test for a computable measure). A lower semicom-
putable, monotonic (with respect to the prefix relation) function 7' : {0,1}* —
[0,00] is called an extended test for computable measure P if for all N the average
over words of length N is bounded by 1:

P(x)T(x) < 1.
x:|x|=N
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Monotonicity guarantees that the sum over words of a given length can be
replaced by the sum over an arbitrary finite (or even infinite) prefix-free set S:

Y P(x)T(x)< 1. 4)

xeS

(Indeed, extend the words of S to some common greater length.)

Proposition 3.3. Every extended test generates (in the sense of Definition 2.5)
some averge-bounded test on the infinite strings. Conversely, every average-
bounded test on the infinite sequences is generated by some extended test.

Proof. The first part follows immediately from the definition (and the theorem
of monotone convergence under the integral sign). In the opposite direction, we
can set for example T'(x) = #(x), or refer to Proposition 2.4 if we do not want to
rely on compactness. ]

The existence of a universal extended test is proved by the usual methods:

Proposition 3.4. Among the extended tests T (x) for a computable measure P(x)
there is a maximal one, up to a multiplicative constant.

Definition 3.5. Let us fix some dominating extended test and call it the universal
extended test. J

Proposition 3.6. The universal extended test coincides with tp(x) to within a
bounded factor.

Proof. Since tp is an extended test, it is not greater than the universal test (to
within a bounded factor). On the other hand, the universal extended test gen-
erates a test on the infinite sequences, it just remains to compare it with the
maximal one. [

If our space is not compact (say, it is the set of infinite sequences of integers),
then tp(x) is not defined, but there is still a universal extended test, which we will
denote by tp(x).

Warning: not all extended tests generating tp(w) are maximal. (For example,
one can make the test equal to zero on all short words, transferring its values to
its extensions.)

The advantage of the function tp(x) is that it is defined on finite strings, the
condition (4) (for finite sets S) imposed on it is also more elementary than the
integral condition, but clearly implies that it generates a test.
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The method just shown is not the only way to move to tests on prefixes from
tests on infinite sequences:

Definition 3.7. Assume that the computable measure P is positive on all in-
tervals: P(x) > 0 for all x. Let tp(x) be the conditional expected value of
tp(w) if a random variable w € Q has distribution P and the condition is w J x.
In other terms: let tp(x) be the average of tp on the interval xQ, that is let
tp(x) = U(x)/P(x) where

Ulx) = / _ tp(@)dP(w).

The function U is a lower semicomputable semimeasure. (It is even a mea-
sure, but the measure is not guaranteed to be computable and the measure of
the entire space £ is not necessarily 1. In other words, we get a measure on £
that has density tp with respect to P.) This implies that the function tp(x) is a
martingale, according to the following definition.

Definition 3.8. A function g: {0,1}* — R is called a martingale with respect to
the probability measure P if

P(x)g(x) = P(x0)g(x0)+ P(x1)g(x1).
It is a supermartingale if at least the inequality > holds here. J

Note that, as a martingale, the function tp(x) is not monotonically increasing
with respect to the prefix relation.

Theorem 3.9.
m(x)
P(x) P(x)’
where m is the a priori probability on strings as isolated objects (whose loga-
rithm is minus prefix complexity) and M is the a continuous priori probability as
introduced in Definition 2.29.

< tp(x) < fp(x) <

(&)

Proof. In fact, the first inequality can be made stronger: we can replace
m(x)/P(x) by Y,c,m(t)/P(t). Indeed, this sum is a part of the expression for
tp(w) for every w that starts with x.

The second inequality uses Proposition 3.6 and relates the minimal and av-
erage values of a random variable. The third inequality just compares the lower
semicomputable semimeasure U(x) and the maximal semimeasure M(x). [
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Note that while tp(x) is a martingale, % is a supermartingale: it is actu-
ally maximal within multiplicative constant, among the lower semicomputable

supermartingales for P.

Remarks 3.10. 1. We may insert

) Ly mi) (6)

between the first and the second terms of (5).

2. Using the logarithmic scale, we get
—log P(x) — Kp(x) < logtp(x) < logtp(x) < —log P(x) — KM(x).

3. The Measure U depends on P (recall that U is a maximal measure that has
density with respect to P), so for different P’s, for example with different sup-
ports, like the Bernoulli measures with different parameters, we get different
measures. But this dependence is bounded by the inequality above: it shows
that the possible variations do not exceed the difference between Kp(x) and
KM (x).

4. The rightmost inequality cannot be replaced by an equality. For example,
let P be the uniform (coin-tossing) measure. Then the value of U(x) tends
to 0 when x is an increasing prefix of a computable sequence (we integrate
over decreasing intervals whose intersection is a singleton that has zero uni-
form measure). On the other hand, the value M(x) is bounded by a positive
constant for all these x.

5. We used compactness (the finiteness of the alphabet {0, 1}) in proving Pro-
position 2.7. But we could have used Proposition 2.6 and the discussion fol-
lowing it for a starting point, obtaining analogous results for the Baire space
of infinite sequences of natural numbers.

J

All quantities listed in Theorem 3.9 can be used to characterize randomness:
a sequence w is random if the values of the quantity in question are bounded
for its prefixes. Indeed, the Levin-Schnorr theorem guarantees that for a random
sequence the right-hand side is bounded, and for a non-random one the left-hand
side is unbounded. The monotonicity of the second term guarantees that all
expressions except the first one tend to infinity. As we already mentioned above,
one cannot say this about the first quantity.
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Question 3. Some quantities used in the theorem (tp(x) and two added ones
in (6)) are monotonic (with respect to the prefix partial order of x) by definition.
We have seen that tp(x), as a martingale, is not monotonic. What can be said

M(x)
about 26 ?

All these quantities are “almost monotonic” since they do not differ much
from the monotonic ones.

4 Bernoulli sequences

One can try to define randomness not only with respect to some fixed measure
but also with respect to some family of measures. Intuitively a sequence is ran-
dom if we can believe that it is obtained by a random process that respects one of
these measures. As we show later, this definition can be given for any effectively
compact class of measures. But to make it more intuitive, we start with a specific
example: Bernoulli measures.

4.1 Tests for Bernoulli sequences

The Bernoulli measure B, arises from independent tossing of a non-symmetric
coin, where the probability of success p is some real number in [0, 1] (the same
for all trials). Note that we do not require p to be computable.

Definition 4.1 (Average-bounded Bernoulli test). A lower semicomputable
function ¢ on infinite binary sequences is a Bernoulli test if its integral with
respect to any B;, does not exceed 1. J

Proposition 4.2 (Universal Bernoulli test). There exists a universal (maximal up
to a constant factor) Bernoulli test.

Proof. A lower semicomputable function is the monotonic limit of basic func-
tions. If the integral of a given basic function with respect to every B, is less or
equal than 1 for all p, this fact can be established effectively (indeed, the integral
is a polynomial in p with rational coefficients). This allows us to eliminate all
functions unfit to be tests, and to list all Bernoulli tests. Adding these up with
appropriate coefficients, we obtain a universal one. [
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Definition 4.3. We fix a universal Bernoulli test and denote it t(w). Its loga-
rithm will be called Bernoulli deficiency d »(w). A sequence is called a Bernoulli
sequence if its Bernoulli deficiency is finite. J

Again, we may modify the definition to within an additive constant, to make
it nonnegative and integer.

The informal motivation is the following: w is a Bernoulli sequence if the
claim that it is obtained by independent coin tossing (coin symmetry is not re-
quired) looks plausible. And this statement is not plausible if one can formulate
some property that is true for w but defines an “effectively Bernoulli null set”
(we did not formally introduce this notion, but could, analogously to effective
null sets).

Analogously to the case of computable measures, we can extend the class
test to finite sequences:

Definition 4.4 (Extended Bernoulli test). A lower semicomputable monotonic
function 7' : {0, 1}* — [0, 0| is called an extended Bernoulli tests if for all natural
numbers N and for all p € [0, 1] the inequality }..|—y B,(x)T (x) < 1 holds.

As for computable measures, there is a connection between tests for finite
and tests for infinite sequences:

Proposition 4.5. Every extended Bernoulli test generates a Bernoulli test over
Q. On the other hand, every Bernoulli test over ) is generated by some extended
Bernoulli test.

There is a dominating universal extended Bernoulli test: it generats a uni-
versal Bernoulli test on Q. As earlier, we wil use the same notation ty for the
maximal tests on the finite and on the infinite sequences. Of course, it generates
a universal Bernoulli test.

4.2 Other characterizations of the Bernoulli property

Just as for the randomness with respect to computable measures, several equiv-
alent definitions exist. One may consider probability-bounded tests (the prob-
ability of the event #(w) > N on any of the measures B, must be not greater
than 1/N). One may call a test, following Martin-Lof’s definition for the com-
putable measures, any computable sequence of effectively open sets U; with
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B,(U;) < 2~/ for all i and all p € [0,1]. All these variant definitions are equiv-
alent (and this is proved just as for randomness with respect to a computable
measures).

Notation 4.6. Let B(n, k) denote the set of binary strings of length n with k ones
(and n — k zeroes). J

Martin-Lof defined a Bernoulli test as a family of sets of words Uy 2 U, O
Us O ---; each of these sets is hereditary upward, that is for every word contains
all of its extensions. The following restriction is made on these sets: consider
arbitrary integer n > 0 and k from O to n; it is required that for all i the share of
words in B(n, k) belonging to Uj; is not greater than 27/,

For convenience of comparison let us replace the sets U; with an integer-
valued lower semicomputable function d for which U; = {x:d(i) > i}. The
hereditary property of the sets U; implies the monotonicity of this function d
with respect to the prefix relation. Besides this, it is required that the event d > i
within each set B(n,k) is not greater than 27/, Clearly, these requirements cor-
respond to probability-bounded extended tests (in the logarithmic scale), only in
place of the class B, on words of length n another set of measures is considered,
those concentrated on words of a given length with a given number of ones. The
measures in the class B, take equal values on words of equal lengths with equal
number of ones, and are therefore representable by a mixture of uniform mea-
sures on B(n,k) with some coefficients. Replacing B, with these measures, the
condition becomes stronger.

Let us show that nonetheless, the set of Bernoulli sequences does not change
from such a replacement; moreover, the universal test (as a function on infinite
sequences) does not change (as usual, to within a bounded factor). We will show
this for the average-bounded variant of tests (changing Martin-Lof’s definition
accordingly); this does not change the class of Bernoulli sequences. The reason-
ing is analogous for the probability-bounded tests.

Definition 4.7. A combinatorial Bernoulli test is a function f : {0,1}* — [0,]
with the following constraints:

(a) It is lower semicomputable.

(b) It is monotonic with respect to the prefix relation.
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(c) For all integer n,k with 0 < k < n the average of the function f on the set
B(n, k) remains below 1:

Bk Y fx)<L ()

x€B(n,k)
|

The last condition says that not only is the average of f(x) bounded by 1 over
the set {0, 1}", as in extended tests for the unbiased coin-tossing measure, but its
average is bounded by 1 separately in each set B(n,k) whose union is {0, 1}".

Having such a test for words of bounded length, it can be continued by mono-
tonicity:

Proposition 4.8. If a combinatorial Bernoulli test f(x) is given on strings x of
length less than n, then extending it to longer strings using monotonicity we get
a function that is still a combinatorial Bernoulli test.

Proof. We extend f to words of length n, setting f(x0) = f(x1) = f(x) for
words x of length n — 1. The set B(n,k) consists of two parts: words ending on
zero and words ending on one. The first ones are in a one-to-one correspondence
with B(n— 1,k), the second ones with B(n— 1,k —1). The function conserves the
values in this correspondence, therefore the average in both parts is not greater
than 1. Hence, the average over the whole B(n,k) is not greater than 1. O]

The following is obtained by standard methods:

Proposition 4.9 (Universal combinatorial Bernoulli test). Among combinatorial
Bernoulli tests, there is one that is maximal to within a bounded factor.

Definition 4.10. Let us fix a universal combinatorial Bernoulli test b(x) and
extend it to infinite sequences w by

b(w) = supb(x).

xCw

We will call the function obtained this way a universal combinatorial test on €2
and will denote it also by b. 3

(By monotonicity, the least upper bound in this definition can be replaced
with a limit.) Let us show that the this test coincides (to within a bounded factor)
with the Bernoulli tests introduced earlier in Definition 4.3.
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Theorem 4.11. b(w) = tz(w).

Proof. We have already seen that b(x) is an extended Bernoulli test (from the
bounds on the average on each part B(n,k) follows the bound on the expected
value by the measure B, since this measure is constant on each part). Conse-
quently b(w) < tz(w).

The converse is not true: an extended Bernoulli test may not be a combina-
torial test. But it is possible to construct a combinatorial test that takes the same
values (to within a bounded factor) on the infinite sequences, and only this is
asserted in the theorem.

Here is the idea. Consider an extended Bernoulli test # on words of length
n and transfer it to words of much greater length N (applying the old test to its
beginnings of length n). We obtain a certain function #. We have to show that ¢
is close to some combinatorial test (that is only exceeds it by a constant factor).
For this, 7 must be averaged over the set B(N,K) for an arbitrary K between
0 and N. In other words, we must average ¢ by the probability distribution on
the n-bit prefixes of sequences of length N containing K ones. With N > n this
distribution will be close to the Bernoulli one with distribution p = K/N.

In terms of elementary probability theory, we have an urn with N balls, K of
which is black, and take out from it n balls. We must compare the probability
distribution with the Bernoulli one that would have been obtained at sampling
with replacement. Let us show that

for N = n? the distribution without replacement does not exceed the
one with replacement more than O(1) times.

(The inequality does not hold in the other direction: for K = 1 without replace-
ment we cannot obtain a word with two ones, and with replacement we can. But
we only need the inequality in the given direction.)

Indeed, in sampling without replacement the probability that a ball of a given
color will be drawn is equal to the quotient

the number of remaining balls of this color

the number of all remaining balls

The number of balls of this color is not more than in the case with replacement,
on the other hand the denominator is at least N — n. Therefore the probability of
any combination during sampling with replacement is at most the probability of
the same combination with replacement, multiplied by N/(N — n) to the power
n. For N = n? the multiplier (1+O(1/n))" = O(1) is obtained.
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This way, taking the extended Bernoulli test ¢ and then defining #'(x) on a
word x of length N as ¢ on the prefix of x of length |v/N|, the obtained func-
tion ¢ will be a combinatorial test to within a bounded factor. (Note that its
monotonicity follows from that of ¢.) [

4.3 Criterion for Bernoulli sequences

It is natural to compare the notion of Bernoulli sequence (those sequences for
which the Bernoulli test is finite) with the notion of a sequence random with
respect to the measure B,. But Martin-Lof definition of randomness assumes
that the measure is computable. Therefore it cannot be applied directly to B, if
p is non-computable. But this definition can be relativized, and if (the binary
expansion of) p is given as an oracle (see Remark 2.26), then the measure B),
becomes computable and randomness is well defined. The following theorem
supports an intuitive idea of Bernoulli sequence as a sequence that is random
with respect to some Bernoulli measure:

Theorem 4.12. A sequence w is a Bernoulli sequence if and only if it is random
with respect to some measure B, with oracle p € [0, 1].

By “with oracle p”, we understand the possiblity to obtain from each i the ith
bit in the binary expansion of the real number p (which is essentially unique, ex-
cept in those cases when p is binary-rational, and in these cases both expansions
are computable, and the oracle is trivial).

Before proving the theorem (even in a stronger quantitative form), we in-
troduce a new notion, of a test depending explicitly on the parameter p of
the Bernoulli measure B),, which later will be extended to arbitrary (not just
Bernoulli) measures. The required result will be obtained as the combination of
the following claims:

(a) Among the “uniform” randomness tests, there exists a maximal test t(w, p).

(b) The function w +> infpt(a), p) coincides (as usual, to within a bounded fac-
tor) with the universal Bernoulli test.

(c) Forafixed p, the function w — t(w, p) coincides (to the same precision) with
the maximal randomness test for the (p-computable) measure B, relativized
to p.

These three assertions imply Theorem 4.12 easily: sequence w is Bernoulli, if the

Bernoulli test is finite; the latter is equal to the greatest lower bound of t(w, p),
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hence its finiteness means t(w, p) < oo for some p, which is equivalent to the
relativized randomness with respect to the measure B),.

We need some technical preparation. The randomness tests (as functions
of two variables) will also be lower semicomputable, but the definition of this
concept needs to be extended, since an additional real parameter is involved. (In
what follows we will also consider a more general situation, in which the second
argument is a measure.)

Definition 4.13. In the space Q x [0, 1], let us call basic rectangles all sets of the
form xQ x (u,v), where u < v are rational numbers. (A technical point: we allow
u,v to be outside [0, 1], but in this case the rectangle we mean is xQ x ([0, 1] N
(,v)).)

A function f: Q x [0, 1] — [—oe,00] is called lower semicomputable if there
is an algorithm that, given a rational r on its input, enumerates a sequence of
basic rectangles whose union is the set of all pairs (w, p) with f(w,p) > r.

The notion of upper semicomputability is defined analogously, and is equiv-
alent to the lower semicomputablity of (—f).

A function with finite real values is called computable if it is both upper and
lower semicomputable. 3

This definition, as earlier, requires that the preimage of (—oo,r) be an ef-
fective open set uniformly in r, only now we consider effectively open sets in
Q x [0,1], defined in a natural way.

Since the intersection of effective open sets is effective open, the following—
more intuitive—formulation is obtained for computability:

Proposition 4.14. A real function f: Q x [0,1] — R is computable if and only if
for every rational interval (u,v) its preimage is the union of a sequence of basic
rectangles that are effectively enumerated, uniformly in u and v.

The intuitive meaning of this characterization will become clearer after ob-
serving that to “give approximations to @ with any given precision” is equivalent
to “enumerate all intervals containing @”. Therefore for a computable function
f we can find approximations to f(w, p), if we are given appropriate approxima-
tions to w and p.

We can reformulate the definition of (non-negative) lower semicomputable
function, introducing the notion of basic functions. It is important for us that the
basic functions are continuous, therefore the dependence on the real argument
will be piecewise linear, without jumps.
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Definition 4.15 (Basic functions, Bernoulli case). We define an enumerated list
of basic functions & = {ej,es,...} over the set Q x [0, 1] as follows. For x €
{0,1}*, positive integer k and rational numbers u,v with u+ 27k <y — 27k define
the function g, ,x(w, p) as follows. If x Z w, then it is 0. Otherwise, its value
does not depend on w and depends piecewise linearly on p: itis O if p & (u,v)
and 1 if u+27%< p<v— 2=k and varies linearly in between. Now & is the
smallest set of functions containing all g, ,, , x, and closed under maxima, minima
and rational linear combination. J

Now lower semicomputable functions admit the following equivalent char-
acterization:

Proposition 4.16. A function f: Q x [0,1] — [0,00] is lower semicomputable if
and only if it is the pointwise limit of an increasing computable sequence of basic
functions. (It follows that basic functions are computable.)

Proof. This would be completely clear if for basic functions we also allowed
the indicator functions of basic rectangles and the maxima of such functions.
But we want the basic functions to be continuous (this will be important in what
follows). One must note therefore that for k — o the function gy, , x converges
to the indicator function of a rectangle. [

The continuity of the basic functions guarantees the following important
property:

Proposition 4.17. Let f: Q x [0,1] — R be a basic function. The integral
[ f(w,p) B,(dw) is a computable function of the parameter p, uniformly in the
code of the basic function f.

(Computability is understood in the above described sense; we remark that
every computable function is continuous. An analogous statement holds for an
arbitrary computable function f, not only for basic functions, but we do not need
this.)

The following fact, proved in [13], will be used in the present paper a number
of times, also in generalizations, but with essentially the same proof.

Proposition 4.18 (Trimming). Let ¢ : Q x [0,1] — [0,o0] be a lower semicom-
putable function. There is a lower semicomputable function ¢'(w, p) not exceed-
ing ¢(w, p) with the property that for all p:

@) [¢'(w,p)Bpdw) <2;
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(b) If [ ¢(w,p)By(dw) < 1 then ¢ (w, p) = ¢(w, p) for all w.

Proof. By Proposition 4.16, we can represent ¢(w, p) as a sum of a series of
basic functions ¢(w,p) = ¥, hu(w,p). The integral [Y;c,hi(w,p)B,(dw) is
computable by Proposition 4.17, as a function of p (uniformly in n), therefore
the set S, of all p where this integral is less than 2 is effectively open, uniformly
inn.

Define now A, (w, p) as h,(w, p) for all p € S, and 0 otherwise. The func-
tion Ay, (w, p) is lower semicomputable, and the integral [Y <, hi(w,p)B,(dw)
will be less than 2 for all p. Defining ¢’ =Y, k), we obtain a lower semicom-
putable function, and the theorem on the integral of monotonic limits gives that
[ ¢ (w,p)B,(dw) is less than 2 for all p.

It remains to note that if for some p the integral [ ¢(w,p)B,(dw) does not
exceed 1, then this p enters all sets S ,,, and the change from A, to &}, as well as
the change from ¢ to ¢’ does not change it. [

Now we are ready to introduce tests depending explicitly on p:

Definition 4.19. A uniform test for Bernoulli measures is a function ¢ of two
arguments w € Q and p € [0,1]; informally, #(w, p) measures the amount of
nonrandomness (“regularity”) in the sequence w with respect to distribution B,),.
We require the following:

(a) t(w, p) is lower semicomputable jointly as a function of the pair (w, p).

(b) For every p € [0,1] the expected value of #(w, p) (that is [t#(w, p)B,(dw))
does not exceed 1.

It remains to prove the three assertions promised earlier:

Lemma 4.20. There exists a universal uniform test t(w,p), that is a test that
multiplicatively dominates all uniform tests for Bernoulli measures.

Lemma 4.21. For the universal uniform test t of lemma 4.20, the function
t'(w) = inf, t(w, p) coincides (to within a bounded factor in both directions)
with the universal Bernoulli test of Definition 4.3.

This lemma implies that w is a Bernoulli sequence iff t'(w) is finite, that is
t(w, p) is finite for some p € [0,1].
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Lemma 4.22. For a fixed p the function t,(w) = t(w, p) coincides (to within a
bounded factor) with the universal randomness test with respect to B), relativized
with oracle p.

Proof of Lemma 4.20. Generate all lower semicomputable functions; using Pro-
position 4.18, they can be then trimmed to guarantee that all expectations do not
exceed, say, 2, and all uniform tests should get through unchanged. Sum up all
the trimmed functions with coefficients whose sum is less than 1/2. ]

Proof of Lemma 4.21. Let us show that t'(w) is a universal Bernoulli test. The
integral of this function with respect to B;, does not exceed 1 since this function
does not exceed t(w, p) for that p. The statement that this function is lower
semicomputable (as a function of w) is analogous to Proposition 2.7, and the
proof is also analogous, relying on compactness. Both are special cases of the
general theorem given in Proposition 7.20.

Therefore the function inf, t(w, p) is a Bernoulli test. The universality (max-
imality) follows obviously, since any Bernoulli test can be considered a uniform
Bernoulli test of two variables that does not depend on variable p. 0

Proof of Lemma 4.22. Consider first the case when p is a computable real num-
ber. Then the function t,: w +— t(w, p) (wWhere t is a uniform randomness test
for Bernoulli measures) is lower semicomputable (we can enumerate all intervals
that contain p and combine then with an algorithm for t; in this way we represent
t,, as the least upper bound of the computable sequence of basic functions).

A similar argument works for an arbitary p and shows that t, is lower semi-
computable with a p-oracle. Thus, t, does not exceed the universal relativized
test with respect to B),.

The reverse implication is a bit more difficult. Assume that ¢ is a lower semi-
computable (with oracle p) randomness test with respect to B,. We need to find
a uniform Bernoulli test 7 that majorizes it (for a given p). This ¢ must be lower
semicomputable, now (a subtle but important point) using p as an argument of
the function #, not as an oracle. In other words, one has to extend a function
defined initially only for a single p, to all values of p, while also guaranteeing
the bound on the integral.

As a warmup consider the case of computable p. Then no oracle is needed,
and ¢ is lower semicomputable. Adding dummy variable p we get a lower semi-
computable function of two arguments. But this function may not be a uniform
test since its expectation with respect to B, may be arbitrary if g # p. However,
Proposition 4.18 helps transform it into a ' (which will now really depend on
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g) with [ (w,q)B,(dw) < 2 for all g and 7'(-, p) =1(-, p). Dividing ¢ into half
provides a uniform test.

Now consider the case of noncomputable p. In this case p is irrational, so
the bits of its binary expansion can be obtained from any sequence of decreasing
rational intervals that converge to p. Therefore an oracle machine that enumer-
ates approximations for 7 from below (having p as an oracle) can be transformed
into a machine that enumerates from below some function 7(w, ¢), that coincides
with #(w) if ¢ = p. The function 7 may not be a uniform Bernoulli test (its ex-
pectations for g # p can be arbitrary); but it again can be trimmed with the help
of Proposition 4.18. 0

5 Arbitrary measures over binary sequences

In this section, we generalize the theory to arbitrary measures, not only Bernoulli
ones, but still stay in the space Q of binary sequences.

Notation 5.1. The set of all probability measures over the space € is denoted by
A (). (Recall that the measure of the whole space Q is equal to 1.) N

5.1 Uniform randomness tests

Definition 5.2 (Uniform tests). A uniform test is a lower semicomputable func-
tion #(w, P) of two arguments (w is a sequence, P is a measure on Q) with

/ H{w, P) P(dw) < 1

for every measure P. J

However, we have to define carefully the notion of a lower semicomputabil-
ity in this case. The set . (2) of all measures is a closed subset of the infinite
(countable) product

E=[0,1] x [0,1] x [0,1] x - -~ 8)

(the measure is defined by the values P(x) for all strings x; these values should
satisfy the equations (2), so we get a closed subset).
Let us introduce basic open sets and computability notions for the set Q x

(D).
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Definition 5.3. An (open) interval (basic open set) in the space of measures is
given by a finite set of conditions of type u < P(y) < v where y is some binary
string and u,v are some rational numbers; the basic open set consists of the
measures P that satisfy these conditions. A basic open set in Q x . (Q) has
the form xQ x B, (product of intervals in Q and . (Q2)) where 3 is a basic open
set of measures. Now lower and upper semicomputability and computability are
defined in terms of these basic open sets just as they were defined for Q x [0, 1]
in Definition 4.13. 4

In much of what follows, we will exploit the fact that, due to the finiteness
of the alphabet {0, 1}, the space Q of infinite binary sequences is compact, and
also the set of measures .# () is compact. Recall that a set C is compact if
every cover of C by open sets contains a finite subcover. We need, however, an
effective version of compactness:

Definition 5.4 (Effective compactness). A compact subset C of .Z (Q) is called
effectively compact if the set

{S : S is a finite set of basic open sets and | J E2 C}
EeS

is enumerable. J

The set . (Q) itself is, as it is easy to see, compact and effectively compact.
It is compact, as said above, as a closed set in the product of compact spaces, and
the effectivity follows from the fact that we can check whether some given basic
sets cover the whole space (we are dealing with linear equations and inequalities
in a finite number of variables, where everything is algorithmically decidable).
From here, it also follows:

Proposition 5.5. Every effectively closed subset of # (Q) is effectively compact.

Proof. Let an effectively closed subset C of .# (Q). be the complement of the
union of a list By, By, ... of basic open sets. Then a finite set S of basic open sets
covers C if and only if together with a finite set of the B;, it covers the whole
space. And this property is decidable. [

Effective compactness implies effective closedness. This follows from the
following two properties of our space and our basic open sets:
(a) For every closed set F' and every point x outside F' there are two disjoint
open sets containing F and x.
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(b) For every pair of basic open sets, it is uniformly decidable whether they are
disjoint.

Let F be an effectively compact set. We call a basic open set B manifestly disjoint

of F, if there is a finite set of basic open sets S disjoint of B covering F'. Due

to the effective compactness of F and property (b), the set of all basic open sets

manifestly disjoint of F' is enumerable. Property (a) implies that it covers the

complement of F.

In view of later generalization to cases where the space itself may not be
compact, we will refer to some effectively closed sets of .Z(Q) as effectively
compact.

Now we introduce a dense set of computable functions called basic functions
on the set Q X .Z (Q), similarly to Definition 4.15. Their specific form is not too
important.

Definition 5.6 (Basic functions for binary sequences and arbitrary measures).
The set of basic functions over the set Q x . (Q) is defined analogously to
Definition 4.15, starting from the functions

gx,y,u,v,k (X %(Q) - [O’ 1]

with x,y € {0,1}* defined as follows. If x IZ w, then gy ., x(w,P) = 0. Other-
wise, its value does not depend on w and depends piecewise linearly on P(y) in
a way that it is 0 if P(y) & (u,v) and 1 if u+27%¥ < P(y) <v—-27K J

The analogue of Proposition 4.16 holds again: a lower semicomputable func-
tion is the monotonic limit of a computable sequence of basic functions (which
themselves are computable).

The analogue of Proposition 4.17 holds also: the integral [ f(w, P)P(dw) of
a basic function is computable as a function of the measure P, uniformly in the
number of the basic function.

Finally, the analogue of Proposition 4.18 holds again:

Theorem 5.7 (Trimming). Let ¢(w,P) be a lower semicomputable function.

Then there exists a lower semicomputable function ¢'(w,P) such that for all
P:

(@ [¢'(w,P)P(dw) <2,
() if [¢(w,P)P(dw) < 1 then ¢’ (w, P) = t(w, P) for all w.
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The proof is completely analogous to the proof we gave for Proposition 4.18.
This allows the construction of a universal test as a function of a sequence
and an arbitrary measure over :

Theorem 5.8. There exists a maximal (maximal to within a bounded factor)
uniform randomness test.

Proof. We use the same approach as before: we trim a lower semicomputable
function in such a way that it becomes a test (or almost a test) and remains
untouched if it were a test in the first place. [

Definition 5.9. Let us fix a universal uniform randomness test t(w, P).
We call a sequence w uniformly random with respect to a (not necessarily
computable) measure P if t(w, P) < . 4

Let us show that for computable measures, the new definition coincides with
the old one.

Proposition 5.10. Let P be a computable measure, let tp(w) be a universal
(average-bounded) randomness test for P as, and t(w, P) the universal uniform
test defined above. Then there are constants ci,cy > 0 such that citp(w) <
t(w, P) < ertp(w).

The constants ¢y, c> here depend on the choice of measure P and of the choice
of the test tp for this measure (this choice was done in an arbitrary way for each
computable measure).

This proposition shows, that in the case of the computable measures, uniform
randomness coincides with randomness in the sense of Martin-Lof.

Proof. Let us show t(w, P) < cptp(w) first. The function w — t(w, P) is lower
semicomputable since we can effectively enumerate all intervals in the space of
measures that contain P; therefore it is dominated by tp(w).

To prove t(w, P) > citp(w), consider the lower semicomputable function

t(w, Q) =tp(w).

The function (w, Q) — f(w) is not guaranteed to be a uniform randomness test,
since its integral can be greater than 1 if Q # P. However, it can be trimmed
without changing it at P, and then it still remains (almost) a test. [

We are also interested in tests defined just for one, not necessarily com-
putable, measure P:
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Definition 5.11. We will call a function f : Q — [0,c0| lower semicomputable
relatively to measure P if it is obtained from a lower semicomputable function
on the set Q x .Z (Q) after fixing the second argument at P.

For ameasure P € .# (Q2), a P-test of randomness is a function f : Q — [0, 0]
lower semicomputable from P with the property [ f(w)dP < 1. J

It seems as if a P-test may capture some nonrandomnesses that uniform tests
cannot—however, this is not so, since trimming (see Theorem 5.7) generalizes:

Theorem 5.12. Let Py be some measure along with some Po-test tp,(w). There is
a uniform test t' (-, ) with tp,(w) < 2t (w, Py). On the other hand, the restriction
of any uniform test to the measure P is a P-test.

The notion of extended text can be generalized to uniform tests:

Definition 5.13 (Extended uniform test). A lower semicomputable function
T :{0,1}* x .#(Q) — [0,1] monotonic with respect to the prefix relation is
called an extended uniform test if for all n and all distributions P we have
Zx:|x|:nT(x’P)P(x) < L -

As earlier, due to monotonicity, we could sum not only over words of a given
length, but over an arbitrary prefix-free set.

The following follows from the analogue of Proposition 4.16 (representing
a nonnegative lower semicomputable function as a sum of nonnegative basic
functions):

Proposition 5.14. Every uniform test t(w,P) can be generated by an extended
uniform test in the sense of t(w, P) = sup,, T (x, P). Conversely, every extended
uniform test T generates a uniform test t.

Among the uniform extended tests, it is also possible to select a maximal
one (using an analogous trimming method and summing the results). We fix an
extended uniform test and denote it t(x, P) (where x € {0, 1}*, and P is a measure
over Q). It generates a maximal uniform test t(w, P) (to within a bounded factor).

Remark 5.15. Much of the theory worked out at the beginning of this paper
for 0-1 sequences holds also for sequences whose elements are arbitrary natural
numbers. The extended tests of Definition 5.13 generalize, and the existence of
a uniform universal extended test is proven in the same way. But it becomes im-
portant to define extended tests directly, and not via tests for infinite sequences,
since compactness may not hold. J



39

Proposition 5.10 allows us to generalize a result about Bernoulli measures:

Theorem 5.16. Let P be a measure computable with some oracle A. Assume also
that A can be effectively reconstructed as the values of the measure are provided
with more and more precision. Then a sequence w is uniformly random with
respect to P if and only if it is random with respect to P with oracle A.

(Since the oracle A makes P computable, the notion of Martin-L6f random-
ness is well defined.)

Proof. Assume that t(w, P) = oo for the universal uniform test t. Note that t(-, P)
is an A-lower semicomputable function and is a P-test, so w is nonrandom with
respect to P with oracle A.

On the other hand, let #(w,A) be some A-lower semicomputable P-test with
t(w,A) = . That A can be reconstructed from P means that there is a com-
putable mapping f from measures to binary sequences (oracles) defined at least
over P, with A = f(P). But then (w, P) — t(w, f(P)) is a P-test. The uniformiza-
tion theorem 5.12 converts it into a uniform test that is infinite on (w, P). [

Let us note that not all measures P satisfy the condition of the theorem (it
means that the mass problem of “show approximations to the values of P” is
equivalent to the decision problem of some set; on the degrees of such mass
problems, see [22]). Later, in Theorem 5.36, we show a characterization of
uniform randomness for arbitrary measures (in terms of Martin-L6f randomness
with oracle).

Another application of the trimming technique: let us show that the notion of
uniform randomness test is indeed a generalization of the notion of an uniform
Bernoulli test we introduced earlier in Definition 4.1.

Theorem 5.17. Let t(w, P) be the universal uniform test and let t(w, p) be the
universal uniform Bernouli test defined in Lemma 4.20. Then t(w,B),) = t(w, p).

(Here B, is the Bernoulli measure with parameter p.)

Proof. For the inequality < note that the function (w, p) — t(w, B,) is an uniform
Bernoulli test, since the mapping p — B, is computable mapping (in a natural
sense).

For the other direction, there exists a computable function on measures that
maps B, to p (just take the probability of the one-bit string). Combining this
function with t(w, p), we get a lower semicomputable function f(w, P) on gen-
eral measures P with f(w,B)) = t(w, p). The function f(w, p) is not a uniform
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test yet, but again the trimming technique given by Theorem 4.18 yields the
desired result. ]

5.2 Apriori probability with an oracle, and uniform tests

For a computable measure, we had an expression for the universal test via apriori
probability in Proposition 2.21. An analogous expression exists also for the
universal uniform test:

Theorem 5.18.

m(x | P)
P(x)

t(w,P)= )

xCw

To be honest, we still owe the reader the definition of the concept of apriori
probability with respect to a measure, that is the quantity m(x | P). We do this
right away, before returning to the proof.

Definition 5.19. A nonnegative function 7(x, P) whose arguments are the binary
word x and the measure P will be called a uniform lower semicomputable se-
mimeasure, if it is lower semicomputable and Y #(x, P) < 1 for all measures P
over Q. J

Proposition 5.20. Among the uniform lower semicomputable semimeasures,
there is a largest one to within a multiplicative constant.

This is proved by the same method as the existence of a universal test (and
even simpler, since the constraints on the values of the test do not depend on the
measure).

Definition 5.21. We will fix one such largest semimeasure, and call it the apriori
probability with respect to P. We will denote it by m(x | P). N

(The vertical bar in place of a comma emphasizes the similarity to the con-
ditional apriori probability normally considered.)

Proof of Proposition 5.18. We need to check two things. First we need to con-
vince ourselves that the right-hand side of the formula defines a uniform test.
Every member of the sum can be considered to be a function of two arguments,
equal to 0 outside the cone of extensions of x, and equal to m(x | P)/P(x) inside
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the cone. For every x, the functions m(x | P) and 1/P(x) are lower semicom-
putable (uniformly in x), and the sum gives a lower semicomputable function.
The integral of this function by any measure P is equal to the sum of the integrals
of the members, that is }', m(x | P), and therefore does not exceed 1.

There is a special case, when P(x) = 0 for some x. In this case the corre-
sponding member of the sum becomes infinite for any w extending x. But since
the measure of this cone is zero, the integral by this measure is by definition zero,
and therefore the additive term, if is not equal to m(x | P), is simply smaller. This
way, the right-hand side of the formula is a uniform test, and therefore does not
exceed the universal uniform test: we proved the inequality >.

The second part of the proof is not so simple: observing the increase of the
values of the uniform test, we must distribute this increase among the different
members of the sum of the right-hand side, while preserving lower semicom-
putability. The difficulty is that if, say, the lower semicomputable function was
1 on some effectively open set A, and outside it was zero, and then this set was
changed to a larger set B, then the difference (the characteristic function of B\ A)
will not in general be lower semicomputable since in the set of measures (as also
on a segment) the difference of two intervals will not be an open The.

This problem is solved by moving to continuous functions. Let us be given
an arbitrary uniform test #(w, P). Since it is lower semicomputable, it can be
represented as the limit of a nondecreasing sequence of basic functions, or—
passing to differences—in the form of a sum of a series of nonnegative basic
functions: #(w, P) =Y ;ti(w, P).

Being basic, the function #; of w depends only on a finite prefix of the se-
quence w; denote the length of this prefix by n;. For every word x of length n;
we get some lower semicomputable function #; »(P), where t;(w, P) = t; x(P) if
w begins by x. Now define m;(x, P) = t;x(P) - P(x), if x has length n; (for the
other lengths, zero). The function m; is lower semicomputable (as the product
of two lower semicomputable functions) uniformly in i, and therefore the sum
m(x, P) =Y ;m;(x, P) will be lower semicomputable.

Let us show that m is a semimeasure, thatis Y. m(x, P) < 1 for all P. Indeed,
in Y ;m;(x, P) the nonzero terms correspond to words of length n;, and this sum
is equal to Y, #; x(P) - P(x), that is exactly the integral [ f;(w,P) P(dw), and the
sum of these integrals does not exceed 1 by our condition.

Moreover, if for all prefixes x of the sequence w the measure P(x) is not
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equal to zero, then

L) T Py e

(here x; is the prefix of length n; of w), hence after summing over i

)}

xEw

Z mi(x,P) - ti,x,-(P) -P(X,')

m(x, P)
P(x)

= t(w, P),

and it just remains to apply the maximality of the apriori probability to obtain
the <-inequality for the case that all prefixes of w have nonzero P-measure. On
the other hand, if one of these has zero P-measure, then the right-hand side is
infinite, and so here the inequality is also satisfied. [

Question 4. For the universal randomness test with respect to a computable
measure, in this formula one could replace the sum with a maximum. Is this
possible for uniform tests? (The reasoning applied there encounters difficulties
in the uniform case.) Can one define apriori probabilithy on the tree in a rea-
sonable way, and prove a uniform variant of the Levin-Schnorr theorem?

5.3 Effectively compact classes of measures

We have considered Bernoulli tests, that is lower semicomputable functions #(w)
that are tests with respect to all Bernoulli measures. In this definition, in place
of Bernoulli measures, an arbitrary effectively compact class can be taken:

Definition 5.22. Let ¢ be an effectively compact class of measures over Q. We
say that lower semicomputable function # on Q is a € -test if [t(w)dP < 1 for
every P€ €. 3

Theorem 5.23. Let € be an effectively compact class of measures.
(a) There exists a universal € -test t4(-).

(b) t(w) = infpeg t(w, P).

Proof. Both of these statements are proved analogously to Lemmas 4.20
and 4.21. ]

Remark 5.24. Since % is compact and the function t(w, P) is lower semicom-
putable, the inf-operation can be replaced by the min-operation. J
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Question 5. Can we give criteria for randomness with respect to natural closed
classes of measures (for example in terms of complexity)? How can we de-
scribe Bernoulli sequences in terms of complexities of their initial segments? It
is known that the main term of the randomness deficiency is

log <Z) — Kp(x | n,k).

The lecture notes [7] contains a characterization Bernoulli sequences, but it is
rather messy.
What about Markov measures? Shift-invariant measures?

5.4 Sparse sequences

There are several situations closely related to some intuitive understanding of
randomness, but not fitting directly into the framework of the question of a ran-
domness of a given outcome w to a given model (measure P). Our example is
here a natural notion of sparsity, introduced in [3], but another example, online
tests, will be considered in Section 9.

It is natural to call “p-sparse” a sequence w, when its 1’s come from some
p-random sequence «’, but we allow some of its 0’s to also come from the 1’s
of . For example, the 1’s of ' may be a sequence of miracles, and w is the
sequence of those miracles that have been reported. The tacit hypothesis is, of
course, that all reported miracles actually happened.

Definition 5.25 (Sparse sequences). Let us introduce a coordinate-wise order
between infinite binary sequences (or binary sequences of the same length): we
say w < ' if this is true coordinate-wise, that is w(i) < «'(i) for all i: in other
words, ' is obtained from w replacing some 0’s with Is.

Let B, be a Bernoulli measure with some computable p. We say that a binary
sequence w is p-sparse if w < «' for some Bj,-random sequence «'. (In terms of
sets, p-sparse sets are subsets of p-random sets). J

We will show that in the definition of sparsity, the existential quantifier can
be eliminated, giving a criterion in terms of monotonic tests.

Definition 5.26. A real function f on Q will be called monotonic if ' > w
implies /(o) > f(w).

A monotonic lower semicomputable function 7 : Q — [0,00] is a p-sparsity
test if [t(w)dB, < 1. A p-sparsity test is universal if it multiplicatively domi-
nates all other sparsity tests for p. J
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The monotonicity of tests guarantees, informally speaking, that only the
presence of some 1s is counted as regularity, not their absence. (Note that earlier
we spoke of an entirely different kind of monotonicity, while defining extended
tests: there we compared the values of a function on a finite word and its exten-
sion.)

Proposition 5.27. Consider the universal test t(w, P). The expression

rp(@) = min ¢(o', By)

defines a universal p-sparsity test.

Proof. Each p-sparsity test is by definition a test with respect to the measure B),.
Using its monotonicity and comparing it with the universal test we obtain that
no sparsity test exceeds r, (to within a bounded factor).

In the other direction it must be shown that the minimum in the expression
for r, is achieved, and that this function is a p-sparsity test. The lower semi-
computability is proved usin that the property w < «' gives an effectively closed
set of the effectively compact space Q x Q. The monotonicity and the integral
inequality follow immediately from the definition. 0

From this follows the following characterization in terms of tests:

Theorem 5.28. A sequence w is p-sparse (is obtained from a p-random by re-
placing some 1s with zeros) if and only if the universal sparsity test rp(w) is
finite.

Sparsity is equivalent to randomness with respect to a certain class of mea-
sures. To define this class, we introduce the notion of coupling of measures.

Definition 5.29. For measures P,Q we say P = Q, or that P can be coupled
below Q if there exists a probability distribution R on pairs of sequences (w,w’)
such that

(a) The first projection (marginal distribution) is P and the second one is Q.
(b) Measure R is entirely concentrated on pairs (w,w’) with w < ' (the proba-
bility of this event by the measure R is 1.

|

The following characterization of coupling is well known: it has many
proofs, but all seem to go back to [28] (Theorem 11, p. 436). A proof can
be found in [3].
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Proposition 5.30. The property P < Q is equivalent to the following: for all
monotonic basic functions f the following inequality holds:

[ rwar< [ fw)ao

In this characterization, we could have said “all monotonic integrable func-
tions” as well.

Definition 5.31. Let .7}, be the set of measures that can be coupled below B,.

Proposition 5.32. The set ./}, of measures is effectively closed (and thus effec-
tively compact).

Proof. For each function f in Proposition 5.30, the condition defines an effec-
tively closed set, and their intersection will also be effectively closed. [

Theorem 5.33. The universal p-test rp(w) is a universal class test for class .7).

Thus, a sequence is p-sparse if and only if it is random with respect to some
measure that can be coupled below B,,.
The following lemma will be key to the proof.

Lemma 5.34 (Monotonization). Let t : Q — R be a basic function with
[t(w)dQ < 1 for all Q € .#,. Define the monotonic function f(w) =
max, <, 1(w') (the maximum is achieved since t(w) depends only on finitely
many positions of w). Then [{(w)dB, < 1.

Proof. Let function ¢ depend only on the first n coordinates. For each x € {0,1}"
fix x' < x for which #(x’) reaches the maximum (among all such x’). Besides the
distribution B,, consider a distribution Q in which the Bernoulli measure of x is
tranferred to x’ (the measures of several x may be transferred to the same x’ and
then be added). We described the behavior of Q on the first n bits; the following
bits are chosen independently, and the probability of 1 in each position is equal
to p. Note also that for the expected values of the functions 7 and 7 only the first
n bits count.

By the construction, Q <X B, (essentially, we described a measure on pairs),
therefore [ #(w)dQ < 1. But this integral is equal to [#(w)dB,. O

Let us return to the theorem.
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Proof of Theorem 5.33. Every p-sparsity test ¢ is a class test for .. Indeed, its
integral by a measure in the class ., does not exceed its integral by the measure
B),, by the monotonicity of the test and the possibility of coupling.

On the other hand, let us show that for every test ¢ for the class .¥),, there
is a a p-sparsity test that is not smaller. Indeed, the test 7 is the limit of an
increasing sequence #, of basic functions. Applying to them the monotonization
lemma 5.34, we obtain a sequence of basic functions 7, that are everywhere
greater or equal to #, and have integrals bounded by 1 with respect to the measure
B),. Their limit is the needed p-sparsity test. [

5.5 Different kinds of randomness

There are several ways to define randomness with respect to an arbitrary (not
necessarily computable) measure. We have already defined uniform random-
ness. Here are some other ways.

Oracles We can use the Martin-Lof definition (or its average-bounded version)
with oracles. We would call a sequence w random with respect to P, if there ex-
ists an oracle A that makes P computable such that w is ML-random with respect
to P with oracle A. (We say “there exists an oracle that makes P computable” but
not “for all oracles that make P computable”: indeed, some powerful oracle can
always make w computable and therefore non-random, unless w is an atom of
P.) As Adam Day and Joseph Miller have shown [6], this definition turns out to
be equivalent to uniform randomness. The proof of this equivalence needs some
preparation.

First let us look into why is it not possible to take for oracle the measure
itself (as was done for the Bernoulli measures, where for oracle we chose a
binary expansion of the number p). Well, the choice of such a representation is
not unique (0.01111--- =0.10000...). When all we have is a single number p
then this is not important, as the non-uniqueness arises only for rational p, and
in this case both representations are computable. But for measures this is not so:
a measure is represented by a countable number of reals (say, the probabilities
of individual words, or the conditional probabilities), and the arbitrariness in the
choice of representation is not reduced to a finite number of variants.

Definition 5.35. Fix some representation of measures by infinite binary se-
quences, that is a computable (and therefore continuous) mapping m — R, of
Q onto the space of measures. For example, we may split the binary sequence
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7 into countably many parts and use these parts as binary representations of the
probability that the sequence continues with 1 after a certain prefix.

Define the notion of an r-test (representation-test, test of randomness relative
to a given representation of the measure) as a lower semicomputable function
t(w,n) with [ #(w,m)R(dw) < 1 for all 7. N

This notion of r-test depends on the representation method chosen; there are
no intuitive reasons to choose one specific representation and declare it to be
“natural”, but any representation is good for the argument below and we assume
some representation fixed. The following statements can be proven just as simi-
lar statements before:

(a) Every lower semicomputable function #(w,n) can be trimmed to make it not
greater than twice an r-test (not changing it for those m where it already was
a r-test).

(b) There exists an universal (maximal to within a bounded factor) r-test t(w, 7).

For a fixed n, the function t(-,7) is universal among the m-computable
average-bounded tests with respect to the measure R,. Indeed, it is such a test;
on the other hand, any such test can be lower semicomputed by the oracle ma-
chine. This machine is applicable to any oracle (though may not give a test),
giving a lower semicomputable function #'(w, ) that is equal to the starting test
for the given x. It remains to apply property (a).

As a consequence of this simple reasoning we obtain that the quantity t(w, )
is finite if and only if the sequence w is random relative to the oracle m, with
respect to measure R;.

Theorem 5.36 (Day-Miller). A sequence w is uniformly random with respect to
measure P if and only if there is an oracle computing P that makes w random
(in the original Martin-Lof sense). More precisely,

t(w,P) = inf t(w,n). 9)
Proof. Let us prove the equality shown in the theorem. Note that if 7 is a uniform
test, then 7(w, R;) as a function of w and 7 is an r-test, and is therefore dominated
by the universal r-test.

The other direction is somewhat more difficult. We have to show that the
function on the right-hand side is lower semicomputable as a function of the
sequence w and the measure P. (The integral condition is obtained easily after-
wards, as the measure P has at least one representation xr.) This can be proved
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using the effective compactness of the set of those pairs (P,7r) with P = R;. In
the general form (for constructive metric spaces) this statement forms the content
of Lemma 7.21.

It remains to explain the connection between the given equality and random-
ness relative to an oracle. If t(w, P) is finite, then by the proved equality a 7 exists
with R, = P and finite t(w, ). As we have seen, this in turn means that w is ran-
dom with respect to the measure P, with an oracle 7 that makes P computable.
Conversely, if t(w, P) is infinite, and some oracle A makes P computable, then
the function t(-, P) becomes A-lower semicomputable, and its integral by mea-
sure P does not exceed 1, hence the sequence w will not be random relative to
oracle A and with respect to measure P. [

Blind (oracle-free) tests We can define the notion of an effectively null set as
before, even if the measure is not computable. The maximal effectively null set
may not exist. For example, if measure P may be concentrated on some non-
computable sequence 7, then all intervals not containing 7 will be effective null
sets, and their union (the complement of the singleton {x}) will not be, otherwise
7 would be computable.

However, we still can define random sequence as a sequence that does not
belong to any effectively null set. Kjos-Hanssen suggested the name “Hippo-
cratic randomness” for this definition (referring to a certain legend about the
doctor Hippocrates), but we prefer the more neutral name “blind randomness”.

Definition 5.37 (Blind tests). A lower semicomputable function #(w) with inte-
gral bounded by 1 will be called a blind, or oracle-free, test for measure P. A
sequence w is blindly random iff t(w) < oo for all blind tests. N

As seen, there may not exist a maximal blind test.
This oracle-free notion of randomness can be characterized in the terms in-
troduced earlier:

Theorem 5.38. Sequence w is blindly random with respect to measure P if and
only if w is random with respect to any effectively compact class of measures
that contains P.

Proof. Assume first that w is not random with respect to some effectively com-
pact class of measures that contains P. Then the universal test with respect to
this class is a blind test that shows that w is not blindly random with respect to
P.
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Now assume that there exists some blind test 7 for measure P with #(w) = oo.
Then just consider the class ¢ of measures Q with [#(w)dQ < 1. This class is
effectively closed, (and thus effectively compact). Indeed, ¢ be the supremum of
the computable sequence of basic functions #,. The class of measures Q with
[ th(w)dQ > 1 is effectively open, uniformly in n, and % is the complement of
the union of these sets. 0

It is easy to see from the definition (or from the last theorem) that uniform
randomness implies blind randomness (either directly or using the last theorem).
The reverse statement is not true:

Theorem 5.39. There exists a sequence w and measure P such that w is blindly
random with respect to P but not uniformly random.

Proof. Indeed, oblivous randomness does not change if we change the mea-
sure slightly (up to O(1)-factor). On the other hand, the changed measure
may have much more oracle power that makes a sequence non-random. For
example, we may start with uniform Bernoulli random measure B, (coin
tosses with probabilities 1/2,1/2,1/2,... and fix some random sequence w =
w(1)w(2).... Then consider a (slightly) different measure B’ with probabili-
ties 1/24+ w(1)ey,1/2+ w(2)ey,... where g1,&,... are so small and converge
to zero so fast that they do not change the measure more than by O(1)-factor
while being all positive. Then B’ encodes w, which makes it easy to construct a
uniform test ¢ with #(w, B') = . O

However, there are some special cases (including Bernoulli measures) where
uniform and blind randomness are equivalent. In order to formulate the sufficient
conditions for such a coincidence, let us start with some definitions.

Definition 5.40 (Effective orthogonality). For a probability measure P, let
Randoms(P) denote the set of sequences uniformly random with respect to
P. A class of measures is called effectively orthogonal if Randoms(P) N
Randoms(Q) = 0 for any two different measures in it. 4

Theorem 5.41. Let € be an effectively compact, effectively orthogonal class of
measures. Then for every measure P in € the uniform randomness with respect
to P is equivalent to blind randomness with respect to P.

The statement looks strange: we claim something about randomness with
respect to measure P, but the condition of the claim is that P can be included
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into a class of measures with some properties. (It would be natural to have a
more direct requirement for P instead.) The theorem implies that the measures
of Theorem 5.39 do not belong to any such class.

Proof. We have noted already that in one direction the statement is obviously
true. Let us prove the converse. Assume that sequence w is blindly random with
respect to measure P. By Theorem 5.38, it is random with respect to the class
%€ . So, w is uniformly random with respect to some measure P’ from the class
% . It remains to show P = P’.

Imagine that this is not the case. Then we can construct an effectively com-
pact class of measures ¢ that contains P but not P’. Indeed, since P and P’ are
different, they assign different measures to some finite string, and this fact can
be used, in form of a closed condition separating P from P’, to construct ¢”.
Consider now the effectively compact class 4 N%”. It contains P, and therefore
w will be random with respect to this class. Hence the class contains some mea-
sure P” with respect to which w is uniformly random. But P’ = P (one measure
is in ¢”, the other one is not), so we get a contradiction with the assumption with
the effective orthogonality of the class €. U

Remark 5.42. The proved theorem is applicable in particular to the class of
Bernoulli measures. It is tempting to think that there is a simpler proof, at least
for this case: if w is random with respect to p we can compute p from w as
the limit of relative frequency, and no additional oracle is needed. This is not
so: though p is determined by w, it does not even depend continuously on w.
Indeed, no initial segment of the sequence guarantees that its limiting frequency
is in some given interval. However, we can apply an analogous reasoning to
those sequences w with the randomness deficiency bounded by some constant.
(See [12] which introduces the notion of layerwise computability.) In particular,
it can be shown that if w is random with respect to the measure B), then p is
computable with oracle w. 3

6 Neutral measure

The following theorem, first published in [17] and then again in [11], points to a
curious property of uniform randomness which distinguishes it from randomness
using an oracle.

Definition 6.1. A measure is called neutral if every sequence is uniformly ran-
dom with respect to it. 3
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Theorem 6.2. There exists a neutral measure; moreover, there is a measure N
with t(w,N) < 1 for all sequences w.

Note that a neutral measure cannot be computable. Indeed, for a computable
measure there exists a computable sequence that is not an atom (adding bits
sequentially, we choose the next bit in such a way that its conditional probability
is at most 2/3). Such a sequence cannot be random with respect to N. For the
same reason a neutral measure cannot be equivalent to an oracle (for a neutral
measure N one cannot find an oracle A that make it computable and at the same
time can be uniformly reconstructed from every approximation of N). Indeed, in
this case uniform randomness (as we have shown) is equivalent to randomness
with respect to N with oracle A, and the same argument works.

A neutral measure cannot be lower or upper semicomputable either, but this
statement does not seem interesting, since here a semicomputable measure over
Q is also computable. Some more meaningful (and less trivial) versions of this
fact are proved in [11].

Proof. Consider the universal test t(w, P). We claim that there exists a measure
N with t(w,N) < 1 for every w. In other terms, for every w we have a condition
on N saying that t(w,N) < 1 and we need to prove that these conditions (there
is continuum of them) have non-empty intersection. Each of these condition is
a closed set in a compact space (recall that t is lower semicontinuous), so it is
enough to show that finite intersections are non-empty.

Soletwy,...,wy be k sequences. We want to prove that there exists a measure
N such that t(w;, N) < 1 for every i. This measure will be a convex combina-
tion of measures concentrated on wy,...,w. So we need to prove that k closed
subsets of a k-vertex simplex (corresponding to k inequalities) have a common
point. It is a direct consequence of the following classical topology result for-
mulated in Lemma 6.3 below (which is used in the standard proof of Brouwer’s
fixpoint theorem).

To show that the lemma gives us what we want, consider any point of some
face. For example, let X be a measure that is a mixture of, say, w;, ws and
w7. We need to show that X belongs to A{ UAsUA7: in our terms, that one of
the numbers t(wy,X), t(ws,X) and t(w7,X) does not exceed 1. It is easy since
we know [#(w,X)dX(w) < 1 (by the definition of the test), and this integral is
a convex combination of the above three numbers with some coefficients (the
weights of w1, ws and w7 in X. ]
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Lemma 6.3. Let a simplex with vertices 1,...,n be covered by closed sets
A1,...,Ar in such a way that vertex i belongs to A; (for every i), edge i-j is
covered by A;UA , and so on (formally, face (iy,...,is) of the simplex is a subset
of A;, U...UA;; in particular, the union A1 U- - -UAy is the entire simplex). Then
the intersection A1 N --- M Ay is not empty.

For completeness, let us reproduce the standard proof of this lemma.

Proof. Consider a disjoint division 7" of the simplex into smaller n-dimensional
simplices (in such a way that every vertex in the division is a vertex of every
simplex containing it). Let S be the set of vertices of T. A Sperner-labeling is
a covering of S by sets Ay,...,Ax such that the points of S belonging to each
lower-dimensional simplex formed by some vertices i| <ip < --- < i, < k are
covered by A;, U---UA;,. (A point gets label i if it belongs to A;.) Sperner’s
famous combinatorial lemma (see for example the Wikipedia) implies that in
any Sperner labeling, there is a simplex whose vertices are labeled with all &
colors.

To apply the Sperner’s lemma, note that our closed sets A; satisfy the rules
of Sperner coloring. Sperner’s lemma guarantees the existence of a simplex that
has all possible labels on its vertices. In this way we can get arbitrarily small
simplices with this property; compactness then shows that all A; have a common
point. 0

7 Randomness in a metric space

Most of the theory presented above for infinite binary sequences generalizes to
infinite sequences of natural numbers. Much of it generalizes even further, to an
arbitrary metric space. In what follows below we not only generalize; some of
the results are new also for the binary sequence case.

7.1 Constructive metric spaces

We rely on the definition of a constructive metric space, and the space of mea-
sures on it, as defined in [11] and [13] (the lecture notes [7] are also recom-
mended).

Definition 7.1. A constructive metric space is a tuple X = (X,d,D,a) where
(X,d) is a complete separable metric space, with a countable dense subset D
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and an enumeration a of D. It is assumed that the real function d(a(v),a(w))
is computable. Open balls with center in D and rational radius are called ideal
balls, or basic open sets, or basic balls. The (countable) set of basic balls will
also be called the canonical basis in the topology of the metric space.

An infinite sequence s1, 52,... with s; € D is called a strong Cauchy sequence
if for all m < n we have d(s,;,s,) < 27". Since the space is complete, such a
sequence always has a (unique) limit, which we will say is represented by the
sequence. J

We will generally use the notational convention of this definition: if there
is a constructive metric space with an underlying set X then the we will use X
(boldface) to denote the whole structure (X,d, D, ). But frequently, we just use
X when the structure is automatically understood.

Examples 7.2. 1. A set X = {s1,52,...} can be turned into a constructive dis-
crete metric space by making the distance between any two different points
equal to 1. The set D consists of all points a(i) = s;.

2. The set N = NU {co} can be turned into a constructive metric space by mak-
ing the distance between any two different points with the distance function
d(x,y) = |1 — §|, where of course, = = 0. The set D consists of all points of
N. This metric space is called the one-point compactification, in a topological

sense, of the discrete metric space N of Example 1.

3. The real line R with the distance d(x,y) = |x —y| is a constructive metric
space, and so is R, = [0,00). We can add the element o to get R, = [0,0].
This is not a metric space now, but is still equipped with a natural constructive
topology (see Remark 7.4 below). It could be equipped with a new metric in
a way that would not change this constructive topology.

4. If X, Y are constructive metric spaces, then we can define a constructive met-
ric space Z = X x Y with one of its natural metrics, for example the sum of
distances in both coordinates. In case when X =Y = R, this is called the L,
metric. Let Dz be the product = Dx x Dy.

5. Let X be a finite or countable (enumerated) alphabet, with a fixed numbering,
and let X" be the set of infinite sequences x = (x(1),x(2),...) with distance
function d@"(x,y) = 27" where n is the first i with x(i) # y(i). This space
generalizes the binary Cantor space of Definition 2.1, to the case mentioned
in Remark 5.15. The balls in it are cylinder sets: for a given finite sequence
z, we take all continuations of z.
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Remark 7.3. Each point x of a constructive metric space X can be viewed as
an “approximation mass problem”: the set of total functions that for any given
rational € > 0 produce a e-approximation to x by a point of the canonical dense
set D. This is a mass problem in the sense of [21]. One can also note that this
mass problem is Medvedev equivalent to the enumeration problem: enumerate
all basic balls that contain x. J

Remark 7.4. A constructive metric space is special case of a more general con-
cept, which is often useful: a constructive topological space.

A constructive topological space X = (X, t,v) is a topological space over a
set X with a basis 7 effectively enumerated (not necessarily without repetitions)
asalistt={v(1),v(2),...}.

For every nonempty subset Z of the space X, we can equip Z with a con-
structive topology: we intersect all basic sets with Z, without changing their
numbering. On the other hand, not every subset of a constructive metric space
naturally has the structure of a constructive metric space (the everywhere dense
set D is not inherited).

But instead of introducing constructive topological spaces formally, we pre-
fer not to burden the present paper with more abstractions, and will speak about
some concepts like effective open sets and continuous functions, as defined on
an arbitrary subset Z of the constructive metric space X. J

Definition 7.5. An open subset of a constructive metric space is lower semicom-
putable open (or r.e. open, or c.e. open), or effectively open if it is the union of an
enumerable set of elements of the canonical basis. It is upper semicomputable
closed, or effectively closed if its complement is effectively open. Given any set
A C X, aset U is effectively open on A if there is an effective open set V such
that UNA =V NA. J

Note that in the last definition, U is not necessarily part of A, but only its
intersection with A matters.
Computable functions can be defined in terms of effectively open sets.

Definition 7.6 (Computable function). Let X,Y be constructive metric spaces
and f: X — Y a function. Then f is continuous if for each element U of the
canonical basis of Y the set f~!(U) is an open set. It is computable if f~!(U)
is also an effectively open set, uniformly in U. A partial function f: X — Y
defined at least on a set A is computable if for each element U of the canonical
basis of Y the set f~!(U) is effectively open on A, uniformly in U.
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An element x € X is called computable if the function f : {0} — X with
f(0) = x is computable.

When f(x) is defined only in a single point xy then we say that the element
yo = f(xo) is xo-computable. When f : X x Z — Y, defined on X x {zo}, is
computable, then we say that the function g : X — Y defined by g(x) = f(y,20)
is zo-computable, or computable from zy. J

There are several alternative characterizations of a computable element.

Proposition 7.7. The following statements are equivalent for an element x of a
constructive metric space X = (X,d, D, a).

(1) xis computable.
(i1) the set of basic balls containing x is enumerable.

(iii) There is a computable sequence z1,23,... of elements of D with d(x,z,) <
27"

The following proposition connects computability with a more intuitive con-
cept based on representation by strong Cauchy sequences.

Proposition 7.8. Let X, Y be constructive metric spaces and f : X — Y a func-
tion. Then f is computable if and only if there is a computable transformation
that turns each strong Cauchy sequence si,s>,... with s; € Dx converging to a
point x € X into a strong Cauchy sequence ti,ta,... with t; € Dy converging to
f(x).

If f is a partial function with domain Z then f is computable if and only if
there is a computable transformation that turns each strong Cauchy sequence
S1,52,... with s; € Dx converging to some point x € Z into a strong Cauchy
sequence t1,tp,... with t; € Dy converging to f(x).

We omit the—not difficult—proof of this statement.

Remark 7.9. Though xp-computability means computability from a strong
Cauchy sequence s, s2,... converging to xp, it should not be considered the
same as computability using a machine that treats this sequence as an “oracle”.
In case of xp-computability, the resulting output must be independent of the
strong Cauchy sequence s1, 57, ... representing x. a

The following definition of lower semicomputability is also a straightforward
generalization of the special case in Definition 2.2.
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gO,r,a(x)

0 r r4+e

Figure 1: A hat function

Definition 7.10 (Lower semicomputability). Let X = (X,d, D,a) be a construc-
tive metric space. A function f : X — [—oo, 0| is lower semicontinuous if the sets
{x: f(x) > r} are open, for every rational number r (from here it follows that
they are open for all r, not only rational).

It is lower semicomputable if these sets are effectively open, uniformly in the
rational number r. It is upper semicomputable if — f is lower semicomputable.

A partial function f : X — Y defined at least on a set A is lower semicom-
putable on A if the sets {x: f(x) > r} are effectively open in A, uniformly for
every rational number 7. J

It is easy to check that a real function over a constructive metric space is
computable if and only if it is lower and upper semicomputable. As before, one
can define semicomputability equivalently with the help of basic functions.

Let us introduce an everywhere dense set of simple functions.

Definition 7.11 (Hat functions, basic functions). We define an enumerated list of
basic functions & = {ey, e, ...} in the constructive metric space X = (X,d, D, )
as follows. For each point u € D and positive rational numbers 7, € let us define
the hat function g, ,¢: its value in point x is determined by the distance of x to
u and is equal to 1, if this distance is at most r, equal to zero, if the distance is
not less than r + &, and varies linearly as the distance runs through the segment
[r,r+ &l: see Figure 1. Let & be the smallest set of functions containing all hat
functions that is closed under min, max and rational linear combinations. J
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Proposition 7.12. A function f : X — [0,o0| defined on a constructive metric
space is lower semicomputable if and only if it is the limit of a computable in-
creasing sequence of basic functions.

Note that the above characterization holds also for lower semicontinous func-
tions, if we just omit the requirement that the sequence g, be computable.

Definition 7.13. We can introduce the notion of lower semicomputability from
20, or zo-lower semicomputability, similarly to the zp-computability of Defi-
nition 7.6, as lower semicomputability of a function defined on the set X x

{20} J

Sometimes two metrics on a space are equivalent from the point of view of
computability questions. Let us formalize this notion.

Definition 7.14 (Uniform continuity, equivalence). Let X,Y be two metric
spaces, and f : X — Y a function. We say that f is uniformly continuous if
for each & > 0 there is a § > 0 such that dx(x,y) < ¢ implies dy(f(x), f(y)) < &.
If X, Y are constructive metric spaces and function f is computable, we will
call it effectively uniformly continuous if 6 can be computed from e effectively.
Two metrics di,d, over the same space are (effectively) equivalent if the
identity map is (effectively) continuous in both directions. J

For example, the Euclidean metric and the L; metric introduced in Exam-
ple 7.2.4 are equivalent in the space R?.

Effective compactness was introduced in Definition 5.4: this generalizes im-
mediately to arbitrary metric spaces. A weaker notion, local compactness, also
has an effective version.

Definition 7.15 (Effective compactness and local compactness). A compact sub-
set C of a constructive metric space X = (X,d, D, ) is called effectively compact
if the set

{S : S is a finite set of basic open sets and U EDC}
EeS

is enumerable.

A subset C of a metric space is called locally compact if it is covered by the
union of a set of balls B such that BN C is compact. Here B is the closure of
B. 1t is effectively locally compact if it is covered by the union of an enumerated
sequence of basic balls By such that B, N C is effectively compact, uniformly in
k. 3
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Examples 7.16. 1. The countable discrete space of Example 7.2.1 is effectively
compact if it is finite, and effectively locally compact otherwise.

2. The segment [0, 1] is effectively compact. The line R is effectively locally
compact.

3. If the alphabet X is finite then the space X" of infinite sequences is effectively
compact. Otherwise it is not even locally compact.

4. Leta € [0, 1] be a lower semicomputable real number that is not computable.
(It is known that there are such numbers, for example } N 2-Kr(®) ) The
lower semicomputability of a allows to enumerate the rationals less than «
and allows for the segment [0, @] to inherit the constructive metric (and topol-
ogy) from the real line. This space is compact, but not effectively so.

The following is a useful characerization of effective compactness.

Proposition 7.17. (a) A compact subset C of a constructive metric space X =
(X,d,D,a) is effectively compact if and only if from each (rational) & one
can compute a finite set of e-balls covering C.

(b) For an effectively compact subset C of a constructive metric space, in every
enumerable set of basic open sets covering C one can effectively find a finite
covering.

Proof. Assume that for all £ we can show a finite covering S . of the set C by
balls of radius . Along with such a covering, we can enumerate all coverings
with guaranteedly large balls (this means that for all balls B(x,&) from the cov-
ering S . there is a ball B(y,o) from the new covering with o > &+ d(x,y)). The
compactness of C guarantees that while S . runs through all e-coverings of C, this
way all coverings of C will be enumerated. (Indeed, if there is some covering S’
not falling into the enumeration, then for all ¢ there is a ball of the covering S .
not guaranteedly contained in any ball of S’. Applying compactness and taking a
limit point of the centers of these non-contained balls, we obtain contradiction.)

The remaining statements are proved quite easily. [

The following statement generalizes Proposition 5.5, with the same proof.

Proposition 7.18. Every effectively closed subset E of an effectively compact set
C is also effectively compact.
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As earlier, the converse also holds: every effectively compact subset of a
constructive metric space is effectively closed. Indeed, we can consider all pos-
sible coverings of this set by basic balls, and also outside balls that manifestly
(by the relation of the distances of their centerse and their radiuses) are disjoint
from the balls of the covering. The union of all these outside balls provide the
complement of our effectively compact set.

It is known that a continuous function maps compact sets into compact ones.
This statement also has a constructive counterpart, also provable by a standard
argument:

Proposition 7.19. Let C be an effectively compact subset of a constructive metric
space X, and f a computable function from X into another constructive metric
space Y. Then f(C) is effectively compact.

The statement that a lower semicontinuous function on a compact set reaches
its minimum has also a computable analog (we provide a parametrized variant):

Proposition 7.20 (Parametrized minimum). Let Y,Z be constructive metric
spaces, let f 1Y x Z — [0, be a lower semicomputable function, and C an
effectively closed subset of Y x Z. If it is also effectively compact, then the func-
tion

— inf ,
g(y) z:(;,rzl)eCf(y z)

is lower semicomputable from below (and the inf can be replaced with min due
to compactness).

Instead of effective compactness of C, it is sufficient to require that its projec-
tion Cy = {y:3z(y,z) € C} is effectively closed and covered by an enumerated
sequence of basic balls By, such that By x ZNC is effectively compact, uniformly
ink.

The weaker condition formulated at the end holds for example if Y is effec-
tively locally compact and Z is effectively compact.

Proof. For start, we reproduce the classical proof of lower semicontinuity. One
needs to check that the set {y: r < g(y)} is open for all . This set can be
represented in the form of a union, noting that the condition r < g(y) is equivalent
to the condition

(3 > r)Vz[(y.2) €C = f(y.2) > 7],
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and it is sufficient to check the openness of the set

U={y:Vz[(y.2) € C= f(y.2) > '] }.

Now, U = (Y \ Cy) UUi(BxNU). Since Y \ Cy is assumed to be open, it is suffi-
cient to show that each By N U is open. Let F;, = By x Z, then by the assumptions,
FyNC is compact. The condition f(y,z) > r’ by the assumption defines a certain
open set V of pairs, hence FNC\ V is closed, and as a subset of a compact set,
compact. It follows that its projection {y € By : 3z(y,z) € FxNC\ V }, as a con-
tinuous image of a compact set, is also compact, and so closed. Its complement
in By, which is By N U, is then open.

Now this argument must be translated to an effective language. First of all
note that it is sufficient to consider rational r and 7. Then the set V is effectively
open, the set Fx N C\ V is effectively closed, and as a subset of an effectively
compact set, also effectively compact. Its projection, as a computable image of
an effectively compact set, is also effectively compact, and as such, effectively
closed. The complement of the projection is then effectively open. [

The following lemma is an application:

Lemma 7.21. Let X,Z,7' be metric spaces, where X is locally compact and Z is
compact. Let f: Z — Z' be continuous and surjective, and t: X x Z — [0,00] a
lower semicontinuous function. Then the function ty: X x Z' — [0,00| defined by
the formula

tr(x,7) = inf t(x,z

f( ) zf(z)=Z (x:2)
is lower semicontinuous.

If X,Z,7Z' are constructive metric spaces, X is effectively locally compact, Z

is effectively compact and f is computable, further t is lower semicomputable,
then ty is lower semicomputable.

Proof. We will prove just the effective version. We will apply Proposi-
tion 7.20 with ¥ = X x Z', and C = X x {(f(z),z) 1z € Z}. Then t7(x,7) =
inf(, » yect(x,z). The set Y is effectively locally compact, as the product of an
effectively locally compact set and an effectively compact set. The projection of
the set C onto Y is the whole set Y, and hence it is closed. Hence the proposition
is applicable, according to the remark following it. [
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7.2 Measures over a constructive metric space

On a metric space, the Borel sets are the smallest o-algebra containing the open
sets. We can define measures on Borel sets. These measures have the following
regularity property:

Proposition 7.22 (Regularity). Let P be a measure over a complete separable
metric space. Then every measureable set A can be approximated by large open
sets: P(A) = infgoa P(G), where G is open.

It is possible to introduce a metric over measures:

Definition 7.23 (Prokhorov distance). For a set A and point x let us define the
distance of x from A as d(x,A) = infycad(x,y). The &-neighborhood of a set A
is defined as A° = {x:d(x,A) <e}.

The Prokhorov distance p(P, Q) of two measures is the greatest lower bound
of all those & for which, for all Borel sets A we have P(A) < Q(A®) + ¢ and
0(A) < P(A®) +e. 4

It is known that p(P, Q) is indeed a metric, and it turns the set of probability
measures over metric space X into a metric space. There is a number of other
metrics for measures that are equivalent, in the sense of Definition 7.14.

Definition 7.24 (Space of measures). For a constructive metric space, X, let M =
A (X) define the metric space of the set of probability measures over X, with
the metric p(P, Q). The dense set Dy is the set of those probability measures
that are concentrated on finitely many points of Dx and assign rational values to
them. Let app be a natural enumeration of Dy, this turns M into a constructive
metric space, too.

A probability measure is called computable when it is a computable element
of the space M. 3

Computability of measures is a particularly simple property for the Cantor
space of binary sequences in Definition 2.8 (which is easily shown to be equiv-
alent to the definition given here); it is just as simple for the Baire space of
sequences over a countable alphabet.

The analogue of Proposition 4.17 holds again: the integral [ f(w, P)P(dw)
of a basic function is computable as a function of the measure P, uniformly in
the code of the basic function. Here is a closely related result:
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Proposition 7.25. If f is a bounded, effectively uniformly continuous function
then its integral by the measure P is an effectively uniformly continuous function
of P.

Proof. It can be assumed without loss of generality that f is nonnegative (add a
constant). Let measures P and P’ be close. Then P'(A) < P(A;) + &, where A,
denotes the e-neighborhood of A. Then

/fdP’g/fgdPan,

where f:(x) is the least upper bound of f on the &-neighborhood of x. (The
integral of a nonnegative function g is defined by the measures of the sets G; =
{x:g(x) > t}; by Fubini’s theorem on the change of the order of integration,
this measure must be integrated by ¢ as a function of z. Now, if f(x) > ¢ then
f=(x) >t in the e-neighborhood of point x.) It remains to apply the effective
uniform continuity of f to find out the precision by which the measure must be
given in order to obtain a given precision in the integral. [

On the other hand, the measure of P(B) of a basic ball B is not necessarily
computable, only lower semicomputable. It is shown in [13] that this property
also characterizes the computability of measures: P is computable if and only if
P(B) is lower semicomputable, uniformly in the basic ball B.

It is known that if a complete separable metric space is compact then so is the
set of measures with the described metric. The following constructive version is
proved by standard means:

Proposition 7.26. If a constructive metric space X is effectively compact then
its space of probability measures # (X) is also effectively compact.

For the binary Cantor space, this was proved in Proposition 5.5. There, the
topology of the space of measures was simply derived from the topology of the
space [0,1] x [0,1] x ---. It can be seen that the Prokhorov metric leads to the
same topology.

Example 7.27. Another interesting simple metric space is the infinite discrete
space, say on the set of natural numbers N. This is not a compact space, and the
set of measures, namely the set of all functions P(x) > 0 with Y .y P(x) = 1, is
not compact either.

On the other hand, the set of semimeasures (see Definition 2.19) is compact.
Indeed, recall that the space [0, 1] x [0,1] x - - -, of functions P : N — [0, 1] is com-
pact. Hence also for each n the subset F,, of this set of consisting of functions P



63

obeying the restriction P(0)+ P(1)+---+ P(n) < 1 is compact, as the product of
a compact finite-dimensional set { (P(0),P(1),...,P(n)) € [0,1]" : P(0) +--- +
P(n) < 1} and the compact infinite product set { (P(n+1),P(n+1),...) : 0 <
P(x) < 1 for x > n}. The intersection of all sets F,, is then also compact, and is
equal to the set of semimeasures.

Equivalently, we can consider the one-point compactification N of N given
in Example 7.2.2. Measures P on this space can be identified with semimeasures
over N: we simply set P(«0) =1—-Y, .. P(n). N

7.3 Randomness in a metric space

In the Cantor space €2 of infinite binary sequences we defined

e randomness with respect to computable measures (in the sense of Martin-Lof);
see Definition 2.9;

e uniform randomness with respect to arbitrary measures (when the test is a
function of the sequence and the measure), Definition 5.2;

e Randomness with respect to an effectively compact class of measures, Defini-
tion 5.22;

e Blind (oracle-free) randomness in Definition 5.37;

All these notions carry over with minor changes to an arbitrary constructive met-
ric space. In the present section we discuss these generalizations and their prop-
erties, and then consider in more detail randomness with respect to an orthogonal
class of measures.

For computable measures, a test is defined as a lower semicomputable func-
tion on a constructive metric space, whose integral is bounded by 1. Among such
tests, there is a maximal one to within a multiplicative constant. As earlier, this
is proved with the help of trimming: we list all lower semicomputable functions,
forcing them into tests or almost tests, and then add them up with coefficients
from a converging series.

This is done as before, by considering lower semicomputable functions as
monotonic limits of basic ones. It is used that the integral of a basic function by
a measure is computable as a function of the measure: see Propositions 7.25 and
the discussion preceding it.

The uniform tests introduced in Definition 5.2 generalize immediately to the
case of constructive metric spaces. Such a test is a lower semicomputable func-
tion of two arguments #(x, P), where x is a point of our metric space, and P is
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a measure over this space. The integral condition has the same form as earlier:
Jt(x,P)P(dx) < 1.

As earlier, there exists a universal test, and this can be proved by the tech-
nique of trimming;:

Theorem 7.28 (Trimming in metric spaces). Let u(x,P) be a lower semicom-
putable function whose first argument is a point of a constructive metric space,
and the second one is measure over this space. Then there exists a uni-
form tests t(x, P) satisfying u(x,Q) < 2t(x, Q) for all Q such that the function
ug : x — u(x, Q) is a test by the measure Q, that is [u(x,Q) Q(dx) < 1.

The proof repeats the reasoning of the proof of Theorem 5.7, while us-
ing the fact that for a basic function b(x,P) on the product space the integral
[ b(x,P)P(dx) is a computable (continuous) function of P (which is proved
analogously to our above argument on the computability of the integral).

We will denote the universal uniform test again by t(x, P). Strictly speaking,
it depends also on the constructive metric space on which it is defined, but in
general it is evident, which space is being considered, therefore it is not shown
in the notation.

Definition 5.11 and Proposition 5.12 extend without difficulty.

Definition 7.29 (Tests for arbitrary measures). Let X = (X,d, D, @) be a con-
structive metric space. For a measure P € .#(X), a P-test of randomness
is a function f : X — [0,o] lower semicomputable from P with the property
[f(x)dP < 1. N

It seems as if a P-test may capture some nonrandomnesses that uniform tests
cannot—however, this is not so, since trimming (see Theorem 5.7) generalizes:

Theorem 7.30 (Uniformization). Let P be some measure over a constructive
metric space X, along with some P-test tp(x). There is a uniform test t'(-,-) with
tp(x) < 2¢(x, P).

Theorem 5.36 generalizes to the case of constructive metric spaces. Let us
mention one of the facts that generalize to uniform tests.

Proposition 7.31 (Kurtz tests, uniformly). Let S be an effectively open subset
of the space X x M (X). If the set Sp={x: (x,P) € S }, has P-measure 1 for
some measure P, then the set S (P) contains all uniformly P-random points.
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Proof. The indicator function 1g (x, P) of the set S, that is equal to unity on S
and to zero outside, is lower semicomputable. According to Proposition 7.12, it
can be written as the limit of a computable increasing sequence of basic functions
0 < gu(x,P) < 1. The sequence Gy, : P— [ g,(x, P)dP is an increasing sequence
of functions computable uniformly in n. The motonone convergence theorem
implies G, (P) — 1 for all P € €. Let us define for each measure P the numbers
nk(P) as the minimal values of n for which G,,(P) > 1 — 2*. These numbers are
upper semicomputable as functions of P (in a natural sense; for measures P with
P(Sp) < 1, some of these ng(P) are infinite). Correspondingly, the functions
1 — g (p) (X P), as functions of x and P (define such a function to be zero for
infinite ny(P), independently of x) are lower semicomputable, uniformly in .
Then #(x, P) = Y>0(1 — &n,(p) (%, P)) is a uniform test, since at a given P, if its
kth addend is zero if ny(P) is infinite, and is not greater than 2~ for finite r; (P).

The conditions of the theorem talk about a measures P with P(S p) = 1. Then
all numbers ny(P) are finite. Consider an x outside S p: then g, (p)(x,P) = 0 by
definition. Therefore all addends of the test sum are equal to unity, thus x is is not
P-random point. Consequently, S p includes all uniformly P-random points. [

7.4 Apriori probability, with an oracle

In Section 5.2 we defined apriori probability with a condition whose role was
played by a measure over the Cantor space 2. Now, having introduced the notion
of a constructive metric space, we can note that this definition extends naturally
to an arbitrary such space X: we consider nonnegative lower semicomputable
functions m : N x X — [0,0] for which }';m(i,x) < 1, for all x € X.

Among such functions, there is a maximal one to within a multiplicative
constant. This is proved by the method of trimming: the lower semicomputable
function m(i, x) can be obtained as a sum of a series of basic functions each of
which differs form zero only for one #; these basic functions must be multiplied
by correcting coefficients that depend on the sum over all i. (In each stage, this
sum has only finitely many members.)

We will call the maximal function of this kind apriori probability with con-
dition x, and denote it m(i | x). We consider the first argument a natural number,
but this is not essential: it is possible to consider words (or any other discrete
constructive objects). As a special case we obtain the definition of apriori prob-
ability conditioned on a measure (Section 5.2), and also the standard notions of
apriori probability with an oracle (which corresponds to X = €, the Cantor space
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of infinite sequences), and the conditional apriori probability (corresponding to
X=N).

In analogy with Martin-Lof’s theorem, the apriori probability with a condi-
tion is expressible, in an arbitrary effectively compact constructive metric space
X by apriori probability with an oracle.

Proposition 7.32. Let F : Q — X be a computable map whose image is the whole
space X. Then

m(i|x)= ”_F{r(li?:xm(i | 7).

Proof. We reason as in the proof of Theorem 5.36. The function (i,7) — m(i |
F(r)) is lower semicomputable on N x Q, hence the <-inequality.

In order to obtain the reverse inequality, we use Lemma 7.21 and note that the
function on the right-hand side is correctly defined (the minimum is achieved)
and is lower semicomputable. [

Note that m(i | 7r), the apriori probability with an oracle on the right-hand
side of Proposition 7.32, is expressible by prefix complexity with an oracle. For
the case of prefix complexity with condition in metric spaces it is not clear, how
to define prefix complexity with such a condition (one can speak of functions
whose graph is enumerable with respect to x, but it is not clear how to build a uni-
versal one). But one can define formally Kp(i | x) as max.p(r)—, Kp(i | ), and

then Kp(i | x) = —logm(i | x), but it is questionable whether this can be consid-
ered a satisfactory definition of prefix complexity (say, the usual arguments using
the self-delimiting property of programs are not applicable at such a definition).
It is more honest to simply speak of the logarithm of apriori probability. Many

results still stay true: for example the formula Kp(i, j | x) < Kp(i| x)+Kp(j| x)
can be proved, without introducing self-delimiting programs, just reasoning
about probabilities.

Remark 7.33. Analogously, it is possible to supply points in constructive metric
spaces as conditions in some of our other definitions. For example, we can
consider uniform tests over the Cantor space Q of infinite binary sequences,
with condition in an arbitrary constructive metric space X: these will be lower
semicomputable functions #(w, P, x) with [#(w,P,x) P(dw) < 1 for all P, x. It is
also possible to fix a computable measure P, say the uniform one, and define
tests with respect to this measure with conditions in X. J
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8 Classes of orthogonal measures

The definition of a class test for an effectively compact class of measures, as
well as Theorem 5.23 about the expression of a class test, generalizes, with the
same proof.

The set of Bernoulli measures has an important property shared by many
classes considered in practice: namely that a random sequence determines the
measure to which it belongs. A consequence of this was spelled out in Theo-
rem 5.41. This section explores the topic in a more general setting.

There are some examples naturally generalizing the Bernoulli case: finite
or infinite ergodic Markov chains, and ergodic stationary processes. Below, we
will dwell a little more on the latter, since it brings up a rich complex of new
questions.

We will consider orthogonal classes in the general setting of metric spaces:
from now on, our measureable space is the one obtained from a constructive
metric space X = (X,d,D,a). The following classical concept is analogous to
effective orthogonality, introduced in Definition 5.40.

Definition 8.1 (Orthogonal measures). Let P,Q be two measures over a mea-
sureable space (X,.o7), that is a space X with a o-algebra </ of measureable
sets on it. We say that they are orthogonal if the space can be partitioned into
measureable sets U, V with the property P(V) = Q(U) = 0.

Let € be a class of measures. We say that & is orthogonal if there is a
measureable function ¢ : X — ¢ with the property P(¢~'(P)) = 1. J

Note that the space .# (X), as a metric space, also allows the definition of
Borel sets, and it is in this sense that we can talk about f being measureable.

Examples 8.2. 1. In an orthogonal class, any two (different) measures P and
Q are orthogonal. Indeed, the sets {P} and {Q} are Borel (since closed),
hence their preimages are measureable (and obviously disjoint). The converse
statement is false: A class € of mutually orthogonal probability measures
is not necessarily orthogonal, even if the class is effectively compact. For
example, let A be the uniform distribution over the interval [0, 1], and let for
each x € [0, 1] the probability measure 6, be concentrated on x. Then the class
{2} U{6,:x€[0,1]} is effectively compact, and its elements are mutually
orthogonal. But the whole class is not orthogonal: the orthogonality condition
requires ¢(x) = &, but then ¢! (2) will be empty.
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2. Let P,Q be two probability measures. Of course, if Randoms(P) and
Randoms(Q) are disjoint, then P and Q are orthogonal. The converse is not
always true: for example it fails if 4,9, are as above, where x is random with
respect to A.

.|

The following definition introduces the important example of stationary er-
godic processes.

Definition 8.3. The Cantor space Q of infinite binary sequences is equipped
with an operation 7 : w(1)w(2)w(3)... = w(2)w(3)w(4)... called the shift. A
probability distribution P over Q is stationary if for every Borel subset A of Q
we have P(A) = P(T~!(A)). It is easy to see that this property is equivalent to
requiring

P(x) = P(0x) + P(1x)

for every binary string x.

A Borel set A C Q is called invariant with respect to the shift operation if
T(A) C A. For example the set of all sequences in which the relative frequency
converges to 1/2 is an invariant set. A stationary distribution is called ergodic if
every invariant Borel set has measure O or 1. a

Here is a new example of a stationary process (all Bernoulli measures and
stationary Markov chains are also examples).

Example 8.4. Let Z1,7,,... be a sequence of independent, identically distributed
random variables taking values 0, 1 with probabilities 0.9 an 0.1 respectively. Let
X0, X1,X>,... be defined as follows: X takes values 0, 1,2 with equal probabil-
ities, and independently of all Z;, further X,, = Xo+ Y. ; Z; mod 3. Finally, let
Y, =0if X, =0 and 1 otherwise. The process Y, Y1, ... is clearly stationary, and
can also be proved to be ergodic. As a function of the Markov chain Xy, X1, ...,
it is also called a hidden Markov chain. J

The following theorem is a consequence of Birkhoff’s pointwise ergodic the-
orem. For each binary string x let

gx(@) = 1xa(w)
be the indicator function of the set xQ: it is 1 if and only if x is a prefix of w.

Proposition 8.5. Let P be a stationary process over the Cantor space Q.
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(a) With probability 1, the average

L (2(@) 4 85(Tw) 4+ g2(T" ) (10)

Ax,n ((1)) = E

converges.

(b) If the process is ergodic then the sequence converges to P(x).

(For non-ergodic processes, the limit may depend on w.) Birkhoff’s theo-
rem is more general, talking about more general spaces and measure-preserving
transformations 7', arbitrary integrable functions in place of g,, and convergence
to the expected value in the ergodic case. But the proposition captures its essence
(and can also be used in the derivation of the more general versions).

Part (b) of Proposition 8.5 implies that the class ¢ of ergodic measures is an
orthogonal class. Indeed, let us call a sequence w “stable” if for all strings x, the
averages A, ,(w) of (10) converge. It is easy to see that in this case, the numbers
P(x) determine some probability measure Q,,. Now, let ¢ : Q — % be a function
that assigns to each stable sequence w the measure Q,, provided Q,, is ergodic.
If the sequence is not stable or Q,, is not ergodic, then let ¢(w) be some arbitrary
fixed ergodic measure. It can be shown that ¢ is a measureable function: here,
we use the fact that the set of stable sequences is a Borel set. By part (b) of
Proposition 8.5, the relation P(¢~!(P)) = 1 holds for all ergodic measures.

Note that the class of all ergodic measures is not closed, but we did not rely
on the closedness of this class in the definition.

Example 8.2.2 shows that two measures can be orthogonal and still have
common random sequences. But, for computable measures, as we will show
right away, this is not possible.

We called a class of measures P effectively orthogonal in Definition 5.40, if
all sets of random sequences Randoms(P) for measures P in the class are disjoint
from each other.

Theorem 8.6. Two computable probability measures on a constructive metric
space are orthogonal if and only they are effectively orthogonal.

Speaking of the effective orthogonality of two measures, we mean that they
have no common (uniform) random sequences. In the effective case, pairwise
orthogonality within the class and the orthogonality of the whole class are equiv-
alent by definition.
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Proof. We only need to prove one direction. Assume that P, Q are orthogonal,
that is there is a measureable set A with P(A) = 1, Q(A) = 0. By Proposi-
tion 7.22, these measures are regular, so there is a sequence G, O A of open sets
with Q(G,) < 27". Then for every n there is also a finite union H,, of basic balls
with P(H,) > 1—27" and Q(H,) < 27"; moreover, there is a computable se-
quence H, with this property. Let U,, = U,,>,,, Hn- By Proposition 7.31, 1, Un
contains all random points of P. On this other hand, the sets U,, form a Martin-
Lof test for measure Q, so the intersection contains no random points of Q. [

We have shown above that ergodic measures form an orthogonal class. Care-
ful analysis shows that this is also true effectively.

Theorem 8.7. The set of ergodic measures over the Cantor set Q forms an ef-
fectively orthogonal class.

Proof. The paper [29] (more precisely, an analysis of it that will create uniform

tests) shows that

(a) Sequences uniformly random with respect to some stationary measure are
stable (in the sense that the above indicated limit of averages exists for them).

(b) Uniformly random sequences with respect to an ergodic measure are “typi-
cal” in the sense that these averages converge to P(x).

To show (a), the paper introduces the function

o(w,a.p)

for rationals 0 < @ < 3, which is the maximum number of times that A, ,(w)
crosses from below «a to above . This function is lower semicomputable, uni-
formly in the rationals @,. Then it shows

(1+a/_1)(,8—a)/0'(w,0/,,8)dP< 1,

that is that (14~ ')(8 — @)o(w,a,) is an average-bounded test, implying that
for Martin-L6f-random sequences, the average A, ,(w) crosses from below a to
above S only a finite number of times. Now one can combine all these tests, for
all strings x and all rational 0 < @ < S, into a single test. This test is uniform in
P: we did not rely on the computability of P.

To express (b), in view of part (a), it is sufficient, for each x, to prove

liminfA, ,(w) < P(x) < limsupAy ,(w) (11)
n n
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for random w. Take for example the statement for the lim inf. It is sufficient to
show for each k,m that inf,,>,, Ay ,(w) < P(x) 427 for a random w. The set

Syim={(w,P):In>mA,;(w) < P(x)+ Z_k}

is effectively open, and the Birkhoff theorem implies P(S x,(P)) = 1 for for
all ergodic measures P, for the set Sy m(P) = {x: (x,P) €S km}. Proposi-
tion 7.31 implies that then for each P, the set S 4, (P) contains all P-random
points.

Another approach is a proof that just shows (b) for computable ergodic mea-
sures (in a relativizable way), without an explicit test, as done in [2]. Then a
reference to Theorem 5.16 allows us to conclude the same about uniformly ran-
dom sequences. 0

It is convenient to treat orthogonality of a class in terms of separator func-
tions. For this, note that by a measureable real function we mean a Borel-
measureable real function, that is a function with the property that the inverse
images of Borel sets are Borel sets.

Definition 8.8 (Separator function). Let € be a class of measures over the metric
space X. A measureable function s : X x .Z (X) — [0,], is called a separator
function for the class % if for all measures P we have [ s(x,P)dP < 1, further
for P,Q € €, P # Q implies that only one of the values s(x, P), s(x, Q) is finite.

In case we have a constructive metric space X, a separator function s(x, P) is
called a separator test if it is lower semicomputable in (x, P). N

We could have required the integral to be bounded only for measures on the
class, since trimming allows the extension of the boundedness property to all
measures, just as in the remark after Definition 7.29.

The following observation connects orthogonality with separator functions
and also shows that in case of effective orthogonality, each measure can be ef-
fectively reconstructed from any of its random elements.

Theorem 8.9. Let € be a class of measures.

(a) If class € is Borel and orthogonal then there is a separator function for it.

(b) Class € is effectively orthogonal if and only if there is a separator test for
it.

The converse of part (a) might not hold: this needs further investigation.



72

Proof. Let us prove (a). If ¢(x) is a measureable function assigning measure
P € % to each element x € X as required in the definition of orthogonality, then
by a general theorem of topological measure theory (see [15]), its graph is mea-
sureable. This allows the following definition: for P ¢ € set s(x, P) = 1, further
for P € €, set s(x,P) = 1 if ¢(x) = P, and s(x, P) = oo otherwise.

Let us prove now (b). If % is effectively orthogonal then the uniform
test t(x,P) is a separator test for the class %. Suppose now that there is a
separator test s for the class %, and let P,Q € €, P # Q, x € Randoms(P).
Since s is a randomness test, s(x,P) < oo, which implies s(x, Q) = oo, hence
x ¢ Randoms(Q). O

The following result is less expected: it shows that if the class of measures
is effectively compact then the existence of a lower semicontinuous separator
function implies the existence of a lower semicomputable one (that is a separator
test).

Theorem 8.10. If for an effectively compact class of measures there is a lower
semicontinuous separator function s(x, P), then this class is effectively orthogo-
nal.

Proof. Let € be an effectively compact class of measures on a constructive met-
ric space. We need to show that under the conditions of the theorem, for any two
distinct measures Py, P, in €, the sets of random sequences are disjoint:

Randoms(P;) NRandoms(P;) = 0.

Take two disjoint closed basic balls By and B; in the constructive metric space
M of measures, containing the measures Py, P,. The classes 4; =%¢ NB;, i =1,2
of measures are disjoint effectively compact classes of measures, containing P
and P,. Consider the functions

ti(x) = ;Q%S(X’P)‘
For all x at least one of the values #,(x), #,(x) is infinite. By (a version of)
Proposition 7.20, the functions #;(x) are lower semicontinuous, and hence %-
and %,-tests respectively.
Now we follow some of the reasoning of the proof of Proposition 7.31. For
integer k > 1, consider the open set S; = {x: t;(x) > 2K}. Since 1, is a -
test, then P(S;) < 27* for all P € €. On the other hand, since for all x one of
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the two values 71 (x), 7,(x) is infinite, P(S¢) = 1 for all P € %,. The indicator
function 1g, (x) of the set S is lower semicontinuous, therefore it can be written
as the limit of an increasing sequence (now not necessarily computable!) of
basic functions gi ,(x). We conclude as in the proof of Proposition 7.31, that
for each P there is an n = ny(P) with [ gi,(x)dP > 1—2"% for all P € %>. The
effective compactness of 4 implies then that there is an n independent of P with
the same property. In summary, for each k > 0 a basic function /4y is found with

/hde <2 forall P e 4,

/hde >1—2Kforall P € %.

Such a basic function & can be found effectively from k, by complete enumera-
tion. Now we can construct a lower semicomputble function

1(x) = zk:hk(x).

It is a test for the class %, while 75 (x) = Y1 (1 — h(x)) is a test for all P € 6,
for the same reasons. These tests must be finite for elements random for P; and
P>, and this cannot happen simultaneously for both tests. 0

The meaning of separator tests introduced above introduced notion of can be
clarified as follows. Due to effective orthogonality of %', the universal uniform
test t(w, P) allows to separate the sequences into random ones according to dif-
ferent measures of the class 4: looking at a sequence w, random with respect to
some measure of this class (=random with respect to the class), we are looking
for a P € € for which t(w, P) is finite. This measure is unique in the class & (by
the definition of effective orthogonality).

This separation property, however, can be satisfied also by a non-universal
test, and we called such tests separator tests. The non-universal test is less de-
manding about the idea of randomness, giving it, so to say, a “first approxima-
tion”: it might accept a sequence as random that will be rejected by a more
serious test. (The converse is impossible, since the universal test is maximal.)
What matters is only that this preliminary crude triage separates the measures
of the class %, that is that no sequence should appear “random” even “in first
approximation”, with respect to two measures at the same time.

For brevity, just for the purposes of the present paper, we will call “typical-
ity” this “randomness in first approximation’:
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Definition 8.11. Given a separator test s(x, P) we call an element x typical for
P € € (with respect to the test s) if s(x, P) < co. 4

A typical element determines uniquely the measure P for which it is typical.

For an example, consider the class of % of Bernoulli measures. For a test
in “first approximation”, we may recall von Mises, who called the first property
of a random sequence (‘“Kollektiv” in his words) the stability of its relative fre-
quencies. The stability of relative frequencies (strong law of large numbers in
today’s terminology) means S ,(w)/n — p. Here S ,(w) is the number of ones in
the initial segment of length n of the sequence w, and p is the parameter of the
Bernoulli measure B),.

There are several requirements close to this in this spirit:

(1) S,(w)/n — p with a certain convergence speed.

(2) Sy(w)/n— p.

(3) For the case when ¥ is the class of all ergodic stationary measures over
the Cantor space €, convert the proof of Theorem 8.7 into a test, implying
Axn(w) — P(x) for all x.

Among these requirements, the one that seems most natural to a mathematician,

namely (2), is not expressible in a semicomputable way. Requirement (1) has

many possible formulations, depending on the convergence speed: we will show
an example below.

Requirement (3) is significantly more complicated to understand, but is still
much simpler than a universal test. It does not imply a computable convergence
speed directly; indeed, as Vyugin showed in [29], a computable convergence
speed does not exist for the case of computable non-ergodic measures. But later
works, starting with [1], have shown that the the convergence for ergodic mea-
sures has a speed computable from P.

Here is an example of a test expressing requirement (1). (For simplicity,
we obtain the convergence of relative frequencies not on all segments, only on
lengths that are powers of two. With more care, one could obtain similar bounds
on all initial segments.) By Chebyshev’s inequality

By({x € {0.13" [} x(i) —np| > an'P(p(1-p))'?}) <272

Since p(1 — p) < 1/4, this implies

B,({x€{0,1}": |Zx(l) —np>an'’?/2}) <172
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Setting A = n*! and ignoring the factor 1/2 gives

B,({x€{0,1}": |Zx(z) —np|>n*%}) <n 02,

Setting n = 2*:

By({x € {0,1}* ;| Y x(i) —2¢p| > 200k }) <2702, (12)

Now, for a sequence w in BY, and for p € [0,1] let

2k
g(w,Bp) = sup{k:| Y w(k) —2¢p| > 200k},
=

1

Then

/ g(w,Bp) Bp(dw) < Y k-270%* = ¢ < oo,
k

Dividing by ¢, we obtain a test. This is a separator test, since g(w,B)) < o
implies that 27X« (w) converges to p, and this cannot happen for two different
p-

Theorem 5.41 generalizes, with essentially the same proof (using basic balls
instead of initial sequences): it says that in an effectively compact, effectively or-
thogonal class of measures, blind randomness is the same as uniform Martin-Lof
randomness. This raises the question whether every ergodic measure belongs to
some effectively compact class. The answer is negative:

Theorem 8.12. Consider stationary measures over Q (with the shift transforma-
tion). Among these, there are some ergodic measures that do not belong to any
effectively compact class of ergodic measures.

Before proving the theorem, let us prove some preparatory statements.

Proposition 8.13. Both the ergodic measures and the nonergodic measures are
dense in the set of stationary measures M (Q) over Q.

Proof. First we will show how to approximate an arbitrary stationary measure
P by ergodic measures. Without loss of generality assume that all probabilities
P(x) for finite strings x are positive. (If not, then we can mix in a little of the
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uniform measure.) For a fixed n, consider the values P(x) on strings x of length
at most n. There is a process that reproduces these probabilities and that is
isomorphic to an ergodic Markov process on {0,1}"~!. In this process, for an
arbitrary x € {0, 1}”_2, b,b’ € {0,1} the transition probability from bx to xb’
is P(bxb")/P(bx). Since both transition probabilities are positive, this Markov
process is ergodic.

Now we show how to approximate an arbitrary ergodic measure by noner-
godic measures. Let P be ergodic. Let us fix some n >0 and € > 0. By the
pointwise ergodic theorem, there is a sequence in which the limiting frequen-
cies of all words converge to the measure (almost all sequences—with respect
to this measure—are such). Taking a long piece of this sequence and repeating
it leads to a periodic sequence in which the frequencies of words of length not
exceeding n differ from the measure P by at most € (for any given n and & > 0).
(The repetition forms new words on the boundaries, but at a large length, this
effect is negligible.) Consider now the measure concentrated on the shifts of this
sequence, assigning the same weight to each of them (their number is equal to
the minimum period). This measure is not ergodic, but is close to P. O]

Proposition 8.14. The set of ergodic measures is a Gs set in the metric space of
all stationary measures over Q.

Proof. We can restrict attention to the (closed) set of stationary measures. Let P
be a stationary probability measure over €. Consider the function A, , over Q,
defining A, ,(w) to be equal to the average number of occurrences of the word
x in the n first possible positions of w. By the ergodic theorem, the sequence
of functions A, 1,Ax2,... converges in the L; sense. Moreover, the stationary
measure P is ergodic if and only if the limit of this convergence is the constant
function with value P(x).

Since the limit exists for all stationary measures, it is sufficient to check that
the constant P(x) is a limit point. For each x, N and each rational € the set S, y ¢
of those P for which there is an n > N with

/ Apn(w) — P(x)|P(dw) < &

is open, and set of ergodic stationary measures is the intersection of these sets
for all x, N, e. ]

Proof of Theorem 8.12. The union of all effectively compact classes of ergodic
measures is F,. Suppose that it is equal to the set of all ergodic measures.
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Then the set of nonergodic measures is a Gs set which is also dense by Proposi-
tion 8.13.

As shown in Propositions 8.13 and 8.14, the set of ergodic measures is a
dense G set. But by the Baire category theorem, two dense G sets cannot have
an empty intersection. This contradiction proves the theorem. [

The following question still remains open:

Question 6. Is there an ergodic measure over Q for which uniform and blind
randomness are different?

Returning to arbitrary effectively compact, effectively orthogonal classes, we
can connect the universal tests with class tests of Theorem 5.23 and separator
tests.

Theorem 8.15. Let € be an effectively compact, effectively orthogonal class of
measures, let t(x, P) be the universal uniform test and let t4(x) be a universal
class test for €. Assume that s(x, P) is a separator test for €. Then we have the
representation

t(x, P) = max(tg(x),s(x, P))
forallP €€, x € X.

Proof. Letis note first that t(x) and s(x, P) do not exceed the universal uniform
test t(x, P). Indeed s(x, P) is a uniform test by definition. Also by definition, the
universal class test t¢(x) is a uniform test.

On the other hand, let us show that if t,(x) and s(x, P) are finite, then t(x, P)
does not exceed the greater one of them (to within a multiplicative constant). The
finiteness of the first test guarantees that minpcy t(x, Q) is finite: this minimum
is equal to ty(x) to within a constant factor. If this minimum was achieved
on some measure Q # P, then both values s(x, Q) and s(x, P) would be finite,
contradicting to the definition of a separator. (Note that we proved a statement
slightly stronger than promised: in place of “greater of the two”, one can write
“the first of the two, if the second one is finite.) O]

The above theorem separates the randomness test into two parts (points at
two possible causes of non-randomness). First, we must convince ourselves that
x is random with respect to the class 4. For example in the case of a measure
B, in the class % of Bernoulli measures, we must first be convinced that t(w)
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is finite. This encompasses all the irregularity criteria. If the independence of
the sequence is taken for granted, we may assume that the class test is satisfied.

After this, we know that our sequence is Bernoulli, and some kind of simple
test of the type of the law of large numbers is sufficient to find out, by just
which Bernoulli measure is it random: B, or some other one. This second part,
typicality testing, is analogous to parameter testing in statistics.

Separation is the only requirement of the separator test: its numerical value
is irrelevant. For example in the Bernoulli test case, no matter how crude the
convergence criterion expressed by the separator test s(x, P), the maximum is
always (essentially) the same universal test.

9 Are uniform tests too strong?

9.1 Monotonicity and/or quasi-convexity

Uniform tests may seem too strong, in case P is a non-computable measure.
In particular, randomness with respect to computable measures (in the sense of
Martin-Lof or in the uniform sense, they are the same for computable measures)
has certain intuitively desireable properties that uniform randomness lacks. One
of these 1s monotonicity: roughly, if Q is greater than P then if x is random with
respect to P, it should also be random with respect to Q.

Proposition 9.1. For computable measures P,Q, for all rational A > 0, if
AP(A) < Q(A) for all A, then

m(1) - At(x, Q) < t(x,P). (13)

Here m(Q) is the discrete apriori probability of the rational A. To make the
constant in < independent of P, Q, one needs also to multiply the left-hand side

by =m(P,Q).

Proof. Wehave 1 > [t(x,Q)dQ > [ At(x,Q)dP, hence At(x, Q) is a P-test. Us-
ing the trimming method of Theorem 7.28 in finding universal tests, one can
show that the sum

Y  m)-t(x0)

A:A [ t(x,Q) dP<2
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is a P-test, and hence < t(x, P). Therefore this is true of each member of the sum,
which is just what the theorem claims. It is easy to see that the multiplicative
constants depend here on P, Q only via inserting a factor m(P, Q). ]

The intuitive motivation for monotonicity is this: if there are two devices
with internal randomness generators, outputting numbers with distributions P
and Q, and if AP < Q, then it can be imagined that the second device simulates
the first one with probability A, and does its own thing otherwise. Then every
outcome intuitively plausible as the outcome of the first device, must also be
deemed a plausible outcome of the second one, since this could have simulated
the first one by chance. (The numerical value of the randomness deficiency may
be, of course, somewhat larger, since we must believe in addition that the A-
probability event occurred.)

Uniform randomness violates, alas, this property: if measure Q is larger,
but computationally more complex, then the randomness tests with respect to Q
can exploit this additional information, to make nonrandom some outcomes that
were random with respect to P (see the proof of Theorem 5.39). This is just the
reason of the difference between uniform and blind (oracle-free) randomness,
for which the analogous monotonicity property is obviously satisfied.

Another situation for which we have some intuition on randomness is the
mixture (convex combination) of measures. Imagine two devices with output
measures P and Q, and an outer box which triggers one of them with some prob-
abilities 4, 1 — A. As a whole, we obtain a system whose outcome is distributed
by the measure AP+ (1 — 1) Q. About which outcomes can we assert that are ob-
tained randomly as a result of this experiment? Clearly both the outcomes ran-
dom with respect to P and those random with respect to Q must be accepted (with
the understanding that if the coefficient is small then some additional, but finite
suspicion is added). And there should not be any other outcomes. A quantitative
elaboration of this result (which in one direction follows from monotonicity) is
given below.

Proposition 9.2. Let P and Q be two computable measures.
(a) Fora rational 0 < A< 1,

m(A)-t(x,AP+ (1 — 2)Q) < max(t(x, P),t(x,Q)).
(b) For arbitrary0 <A< 1,

t(x,AP+ (1 —2)Q) > min(t(x, P), t(x,Q)).
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The constants in < depend on the length of the shortest programs defining P and
O (their complexities), but not on A (or other aspects of P, Q).

Statement (a) could be called the quasi-convexity of randomness tests (to
within a multiplicative constant). For a test with an exact quasi-convexity prop-
erty (without any multiplicative constants) there is a lower semicomputable se-
mimeasure that is neutral (after extending tests to semimeasures see [17, 9]).

Statement (b) implies that no other random outcomes exist for the mixture of
P and Q. This could be called the quasi-concavity of randomness tests (to within
a multiplicative constant).

Proof. Part (a) follows from Proposition 9.1. Indeed, if A > 1/2 then Proposi-
tion 9.1 implies m(4) - t(x,AP + (1 — 2)Q) < t(x, P) (absorbing 1/2 into the <).
If A < 1/2 then it implies m(1 — 2) - t(x, AP + (1 — 1) Q) < t(x, Q) similarly, and
we just recall m(2) = m(1—2Q).

Part (b) follows from the fact that the right-hand side is a test with respect to
an arbitrary mixture of the measures P and Q, and trimming can convert it into
uniform test. [

It is easy to see that all these statements exploit the computability of the mea-
sures and the mixing coefficients in an essential way. The corresponding coun-
terexamples are easy to build once it is recognized that the mixture of measures
can be stronger from an oracle-computational point of view than any of them, as
well as in the other way. For example, let us divide the segment [0, 1] into two
halves and consider the measures P and Q that are uniformly distributed over
these halves. Their mixture with coefficients A and 1 — A will make the number
A obviously non-random (since it can be computed from this measure), though
with respect to one of the measures in can very well be random. Taking instead
of P and Q their mixtures, say, with coefficients 1/3 and 2/3 and then reversed,
one can make A random with respect to both measures.

In this example the mixture contains more information than each of the orig-
inal measures. It can also be the other way: bend the interval [0,1] with the
uniform measure into a circle, and cut it into two half-circles by the points p and
p+ 1/2. Then the uniform measures on these half-circles make p computable
with respect to them and thus non-random, while the average of these measures
is the uniform measure on the circle, with respect to which p can very well be
random.

Let us note that for blind (oracle-free) randomness, we can guarantee without
any restrictions that the set of points random with respect to the mixture of P and
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Q is the union of points random with respect to P and Q. (In one direction this
follows from monotonicity, which we already mentioned. In the other one: if an
outcome is not random with respect to P and not random with respect to Q, then
there are two tests proving this, and their minimum will a lower semicomputable
test proving its non-randomness with respect to the mixture.)

These are strong motives to modify the concept of randomness test in order to
reproduce these properties, while conserving other desireable properties (say the
existence of a universal test and with it the notion of a deficiency of randomness).
Some such modifications can be seen in [17, 9, 18].

9.2 Locality

Imagine that some sequence w is uniformly random with respect to measure P
and starts with 0. Change the values of the measure on sequences that start with
1. It is not guaranteed that w remains uniformly random since now the measure
may become stronger as an oracle (allowing to compute more). But this looks
strange since the changes in measure are in the part of the universe that does not
touch w.

For blind (oracle-free) randomness, specifically this example is impossible
(one can force the test to zero on sequences beginning with unity), but in princi-
ple the concept of test depends not only on the measure along the sequence (not
only on the probabilities of occurrences of nulls and ones after its start).

For randomness with respect to computable measures, the situation is again
better.

Proposition 9.3 (Prequentiality). Let P,Q be two computable measures on the
space Q of binary sequences, coinciding on all initial segments of some sequence
w. Then this sequence is simultaneously random or non-random with respect to

P and Q.

Proof. This follows immediately from the randomness criterion in terms of the
complexity of the inital segments (Levin-Schnorr Theorem) in any of its variants
(Theorem 2.24, Proposition 2.30, Corollary 2.32). O]

On the other hand, it is easy to modify one of the counterexamples in 9.1 to
violate prequentiality as well.

In case of an arbitrary constructive metric space an analogous statement
holds, though with a stronger requirement: we assume that two computable mea-
sures are equal on all sets contained in some neighborhood of the outcome w. (In
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this case it is possible to multiply the test by a basic function without changing
it in w, and making it zero outside the neighborhood of coincidence).

Here is yet another way to obtain a clearly prequential definition of random-
ness, in which the randomness deficiency is a function of the sequence itself
and the measures of its initial segments. For a given sequence w and a given
sequence {q(i)} of real numbers with 1 = g(0) > g(1) > ¢g(2) > --- >0, let

t'(w,q) = inft(w, P),

where the minimum is taken over all measures P with P(w(1 : n)) = g(n). The
corresponding sets are effectively compact, so that this minimum will be a lower
semicomputable function of w and the sequence ¢. If for the sequence w and the
measures ¢(i) of its initial segments, the value t'(w, q) is finite, then the sequence
w can be called prequentially random.

In other words, sequence w is prequentially random with respect to measure
P if there is a (in general different) measure Q with respect to which w is random
and which coincides with P on all initial segments of w.

The requirement of prequentiality has been invoked in connection with a the-
ory that extends probability theory and statistics to models of forecasting: see for
example [5] and [27]. An example situation is the following. Let w(n) = 1 mean
that there is rain on day n and O otherwise. Suppose that a forecasting office
makes daily forecasts p(1), p(2),... of the probability of rain. It is not necessar-
ily proposing a coherent probability model of global weather (a global probabil-
ity distribution). It just provides forecasts for the conditional probabilities along
the path corresponding to the weather that actually takes place.

Is it possible to estimate the quality of the forecast? It seems that in some
situations, yes: if say, all forecasts are close to zero (say, less than 10%), and
the majority of days (say more than 90%) is rainy. (It is said that the forecast
is poorly calibrated.) Naturally, there are other possible inconsistencies, not
related to the frequencies: the general question is whether the given sequence
can be accepted as randomly obtained with the predicted probabilities. (Such a
question arises also in the situation of estimating the quality of a random num-
ber generator each of whose output values is claimed to occur with whatever
distribution the customer requires at that time of the process, for that particular
bit.)

An additional circumstance to consider at the estimation of the quality of
forecasts is that the forecaster can use a variety of information accessible to her
at the moment of prediction (say, the evening of the preceding day), and not only
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the members of the sequence w. The presence of such information must also be
taken into account at the estimation of the quality of the forecast.

The paper [27] proposes several different approaches to this question, which
turn out to be equivalent. One involves a generalization of the notion of mar-
tingale (see Definition 3.8). It would be interesting to establish a connection
with uniform randomness tests in the spirit of the above defined prequential de-
ficiency. (Admittedly, in place of probabilities of initial segments, one must deal
here with conditional probabilities, which is not quite the same, if these are not
separated from zero.)

10 Questions for future discussion

We have already noted some questions that (in our view) would be interesting to
study. In this section we collected a few more such questions.

1. Consider the following method for generating a sequence w € Q using an
arbitrary distribution P on € in which the probabilities of all words are posi-
tive. Take a random sequence p of independent reals p(1),0(2),... uniformly
distributed over [0, 1]. At stage n, after outputting £(1:n— 1), set &(n) = 1 if

p(n) < P(E(1:n—1)1)/P(E(1:n—1)).

Considering this as a random process, the output distribution will be exactly
P. What sequences can be obtained on the ouput, from a Martin-Lof-random
sequence of real numbers on the input? (It can be verified that for computable
measures P one gets exactly the sequences that are Martin-Lof-random with
respect to P.)

2. Recall the formula for the deficiency for computable measures:

m(x)
P(x)

t(w,P) = Z

xCw

(14)

Both sides make sense for non-computable P, but this formula is no more
true. Indeed, the right-hand side does not change significantly if a measure P
is replaced by some other one that is close to P but is much more powerful as
an oracle; and the left-hand side can become infinite while it was finite for P.

Denote the righ-hand side by #(w, P). Does it make sense to take the finite-
ness of 7/ (w, P) as a definition of randomness by a non-computable measure?
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It will be at least monotonic (an increase of the measure will only increase
randomness). With respect to mixtures of measures, we can say that it is
quasi-convex; moreover, it is proved in [8] that 1/ (w, P) is a concave func-
tion of P.

Another possibility is to define the randomness deficiency for an infinite se-
quence w as logsup ., M(x)/P(x) (and consider the corresponding defini-
tion of randomness). For computable measures we obtain a definition equiv-
alent to Martin-Lof’s standard one. Paper [11] shows that the uniform tests
defined by this expression (whether to use m(x) or M(x)) do not obey ran-
domness conservation, while the universal uniform test does. The work [8]
shows that, on the other hand, an expression related to the right-hand side
of (14), whith the summation running over all positive basic functions instead
of only the functions 1,q(w), obeys randomness conservation.

. Can we define a reasonable class of tests with the property in Proposition 9.1

holding for all measures P (or some stronger version of it) so that there exists
an universal class? For example, one may require

P<c 0= tw,P)>tw,Q)/c

(motivation: this is true for the right-hand side of formula (14). Could one
also require the quasi-convexity, as in Proposition 9.2? Papers [17] and [9]
provide some such examples, as well as [18].

How about the quasi-concavity of Proposition 9.2? A uniform test with this
property seems less likely, since our counterexample seems more robust.

Relativization in recursion theory means that we take some set A and artifi-
cially declare it “decidable” by adding some oracle that tells us whether x € A
for any given x. Almost all the theorems of classical recursion theory can be
relativized. It is more delicate to declare some set E “enumerable”. This
means that we have some enumeration-oracle that enumerates the set E. The
problem is, of course, that there are many enumerations. Still we can give
the definition of an E-enumerable set. Let W be a set of pairs of the form
(x,S) where x is an integer and S is a finite set of integers; assume W to be
enumerable in the classical sense. Then consider the set S (E, W) of all x such
that (x,S) € W for some S C E. The sets S (E, W) (for fixed E and all enu-
merable W) are called enumerable with respect to the enumeration-oracle E.
(The relation (x,S) € E means that we add x to the E-enumeration as soon
as we see all elements of § in E.) A standard (decision) oracle for a set A
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can be considered a special case of an enumeration oracle (say, for the set
{2n:neA}U{2n+1:n¢ A}.

For some purposes, an enumeration oracle is as meaningful as a decision
oracle: for example, we can speak about a lower semicomputable function
with respect to enumeration oracle E, since it can be defined in terms of
enumerable sets. But what can be proved for this kind of relativized notions?

For example, is there (for an arbitrary E) a maximal lower E-semicomputable
semimeasure? Can one define prefix complexity with oracle E, and will it co-
incide with the logarithm of the maximal semimeasure lower semicomputable
relative to E (if the latter exists)? What if we assume, in addition, that E is the
set of all basic balls in a constructive metric space, containing a given point?

(For comparison: we could define an E-computable function as a function
whose graph is E-enumerable. Then some familiar properties will hold; say,
the composition of E-computable functions is again E-computable. On the
other hand, we cannot guarantee that every non-empty E-enumerable set is
the range of a total E-computable function: for some E this is not so.)

. We may try do extend the definition of randomness in a different direction:
to lower semicomputable semimeasures (that is output distributions of proba-
bilistic machines that generate output sequence bit by bit). Levin’s motivation
for his definition was his goal to define the independence of the pair (x,n) of
infinite sequences as randomness with respect to the semimeasure M x M.
Correspondingly, the the deficiency of randomness of the pair (&¢,7) with re-
spect to M x M could be called the quantity of mutual information between
the sequences & and 7. This is motivated by the fact that the algorithmic
mutual information

Kp(x) +Kp(y) — Kp(x,y) = —log(m(x) x m(y)) — Kp(x,y)

between finite objects x,y indeed looks like deficiency of randomness with
respect to m X m.

One possibility is to require that M(z)/Q(z) is bounded, where M is a priori
probability on the tree and Q is the semimeasure in question. The other pos-
sibility is to use random sequences for unbiased coin tossing and consider the
output sequences in all these cases. It is not clear whether these two defini-
tions coincide or if the second notion is well-defined (that is for two different
machines with the same output distribution the image of the set of random
sequences is the same). For computable measures it is indeed the case.
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6. (Steven Simpson) Can we use uniform tests (modified in a proper way)
for defining, say, 2-randomness? (The standard definition uses non-
semicontinuous tests, but maybe it can be reformulated.)
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AHFOpHTMI/IquKHG TECTbl U CﬂyqaﬁHOCTb OTHOCHUTEJILHO
KJIaCCOB MEP

JI. Buensento? I1. Tau! K. Poxact M. Xoitpyn? A. IlTens’

AnHOTaUA

B 3roii pabore npuBo/IsSITCS HEKOTOPBIE HOBBIE PE3YJIBTATHI 00 aJTOPUTMUIECKON CJIyIaiiHO-
CTH 110 OTHOIIEHUIO K KJIacCcaM Mep, & TaKzKe MOJPOOHO U3JIararoTcsl U3BecTHbe (HO He oIryoJiu-
KOBAHHbIE MOAPOOHO) PE3YJILTATHL 06 AITOPUTMUYECKIX TECTAX CJIyUaifHOCTH.

Mpsr HaunHaeMm ¢ epedOpMYJIUPOBKA OonpejieeHns ciaydaitnoctu no Maprun-JIEdy B Tep-
MUHAX T€CTOB CIydaiHocTH (DYHKIMN, H3MEPSIONINX CTEIEHb “HeCIy YafHOCTH TOCIIe 0BT b-
Hocreit). IlpuBojures dopMmysia, BbIparkaroliasi 3HAUYCHHE YHUBEPCAJIBHOTO TeCTa B TEPMUHAX
npeUKCHOM CJIOKHOCTH. PaccMaTpUBAIOTCS TaKyKe BapHaHThI OlpejiesieHus jjedeKkTa Cydaii-
HOCTH JIJIsi KOHEUHBIX CJIOB, CBSI3AHHBIE ¢ YHUBEPCAJIBHBIM TECTOM.

Hasee paccmarpusaercs (Beenéunoe emé Maprun-JIédom) morsTue GepHyneBoit moce-
JIOBATEJILHOCTH (KaK MOCIIE0BATEIBHOCTH, He IPOTUBOPEYAINEH THIIOTE3€ O TOM, 9TO BCE UCIbI-
TAHWsI HE3ABUCHMBI M UMEIOT OJMHAKOBYIO BEPOSTHOCTD yerexa). IlokazaHo, 9To ompe/ieseHue
C HOMOINBIO YHUBEPCAJIBHOIO TECTa IKBUBAJIEHTHO II€PBOHAYAILHOMY oOIpejesienuio Maprun-
JIEba u 9TO MOCIENOBATENILHOCTD SBJISETCH OEPHYJJINEBOH TOTJ@ M TOJIHKO TOIJA, KOIJa OHA
ciayvaitna mo Maprun-JIédy orHOCHTebHO GepHYIIINEBOil Mephl B, IpH HEKOTOPOM D (¢ Opa-
KYJIOM JIJIsI D).

3areM 3TOT Ke BOnpoc (0 CPABHEHAH TECTOB OTHOCUTEJHLHO KJIACCOB MEP U TECTOB KaK (hyHK-
WU JIBYX apryMEHTOB — MOCJIEIOBATEIHLHOCTH U MEPhI) IPUMEHSETCS K TPOU3BOJIBHBIM 3D deK-
THBHO 3aMKHYTBIM KJIAaCCaM MED B KAHTOPOBCKOM IpOCTpaHCTBe. V3ydaroTcst cBOCTBA OPTOTO-
HaJIbHBIX KJIACCOB M€D U YKA3bIBAIOTCS IIPEIIIOTIOXKEHNs], B KOTOPBIX J[Ba MOHATUS CJIyJaifHOCTH
(paBHOMepHAs U 6e30paKyJIbHASI) COBIIAIAIOT.

B zakmouenne paccmarpuBaioTcs 00ODIIEHHSI HEKOTOPBIX M3 YKAa3aHHBIX Pe3yJIbTaTOB Ha
cJIydail IpOU3BOJIBHBIX METPUIECKUX TPOCTPAHCTBE.

1 Bsenenue

Dra pabora MOXKET PACCMATPHUBATLCH Kak mpojosrkenne [11] (koropas B CBOIO 04epelb ABIAETCS
pazsuTueM jasuux uiaeh JI. Jlesuna) u [13].
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XO0PpoIIo N3BECTHBI PA3JINYHBIE BAPUAHTHI OIPE/IEJIEHUs] TIOHIATUS CJIYIaiiHOM MOCJIe/I0BATETHHO-
CTH HyJIell U eJIMHWIl, COOTBETCTBYIOIINE PABHOMEPHOMY DACIpejeieHuo (OpOCAHUI0 YeCTHOH MO-
HeThbl). BOJIBIIUHCTBO 9TUX PE3YJIbTATOB €CTECTBEHHO MEPEHOCUTCS HA CJIYUAll MPOU3BOJBLHOTO BbI-
YUCUMOTO PACIPEIETICHUS BEPOSITHOCTEH Ha TpocTpaHcTBe ) GECKOHEUHDBIX OCIEI0BATEILHOCTEH
HyJIell 1 equHuII.

Harmra niesib — unccienoBaTh BO3MOXKHOCTH OIIPeJIeJIEHNs] CJIydaiiHocTu B OoJiee oOIIel cuTyalun,
Kora paclipeaejgenne Ha Q HE dBJIFAETCA BBIYUCJINMbBbIM (I/I.HI/I Korta pacCMaTpUBa€TCA C.TIy‘IafIHOCTb
B JPYTUX IIPOCTPAHCTBAX, He TOJBKO B {2). Jljist 970l 1em Mbl paCCMaTPUBAEM TECT CJIYyYailfHOCTH
t(w, P) Kak QyHKIMIO IBYX MEPEMEHHBIX, [TOCJIE0BATEbHOCTH w 1 Mepbl P. Boubline 3HaueHns
TAKOI'0 TeCTa, MHTYUTUBHO TOBOPsI, COOTBETCTBYIOT CUTYAIIMSIM, KOIJIa THIIOTE3a O TOM, UTO IIOCJIe-
JIOBATEJILHOCTD W TMOJIYUYMJIACh B PE3yJIbTaTe CJAyJIailHOTO BhIOOpa 110 Mepe P, HelpaBonog00Ha.

Kpowme Toro, ciemys [16], Mbl Gy/ieM paccMaTpUBaTh TECTHI OTHOCHTEBLHO KJIACCOB Mep, obJia-
JIQIONIUX CBOMCTBOM THIA KOMIAKTHOCTH. Takoii rect, te(w), U3MepsieT, HACKOIBKO HEIPABIOIO-
JIOOHBIM KaXKETCs MOSBJICHIE MOCIETOBATEIFHOCTH W B PE3YJILTATE CJIyIARHOrO MPOIEcca, pacipe-
JIeJIEHNE BEPOsITHOCTEH KOTOPOro (HaM HEM3BECTHOE) NpHHAIekUT Kiaaccy C. Mbl moKazkeM, 9To
JUTsT KJTacca GepHy/UIMEeBbIX Mep (HEe3aBHCHMbIE UCHBITAHUS C OJMHAKOBONH BEPOSTHOCTHIO yCIIEXA)
BO3HUKAIOIIEE TOHITHE CIIyYallHOCTU OTHOCUTEJIHLHO 9TOI0 KJIACCa COBITAJAeT ¢ BBeJAEHHBIM MapTuH-
JIédbowm B [20].

JJist KJ1accoB, Mephl B KOTOPBIX MOMAPHO OPTOrOHAJBHBI (B HEKOTOPOM 3(h(MEKTUBHOM CMBICIIE),
MBI [TOJIy9aeM PA3JIOXKEHNEe TeCTa CJIYYafiHOCTH 10 JAHHON Mepe Ha JiBa: OJIMH MPOBEpPseT CJrydaii-
HOCTb OTHOCUTEJILHO KJIACCa Mep, a BTOPOii MpoBepsieT (JI0CTaTOYHO IPy6O) COOTBETCTBUE MOCJIE0-
BaTEJILHOCTH KOHKPETHON Mepe. [ljist cirydast GepHYIIMEBBIX MED B KAYE€CTBE BTOPOT'O TECTA MOYKHO
B34Tb IIPOCTO 3aKOH 6OJ'H)H_H/IX quceJl U IIpoBEpATDhL, YTO IIpeae/ibHad IacToTa ﬂeﬁCTBHTeHBIIO paBHa
JIEKTIAPUPYEMO BEPOSTHOCTH yCIexXa. AHAJIOrMIHOE pa3bueHne BO3MOXKHO U JJIS IPYTHUX KJIaCcCOB,
COOTBETCTBYIOIUX SPTOANICCKUM CTAITMOHAPHBIM IIPOIIECCaM.

Omupejiesienne CIy9aiiHOCTH ¢ MOMOIIBIO PABHOMEPHBIX TecTOB t(w, P), BoobIe rosops, ne 06-
JIaJlaeT HEKOTOPBIMU HHTYUTHBHO JKeJaTeJbHBIMU CBOWiCTBAMU (CKaXkKeM, He MOHOTOHHO 1o P B
ecrecTrBeHHOM cMbicsie). Ho juist citydast 9¢bdEeKTHBHO OPTOrOHAJIBHBIX KJIACCOB OHO PABHOCHJIBHO
Jpyromy, “cjernomy’ ONPEeNe/IEHUIO CIy9IaifHOCTH, B KOTOPOM PaCcCMATPUBAIOTCS JIUIIb TECTDI, BbI-
YUCJIEHNE KOTOPBIX He UCIOJIB3yeT Mepy P Kak Opakyil.

Crarbs HaunHaercst ¢ nepedOpMYJIUPOBKU OlpeeseHns ciaydalinocrn no Maprun-JIédy (or-
HOCUTEJIbHO BBbIYUCJINMBbBIX Mep) B TepMHHaX TECTOB. BIIa‘IeIII/IH TeCTa MbI pacCMaTpUBacM KaK KO-
JIMTYECTBEHHYIO XaPAKTEPUCTHUKY “HECTYyYatHOCTH IIOCJIEIOBATEIbHOCTH, WU CIUTAEM CJIyIaldHBIMEI
ImocjIe 10BaTEJIbHOCTAMMU TeE, IJId KOTOPBIX TECT KOHEYEH. MBI paccMaTpuBaeM JIBa BHIa TECTOB
(OFpaHI/I‘-IeHHBIe B CpeJHEM U OrpaHUYCHHbIC 11O BepOHTHOCTI/I) 1 IIOKa3bIBaeM, YTO OHHU 6JTI/I3KI/I Apyr
K JIpYTY.

3arem Mbl npuBoaUM (OPMYILy, KOTOpasl BbIpaxkaeT 3HaueHne (OrPaHUIEHHOrO B CPEJIHEM) Te-
cTa 1yepes3 NpedUKCHYIO CJIOXKHOCTh (U Jlaske JIBa BapuaHTa Takol (hopMyJIbl — ¢ MAKCUMYMOM U C
CcyMMOii). Dra HOpMyIsIa SBIISETCS KOJMYECTBEHHBIM yTOYHEHHEM KPUTEPHsl CIydaitHOCTH JIeBuHa
— MTnoppa (B dpopme ¢ npedurcHoil CI0KHOCTBIO, KaK B cratbe Yeituna [4]). Hasee Mbl 06cy kK-
JlaeM HEKOTOpbIe BAPWAHTHI JIBUXKEHUsI B OOPATHYIO CTOPOHY: KaK OT JedeKTa CaydailHOCTU JIjIs
OGECKOHEUHBIX I110CJIeI0BATE/ILHOCTEN HepeiTu K JIeeKTy CIydallHOCTH KOHEUHBIX.

Hastee MBI ompeiesisieM MOHSITHE TeCTa GEPHYIUINEBOCTH (YACTHBIN CJIydail CJydIailHOCTH OTHO-
CUTEJIFHO KJjlacca Mep, B JaHHOM Cilydae — KJjacca ODEepHYJUIMEBBIX Mep). MBI IOKa3bIBaeM, 4To
MHO2KECTBO OEPHYJIMEBBIX MOCJIEOBATEILHOCTEH, JIJIsi KOTOPBIX 9TOT TECT KOHEYEH, COBIAJIAET C
obbequHeHneM 110 BeeM p € [0, 1] MHOXKeCTB nocJieioBaTebHOCTEl, cilydaifHbIX B cMbicye Maprus-
JIéda oTHOCHTENBHO GEpHYJIIHEBOI MePEI By, IPU 3TOM B OIIPEJICJICHAN CJIyIaifHOCTH J100aBideTca
opakyJi jiutst p. st 5TOro MbI BBOJIUM MOHATHE PABHOMEPHOTO OEPHYJIJINEBA TECTA U YCTAHABIMBAEM



KOJIMYECTBEHHBII BADUAHT YKA3AHHOTO pe3y/ibrara: JAedeKT OepHY/IIMeBOCTH PABEH TOYHON HUKHEH
rpanu (1o p) 1edeKTOB CIy4aifHOCTH OTHOCUTEIBHO KaXK/0ii u3 Mep By,

[Tocne 9TOr0 MBI BBOJUM IIOHSITHE PABHOMEPHOTO TecTa (yKe He OrpaHMYUBASCH KOHKDPETHBIM
KJIACCOM Mep) U COOTBETCTBYIOIIEE eMy IIOHSTUE PABHOMEPHON ciydaifHocTH (KOTOpOE JJIsl CJIydast
BBIYUCJIUMBIX MEp COBIaaeT ¢ onpesenenunem Maprun-JIéda).

BepnysineBsr Mepbl 00/181a10T TAKUM CBOWCTBOM: UM JIOCTYII K CJIYIaiHON 110 OMHOM U3 9TUX
Mep 1OoC/JIeI0BATC/IbHOCTU, Mbl MO2KEM BOCCTAHOBUTL 3HaYCHHNE P KaK IIPEJIeJIbHYIO 9aCTOTY €JNHUIY
(zaxon Gospmmx wucest). Mbl TOKA3BIBAEM, 9TO JJTs MOJOOHBIX KJIACCOB MEDP PA3JUTHBIE OTPEIesIe-
HUsI CJIydaifHocTn (paBHOMEpPHOE U “‘ciernioe”’, KOTjia TeCT He HCIOJIb3YeT Mepy) PABHOCHJIBHBL. DTO
yTBepKJIeHne 0000IaeTcst 1 Ha MePbl B IPOM3BOJIBHBIX KOHCTPYKTUBHBIX METPUIECKHUX [IPOCTPAH-
CTBax.

Hakonen, BBeséM HEKOTOPBIE MOJIE3HbIE 0003HAYECHU.

Mui 6yaem nucars f(x) < g(z) mist nonoxurenbubix dbyHKIUil f U g, eciu yKazaHHoe Hepa-
BEHCTBO BBIIOJIHAETCS ¢ TOTHOCTBIO JI0 MYJIBTUILITMKATUBHON KOHCTAHTBI, TO ecTh f(z) < cg(x) ma
HEKOTOPOTO ¢ U JIJIs BCEX .

Bamucn f(x) = g(z) osmauaer f(r) < g(z) u g(z) < f(x).

O6osnauenus f(x) < g(x) u f(x) = g(z) umeror anamormaHbIi cMBICH (HEPABEHCTBO ¢ TOYHO-
CTBIO JI0 &/INTUBHON KOHCTAHTBHI).

Yepes A Mblr 0603HATAEM ITYCTOE CJIOBO (CTPOKY HyseBoOlt jaymabl). JymHa ciioBa & 0603HaIaeTCst
|z|. Bamucs & C y win y J o 03HAYAET, 9TO CJIOBO T sIBIsIETCs HavasioM (npedukcom) ciioBa y. Dire-
MeHTbI GECKOHEUHO [ocIeIoBaTelIbHOCTH & (& TakyKe OyKBBI cyioBa &) obosHavatorest (1), z(2), .. .;
eé HavaJso JUmHbl n obo3Hadaercst (1 : n).

YacTo Mbl paccMaTpuBaeM (DYHKIME CO 3HAaUeHHsAM B MHOKecTBe Ry = [0,+o00] (meorpuia-
TesibHbIe (DYHKIMH, BO3MOXKHO, GECKOHEUHBIE B HEKOTOPBHIX TOYKax). MHOXKECTBA HATYDAJILHBIX U
JeficTBUTE/IBHBIX dnces1 obosnadaorcs N u Z; depes B unorga obosuadtaercss muoxecrso {0, 1}.

Jlorapudmbl, eciu He yKa3aHO WHOE, OEPYTCs 10 OCHOBAHUIO 2.

2 Cuay4gaiiHOCTh TIOCJIEJOBATEJILHOCTEI
OTHOCUTEJIbHO BBIYUCJIUMBIX MEP

Mg HauHEM C OlIpeJesieHu A CJIy‘IafIHOCTH GECKOHEUHBIX JABONYIHDBIX HOCJIQILOB&TQJH)HOCTGI'?‘I OTHOCH-
Te€JIbHO BbIYUCJIUMbBIX MEP.

2.1 [Ilepeuncaumbie cuu3ly QyHKIUN Ha §)

Omnpenenenue 2.1 (Kanroposckoe npocrpanctso). Mruooicecmeso {0, 1Y Geckonewnviar dsounnvix
nocaedosamesvLHOCMEt Mbl HA3BIEAEM TBOUIHBIM KAHTOPOBCKAM MIPOCTPAHCTEOM U 0603Hauaem §2.
JTas Kaoicdo20 Koneuno20 d60UNH020 CAOBA T Mbl DACCMAMPUBAEM THTEPBAT ), cocmoauut us 6cer
nocaedosamervrocmetl, HAMUHMOWUTCA Ha T. Hnmepeasvt A6AA0MCA OA3UCHBIMA OTKPBITHIMA
MHOXKECTBAME CIMAHIAPMHOT MON0A02UY KAHMOPOGCK020 NPOCMPAHCMEA; OTKPBITHIMA AGAAIOMCA
nPOU3EOALHBIE 06BEOUHEHUA UHMEPEANOG.

[TousTne OTKPBLITOI'O MHO2KECTBA, KaK U JIPpYyrue TOIIOJIOTNIECKUE ITOHATUA, UMEET S(b(beKTI/IBHbeI
aHaJIOT.

Omnpepesienne 2.2. IDDHEKTUBHO OTKPBITHIME MHOHCECMBAMU HA3bIBAIOM 006eJUHEHUA NEPEUC-
AUMBLT cemeticme unmepsa.nos. JPMEKTUBHO 3aMKHY TEIMU HA3bl8A0MCA JONOAHEHUA IPPHEKMUCHO
OMEPLIMBLT MHOHCECTNG.



Janee mootcro onpedesums sddexrusabie Gs mhoocecmea kax cuémmvie nepeceverus M;U;
nocaedosamenvrocmu sfdexmuero omrpumoz muodcecms Us; npu amom mpebyemes, wmobww U;
6v110 aPPermueno omrpLIMo PasHOMEPHO 1o i (an20pumMm NOAYHGEM HA 6T00 § U NEPEHUCAAEM,
unmepsaas, obpasyrougue Uy).

Bydem naswsamo dynryuto t:  — [0, 00] nepeuncanmoii cHu3y, ecau

(a) daa mobozo payuonarvrozo r muoscecmeo Uy = {w | r < t(w)} omxpwimo,

(6) u, 6oaece moeo, U, sfipexmusno omrpuimo pasromepno no r (cywecmsyem ai2opumm, Ko-
MOPvI NOAYHAEM T U NEPEUCAALT, UHMEPSaavl, obpasyrouyue U,).

YesoBue (a) o3Havaer, uTo yHKIWs ¢ TOJTyHEIPEPBIBHA CHU3Y, TaK YTO [EPEUUCIUMOCT CHU3Y
saBjsteTcs ahdeKTuBn3aImeil MOHATUs 0y HeIIPEPhIBHOCTH.

[Mousarue nepeducaumoit cHudy (yHKIUU B JIAJbHEHIIIEM UTIPAET BaXKHYIO POJib. Kro MOXKHO
OLPEJICJIUTH PA3INIHBIMU (SKBUBAJICHTHBIME) criocobamu. BoT ofHa u3 Takux 1mepedopMyInpOBOK.

Omnpepesnenne 2.3. QyHKUUA ¢ PAUUOHAALHOMY 3HAYEHUAMY, ONPEJeAérHas Ha §2, HA3VIBAEMCA
6a3UCHOM, ecau €€ 3HAUEHUE HA NOCAEJOBAMEALHOCTNU W ONPEIEAALMCA KOHEUHIM HAYAAOM W.
Ecau amo navano umeem dauny N, mo dymruus mosicem npunumams do 2N snavenut, u eé
Modtcno sadams mabauuet us 2V cmpox, 6 Komopoti das Kascdozo eapuanma navana (060UNHO20
cao06a daunvt N) ykasano payuonasvroe snauenue dynryuu. Iloamomy basucrvie GYHKGUL MOHCHO

CHUMAMD KOHCMPYKMUSHBLMU 00BEKMAMU.
Cremyrotiee mpeJjIoyKeHne JIerKo CJIeyeT U3 OlpeJIeIeHui:

ITpengioxkenne 2.4. Iepevuciumvie GYHKUUL U MOABKO OHU ABAFIOMCA NOMOYEUHMU NPEIEAAMU
BUMUCAUMDIT B03PACTMANOULUT TOCAEIOBAMEALHOCTEY, 6A3UCHVT HYHKUUT.

PasnocTb nByXx 6a3uCHBIX QYHKIMMIT TOXKE sIBJISIETCsI DA3MCHONW DYHKINEH, IT03TOMY BMECTO IIpe-
JIEJIOB BO3PACTalOMUX (DYHKIUN MOXKHO MOBOPUTB O CyMMaX PsIJIOB, COCTABJIEHHBIX M3 HEOTPHUIA-
TeJIbHBIX 0a3UCHBIX QYHKIHIA.

Bor emg o BapuaHT onpejieieHust MePeIucTuMbIX cHu3y MyHKIm na €.

Onpepenenne 2.5 (ITopoxnaonme dbynkuun). Bydem 2060pumsv, wmo onpedeaénran na 080uy-
nox croear Pymnkyus T co snaverusmu 6 [0, +00] A6AAEMCA TEPEIUCTIUMON CHUSY, ECAU MHOCE-
ecmeo nap (x,r), 20e T — deouuHoe CA060, 4T — PALUOHAALHOE Yucao, menvwee T (), nepevuciumo.
s waocdot maxol gynxyuu T onpedesum dynruyuo t na beckoneuHbvr nocaedosamenvHo-
CMAT, NONOIHCUS
t(w) =sup T'(z);

zCw

6ydem 2osopums, wmo gynryus T mopoxgaer Gyrryuo t.

ITpeagoxkenne 2.6. [Ipu smom noposcdaromes 6ce nepevuciumvie CHudy Gyrkyuy Ha 0 u moavko
OHU.

MOXKHO HAJIOKHUTH JONOJHATE]bHbIE OrPAHUYEHUsT Ha HOPOXKIAONYI0 GyHKIuIO T, COXpaHUB
BO3MOKHOCTH IIOPOXKIATEH JIIOOYIO HMepedncauMyio cHusy gyHkuuio Ha €. Hanpumep, MOXKHO Tpe-
6oBaThb, 4T00bI hyHKIMs T GbLIa MOHOTOHHOH (970 3HaunNT, uro T'(2) < T(y) npu z C y). B camom
aedie, ot J1060it GyHKIUN MOXKHO IepeiiTn K MOHOTOHHO, nostoxkus 1" (x) = max,c, T'(z). MoxHo
TakKe oTpedoBaTh, YTo0ObI (DyHKIMs 1T IPUHUMAJIA PAIMOHAIbLHBIC 3HAUCHUSI U ObLTa ObI BBIYHC-
JIIMO#i (2 He TOJIbKO NEPeYuCIMMOl cHE3Y). B caMoM jiesie, OCKOJIBKY B ONPEJICJCHUN yIaACTBYET
sup T'(x) 1o BeeM T, SIBJISTIOIIUMCS HAYAJIOM W, BMECTO yBesmdenus T (x) st HEKOTOPOTO Z MOYXKHO
YBEJIMUATD 3HaYeHust pyHKIun T’ i BCEX ero IPOJOJIKEHHI JOCTATOYHO OOJIBIION JIMHbI, U 3Ta
3aJIePrKKa TO3BOJISAET cAesaTh MYHKINIO T BHIYUCIUMOIA.



Crenytoree HabTIOIEHNE UCIIOIB3YeT KOMIIAKTHOCTh KAHTOPOBCKOTO MTpocTpaHcTa. Cpen Becex
dbyuxnumit T'; TOPOXKIAIONINX JAHHYIO (PYHKIIUIO ¢, MOYKHO BBIOPATh MAKCUMAJILHYIO, TOJOXKUB

T(z) = inf t(w).
wdx
Ilpenmoxkenune 2.7. Onpedesérnas maxum obpazom pynxyus T nepevuciuma chudy u nopostcoa-
em t. B eé onpedesenuu moorcro samenumo inf na min.

oxazamesvemeo. OdueBuaHO, 9TO TOpOXKIaeMas (byHKIUsS He npesocxoaut t. C mpyroit cto-
pOHBI, ecim t(w) > T, TO B CHIy HOJYHENPEPBIBHOCTH CHU3Y 3TO BEPHO B HEKOTOPOW OKPECTHOCTH
w, u moromy T'(x) > r ayst Hekoroporo Hadada ¢ T w. Takum obpasom, mopoxjaemasi (yHKIUsT
COBITQJIA€T C t.

Ocraérest ybemursest, uro T nepeunciamma cHusy. B camom gese, r < inf,o, t(w) Torma u
TOJIKO TOIJa, Korja cymectsyer r' > r, miasa koroporo 7 < t(w) mist Beex w J x. Ilocsennee
YCJIOBHE MOXKET OBITH 1epepOPMYIHPOBAHO TaK: OTKPBITOE MHOXKECTBO T€X MOCIEI0BATEILHOCTEH
w, I KOTOpbIX t(w) > r/, mokpeiBaer uarepBas ). DTO OTKPHITOE MHOXKECTBO (110 ompejese-
HUIO NEPpEINCINMOCTU CHI/IBy) €CThb O6'be‘ZLI/IHeHI/Ie nepeIncjammoro ceMelicTBa UHTEPBaJIOB, U B CUJIY
KOMITAKTHOCTH y2K€ KOHEYHOE YHCJI0 NHTEPBAJIOB 00pa3yeT HoAoKpbITHe. [I0CKOJIbKY 3TO B KaKOii-
TO MOMEHT O6Hapy}KHBaeTCH, YKa3aHHOe CBOICTBO IIepeIncCaImMO, 1 KBaAaHTOP CYIIECTBOBaHUA I10 ’I"/
COXpaHSeT TMePEeTnCTIMOCTb.

[ToryHETTPEPBIBHOCTD CHU3Y TaK:Ke TApAHTUPYET, 9YTO MUHUMYM HA KOMITAKTHOM MHOXKECTBE JI0-
CTUTaeTCs1, TaK 9To inf MOYKHO 3aMEHWTH Ha min.

2.2 Tectbl cay4daiiHOCTH

MebI npesimosiaraeM, 9TO YUTATEh 3HAKOM C OCHOBHBIMU MOHSITHSIMU TEOPUU MePbI (XOTs Obl JIjist
KaHTOPOBCKOrO mpoctpaHcTsa §2). Hanmomuum, 9ro Mepa (pacupesesnenue BepositHocTeil) P Ha (2
3a7a8TCsI CBOMMU 3HAYEHUSIMU Ha, MUIKHIpaX r{). DT 3HAUEHUS 3aJal0T HEOTPHUIATETLHYIO Jeil-
CTBUTEJIBbHYIO (DYHKIUMIO HA JBOUYHBIX CJIOBAX, KOTOPYIO Mbl 0O03HAYaeM TOH ke OYKBOIi, 4TO W
caMy Mepy:

P(z) = P(z).

IIpu sTom
P(A) =1, P(z)=P(20)+ P(z1),

u Jr00ast HeoTpuIaTeIbHast PYHKINS HA JTBOMTHBIX CJIOBAaX, 00JI1a a0IIasi STUMU JBYMs CBOWCTBaMH,
COOTBETCTBYET Mepe Ha ).
Cpenn Bcex Mep BBIAEJISIIOTCA BBIYUC/IAMBIE.

Onpepenenne 2.8 (Borauciumbie Mepbl). Jeticmeumenbroe wucio T Ha3bi6aemcs BbIYUCTUMbIM,
ECAU CYWECTNBYEM, AN2OPUMM, KOMOPHLT 1O A060MY Payuonasvromy € > 0 yrxazvieaem payuonasb-
HOE NPUbAUIICEHUE K T C GOCOMOMHOT NOZPEUWHOCTNBIO He DoAeE €.

Boruucaumovie deticmumesvhvle YUCAd MOACHO ONPEJeAamd MaKice Kax npedesv nocaedosa-
meavhocmeti 1, Ta, - . ., OAL KOMOPOT | Ty, — Tpak| < 277

Dynkyus, onpedestHHaa Ha cA08aT (UAU UHBLE KOHCMPYKMUSHLL 005eKMAT) U NPUHUMAI0-
wWas Jeticmeumenvrole 3HAUEHUA, HA3DIBAEMCHA BHITUCIUMON, ecAl €€ 3HAUEHUA BLUUCAUMDL POG-
HOMEPHO MO 8T0JY, MO ECMB CYWECMBYEM, GAZOPUMM, KOMOopwil no 6xody u no € > 0 yxasvieaem
E-NPUOAUIICEHUE K 3HANEHUIO PYHKUUU HA IMOM BLOJE.

Mepa na 0 nasvsaemes BBIMUCIUMOH, ecau evuucauma dymnkyus P: {0,1} — [0,1], coom-
8EMCMBYIOWAA IMOT Mepe.



[Tycrs dukcupoBana BeraucanMast (BeposiTHOCTHAsT) Mepa Ha ).

Omnpegenenne 2.9 (Tect caygaiinocTu mo Beraucaumoii Mepe). Ilepevucaumas dynryus t: Q —
[0, +00] Haswsaemca (OrpAHUYIEHHBIM B CPEJHEM) TECTOM Omuocumenvro mepv, P (P-mecmom),
ecau eé unmezpaa (mamemamuseckoe oscudanue) no mepe P ne npesocrodum 1:

/t(w) dP(w) < 1.

Iocaedosamenvrocms w npoxoauT mecm t, ecau t(w) Konewno (HANOMHUM, YIMO MbL PACCMAM-
PUBAEM NEPEUUCAUMbIE CHUZY PYHKUUL, KOMOPBIE MO2YM NPUHUMAMS GECKOHENHDIE SHAMEHUA ).
Hocaedosamenvrocms w Ha3vl6aemMcea CIyIaitHoit no mepe P, ecau ona npoxrodum ece P-mecmot.

NHaTYyUTUBHBII CMBICJI 3TOTO OIPEJIE/IEHUS MOXKHO OIUCATH TaK: t(w) oTpaxkaeT “‘KOJUIECTBO
zakoHoMepHocreii” B w. Crposi TecT, MBI MOKEM OObIABUTH “3aKOHOMEPHOCTHIO” 060 (3dbdek-
TUBHO 06Hapy>KI/IBaCMOC) CBOMCTBO MOCJIEAOBATEILHOCTH, HAIO TOJIBKO CICIUTh, ITOOLI NX OBLIO He
CJIMIIIKOM MHOT'O, HHAYE WHTETPAJI IIPEBLICAT TDAHUILY.

D10 ompeiesieHne SKBUBAJIEHTHO (JAET TOT Ke KJIACC CIyUalHbIX MOCIIe0BATEIBHOCTEN) KIlac-
cuueckomy omnpejesiernto Maprun-JIéda (cm. wHimzke). Ho cHavyasa OTMeTHM, YTO CpPeJU TECTOB
CYIIECTBYET YHUBEPCAJIBHBIN (MAKCUMAJIbHBIN):

Teopema 2.10. [as 410601 svivuciumoti mepve P cywecmeyem ynusepcasvioli (MaKkcumaivroid )
mecm u: Imo 03navaem, 4mo daa 06020 P-mecma t natidémea xonemanma ¢, npu Komopot

t(w) < ¢ u(w)
npu ecex w € 1.

B uwactHOCTH, YHUBEPCAJILHOCTH TAPAHTUPYET, UTO BCSIKAs ITPOXOJISAIIAS TECT U IOCEI0BATE b
HOCTBb TPOXOJIUT BCE JIDYTHE TECThI. 1€M CaMbIM MHOXKECTBO IOCJIEI0BATEIHHOCTEH, TPOXOJISIIITX
TECT U, COBIIa IaeT C MHOYKECTBOM CJIYUYailHBIX I1OCJI€I0BATEIbHOCTEN.

Loxazameavcmeo. Byjem nepedncisiTh Bce AJITOPUTMbI, 33 IaI0IIHe IEPEeIUCTUMbIe CHU3Y (DYHK-
. (Takoii ajJropuT™ MOpOKAAeT BO3PACTAIONIYIO TIOCJIEI0BATEILHOCTL OasucHbix (Gyuknuii.) He
BCe 9TU nepeducaumble GyHKImH OyayT TecTaMu (MHTErPAT MOYKET IIPEBBICUTD €MHHUILY ), HO MBI
MOXKeM UX (PUJIBTPOBATH U HE MIPOIYCKATb OYepeaHy0 (DYHKIINIO, ITOKa HE OYIeT yCTAHOBJICHO, UTO
eé maTerpan Menpire (ckaxem) 2. (HamomumMm, aTo Mepa P BBIMHCIUMA, TIOITOMY €CJIM HHTETDAJT
MEHBIIIe 2, TO MBI CMOXKEM B 3TOM ybeauThest.) Takasi (uiibTparysi IpOIyCTUT BCE TECTHI U eI
HEKOTOpbIe (PYHKITNH, KOTOPBIE MTPEBOCXO/ISIT TeCThl He Gosiee 1eM BaBoe. OcTaéTcsl CIOXKUTDH BCe

npoduiabTpoBaHHble GYHKIMU ¢ KO3bOUIMEHTAMI, CyMMa KOTOPBIX HE MPEBOCXOMUT 1/2, ckarkeM,
1 /2i+2

B rakoit dpopme Tectrl cayuaiinoctu durypuposaan B [9)].
Voeaumcest, ITO 3TO OIpeJieSieHue SKBUBAJIEHTHO KJIACCHUIECKOMY orpejesenuto Maprun-JIéda:

Omnpenenenune 2.11. ITycmo P — svuucaumoe pacnpedesenue sepoammocmets na . Iocaedosa-
meavrocmv omrpumouir mroocecms Up, Us, . .. nasweaemcea tecrom Maprun-JIéda, ecau mmoorce-
emeo U; appexmuesro omxpwmo (pasromepro no i) u e2o mepa ne npesocrodum 27°.

Iocaedosamenrvrocms w TPOXOIUT IMOM MECM, ECAU OHG He npuHadsedcum nepeceveruro MN;U;.
Taxue nepecewenus (a maksce 6ce UT NOOMHONCECMBA) HA3LEa0M IDDEKTUBHO HYJIEBBIMU MHO-
JKECTBAMMU.



MozkHo 6b1LI0 GBI PACCMATPUBATH TOJIBKO 9TH TI€pecevdeHns (a He BCe UX IIOJIMHOYKECTBA): Ta-
K€ MHOXKECTBa OBbLIO Obl JIOTUYHO HA3BIBATH IPPEKMUSHOIMU HYAEELIMU MHodcecmeamy. OHu
sBIsoTest 3hdexTuBHbBIMU G §-MHOXKECTBAMU (IIEPECEUEHUSIMU TIOCJIEI0BATETHLHOCTH PABHOMEPHO
9 DEKTUBHO OTKPBITHIX MHOYKECTE ).

Kak MbI y2ke roBopuin, 9TO OIpejesieHre PABHOCUILHO TPUBEIEHHOMY BBIIIIE:

Teopema 2.12. [locaedosamenvrocmsd npoxrodum ece mecmovr Mapmun-JIéa mozda u moavko mo-
2da, xKo02da oHa MPOXOOUM 6CE 02PAHUMEHHDBLE 6 CPEJHEM MECTNbL.

Loxazameavcmeo. Ecaum t — orpaHuveHHBI B CPeJIHEM TECT, TO MHOXecTBO U; Tex w, JJjist
KOTOPBIX t(w) > 2¢, 3cheKTUBHO OTKPLITO U NMeeT Mepy He Gojiee 27°, Tak UTO TOJyYaeTcss TecT
Maprun-JIéda. ITosromy ecin w npoxoaut sce Tectbl Maprun-JIéda, o t(w) KoHeuHO.

C apyroii croponst, u3 soboro recra Maprun-JIéda {U;} nerko caenars orpaHn9eHHbIN B CPeJI-
nem Tect. looxkum t;(w) pasmbiv 2° BayTpu U; u mymo e Us; GynKmus ¢; mepeducmMa CHu3Y
1 MMeeT cpenHee He bosbie 1, To ecTh mpezcTaBiseT coboit Tect. OCTaéTest CIOKNUTE, CKaxkeM, to;
¢ Becamu 2% ecimm w sexut B Usp;, TO Takas cyMMa GyaeT He MeHble 2°.

B sasbHelieM, roBopst 0 CIy9aifHOCTH, MbI 6yj1eM UMETh B BUJLY CJIY4YaiiHOCTD B CMbICTIE (JIF060r0
U3) 9TUX ONPEJEeJEHNIl ONpe/IeIeHI, €CIM He OTOBOPEHO IIPOTUBHOE.

OrpaHuveHHble B CPEIHEM TECTHI HE TOJIBKO OTIEJSIOT CAydalHbIe IOCAeI0BATEBHOCTH OT
HECJyYalHbIX, HO U KJIACCUMUIMPYIOT CIydafiHble OCJIEIOBATEILHOCTH: €M OOJIbIlle 3HAUYEHHE
TecTa, TeM OJIIKe MTOC/Ie0BATEIbHOCTD K HEeC/IyIaiiHbIM. YI00HO IIEPEeUTH MIPHU 9TOM K JIOrapuMu-
YeCKOH IIKaJie:

Onpegnenenue 2.13. Qukcupyem nexomopuili yrusepcarvrvili (ozpanuuernvitl 6 cpednem) P-meem
tp(w). Yepes dp(w) obosnawum aozapudm smozo mecma:

Mozk#o ckazarh, uro dp(w) u3mepsier B 6urax “medekT ciaydaifHOCTH” MOCIe0BATEILHOCTH W
(KOJIM1IeCcTBO 3aKOHOMEPHOCTEN B W).

[Tpu Hamem onpejiesieHnn jieekT ObIBaeT OTPUIIATETBHBIM (M JJaXKe MOYKET ObITh PABHBIM —00):
UHTErpaj or Tecta He Oojbmie 1, U MOTOMY TECT MMeeT 3HAYCHHsI, MEHbINUe eIuHUIbl. MOoKHO
U3MEHUTH YHUBEPCAJILHBIA TeCT (B3ATh €ro moJyCyMMy C MOCTOSIHHBIM TE€CTOM, Be3Jie PABHBIM €]~
HUIIE) U JTOOUTHCS TOro, 9ToObI JedekT Ol Beerya He Menbine —1. MoxKHO Takke caenaTh jaedexT
HEJIOUNCIEHHBIM (3aMEHUB KayK/I0€ 3HAUEHUE TeCTa HA MAKCUMAJBHYIO CTEleHb JIBOMKHN, MEHBIITYIO
ero). YroObl n36aBATHCS OT OTPUIATEIBHBIX JMeEKTOB, MOKHO PAa3PEIIUTh TECTAM UMETh JIOOBIE
KOHEYHbIE CpesiHue (He 00sI3aTeTbHO MEHBIIE €/IMHUIIBI ):

IIpengioxkenne 2.14. Qynxyus dp asasemca maxcumarvrot (¢ mownocmvio do KoncmanmoL)
nepevucaumoti cnusy dynryuets na L, daa xomopoti P-cpednee om 29P0) xoneuno.

3ameuanue 2.15.

1. Opueunasvroe onpedesenue Mapmun-JIépa maroice mootcem 6vims UCTOADIOBAHO OAA U3-
meperua defexma caywatinocmu. HUMEHHO, MOJHCHO CUHUMAMD, 4MO dAeMeNMb, MHOHcecmea Uy
umerom dehexm i uau Goavwe. Imom cnocob usmeperus deexma, ucnoavsosanrvd 6 [30], sxeu-
BANEHMEH, 02DAHUMEHHBLM N0 8ePOAMHOCU mecmam (cm. caedyrowutl pasdes 2.3).

2. Mwi onpedeauau gynrxyuto dp(x) omdesvro das kastcdot mepwr P (¢ mowrocmoio do Koweman-
mut). B daavnetiwem moe onpedesum (makoce ¢ mounocmuro do kowemarnmu) dyrxyuro d(w, P)
d8yx apeymenmos, xomopas 6ydem o xaxcdot svruucaumoti mepvr P coenadams ¢ dp (¢ mot orce
MOYHOCTBIO).



2.3 TecTbl, orpaHUYEHHBbIE TI0 BEPOITHOCTU U B CPeJIHEM

[IpuBeénHOE BBINTE OMpEIEeHe OTPAHNIEHHOTO B CPEJTHEM TECTa B KAKOM-TO CMBIC/IE AHAJTOTH-
HO OIIPEJICJICHUIO TPEePUKCHON KOJIMOTOPOBCKON CJI0XKHOCTH; €CTh U JIPYTIOil BADUAHT OIIPEICJICHUS,
KOTODBIil 6OJIbIIIe TOX0XK Ha OOBIYHYIO CJI0XKHOCTB. (Omnpejeienne npedUKCHOR 1 OOBITHOMN CJIOK-
HOCTH MOXKHO HaiiTu, Hanpumep, B [26, 19]; MblI ucrosib3yeM 3TU HOHSITUS JIHUIIL KAk obpasery JJist
aHaJIoruil, 1 MOTOMY He 00CY?KJIaeM UX IOPOOHO.)

Ocnabum TpeboBanust Ha TecTbl: BMecTo ycioeust [ t(w)dP(w) < 1 6ymem TpeGoBarh, 4TI
JUTst JIE060ro ¢ > (0 MHOXKECTBO TIOC/IEIOBATEILHOCTEl w, NI KOTOPBIX t(w) > ¢, nMeso 66 Mepy He
Gosbiie 1/c. (Do ycioBue ciie/lyer u3 MpeKHero coryiacHo HepaBeHCTBY Jebbimésa.) Takue TecThl
Oy/eM Ha3BIBATH 02PAHUMEHHHMU NO EPOATMHOCTIIU.

B sorapudmudeckoii 1mkasie 3TO onpeeeHne MOXKeT ObITh epedOpMyInpOBaHO Tak: P-mepa
MHOKECTBa IT0CJIeI0BaTe/IbHOCTEN, nMeronux aedekT 60sbie n, He mpeBocxoqut 2~ ". Ecim orpa-
HUYUTBCS MEJIBIMA 3HAYCHUSIMY 70, TO MbI IIPUXOJIUM K KJiaccudeckoMy ompejesenuio Maprun-JIéda
(cM. 3ameuanne 2.15).

Jlerko BUIETH, UTO U MPU ITOM OMPEJEJEHUN CPEIU BCEX TECTOB CYIIECTBYET MaKCUMAJIbHbBIM
(C TOYHOCTBIO IO YMHOXKEHHsI Ha KOHCTAHTY). EMy COOTBETCTByeT MaKCHMAJbHasi (C TOYHOCTBIO
JI0 aJIJIATUBHON KOHCTAHTBI) dbyHKIus fedekra. B camom mese, GyieM mepedncyisTh BCe TeCTh (1
[OYTHU-TECTHI, TJI¢ YCJIOBHE HA MEPY BIBOE 0Caab/eHo) n cooTBercTByionme uM dbyHknnu gaedexra
d;. 3areM BO3BMEM MX MAKCUMYM (C aJ/ITATUBHBIMUA JOOABKAMH, COOTBETCTBYIOIIUME BECAM ):

d(w) = mlax[di(w) —i] —c

DTOT MaKCUMYM MOXKeT OBITh MEHbIIE d; TOJBKO Ha i+ ¢; C JAPYroif CTOPOHBI, MHOYKECTBO TEX W, JJIst
koropbix d(w) > k, npejcrasisier coboii obbequHenne MaoxkecTB {w | d;j(w) > k + i + ¢}. Meps
STHX MHOZKECTB He mpesocxoaT O(27F17¢), u npn moaxoasIem ¢ nX 06beMHeHIe HMeeT Mepy He
Goutbirte 27, kak u Tpebyercs.

BosHHKaeT ecTeCTBEHHBIN BOIPOC: KaK CBS3aHBbl 3HAUEHHs YHUBEPCAJIBHOTO OIPAHUYEHHOIO B
cpesem Tecta t2V°' M yHUBEPCATLHOIO OrPAHMHYEHHOTO 10 BepoaTHOCTH Tecta tPP? Kax Mbl Bu-
JeJii, OHH 0631 6eCKOHequI Ha OJHHUX M TeX 2Ke I10CJIeJ0BaTEe/IbHOCTAX] 60ﬂee TOro, 1 KOHE€YIHbIEe
3HAYEHUS X OJU3KIU:

Ilpenioxxenne 2.16.
daver(w) 2 dprob(w) 2 daver(w) + 210g daver(w)

oxazamesvemso. Kak Mbl BUen, OTpaHUIEHHBIE B CPETHEM TECTHI ABTOMATHIECKU OTPAHU-
TEHBI IO BEPOSITHOCTH, OTKY/Ia CJIE/IyeT MEPBOE HEPABEHCTBO. UTOOBI JOKa3aTh BTOPOE HEPABEHCTBO,
PacCMOTPHUM POU3BOJIBHBI ONpaHUIEHHBII 10 BEPOSITHOCTH TecT U ero jorapudm d(w). TTokaxkem,
aro d — 2log d orpanuven B cpenneM (B jorapudmudeckoil mkase). B camom nese, cobbitue “d(w)
HAXOIUTCA MesKay i — 1 u 47 umeer BeposTHOCTD He Gosee 1/21~1 unrerpan or 29721964 1o sTOMY
MHOKeCTBY He npesocxoaut 2~ +12i=2108 — ((1/i2), u moToMy mmTerpaj 1o BceMy IPOCTPAHCTBY
KOHEYEH.

Ocraérest 3aMeTUTD, YTO HEPABEHCTBO @ b + 2log b ciemyer u3 b Sa-2 log a. B camom siene,
u3z b > a — 2loga cremyer b > a/2 (upu gocrarouno Gosnbmux ) u noromy loga < logb + 1, rak

qToazbJerogaE b+ 2loghb.

B obmiem ciydae BOIPOC O TOM, KaK CBA3aHA OIPAHUYCHHOCTL B CPEJHEM M OIPAHUYCHHOCTD 1O
BepoATHOCTH, pasbupaercs B crarbe [24]. Tam mokazano (1 9TO HECTIOKHO), ITO ecau u: [1, +00] —
[0, +-00] — MoHOTOHHAsI HenpepbiBHas dyHKIWs, A KoTopoit [ u(t)/t? dt < 1, To u(t(w)) sBms-
eTCsi OTPAHMYEHHBIM B CPEJIHEM TECTOM JIJIsl JI060T0 OrPAHUYEHHOIO 110 BEPOSITHOCTH TecTa ¢, U 9To
5TO yCJIOBHE Ha U Heb3s yirydnmth. (Hamma onenka mosyuaercs npu u(z) ~ x/log? z.)



Sameuanmne 2.17. [ocaednee npedioosicenue HANOMUHGET COOMHOWEHUE MENCOY NPOCTOT U Npe-
Purcroli caoscrocmamu (KaK U ¢ MOYKY 3PEHUSL COOMHOWEHUA MEHCOY ONPEJEAEHUAMU — 6 0OHOM
02DAHUNUBAEMCA UHMELPAA, 6 OPY20M KOAUNECTNEO 00BeKM08, — Mak U No peaysvmamanm). Basicro
UMEMDB 8 BUDY, YMO CEUNAC PASHUUA MEHCOY JBYMA BEAUNUHAMU 02PAHUEHE A02apUPMOM TedheK-
Ta, U NOMOMY MAAG, ECAL NOCALIOBAMEALHOCTVD bAUSKA K CAYATHOT, 68 MO 8PeMA KAK OAA PASHUUA
Meoncoy npedurcHoll u 00bMHOT CAOHCHOCTNAMY OUEHUBLEMCA YEPES N02GPUPM CAMUT IMUL BEAU-
wur (Komopul 6eAuk 0Af CAYHATHT 005EKMOE ).

Bonpoc. Narepecto ObLJIO ObI TOHATH, OTANIAIOTCA JIX ABa BUIA TECTOB JINIIL HEKOTOPBIM CIBH-
TOM IIKaJbl Wk 0oJiee CyImecTBeHHBIM obpasoMm. llomTeepxkiaeHuneM Taxoro 60jiee CyIecTBEHHOIO
pa3auYdns MOTJIO OBl CJIYKUTH CEMECTBO MOCIeI0BATETBHOCTEN w; 1 wz'-, JIJ1sT KOTOPBIX

daver(wi) _daver(wg) — 400

IIpu ¢ — 00, HO
dpmb(wi) — dpmb(w;) — —00.

ABTOpI)I HE€ 3HalOT, CYHIECTBYET JIM TaKOe CeMEeNCTBO.

2.4 ®opmysa JJisd OrPAHUYEHHOTO B cpeaHeM JiedeKTa

Ota dopMyIa HCIONIb3YeT MOHATHE AMPUOPHOI BEPOATHOCTH (M HPedUKCHYIO CIOKHOCTD); Ha-
HOMHIM COOTBETCTBYIOIIHE Olpenesenus (moapobuee cM. B [26, 19]).

Omnpenenenne 2.18. Mnoocecmeo 080uMHOIT CA08 HA3bIGAEMCA OECTIPEPUKCHBIM, €CAU HU 00UH U3
€20 INEMEHMOE HE ABAACMCA HAUAAOM OpY2020. Bunuciumasn wacmuyras gynrxuyua T ud mmoorce-
€cMea J8OUNHDBIT CAOE 6 cebA HA3bIBAEMCA CAMOOTPAHUYEHHBIM JIEKOMIIPECCOPOM, ecal e€ 00Aacmb
onpedeserus asasemcs becnpedurcroim mmorcecmeom. Mu onpedessem caoncrocms KP p(x) cao-
6a T OMHOCUMEADHO dexomnpeccops D Kax MuHumaiviyio dauny caosa p, das komopozo D(p) = x.
Cpedu scex camo0epaHUteHHBLT OEKOMNPECCOPO8 CYWECMEYem ONTUMABHBIN, 044 K0mopo2o dyHk-
yua KPp munumaavha ¢ mounocmsvro 9o addumueHnoti KOHCMAHMbL. DMa MUHUMAGALHAA OYHK-
yua (0af HEKOMOPO2O PUKCUPOBANHO20 ONMUMAALHOZ0 JEKOMNPECCOPA) HA3BIBALTNCA TPEDUKCHON
CJIOZKHOCTBIO U 0bosnavaemcea KP(x).
Beauvuna m(z) = 2~ KP®) yazuisaemea auckperHoii ampHOPHOiT BEPOSITHOCTBIO (4064, .

Hazpanwue “anpruopHast BEpOSTHOCTD CBSI3AHO C TEM, ITO 3Ta (DYHKIWS SBJIAETCS MAKCUMAJIBHON
(¢ TOYHOCTBIO JIO MOCTOSTHHOTO MHOXKUTEJIS) B HEKOTOPOM KJIACCE BEPOATHOCTHBIX PACIIPE/ICJICHU.
MpbI npuBeJIEM COOTBETCTBYIOIIHE OIIpejiesieHnsi U (DOPMYIUPOBKH 0Oe3 JI0Ka3aTe/IbCTBA.

Onpepenenne 2.19. Qynuxyus f: {0,1}* — [0,00) naswvisaemces IUCKPETHON MOTyMEPOH, €cau

> flx) <1

[Tepeancmmble CHU3Y JUCKPETHBIE MOJYMEPBI MOKHO OINMCATH KAK BBIXOJHBIEC PACIIPEJICTCHUS
BEPOSITHOCTHBIX AJITOPUTMOB, UCHOJIB3YIONMX JATIUK CIyYaflHbIX YHCE] U BBLIAIONIUX Ha BBIXOJ
HEKOTOPOE CJIOBO (€CIIM AJrOPUTM OCTAHABJIMBAETCS; C HEKOTODOIl BEPOSTHOCTBIO OH MOXKET U He
OCTAHOBUTHCS).

IIpennoxxenune 2.20. Qynxyus m(x) ABAAEMCA NEPEHUCAUMOT CHUSY JUCKPEMHOT NOAYMeEPOT,
MAKCUMAALHOT 8 IMOM KAGCCE C MOYHOCTBIO 00 KOHCMGHML: OAA A000T NEePetucAUMOT CHU3Y
duckpemnol noaymepv, [ natidémes makas xoncmanma ¢, wmo ¢ - m(x) > f(x) npu scex x.

Ternepp MOXKHO yKa3aThb IBHYIO (DOPMYILY JJIsI YHHBEPCAJIBHOIO OIPAHUYEHHOTO B CPEJIHEM TECTa
CJIy4ailHOCTH:



IIpengoxenne 2.21. Jas dannoti sviuucaumoti mepv, P ynusepcarvrviti oepanumernmvill 6 cpedrnem
mecm tp 3adaémea popmyroi:
A m(z)
tp(w) = Z .

zCw

(Ecau P(z) = 0, coomsemcemeyrouas 0pobs cuumaemcs 6eckoneunot. )

Jloxasameavcmeo. Ilepeuncinmasi cHudy QpyHKIIS HAa OECKOHEUHBIX MMOCIEI0BATETHHOCTIX OII-
pejiesisieTcs KakK Ipejiesl BO3paCTAIOIIe MOoc/e/10BaTeIbHOCTH 0a3ucHbIX (byHKImil. MoxkHo mnpes-
CTaBJIATH Ce6e 9TO BO3pacCTaHne TaK: B Ka}KILBH'?'I MOMEHT KazKJ10€ CJIOBO X UMeEET HeKOTOprﬁ HeoTpu-
[ATEJbHBIN paIMOHATBHBIH “Bec” w(x), a 3HadYeHNe (DYHKIMI HA [TOCIE0BATEILHOCTH PABHO CYMMe
BeCOB Bcex e Hauas. l[locreneHHO Beca (M3HAYAJIBHO PABHBIE HYJIO) YBEJIMYUBAIOTCS; B KAXKJIbIH
MOMEHT JIUITh KOHEYHOE YUCJIO BECOB HE PABHBI HYJIIO.

B Tepmunax BecoB ycjioBHE OIDAHUYEHHOCTU B CPEIHEM 3aIUChIBACTCS KaK

Z P(z)w(z) <1,

[O9TOMY IIPU yMHOXKEHHH BeCOB Ha P(r) OHO B TOYHOCTH COOTBETCTBYET ONPEIETICHUIO JAUCKPET-
HOU MOJIYMEPBI. 3aMETUM, UTO BBIYUCIAMOCTH MePbl P TapaHTHUPYET, 9TO MEPEUUCTUMOCTD CHUBY
COXpaHAECTCS B 06 CTOPOHBI (IPM YMHOXKEHUHU U JiejieHun Ha P).

Bosiee popmasbro, dyHKIIST
> 5
P(z)

zCw

ABJIAETCA IePeUUCIUMBbIM CHU3Y OIDAaHUYEHHBIM B CPEJIHEM TECTOM; €€ MHTerPaJl B TOUHOCTU PaBeH
ZI m(z). C apyroif ¢TOPOHBI, JIIOGOH TMEPEUNCHUMBINH CHU3Y TECT MOMKET OBITh NIPEJCTABICH B
TepMUHAX YBEJIMYEHUS BECOB, U IIpeJie/IbHbIe 3HAUEHNs TUX BECOB, YMHOXKEHHBIE Ha P, 00pa3yror
IIEePEYNCAUMYIO CHU3Y II0JIyMepy.

(Bamerum, 4TO BTOpoe Ipeobpa3oBaHue He OJ[HO3HAYHO: Beca MOYKHO MEPEPACHPEIeIsTh MEXK Ly
JIBOMYHBIM CJIOBOM U €r0 IPOJIOJIZKEHUAMU 0e3 m3MeHeHHsl (DYHKIUU Ha OECKOHEYHBIX II0CJIE/I0Ba-
TEJIbHOCTSIX. )

B srom paccyxkiennu HaM 6bL10 BaxkHO, 9To P (BO BTOpOi uwactu paccyxjenus) u 1/P (B
[EPBOii) MEePeUnCIUMBI CHU3Y.
OKa3bIBaeTCs, 9TO B 3TOM MPEJIOYKEHIH MOYKHO 3aMEHUTHL CYMMY Ha TOYHYIO BEPXHIOK TDAHb:

Teopema 2.22.

tp(w) = sup 1]131((;) = ; I;((f; (1)

[TepBoe u3 paBEHCTB MOXKHO MEPEIUCATH B JIOTAPUMMUIECKON IIKAJIE:

+
dp(w) = sup[—log P(x) — KP (z)]
rzCw
Jokasamensvcmeo. TIocKOJIbKY BepXHsIs IPalb He IIPEBOCXOJUT CYyMMBI, TPEOYeT JT0Ka3aTeIbCTBa
TOJIBKO HEPABEHCTBO B OJ[HY CTOPOHY: HaJ0 OObICHUTD, IOYEMY BEPXHssI TPAHb HE CUIBHO MEHBIIE
CYMMBIL
Hns namnoro recra ¢ pacemorpuM (byukiwn ¢; (171 Beex i € Z), onpeesnénnbie tak: t;(w) = 2°,
ecin t(w) > 2', ¥ paBHO HYJIIO B IIPOTUBHOM CJIydae. Bce OHHM LEPEeUnCAMMBI CHU3Y, W UX CyMMa
oTmIaeTcst OT ¢ He Goslee weM BABOe (B Ty WM APYTYIO CTOpoHY). Kpome Toro, mis mo6oit Toukm
w BesmunHa y . t;(w) npesocxoauT sup; t;(w) He Gostee YeM BJBOe.
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[TpeoGpasyem Kaxkjoe t; B CyMMy BeCOB, KaK OLMCAHO BbIie. 1Ipu 9TOM, IIOCKOJIBKY t; UMeeT
TOJIbKO JIBa 3HaueHHsl (Hy/JeBoe U HEHyJIeBOe), MOXKHO CUHTATh, UTO BEPIIMHBI HEHYJIEBOTO BECa
06pasyor GecrpedUKCHOE MHOKECTBO (Ha KaxK/IOi BETBH €CTh MAKCUMYyM OJIHA TaKas BEDIIUHA).

CkyaJipiBasi Beca BJIOJIb KaXKJIOW BETBU W, MBI ITOJIY UM ZZ ti(w), TO eCcTh YHUBEPCATBHBIN TECT
t(w) (¢ TOUHOCTBIO 710 KOHCTAHTDI ). Ecim 2ke BMeCTO CyMMBbI BECOB 6paTh MAKCUMYM, TO MbI IIOJLY IUM
HEYTO MeHbIllee, HO YMEHbIICHUE 6y‘ZLeT He 60.Hee 9eM B JIBa pa3a, IIOCKOJIbKY Mbl CKJIaJIbIBaeM
pazmuanbie crenean asoiiku. (IIpm 9TOM BazKHO, WTO JIsl KAXKJOTO t; B OTJAEIBHOCTH IMEPEXOJ
OT CYMMbI K MaKCUMYMY HHYIEro He MEHJAET, IMOCKOJIbKY BJ0JIb Ka)KILOI;'I BETBU TOJIBKO OJWH YJICH
HEHYJIeBO. )

DTO paccyKeHne oCTa8éTCsI B CUJIe, eC/I pa3pellnTh HEeHYJIeBble Beca He JIJIsT BCeX BEPINUH, a
TOJIBKO JIJIsI CJIOB OIPEJEJEHHBIX JJINH. [lycTh y HAC UMeeTCs HEKOTOpasi BHIYUCIUMAs BO3PACTAIO-
mas MOCIeI0BATEbHOCTD JIJINH N1 < Ng < ng < .. ..

Teopema 2.23.
dp(w) £ s%p[—logP(w(l :ng)) — KP(w(l :ng))l.

(Bmeck w(1 : n) o3HATAET HAYAJIO MTOCIIEIOBATEIBLHOCTH W JIJIMHEL 1. )
Jloxasamesvemso. Tlepexois or nepedncauMbix OYHKIMH Ha TIOCIE0BATEILHOCTIX K CyMMAaM
BECOB, MOXKHO BBIOHPATDH BECA TOJILKO PA3PEIIEHHBIX JIJIUH.

DTa TeopeMa MO3BOJISIET JIATh eCTECTBEHHYIO XapaKTepu3anuio jgedeKTa CJIydailHOCTH JIBYyMep-
HBIX MAcCHBOB (KOTOPBIE C TOYKH 3PEHUs TOMOJOIMA W MEPbl HUYEM HE OTIMYAIOTCS OT OJHOMEp-
HBIX, U TIOTOMY OIIpeJie/IeHe OIPAHMIEHHOI0 B CpeiHeM HedeKTa CIyIaifHOCTH HA HUX OYEBUIHO
[EPEHOCUTCsT). A UMEHHO, JIOCTATOYHO CPABHUBATH BEPOSTHOCTD M CJIOKHOCTH, CKAZKEM, JIJIsl KBaJl-
paToB C IEHTPOM B Hadase koopauuat. (B camoM Jieie, MOXKHO PACIONIOKUTH KJIETKU MJIOCKOCTH B
[I0CJIE/IOBATEIBHOCTD TAKMM 00pa30M, YTOOBI 9TH KBaJIPAThl COOTBETCTBOBAJIN HAYAJIAM IIOCJIE/I0BA~
TeJIBHOCTH, ¥ COCJATHCST HA MPEJIBIIYIIYI0 TeopeMy. )

I/ICTOPI/I‘IGCKOQ OTCTyIlJieHue

Dopmyrna a1 gedeKTa CIyIaifHOCTU SABISETCA KOJTMIECTBEHHBIM YTOYHEHNEM CJIEIYIONEro KPUTe-
pusi:

Teopema 2.24 (Kpurepuii ciyuaifHocTH B TepMUHAX TpedUKCHON cyioxkHOCTH). [Tocaedosamens-
HOCMb W CAYHATHA NO 8bluucAuUMol mepe P mozda u moavko moeda, xozda pasnocms — log P(x) —
KP(x) oepanunena ceepxy 0asn 6cex e€ Ha4aaA.

Dror kpurepnii 6p1 BiepBble chopMmyauposad B [4] co ccpuikoit ma IIInoppa; mokazaresb-
CTBO (JJIs1 TIPOM3BOJILHOI Mepbl) Gbuio omybsaukosano srepsbie B [9]. Emgé no sroro Inopp u
Jlesun (mesasucumo B [23] u [16]) copmynmposamn 6iU3KMI KPUTEPUil CIIyIailHOCTH, UCIOJIB3YIO-
muit HECKOJIBKO APYTOil BUJ, CJIOKHOCTH (“MOHOTOHHYIO CIOXKHOCTE”). IlpmBemém eé ompenmenenne
U COOTBETCTBYIONILYI0 hbopMynmupoBKy Kpurepusi. (B rnuruposanHoii pabore [Ilnoppa ncnosbsyercs
HECKOJIBKO JIPYTO# BUJ CJIOXKHOCTH, HO mo3xke [IIHOpp Tak:kKe MCIOIB30BAJ BApPUAHT CJIOXKHOCTH,
BBeJIGHHBI JIeBUHBIM. )

Onpepenenne 2.25 (MoHOTOHHAs CJIOKHOCTD). Bydem Hasvieams 06a CA06G COBMECTHBIME, €CAU
00MO U3 MUT AGAACMCA HAUAA0M Opy2020. Paccmompum nepevuciumoe mmoscecmco A nap caoe
(x,y), obaadarowee marum ceoticmeom: ecau (p,q) € A, (p',q¢') € A u p coemecmmno ¢ p', mo q
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cosmecmmo ¢ q'. Taxoe mmosicecmeo (“monomonnwiti dexomnpeccop”™) sadaém omobpasicenue mHo-
HCECTNBA KOHEUHDBLT U OECKOHEUHDIT NOCAEAOBAMEALYHOCTEY 6 cebs, onpedessemoe makot Popmyaot
(u obosnavaemoe moti sce 6yxeol A):

A(p) =sup{z | 3p' Cp)(p,z) € A}

3decv p — xomeunas uau beckoneunan nocaedosamesvrocmyv, p U T — O060UNMHBIE CA06G, G SUD
NOHUMAEMCA KAK HAUMeHbWeEe obulee NPodosdcenue, KOmMopoe MOHCEM Ovimb KOHEYHM UAU bec-
roneunom. (Veaosue na A 2apanmupyem, wmo obwee npodoadicerue cyuecmayem.)

Jlanee moi onpedeasem monomonnyro caosicnocms KM 4(x) caosa x omnocumenvno A wax mu-
HUMAALHYIO 0AUNY cA06a P, Oaa komopozo A(p) 3 x. Cpedu 6cer MOHOMOHHUL JEKOMNPECCOPos
CYWECNBYEM ONMUMAALHOIL, CAONHCHOCTL OMHOCUMENLHO HE20 MUHUMAAbHA (¢ movwHocmvio do
xonemanmat). DPurcupyem onmumasvnvil dexomnpeccop Vo u nosoostcum KM (x) = KMy ().

Sameuaume 2.26. JacmHviM CAYUAEM MOHOMOHHHLL 0EKOMNPECCOPOE ABAANOMCA OMOOPAHCEHUA,
3adasaemovie MamuHaMu ThiopuHTa ¢ opakyjoMm. I[Ipedcmasum cebe mawuny M co odnocmopon-
net 6xo0not aenmoti (Moavko Oas wmenus), MG KOMOPol HANUCAHE KOHEYHAA UAU OECKOHEYHAA
nocaedosamenvnocms p. Kpome moz2o, Mawuna umeem pabouyro AEHMY, G MariHce 00HOCMOPOH-
1010 6virodnyo aenmy (moavko das 3anucu). B npouecce pabomor na amoti AEHME NOACAACTNC
KOHeuHas uiu beckoreunasn nocaedosamenvrocmo M(p) (paboma mootcem 3aKOHUUMDCA, €CAU Ma-
WUHG NPUIEM, 8 3aKAOUUMEABHOE COCTNOARUE UAU HLTOEM, 30, 2PAHUYY BTOOHO20 CA08A, UAU NPOJOA-
orcamovea BeCKOHEUHO, ecau we bydem Hu mozo, Hu dpy2020). Jleeko ybedumobca, wmo omobpascerue
p — M(p) 6ydem moromornvim dexomnpeccopom (00HAKO HE BCE MOHOMOHHBIE JEKOMNPECCOPL
COOMBEMLCMEYIOM MAKUM MAULUHAM, TAK YN0 NOAYUGEMCA HECKOAbKO boaee Yy3Kull Kaacc omobpa-
JHCEHUTT — YIMO, BNPOYEM, CAMO MO cebe HE 2aPAHMUPYEM, YMO NOAYHUMCA CYWECMBERHO OpY2aA
PYNKUUA CAOAHCHOCTIU).

MoHOTOHHBIE JIEKOMIIPECCOPHI (MM MAIIUHBI ¢ OPAKYJIOM OIMCAHHOTO BHJA) MOTYT OBITH HC-
1I0JIb30BAHBI IS OIIPEJEIeHUs] IPYroro BUJA AIPUOPHOI BEPOSITHOCTU: aANpPUOPHOl 6€pOAMHOCTY
Ha depese (KOTOPYIO MOYKHO TaKyKe HA3BATH HENPEPHIEHOU anpuopHol 6EPOAMHOCTIBIO).

Onpenenenne 2.27. [lodadum na 6xod monomonnozo dexomnpeccopa A nocaedosamenwvrocms
HEZABUCUMDIT CAYUATHLLT OUMOE U NOCMOMPUM HA EBLOOHOE pacnpedeseHue Ha KOHeWHbIT U bec-
Koneunur nociedosamenvrocmar. O6osnavum wepes Ma(x) eepoammocms mozo, 4mo 6vrodnas
N0CAED08GMENLHOCTND 6YIEM UMEMD HAUAAO T.

Jeexo eudemn, umo pymryus M4 npuHUMAEm HEOMPUUAMEALHBIE 3HAYEHUA, NEPEYUCAUMA
cnudy, Ma(A) =1 (sdeco A — nycmoe cr060) u wmo Ma(x) = Ma(20) + My(x1).

Dynryuu, 06A6la0ULE YKAZGHHOMU CBOTICMBAMU, HA3VEAIMCA TIEPEINCIUMBIMA CHU3Y MTOJTY-
MepaMu Ha JiepeBe (U4t HelpPepbIBHBIMU MOy MEPAMH ).

Ucnons3yst Ty e KOHCTPYKIUIO, YTO U JYls ONTUMAJIBHOIO JEKOMIIPECCOPa, MOXKHO JOKA3aTh
takoe yrsepxaenue [30]:

IIpengioxkenue 2.28. (a) Beakaa nepevuciumas CHU3Y NOAYMEDG Ha 0EPeSe AGAACMCH GOTOOHbIM
pacnpedesenuem M4 Onan Hexomopozo monomonnozo dexomnpeccopa A.

(6) Cpedu scex NepevuCAUMBLT CHUSY NOAYMED HA JePEBE CYULECTNEYEM MAKCUMAALHAA (C MOy~
HOCBI 00 YMHONCEHUA HA KOHCIAHMY ).

Omnpenenenne 2.29. Qurcupyem HEKOMOPYIO MAKCUMANLHYIO NEPEVUCAUMYIO CHUSY NOAYMEDY HG
depese u HA306EM €€ AIIPHOPHOIT BEPOATHOCTBIO HA JIEPEBE, UAU HENPEPBIBHON AllPHOPHOIT BEpOSIT-
HocTeio. Obosgnauenue: a(x).
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CooTHolIeHrEe MEXK, Ly AIlPUOPHO# BEPOATHOCTHIO HA JIEPEBE U MOHOTOHHOM CJI0XKHOCTHIO OTYACTH
HAIIOMHIHAET COOTHOIIEHHE MeXKIy IUCKPEeTHOH alpUOPHON BEpOATHOCTBLIO U NPedUKCHOM CI0XKHO-
croo. Ommako B s1oM ciayuae 27 KM @) xorg u apisercs mepeducauMoil CHU3Y HOIyMepoil Ha
Jepese, He spisiercs MakcuMmasbuoii [10]. Ipyrumu ciaosamu, KA (z) = —log a(x) e npesocxogut
MOHOTOHHOH CJIOKHOCTH, HO MOXKET ObITH MEHbIIe €€ (M PA3HUIA HE OTPAHUYEHA).

Ternepb MOXKHO ¢HOPMYJIUPOBATH YIOMSHYTBIH KPUTEPUIl CIIyIalilHOCTH; €r0 J0Ka3aTeIbCTBO,
TEXHUIECKU HE CJIOKHOE, MOXKHO Haiitu B [19, 7, 26].

IIpennoxenne 2.30. Jas svivuucaumol mepo, P ra @ u nocaedosamenvrocmu w € Q0 caedyrousue
c60UCMBa PABHOCUNLHVL:
(i) w cayuatina no mepe P;
ii) lim sup,,[—log P(z) — KM (x)] < oo,
iii) lim inf,c [~ log P(x) — KM (x)] < oo;
iv) limsup,,,[—log P(x) — KA (z)] < o0
v) liminf,c,[— log P(z) — KA (z)] < oo;

(i
(
(
(

Kpurepwii ciryqaitnocTu ¢ mpedpuKCHO# CJIOXKHOCTBIO IMEET JIBA OTJMYHsl: B HEM Pa3HOCTD (Orpa-
HUYEHHAs] CBEPXY JIsl CJIy9aiiHBIX MOCJIEI0BATELHOCTEN) He BCErIa OMPAHUYEeHa CHU3Y (B OT/IMYne
OT TOCJIETHETO KPUTEPHs); KPOME TOro, B HEéM lim sup Hesb3st 3aMeHuTh Ha lim inf.

B nocsieieM MOxKHO yOeJIUTHCA Ha TAKOM IPUMEPE. 3aMETHM, YTO K BCAKOMY CJIOBY T MOYKHO
JIONKCATh HEKOTOpBIe 6uThl, nosryuns cioso y ¢ KP(y) > |y| (rue |y| — anuna ciosa y). B camom
JieJ1e, ec 651 9T0 GBLIO He TaK, TO JJIsl IPOIOJIKEeHHi c1oBa & Mbl uvesn 661 m(y) > 2719 u cymma
Zy m(y) 6buta 661 HeckoredHOH. [ToCTPOMM TOCTIEIOBATEIBLHOCTD, 110 OYEPEIH JIONUCHIBAS JJINH-
HBIE YIACTKU W3 HyJIeH, ITOOBI CAEIaTh CJIOKHOCTD CYIIECTBEHHO MEHBINE JJTMHBI, & MOTOM OUTHI,
KOTODBIE BHOBB JIOBOJIAT CJIO?KHOCTD JI0 JTTMHBI (KAK MBI TOJIBKO 9TO BUEIH, ITO BCET/IA BOSMOXKHO ).
Takast HOC/IEIOBATENHLHOCTE He Oy/IeT CIy9aiiHoli 1o paBHOMEPHOI Mepe (TIOCKOIBKY lim sup pasno-
¢t GECKOHEYEH), HO MMEET GECKOHEIHO MHOTO HadaJl, y KOTOPBIX CJOXKHOCTH HE MEHbBINE JJINHBI,
tak 9To lim inf Koneuen.

Qopmysa i (OrpaHUIEHHOr0 B cpejeM) jedekTa crydaifHOCTH MMEET JIOGOIBITHOE CJIe]I-
crBue. PaccMOTpEM paBHOMEDHYIO Mepy Ha MOCJIEI0BATENbHOCTAX (COOTBETCTBYIOILYIO HE3ABUCH-
MBIM GPOCAHUSIM YECTHON MOHETBI). DTa Mepa MHBAPUAHTHA OTHOCUTEJILHO [IEPECTAHOBOK, U OTCIOJIA
JIETKO CJIEJIYET, ITO BBITUCIMMBIE TIEPECTAHOBKU WJICHOB MOCJIE0BATEIHLHOCTH COXPAHSIOT CJIydaii-
HOCT. Bosiee Toro, oM cOXpansaoT u gedekT ciaydaiinoctn (¢ TOTHOCTBIO J0 KOHCTaHThI). OTcroma
MOJTyIaeM TaKoe CJICICTBUE:

IIpennoxenue 2.31. Maxcumanrvhas pasnocmo |x| — KP(x) das Hauwar caywatinod nocaedosa-
MENLHOCTNU W USMEHACTNCA NPU BBUUCAUMOT NEPECTNAHOBKE UAEHOE NOCALOOBAMENHOCTU He bonee
wem Ha KoHemanmy (3a8ucAULYI0 0T NEPECTNAHOBKU, HO He OM NOCALOOBAMEALHOCTIU).

Hekoropbie Gosee obiue pe3ysibTaTbl TAKOrO THIIA MOXKHO Hadtu B [16, 17, 11].
Hpyroe cieacreue m3BecTHO 10/ HazBanueM “steMMbl Mmniepa — FO” (Miller—Yu ample access
lemma):

CaencrBue 2.32. IlocaedosamesvHocms w CAYHATHA OMHOCUMEAbHO BbMUCAUMOT Mepvr P mozda
U MOABKO Mo2da, Ko2da

22710gp(a:)7KP(32) < 0.

zCw
Orcrofia, KCTATH, MOYKHO TIOJYUNUTH JIPYTOE TOKA3ATEBCTBO Y2KE YIOMSIHYTOTO (haKkTa:

CaencrBue 2.33. /s 6carozo caosa x natidémes e2o npodoascerue y, y komopozo KP(y) > |y|.
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Zoxazameavcmeo. B camoMm zieiie, & SBJISIeTCS HAYaIOM HEKOTOPOI CIydaiHO [oC/Iem0BaTe Ib-
Hoctu, n 'y ueé no jgemme Musnepa—HO ecTb CKOJIb yroJIHO JJIMHHBIE HAYAJIA, CJIOKHOCTH KOTOPBIX
0OJIbIIE JIJIUHBI.

2.5 MWrpoBasi nHTEpIIPETAIUSA

Dopmyna s edekTa CIydaiiHOCTH MOXKET ObITh MHTEPIPETHPOBAaHA B UI'DOBBIX TepMHHAX. Pac-
cmorpuMm urpy Asmcel n Boba ¢ HenosHo#i nndopMarmeii. Anrca BoIbupaeT 6eCKOHETHYIO MTOCIEI0-
BATEJILHOCTD HyJIell 1 equnuil. Bob BuIbupaer (He B 1OCIeA0BaTEIbHOCTH Ayichr) ciioBo x. Onu
BCTPEUAIOTCS W OJJHOBPEMEHHO OTKPBIBAIOT CBOM XOJbI. [locie 9TOT0, ecyu & SBJISeTCsT HATAIOM W,
To Asnca miatut Boby ol pyb6Jieii. (DTa BepcHsi UTPBI COOTBETCTBYET PABHOMEPHOW MepE, TO €CTh
HE3aBUCUMBIM OPOCAHMSIM CUMMETPUYHON MOHETHI; B obmeM ciaydae Asmnca mmatut Boby 1/P(x).)

Kak 00br9HO 151 Urp ¢ HemoJiHON mHMOpMaIueil, 6ygeM paccMaTPpUBATBL YUCMOVLE CTPATErHU
(BO3MOXKHOCTH UTDOKOB, COIJIACHO MPaBHJIAM WIPbI), U CMewaHrkbie cmpamezut (pacipeeseHnst
BEPOSITHOCTEH HA YMCTHIX CTPATErusixX). JIerko BUJIETh, YTO 4eHA ITOH UTPHI (B CMBICJIE CMEITAHHBIX
cTpaTeruif, Kak 3T0 OOBIYHO MOHUMAETCs NI U ¢ HenojiHoi mudopmarmeii) pasua 1. B camom
nene, Bob mMoxkeT ykazaTh IyCTOe CJIOBO U MOJY4IUTh 1 B joboMm ciydae. C JIpyro#t CTOpPOHBHI,
ec AJca 9eCTHO TOIYYaeT CBOIO TOC/IEIOBATEIBHOCTh OPOCAHNEM MOHETBHI, TO MATEMATHIECKOE
oXKHJlaHue e€ Ipourphliia paBHo 1, Kak Obl Hu nomén Bod.

OxkazbiBaeTcst, 970 BoO MOXKET TMOCTPOUTH BEPOSITHOCTHYIO CTPATETHIO, KOTOPAasi TApAHTHPYET
eMy ycrex, ecan Ajmca moJieHUTCsT 6pOCaTh MOHETBI W MPUHECET HECTyJailHylo MOC/TeI0BaTe b
HOCTh. PaccMOTpHM BEpOSITHOCTHBIN ajroput™M D, KOTODBIH NaéT Ha BBIXOJE JBOWYHBIE CIOBa (a
MOXKET U HIYEro He JIATh C MOJIOXKUTEIbHOM BEPOSITHOCTBIO). TaKoit ajlropuT™ SIBJISIETCS] CMEIaHHON
crparerueil st Boba (eciim Ha BBIXOJE HE MOSIBJISIETCS HUKAKOTO CJIOBA, TO B06 mpoIycKaeT urpy
U HUYETO HE IMOJIYUAeT).

Terepb MOXKHO 3aMETUTDH CJIEAYIOIIEE:

(i) Jnst moboit BeposiTHOCTHOM crpaTerun Boba MaTeMaTuiecKoe OxKuJaHne €€ BLITPBINIa (Kak
dbysKIHMS OT MOC/IEIOBATENLHOCTH AJIUCHI) SIBJISIETCST OTPAHUYIEHHBIM B cpegaeM Tectom. (Orcio-
Jla yKe CJIEeIyeT, I9TO ITO MATEMATHIECKOE OKUIAHNE OYIeT KOHEUHBIM, €CJIH MMOCTeI0BATETHHOCTD
Asncwr cnyvaiina B cmbicie Maprun-JIéda.)

(ii) Ecsim m(x) — BepOSTHOCTH MOJIyYUTDb T HA BBIXOJE ajaroputMma D, To MaTeMaTHIECKOe 0K~
JaHne BeIAIPHIa boba Ha w paBHO

m(x)
2 P(x)

zCw

(iii) TTosToMy, ecim B3sTh AJIrOPUTM, TIOPOXKIAOIINH HA BBIXOJIE JUCKPETHYIO AIPUOPHYIO BEPO-
SITHOCTH M(Z), TO MATEMATUIECKOE OKUJIAHNE BLIUTPHIMA Boba Gy/1eT yHuBEpCATLHBIM TECTOM (10
JIOKa3aHHOI (hOpMYyJIe JJIsl YHHBEPCAJIBHOIO TECTA).

Takum 0bpazoM, HCIOJIB30BAHUE AIPUOPHON BEPOSTHOCTU KAaK CMEIMIAHHON CTPATErMH II03BO-
aster Boby (B cpennem) HakaszaTh AJsncy GeCKOHEUHBIM MITpadoM 3a IOy HECAYIallHOCTb B €€
TOCJIETOBATEIHHOCTH.

MozkHo paccMaTpuBaTh HEMHOTO GoJiee ODIILYIO UIPY U pa3penTh Boby yKassiBaTh (B KauecTBe
YUCTBIX CTPATEruil) He OJHO CJIOBO X, & HEKOTOPYIO 6asucHyI0 GyHKIUIO f ¢ HEOTPUIATEIbHLIMU
sHadeHusiMu. [Ipu 9TOM €ro BBIUTPHIII (JJ1st TIOCTIEA0BATEIBHOCTH W, IPUHECEHHOH Ancoil), paBeH
f(w)/ | f(w)dP(w). (3namenaress nesaer cpeaHuit BHIUIPBII PABHBIM eauHuIe.) XOLy & B CTapoit
Urpe Ipu 3TOM COOTBETCTBYeT OasncHasi (DyHKIUs, paBHAas okl pa MIPOJO/IZKEHUAX T W HYJIIO B
OCTAJIbHBIX MeCTax.

Takoe 06001IeHTE HE JTAET 10 CYIIECTBY HUYErO HOBOTO: MbI U TaK Pa3pelaeM CMeIaHHble CTPa-
reruu, a 6a3ucHY0 MYHKIIIO MOXKHO [IPEJICTABUTD CMEChI0 HECKOIBKUX X010B. (ITosyuns dyHKImIO
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f, Bob MoxeT cienaTh eIg OMH BepOSITHOCTHBIN IMAr W BBIOPATH OJMH W3 WHTEPBAJIOB, HA KOTO-
pPBIX f MOCTOSIHHA, C COOTBETCTBYIOIIEH BEPOATHOCTHIO.) TakuM 00pa3sOM MbI MPUXOAUM K JAPYTOH
dopmMmyiie s YHUBEPCATBLHOTO TECTA:

L mU) )
) = 2 T dp)

[TpenmymtecTBo 9TO# (HOPMYJIBI B TOM, YTO OHA COXPAHSIET CMBIC B 00jiee OOIIUX CJIyUasX, deM
KAHTOPOBCKOE IMPOCTPAHCTBO, KOTJIA HUKAKUX BBIJIEJICHHBIX HHTEPBAJIOB HET U MbI PaDOTAEM IMPSIMO
€ KaKUM-TO KJIACCOM 0a3MCHBIX (DYHKITHIA.

OTMeTrM B 3aKJIIOYEHHE, YTO UI'POBasi HTEPIPETAIMSA TEOPUU BEPOSTHOCTEH, COMJIACHO KOTOPOI
CIIy9allHOCTb 0O'bEKTa eCTh HE er0 CBOWCTBO, a, I'Py0O roBOPst, TUII TAPAHTUH, C KOTOPOH 3TOT 00HEKT
nposaéres, passuta B kaure [leiicdbepa u Boska [25].

3 OT TecToB K CJIOXKHOCTAM

@opmyna (1) BeipaxkaeT jedeKT ciaydailHOCTH GeCKOHEUHOH 10CIe0BATeIbHOCTH (3HAUEHNE YH-
BEPCAJILHOTO OIPAHUYEHHOTO B CPEJHEM TeCTa) Uepe3 CJI0KHOCTb €6 KOHEUHBIX Havaj. Bo3HuKaer
€CTeCTBEHHBIN BOIPOC: MOYKEM JIM MBI JefiCTBOBATH B OOPATHOM HAIIPABJIEHUHU U CBIA3aTh CJIOKHOCTD
KOHEYHOTO CJIOBA C Je(DEKTOM CJIYIAHOCTH ero OECKOHEUHBIX MTPO/IOIXKEHU !

Mpbr y2ke 1mepexouan oT GECKOHEUHBIX TOCIE0BATEHLHOCTEN K KOHEIHBIM B TIpejjiokennn 2.7.
DTO MOXKHO Ce/IaTh U JIJIsT YHUBEPCATBHOTO TECTA:

Omnpenenenne 3.1. Qurcupyem sviuucasumyro mepy P. Ilycmo t — oepanuverHvti 6 cpednem
mecm na 2. Onpedesum 0an 1106020 KoHewHo20 cA06a z 3navenue t(z) Kax mMurumym 3Haverud t
HA 8CET NPOJONNHCEHUAL:
t(z) = inf t(w).
wlx

DyHKIMS ¢ OMHOZHAYHO OLPEJIEeIAeTCsI O ¢, ¥, HAIPOTHB, [O3BOJISIET BOCCTAHOBHUTD ¢, MO3TOMY
€€ MOXKHO CUMTATh KOHEUHOU Bepcueit Tecta t. VIHTyHTHBHO rOBOPsI, CJIOBO BLIIVISLIUT HECIIY YalHBIM,
ecJin Bce ero OeCKOHEeUHbIe IIPO/IO/IKEHIs HMEIOT OOIbIoN nedeKT cirydaifHOCTH ¢ TOUKH 3PEHHs t.

Bonpoc. Konmoropos [14] npeiaran aHaJIOruaHBIN TTOAXO0/] K KOHEYHBIM CJIOBAM: JIJIsT KAXKIOTO
CJIOBA Z MOXKHO PaCcCMOTPETh MUHUMAJIBHBIH JeheKT CrydaiiHOCTH (OTHOCHTENHLHO PABHOMEPHOTO
pacIpeeleHnsI, MTOHIMAEMBIfl KaK Pa3HOCTb MEXKIY JJIHHON M CJIOXKHOCTBIO) €r0 KONEYHBLT IPO-
noskenuit. EcTb s TyT Kakas-To cBsi3b ¢ dyHKuneit 7

[TokarkeM, KaKuM 0OpPa3OM MOXKHO ONPENEUTh (DYyHKIUIO tp, COOTBETCTBYIONLYIO YHUBEPCAIb-
HOMY TeCTY, He 0Opalasich K O€CKOHEUHBIM IIOCJIE0BATETLHOCTSIM.

Onpegenienue 3.2 (pacHmMpeHHbIH TECT JIsi BBIYUCIUMON Mepbl). Bydem nasvieamuv neompuya-
MEABHYIO MOHOTROHKYIO nepevucaumyto chudy dynrxyuro T: {0,1}* — [0, +00] pacmmpeHHbIM Te-
CTOM 0aa swiuucaumots mepv, P, ecau daa 06020 N cpednee snauenue T na caosax daunvt N e
npesocxrodum 1:

{a: |o|=N}

Momnoronnocts osnagaer, aro T'(z) < T(y) npu & T y. Ona rapadTupyer, 9TO CyMMy MO
BCEM CJIOBAM JAHHOM JIJIMHBI MOKHO 3aMEHUTH HA CyMMY IO IIPOM3BOJILHOMY KOHETHOMY (HJIH JIAXKe
HeckoreTHOMY ) HecnpedUKCHOMY MHOMXKECTBY S:

> Pa)T(z) < 1.

z€eS
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(B camoMm ziesie, MpoIoJIKUM CJI0Ba u3 S JI0 KAKOH-TO GOJIBIION OOIIel JIJIHHBL. )

IIpengioxkenne 3.3. Beaxull pacwupentoid mecm noposicdaem (6 cmoicae onpedeserus 2.5) Hexo-
MoPwitl 02PAHUMEHHBT 6 cpedHem mecm Ha beckoneunnr nociedosamesvrnocmar. Obpammo, caxuil
02PaNUNEHHOIT 8 cpednem mecm Ha OECKOHEYHBLT NOCAECIOBAMEALHOCTNAT NOPOAHCIGEMCA HEKOMOPHIM
PACULUDEHHDIM TECTILOM.

Joxasamenvcmso. Tleppast 4acTh HENOCPEICTBEHHO CJe/lyeT W3 OlpefeiieHns (M TeopeMbl O
MOHOTOHHOW CXOJIMMOCTH IO 3HAKOM HHTerpajia). B o6paTHy0 CTOPOHY MOXKHO TOJIOKHUTb T =t
WA COCJIaThCs Ha Ipejyioxkenue 2.4 (Torja KOMIAKTHOCTD He MOHAJ00UTCs ).

Ho moxkmo paccMaTpuBaThb paCHIMPEHHbIE TE€CThl U HE YIIOMUHAaA OECKOHEYHBIE IrocJjie J0BaTeJIb-
noctu. OOBIYHBIM o6pa30M MOXKHO JI0Ka3aTb, YTO Cpean HUX CYIIEeCTBYyeT MaKCHUMAaJIbHBINI:

Ilpenmoxkenune 3.4. [Iycmv P — svivuciuman mepa. Cpedu 6cex pacuiupennvix mecmos 0ii Mepovl
P cywecmeyem makcumanvrot (¢ MowHOCMBIO 00 YMHOACEHUSL HA KOHCTNAKMY ).

Omnpegenenne 3.5. Bydem Ha3v6amsd Imom MaKCUMAALHOLL Mecm YHUBEPCATHHBIM PACIIPEH-
HBIM TeCTOM 04A Mepvl P.

IIpenJioxkenue 3.6. Yrnusepcaavhoili pacuiupernsiti mecm oas mepov. P cosnadaem c tp ¢ mowno-
CcmMBb10 00 02PAHUYEHHO20 MHOAHCUMEN.

Jlokasamenvcmeo. TTockoNbKy tp sIBJISIETCS PACITMPEHHBIM TECTOM, TO OH HE IPEBOCXOJUT YHHU-
BEPCAJBLHOTO (¢ TOYHOCTBIO 10 KOHCTaHThI). C JPyroll CTOPOHBI, YHUBEPCAJbHBIH PACIIUPEHHBII
TeCT 3aJ1a6T TecT Ha OECKOHEYHBIX IIOCIEIOBATEIBHOCTX, U OCTAETCS CPABHUTH €ro ¢ MaKCHMAaJlb-
HBIM.

DT0 OCTPOEHNUE TI0 CYIIECTBY UCIIOIB3yeT KOMIIAKTHOCTH IpocTpaHcTBa §) (1 IIoToMy, HAlpuMep,
He MPOXOJUT JJIsi HOCJIeI0BATEebHOCTEl HATYPAIbHBIX YHCEIT), HO U 6e3 9TOro MOXKHO HOCTPOUTH
MAKCHUMAJIbHBIH PACIIMPEHHBIA TecT, KOTOPbIi OynemM o603HadYaTh tp(x); UCIOIB30BAHUE OJHOTO U
TOrO 2Ke 0003Ha4deHus tp He BBI30OBET IYTAHUIIBI, TAK KAK B OJHOM CJIydae apryMEHTOM SIBJISIIOTCS
GeCKOHeYHbIE MOCIe0BATEILHOCTH, & B JIDYTOM — KOHEYHBIE CJIOBA.

Ormpesiesienne pacimpenHoro TeCTa Mo3BOJIsAeT U3THATH OECKOHEUHDIE MTOCIEI0BATETLHOCTH, CO-
XPAHUB MO CYIIECTBY TO K€ TOHSATHE YHUBEPCAJIHHOTO TECTa U Ja’Ke HEMHOTO 0DOTaTUB €ro: OTMe-
THM, 9TO HE BCAKUI PACHINPEHHDBIA TECT, IOPOXKAAIONNNA YHUBEPCAJILHDBIY OrPAHNYCHHBINA B CPEIHEM
TECT, SIBJISIETCS] YHUBEPCAJIBHBIM DACIIUPEHHBIM TECTOM (€ro 3HAYEHUE HA KAKOM-TO CJIOBE MOXKET
OBITH MAaJIbIM, YTO HE MeIlaeT YHUBEPCAJIBPHOCTH Ha yPOBHE OECKOHEYHBIX IIOCJIEIO0BATEJIBHOCTEN,
HOCKOJIBKY 3HAYEHUs] Ha BCEX IPOJIOJIKEHUAX OOJIbINNTE).

Omucanublil cocob mepexoa OT TeCTOB Ha OECKOHEYHBIX IMOCJIE0BATETHLHOCTSIX K TECTaM Ha
CJIOBaX He SABJISETCS €IMHCTBEHHO BO3MOYKHBIM.

Omnpepgenenne 3.7. [Ipednonrostcum, wmo evuuciumas mepa P nosoostcumenvra Ha 6cex unmep-
sanax: P(x) > 0 das a06020 caosa x. Obostavum wepes tp(x) ycrosroe Mamemamuieckoe 0Hcu-
danue tp(w) npu ycarosuu, wmo w Hawuraemces Ha . Jpyeumu caosamu, tp(r) ecmov cpeduee
anavenue t 1Ha unmepsase €d, Mo ecmv OMHOWEHUE UHMELPAL

Ulz) = / t(w) dP(w)

z$2

x P(x).
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Oyukius U saBjsieTcs: epevdncanMoii cuudy nosiymepoii. bostee Toro, ona obiamaer coiicTBaMu
MephbI, 3a UCKJIIOYEHHeM TOTo, 9TO Mepa Beero () He paBHa enuHune (ormerum takxke, aro U(z) He
00s13aHO OBbITH BBIUUCIUMBIM). DTa Mepa MMeeT IJIOTHOCTD t orrocurensro P. Orciona ciiemnyer,
410 PYHKIHS tp ABISETCS MAPTHHIAIOM B CMBICJIE CJIEYIONIEr0 OIPE I/

Onpepenenne 3.8. DOynxyus g: {0,1}* — R nagwsaemea MAPTUHTATIOM 0MHOCUMEALHO DAcnpe-
desenus eeposmuocmet; P, ecau

P(z)g(x) = P(x0)g(x0) + P(z1)g(x1)
ons 1106020 crosa x. Ecau samenums 3nax “=7 na “=7, noaywum onpedenenue cynepMapTHHTATIA.

Bynyun maprunramom, dyuknus tp(z) He sBIsIeTCs: MOHOTOHHOM 110 .
Crreytommas TeopeMa yCTaHABINBAECT COOTHOIIEHUE MEXKJY PA3/IMIHBIMU MEPaMU HECJIyIaiHo-
CTH JBOUYHBIX CJIOB!

Teopema 3.9.

m(z) a(z)

P(z) P(z)’
2de m(x) — duckpemmnaa anpuopnas eepoamuocmy caosa T (cm. npedaooicenue 2.20), a a(x) —
HENPEPOIBHAA ANPUOPHAA BEPOAMHOCTD (Ha depese, cm. npedaoscerue 2.28) mozo sice CA08a.

< tp(x) < f]p(ﬂ?) <

Joxasameavemso. TlepBoe HepaBEHCTBO MOXKHO JlaxKe yCUIUTh, 3aMerus m(z)/P(z) Ha cymmy
> e mM(t)/P(t): sTa cymMMa AB/IAeTC HaCTbIO BhIpazkenust 1yis tp(w) juist 1oboro HpoosrKeHus
w CJI0Ba .

Bropoe HEpABEHCTBO CBSI3BIBAET CPEJIHEE W HAUMEHBIIEE 3HAUEHUS CITyIafiHON BEJIMINHDIL.

[MocieiHee HEPABEHCTRO CJIEYET U3 CPABHEHUS IEPETUCIMMON CHU3Y MOJyMephl Ha aepese U ¢
MaKCHMaJILHOM.

OrmeruM emg, uro tp(z) saBiasercs mapruaranoM, a a(x)/P(xr) — aumb cynepMapTHHIAIOM
(MAKCHMAJIBHBIM CPEJIH CYIEPMAPTHHIAIOB OTHOCUTEIBHO P, ¢ TOYHOCTHIO JI0 MYJIbTHIINKATABHON
KOHCTAHTBI).

3ameuanusa 3.10.
1. Meowcdy nepsvim u 6MOpPovLM YAEHOM HEPAGEHCTNEA NOCACOHET TEODEMDL MONCHO NOMECTNUMD
ewé dea:

STEE P S

m(t) . m(¢
B<E

tCx

2. B aozapugpmureckots wxare umeem
—log P(z) — KP(z) < logtp(z) < logtp(z) < —log P(z) — KA (2).

3. Mepa U sasucum om P (nanommum, wmo U — 5mo MAKCUMAADHAA NEPEMUCAUMAR CHUSY M-
Pa, UMEIOWLAA NAOMHOCTVG omuocumesvio P), u das pasauvnoix mep P (nanpumep, ¢ pasauinsimu
nocumenamu) mepve U mozym Ovimo pasnvimu. Ho sasucumocmsv ama ne mak 6eauka: meopema
NOKA3BIGAEM, 4MO BOZMONCHBIE KoAebaHUA 02panuvent, pasnocmvio meoicdy KP(x) u KA ().

4. Iocaednee nepasencmeo 6 meopeme (tp(x) < a(z)/P(x)) neavss samenumo na pasencmeo.
ITycmo, nanpumep, mepa P pasnomepra, a 6 kavecmee & 0EPYMCA HAYAAG 603PACTNAIOUWLET OAUHDL
KaKoU-mo evucaumot nocaedosamenvrocmu. Tozda U(xz) cmpemumesa x wyato (obaacmo unme-
2PUPOBAHUA CTOOUMCA K 0OHOIACMENTTIHOMY MHONHCECTNBY, UMEIOUWEMY MEPY HYAb), & a(T) omdeaeno
om HYAA.
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5. Mu ucnoavsosasu Komnaxmuocmo (koneurnocmo angasuma {0,1}), doxaswvieas npedaooice-
Hue 2.7. Bmecmo amozo moocHo 6610 6bL UCTOAB308AMD Npedaodcerue 2.6 U NoAYHUMD AGHAA02UN-
Hole Pe3YALMAMb 0AA 63POBCKO20 NPOCMPAHCMBE NOCALIOBAMEALHOCTNEY HAMYPANDHIT YUCEA.

Bce nepeuncienmble B TeopeMe 3.9 BETHUNHBL MOI'YT OBITH UCIIOJIL30BAHBI JIJISI XAPAKTEPHIAIINT
CIIy9IafHOCTH: IIOCJIEI0BATEILHOCTD CIydaiiHa TOr/Ia U TOJIBKO TOT/a, KOIJIa JII00ast U3 9TUX BeJIHTIHH
orpaHutveHa Ha e HAYAJILHBIX OTpe3Kax. B camowm jiesne, Teopema Jlesuna — Illnoppa rapanrupyer,
YTO JUIsl CILYYAfHOM IOC/Ie0BATEILHOCTH [OC/IE/Hee OTHOIIECHNE OIPAaHIYIeHO, a IepBoe HeT. [lo-
CKOJIbKY BTOpasl BEJIMYNHA MOHOTOHHA, TO JJIsl HECJIy'IailHOH II0CJIeI0BATEIPHOCTH BCE BEJIMIUHBL,
HAYMHAs CO BTOPOIf, CTpeMsATCs K beckonedHocTr. Kak MBI y2Ke yIOMUHAJN, [IPO HEPBYIO BEJIUIUHY
9TOrO YTBEPXK/ATH HEJIb3s.

Bonpoc. HekoTopble M3 BeJMYUH, YIOMSHYTHIX B Teopeme 3.9 (Bropas ciieBa, a TaKiKe JBe
POMEKYTOYHBIE MEXK/Iy TIEPBOH U BTOPOIi), MOHOTOHHBI. [lepBas BejmdnHa (cM. 06CYXKIeHUE KPU-
Tepus ciydaitnocTn), a TaisKke sesmanna tp(z) (Maprunran), me MoHoTOHHBL. UTO MOXKHO CKazaTh
PO TOCJIETHION0?

OTMmernM, 9TO BCE 9T BEJMIUHBI €CJIM U HE MOHOTOHHBI, TO OJIN3KH K MOHOTOHHBIM.

4 BepuynaameBbl MTOCJIeJ0BATEIbLHOCTHU

MozkHO cTapaThCst ONPENE/UTh CIyIaiiHOCTh He OTHOCUTEIFHO KOHKPETHON Mepbl, & OTHOCUTEIHLHO
kiacca Mep. (IHTYUTHBHO 9TO O3HAYAET, YTO Mbl TOTOBBI IIOBEPHUTH, UTO TOCIE0BATEIBHOCTD T10-
JIydeHa B Pe3yJibTare BEPOSITHOCTHOI'O TIPOIECca € PacipeieJieHneM B 3TOM KJjiacce.) Brocsegcrsuu
MBI CJE/IaeM ITO JIjIst POU3BOIBLHOTO IPPHEKMUEHO 3aMKEHYMO20 KIACCA Mep, HO JJisi HALJISTHOCTH
HAYHEM € KOHKPETHOTO IpUMepa — KJIACCA OEPHYAAUEEHLT MEP.

4.1 Tectbl njs 6epHYJJINEBBIX II0CJIEIOBATEIBHOCTEN

Bepnynmesa mepa ), cOOTBETCTBYeT II0C/IEI0BATEILHOCTY He3aBUCHMEBIX OpOocaHmil He 003aTe/IbHO
CUMMETPHUYHON MOHETBI; BEPOSATHOCTD IOSBJIEHUS] €IMHUIIBI B KaKJOM HCHBITAHUM PABHA HEKOTO-
pomy p € [0,1] (onHOMY m TOMY K€ BO BCEeX UCHBbITaHUAX). OTMeTHM, 9TO p HE 00A3aHO OBITH
BBIYUC/IAMBIM.

Ounpenenenue 4.1 (orpanuyeHHbIH B cpeHeM GepHYILIneB TecT). Ilepenuciumas cHudy GyHKyusi
HG OECKOHEUHBLT NOCACAOBATNEALHOCNAL HA3DIBAEMNCA 02DAHUYEHHBIM 6 CPEOHeM OEPHYAIUEEHIM Me-
cmom, ecau e€ unmeepan no 110601 mepe By, (npu arobom p € [0, 1]) ne npesoczodum 1.

IIpengioxkenue 4.2 (ynuBepcasnbHbiit 6epHyumes Tect). Cpedu 6cer makus mecmos cyusecmeyem
MAKCUMANLHO (€ MOYHOCTBIO 00 MYALMUNAUKAMUSHOT KOHCIAHMbL).

Joxazamesvemso. Ilepeunciumast cHU3Y hyHKIMS €CTh TIPeJIeT BO3PACTAONIEH Moc/IeI0BaTe Th-
HocTH GasmcHbIX ynkmmit. Jna xaxkmoit m3 sTux 6asucHbBIX DyHKnuil eé nHTerpaJ 1mo mepe B,
peJIcTaB/IsgeT coOO MHOTOUJIEH OT P, W JIETKO IPOBEPUTH, YTO OH He GoJbiie 1 mpu Bcex p (ec-
Jt 370 TaK). COOTBETCTBEHHO MOXKHO (PUJILTPOBATL BCE HErOJHBbIE (DYHKIUMU U HEPEUUCIATH BCE
6epuystreBnbl TecTbl. CKIIaIbBas UX ¢ KoM UIUEHTAME, [TOJIy9aeM YHUBEPCAIbHBIN.

Onpepenenne 4.3. Qurcupyem yhusepcasvhvili beprysiues mecm u 06o3navum e2o tp(w). Feo
nozapupm 6ydem nazwmsams nedexrom GeprymeBocTu u 0b6osnaxams dg(w). Iocaedosamenn-
HOCTY Ha3vieaemcs BEPHYIITHEBOH, ecau eé dederm rKoneuen.
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Kak u paHbIlle, MO2KHO HEMHOI'O MOﬂI/I(i)I/IHI/IpOBaTb olrpeJjeJsieHue, 9TOOBLI CYUTATD ,D;e(i)eKT HeoT-
punaTe/JIbHbIM IEJIbIM YHNCJIOM.
Kak u JJIg BIMUCJIUMBIX Me€pP, MOXKHO HepeﬁTH K KOHE€YHbIM II0CJIeJOBATE/JIbHOCTAM:

Onpenesieane 4.4. Bydem 1azvi6amv MOHOMONHYIO NEPEHUCAUMYIO CHUSY HEOMPUUATEADHIYIO
Pynryuro T: {0,1} — [0,+00] pacmmpeHHbIM GEPHYJIMEBBIM TECTOM, €CAU OAA 106020 HAMY-

panvrozo N u das arbozo p € [0,1] evinoanaemen nepasencmeo 3 e, 1, —ny Bp(@)T(2) < 1.

Kak n JJIA BBIYUCJIMMBIX M€EpP, TEeCThbl Ha KOHEYIHBIX U OECKOHEUHBIX II0CJICJOBATCJIbHOCTAX CBfI-
3aHbI:

IIpengioxxenme 4.5. Beaxutl pacwupertoili GEPHYAIUES MECT, NOPONHCIAEM BEPHYANUES TECT HA
Q. Hanpomus, scarxut bepnyanrues mecm wa ) nopootcdaemes HEKOMOPbIM PACULUPEHHBIM DEPHYA-
AUEBHLM TMECTOM.

Cpein pacImupeHHbIX OEpHYJIINEBBIX TECTOB CYIIECTBYET MAKCUMAJBHBIN, OH MOPOXKIAeT YHU-
BepcasbHbII OepHysmeB TecT Ha ). Kak um pambiie, Mbl OyIeM HCIIOJb30BaTh OIHO U TO XKe 000-
3HaveHne t3 ST MAKCHUMAJIBHBIX TECTOB Ha KOHEUHBIX M OECKOHEUHBIX MOCIIETOBATETHLHOCTSIX.

4.2 Jlpyrue BapuaHTBI oNIpe/eJieHrs 0€PHYJLJINEBOCTU

Kak u jy1st cjiy9aliHOCTH OTHOCUTEJIHHO BBIUUCIUMBIX MED, €CTh PA3Hble SKBUBAJEHTHBIE BADUAHTHI
onpesiesieHnsi. MOKHO PacCMATPUBATL OIPAHUYEHHBIE 110 BEPOSITHOCTH TECTHI (BEPOSTHOCTH COOBI-
tust t(w) > N 1o mo6oii u3 mep B), go/kna 6bITh He Gosbitte 1/N). MoxHO, cIemys olpeie/eHnio
Maprun-JIéda st BBIMUCIUMBIX MED, HA3BATh TECTOM BBIMUCIUMYIO MOCIEI0BATENTLHOCTE 3 deK-
TUBHO OTKPBITBIX MHOMKecTB Uj, st Koropwix B,(U;) < 27 npm smo6om ¢ 1 npu mobom p € [0, 1].
Bce T BapuanTbI OnIpe/iesienusi SKBUBAJECHTHBI (M JOKA3ZBIBAETCS ITO TOYHO TAK K€, KAK JJIT CIIy-
JaflHOCTH IO BBIYUCIUMOI Mepe).

WuTepecHo, 94To IEpBOHAYATIBHOE ONpeIeIeHne GepHy LImeBocTr, nannoe Maprun-JIédom B [20],
610 HemMHOTO JpyruM. Ceifuac MbI MOKasKeM, YTO OHO TAKIKE SKBUBAJEHTHO OCTAJBLHBIM, HO 3TO
HECKOJILKO CJIOYKHEE.

OGosunauenue 4.6. Yepes B(n, k) Mmor 0603na14aeM MHONHCECTNBO BCEX CAOE DAUNDL T, COOCPAHCAULUL
posho k eduruy.

Maprun-JIéd ompemesnsier TecT OEPHYJIIIMEBOCTH KaK CEMENHCTBO ITEPETUCIUMBIX MHOXKECTB CJIOB
Uy D Uy D Us D ...; KaxkJoe U3 MHOXKECTB HACJEJICTBEHHO BBEPX, TO €CTh BMECTE C JIIOOBIM
CJIOBOM COJIEPXKUT Bce ero mpojiosikenus. OrpaHudenne Ha 5TU MHOXKECTBA TaKOe: PACCMOTPUM
npousBoJbHbIe 1esble 1 2> 0 u k or 0 10 n; yepes B(n, k) 06o3HAUNM MHOXKECTBO BCEX CJIOB JJIMHBI
n, comepxkamux k enuaun (u n — k Hyseit); tpebyercs, 4robbl npu Beex i Joss cioB B B(n, k),
npunasexkamnmx U;, 6bla 661 He Gosbire 27

st ymobcTBa cpaBHEHUS 3aMEeHUM MHOXKecTBa U; Ha IepeducuMyo cHu3ly GyHKIHUO d C 1e-
JIBIMHI 3HadeHusAMH, Jyist Koropoit U; = {z | d(i) > i¢}. HacieacTBeHHOCT MHOXKECTB O3HAYAET MO-
HOTOHHOCTD 9TOH (DyHKIUHN; TIOMUMO 3TOTO, TpedyeTcs, ITOObI BEPOSITHOCTD COObITUS d 2> © BHYTpH
moGoro muoxkecTBa B(n, k) 6bi1a 661 He Gosbme 27, BuiHo, 9TO 9TH TPeGOBAHMS COOTBETCTBYIOT
OIDAHUYEHHBIM TI0 BEPOSITHOCTU PACIIMPEHHBIM TecTaM (B JOrapudMUIecKol IIKaje), HO TOJBKO
BMecTo Kijacca Mep B, Ha coBax JUIMHBI 1 pacCMaTpUBaeTCa JAPYToi KJIacC Mep, a UMEHHO KJIacc
Mep, COCPEJIOTOYEHHBIX Ha CJIOBaX JAHHOU JIJTMHBI C JAHHBIM 4YUCJIOM eaunun. Mepsl u3 xiacca By
[IPUHUMAIOT PABHbIE 3HAYEHUsI HA CJIOBAX OJMHAKOBON JIJIMHBI ¢ OJIMHAKOBBIM YHCJIOM €JIUHUIL, 110-
9TOMY NIPEJCTABUMBI B BUJIE CMECH PABHOMEPHBIX Mep Ha B(n, k) ¢ nekoropbivMu kosdbdunmentamu,
OT 3aMeHBbI 3, Ha 3TH MepbI yCJIOBUE CTAHOBUTCS 00JIee CHIILHBIM.
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[Tokazkem, 9TO TeM He MeHee KJIacc OEpHYJIMEBBIX TOCIEI0BATEILHOCTEN HE MEHSIETCsT OT TaKOi
3aMeHBI U, 0OJiee TOrO, YHUBEPCAJIBHBINA TecT (Kak (DyHKIMsI HA GECKOHEUHBIX IOCJIEI0BATEIbHO-
CTSIX) TOXKE He MEHsIeTCsl (C TOYHOCTBIO JI0 OPAHMYEHHOIO MHOYKHTEJS, KaK O0bIYHO). MbI moka-
JKE€M 9TO JJIsSi OTPAHUYIEHHBIX B CPEJIHEM BAPUAHTOB TECTOB (COOTBETCTBEHHO U3MEHUB OIPEIeJIEHUE
Maprun-JIéda); na kaacc 6epHyUIMEBBIX OCIEI0BATEIBHOCTEN 9TO He BiusieT. Paccyzxenne s
OI'PAHUYIEHHBIX 110 BEPOSTHOCTU TECTOB aHAJIOTUTHO.

JlaiuM COOTBETCTBYIOIIME OIIPEIEIEHUS.

Onpepenenne 4.7. Qyuxyuro f: {0,1}* — [0, +00] Ha3066M KOMOMHATOPHBIM GEpPHY/INEBBIM
TECTOM, eCAlU

(a) oma nepewucauma crusy;

(6) ona monomonna (yseaunusaemca npu dobasseruy GUMOS 8 KOHEY, CA06A);

(B) dan wmobvx yeavir n, k ¢ 0 < k < n cpeduee snauenue gynryuu f na muoocecmse B(n, k)
ne mpesocrodum 1.

Mo2kHO CpaBHUTDH 3TU TPEOOBAHUS CO CJIyYaeM PABHOMEPHON Mephl: TOTJA MbI TPEOOBAJIN, ITOOBI
cpennee 1o Beemy {0, 1}" HE NPEBOCXOANIIO €IMHUIIBI; TEIEPh TPEOOBAHUE CUIBHOE: CPEJIHEE 110 110
KaK 1011 3 ero gacreit B(n, k) nomkHO 66T He Gosblie 1.

Nmest Takoit TecT JijIst CJIOB OIPAHUYEHHON JIJINHBI, MOYKHO IIPOJIOJI?KATH €0 110 MOHOTOHHOCTH:

Ilpensoxxenune 4.8. Ilycmov umeemes pynxuyus f, onpedeséHnans Ha CA08aT OAUHDL MEHBUWE T U
ydosaemeoparowan mpebosanuam (a)—(B). Tozda eé npodoasicerue no MOHOMOHHOCTIU HA CAOBG
OALUWUT OAUH TAKIAHCE YIOBAENBOPAET, IMUM MPEOOCAHUAM.

Jokasamesvemeo. Bynem npomomkars eé Ha cioBa JymHbl 1, noaoxkus f(z0) u f(xl) paBHbIM
f(z) ans cnos z nyuaet n—1. Muoxkectso B(n, k) coctont u3 nyx gacreii: cJIOB, OKAHIMBAIOIIIXCS
HA HyJib, ¥ CJIOB, OKAHYMBAIONINXCA Ha eJuHUIly. llepBble HAXOAATCSA BO B3AMMHO OJIHOZHAYHOM
coorBercrBun ¢ B(n — 1, k), Bropsie — ¢ B(n — 1,k — 1). @yHKIma coxpansieT 3HAYEHUsT IPU ITOM
COOTBETCTBUU, MO3TOMY CPEJIHEE TI0 KazKI0i u3 gacteii e Gosbmre 1. CreoBaTenbHo, U CpeHEe 110
Bcemy B(n, k) ve Goubiie 1.

Kak 00bIvHO, MOXKHO OIpEJIENTh YHUBEPCAIbHBI KOMOMHATOPHBIN OEPHYJIJINEB TECT:

IIpensioxkenue 4.9 (yHuBEpCATbHbI KOMOMHATOPHBIN GepHysines TecT). Cpedu KomMOunamopHL
OEPHYAAUEBLT MECTMOE CYWLLCTNEYEM MAKCUMAALHBLT ¢ MOYHOCNBIO 00 MYALMUNAUKAMUSHOT KO-
CMarmMbL.

Ounpepenenne 4.10. Qurcupyem ynusepcarvroill Kombunamoprwd mecm b(z) u npodossicum ezo
HA OECKOHEUHBIE NOCAECAOBATNEABHOCTNU, TOAOHCUS

b(w) = sup b(z).
zCw
Hoayuennyro pynryuto 6ydem HaA3b64Mb YHUBEPCAAOHBIM KOMOUHGMOPHUM Mmecmom 1a 2 u 0bo-
3nauams mol orce byxeol b.

(B cuity MOHOTOHHOCTH TOYHYIO BEPXHIOIO I'DAHb B 9TOM OIPEIEJIEHHH MOXKHO 3aMEHHTDH Ha
peJed.)

[TokazkeM, ITO STOT TECT COBHALAET (C TOUHOCTHIO JI0 OIPAHIMYEHHOIO MHOXKHUTEJIS) C BBEIEHHDI-
MU paHee GEpHYIIMEBBIMU TECTAMU B CMbICIE onpejesenus 4.1.

Teopema 4.11.
b(w) = tg(w).
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oxazameavcmeo. Mbl yxke Bujien, 9o KOMOMHATOPHBIN OEPHYJIJINEB TECT SIBJISIETCsI PACIIIN-
PEeHHBIM GepHYJUIMEBBIM TeCTOM (M3 OrpaHuveHuil Ha cpejHee 10 Kaxkjoll dactu B(n, k) caemyer
OrpaHUYEHHE Ha MaTEeMaTHYECKOe OXKHUJIAHHUE 110 Mepe B, TaK KakK 3Ta Mepa HOCTOAHHA Ha KarKIoh
qactu). Crenoparensho, b(w) < tp(w).

Ob6paTHOe yTBep:KJIeHNe HEBEPHO: DPACIINPEHHBIH GEpHYIINEB TECT MOXKET He OBITh KOMOWHA-
TOpHBIM TecToM. (OJHAKO MOYXKHO IOCTPOUTH KOMOWHATOPHBIN TECT, KOTOPLIH NMPUHUMAET TE ¥KE
3HaueHus (C TOYHOCTHIO N0 KOHCTAHTHI) Ha GECKOHEUHBIX MOCJIEIOBATEIBHOCTAX, & TOJBKO ITO U
YTBEPKIAETCS B TEOPEME.

Wnes TyT cocTouT B CaemyiomieM. PaccMOTpuM paciiupeHHblit OepHy/IIneB TecT ¢ Ha CJIOBAX
JUIAHBI 7 ¥ TIEPEHECEM ero Ha CJIOBa CyIIeCTBEeHHO GostbIiedi qymubl N (IpUMeHsist CTapbiil TeCT K UX
Hagasam Juabl ). oayanm sekoropyio dyuknmio t'. Ham Hy>KHO nokazaTh, 970 ¢’ 6/M3Ka K KOM-
fuHATOPHOMY TeCTy (MPEBBIMAET ero He 60JIee 9eM B KOHCTAHTY pas). Jljst 9Toro Haao yCpej HuTb
t' mo muoxkecrsy B(N, K) nyst npomnsgosibaoro K mexay 0 m N. [Ipyrumu cioBamu, HaM HyZKHO
VCPEJHUTD t 110 PACIIPEJIEJIEHUI0 BEPOSITHOCTEH Ha N-OMTOBBIX HAYAJaX MMOCJIEI0BATEIbHOCTEN TN~
ubl N, cojepxkamux K egunun. [pu N > n 310 pacupejesenne 6yaer 6Jiu3Ko K OEPHYILIHEBOMY
¢ BeposiTHOCTBIO p = K/N.

B tepmunax Teopum BeposiTHOCTEH MBI mMeeM ypHY ¢ N Imapamu, u3 KOTOpPbIX K YEpHBIX, U
BbIHMMAaeM u3 Heé (6e3 Bo3BpaleHusi) n mapos. HaMm HaJl0 CPABHUTDH PACHDEJIEICHIE BEPOATHOCTE
¢ GepHYJLINEBBIM, KOTOPOE TIOJIYIUJIOCH ObI IIpu BhIOOPKe ¢ Bo3BpaienueM. [lokaxkem, aTo

npu N = n? pacnpedesenue bes cozepawenus ne 6oree wem 6 O(1) pas npesocwodum
pacnpedesenue ¢ 8036PAUEHUEM.

(Kcraru, obparnoe HepaBeHCTBO He BepHO: npu K = 1 6e3 BO3BpaleHusi Mbl HE MOXKEM [OJIYyYUThH
CJIOBO C JIByMd €IMHUITaMM, a C BO3BPAIICHUEM MOXKEM. HO HaM AJOCTATOYHO HEPaBEHCTBa B 3Ty
CTOPOHY.)

B camom gienie, npu BBIGOpKe 63 BO3BPAIEHHs] BEPOSITHOCTH BBITAIIUTH AP JAHHOTO IBETa
paBHa OTHOIIEHUIO

YUCJIO0 OCTABIIUXCS IMAPOB TOTO IIBETA,
YHCJIO BCEX OCTABIIMXCS MIAPOB

OcraBHuxcsl mapoB 9TOro IBera He OOJIbIe, YeM B CJydac C BO3BPAIICHUEM, a 3HAMEHATEIb He
Menbine N — n. Ilosromy BeposTHOCTH J1t00O0# KOMOMHAIIMKM IIPU BHIOOpKE 0e3 BO3BpallleHUsl He
6oJIbIIle BEPOSITHOCTH Ke KOMOMHAIIMI ¢ BO3BpAalleHneM, yMHOKeHHO! Ha N/(N — n) B cTenenu n.

Ipu N = n? posnuxaer muoxuress (1 + O(1/n))" = O(1).
TakuMm 06pa30M, €CJ/IM B3Th PACIIMPEHHbIIT GePHY/INEB ¢ 1 3aTeM onpeneyuThb t'(x) Ha cioBe &
JjumHbl N Kak t Ha HadaJsie CJI0Ba X JIJIMHBI L\/N |, To mostyuennast byuknus t’ GyseT KOMOUHATOPHBIM
TECTOM € TOYHOCTBIO JI0 KOHCTAHTBI. (OTMETHM, 9TO €6 MOHOTOHHOCTB CJIEJLYET U3 MOHOTOHHOCTH

t)

4.3 Kpurepuii 6epHYIINEBOCTH

EcrecTBeHHO CpaBHUBATH NMOHSATHE GEPHYILINEBOH MOCJIEI0BATELHOCTH (JJIs KOTOPOit TecT GepHYII-
JIMEBOCTH KOHEYEH) C HOHSATHEM CJLIyIailHol 110 Mepe B, nocseoBarenbaoct. OHAKO OLpe/ie/ieHne
caydaiinoctu o Mapruna-JI€dy mpesnosarajgo BEIMUCIUMOCTE MEPBI, U HEITOCPEJICTBEHHO HE TTPU-
MEHUMO K Mepe Bp Ipu HEBBIYUCJIUMOM P.

Mozkno, ojHako, peJsiTHBU3UPOBaTh ompejenenuss Maprun-JIéda, paspemus obpamarses K
opakyiy Juid p. C TakuMm opaky/JaoM Mepa B, cTaHOBUTCH BBIYHCJMMOI U OIpeJesIeHue CIIydaii-
voctu 110 Maptur-JI€dy nprobperaer cMbIC.

Cremyrommas TeopeMa MOATBEPKIACT WHTYUTHBHBIN CMBICT OEPHYJLINEBBIX MOCIIEIOBATEIbHO-
CTell KaK II0CJIe/I0BATeIBHOCTEH, CIyIaifHBIX 110 Mepe B, Ipu HEKOTOPOM p:
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Teopema 4.12. [locaedosamervHocms w ABAACMCA OEPHYANUESOT MO20a U MOABKO Ko2da, K020a
ona cayvatina no mepe By ¢ opaxysom p das wexomopozo p € [0, 1].

ToBopsi 06 opakysie p, Mbl MMEEM B BHJy BO3MOXKHOCTDH IIOJIyYaTh IO i 3HAYEHHUE i-r0 OUTa B
JIBOMYHOM Da3JIoKeHun p (KOTOPOE eIMHCTBEHHO, 38 UCKJIIOUEHAEM TeX CJIyd4aeB, KOTJa P JBOMIHO-
PAIMOHAIILHO, & B 9THX CJIydasx 00a Pa3/IoKeHNs BBIYUCIUMBI 1 OPAKYJl TPUBHUAJIEH ).

Mpr Gysiem TOKa3BIBATE 3Ty Teopemy (1 mpuToM B 6oJ1ee CHIILHON KOJMMIeCTBEHHON (hopMe), BBe-
JIs1 IOHSATHE TECTa CIIydaiiHOCTH 110 MepaM B), Kak (DyHKINH IBYX apryMeHTOB (II0C/Ie/10BaTeIbHOCTH
u p). Tpebyemblil pe3ysIbraT MOJIyUnTCsl KAaK KOMOUHAIIUST CJIEIYIOIUX YTBEPIK ISHHIA:

(a) Cpeau Takux “paBHOMEPHBIX” TECTOB CJIYUYANHOCTH CYNIECTBYET MaKCUMAILHBIH TecT t(w, p).

(6) Pynxrusa w — inf, t(w,p) coBnagaer (Kak 0OBIYHO, ¢ TOYHOCTHIO JI0 OIPAHHYEHHOIO MHO-
JKHUTEJIsI) ¢ YHUBEPCAIbLHBIM GEPHY/IINEBBIM TECTOM.

(B) IIpu dbukcuposannom p byuKIms w — t(w, p) coBnagaer (¢ TOl Ke TOTHOCTHIO) ¢ PEIIATUBU-
3MPOBAHHBIM OTHOCHTEILHO P MAKCUMAJILHBIM TE€CTOM CJIYIalHOCTH OTHOCUTENLHO (p-)BBIYUCIUMON
Mepsl Bp,.

N3 srux Tpéx yTBEpKIeHUil JIerko ciejyer TeopeMa 4.12: mocsieioBaTeIbHOCTb W DepHYILINEBa,
ecau TeCcT GEPHY/UIMEBOCTH HA w KOHEYEH; OH PaBeH TOYHON HukHell rpaHu t(w,p), mO3TOMY €ro
KOHEYHOCTH O3HavaeT, ITo t(w,p) < 0O IPU HEKOTOPOM P, UTO PABHOCHJIBHO P-PeJIsITUBU30BAHHON
cllydaitHocTH 10 Mepe B).

Ham nonazoburcst HEKOTOpasi TeXHUIECKasl MOANOTOBKA. TecThl ciydaliHocTu (Kak dbyHKIUN
JIByX apryMeHTOB) TOXKe OyJyT IE€PEYUCTUMBIMU CHU3Y, HO ITO MOHSTHE TPEOyeT yTOYHEHUsI, MO~
CKOJIbKY JI06aBUIICS BTOPOI apryMeHT, jeiicTBuresbHoe qucyo. (Brocieacrsuu Mbl pacCMOTPUM U
Bostee OOIIYIO CHUTYAIMIO, KO BTOPBIM apTyMEHTOM sBJseTCs Mepa.) JlagnM COOTBETCTBYIONIUE
OIIpE/IeJICHUSI.

Onpepenenne 4.13. Hasz06ém GasucHbIME TPAMOYTOJNbHUKAMU 6 npocmpancmee ) X [0,1] mmo-
arcecmea suda T X (u,v), 2de T — 060UNHOE CAOB0, G U,V — PAUUOHAADHBIE YUCAA, TPUEM U < V.
(Texnuneckasn ozosopka: wucaa u,v mo2ym aesxcams u ere [0,1], 6 amom caywae no emopoti koop-
duname bepémca nepecevenue (u,v) c [0,1].)

Qynxyusa f: Q x [0,1] = [—00,400] Hasw6AEMCA TIEPEUNCTUMOI CHU3Y, €cAl Cyujecmeyem
an2opumm, Komopoiti NOAYUAEm Ha 6X00 PAUUOHANLHOE T U NOPOAHCIALT, NPAMOYLOALHUKY, 6 065~
edunenuu darougue 6cé mrosicecmeo nap (w,p) ¢ r < f(w,r).

Omo onpedesenue, Kax u panvwe, mpebyem, wmobv. npoobpas (—oo,r) v sfdermucno om-
KPOUMOLM MHOJICECTIGOM PAGHOMEPHO TO T, HO MOALKO MENEPL MbL PACCMAMPUBAEM IPPHermucHo
omxpoimwie muosicecmea 6 ) X [0,1], onpedeaénnvie ecmecmeentvim 06pasom.

Ananozunno onpedeasemcs U MEPedUCIAMOCTD CBEPXY, PAGHOCUALHAA NEPEHUCAUMOCTIU CHUIY
Pyrryuu (—f).

DYnKUUIO ¢ KOHEUHDMU 0etiCIEUMEAbHbMU 3HAUEHUA HA3bI6At0M BLIMUCIIMON, eCAU OHG Te-
DEUUCAUMA U CHUBY, U CBEPTY.

[Tockonbky mnepecedenne 3hpMOEKTUBHO OTKPBITHIX MHOXKECTB 3D@MEKTUBHO OTKPBITO, MOJIYYaeM
TaKyo (POPMYJIUPOBKY:

IIpennoxkenne 4.14. DOynxyusa f: Q x [0,1] = R swuucsuma mozda u moavko moada, xo020a din
Kaotcdo20 unmepsasa (U, v) ¢ PAUUOHAALHOMY KOHUAMU €20 Npoobpad ecmv 0bsedunenue nocaedo-
B8AMENBHOCTNU BAZUCHBLT NPAMOY20ALHUKOS, IPPermueHno nopotcdaemoti no u u v.

Ty THBHBI CMBICT 3TOrO TPeOOBAHUS MOXKHO IIOHSITh, €CJIM UMETh B BHJLY, UTO 3aja4a “‘yKa-
3BIBATH MMPUOJIMKEHUs K (v C JIFO0O 3aJaHHONW TOYHOCTHIO PaBHOCUJIbHA 3ajade “Iepevdnc/isaTh BCe
UHTEpBAJBI, comepxkarue «. [losToMy st BeraucaumMoit GpyHKIUM f MBI MOXKEM HAXOIUTH MPHU-
6imkenns K f(w,p), ecin HAM JAIOT TPUBJIMZKEHUsS K W 1 .
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Onpejiesienne (HEOTPUIIATEIHHON) IEPEUUCIUMON CHU3Y (DYHKIMH MOXKHO 11epeOpMyInpOBaTh,
BBeJsI TmoHsTHe OasucHoil dyuknuu. Ham Oyner Baykno, urto 6a3ucHble (DyHKIUNU HENPEPBIBHBI,
[IO9TOMY 3aBHCUMOCTH OT JEHCTBUTEILHOTO apryMeHTa Oy/neT KyCOUHO-JIUMHEHHOM, & He CKAIKAMHU.

Onpepenenne 4.15 (6asucubie dynxiuu, Gepuymes ciyuail). [Hycmos © — deounwnoe cao06o0,
(u,v) — payuonarvrod unmepean, a k — namypasvhoe wucao, das xomopozo u + 2% < v — 27k,
Onpedeaum GYHKEYUIO Gy 0.k (W, P) MAK: €CAU W HE HAYUNAETCA HA T, TO OHA PABHA HYAIO; €CAU
W HAYUHAETNCA WG T, MO 3a6UCUMOCTIE om P Oydem xycouno-aunetinot, npuuém npu p & (u,v)
dymryua pasna nymo, enympu (u+ 275 v — 27F) dynryus pasna 1, a 6 npomescymse aunetino
MEHACTNCA.

Tenepv paccmompum naumenvwuts xaace dynryut, codeprcaujutds 6ce GYNKUUL Gy y ok U 30-
MEHYMDIT OMHOCUMENDHO AUHETHBT KOMOUHAUUT C PAUUOHANDHbMU KOIPHUUUEHAMU, MAKCU-
MYMOB U MUHUMYMOE. MO CUEMHOE MHONHCECMBO GYHKUUL, KOMOPBIE MOACHO 3a046aMb KOH-
CMPYKMUBHo, U amu GyHKuuL 6ydem Ha3vi8amMy ODAZUCHBIMA.

Tenepb MOXKHO JaTh 3KBHUBAJIEHTHOE OIIMCaHNE IMEePEIUCINMOCTH CHU3Y:

IIpennoxenune 4.16. Pynxyusa f: Q x [0,1] — [0,400] nepeuucauma crusy mozda u moavko
moada, K020a 0Ha NPEICTNABUME 8 8UJE NOMOYEHHO020 NPedesa HEYOLLEaAIWET NOCACIOBAMEADHOCTNU
6a3uCHBLT GYHKUUL.

Joxazameavbecmeo. 1o ObLIO OB COBCEM SICHO, €CJIN CIUTATH O0A3MCHBIMU (DYHKIUSIMU XapaKTe-
puctudeckne MGYHKIMN OA3UCHBIX PSMOYTOJbHIKOB ¥ MAKCUMYMbl KOHEYHOI'O YUCJIA TAaKUX (DYHK-
muii.  Ho Mbr XoTmM, uT06bI GasucHble QYHKIMU OBLIN HENPEPBIBHBI 110 p (3T0 OyJeT BaXKHO B
naspneiimem). Ilosromy Hazo 3ameTuTh, 4T0 1P kK — 00 PYHKIUS G4 4y 0 k CTPEMUTCH K XapaKTe-
pucTudeckoil GYHKINN IPIMOYTOJIbHUKA.

HempepbiBHOCTE 6a3UCHBIX QYHKIMI TapaHTHUPYeT TaKOe BaKHOE CBOHCTBO:

IIpengnoxkenne 4.17. ycmo f: Qx[0,1] = R — 6asucran gynrwyus. Toeda snauenue unmezpana
[ f(w,p) dBpy(w) sasasemes evuuciumoti pynxyuets om p (u om basucnot gymryuu f).

(BBIMUCAMMOCTD TOHUMAETCST B ONUCAHHOM BBIIIE CMBICJIE; OTMETUM, 9TO BCsSKAs BBIYUCIAMAS
GYHKIMS HEMpephIBHA. AHATOTUYIHOE YTBEPXKICHNE BEpHO st 000l Beraucanmon dyakiun f,
He TOJIbKO 0a3MCHOM, HO HAM 9TO HE MOHAI00UTCS. )

Terepb MBI TOTOBBI C(OOPMYJIMPOBATH U JIOKA3aTh BaXKHBIH TeXHUYIeCKUil (bakT (0Ka3aHHbIH B
[13]); on me pas mam nonago6uTCs (B TOM Wncae n B Gostee obmmeit cutyarmn).

IIpensoxkenne 4.18 (yceuenue). Hycmo ¢: Q% [0,1] — [0, 00] — nepenuciuman cnusdy GyHryua.
Tozda moorcro nocmpoums dpyeyo nepevuciumyto chudy dynkyuro ¢ (w,p), He npesocrodiuyro
o(w,p) 6 kaorcdoli mouke, das KOMOPOT NPU A1060M P:

(a) f‘pl(w’p) dBP<w) < 2;

(6) ecau [ o(w,p)dBp(w) <1, mo ¢'(w,p) = o(w,p) npu 6cex w.

Hoxaszameavcmeo. Corsacto Ipemoxkenuio 4.16, MOXKHO PEJCTABUTL (0 B BUJE CYMMbBI Psijia
HEOTPUIIATE/IbHBIX 0a3ucHbIX dyHKIWmil: ¢(w,p) = Y . hn(w,p). Ipennoxenne 4.17 rapanTupyer,
YTO HHTerpaJl

/ S hi(w,p) dBy(w)

<n

SIBJISIETCST BBIYUCAUMOl (byHKIMEH oT p (PABHOMEPHO TI0 1), ¥ MO3TOMY MHOMKECTBO S, T€X p, TIe
9TOT MHTerpaJ MeHblie 2, 3(pHEKTUBHO OTKPHITO (PABHOMEDHO 110 7).
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Teneps nosnoxum h,(w,p) = hy(w,p), eciun p € Sy, u hl (w,p) = 0 B HpoTUBHOM Ciydae.
Oyukuust h, OyJer nepevucInMoii CHU3y, 1 HHTerpas | > i<n Mi(w, p) dBy(w) Gyner menbie 2 npu
Beex p. Iomoxkus ¢’ = Y Al MBI mOJIyduM nepeducauMyIo CHU3Y (YHKIHMIO, U [0 TeopeMe O
MOHOTOHHO} cxopumocti [ ¢ (w, p) dBp(w) ne Goubiie 2 npu Beex p.

Ocraérest 3aMeTHTDb, ITO ec/Iu Ipu HeKoTopoM p unrerpalt [ ¢(w,p)dBy(w) ne npesocxoaur 1,
TO 9TO p BOWIET BO Bee S, U mepexos oT hy, K h,, KaK U Nepexoj] OT ¢ K ¢’, HIYero He M3MEeHUT.

[Tocsie 370 MOATOTOBKY MBI MOXKEM OIPEJIETUTH PABHOMEPHBIE TECThI OEPHYJLITUEBOCTH U JIOKA~
3aTh UX CBOMICTBA:

Onpepenenne 4.19. Oynxyuio t om deyx apeymenmos w € Q u p € [0, 1] na306ém paBHOMEPHBIM
TECTOM OEPHYJUIMEBOCTH, €CAU

(a) ona nepeuucauma crudy (8 ONUCAHHOM BbIULE CMBICAE, KK GYHKUUL NapyL);

(6) das aoboezo p € [0, 1] mamemamuueckoe osrcudarue t(w,p) no mepe By, (mo ecmov unmezpan
J t(w,p) dBp(w)) ne npesocxodum 1.

Ham ocrasioch j0Kka3aTh Tpu OOEIIAHHBIX YTBEPAKICHUSA:

JIemma 4.20. Cywecmeyem yHUBEPCAJbHBIN pagHomepruill mecm bepryasuesocmu t(w, p), xomo-
POLll ABAAEMCA MAKCUMAABHOIM 8 IMOM Kaacce (¢ MOUYHOCTIBI0 00 KOHCIMAHMbL).

Jlemma 4.21. Jlas smozo mecma ¢ynryus t'(w) = inf,t(w,p) cosnadaem (¢ mournocmuvio do
02DAHUNEHH020 6 06e CIMOPOHDL MHONCUMENR) C YHUBEPCANLHbIM Mecmom Gephyaruesocmu tg(w) 6
emviene onpedenenus 4.3.

N3 sTux aByX JieMM BBITEKAET, UTO IOCIEJ0BATEIBHOCTD W SIBJISETCS OEPHYJIJINEBON TOTIa U
TOJIBKO TOTyIa, Korja t/(w) < 0o, To ecThb t(w, p) < 0O P HEKOTOPOM P, U 9TO MO3BOJIAET 3ABEPIITATD
JIOKa3aTeIbCTBO TeopeMbl 4.12 cChIKOI Ha Takoe yTBep KIcHUE:

JIemma 4.22. /[las durcuposannozo p dpynkyua ty(w) = t(w,p) cosnadaem (¢ mownocmwvio do
02PAHUMEHHO20 MHONCUMENR) € DEAAMUSUZOBAHHM OTNVHOCUTNEABHO P YHUBEPCAADHBIM MECTNOM
CAYHATIHOCTIU OMHOCUMENLHO Mepbl By

Jlokasameavcmeo. (nemma 4.20) BymeM mepeducssiTh BCe MepeducanMbie CHU3Y QYHKIUA JIBYX
aprymenToB. K KakJoif W3 HAX IPUMEHHM IpeioxkeHue 4.18, U MoJydeHHBIE CYyMMBI CJIOXKHM C
ko3 durmenTaMu, 06pas3yONMMA BEITUCIUMO CXOJSIIANACST PSJT ¢ CyMMOi MeHbIe 1/2.

Jlokasameavcmeo. (nemma 4.21) Tlokaxkem, aro dynknus t' aBasgeTcss yHUBEPCATHHBIM GEPHYJI-
jmeBbIM TectoM. Ilpu jroboM p MaTeMaTHIecKoe OXKHJlaHue 3TOU GyHKIuM 1o Mepe B, He Gosblire
1 (mockoJbKy OoHa He IPeBOCXOIUT t(w, p) JIJIst 3TOrO0 KOHKPETHOTO P).

Kpome Toro, sta QpyHKIMS HEPEUnCIUMa CHU3Y. DTO JOKA3BIBAETCS AHAJOIMYHO IPEJIJIOXKe-
HUIO 2.7 ¢ UCHOJIb30BAHUEM KOMIAKTHOCTU. (AHAJOrndHoe yTBepXkK/acHue B 6oJee obmei curyamnum
Byzer nokaszano B npeioxenun 7.20.)

Takum 06pazoM, t’ gaB/seTcst GepHYIUIHEBBIM TECTOM. Y HUBEPCATBLHOCTD (MaKCHMATLHOCTD) Oe-
BUJIHO CJIEJIYET W3 TOTO, UTO JIIOOOH OGEPHYJIINEB TECT MOXKHO PACCMATPUBATH KAaK (DYHKITUIO JTBYX
TEPEMEHHBIX, KOTOopast 6y/IeT PABHOMEPHBIM OEpHYJIINEBBIM TECTOM.

AHaornIHOE PacCyKIEHNE TTOKA3BIBAET, ITO JJIsT €CTECTBEHHBIM 00pA30M ONpEJIEIEHHOTO YHIY-
BEPCATILHOTO PACIIUPEHHOIO PABHOMEDHOTO GepHyJLIHeBa TecTa t(z, p) (MepBbIM apryMeHTOM KOTO-
poro sIBJISIETCsI JIBOMYHOE CJI0BO) Besm4nHa infy, t(x, p) Oyaer yHHBEepCAJbHBIM PaCIIMPEHHBIM Gep-
HYJIJTUEBBIM TECTOM.
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Joxasamenvemso. (nemma 4.22) TpeonokuM BHAYAJE, YTO P BBIYUCIUMO. TOrIa Mbl MOYKEM
IIEPEYNC/IATh BCe MHTEPBAIbl, cofeprkaiue p, u GyHKuus t,: w +— t(w,p) mepednciauma CHU3Y
(ITOOBI [IEPEIUCIATE Te HHTEPBAJIBL, Te t,(w) > 7, MBI IIepeInCIIsTeM IPSMOYTOIbHIKH, B KOTOPBIX
t(w,p) > r, n orbupaeM U3 HUX Te, IJIe BTOPasi IPOEKITHs COJIEPKUT D).

Amnajiorndnoe paccyxKaeHue MOXKHO IIPOBECTH JJIs JIIOOOTO p U yCTAHOBUTL, 4TO (DyHKIHA t,
HepednciIuMa CHU3y ¢ p-opaxysnoM. Taxum obpasom, t, He IPEBOCXOJUT yHHBEPCAIBHOI'O PEJISITH-
BU30BAHHOIO TecTa Jjis By,

Ob6parHoe paccyzKeHue UyTh claoxkHee. IIycTh MMeeTcst HeKOTOPBIH TecT ¢ i By, Iepednciu-
MBIl CHU3Y ¢ OpakysoM p. MBbI JOJIPKHBI HAHTH PaBHOMEPHBIH TecT ¢ (w, p), KOTOPDI MasKOPUPYET
t (mpu ganHoM p). Jpyrumu cjaoBaMu, HYXKHO HPOJOJKUTH (DYHKIUIO, [EPBOHAYAJIBHO ONpeJe-
JIBHHYIO TOJIBKO JIJIsI OJTHOTO P, HA BCE 3HAYMEHUS P, U [IPU ITOM €€ M rapaHTUPOBATH ONEHKY JIJIs
UHTErpaJa.

Haumém ¢ mpocToro citydasi, KOTJia p BEIYUCIUMO. B 3TOM ciiydae opakys He HyKeH 1 (DYHKITUS ¢
nepevncnMa cau3y. JlobaBuB B He€ (PUKTUBHDBIN BTOPOH apryMeHT p, MbI HOJIYIUM EPEUUCTUMYIO
cuuzy GyHKIUO JIByX aprymenToB. Ho TecTrom sta dpyHKIUs, cKOpee Bcero, He OyJIET, TaK KaK PO
eé MaTeMaTHUIECKOe OXKHJaHWe 10 Mepe By IIpH ¢ # p MBI HEYero He 3HaeM. TyT HaM momoraer
npesoxkenne 4.18: ¢ €ro moMompI0 MBI TIpeobpasyeM ¢ B mepedncnMyio cansy dbyuknuio t'(w, q)
(KoTOpas Telepb yzke peasbHO 3aBHCUT OT ¢), 1ust kotopoit [ ¢ (w,q)dBy(w) < 2 upu Beex ¢, a
t'(-,p) = t(-,p). Tomenus ¢’ monosam, MOJy4IMM PABHOMEPHBII TECT.

Temneps paccMoTpum citydail HEBBIYHCJIUMOTO p. B 3TOM cilydae p UPPAIMOHAJIBLHO, TO3TOMY
OUTHI €r0 JBOMYHOIO PA3JIOYKEHHMsST MOYKHO ITOJIyYaTh, UMesl MEePEUYUCJIEHHE BCEX COJIEPIKAIIIX €ro
UHTEPBAJIOB (JI0XK/IABIINCH, [OK& IIOSIBUTCA MHTEPBAJI, OJHO3HATHO ONPEAEISIONUil HyKHBIH HAM
6ur). TlosToMy MamMHa, HCHIOIL3YIONIAs OPAKYJI P, MOKET ObITh IPeobpa3oBaHa B MAIIUHY, KOTOPast
nepedncyigeT CHU3y HekoTopylo dynkmuio t(w, q), copmagamomyio ¢ t(w) mpu ¢ = p. dra byHxmua
BOBCE HE 00s13aHa GBITH PABHOMEPHBIM TECTOM OEPHYJIMEBOCTH ([IOCKOJIbKY YCJIOBUE Ha MHTETDAJT
rapaHTHPOBAHO TOJIBKO IPU ¢ = p, HO €€ OSTh »KE€ MOYXKHO IOJABEPIHYTH YCEUYEHHUIO C MOMOIIHIO
npejtoxkennst 4.18.

5 IIpousBosibHBIE MepbI HA )

B sTom pazsesne MbI mo-TIpesKHEMY OTPAHUYIUBAEMCsI TBOMIHBIMU MTOC/IEI0BATETLHOCTSIMA, HO MEPBI
Ha {2 MOryT OBITH JIIOOBIMHU, & HE TOJBKO DEPHY/IIMEBBIMH.

O6o3znauvenue 5.1. Bydem 0603Ha4AMb MHOHCECTNEO BCEXL BEPOAMHOCTHLLL pacnpedesenuds Ha )

wepes M(Q).

(Hanomuum, uTo Mepa Bcero mpocrpancTsa ) Beerga pasna 1.)

5.1 PaBHOMepHBIE TECTHI CIIyYallHOCTU

Ounpenenenue 5.2. Ha306ém PaBHOMEPHBIM TECTOM NeEPEUUCAUMYIO cHu3Yy Pyrkyuto t(w, P) deyx
apeymenmos (nocaedosamesvrocmu w u meput P wa ), das komopod

/t(w,P) dP(w) <1

ons A1060t mepvs P
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3reck TpebyeT YTOUHEHHUsI MOHSITHE MEePEeINCINMON CHU3y (GyHKIMA. IIpocTpaHCTBO BeeX Mep
M()) MOXKHO paccMaTpUBATh KAK 3aMKHYTOE MOJMHOXKECTBO GECKOHEUHOIO IPOU3BEIEHUST

E=100,1] x[0,1] x [0,1] x ...

(Mepa 3aa6TCst CBOMMU 3HAYEHUSIMU Ha HHTEPBAJIAaX, KOTOPBIX CUETHOE UUCIIO; 9TH 3HAYEHUST JIOJIK-
HBI YJIOBJIETBOPSITH COOTHOIIEHUSIM, BBIJIEJISIONNM 3aMKHYTOe MHOXKeCTBO). Tenepb onpejenanMm Ha-
3UCHBIE MHOXKECTBA, YPHEKTUBHO OTKPBIThIE MHOXKECTBA U IIP. JIJIsI TPOCTPAHCTBA MeP:

Onpepenenne 5.3. Basucroe mmoocecmeo (0mxpuimoili THTEPBAI) 6 NPOCTMPAHCMEE MeP 3a0a-
EMCA KOHEUHUM MHOMCECTNBOM Ycaosull suda u < P(y) < v, 2de y — dsouunoe cao60, a u,v — pa-
YuoHasbHYe Yucaa. Ono cocmoum u3 ecex mep P, ydosaemsoparowur smum yciosuam. bBasucHoe
OTKPBITOE MHOXKECTBO 8 npocmparcmee ) x M(Q) umeem eud xQ x B (npouseederue unmepsaros
6 QueM(Q)).

Iepevucaumocms CHUBY, CEEPTY U SBIMUCIUMOCTD MENEPL ONPEIEAAIOMCEA CINAHIAPMHbIM 00-
PA3OM 8 MEPMURAT OAZUCHLLT OMEPLIMBLE MHONHCECTNS, M. onpedeaenue 4.13.

Mgt 6yzeM HCIOIB30BATH KOMIIAKTHOCTD IPOCTPAHCTB ) (MBI paccMaTpUBaeM IIOC/IEI0BATEb-
HOCTHU HaJi KoHeYHBIM asidasuroM {0,1}) u M(Q). DT0 CBOHCTBO MO3BOJIAET BHIGUPATH U3 JTIO6OT0
OTKPBITOIO HOKPBITUsI KOHEYHOe IoanokpeiTre. Ham noramoburcst sbdexkTuBHbIl BapHAHT 3TOr0
cBoiicTBa:

Ounpenenenne 5.4 (acbdexTuBHas KOMIAKTHOCTD). Komnaxmuoe nodmmoscecmeo C' npocmpar-
cmea M naszvisaemcs 3PHEKTUBHO KOMIAKTHBIM, ECAU MHONHCECTEO

{S| S — xoneuroe cemeticmeo basuchvir mHoscecms, nokpusarowee C'}

nepeiucaAuUmMo.

Camo npocrpanctso M(2), Kak JIETKO BUJETH, KOMIAKTHO U 9b)eKTUBHO KOMIAKTHO. KoMm-
MAKTHO OHO KAaK 3aMKHYTOE€ MHOYKECTBO B IIPOM3BEICHUN KOMIIAKTHBLIX IIPOCTPAHCTE, a 3¢ deKTuB-
HOCTB CJIEJIyeT U3 TOTO, UTO MBI MOXKEM IIPOBEPHUTD, ITO JAHHBIE OA3UCHBIE MHOXKECTBA TMOKPLIBAIOT
BCE IPOCTPAHCTBO (pedb WJET O JIMHEIHBIX PABEHCTBAX U HEPABEHCTBAX C KOHEYHBIM YHCJOM Iepe-
MEHHBIX, 8 TaM BCE aJrOpUTMHUIECKH paspermuMo). OTCIJa JIETKO CJIeyeT TaKoe YTBepKIeHNe:

IIpengioxkenue 5.5. Beaxoe afpexmusno samrrymoe nodmmoocecmeo M(Q) adexmuero xom-
NAKMHO.

Loxazameavcmeo. Ilycts abdekTuBHO 3aMKHYTOE MHO2KECTBO C' IMeeT JIOMOTHEHNE, SIBJISTIOIIe-
ecst 00bemHeHneM 0Aa3MCHBIX OTKPBITBIX MHOXKeCTB Uy, Us, . . .; ceMeiicTBO S ABJISIeTCS MOKPBITHEM
C Torja m TOJIBLKO TOT/Ia, KOIJla BMECTE ¢ HEKOTOPBIM KOHEYHBIM HabopoMm u3 U; OHO IMOKPBIBAET BCE
IIPOCTPAHCTBO. A 9TO CBONCTBO MEPEUMCIUMO.

Bepuo u obparnoe — 410 3(PEKTUBHO KOMIAKTHOE MOAMHOXKECTBO 3(P(PEKTUBHO 3aMKHYTO.
(Ero momosHeHme ecTh 00beIMHEHNE BCEX MHTEPBAJIOB, KOTOPBIE HE MEPECEKAIOTCS ¢ HEKOTOPBIM
KOHEYHBIM TIOKPBITHEM MHOXKECTBA, 4 TAKHE CATYAIIUA MOYKHO MEPEIUCIIATE. )

Temepb MBI MOYKeM TIPOIOIKUTE MMOCTPOEHNE TI0 AHAJIOTHH ¢ GepHyIIneBbIMI Mepamu. Ompese-
JiuM ToHsiThe 6asucHol dyHKuuu (1o aHajgoruu ¢ onpeneserneM 4.15; KOHKpeTHbIH Bul, 6A3UCHBIX
dyHKIMI He UMeeT GOJIBINIOrO 3HAYEHUS):

Ounpenenenne 5.6 (6asucHble DYHKIUE JJisi PABHOMEDHBIX TECTOB IO MPOM3BOJBHBIM MeEpaM B
Q). Basucubie dynkmun na mnoscecmae 2 x M(Q) onpedeastomen ananroeuuno onpedesenuro 4.15,
HAYUHAA ¢ GYHKUUT

Gz yuwk: @ x M(Q) = [0,1].
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3decv x,y — d8oUUHbBIE CAOBA, U,V — PAUUOHANDHDLE HUCAG, G K — HAMYPAALHOE YUCAO; ZHAUEHUE
Gzyuvk(w, P) pasno myamwo, ecau w me mavunaemca na i npu T T w 9mMo 3HAYEHUE KYCOUHO-
aunetino sasucum om P(y), u pasto 0 npu = & (u,v) v 1 npu x € (u+27% v —27F).

Kak u B npegoxkenun 4.16, Bcakas nepednciuMas CHU3y HEOTpULATEIbHAS (DYHKIIASA ABJIACTCS
IIPeJIe/IOM BO3PACTAIOIIEH TT0CIIeJ0BATEILHOCTH OA3MCHBIX (DYHKIMI (3aMETHM, UTO B gy 0.k (W, P)
BXOJIUT 3HAYeHNE P TOJIBKO Ha CJIOBE Y, HO MBI 3aTEM 0EPEM MUHUMYMBI U MAKCHMYMBI).

Hasee, Kak B Tpemioxkennn 4.17, MOXKHO 3aMeTUTB, 9TO I 6a3ucHOM (pyHKIMN f WHTErpas
J f(w, P)dP(w) siastercst Braucaumoit dbyrkuueit mepet P (u 6azucuoit dbynkmun f).

Haxkorerr, ocraérest BEpHBIM (C TeM Ke JIOKA3aTeIhCTBOM) M aHAJIOr npejioykenus 4.18:

Teopema 5.7 (yceuenue). I[Tycmo p(w, P) — nepevucaumasn chusy dyrkyus. Tozda cywecmeyem
nepenucauman chudy dynkuus @' (w, P), das xomopoti das awbozo P

(a) [ ¢/(w, P)dP(w) < 2;

(6) ecau [ (w, P)dP(w) <1, mo ¢'(w, P) = ¢(w, P) npu scex w.

DTO TO3BOJISIET MOCTPOUTH YHUBEPCAJIBHBIN TeCT KaK (DYHKIIUIO MTOCJIEI0BATEILHOCTA U IIPOU3-
BOJIbHOI MephI Ha ()

Teopema 5.8. Cywecmeyem ynusepcasvohvili (MAKCUMAALHOG ¢ MOYHOCMBIO 00 NOCMOANHOZ0
MHOHCUMEAR) PAGHOMEPHBILT MECT.

oxazameavcmeo. Kax u panbiie, OyneM MMepeUnuCIsiTh BCE HEPEUUCIUMbIe CHU3Y (DYHKIUH,
HOJIBEPraTh KaXK/[YI0 U3 HUX yCeUeHUIO0 (KOTOpoe e He MOPTUT, ecyiu (DYHKIUS U Tak ObLIa TECTOM ),
U 3aTeM CJIOXKUM TOJIyIHUBIIHECS] TECThI (MU ITOYTU-TECTHI) C TMOIXOANIUMEI KOI(DOUIUEHTAMY.

Onpegnenenue 5.9. Qurcupyem 00un u3 YHUBEPCAADHOIT PAGHOMEDHLIT MECNO8 U Oydem 0003Ha-
wamo e20 t(w, P). Bydem 2060pumov, wmo nocaedosamesvnocms AGAACMCA PABHOMEPHO CJLy IaitHOMN
no mepe P (ne obasamesvno svnucisumots), ecau t(w, P) < oo.

[TokaxkeM, 9TO Jisi BBLIYUCIMMBIX MEP ITO ONPEJETICHNE COIJIACYETCsl ¢ MPEKHUM (OIpeiesie-
aue 2.13):

IIpengioxkenue 5.10. I[Tycmv P — swvivucauman mepa. a tp(w) — ynusepcasvnuili oepanuientvil
6 cpediem mecm 0af amoti mepovi 6 cmuicae onpedeaenus 2.13. Toeda c1tp(w) < t(w, P) < catp(w)
0as mekomopwuxr ¢1,co > 0 u das ecex w.

3/1ech KOHCTAHTBI €] U Cg 3aBUCIT OT BbIOOpa Mepbl P u or BeIOOpa Tecta tp Jjist 9TOH Mepbl
(3TOT BBIGOD GBLI MTPOU3BOJILHO CAEIAH JIJIsd KAXKJI0H BBIYUCIUMON MEpHI).

DT0 NpeJIoKEHUE MTOKA3BbIBAET, B YACTHOCTU, YTO JIJIsT BEIYUCIUMBIX MEP paBHOMEPHAas CJIydaii-
HOCTB COBIIQJIA€T CO CJIYIalHOCTBIO B cMbIicsie Maprun-JIéda.

Aoxasamenvemso. st Hadana mokaxkem, 9to t(w, P) < ¢ tp(w). Bamernm, uro dyHKIHMS W —
t(w, P) siBysiercst TIepeYNCINMON CHU3Y: MOCKOJBKY Mepa P Bblumcsmma, Mbl MOXKeM 3(hDhEeKTHBHO
MEPEYNCTISITE BCe MHTEPBAJIBI B MIPOCTPAHCTBE Mep, €€ cojepxKatme. 1109ToMy OHa MaskOpUPYeTCst
MaKCUMAaJIbHBIM TIEPEYNCIUMbBIM CHU3Y P-TecToM tp.

Yrobbl 0Ka3aTh 0OpaTHOE HEPABEHCTRO, J00AaBUM (DUKTUBHBII apryMeHT U PaccMOTPUM (DyHK-
U0

t(w, Q) = tp(w).

Ota PYHKIWS, eCTECTBEHHO, He sIBJISETCS PAaBHOMEPHBIM TECTOM, TaK KakK e MHTerpaJj mo mepe ¢
(mpu @ # P) MoxKeT GBITh JIOOBIM, HO [IOCJIE YCeUeHHsI OHA CTAHOBUTCS (IIOUTH) TECTOM, HE MEHSISICh
na P.

27



Mo2KHO TBITATHCsI OIPEETUTh TECThI OTHOCUTEILHO HEKOTOPOI O1HON (He 06s3aTesIbHO BBIUUC-
JuMoit) Mepsl. Bymem ropoputs, uro dyukmus f : Q — [0, +00] nepevuciuma crudy omHocumesvHo
mepu, P ecoin oHa nojtydaercs U3 nepequcanmMoit causy dyukuun Ha ) x M(Q) dukcanumeii Broporo
aprymenTta paBubiM P. Tenepb MOXKHO JaTh TaKOe OIpeeseHue:

Omnpenenenne 5.11. I[Tycmv P — nexomopas mepa na . Bydem 1a3vi6ams T€CTOM CIIydaiiHOCTH
otHOCUTEIBHO P nepevucaumyro chuzy omuocumenvro P dynxyuro f, dan xomopot [ f(w) dP(w)
He MPesocrodum eOuHULbL.

TeopeMa 5.7 IIOKa3bIBa€T, O/[HAKO, 9YTO HOBOI'O IIOHATHSA Cﬂy‘laﬁHOCTI/I IIPU 9TOM He IIOJIydaeTCdA
— MbI IPUXOAHUM K TeM 2Ke& CaMbIM PaBHOMEPDHBIM TeCTaM:

Teopema 5.12. ITyemv P — nexomopas mepa, o tp(w) — meem omuocumenvro amoti mepor. Tozda
cywecmeyem pasromepnviti meem t'(-, ), das xomopoeo tp(w) < 2t(w, P). Hanpomus, cyoscenue
2106020 pasromeprozo mecma na mepy P asasemcsa P-mecmom.

,ZLJI}I PaBHOMEPHBIX TECTOB MOXKHO TaK>Ke BBECTU IMOHATHE PACIIUPEHHOI'O TeCTa:

Ounpepesienne 5.13 (pacuupennsle pasHoMepHbie TecThl). Dynwyus T: {0, 1}* x M(Q) — [0, 1],
NEPEMUCAUMAA CHUSY U MOHOMOHHAA N0 NEPEOMY APRYMEHM]Y, HA3DIEAEMCA PACITIPEHHLIM PaBHO-
MEPHBIM TE€CTOM, €CAU

> T(x,P)P(z) <1

|z|=n

oas 1106020 N u 110600 mepol P.

Kax u pasbIe, B CHJIy MOHOTOHHOCTH MOKHO CYMMHPOBATDH He TIO CJIOBAM JIAHHON JIJTHHBI, & 110
JII060MYy HecrpedpnKCHOMY MHOXKECTBY.

Cremyrotee mpeJjIoyKeHne JIETKO JIOKa3bIBAETCs C UCIOJIL30BAHUEM aHaJjora mpejjoxenns 4.16
(mpeJIcTaB/IeHNsT HEOTPUIIATEBHBIX TIEPEYUCTUMBIX CHU3Y (DYHKIUH KAK CyMM PSJIOB):

IIpengioxkenune 5.14. Jho6ot pasromeproidi meem t(w, P) nopootcdaemes nexomopovim pacuupet-
HOLM DABHOMEPHBIM MECTNOM 6 CACOYIOULEM CMBICAE:

t(w, P) =sup T(x, P).

zCw

Hanpomus, ama gopmyaa no a0bomy pacuupernomy pagromepromy mecmy T daém pasrnomeprnid
mecm t.

Cpeay pacIMpeHHBIX PABHOMEPHBIX TECTOB TOXKE MOXKHO BBIODATH MAaKCUMAJbHBIH (IPOBOIs
aHaJIOTUIHOE yCcedeHne n CKJIaJAbIBasd peSyﬂBTaTbI). @I/IKCI/IpyeNI OJIH N3 TaKNX TECTOB; 6yﬂel\l 060—
suagath ero t(z, P) (rme x € {0,1}*, P — mepa na ). OH MOpOXK/Ia€T MAKCUMAJBHBIN PACIINPEH-
HBII paBHOMepHBI TecT t(w, P) (¢ TOYHOCTBIO 10 OrPAHUYIEHHOTO MHOMKUTEJIS).

3ameuanue 5.15. Fcau Mvl 3ax0mum nepeHecmu pa3sumylo HaMu meoputo Ha CAYHatl Hexom-
NAKMH020 NPOCMPAHCTNEE NOCALIOBAMEADPHOCTNET HAMYPAALHUT Yuces (6MECTNO KOMNAKMHO20 NPO-
cmparemea nocaedosamesvhocmets Hyset u eOuHUY), MO MOHCHO U HYHCHO ONPEJEAAND PACULUPEH-
HOLE MECTIbL HENOCPEICMBEHHO, 6 He “epe3 MECMb, Ha beCKOHEYHNT nocaedosamensvrocmar. Ilpu
IMOM MOAHCHO DOKA3AMD U CYULELCMBOBAHUE MAKCUMAALHO20 CPEIU HUL.

[Tpenmoxkenne 5.10 mo3BoOJIIET 0OOOIUTE PE3Y/IBTAT, U3BECTHBIN HAM JjIsi OEPHYJIJINEBBIX MeEp:

28



Teopema 5.16. [lTycmv mepa P svinwuciuma omuocumenvro opakyaa A u, manpomus, opaxys A
Moorcem Obimd IPPerMmueHo 80CCMAHOBAEH NO U3BECMHLIM NPUOAUNCEHUAM C NPOU3BOALHOT MO~
HOCTIBIO K 3HaveHrusm mepvt P. B amom cayuae nocaedosamesvHocms W paBHOMEPHO CAYATHA
ommocumenvro mepvs P mozda u moavko moeda, xozda ona cayyatina no Mapmun-JIépy ommocu-
meavno mepve P ¢ opakyaom A.

(TTockobky mobasnenue opakyna A menaer mepy P Bbraucimmoii, ciayvaiinocts mo Maprun-
JIédy mmeer cMbICT.)

Joxasameavemso. Ilycrs t(w, P) 6eckonedno. Samerum, uro dyHkiwms t(-, P) siBasiercs: A-
HepevncJnMoil cHU3y, TaK Kak Mepa P Boramcsmma ¢ opakyiaoM A. IlosTomy w He ciydaiina mo
Mmepe P ¢ opakyioum A.

Hanporus, nyctsb w He ciaydaitna no Mepe P ¢ opakynom A u t(-) — A-uepeunciumpiit causy P-
TecT, J1Jist KoToporo t(w) = co. IlockonbKy opakyn A MOXKeT GbITh BOCCTAHOBJIEH 110 TIPUOINKEHUSIM
K P, To cymecTByer mepedncanMas causy dbyuknus (-, ), mas xkoropoit t(-, P) = ¢(-). Ocraércs
npeobpazoBaTh { B pABHOMEPHBIH TECT C IIOMOIILIO TEOpeMbl H.7.

OrmeTnM, 9TO HE BCsiKast Mepa P yJoBIETBOPSET YCJIOBUIO TEOPEMbI (OHO O3HAYAET, UTO MAC-
coBasi IpobsieMa “yKa3blBaTh IIPUOJINKEHHUST K 3HAUEeHUusIM Mepbl P paBHOCHIbHA ITPOOJIEME pas3pe-
MIEHUsT HEKOTOPOTO MHOKECTBA; TIPO CTEMEHN TAKWX MACCOBBIX mpobsem cM. B [22]). Bnocaencrsun
(reopema 5.36) MBI TIOKayKeM, KaK MOYKHO XapaKTePH30BaTh PABHOMEDHYIO CIyYailHOCTB JJisi PO~
U3BOJIbHBIX Mep (B TepMuHax cirydaiinoctu o Maprus-JIédy ¢ opakyiom).

Jpyroe npuMeHeHne TEXHUKH yCEUYEHHUs: IOKayKeM, YTO PABHOMEPHBIE TECTBI SABJSIOTCA 0000-
IIIEHNEM PABHOMEDHBIX OEPHYJIMEBBIX TECTOB B CMbICHIe onpenesenus 4.19.

Teopema 5.17. ITyemo t(w, P) — ynusepcasvholi pashomepnvii meem u t(w, p) — yrusepcasvrvid
pasHomeproLl mecm bepryasuesocmu uz aemmovs 4.20. Tozda t(w, By) = t(w,p).

3aecy B, — GepHy/IIEBa Mepa ¢ HapaMeTpPOM p.

Jokazamenvcmeo.  Jljis oKazaTelbCTBa <-HEPABEHCTBA 3aMeTHM, 9TO (GyHKIMSA (w,p)
t(w, By) sIB/IsieTCST PABHOMEPHBIM OEPHYJIHEBBIM TECTOM, HOCKOJIBKY (DYHKIHS p — B, BLIMuCIIMA
(B eCTECTBEHHOM CMBICJIE).

Yrobb! fOKa3aTh 00paTHOE HEPABEHCTBO, 3aMETHM, UTO CYIIECTBYET BBIUHCINMOE OTOOparKe-
Hue u3 upocrpancrsa Mep B [0, 1], koropoe nepesomur B, B p (I0CTATOYHO B3Tb BEPOSTHOCTH
osiHOGUTOBOTO cyioBa). KoMOuuupyst a1y dyHKImO ¢ t(w,p), MBI HOJIyIaeM [EPEUUCTUMYIO CHUY
dyukuuio f(w, P), onpeieséHHy0 HA BCEX Mepax U IPOJOJIKAIONLYI0 HAII TECT HA GEpHYJLINEBbIX
mepax: f(w,Bp) = t(w,p). Pynxuus f emié He sABJISETCsI PABHOMEPHBIM TECTOM, HO K Heil MOXKHO
NIPpUMEHUTL yCedeHue.

5.2 AmnpuopHasi BEPOITHOCTH C OPaKYJIOM U
PaBHOMEPHBIE TECThI

st BeraucimMoit Mephbl y Hac ObLIO BBIpaXKeHUe JJIsl YHUBEPCAJIbHOrO TecTa (mpeioxkenue 2.21)
4yepes (JMCKPETHYIO) allPHOPHYIO BEPOATHOCTL. AHAJOMMYHOE BBIPAYKEHNE CYNIECTBYET W JIJIs YHU-
BEPCAJILHOI'O PABHOMEPHOT'O TeCTa!

Teopema 5.18.

t(w, P) = ZW.
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3/1ech, paBa, HaM emIé [IPEICTOUT ONPEIEIUTh MOHSTHE AITPHOPHOI BEPOSITHOCTH OTHOCHTEIIb-
HO Mepbl, TO ecTb Besmandy m(z|P). Mer ceituac 910 ciesiaeM, 1ocje 9ero BepHEMcsl K JI0KA3aTe b~
CTBY.

Onpegenenne 5.19. Bydem nasvieams neompuyamesvuyro gymxyuio t(z, P), apeymenmamu xo-
Mopoti ABAAOMCA J80UNHOE CA080 T U Mepa P, paBHOMEDHOH IIePEYUCIUMON CHHU3Y IIOJIyMEpOii,
ecau ona nepevuciuma cuudy u y  t(x, P) <1 daa amoboti mepve P na €.

ITpeagoxkenne 5.20. Cpedu 6cex paGHOMEPHOIT NEPEUUCAUMDLT CHUIY NOAYMED CYWECTMEYEM, HAU-
60ADUWLAA € MOYHOCTNDBIO 00 YMHONCEHUA HA KOHCTNAHIMY.

1o JJOKa3bIBaCTCA TEM 2Ke CIIOCO6OM7 9TO U CYIIECTBOBaHUE YHUBEPCAJBLHOI'O TECTa (I/I JazKe
HEMHOI'O IIpolie, IMOCKOJIbKY 3/1€Chb OI'PaHNY€HUE Ha 3HaY€HU A TeCTa HE 3aBUCUT OT Mepbl).

Omnpenenenune 5.21. Quxcupyem 00HYy U3 MAKUT HAUOOADWUT NOAYMED U HA306EM €€ alPUOPHOI
BEPOATHOCTBIO OTHOCUTENBHO P. Bydem obosnauams eé m(z|P).

(MBI ucnoJib3yeM 4EPTOUKY BMECTO 3alISITOM, 4TOOBI IIOMYEPKHYTH POJICTBO € PACCMATPUBAEMOI
OOBIMHO YCJIOBHO AllpUOPHOl BEPOSITHOCTHIO. )

Jokasamenvcmeo. (teopembr 5.18) Ham HY?KHO IPOBEPUTH JiBe BeIU. Bo-1IEpBBIX, MBI JJOJIZKHBI
yOeuThCst, ITO TpaBast 9acTh hOPMYJIBI 3a1aéT paBHOMEpHDIH TecT. Kaskaplii n3 wWIeHOB CyMMBI
MOKHO PACCMATPUBATL Kak (BYHKIMIO JBYX apryMeHTOB, paBHyo () BHE KOHyCa MPOJOJIKEHUH & n
pasuyo m(z|P)/P(x) Buyrpu sroro xouyca. na mannoro x dbyuxkmuun m(z|P) u 1/P(x) nepe-
YUCIUMBI CHU3Y (PABHOMEDHO IO ), M WX CYMMHDOBAHUE JIAET MEPEIUCIUMYIO CHU3Y (DYHKITHIO.
WMurerpasn sroit GyHKINKA M0 KaKOH-1mb0 Mepe P paBeH CyMMe MHTErpajioB CIaraeMbIX, TO €CThb
>, m(z|P), u noromy He mpeBocxouT 1.

3eck ecth 0cobbiil cay4daii, kKorpa P(z) = 0 ayist HekoToporo x. B 9ToM ciiyuae COOTBETCTBYIO-
niee ciaaraeMoe (popMyJIbl CTAHOBUTCH GECKOHEUHBIM JJIA W, IIPOAOJIzKaomuX . Ho OCKOJIbKY Mepa
9TOro KOHYyCa paBHa HyJ/IIO, TO HHTErpaJl II0 HEMY PaBeH HyJIIO, U IIOTOMY CJAraeMoe XOTh U He PABHO
m(z|P), Ho ToabKO MenbIie. TakuM 06pasoM, mpasas 4acTh GOPMYJIBI €CTh PABHOMEPHBIN TECT U
IIOTOMY He HPEBOCXOJUT YHHBEPCAILHOIO PABHOMEPHOTO TECTa: MBI JIOKA3AIN >>-HEPABEHCTBO.

Bropas JacTh 10KazaTeIbCTBa He TaK [IPOCTa: HAOJIIONAs 32 yBeJIUYCHUEM 3HAYCHUI paBHOMEp-
HOTO TECTa, MBI JIOJIPKHBI PACIPEAETUTD 3TO YBEJIUIEHUE MEXKYy PA3JINIHBIMU UJeHAMHU CyMMBI B
MPABO#l 9aCTH, TIPU STOM COXPAHUE MEPEIUCIUMOCTD CHU3Y. T PYJHOCTD B TOM, UTO €CJIH, CKAYKEM,
cHavaJIa repevdncauMas cHu3y GyHKIus Oblia paBHa 1 Ha HEKOTOPOM 3(hHEKTUBHO OTKPHITOM MHO-
JKecTBe A, a BHE HEr0 PaBHsLIaCh HyJIIO, a IOTOM 9TO MHOXKECTBO 3aMEHUJIOCH Ha 6OJIbIIIee MHOKECTBO
B, To pasznuna (xapakrtepucrudeckasi byHKius B\ A), Boobine rosopsi, He OyJIeT MepedrcInMoit
CHU3Y, TaK KaK B IIPOCTPaHCTBEe Mep (Kak, HAIIPUMeD, U Ha OTPe3Ke) PA3HOCTh JBYX WHTEPBAJIOB He
OyIeT OTKPBITHIM MHOXKECTBOM.

Pemenue 3Toit Ipo6J1eMbl COCTOUT B TOM, YTO MbI IIEPEXOIMM K HEIPEPBIBHLIM (hyHKIUAM. IlycTh
HAM JIAH TIPOM3BOJILHBIA paBHOMEPHBIH TecT t(w, P). IIoCKOMBbKY OH MepedrcnM CHU3Y, ero MOXKHO
[IPEJICTABUTH KaK IpeJiesl HeyObIBaIoIell moc/ie[0BaTe/IbHOCTA HEOTPUIIATETbHBIX OA3UCHBIX (DYHK-
I, I — TIEPEXOs K PASHOCTSIM — B BUJIE CYMMBI PSAJIa U3 HEOTPUIATETLHBIX 6A3UCHBIX (DY HKITHIA:
t(w,P) = Zti(va)'

Byayuu 6asuchoit, dyHKimst t;(w) 3aBUCHAT JIUITL OT HEKOTOPOI'O KOHEYHOIO HAYAJIA [OCJIEI0Ba-
TEJBHOCTH W; 0D03HAYMM JJIMHY 9TOr0 Hadaa M. s KaxKa0ro CjaoBa & JJIMHBL 1; MbI [OJIYYaeM
HEKOTOPYIO MEPEIUCIUMYIO CHU3Y DYHKIHIO t; ,»(P), npu stoM t;(w, P) = t; ,(P), ecin w HaInHAET-
cst Ha z. Teneps nonoxkum m;(x, P) = t; ,(P) - P(z), ecin « uMeeT 1juHy n; ([J1st OCTAIBHBIX [JIMH
HyJsib). DyHKIUA M; IIepedncanMa cHu3y (Kak MPOU3BEIeHUE JBYX HEPEIUCIUMbIX CHU3Y DyHKIHIT)
PaBHOMEDHO 110 4, mosromy u cymma m(z, P) = > m;(x, P) 6yaer nepeduncauMoil cHU3Y.
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ITokazkeM, 9TO M SBJISIETCA HOJMyMepoit, To ecTb uto » . m(x, P) < 1 npn mobom P. B camom
nene, B cymme y . m;(x, P) HeHysleBble WIEHbI COOTBETCTBYIOT CJIOBAM JUIMHBI N, ¥ 9Ta CyMMa
paBua y ., t; ,(P)P(x), To ects B Tounoctu unrerpany [ ti(w, P) dP(w), a cyMMa 9TUX HHTErpajioB
HE IPEBOCXOIUT 1 1O YCJIOBHIO.

Kpowme Toro, eciu jijist Beex Hadas & IIOCJIEI0BATEIbHOCTH w Mepa P(x) He pasHa HY/IO, TO

m;(x, P L, (P) - P(x
3 (x, P) _ tia,(P) - P(z)

Pa) ~ P@ D)

rzCw

(311€CH T; — HAYAJIO W JUIMHBL 1), TIOITOMY TOCIE CyMMUPOBAHUS 11O i

Z m(z, P)
zCw

M OCTASTCS BOCIOJIB30BATHCS MAKCHMATBHOCTBIO TIOJIYMEPBI, YTOOBI MOTYINTh <-HEPABEHCTBO I
cydasi, KOTJIa BCe HAYaJa w MMET HeHyneByio P-mepy. Ecim ke oHO M3 HUX MMeeT HYJIEBYIO
P-Mepy, To npaBast 4acThb OECKOHEYHA, TaK 9TO U TYT HEPABEHCTBO BBIIOJIHEHO.

Bonpoc. [lyisi yHMBEpCAJIBHOIO TECTa CJIYYAHOCTH OTHOCUTEJBHO PABHOMEPHON MEpbI B 3TOM
dopMyJsie MOXKHO OBbLIO 3aMEHUTH CYMMY Ha MakCUMyM. MOXKHO JIM 9TO ¢Ie/aTh I PABHOMEPHBIX
recroB? ([Ipumenénnoe Torja paccyKJieHue BCTpedaer TPYAHOCTH.) MOMKHO Jin pasyMHO OIlpejie-
JINTH AIPHOPHYIO BEPOSITHOCTD HA JIEPEBE OTHOCUTEIHHO MEPbI, U J0KAa3aTh PABHOMEPHBIN BapUaHT
teopembl Jlesuna—I1Inoppa?

Mbl BEpHEMCsI K OIPEJIEJICHAIO AlPUOPHON BEPOSTHOCTU € OPaKyJIoM (U eé cBa3u ¢ npeduKCHO
CJIOXKHOCTBIO) B paszjesie 7.4

5.3 DddeKTNBHO KOMIIAKTHBIE KJIACCHI Mep

MpbI paccMmaTpuBajin GEpHYJLIUEBBI TECTHI, TO €CTh HOJIYHEIIPEPLIBHBIE CHU3Y (DYHKITHH, HHTEIPAJ OT
KOTOPBIX MO JI060# OepHysLIneBoit Mepe He mpeBocxonuT 1. B srom ompeserennn BmecTo GepHyii-
JINEBBIX MEP MOYKHO PACCMaTPUBATH ITPON3BOJIBbHBIN 3((hHEKTUBHO KOMIAKTHBIH KJ1acc:

Omnpeaenenune 5.22. ITycms C — sgppexmusto xomnaxmmoil xiacc mep wa Q. Heompuuyamenvras
noaynenpepueas cnudy dynxyuo t: Q@ — [0, 00| naswsaemes C-recrom, ecau [ t(w) dP(w) < 1 dan
a10601 mepwvr P € C.

Teopema 5.23. ITycmv C — apdexmusto Komnaxmmvill KAGCC MEP.
(a) Cywecmeyem ynusepcasvhuiti C-mecm te(-).
(6) te(w) = infpec t(w, P).

Joxazameavecmeo. Oba yTBEp:KIEHUsT TEOPEMBI JIOKA3BIBAIOTCs aHaIoruaHo jieMMaM 4.20 u 4.21.

Sameuanne 5.24. ITockoavky waacce C xomnaxmen, a dynruua t(w, P) nosynenpepviera chudy,
mo inf e ymeepoicderuu (6) mooicro 3amenums wa min.

Bonpoc. MoxHO 71 HaiflTH KaKue-TO KPUTEPHUH CJIYyYaflHOCTH 110 OTHOIIEHUIO K eCTeCTBEHHBIM
kjaccaM Mep (B 9aCTHOCTH, B TepMuUHAX ciaoxkuocTr)? Hampumep, MOXKHO JIM OXapaKTEePU30BATDH
OEepHY/ITHEBRI TOCIE0BATETFHOCTH B TEPMUHAX CJIOKHOCTH WX HAYAJBHBIX OTPe3KOB? MokHO TO-
Ka3aTh, YTO IVIAaBHBII 4ileH JledpeKTa OEPHYIIIEBOCTH MOXKHO 3alllCATh KaK

log C¥ — KP (z|n, k)
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JIUIST HAUAJIBHOTO OTPe3Ka & JIJIMHBL N, cojieprKaiiero k equnuil. 11ogo6HbI KpuTepuii TpuBegH B [7],
HO OH BBITJISIIUT JOBOJIbHO UCKYCCTBEHHO.

AmnajiornuHbIE BOIIPOCHI €CTECTBEHHO 3a/IaTh U JJisl JIPYIUX KJIACCOB (MAPKOBCKUE MEDbI, UHBA~
PHAHTHDbIE OTHOCUTEJLHO CABUIOB MEDHI).

5.4 PaspeKeHHbIE I10CJIEOBATEIBHOCTHU

BbIBaIOT CUTyallud, B KOTOPBLIX MBI I'OBOPDUM O Cﬂy‘{aﬁHOCTH, HO 3TO HE€ CBOJUTCA K CTaH,ZLapTHOfI
MOCTAHOBKE (CITy9IalfHOCTL NAHHOTO HAGJIIONEHUS W OTHOCHTENbHO nanHoil Mogean P). Ceiiqac Mbr
PacCMOTPHUM OJIMH W3 TaKUX CIydYaeB — IOHATHE Pa3Pe’KeHHOM IOCIeIOBATETLHOCTH, BBEIECHHOE
B [3]. Jpyroii npumep, KOTOPBIit MOXKHO HA3BATEH OHJIANH-CITy9aifHOCTBIO, PACCMOTPEH B passese 9.2.

Bynem HazbBaTh p-pasperkeHHON MOCJIEI0BATEIbHOCTD, B KOTOPOI MEHBIIE eIUHUI], 9eM B CJIy-
qaiinoit mo 6epHyJHeBoil Mepe B,. Jpyrumu ciosamu, Oyzem 6paTh Ipou3BosibHEIE B)-ciydaiinbie
IIOCJIEIOBATEILbHOCTY U 3aMEHATh B HUX HEKOTOPbIE €JIMHUILI HA HYJIH. BCE, YTO MOIydnuTCs TaKUM
obpaszom, OyJieT p-pa3sperKeHHbIM.

Onpepeisienne 5.25 (paspesKeHHBIE TOCIEAOBATEIBHOCTH). Beedém nokoopdurnammvili nopadok na
bECKOHEUHBLT NOCACIOBAMEALHOCTNAL HY AT U eOUHUY, (UAU KOHEYHBIT NOCAEIOBAMEALHOCTNATL 00HOT
daunn): w < W', ecau w(i) < w'(4) npu ecex i, mo ecmov w Mmodcem Gums noayuena ud W 3amenol
HEKOMOPHLT eQUHUY, HA HYAU.

ITycmo B, — bepnyanuesa mepa 048 HeKOMopozo cuiiucaumozo p. Bydem zosopums, wmo nocae-
006aMEALHOCTD W ABAAECMCA P-PABPEKEHHON, ecau w < w' das nexomopot By-cayuatinot w'. (B
MEPMUNAT MHONCECTNG: P-PA3PENHCEHHBLE MHONCECTNBA — IO NOOMHOHCECTNEE P-CAYHATHBLLT MHO-
orcecms.)

HOK&}KGIVI, Y9TO B OIIpeJieJICHUN PAa3pPEeKEHHOCTU MOZKHO n30aBATHCS OT KBaHTOpa CyImeCTBOBaHUA
110 w’ n 1aThb KpHTepI/Iﬁ B TepMHHaX MOHOTOHHBLIX TECTOB.

Onpepenenne 5.26. Bydem zosopums, wmo dynwyus f: Q — [0, 00] monomonna, ecau f(w') >
f(w) npu o' > w.

Monomonnas nepewucaumasn crudy dyrnkyua f: Q — [0,00] Hasweaemes TeCTOM p-paspekeH-
nocru, ecau [ t(w)dBp(w) < 1. Tecm paspesicenmocmu nasvi6aem yHUBEPCAIBHDIM, €CAU OH MAK-
cumanser cpedu 6cer maxux mecmos (¢ MowHOCIBIO 00 YMHONCEHUA HA KOHCTNAHMY, KAk 06b4HO).

MOHOTOHHOCTBH TECTOB TapaHTUPYET, I'OBOPsI HeMOPMAJIbLHO, YTO 3aKOHOMEPHOCTBIO SIBJISETCS
HAJIMYNE €JIMHUIL HA KAKUX-TO MECTaX, a He nx orcyrcriue. (OTMETHM, 9TO pAHBIIE MbI TOBOPHJIN
COBCEM O JApYroii MOHOTOHHOCTH, OIIpeJleJissl PacCLIUPEHHbIe TECTbl: TaM CPaBHHUBAJIACH 3HAYECHUS
YHKIUN HA KOHEYHOM CJIOBE U €ro0 TIPOJIOJIZKEHNH. )

IIpengioxkenue 5.27. Paccmompum yrusepcasvhoti meem t(w, P). Tozda seauuuna

rp(w) = min t(w, By)

3a0aém YHuePCcarvoHbIt MECM P-Pa3PesceHHOCTNU.

Jloxasamenvcmeo. TecT p-paspeskeHHOCTH IO OIPeJIeJIeHUIO ABJIAeTcs TecToM 1o Mepe B),. Uc-
MIOJIB3YsT €r0 MOHOTOHHOCTD W CPABHUBAs C YHUBEPCATBHBIM, TIOJIYyIaeM, ITO JIFOOOH TeCT pasperKeH-
HOCTH He IIPEBOCXOJUT T (C TOYHOCTHIO JO KOHCTAHTBHI).

B o6paTHy0 CTOPOHY HY?KHO LIOKa3aTh, YTO MUHUMYM B BBIPQ’KEHUU JJIS T}, JNOCTUIAETCS U ITO
91a (DYHKITHUS sIBJISIETCST TECTOM P-pa3peskeHHOCTH. [lepednc/imMocTb CHUBY JOKA3bIBACTCS C UCIIOJIb-
30BaHUeM TOrO, YTO CBOHCTBO w < w' 3a1aéT 3dpPeKTUBHO 3aMKHYTOE II0IMHOKECTBO 3((HEKTUBHO
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KOMITAKTHOTO TipocTpancTBa ) X ) (cp. Huxke npejyioxkenue 7.20). MOHOTOHHOCTb U HEPABEHCTBO
JIJIS MHTerpaJjia HEMOCPEICTBEHHO CIIEYIOT U3 OIPE/IeJIEHN.

OTCIO,ILa IIoJiydaeM KpI/ITepI/IfI Pa3pezKEHHOCTHU B TePpMHUHaX TECTOB:

Teopema 5.28. Ilocaedosamenvrocms asasemes p-padpesicernoti (noayuaemes us p-caywatinot
3aMeENOT HEKOMOPLIT eOUHUY, HA HYAU) To20a U MOoAbKO Mo2da, k0204 YHUBEPCAALHVLT MECT Pasd-
peotcernocmu 1p(w) KoHewen.

PaszpekeHHOCTh 9KBUBAJIEHTHA CJIYyYaifHOCTH 110 HEKOTOPOMY KJjaccy Mep. UToObl orucaTb 3TOT
KJIacc, BBEJIEM MOHsITHe criapuBaHust (coupling) mep.

Onpenenenune 5.29. [Tycmv P,QQ — dsee mepor na Q. Bydem z2060pumsv, wmo mepa P moocem
6vimov cnapena ¢ Q (obosnauenue: P < Q), ecau cywecmeyem mepa R na Q x 0, das xomopot:
(a) nepsas npoexyus R pasna P, a emopas pasha Q;
(6) mepa R uyeaurom cocpedomouena na napax (w,w'), y xomopux w < w' (6epoammocms smozo
cobvimus no mepe R pasna 1).

OTMeruM, 9TO OTHOIIEHHE CIIAPUBAHS B 9TOM OIPEIJIeHIN HECUMMETPUYHO (XOTST M3 Ha3BAHUS
9TOr0 He BUJIHO); GoJiee HAIISITHO ObLIO 6bI TOBOPUTH “P MoxkKer ObITh MoMelneHa 1moj, (7, eciu
P=Q.

Canenyromuii KpuTepuil CapuBaeMOCTH XODOIIIO M3BECTEH M BOCXOAUT K [28]; I0KA3aTeIbCTBO
MOXKHO HaliT B [3].

IIpenmoxkenne 5.30. Csoticmeo P = Q) pasHOCUALHO MAKOMY: OAA BCAKOT MOHOMOHHOU 0G3UCHOU
dyrxyuu f 6unosneno Hepasercmaeo

[ @ are) < [ 1w dqw.

B sToMm kpuTepum MOXKHO JIONYCTUTH TPOU3BOJIBHBIE MOHOTOHHBIE (DYHKIIUU, WU, HAODOPOT,
OTPAHUYIUTCS XapaKTEPUCTUIECKUMU (DYHKIIUSIMA MHOXKECTB.

O6oznauenne 5.31. Ilycmov S, — waacc scex mep P, das xomopwr P < B),.

IIpennoxkenne 5.32. Kaacc mep Sp asasemca sfdexmueno samrnymoim (u, caedosamenbro,
APPermueHo KoMNAKMHBIM ).

Jokasamenvemeo. Kaxioe 13 HepaBeHCTB IPEJIBIIYINErO MPEJJIOXKEeHNs (JI7Is KaxK10ii 6a3ucHoii
dyuknun f) zamaér 3¢bdekTUBHO 3aMKHYTOE MHOYKECTBO, U UX lepeceueHue Toxe Oyner addek-
TUBHO 3aMKHYTBIM.

Teopema 5.33. Ywnueepcasvroil mecm 1, AGAACMCA YHUSEPCANLHILM MECTOM OAA KAGCCA MEP Sp.

OTCIO,H& BBITEKaET, 9YTO IIOCJICJOBATCJIbHOCTD ABJIACTCA p—pa3pe>KeHHoﬁ TOrJa M TOJIBKO TOrjaa,
KOTr'/Tla OHa PaBHOMEPHO Cﬂy‘IaﬁHa OTHOCHUTEJILHO HeKOTOpOfI MepbI U3 KJlacCa Sp.
,ZLOK&S&TG.HI)CTBO 3TON TeopeMbI OCHOBaHO Ha TaKOM YTBEP2KICHUU:

Jlemma 5.34 (monoronusanus). Tycmo t: Q@ — R — 6asucnan dgynryua, u [ t(w)dQ(w) < 1 das
060t mepu, Q € Sp. Onpedeaum mornomonnyro 6asucryro dynryuro t(w) = max, <, t(w); smo

onpedenerue KOppexmmo, max xax t(w) 3aBUCUM MOABKO OM, KOHEHHO020 YUCAG No3ubull 6 w. Tozda
[ t(w) dBp(w) < 1.
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Hoxasameavcmeo. Tlyerb pyHKIMS ¢ 3aBUCUT TOJIBKO OT HEPBBIX 7 KOOPAMHAT. JlJIs KaXKJ10ro
x € {0,1}" Beibepem 2’ < x, rae t(z’) mocruraer makcumyma (cpeau takux x'). ITomumo pacupeje-
nenust By, paccmorpuM pacrpezesienue (), B KOTOPOM GepHyIlneBa Mepa & lepeHeceHa Ha @ (1pu
9TOM MepbI U3 PA3JIMYHbIX & MOIYT ObITH OTHECEHBI K OJHOMY &' M TOTJa CKIaIbIBAIOTCH). Mbl
ormca/u 1oBejieHne () Ha MEPBBIX N OUTaX; CJAEAYIONe OUTHI OOABJISIIOTCS HE3aBUCUMO U BEPOSIT-
HOCTBH €JINHUILI B KAyKJI0N MO3UIMN PABHA P; OTMETUM TaKzKe, UTO /IS MAaTEMaTUIECKUX OXKYIaHMi
byHKIWit ¢t 1 t BAXKHEI TOJIBLKO TEPBBIE 7, GHTOB.

Io mocrpoerno @ = By, (MBI 110 CyIiecTBY onmcaan Mepy Ha mnapax), nosromy [ t(w) dQ(w) < 1.
Ho sTor nnrerpan pasen [ t(w) dBy(w). Jlemma noxasama.

Bepuémcst k Teopeme 5.33.

Jokasamesvcmeo. BesKuil TecT p-pa3spexKeHHOCTH ¢ sABJISETC TecTOM il Kiacca Sp. B ca-
MOM Jiesle, MHTETpas t o Mepe m3 Kiacca S, He IPEBOCXOIUT HMHTerpasa ¢t mo mepe B, B cuiy
MOHOTOHHOCTH TECTa M BO3MOXKHOCTH CHAPUBAHUSI.

B apyryio cropony: HOKazKeM, 4TO JJIf JIOOOro TecTa t [jId Kijacca S, CYMIECTBYeT He MEHb-
Ui €10 TECT P-pa3peKeHHOCTH. B caMoM Jiesie, TecT t MOXKeT ObITH MPEeJICTABIEH B BUIE Mpeeia
BO3PACTAIOIIEH MOCIETOBATEIFHOCTH 6A3UCHBIX (DYHKIHIH t,. [IpuMeHNB K HUM JIEMMY O MOHOTOHU-
I, TOJIyYuM BO3PACTAIONLYIO TIOCIEI0BATEILHOCTE GA3HCHBIX (DYHKIHIL ,,, KOTOPBIE BCIOLY HE
MeHBIIIe t, I UMEIOT HHTerpasnl He 6ombme 1 mo mepe By, Ix mpenes u OyzmeT TpedyeMbIM TeCTOM
P-Pa3PEKEHHOCTH.

5.5 BapwmaHTbI onpegesieHnil cJIy4daiitHOCTU

MpI y2Ke ompeaenain paBHOMEPHYIO CJIy4YaifHOCTD ITOCJIEI0BATEIbHOCTH OTHOCUTEIBHO IIPOU3BOJIb-
HOI (He 00s13aTeJILHO BquI/ICJmMofI) Mepbl. OHAKO €CTh U JpyrHie BapUaHThl TAKOT'O POJa OIpee-
JIEHUIA.

OpaxkyJibl

MpbI MOXKEM HCIOJIB30BATH OpejeseHne ciydaiinoctn mo Maprun-JIédy, mobasisis opakys, KOTO-
pBIil JeaeT Mepy BBIYUCAMMON. A MMeHHO, HA30BEM IIOC/IEIOBATENBHOCTDh W CJIYUIARHONW OTHOCH-
TeJbHO Mepbl P, ecin cymecTByeT opakya A, OTHOCHTETBHO KOTOPOro P BhIUKCIMMA, W TIPU STOM
w ciayJaiina B cMmbiciie Maprus-JIéda ¢ opakynom A orHocuTensHO P.

(MsbI roopuM “cymecTByer opakyn A, nenarormuit Mmepy P Bbrauncanmoit”; a ze “miis mo6oro opa-
Kyna A, nenaorero P BBIYUCJINMOM”, MOCKOIBKY CPEIU TAKUX OPAKyJIOB €CTh U OPaKyJl, JeIaoNuii
[IOCJIETIOBATEILHOCTD (W BBIYUCIUMOI. B 9TOM ciiydae oHa He MOXKeT OBITH CJIydailHOM, eCJin TOJTBKO
HE SIBJISIETCST ATOMOM Mepbl P.)

Oxas3pIBAETCsI, 9TO ITOT BAPMAHT ONPEIETCHHsT PDABHOCHJICH PABHOMEPHOH CirydaiiHOCTH (Kak
nokazamu Agam Jleit m JTxxozed Mumiep B [6]). JTokasaTesneTBo 9TO SKBUBAJCHTHOCTH TpeOyeT
HEKOTOPBIX [IPUTOTOBJICHUIA.

[Ipexme Bcero 3amajum cebe BOIPOC, MOYEMY HEJIb3sl B3dTh B KAdeCTBE OPaKyla caMy Me-
py (Kak 9TO Jejajoch Jyisl ciiyuasi OEpPHYJUIMEBBIX Mep, KOrJa Mbl B KauecTBe Opakyja Opaju
JIBOMYIHOE DPas3joXKeHne quciaa p). Jleso B TOM, UTO BBIGOP TAKOrO PA3JIOXKEHUs He OJHO3HAUEH
(0.01111... = 0.10000...). Korga pedub umér o6 OIHOM 4YUCIE P, TO TO HE BAXKHO, MOCKOJBLKY
HEOJIHO3HAYHOCTh BO3HUKAET TOJIBKO JJIS PAIMOHAJBHBIX P, U B 3TOM Cjydae 00a IpejCTaBIeHUsT
BoeraucuMbl. OHAKO JJIsI MEp 3TO y»Ke He TaK: Mepa 3aJ1aéTcs CIETHBIM KOJIMIECTBOM JIE€HCTBU-
TEJILHBIX 9UCeN (CKAXKeM, BEPOATHOCTSIMU OTIEIBHBIX CJIOB, WJIU YCJOBHBIMH BEDOATHOCTSIMHE), W
IIPOU3BOJI B BHIOOPE IIPEJICTABJIEHUs] MOYKET HE CBOJUTHCS K KOHEUHOMY UUCJIO BAPUAHTOB.
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Omnpegenenne 5.35. Sadurcupyem nexomopwiti cnocob xoduposarus mep Ha  deouuHbLMU Nocae-
008aMENBHOCTNAMU, TO ECMb GHIMUCAUMOE omobpadicenue T — Ry mmoocecmea 2 6 npocmpancmeo
mep. Hanpumep, moorcno pasbums nocaedosamesvnocms T Ha CHEMHOE YUcao wacmets U Karcoyo
U3 HUX CHUMAMb J60UNHOT 3ANUCHIO YCAOBHOT BEPOATMHOCTIU eOUHUUDLL TOCAE HEKOTNOPO20 HAMA-
a6 (Havan mootce cuémmoe wucao). Ilpu smom eosnukaem HeoOHO3HAYHOCL (ECAU BEPOATIHOCTID
KaKO020-O HAUAAG PAGHA HYAI0, TO YCAOBHBIE BEPOFMHOCIIU NOCAE HE20 HE UDAIOM POAL), HO OHG
U max OvLAa.

Onpedeaum menepo r-tect (representation test, mecm cayuatinocmu no danromy npedcmasae-
HUIO MEPVL) KUK NEPEYUCAUMYIO CHU3Y Heompuuamervhyto gynkyuro t(w, ), das xomopol wepa-
sencmeo [t(w, ) dRy(w) < 1 swnoansemca npu scex .

Kak MbI y2Ke 06CyKIasm, OJHA U Ta ¥Ke Mepa P MoXKeT UMeTh MHOIO [PeJCTaBJIeHni (MOKeT
6bITH MHOTO PA3JIMYHBIX T, JJIsi KOTOPBIX Ry = P), U 3HAUEHUsT TeCTa sl PA3INIHBIX IIPEJICTABIIE
HUW OJIHOM U TOM K€ MepPbl MOTYT OBITH PA3HBIMH.

Kak 00bruHO, JIeTKO 0Ka3aTh, 9TO

(a) Begxas nmepeancauMasg cHu3y (byHKIUSA MOKET ObITh 3¢ dhekTnBHO yceuena (caenana He 6osee
9eM BJIBOE MPEBOCXOAIIEH I-TECT), TP STOM €CJIM OHA YK€ ObLIA I-TECTOM, TO OHA HE U3MEHUTCS;

(6) cymecTByeT yHUBEPCATBHBIN (MAKCHMAJBHBINA ¢ TOYHOCTBIO JIO KOHCTAHTHI) I-TecT t(w, 7).

[Tpu dbukcupopantnoMm 7 byHKIW t(-, T) COBIAIAET C YHUBEPCAJBHBIM T-BbIUUCIUMBIM OIDAHH-
YEeHHBIM B CPEJHEM TECTOM CJIYYaflHOCTH OTHOCUTENIbHO Mepbl R;. B camom gese, oHa siByisiercst
TAKUM TECTOM; C JIDYTOil CTOPOHBI, JIIOGOH TAKON TECT MEPEUNC/IIeTCs] CHU3Y MAIIUHON ¢ OPaKyJIoM,
U 9Ta MAIIMHA MOYKET ObITh NPUMEHEHA K JII0O0MY OpaKy/1y (HO MOXKET He JIABATh TeCTa); MbI IOJIy-
qaeM IepeuncanMyio cansy GyHknuio ¢ (w, ), KOTopast COBIAIAET ¢ UCXOJHBIM T€CTOM IPHU JAHHOM
7T} OCTA8TCs IPUMEHUTH CBOWCTBO ().

Kax cieicrBue 9TOr0 mpocToro paccyzKJACHHsT MBI IOIY9IaeM, 9TO BeamIuHa t(w, ) KOHEUHA
TOLJIA ¥ TOJBKO TOTJA, KOTJa MOCJIeI0BATEIbHOCTD W CJIyYailHa ¢ OPAKYJIOM T OTHOCHTEIBHO MephI

R..

Teopema 5.36 (Heti-Mwuiep). ITocaedosamensvHocms w pasHOMEPHO cayuaiing no mepe P moezda
U moavko moeda, Koeda cywecmsyem opaxys T, desarousuls mepy P svivucaumod, a nocaedosa-
MeALHOCTY W — cAYy“atinot 8 cmoicae Mapmun-JIépa no mepe P c opaxyaom .

Kpome moeo,

t(w,P)= inf t(w,m).
{m|Rx=P}

Hoxaszamesvcmeo. lokarkeM yKa3aHHOe B TEOPEME PABEHCTBO. 3aMETHM, FITO €CJIU ¢ — DaBHO-
MepHBIi TecT, T0 t(w, Ry) Kak (hyHKIMs OT w U T MPEJCTaBsieT coBO r-TecT, U MOTOMY MayKOPH-
pyeTcsl YHUBEPCAJIBHBIM I'-TECTOM.

OO6paTHOe yTBepXKJEHNE HECKOJIBKO CiioxKHee. HaMm Hy»KHO JI0Ka3aTh, 4TO (PYHKIMSA B IPaBOil
YACTH Mepeunc/inMa CHU3Y KakK (PDyHKIMsI TTOCIe0BATEIbHOCTH w U Mepbl P. (YcsioBue Ha uHTErpast
[OCJIe HTOrO TIOJIYIAeTCs JIETKO, MOCKOJIbKY Mepa P mMeer XoTsi 6B OJIHO IIPEJCTABICHHE T.) JTO
MOXKHO JIOKA3aTh, UCIOJbL3yst 3MPEKTUBHYIO KOMIIAKTHOCTh MHOXKECTBA nap (P, ), 1yl KOTOPBIX
P = R,. B obmem Buje (11 IPOM3BOJIBHBIX KOHCTPYKTUBHBIX METPUYECKHUX IIPOCTPAHCTB) 9TO
YTBEP2KJIEHUE COCTaBUT COJepKaHue JieMMbl 7.21 Ha c¢. 45, u Mbl He OyJieM IPUBOJUTH OTJIEJILHOIO
JI0Ka3aTeIbCTBa JJII PACCMaTPUBAEMOI'0 YaCTHOTO CJIydas, IOCKOJBKY OHO HHYEM He OTJINIaeTCH
oT 00I11ero.

Ocranoch 0ObsICHUTD, KaK CBSI3aHBI JOKA3aHHOE PABEHCTBO W CJIYUIAWHOCTBH ¢ OpakysoMm. Eciu
t(w, P) KOHEYHO, TO MO JIOKA3AHHOMY DABEHCTBY CYyIIECTBYET 7, IIpu KoTopoM R, = P u t(w, )
KoHeuHO. Kak MbI BUJIEJIN, 9TO B CBOIO OU€epe/b O3HAYAET, YTO w CJIydaiiHa 1o Mepe Ry, TOo ecTb 10
Mepe P, c opakyJioM T, KOTODBIil jiejiaeT Mepy P BBIMHCINMOIL.
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Hanporus, ecin t(w, P) Geckoneuno, a opakyia A menaer mepy P Bbrawcsmmoil, To dbyHKIms
t(-, P) 6ymer A-niepeuncsiumoil CHU3Y, U €€ MHTerpaj He IPeBocxouT 1 mo Mepe P, Tak 4To mociie-
JIOBATEJIbHOCTD w He Oyzer caydaiinoit ¢ opakyiaoMm A mo mepe P.

Canenasi (Ge30pakyiapHasi) CJIy4IailHOCTH

MoxKHO HCTIOB30BATh onpeeaeane 3HhEKTUBHO HYIEBOTO MHOKECTBA (MM MIEPEIUCIIMOTO CHUA3Y
TeCTa) W B CUTYAIMH HEBBIYUCIUMON Mepbl. Ilpum 5TOM MOXKeT He CYIIeCTBOBATH MaKCHUMAJIBHOIO
sacdexkTrBHO HyNeBoro MHOxkecTBa. Hampumep, ecim mepa P cocpeoTodeHa Ha €IMHCTBEHHOM
HEBBIYHUCJIUMOIT TIOCJIEI0BATEILHOCTH T, TO BCe MHTEPBAJIbI, HE cojiepKalue m, OynyT 3bdeKTUBHO
HYJIEBBIMU MHOXKECTBAMH, & UX 0Obe/MHeHne (JIOMOIHEHNe K CHHIJIETOHY {7}) TAKOBbIM He Oyer,
uHade 7 ObLIa ObI BEIYUCIAMON.

TeMm He MeHee MBI MOYKEM OIIPEJIENTH HOHATHE CJIYUYAHON MOCJIE/I0BATELHOCTH KaK I10CJIEJI0-
BATEJILHOCTH, He JiesKalei nu 6 00nom 3bGEKTUBHO HyJIEBOM MHOXKECTBE (UTO 9KBUBAJIEHTHO TOMY,
9TO BCE TECTHI HA Hell KoHeIHbI). Kbéc-XaHCeH npeyioxkul HA3bIBATh TaKYIO CJIYYafiHOCTD “IUIImo-
KpaToBoil” (CChLIAsICH Ha JIETEH Ly O Bpade [ MImoKparTe), HO MbI IPEINOYATAEM FOBOPUTE O “ciienoii’
(blind) wmu “GezopaxynbHOil” ciydaiiHOCTH.

Ounpenenenue 5.37 (ciensie Tectol). [lepewucaumve crusy (6es opaxyaa) dynxyuu t(w), das
KOMOPHIT f t(w)dP(w) < 1, 6ydem nasvieamv ciaenbiMu, ual Ge30paKyIbHBIME, MeECmami, 0Af
mepor P, Tlocaedosamesvrnocmsv w b6ydem Hasvieams 6€30paKyIbHO CIIydaitHON no mepe P, ecau
t(w) Komewrno das A06020 Marozo mecma t.

Kak MBI Bujean, MOXKET He CyIIeCTBOBaTh MAKCUMAJIBLHOIO CJIEIIOTO TECTA.
D10 noHATHE HE30PaAKYIBHON CIYIANHOCTH MOYKHO XapaKTepU30BaTh BO BBEJIEGHHBIX paHee Tep-
MITHAX:

Teopema 5.38. [locaedosamesvrocmod w AGAAEMCA OE30PAKYALHO CAYHATHOT OMHOCUTNEALHO MEPDL
P mozda u moavko moeda, K02da 0HG CAYHATIHA OMHOCUMENLHO 1106020 IPPHERMUBHO KOMNAKMHO20
Kaacca mep, codepotcawieeo mepy P.

oxazamesvemeso. 1lpenmonokuM, 910 w He CIyvIaitHa OTHOCHTEIBHO HEKOTOPOTo 3D MEKTUBHO
KOMITAKTHOTO KJracca Mep, cofeprKarmux Mepy P. Torna mepeuncanMmbrii cHu3y (6€30 BCSIKOTO OpaKy-
JIa) TeCT JIsl 3TOro Kjacca OymeT 6e30paKyIbHBIM TeCTOM JJist P, Tak 9To w He Oyjier 6e30paKyIbHO
CJIy4ailHOM.

C apyroit CTOPOHBI, HPEIIIOJOXKAM, YTO CYIIECTBYeT HEKOTODPBI 0e30paKy/bHBIN TecT t Jjist
Mepel P, jjist kKotoporo t(w) 6eckorevaro. Torma MOXKHO HOIPOCTY PACCMOTPETH KJIAcC BCex mMep @,
JUIst KOTOPBIX ¢ SIBJISIETCS TECTOM, TO €CThb Jyist KoTopblX [ t(w) dQ(w) < 1. Dror kiace adhdexTuHO
3aMKHYT, 1 TOTOMY 3(PEeKTUBHO KOMITAKTEH. B caMoM felie, ecyu Jijist HEKOTOPOii MepbI () MHTErpat
Gobie 1, TO y2Ke ISt HEKOTOPOro Ga3UCHOrO MPUOIMKEHNUS &y, K ¢ (CHU3Y) 9TOT mHTErpas Goube 1,
a [mocJieIHee CBOMCTBO 3a1a€T 3P(PEKTUBHO OTKPLITOE MHOXKECTBO B IIPOCTpaHcTBe Mep. llepedncisis
BCe t, 1 00beMHsIS BCe 9TH MHOXKECTBA, 1oJiyvdaeM 3PHEKTUBHO OTKPHITOE MHOYKECTBO.

U3 onpenenenns (MM U3 MOCTEAHENH TEOPEMBI) JIEFKO BBIBECTH, 9TO U3 PABHOMEDHON CJrydaii-
HOCTH TOCJIEJIOBATEJIBHOCTH W OTHOCUTEIBHO P ciegyer 6e30pakysibHast ciaydaitHocTs. Obparnoe
YTBeP2KICHUE HEBEPHO:

Teopema 5.39. Cywecmeyem nocaedo8amesvbhocmsd w, 6e30PAKYALHO CAYHATHAA N0 HEKOMOPOU
mepe P, 1O He ABAAOWAACA PABHOMEPHO CAYHATHOT 1Mo 9Mot MEDE.
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Joxasamesvemeso. 3ameruM, 9ro 6e30paKky/IbHas CIyIailiHOCTh HE U3MEHUTCsI, €CJIU Mbl Uy Thb-
9yTh u3MeHUM Mepy P (Tak, 4robbl Mepa Jro60oro MHOXKeCcTBa u3MeHmIach He Gosee yem B O(1)
pa3). C apyroif CTOpOHBI, C BBIYUCIUTENBHON TOUKH 3pEHUs] HOBasi Mepa MOXKeT ObITh ropasJo
cunbiee. Hampumep, mauném ¢ pasromepHoil 6epryJimesoit Mepbi B9, B KOTOPOii BCe HCIbITA-
HMsI HE3ABMCHMbI ¥ MMEIOT BEPOATHOCTL ycrexa 1/2) u BO3bMEM HEKOTOPYIO CJIydaiiHyio 1o Heii
nocsieoBaTebHocTh w = w(1)w(2).... 3areM paccMOTpUM 4yTh CABUHYTYIO Mepy B’, B KOTOpOIi
BeposiTHOCTH yerexa pasaa 1/2 +w(1)eq, 1/2 4 w(2)eg, . . .; 31€Ch £; HACTOIBKO MAJIBI M TaK OLICTPO
CXOIATCA K Hymo, uTo B’ oTnmuaercss ot B Ha 060M MHOMKECTEBE He 60jiee UeM B KOHCTAHTY pas.

Torna B’ comep:kuT nHGOPMAINIO 06 w, U HECJIOKHO IIOCTPOUTH PABHOMEPHBII TeCT ¢, /1711 KOTOPOT'O
t(w, B') = oo.

O tHaKO GBIBAIOT HEKOTOPBIE KJIACCHI MED, JJIsT KOTOPBIX MTOHSITHST PABHOMEPHOM! 1 6e30paKyIbHOI
ciyuaiinoctu cosnagaor. (B uactHOCTH, TakoBBI GepHysIneBbl Mephl.) UTo6bI copmynupoBaTh
JIOCTATOYHbBIE YCJIOBUS TAKOTO COBIAJIEHUS, HAYHEM C OIPEJIETIEHU.

Onpepenenne 5.40. O6osnavum wepes Randoms(P) wmmnooicecmeo nocaedosamenvrocmed, pas-
HOMEPHO CAYHATHOIL omHuocumenvro mepor P. Ha306ém xaacc mep 3pHEKTUBHO OPTOrOHAJBHBIM,
ecal

Randoms(P) N Randoms(Q) = &

0ns 10001 06YT pasaudnsr mep P u @ us smoeo kaacca.

Teopema 5.41. ITycms C — sppexmucto Komnaxmmviil u dhPHexmueHo opmo2oHasbhoil KAace Mep.
Tozda dasi 10600 mepor P us amozo xaacca nonwamus pagromephots u 6e30paKyavhotl cayainocmu
omnocumenvho P coenadatom.

YTBep:KJIeHNe 3TO TeopeMbl BBITJISIIUT MapaoKcaabHO: MBI yTBEPKIaeM HEUTO O CJIyUaiiHO-
CTH IO OJHON Mepe P, a B yCJIOBUU CTOUT BO3MOXKHOCTH BJIOKUTH P B KJacc Mep ¢ HEKOTOPBIMU
cpoiicrBamu. (Bbuio 661 ecTecTBeHHO HaliTH GoJiee sIBHBIE JIOCTATOYHBIE yCJIoBUs HA P.)

W3 910l TEOPEMBI CJIe/lyeT, YTO MOCTPOEHHAsT IIPU JIOKA3aTeIbCTBE TeopeMbl 5.39 Mepa He MOKeT
OBITH BJIOKEHA B 3P (HEKTUBHO 3aMKHYTHIN 3(DMDEKTUBHO OPTOTOHAJBHBIN KJTacC.

Joxazameavcmeo. Mbl yKe oTMedasn, 9TO B OJHY CTOPOHY YTBEPXKJICHHUE IIPSIMO CJIEyeT U3
onpejesienusi. JJokaxem obparroe. IIpeanosoxKmm, 9To Moc/IeI0BaTeIbHOCTD W 6€30paKy/IbHO CJIy-
vaiira orHocuTesbHO Mepbl P. ITo Teopeme 5.38 ona ciryvaiina oraHocuresbHO Kiacca mep C. Coe-
JIOBATEILHO, OHa PABHOMEDHO CJIyTaiiHa OTHOCHTEIBHO HeKoTopoil Mephl P’ n3 kimacca C. Ocraéres
Jl0Ka3aTh, uro P = P’

ITycTs 5T0 He Tak. [loKazkeM, 9TO CyIIecTByeT KOMIaKTHBIN Kiaace Mep C’, KOTOpHIit conep:kut P,
Ho He cogep:xkuT P’. B camom gene, P # P’ ozHadaer, 4T0 HEKOTOPOE CJIOBO UMeeT pa3JddHbIe Mephl
orHocuTe bHO P 1 P’, 1 MOXKHO HaiiTH 3aMKHYTOe YCJIOBUE Ha MePY 3TOIO CJIOBa, KOTOPOe OTAeJIUT
P or P'. Teneps paccmorpuM adpdexrusao komnaxkTabii kinacc C N C'. On cogepxur P u noTomy
IIOCJIETIOBATEILHOCTD W OYJIeT CJIYIaiHON OTHOCUTEIBHO 3TOr0 KJiacca. 3HAYHUT, U B HEM €CTh Mepa
P", oTHOCHTETBHO KOTOPOI MOCIE0BATEILHOCTD W paBHOMEpHO ciaydaitna. Ho P’ # P” (omma mepa
gexxut B C') a qpyrast — HET), TaK 9TO MOJIy9aeM IIPOTUBOpedne ¢ 3G HEKTUBHOI OPTOTOHATLHOCTHIO
kiacca C.

Sameuanue 5.42. /loxazannan Meopema npuMeHUMa, 6 YACMHOCTAU, K KAQCCY OEPHYAAUEEDIT MeED.
Mooicem noxazamuvcs, wmo eé Mosrcho doKas3ams NPoOwE: ecal, NOCACI0GAMENHOCD W CAYHATIHG
(6esopakyavro uau mem 6osee pasHomepro) no mepe By, mo npedea wacmomo, edunuy, 6 Hetl paser
D U MEM CAMbM OH ONPEIEAAENCH CaMOT NOCACIOBAMEALHOCTBIO (U JONOAHUMEADHYIT OPAKYA OAR
D Huue2o 106020 He daém). Dmo paccysicderue, 00NAKO, HENPABUALHO: TOMA P U ONPEICAALMCH
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N0CAA0BAMEADLHOCTNDBIO, HO HE ABAALNCA BIMUCAUMOT (UAU TOMA Obt HENPEPBIEHOT) PynKyued om
Heé. B camom dene, HuKaKOU HAUGALHOIT OMPE3OK, NOCAEAOBAMEALHOCTIU HE 2GPAHMUPYEM, YMO €€
npedeavras wacmoma bydem 6 3adarHom uHmepsase. AHaro2uMHOE PaAcCyHcIeHUe, 00HAKO, MOXHC-
HO NPUMEHUMD K NOCAEIOBAMENLHOCTNAM, Y KOMOPLT dederm CcAyuatiHOCMU 02DAHUMEH 3aPAHEE
uszeecmuoti kKoncmarmot. (Cm. nodpobree 6 [12], 2de sgedeno ommocaweecs K 3Momy NOHAMUE
nocAotinot GuvucAUMOCTIU.) B %acmuocmu, ModHCHO NOKA3AMb, 4MO €CAU NOCALIOBAMEAHOCTID W
besopaxyavro cayvatiing no mepe By, mo 060uMHOE PASAONCEHUE P GOIUUCAUMO C OPAKYAOM W.

6 Heiirpasbuasa mepa

Canenytomas Teopema, onybamkosanaas B [17] u 3atem B [11], yKaspiBaeT Ha TapaJOKCATLHOE CBOM-
CTBO PABHOMEPHO CJIyYaflHOCTH, KOTOpas OTJIHYAeT eé OT Cy4alHOCTH C OPaKYJIOM.

Onpenenenne 6.1. Hazo6ém mepy na () HeRTpaIbHON, ecau 8CAKAA NOCALAOBAMEABHOCTND AGAS-
EMCA PABHOMEPHO CAYUATUHOT OMHOCUMEALHO IMOT MEPDL.

Teopema 6.2. Cywecmsyem netimpasvras mepa; boaee mozo, cywecmeyem mepa N, das komopot
t(w, N) <1 npu scex w € Q.

[Ipex e yeMm JOKa3bIBATH 9Ty TEOPEMY, OTMETHM, UTO BCE BBIYHCIUMBIE TOCIEI0BATETBHOCTH
00s13aHBl OBITH ATOMAMU HEATPAJIBHON Mepbl (MMeTh MOJIOKUTETHHYI0 BEPOSITHOCTD). B camom Jie-
Jie, MOYKHO MOCTPOUTDH TECT, KOTOPBIA UINET JJIMHHBIE OTPE3KU BBIUUCIUMON MOCTIET0BATETLHOCTH,
UMEIOIINE MAJIYI0 Mepy (3TOro MOMKHO JIOMKJIATHCs, MMesl TIOCJIEI0BATEIbHOCTD U MEPY B KauecTBe
apryMeHTOB), U IPUCBAUBAET UM GOJIbIIOe 3HAYeHNE JedeKTa.

Orciona creyer, 9TO HEHTpaJbHAas Mepa He MOXKeT OBbITh BeMUCINMON. B camom jere, s
BBITUCIMMON MEPBI JIETKO TIOCTPOUTH BBIYUCTUMYIO TIOCTIEIOBATEILHOCTD, HE SBJISIONTYIOCS ATOMOM
(HaI0 U3 JABYX HPOJOJKEHUil CJioBa BBIOMpATH TO, KOTOPOE MMEET MEHBIIYI — HJIH XOTsi ObI He
CHJIBHO GOIBIIYI0 — Mepy). AHAIOTHYHOE PACCY’KICHUE TOKA3BIBACT, HEHTpAJIbHAS MEPa HE SKBU-
BAJIEHTHA HUKAKOMY OpPakyily (HeT opakyJia, KOTOPBIA Jiesiai Obl €€ BBIYUCIMMON U, HAPOTHB, MOT
6bl OBITH BOCCTAHOBJIEH 110 NMPUOJINKEHUsIM K Hefi). B camom gene, ecsim A — Takoil opakyis, TO
(KaK MBI BUJIEJIN) PABHOMEDPHAsI CIYYAfHOCTh PABHOCHJIBHA CJIYYIANHOCTH ¢ OPaKkyjaoM A, U MOXKHO
[IOBTOPUTH TO YK€ PACCYKJIEHUE.

Helirpasibaasi Mepa He MOXKET OBITh TaKXKe MEPEIUCTUMON CBEpXy WJIM CHU3Y, HO MU HAIIEM
onpesiesieHnu (KOrIa Mepa BCEro IPOCTPAHCTBA, JIOJNKHA PABHATLCS €JUHUIE) 9TO He JaéT HUIEro
HoBoro. HekoTopsie 6ojiee OCMBICTEHHBIE (M MEHEe TPUBHAJILHDBIE) BAPUAHTBI ITOIO YTBEPIKJICHHUST
JloKa3aHbl B [18].

Joxasamesvemso. Pacemorpum yHuBepcasbHbl TecT t(w, P). Mbl yTBepKaaeMm, 9To Cyie-
crByer Mepa N, st Koropoit t(w, N) < 1 st soboit mocienosarenproctu N. Jpyrumu ciaosamu,
JUIST KAyKJIOH [OCJIeZIOBATENIbHOCTH W Mbl UMeeM ycjioBue Ha N, cocrosiiee B ToM, 910 t(w, N) < 1,
U HaJIO JIOKA3aTh, YTO BCE 9TH YCJIOBUS COBMECTHBI (IlepeceveHre uX HerycTo). Kaxkioe yciosue
3a71a6T 3aMKHYTOE MHOXKECTBO B KOMIAKTHOM IIPOCTPAHCTBE BCeX Mep (BCIIOMHUM, UTO t IIepeduc-
JIIMO CHHU3Y, U TeM 6oJjiee MOJIyHEIPEPbIBHO CHU3Y ), TIOTOMY JIOCTATOYHO JIOKA3aTh COBMECTHOCTD
JIIOOOr0 KOHEYHOTI'O YHCJIa YCJIOBHII .

Urak, Bo3bMEM k MPOUBBOJIBHBIX IIOCJIEIOBATEIBHOCTEH W1, .. .,w. Ham Hajgo0 j0Ka3aTh, YTO
cymmecrByer Mepa N, 1uist Kotopoii t(w;, N) < 1 mpu Beex ¢ = 1,..., k. DTy Mepy MbI Oy/ieM HCKATh
B BHUJIE BBIIIYKJIOW KOMOWHAIIMN MEpP, COCPEIOTOYEHHBIX B Wi,...,Wk. 1aKAM 00pa3oM, HaM HAJO

IIOKa3aTb, 9TO k 3aMKHYTBIX ITO/IMHO2KECTB ]f—MepHOI‘O CHUMILJIIEKCa (COOTBeTCTByIOIlH/IX k YCHOBI/IHM)
nMeroT O6HLyIO TOYKY. IS4 e) JejlaeTcd C IIOMOIIBIO U3BECTHOUN TOIIOJIOI'MYECKON JIEMMBbI (HCHOHBSyeMOﬁ
B CTaHJapTHOM J0Ka3aTe/IbCTBE TeOPpEMbI Bpayapa (€] HeHO,ZLBH)KHOfI TOLIKe)I
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Jlemma 6.3. [lycmo cumnaexc ¢ sepwunamu 1,...,n noxkpum k 3aMEHYMOMU MHOHCECTNEA-
mu A1, ..., Agp. IHycmov npu smom sepwuna i 6cezda npurnadiescum muoxcecmey A;, pebpo i—j
uesurom nescum 6 obsedunenuu A; U Aj, u max danree (epanv (i1, ..., 1) Yeauxom asescum 6
A, U...UA,;,). Tozda nepeceuenue A ..., A nenycmo.

[IpuBeém 71t TTOTHOTHI CTAHIAPTHOE JTOKA3aTETbLCTBO ITOW JIEMMBI. PaccMOTpPUM CHMILIATIH-
albHOEe pasOuMeHne MaHHOTO CHMILIEKCA HA MEJIKHME CHMILIEKCHI M ITOMETHM KayKIyl0 WX BEpPITHHY
KaKIM-TO 9HUCJIOM 4 OoT 1 110 k, ¢ TeM yciaoBueM, ITOOBI 3Ta BepIuHa Jjexana B A;. Bosee Toro,
MOKHO TIpeJIoaraTb 4TO BEPINWHA i MMOMEYEHa UUCJIOM 4, BEPIIUHBI Ha OTPe3Ke i—j MOMEUEHBI
JIOO YIUCITIOM ¢, OO YucjaoM j, u Tak Jajee. KomOunaropuas Jjiemma Illneprepa roBopur, 9To
€CTh CUMILIEKC pas3bueHusl, y KOTOPOro BCe BEPIIUHBLI IOMEYEHBI [I0-PA3HOMY. YCTPEeMJIsist pasMep
MaKCUMAaJIbHOTO CUMILIEKCA PasOMeHUs K HyJII0, U BLIOUpPAas MPEJIeIbHYI0 TOUKY MOCIEI0BATEHHO-
CTH IOJIyYUBIIUXCS PA3HOIBETHBIX CHMILIEKCOB, HAXOIUM UCKOMYIO TOUYKY B IepecedeHuu Bcex A;.
Jlemma nokazana.

[Ipumenum Temeph goKazanHyio Jjemmy. CoryacHO 9TOH JeMMe, HAM JOCTATOYHO JTOKA3ATh,
97O JTI06asT TOYKA Ha TPAHN CUMILIEKCA TTOKPBIBAETCS 00beIMHEHNEM COOTBETCTBYIONTNX MHOYKECTB.
ITycTh, ckaxkem, ecTb Touka (Mepa) X, sIBJISIFONIASICS CMECBIO BEPIIUH W1, Ws U Wy; 9TO 3HAYUT, UTO
Mepa X COCpeIoTOueHa B MHOXKeCTBe {w1,ws,wr}. HaMm Hy»KHO moKaszaTh, 4ro Touka X MOKPHITA
oObequHeHneM MHOXKeCTB A1, As u A7, B HaleM ciydae 9TO 03HAYAET, YTO ONHO U3 vuces t(wi, X ),
t(ws, X) u t(wr, X) we npesocxogur exuruust. Ho mbr snaem, uro [ t(w, X)dX(w) < 1 cormacho
OIIPEJIEJIEHUIO TECTA, & STOT MHTErPAJI ABJISETCS B3BEIIEHHBIM CPEJHUX ITUX TPEX BEJIUIHMH, TAK YTO
XO0Ts OBl OJ[HA M3 HUX HE TPEBOCXOIUT 1.

7 Coayd4aiiible TOUYKI METPUIECKOTO MPOCTPAHCTBA

Bémpmas yactb chopMyImpoOBaHHBIX HAMU PE3Y/IbTaATOB O CJIYYailHBIX IIOC/IEI0BATEILHOCTIX OMTOB
[IEPEHOCUTCS Ha CJIydail 10CjIe0BaTe/IbHOCTEN HATYyPAJbHBIX YHUCEsI, a YacTo U Ha OoJiee oOIumii
cJtydail MeTpuIecKuxX npocTpancTB. Mel ceifuac n3nokuM Takue 06001eHns (& TaK:Ke U HEKOTOpbIe
HOBBIE — JlaXKe U JIJisl IPOCTpaHcTBa () — pesysibTarhl).

7.1 KoHCTPpYKTHUBHBbIE METPUYECKOE ITPOCTPAHCTBA

Omnpeiensist KOHCTPYKTUBHBIE METPHIECKIE IIPOCTPAHCTBA U IEPEINCIUMBIC CHI3Y (DYHKIUH Ha HUX,
MBI cteayeM [11, 13] (em. Takke|T7]).

Ounpepenenne 7.1. Koncmpykmuenoe mempuseckoe npocmparncmeo X = (X, d, D, «) cocmoum
U3 NOAN020 cenapabesvhozo mempuueckozo npocmpancmea (X, d), 6 xomopom evideaeno cuémmoe
naomnoe mmoocecmeo D u ezo nymepayus o: N — D (onpedeaénnan na ecém N). Tpebyemca,
wmobor paccmosnue d(a(m), a(n)) 6vio 6o spdexmueno euvucasumo (¢ a1060t mpebyemoti mowro-
CmvI0) NO M U N.

Omxpvimoaie Wapsvt ¢ YEHRMPAMU 8 MoUKaT ud D U paruonasbromu paduycamy, 6yoem Ha3vieamy
OA3UCHBIMU TIAPAME,; MHONHCECTNEO BCET MAKUL Wapos 06pa3yem KAHOHUYECKUN Oa3UC monoso2uy
X Kax mempuvecko2o npocmpaHcmea.

Bydem naszvisams nocacdosamenvrocms S1, So, . .. mouex u3 D cuinbHO hyHIAMEHTAIBHON, ecau
d(Sm, 8n) < 27™ npun > m. Ilo npednoaooiceruto npocmpancmeo X noaro, nosmomy 6CAKaA ma-
KA NOCAEIOBAMEABHOCTND UMEEM, eQUHCMBENNBIT NPeden, U MoK NPOCMPAHCTNGA MONHCHO OTOC-
decm8umb ¢ KAACCAMU IKBUBAAEHTNHOCTIU CUABHO PYHOGMENMANLHOLL NOCAED0BGMEALHOCTNEN.

YacTo MbI GyjieM 0603HAIATH KOHCTPYKTUBHOE MeTpudeckoe mpocrpancreo X npocro X (ecsn
d, D v o SICHBI U3 KOHTEKCTA).
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IIpumepsnr 7.2.

1. B duckpemmom MeTPHIECKOM TPOCTPAHCTBE Y = {81, 82, ...} PACCTOSHUE MEXKJy JIIOOBIME
JIByMsl Da3JINIHbIMU TOYKAMH PaBHO 1; MHOXKecTBO D cozep:kuT Bee TOUKU U (i) = 8;.

2. MoxkHO 106aBUTH K HATYpaIbHBIM IHCIaM OECKOHEUHbIi ameMenT, moaoxus N = N U {oco}.
PaccrosiHue pu 9TOM MOXKHO ONPEJIETUTh KAk OOBIMHOE PACCTOSIHIE MeKLy OOpPATHBIME BeJIMYUHA-
Mu (IIPH 9TOM, €cTeCTBeHHO, 1/00 = (). DT0 MeTpuyYecKoe IPOCTPAHCTBO MOYKHO HA3BATH 00HOMO-
weunol Komnaxmu@urayueld TPOCTPAHCTBA HATYPAJBHBIX UHUCET ¢ JUCKPETHON METPUKOH MpeIbl-
JLyIIEro IpuMepa.

3. Bemecrennast npsivast R ¢ o6praneiv paccrosiaueM d(z,y) = | — y| TakiKe sABIISIETCS KOH-
CTPYKTUBHBIM METPUIECKUM MPOCTPAHCTBOM (¢ KAKMUM-JIIO0 €CTECTBEHHBIM BBIGOPOM MHOXKECTBa D
u ero Hymepanuu). To ke caMoe MOXKHO CKa3aTh O eé NONOKUTELHON actn Ry = [0, 00); MOXKHO
J106aBUTh U GECKOHEUHBIN 3JIEMEHT —+00, HO TOrJA HaJ0 U3MEHUTh METPUKY (HAIpPUMED, HepeHecs
eé ¢ oTpeska).

4. VmMest 1Ba KOHCTPYKTHBHBIX METPUUYECKUX POCTPAHCTBA X U Y, MOYXKHO PACCMOTDPETH UX
npoussesierne Z = X X Y ¢ ofHOI M3 €CTECTBEHHBIX METPUK (HAIPUMED, CYMMa PACCTOSHHI 10
oberM KOOpJIMHATAM ); MHOXKeCTBO Dz TakxkKe siBiseTcs npousseienneM Dx X Dy

5. Tlycrs X — koneunsiii wmm cuérabiii andasur (¢ duxkcuposanunoit nymeparueii). Torma
MHOZKecTBO XV, cocTosimee u3 GeCKOHEUHBIX HoceaoBaTenbuocTeit © = (x(1), 2(2),...) ¢ (i) € X,
PEBPAIAETCS B METPHYIECKOE IIPOCTPAHCTBO, €CJIN MOJOXKUTh d(x,y) = 27", rie n — MUHAMAJIbHBIH
uHJEeKC &, rie (1) u y(i) pasiandarTcst. DTo MPOCTPAHCTBO SIBJIsIeTCsT 0000IIEHHEM PACCMOTPEHHOTO
HAMHU JIBOMIHOTO KAHTOPOBCKOI'O MPOCTPAHCTBA; IIAPbI B HEM SIBJISIFOTCS IUJIMHAPAMUA: JJIs JTAHHON
KOHEYHOH I10CJIE0BATE/ILHOCTH TOYeK z € X MbI 6epEM BCe IIPOJIOJIKEHUS 2.

Sameuanne 7.3. Kaosrcdaa mouka T KOHCMPYKMUESHO20 MEMPUNECKO20 NPOCTMPAHCINGE X MONHCEM,
pacemampusamses kax “maccosas npobaema” 6 cmovicae Medsedesa [21]: no dannomy payuorans-
nomy € > 0 yrazamv nomep mouxu u3 D, npubsusicarowetd x ¢ nozpewnocmyio He boaee . Jleeko
nposepums, Mo ama npobaema sxeusasermua (6 cmvicae Medsedesa) npobaeme nepevucrenus
BCET OA3UCHBIT UWAPOB, COOEPAHCAULUL MOUKY X .

Bameuanue 7.4. KoncmpykmuseHoe Mmempuyeckoe npocmpancmeo A6AAEMCA HACTIHM CAYHAEM
boaee obusezo (U wacmo noae3n020) NOHATMUA KOHCMPYKIMUGHO20 MONOA0LUMECKO20 NPOCTPAHCMEA.

KoHcTpyKTHBHOE TOLOIOrHYECKOe IpOocTpancTBo X = (X, 7,1) cocmoum u3 monosozuueckozo
npocmpancmea X, 6a3uca OMKPLMOLE MHONCECE T U €20 HYMEPAUUL V: IMO SHAYUTN, 4MO T =
{v(1),v(2),...} u wmo omxpoumvimu mhodcecmeamy 6 X ABAMOMCH 006EOUNENUSL MHOHCECTNG U3
T.

Ecau Z asasemca HENYCMbM TMOOMHOHCECTNBOM IPHEKMUEH020 MONOAOLUNECKO20 NPOCTPAH-
CMBa, Mo OHO CaAMO CMAHOBUMCA IPPHEKMUEHHLM MONOAOZUMECKUM TPOCTPAHCMEOM: Mbl NEpece-
Kaem 6ce Da3UCHBLE MHOICECMBA C Z, He MEeMAA UT Hymepayuro. B amom cocmoum easicnoe npe-
UMYULCMBO NOHAMUA KOHCTPYKMUSHO20 MONOAOZUNECKO20 NPOCPAHCMNEA (N0 CPABHEHUID C KOH-
CMPYKMUSHHLMU MEMPUIECKUMU NPOCTNPAHCIMBAMU): TAM MbL MOHCEM NEPEHECTNU MEMPUKY HA
NOOMHONCECNBO, HO HUKAKO20 ECMECMBEHH020 CNOCOON BBIOEAUMD 68 HEM CHEMMHOE NAOMHOE MHO-
2ICECMBO € HYMEPAUUET, He SUIHO.

B amot cmamve mui, 00naxo, He b6ydem cmapamoves 0006UUMb MWL PE3YALTAMDL HA KOH-
CMPYKMUBHBLE MONOAOZUNECKUE NPOCPAHCMNEA (OAA UE20 HYHCHO ObLAO Gbl CHOPMYAUPOBAMD MO~
HO, KAKOU KAGCC KOHCMPYKMUBHOLT MONOAOZUMECKUT NPOCTNPAHCINSE Mbl TOMUM PACCMAMPUBAINY ),
a4 8 Ka1ecmee KOMNPOMUCCH 02PAHUNMUMCA NOOMHONCECTNEAMY MEMPUYECKUT NPOCTPIHCME.

OrmpesieuB CTPYKTYPY KOHCTPYKTUBHOTO TOMOJOTHIECKOTO TPOCTPAHCTBA, MBI MOYKEM TEIepb
OIIPEJIEJIUTH HEKOTOPbIe 9 (DEKTHBHBIE BADHAHTHI TOMOJIOTUIECKUX MOHATHI (J1J1s1 KOHCTPYKTHBHBIX
METPUIECKUX TIPOCTPAHCTB):
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Omnpegenenne 7.5. Omxpvmoe nodmmoscecmeo U KOHCMPYKMUBHO20 MEMPUNECKO20 NPOCTNPUH-
cmea X Hasveaemcs 3OMEKTUBHO OTKPBITBIM, €CAlU OHO ABAAEMCA 006eIUHEHUEM NEPEUUCAUMO2O0
cemeticmsa 6a3ucHbr wapos. Jonosnenus dPHexmueHo OMEPLIMBIT MHOHCECTNE Mbl HA3DIEAEM
3P HEKTUBHO 3aMKHYTHIMU.

Hycmov A — nexomopoe nodmmoocecmeo X . Bydem 2osopums, wmo muooicecmseo U C X OTKPbBI-
to Ha A, ecau natioémes sgpexmusro omrpumoe 6 X mmoorcecmeo V', das xomopoeo UNA = VN A.

OrmeruM, 9TO B mocjieaneM omnpeaeaernn U He 00s13aHO OBITH 4acThio A, HO peasibHO HrpaeT
pouib uth nepecevenue U ¢ A.
Ternepb MOXKHO OIIPEJETUTD BBIMUCJIUMOCTD B TePMUHAX 3(DHEKTUBHO OTKPBITHIX MHOYKECTB.

Ounpegenenue 7.6 (Borauciumbe dyukiun). Hyemos f: X — Y — omobpascenue mempuueckux
npocmparcms, onpedeaérnoe na 6cém X. Qynrkyus f HenpepbIBHA mMmo2da U MoAbko mozada, k020a
npoobpas A106020 basuckozo omrpoimozo wapa B C Y sasasemca omrpoimvim noodmMHOMCECTNEOM
X; nazosém dynruyuro f BBIYUCIUMON, ecau 9mom npoobpas ABASEMCA IPPHERMUSHO OMKEPLIMDIM
mmoorcecmeom (pasnomepno no B).

Yacmuunas gynkuyus f uz X 6 Y, obaacmsv onpedeaerus xomopoti codepacum Hexomopoe noo-
mHoocecmeo A C X, Beramcauma Ha A, ecau npoobpas a106020 6asuckoz0 omxpuimozo wapa B
asasemcs sfiexmusno omxpumoim Ha A (pasromepro no B). Hsz amozo onpedeaenus 6udno, wmo
nosedenue Pyrnkyuy ene A Ha svuucaumocms (ha A) He sausem.

HacmHvm CAYHGEM BLUUCAUMOCTIU PYHKUUT MONHCHO CHUMAMD BLIUUCAUMOCTL TOYEK: MO~
ky x € X Oydem Ha3ui8aMb ELUUCAUMOT, €CAU PYHKUUA HA 0OHOIAEMEHTMHOM NPOCMPAHCINEE
f:{0} = X ¢ f(0) = z swuucauma.

Ecau pynwuyusa f, onpedesénnan 6 eduncmeennoti mouke g € X U NPUHUMAGIOULGA 3HAYEHUE
yo €Y, svinucauma na ceoeti obaacmu onpedesenus, mo mui 2060pum, wmo yo = f(xo) asasemea
xo-BerameauMbiM. Ecau gynxyua [: Y x Z =Y, onpedeaénnan na X X {20}, svuucauma na ceoeti
obaacmu onpedeaenus, mor Hasvsaem Gynruuro g: X — Y, omobpascarowyro x 6 g(x) = f(x, 20),
20 -BBIMUCIUMOMN, UAYU BBIYUCIAMON OTHOCHTEIBHO Z(.

Hecnoxno IIPOBEPUTDH, YTO Hallle OIIpeae/IeHne BBIYMCIUMON TOYKM SKBHUBAJIEHTHO bOoJiee npu-
BbIYHBIM:

Ipeanoxenue 7.7. Caedyrouwue c60lcmea Mouky X KOHCIMPYKMUEHO20 MEMPUIECKO20 NPOCTPAH-
ecmea X = (X, d, D, ) pagrocunvrivl:

(i) = evuucauma;

(ii) MmHooCECMB0 BAZUCHULT WAPOB, COOEPHCAUWUT T, NEPEHUCAUMO;

(iil) cywecmeyem 6bHUCAUMAA NOCAEO0BAMEALHOCTND 21, 22, - . . dAemenmos D (3adannor ceou-
MU a-Homepamu), Oasn komopol d(x, z,) < 27" npu ecex n.

Cﬂegylomee IpeajIozKenue ,HaéT 6otee HIPUBBIIHY IO HepecbopMmepOBKy olrpejesieHus BbI'IUCJ/II-
MOCTH:

Ilpenmoxxenune 7.8. Ilycmo f: X — Y — omobpasicenue mempuseckuxr npocmparncms. Dyrruus,
[ evruucauma moeda u moavko moeda, koeda cywecmeyem ewvuciumoe npeobpazosanue (3adasa-
eMoe MAWUHOT C OPAKYAOM), KOTOPOE NEPE6odum A0by10 cusbho GyHIaMenmasoryI0 nociedosa-
meavhocms moyek uz Dx ¢ npedesom x 6 cuavho Gyndamernmarviyio nocaedo8amesbHoCmy mouek
us Dy ¢ npedeaom f(z).

Ecau f — wacmuunas gynrkyus c obaacmuio onpedesenus Z C X u SHAUEHUAMU 8 Y , Mo €€ Gbi-
YUCAUMOCTVS HA 7 PASHOCUABHG CYULECTNBOBAHUIO GBIUUCAUMOZ0 NPEOOPA306AHUL, KOMOPOE NPUME-
HUMO K M10000 Cusbho Gyniamernmarbrol nociedosamesvrocmu ¢ npedesom x € Z u npeobpasyem
eé 6 cuavro Pyndamernmanvryro nocaedosamenvrocms ¢ npedesom f(x).
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3ameuanue 7.9. B HeKOMOPOM CMBICAE T(-BbHUCAUMOCTND GHAAOLUYHA GHIMUCAUMOCTIY C OPAKY-
aom (U 8 Karmoposckom npocmparcmee cosnadaem ¢ wetl), HO 8 06wWeMm cAywae Hado umems 6 eudy,
wmo onpedesenue UMeEm GoALe CAONCHIYIO NPUPOY: 6 IMOM ONPEICACHUU MAWUHG UMEEM JOCTIYN.
K HEKOMOoPoll NOCAEIOBAMEALHOCTIU 81, 82, . . ., CTOOAUWECA K To, HO IMG NOCACIOBAMENOHOCTND HE
PuKrcuposana.

Onpepenenne 7.10 (nepeancammocts can3y ). [Hycmov dano Koncmpykmuehoe Mempuueckoe npo-
emparncmeo X = (X,d, D, ). @ynxyua f: X — [—00,00] mogyHEIPEPBIBHA CHU3Y, €CAU MHOCE-
cmsa {z | f(x) > r} omxpumo, npu a0bom payuonasvrom r (omeroda caedyem, 4mo oHL OMKPLIMLL
npu A1060M T, HE 00A3AMEADPHO PALUOHAALHOM). OHA HA3VIBAEMCA TTEPETUCTUMON CHU3Y, eCAl MU
MHONCECNEA IPPHEKMUSHO OMEDPLIMBL NPU A0OOM PALUOHAAHOM T (pasromepHo no ). Hacmuu-
naa Pynruus f us X 6 Y, onpedeaénnasn (no kpatined mepe) na Hexomopom nodmmoscecmee A
npocmpancmea X, nazvieaemces nepedncauMoii cuusy Ha A, ecau mmoorcecmea {x | f(x) > r}
appexmueno omrpwvimos nwa A pagnomepro no T.

Ananozuuno onpedeasemes U nePevucAUMOCG CEEPTY; OHA PAGHOCUALHE NEPEYUCAUMOCTIU CHU-

3y dynryuu —f.

Jlerko mposepurh, yro dyuxiusa f: X — R BbMucamMa TOrja W TOJBKO TOL/A, KOTZA OHA
[EPEYNCIUMA, CBEPXY U CHH3Y.

Kax u panbiiie, MOXKHO JaTh SKBHUBAJEHTHOE ONPEJIEICHIE IEPEIUCTUMOCTU CHI3Y C ITOMOIIBIO
6a3uCHBIX (DYHKIUIL.

Onpepenenne 7.11 (6asucubie HGyHKIMU B KOHCTPYKTUBHOM METPUIECKOM IPOCTPaHcTBe). Onpe-
deaum cuémmuoe mmoscecneo 6asucunix Pynrwuul £ = {e1, eq,...} 6 Koncmpyrmuerom mempuse-
cxom npocmparncmee X = (X, d, D, a) caedyrowgum obpazom. Jas xasrcdot mowku d € D u das
00T ONOHCUMENVHVLT PAUUOHANDHOLT YUCEA T U € ONPedeAuM GYHKUUIO Jqrc: €€ 3navenue 6
mouke T onpedessemcsa paccmoanuem om T do d u pasno 1, ecau 3mo paccmoarue He 6oavuwe T,
PABHO HYAI0, ECAU PACCOAHUE HE MEHBWE T + €, U AUHETHO MEHAEMCA, K020a Paccmosrue npobe-
eaem [r,r +¢]. Cm. puc. 1.

3amem Mol paccMampusaem 6ce PYHKYUL, NOAYUAEMDIE U3 CEMETCMEA Gdre 3AMOIKAHUECM OM-
HOCUMENDHO PAYUOHAADHHLL AUNHETHHLT KOMOUHAUUT U ONEPAUUT MAKCUMYMGE U MUHUMYMG. Mro-
glcecmeo maxur Gyrkyud u 0b6o3navaemca E; OHU UMEIOM eCMECTNEEHHYIO HYMEPAUUIO.

gO,r,s(x)

0 r r+e

Figure 1: ®yuknum, u3 KOTOPBIX CTPOSATCs OA3UCHBIE.

IIpenyioxkenue 7.12. Qyuxyus f: X — [0, +00], onpedesérnas na KoOHCMPYKMUSHOM MEMPUYE-
CKOM MPOCMPGHCNEE, NEPEUUCAUMA CHUSY MO0204 U MOABKO M020a, K0204 OHA ABAAEMCA TOMOUE -
HOM TPEIENOM HEYOBIBAIOWET BVIHUCAUMOT NOCAEIOBATNEALHOCTY OA3UCHLLT HYHKUU.
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Ecan B sToMm OpeJIOZKEHNN OTKa3aTbCA OT Tp66OBaHI/IH BbIIUCJIMMOCTH, TO BMECTO II€PECIUCIIA-
MOCTH CHU3Y IHOJYYUTCs IIOJIYHEIIPEPbIBHOCTDH CHU3Y.

Omnpepnenenne 7.13. Ananrozuurvim 06pasom onpedessemes nepesuciumMocmsd CHU3y OTHOCUTEIb
HO TOYUKH 2( HEKOMOPO20 MEMPUHECKO20 NPOCTPAHCMEa (Kak NEPeNUCAUMOCTNG CHUZY Na NPOUSEE-
deruu obaacmu onpedeaerus u {zo}).

Boibop MeTpuku B KOHCTPYKTHBHOM METPUYECKOM ITPOCTPAHCTBE YACTO HE BJIUSIET HA IMOHSTHE
BBIYHUCJIUMOCTUA. B 9YacTHOCTH, MBI MOXKEM He Pa3JuvdaTh SKBUBAJEHTHbIE METPUKHU B CMBICJIE CJIie-
JYIOIIEro onpeaesieHust (KOHCprKTI/IBHbeI BapUaHT PaBHOMEPHOHU HEIIPEPBIBHOCTU TOXKICCTBEHHOI'O
0TODpasKeHUsI MPOCTPAHCTBA B cebsi ¢ IPyToit MeTpHKoﬁ):

Ounpenenenne 7.14 (paBHOMEpHasl HEIPEPBIBHOCTh, SKBUBAJIEHTHOCTH). [Tyemv X u'Y — xon-
CMPYKMUGHBLE MEMPUMECKUE Npocmpancmea, a f: X — Y — swuucauman gynxyua. Mo, 2060pum,
wmo f paBHOMEPHO HEIPEPBIBHA, eCAU OAsf 4106020 payuonaavhozo € > 0 cyuecmeyem payuonaib-
noe § > 0, das xomopoeo dx (x1,x2) < § eaparmupyem dy (f(x1), f(x2)) < e. Mw 206opum, wmo f
3 HEKTUBHO PABHOMEPHO HEIPEPBIBHA, €CAU N0 € MOANCHO IPHERMUCHO HATIMU COOMBEMCMBYIOULEE
d.

Jlee mempuky 1o 00roMm u Mom dice npocmparcmee 1asueaomes (3bdEKTUBHO) IKBUBAJICHT-
HBIMU, €CAU MOHCOCCTNGEHHAA GYHKUUA, PACCMAMPUEBAEMAS KAK 0MOOGPANCEHUE NPOCMPAHCNES C
00noti mempuroti 6 npocmpancmeo ¢ dpyeoti mempurol, (spdermueno) pasHOMEPHO HENPEPLIBHG
(6 06e cmoponwt).

Hanpuwmep, B R? eBkimiosa Merpuka i Li-MeTpuka 3hheKTUBHO SKBUBAJICHTHBL.

[Monstue 3dbeKTUBHON KOMIIAKTHOCTH (onpejesienne 5.4) OYeBHHO TEPEHOCUTCS Ha MPOU3-
BOJIbHBbIE KOHCTPYKTUBHBIE METPUUYECKHUE IPOCTpaHCTBa. KcTh 3dhdeKkTuBHbI aHagor u 'y 6o0jee
€J1a00T0 MTOHATHUS JIOKAJIBHON KOMITAKTHOCTH.

Ounpenenenne 7.15 (adbdekTrBHAS KOMIAKTHOCTD U JIOKATbHAS KOMIIAKTHOCTH B METPHYECKHUX
npocrpancTBax). Komnaxmmoe nodmuoocecmso C' sfipexmuerozo mempuueckozo npocmparcmea X
nazvieaemcsa 3PGEKTUBHO KOMIAKTHBIM, ECAU MONCHO NEPEMUCAAMG GCE KOHCUHBLE €20 NOKDbIMUA
6a3UCHBLMU MHOdICECTNEaAMU Npocmpancmea X .

Hodmmoorcecmeo C mempuseckozo npocmparcmed Ha3vl8aemcs JIOKAJIbHO KOMIAKTHBIM, eCAl
e20 MO2HCHO NoKpuMy wapamu B, y xomopwz nepecevenua B N C xomnaxmuw. (3decv B — 3sa-
mokarue wapa B.) TTodmmoosicecmeo C 6ydem nasvisamsd 3hHEKTUBHO JOKATBHO KOMIAKTHBIM,
ECAU CYWLCNEYEM, BLIHUCIUMAS NOCACI08ATNEALHOCTNG 043066iT wapos By, noxpuwearowux C, das
xomopuix By, N C afpermuecto womnaxmms pasromepro no k.

IIpumeps! 7.16.

1. Konewgnoe auCKpeTHOE MTPOCTPAHCTBO KOMITAKTHO, 8 OECKOHETHOE — JIOKAJIHHO KOMITAKTHO.

2. Otpesok [0,1] asaserca sdpdbexkrnBHO KOMIAKTHBIM. [Ipsimas R smasiercs adbdexkTrBHO
JIOKAJTbHO KOMITAKTHBIM MTPOCTPAHCTBOM.

3. s Koneunoro andaputa X IPOCTPAHCTBO GECKOHEUHBIX MOC/IEI0BaTeIbHOCTEH X N spsteT-
cst acbdexTuBHO KOMITAKTHBIM. (/17151 6eCKOHEUHOrO aidaBUTa TO IPOCTPAHCTBO HE OYIET JIOKAIBHO
KOMITIAKTHBIM. )

4. Tycrs « € [0, 1] — nepevncanMoe CHU3Y JEHCTBUTENLHOE YUCIIO, HE SABJAIONIEEC BBIYUCIA-
mbiv. (Takue gmcia cymectsyior; Hanpumep, aucio . 2~ &P () gpsercs TakoBbIM.) PaccMorpum
orpe3ok [0, a] KAk KOHCTPYKTHBHOE METPHYIECKOE HMPOCTPAHCTBO: IIEPEUUCTUMOCTh (¢ CHU3Y I03-
BOJISIET TTEPEHYMEPOBATH PAIMOHAIBHBIE UHC/IA, MEHBINE (v. DTO KOHCTPYKTHBHOE METPHIECKOE
IIPOCTPAHCTBO Oy/IeT KOMIIAKTHBIM, HO He 3(p(HEKTUBHO KOMITAKTHBIM.

Cremytoree peyTosKeHne JAET MOJIE3HBIN KpUTEpHi 3 (HEKTUBHO KOMIAKTHOCTH B KOHCTPYK-
TUBHBIX METPUYECKUX TIPOCTPAHCTBAX.
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IIpennoxenue 7.17. (a) Komnaxmnoe nodmmooscecmso C KOHCMPYKMUBHO20 MEMPUUECKO20 NPO-
cmparcmea X apdexmuero KomMnaxmmo mo2da u moavko moz0a, k020a no A1000MY PayuoHAAYHOMY
g > 0 moorcro afexmueho yxazams KoHewnoe noxpoimue muoscecmsa C 6a3UCHbMU WAPAMU Pa-
duyca €.

(6) ITycmv C — appexmusno KOMNAKMHOE NOOMHONCECTNEO KOHCMPYKIMUGHOZ0 MEMPUNECKO20
npocmparcmea. Tozda u3 2106020 nepeuucAuMO20 cemeticmen ba3ucHbT wWapos, nokpueaouur C,
MOIAHCHO IPPEKMUBHO 8BIOPAMD KOHEUHOE NOKDLLIMUE.

Joxazamesvemso. IlycTs TS KarXKI0TO € MBI yMeeM yKa3blBaTh KOHETHOE MOKPBITHE Se MHO-
xkectBa C' mrapamu pajinyca €. Bmecrte ¢ TaKuM MOKPBITHEM Oy/IEM MEPEUUCTSITh U BCE TOKPBITHS
2apPaHMUPO8aHHO GOJBITUME [IAPAMU (ITO 3HAYUT, UTO JJIsl KaxKI0To Mmapa B(x, &) us nokpbitust Se
B 9TOM HOBOM IOKDBITHH HalaéTcst map B(y,o) ¢ o > € +d(z,y)). Komnakraocrs C' rapanTupyer,
9TO TP STOM (€C/I CeIaTh 9TO JIlsd BeexX &) OyuayT nepedncyensl Bee nokpbitus C. (B camom ge-
Jle, ecJIi ecTh KaKoe-To HOKphITHe S’, KOTopoe B Iepeduc/ieHue He IOIaIéT, To M/ KaXKI0ro € eCTh
OJINH U3 MIAPOB MOKPBITUSI Se, KOTOPBIA HE IMOIAJIAeT rapaHTUPOBAHHO BHYTPb OJHOIO U3 IIAPOB
nokpoiTaa S’. IIpuMeHnB KOMIIAKTHOCTD U B3SB HPEACILIYIO TOYKY HEHTPOB ITUX HEIOIA IAIOIIIX
[IAPOB, MOJIyIUM IPOTHBOPEYNE. )

OcrasbHBIE YTBEPKIEHUST JTOKA3BIBAIOTCS COBCEM TTPOCTO.

Crenytoree mpeiozkerne 06001IaeT mpeioskenne 5.5 U TOKA3bIBAETCsT AHAJTOTUIHBIM PACCy K-
JEHUEM.

Ilpenmoxkenune 7.18. Bceaxoe sdexmusHno 3amrnymoe nodmMHocHcecmsao dPPexmusto KoMnaxm-
HO20 MHOIICECTNBA APPHEKMUBHO KOMNAKMHO.

(BeroMuHast onpesieiennst, 3T0 yTBEPKACHIE MOXKHO HepedOPMYINPOBATh TaK: IIE€PECEeUeHUe
9 DHEKTUBHO KOMIIAKTHOI'O MHOXKeCTBa B 1pocTpaHcTBe X ¢ 3(pdEeKTUBHO 3aMKHYTHIM ITOIMHOKE-
cTBOM mpocTpaHcTBa X sBisteTcst 9(hMEKTUBHO KOMIIAKTHBIM. )

Kax u panbie, BepHO 1 00paTHOE: BCAKOE 3(DPEKTUBHO KOMIAKTHOE IIOJIMHOXKECTBO KOHCTPYK-
THBHOI'O METPUYECKOI'O IPOCTPAHCTBA 3P HEKTUBHO 3aMKHYTO. B caMoM Jiesie, MbI MOXKEM PacCCMOT-
pPETh BCEBO3MOXKHBIE TIOKPBITHSI TOI0 MHOXKECTBa OA3MCHBIMU IAPAMHU, a TaKXKe Iaphl, 3aBEI0MO
(110 COOTHONIEHUIO PACCTOSHUS M PAJUYCOB) HE IIEPECEKAIONINECs ¢ MHOKECTBAME HOKPBITHA. Bcee
TaKWe Mapbl BMECTEe B O0BEIMHEHNN ATy T JOMOJHEHNE HAIIero 3pGEeKTUBHO KOMIAKTHOTO MHOXKe-
CTBa.

O6pa3 KOMIAKTHOTO TTPOCTPAHCTBA, PN HEIPEPBIBHOM OTOOPA’KEHUN KOMITAKTEH. DTO yTBED-
xaenne nmeer 3GOEKTUBHBIN aHanor (¢ AHAJOTUIHBIM JOKA3ATETbCTBOM ):

IIpeagyoxkenne 7.19. [fycmov C — sfexmusro KomMnaxmmoe nodMHoOHCECMBEO KOHCMPYKMUEHO20
mempueckozo npocmparcmea X, a f — svuucaumoe na C' omobpasicenue C 6 dpyzoe xoncmpyx-
musnoe mempuueckoe npocmparcmeo. Tozda f(C) afexmusno xomnarmmo.

YTBepxKeHre 0 TOM, YTO I[OJIYHEIPEPBIBHAS CHU3Y (DYHKIMs HA KOMIAKTHOM MHOXKECTBE JIO-
CTHTaeT MUHUMYMA, TOXKE UMEET BBITMCIUMBIH aHATOr (MBI IPUBEJIEM CPA3y NMapaMETPUYECKUil Ba-
pHAaHT):

IIpennoxkenue 7.20 (MuHuMyM ¢ apameTpoMm). [ycmo Y, Z — xoncmpykmusrvle MEMPUNECKUE
npocmpancmsa, f:Y X Z — [0,00] — nepevwucauman crusy pynkyus, o C — spdexmueno xom-
naxmmuoe noommooscecmeo Y x Z. Toeda dynrxuyus

9(y) f(y,2)

= inf
{z|(y,2)€C}
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(20e inf wmoorcHo 3amerums Ha MIN 8 CUAY KOMNAKMHOCTAU, MOABKO HA00 CHUMAND, HINO MUHUMYM
NYCMO20 MHOHCECMEA PABEH +00) NEPEUUCAUMA CHUSY.

Bumecmo sgppexmusroti xomnaxmmocmu C' docmamouno npednosazamsv, wmo npoexyus Cy =
{y | 3z (y, z) € C} sppexmusno samrryma u nokpuiMa 6vHUCAUMOT NOCAEI0EAMENLHOCINDIO UWAPOE
By, oaa xomopvix (B, x Z) N C apexmusro xomnarxmmo pasromepro no k.

[Tocsenmee ycaoBue 3aBejOMO BBIMOJTHSETCA, eCu Y 3(MMEKTUBHO JOKAJIHHO KOMIAKTHO, & Z
3pPEKTUBHO KOMIIAKTHO.

Jlokasameavcmeo. st Hadasa BOCIPOU3BEIEM KJIACCHUECKOE JOKA3ATEIbCTBO MOy HEIIPEPhIB-
HOCTH CHM3Y. HaMm HAJ0 MPOBEPUTH, UTO Jyist JIIOO0ro r MHOKECTBO {y | 7 < g(y)} orkpbITO. DTO
MHOXKECTBO MOYKHO IIPEJICTABUTD B BHJIE 00he[MHEHNsI, 3aMeTUB, YTO yCIoBHe 1 < ¢(Y) PAaBHOCHIBHO

YCIIOBHIO
(3" >r)Vz[(y,2) € C = f(y,2) >1'],

1 AOCTATOYHO IPOBEPUTDH, YTO MHOXKECTBO

U={y|Vz|(y,2) € C= fly,z) > 7]}

oTKpBITO. MHOXKecTBO U MOXKHO IPEICTABUTH B BUIE

U= \Cy)ulJBpnD).
k

MuoxectBo Y \ Cy OTKPBITO MO YCJIOBUIO, MO3TOMY JIOCTATOYHO MOKA3aTh, ITO KAXKJOE M3 MHO-
skectB By, NU orkperto. Honoxum Fj, = By, X Z; 110 npenosoxkenno, Fj, N C KOMIAKTHO. YcI0BHe
f(y,2) > 7’ B culy NOYHENPEPBIBHOCTH 3aJIaET HEKOTOPOE OTKPBITOE MHOKECTBO nap V, cieosa-
resibHO, Fj, N C'\ V — 3aMKHYTOE HOJAMHOXKECTBO KOMIAKTHOIO MHOYKECTBA U IIOTOMY KOMIIAKTHO.
ITosTomy ero mpoekiust

{y€ By |3z(y,2) € F,NC\V}

SIBJISIETCsI HEIIPEPBIBHBIM 0OPAa30M KOMIAKTHOI'O MHOYKECTBA U IOTOMY KOMIIAKTHA (Te€M CaMbIM 3a-
MKHYyTa), a €& monosnnenne B By (To ectb By N U) OTKPHITO.

Teneps Haji0 mmepeBecT 3TO paccyxaenue Ha 3bOEeKTUBHDIH A3bIK. [Ipek ie Bcero 3aMeTnm, 9To
MOXKHO OIDAHUYUTHCA PAIMOHAIBHBIMU 7 U 7. 3aTeM HaJl0 3aMETHUTDb, YTO MHOXKECTBO V addek-
THBHO OTKPBITO (paBHOMEPHO 110 7”), a MHOXKecTBa Fi, N C'\ V paBHOMepHO 3bD)EKTUBHO 3aMKHY ThI
(n Gymyau nommuOKecTBAME 3PHEKTUBHO KOMIIAKTHOTO MHOXKECTBa, 3DGMEKTUBHO KOMIAKTHBI).
IMosromy nx npoexun (kax 06pa3nr) 3bheKTHBHO KOMIAKTHBI B 9 HEKTUBHO 3aMKHYTHI, & JIOTIOJI-
HeHnsT 9P PEKTUBHO OTKPBITHI.

C.HG,ELCTBI/IGM 9TOr'O MPEJJIOKEHUA ABJIFACTCA TaKad JIieMMa:

JIlemma 7.21. ITycmo X, Z, Z' — mempuneckue npocmpancmea, npusém X A0KAADHO KOMNAKIMHO,
a Z womnaxmmo. Ilyemv f: Z — Z' — nenpepuenan gynryus, mnoscecmeso snauerud xomopoti
cosnadaem ¢ Z', a t: X x Z — [0,400] — noaynenpepmenan crusy Pynxyus. Toeda Pynwyus
tr: X x Z' — [0, +00|, onpedesénnan dopmynot

tr(w, 2" (z,2),

= inf ¢
{zlf(2)=2"}
ABAACTNCA NOAYHENDEPBIEHOT, CHUZY.
Ecou X, Z, 7' — woncmpyxkmuehvle MEMPUMECKUE npocmpancmea, X sd@hexmueno Aokaib-
HO KomMnaxmmo, Z apdexmucto xomnaxmmo, Gyuxuus f eviuuciuma, a GYHKUUSL T NEPeMuciuUMa
CHUBY, MO PYNKUUA Tf NEPENUCAUMA CHUSY.
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Zloxasameavcmeo. IlpuBeném paccyxkieHue cpaldy jjst 9p@PEeKTHBHOIO BapuaHTa. lIpuMmeHnM
npegplayIee npegioxkenne ¢ Y = X x Z' n

C=Xx{(f(2),2) | z € Z}.

Torma

tr(z,2')= inf t(x,2).

! (z,2,2)eC
MuoxkecTBo Y 3 PeKTUBHO JIOKAJTBHO KOMITAKTHO KaK Mpon3BeaeHne 3(pHEeKTUBHO JTOKAIBHO KOM-
MAKTHOTO U 3(h(HEKTUBHO KOMIAKTHOTO MHOXKecTB. [Ipoeknus C' Ha Y coBmamaer co BceM Y u
oTOMYy 3aMKHyTa. 1109TOMY MOXKHO NPUMEHHUTDH MPEJIbIIYINee IPeJIOKEeHIE.

7.2 Mepbl Ha KOHCTPYKTUBHOM METPUYECKOM IPOCTPAHCTBE

B METPHUYIECKOM IIPOCTPAHCTBE BbIAEJIAIOTCHA 60peHeBCKI/Ie MHO2KeCTBa (MI/IHI/IMa.HI)HaH a—aﬂre6pa,
coaepzKalilasd OTKPbIThIE MHO}KGCTBa), 1 MOXKHO I'OBOPUTHL O Mepax Ha 60peJIeBCKI/IX MHOZKeCTBaX.
Onn 06ﬂaﬂaIOT CJIe 1y tomnuM CBOMCTBOM PE2YAAPHOCTNU:

IIpengioxkenue 7.22 (perynspHocTb). ITycms P — mepa #a NoanoMm cenapabesvbhom mempuye-
ckom npocmparncemese.  Tozda a1060€ USMEPUMOE MHONCECTNEO A MOIHCHO NPUOAUZUMD OONLUUMLU
OMEDBIMBLMYU MHOHCECTNBAMU:

P(A) = inf P(G),

2de G omxpwvimo.
Ha mepax MOKHO BBECTH PACCTOSTHUE:

Onpepenenne 7.23 (paccrosiuue IIpoxoposa). Onpedeaum paccmosmue om mowky T 00 MHodice-
cmea A 6 mempuyeckom npocmparcmee xak d(x, A) = infyca d(z,y). Onpedeaum e-oxpecmmocmo
mmoocecnea A kax A = {x | d(z, A) < €}.

Paccrosmue TIpoxoposa p(P, Q) meorcdy deyma mepamu P u Q onpedessemcea kax mounan Hudic-
HAaa epanv mex € > 0, daa xomopuxr P(A) < Q(A®) + €, a maxorce Q(A) < P(A%) + ¢, npu ecex
bopeaescrkux A.

NzBectHO, 9TO OmnpejienéHHas TakuM 00pa3oM (DYHKIMSA PACCTOSIHUS JIEHCTBUTEBHO SIBJISETCS
METPUKOIl; TEM CAMbIM Ha MHOYKECTBE BCEX BEPOSITHOCTHBIX Me€P B METPUYECKOM IIPOCTPAHCTBE BO3-
HUKAEeT CTPYKTypPa METPUUIECKOTO TPOCTPAHCTBA. KCTh m npyrue criocoObl BBECTH PACCTOSHUE HA
[POCTPAHCTBE MEP, JAIOIINE SKBUBAJIECHTHBIE METPUKH (B TOM CMBICJIE, YTO TOXKJECTBEHHOE OTOOpa-
JKEHHE CO CMEHOH METPUKM PABHOMEDPHO HENPEPBLIBHO B 00€ CTOPOHBI).

Ounpenenenne 7.24 (mpocrpaHcTBo Mep). [Tycmv X — KoHempykmueHoe Mempuieckoe npocmpa-
cmeo. Beedém 6 npocmpancmee mep Ha HEM CMPYKMYPY KOHCMPYKMUBHO20 MEMPUHECKO20 NPO-
cmpanemea M = M(X). B xauecmee cuémmuozo 8ctody naomuozo mmoscecmea Dy 603bMEM
MHONHCECTNEO MEP, COCPEAOMOUEHHDBIT HA HEKOMOPOM KOHEUHOM NOOMHOHCECMBE MHoHcecmea Dx,
U NPUHUMAOUWUT PAUUOHAAGHBIE 3HAYEHUA. TaKue MEPLL UMENM ECMECMEEHHOE ONUCIHUE KAK KOH-
CMPYKMUBHLE 00BERMBL, HYAHCHO YKA3AMD HOMEDY INEMEHMOE IMO20 KOHEUHO20 NOOMHONCECTNEA U
ux mepovl. Taxum o6pazom movL NOAYHAEM HYMEPAUUIO ang moyex 6 Dyy.

Boruucaumvie mowku amo2o KOHCMPYKMUBH020 MEMPUYECKO20 NPOCMPAHCNGA HA3VLGAI0M, BBI-
TUCTUMBIMA Mepamu Ha X.
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OupeieIéHHOE TAKUM 00Pa30M IIOHATHE BHIYMCIUMOCTH SABJIAETCS 0000IIeHneM BBEIEHHOIO Ha-
MU paHee TOHSITUS BBIYUCIMMON Mepbl Ha KAHTOPOBCKOM IIPOCTPAHCTBE (& TAK¥Ke eCTeCTBEHHOrO
HOHSATHA BBIYUCIUMON MEphI Ha GIPOBCKOM IIPOCTPAHCTBE HOCIEI0BATEILHOCTEH HATYPAIbHBIX YH-
cel).

Nnmeer mecro anasor upeuoxenus 4.17: unrerpan [ f(w, P) dP(w) 6asucnoit dynkmun f 1o
Mepe P aBisercst Beraucanmoit pyuknueit ot P u f.

Bot emé oiuH pojCTBEHHBIN PE3YJILTAT:

Ilpeagoxxenme 7.25. [lyemo f — oepanunennas ap@hexmusHo PABHOMEPHO HENPEPLLEHAA PYHK-
yua. Toeda e€ unmeepar no mepe P, paccmampusaemvil xax dynxuyus om mepv, P, asasemcsa
apexmueHno pasHOMEPHO Henpepulerot Gyrryued.

Jokasameavcmeo. Bes orpanndenusi OGIHOCTH MOXKHO CIMTaTh, 9T0 f HeoTpHUIaTeabHa (10-
Gasum koucranry). Ilycrs meper P u P’ 6mmsku. Torma P/(A) < P(A:) + ¢, rue A oboznauaer

/fdP’g/fsdPJre,

rae f:(z) ecTb TOYHAA BepxHsA TpaHb [ Ha £-OKpecTHOCTH Touku x. (HTerpan meoTpunare bHoil
dbyuxmun g onpenensierca mepamn muoxkects Gy = {x | g(z) > t}, cormacuo Teopeme Pybunm 06
M3MEHEHUHN IOPsi/IKa WHTEIPUPOBAHUS Ty Mepy Kak (DYHKIUIO OT ¢ HaJ0 HPOMHTEIPHPOBATDH 110
t. IIpu srom ecnu f(z) > ¢, 10 fo(x) > ¢ B e-okpecTHOCTH TOUKH x.) OCTArcs BOCIOIBL30BATHCS
s dekTuBHON paBHOMEDPHOI HENPEPBIBHOCTHIO DYHKIUU f, 4TOOBI y3HATH, C KAKOI TOUHOCTHIO HAJIO
3a/1aBaTh MePY, YTOObI HOJIYYUTh JAHHYIO TOYHOCTH B MHTEIDAJIC.

g-okpecTHOCTh MHOXKecTBa A. Torma

C apyroii croponbl, Mepa P(B) 6a3ucHoro mapa He obs13aHa ObITh BLIYACIUMOIL, HO OHA Iepe-
gucsmMa cHu3y (pasHomepro no B). Kak nokasano B [13], 9170 cBoiicTBo (paBHOMEpHas Mepednc-
JIMMOCTH CHU3Y) TaKKe sIBJISAETCA KPUTEPUEM BLIYUCIUMOCTH Mephl P.

N3BecTHO, 9TO 17151 KOMIIAKTHOTO Cerapadbe/ilbHOrO METPUIECKOTO MPOCTPaHCcTBa X MMPOCTPAHCTBO
Mep Ha X C ONMUCAHHON METPUKON Tak»Ke KOMIIAKTHO. DTO YTBEP:KICHHE UMEET KOHCTPYKTHUBHBIM
BapUAHT, KOTOPBIH JIOKA3BIBAETCS CTAHIAPTHBIM 00Pa30M:

Ilpensoxkenune 7.26. Ecau xoncmpykmusHnoe Mempuieckoe npocmpancmeo X aphexmueno xom-
naxmno, mo u npocmparncmeo M(X) sepoammocmuvir mep na X sfdexmuero xomnarmmo.

s mpocTpancTBa €2 9TO yIIOMUHAJIOCH B IIPEJJIOKEHNN 5.5.
IIpumepsnr 7.27.

Beckoneunoe muckpernoe merpuueckoe npoctparcTBo (N) He KOMIAKTHO, ¥ MHOXKECTBO Mep
Ha HEM (KOTOpOe MOXKHO OTOXKJECTBHTL ¢ MHOxKecTBoM dyHKImit P: N — [0,1], mis KoTOpBIX
>.; P(i) = 1) roxe ne KommakTHO. C JIpyroit CTOPOHBI, €C/IM IEPEHTH K IHOJyMepaM, 3aMeHHB
ycaosue Ha » ; P(1) < 1, To B ecTeCTBEHHOi MeTPHKE IIOJIYyIUTCs KOMIAKTHOE IPOCTPAHCTBO. B
caMOM Jiejie, B OTJIMYHE OT PABEHCTBA HEPABEHCTBA JJOCTATOYHO IPOBEPATH JJISI KOHETHBIX CyMM,
U KayKJI0€ HEPABEHCTBO 33J1a8T 3aMKHYTOE MHOMKECTBO B KOMIIAKTHOM mpousseiaenun [0, 1]N , Tak
9TO TepecedeHne TAKUX MHOXKECTB TOXKe Oy/leT KOMIIAKTHBIM. JIerko HOHSATH, 9TO OHO OyneT u
9 PEKTUBHO KOMITAKTHBIM.

[Tepexos K mosiyMepe COOTBETCTBYeT KoMIakTuduKauu npocrpancTsa N: HemgocTaoomas 4acTb
CYMMBI DsiJia TIEPEHOCUTCsT Ha OECKOHEUHYIO TOUKY.
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7.3 Ciy4aifHOCTb B METPUYECKOM MPOCTPAHCTBE

B mpocrpancTee () MBI OIIpeesIsiIn

® CIIYYAiHOCTD OTHOCHTEIbHO BEIMUCIUMBIX Mep (B cmbiciie Maprun-JIéda; cM. onpenenenne 2.9
Ha A3BIKE TECTOB);

® DABHOMEPHYIO CJIyIaiHOCTH OTHOCHTEJILHO TPOM3BOJIBHBIX Mep (TeCT ABasgeTcs QyHKIMEH mo-
CJIEIOBATEILHOCTH U MEPBI, Onpeaesenue 5.2);

® CJIyvIaiiHOCTh OTHOCHUTEIBHO 3(pHEKTUBHO KOMIIAKTHOTO KJIacca Mep, oIpejeieHue H.22;

e cienyio (6e30paKky/IbHYIO) CIydaiiHOCTD, onpeaenenne 5.37.

BCG 9THU IIOHATUA C He60.HI)H_H/Il\H/I USMEHCHUAMU IIEPEHOCATCA Ha ITPOU3BOJILHOE KOHCTPYKTHUBHOE
MeTpPHYEeCKoe IIPOCTPaHcTBO. B 3ToM pazjiesie Mbl 00Cy/ UM 3TU 0000IIEHNST U UX CBONCTBA, a 3aTeM
6oJ1ee TOIPOOHO PACCMOTPHUM CJIYUAHHOCTH OTHOCUTEIBHO OPTOTOHAJILHBIX KJIACCOB MeD.

JLJIsT BBIYACTIMMBIX MEDP TECT OIIpeIeJIsieTcs KaK IepedncanMast CHI3y (DYHKINS Ha METPUYECKOM
[IPOCTPAHCTBE, HHTErPAJI OT KOTOpOit He npeBocxoauT 1. Cpeln TaKuX TECTOB CYIIECTBYET MaKCHU-
MaJIBHBI ¢ TOYHOCTBIO JO KOHCTAHTHI. Kak W paHbIlle, 3TO JIOKA3bIBAETCS C IOMOIIBIO YCEUEHUST:
MBI [IEPEYNCTIIEM BCE MEPEUUCTUMbIe CHU3Y (DYHKIIUU, IIPUHYINTEILHO IPEBPAIias UX B TECThI HJIH
[IOYTHU TECTHI, U 3aTEM CKJIaJIbIBaeM UX ¢ KO3 puimenramu, 06pa3yomuMu CXOIATUNACS PsIJ.

D70 Jle1aeTcst KaK U PaHbIIe, TPU 9TOM Mbl PACCMATPUBAEM MTEPEUUCIUMbIE CHU3Y (DYHKIUU KaK
BO3pAacTalolye peJiesbl ba3ucHbIX. BaxKHo, 4To murerpas ot 6a3ucHoil GYHKIUH 110 BHIYUCIIMOM
Mepe BhIYUC/IUM. Bosiee Toro, nnrerpaJs ot 6aszucnoit GyHKIMKA 10 ITPOU3BOJIBLHOI Mepe BBIYUCIIMO
3aBUCHAT OT 3TON (PYHKIMH U OT 3TON Mepbl. [ljis 6a3uCHBIX TOYEK B IPOCTPAHCTBE MEp 3TO $ICHO,
JaJjiee HaJ 0 BOCIOJIb30BATHCS MPEIIOXKEHUEM 7.25.

Jlerko o600IIUTE Ha CJIyvail KOHCTPYKTUBHBIX METPUYECKUX IPOCTPAHCTB U IIOHATHE PABHOMED-
Horo Tecra (cM. onpezesnenue 5.2 i caydasi KAHTOPOBCKOTO IIPOCTPAHCTBA). Takoil TecT mpej-
craBiisier coboil nepeuncanMyio cuusy QyHKIMIO JBYX aprymenTos t(z, P), rje o — Touka HaIlero
METPHYECKOr0 IPOCTPAHCTBA, a P — Mepa Ha 9TOM MPOCTPAHCTBE. YCJIOBUE Ha UHTErpasl, Kak H
panbiie, uveer sug [ t(z, P)dP(z) < 1.

Kak u pambliie, CyIecTByeT yHUBEPCATIbHbIN TECT, U 9TO MOXKHO JI0KA3aTh ¢ HOMOIIBIO TeXHUKH
yceueHust:

Teopema 7.28 (yceuenue B MeTpuIecKHX IpocTpancTBax). [Tyemov u(x, P) — nepenucauman crusy
Pyrryua, nepevili apeymenm Komopoti — MouKa KOHCMPYKIMUSHO20 MEMPUIECKO20 NPOCMPAHCINEA,
a eémopotic — mepa na smom npocmpancmee. Tozda cywecmeyem pasromepnviti mecm t(x, P), daa
romopozo u(x,Q) < 2t(x,Q) npu ecex Q, daa xomopwr Gynruyua ug: r — u(x, Q) Aersemca
mecmom no mepe Q, mo ecmy [u(z,Q)dQ(z) < 1.

JlokazaTeabCTBO TIOBTOPSIET PacCyKIeHNE W3 TeopeMbl 5.7, IPU 3TOM UCIOJIB3YETCs TOT (haKT,
uro st 6asucHoil bynkuun b(x, P) na npoussesennn npocrpancts unrerpad [ b(x, P) dP(x) sBis-
eTcs BBIYUCINMOll (HermpepbIBHON) dyHKImeH oT P (4T0 JOKA3bIBACTCH AHAJOIUIHO MPUBEIEHHOMY
HAMHI PACCY?KJIEHUIO IPO BBIYUCIUMOCTH UHTErPAJIA).

YHusepcanbHbI TecT Mbl OyzaeM obosnadarh t(z, P). Boobuie-To st KayKaoro KOHCTPYKTUB-
HOTO METPHUYECKOTO ITPOCTPAHCTBA OH CBOW, HO OOBIYHO TOHSITHO, KAKOE MIPOCTPAHCTBO UMEETCS B
BUJIY, TaK 9TO B 0DO3HAYEHUE OHO HE BXOJIWT.

[TommMoO CyTIIeCTBOBaHNUST YHUBEPCATBLHOTO TECTa, M3 BO3MOYKHOCTH YCEUEHUsI CJIELyeT BO3MOXK-
HOCTh “yHudopMuzarmu’ B cieayoneM cMbicie. OnpeesnM TeCT OTHOCUTENbHO Mepbl P (He 00s1-
3aTEeJIbHO BBIYMCIMMOI) HA KOHCTPYKTUBHOM METPHYECKOM IPOCTpaHCTBE X :
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Ounpenenenue 7.29. [Tycmv X = (X, d, D, &) — KOHCMPYKMUBHOE MEMPUYECKOE NPOCMPAHCMEO,
a P — mepa na ném. Hazoeém P-tectom ciaydaitnoctn gynryuwo f: X — [0,+00], ecau ona
nepewucauma crhuzy ommocumenvrno P u ecau [ f(z) dP(z) < 1.

B stom onpesenennu dburypupyer Toibko Mepa P. flcHO, UTO U3 paBHOMEPHOIO TECTa MOXKHO
HOJIyYUTh TeCT OTHOCUTENbHO P. OKasbiBaercs, 9To (C TOYHOCTHIO JI0 KOHCTAHTBI) TAK MOJIY IaI0TCs
BCe TECTHI OTHOCUTEJLHO P:

Teopema 7.30 (ynudbopmuzsanus). [lycms P — nekomopas mepa na KOMCMPYKMUGHOM MEMPU-
weckom npocmparcmee X, u dan nexomopwvii P-mecm tp(x). Tozda cywecmeyem pasnomephwii
mecm t'(-,-), das komopoeo tp(z) < 2t'(x, P).

Joxazameavcmeo. V3 ompeiesienns Iepednc/IMMOil CHU3y OTHOCUTEIBHO P (DYHKINET Cpasy xKe
CJIeJIyeT, 9TO OHA SIBJISIETCS CYKEHNEM HEKOTOPOI TepeIncInMOi CHU3y (DyHKIIUN JIBYX apryMEHTOB.
Ocraérest IPUMEHNTD TPEIBIIYIIYI0 TEOPEMY K 9TOMY IIPOIOJIZKEHHIO.

Muorue pesynbrarsl (Hampumep, Teopema 5.36) 060BIIAIOTCA HA MPOU3BOJLHBIE METPUIECKHE
npoCcTpaHcTBa. Bor em@ ojuH npuMep Takoro 0600mennst (paBHOMEDHBIH BAPUAHT TAK HA3BIBAEMOIT
“cyaaitrocru o Kypiy”, Kurtz randomness):

IIpennoxkenue 7.31. [lycmv X — woncmpyxmuseroe mempuveckoe npocmparcmso, a S — af-
dexmueno omrprimoe nodmmnoscecrneo npocmpancmea X X M(X). Ecau muoocecmso Sp = {x |
(z, P) € S} umeem P-mepy 1 daa nexomopoti mepos P € M(X), mo Sp codeporcum ece pasnomepro
P-cayuatinoie mouku.

Joxasamesvemso. Xapaxrepucruaeckast Gynkiusi 1g(z, P) MHOXecTBa S, paBHas eIMHUIE
BHYTPU MHOXKECTBa W HYJIO CHApPy»KW, TEPEYHCIUMa CHU3Y U MTOTOMY SIBJISIETCS PeJIeIOM BbI-
YUCIMMON BO3pacTaroleil mocienoBareabHocTn 6a30Bbix byHKIWMHA gy (x, P) ¢ 0 < gp(z, P) < 1.
[MocnenoBarenprocts byuxknmit Gp: P +— f gn(x, P) dP(x) npezacrabisier coboil HEYOBIBAIONLYIO
[OCJIEI0BATEBHOCTh HENPEPBIBHLIX BBIYUCIUMBIX (paBHOMepHO 1o n) dyuknuii. Ilo Teopeme o
MOHOTOHHOH cxoaumMocTH 3uadenust G, (P) crpemMsaTcs K eJuHUIe Jisi TeX Mep P, 1jisi KOTOPBIX
P(Sp) = 1. Onpenenum jyisi Kax ot mepsl P ancia ng(P) Kak MUHUMAJbHbIE SHAUCHUS 1, JJIsT
KOTOpBIX Gp(P) > 1 — 27% . ru umcsra mepeunciuMbr cBepxy Kak ymknnm or P (B ecTecTBEHHOM
CMBICTIE; 3aMeTnM, 9To jiisg mep P, npu kotopeix P(Sp) < 1, mexkoropsie u3 ny(P) 6ecKOHETHBI).
Cootrsercrsenno dynkmuu 1 — g, ( p)(x7 P) kak dyuknuu ot £ u P (Takyro OYHKIMIO MbI CIATaEM
HyJIéM 1pu GeckoHeIHOM Ny (P), He3aBUCHMO OT Z) MEPEeYMCIMMBI CHU3Y, paBHOMepHO 10 k. Ilo-
noxxum Teneps t(x, P) = Y (1 — gp, (p)(z, P)). Dra dyHKIms ap/seTcs paBHOMEPHBIM TECTOM,
HOCKOJIbKY IIpu JaHHOM P eé k-e ciiaraemoe paBHO HyJI0, ecyiu ny( P) 6ECKOHEUHO, 1 IMEET HHTErPaJl
1o Mepe P ne Gosbire 27 npu koneunom ny(P).

B ycsioBuu teopembl rosopurcs o Mepe P, st koropoit P(Sp) = 1. Torma Bee ng(P) Konedmsl,
a Gn,( p)(x,P) = 0 mya joboro x BHe Sp. I[losTomy Bee ciraraembie B cymMme, oOpasylomieil Tecr,
PaBHBI €IMHAIIE, U X HE SIBJIsIeTCsS] paBHOMEPHO P-ciydaitnoit Toukoii. CremoBaTeibHO, Sp BKIIOIAET
B cebsl Bce paBHOMEPHO P-ciiydaiiHble TOYKH.

7.4 AnpuopHasi BEPOITHOCTb C OPaKyJIOM

B pazzene 5.2 MbI onipeie/ i arpruOPHYIO BEPOSTHOCTD C YCIOBUEM, POJIb KOTOPOTO UT'PAJIa Mepa, Ha
Q. Tenepb, BBe/Is MOHATHE KOHCTPYKTUBHOTO METPHUIECKOTO TTPOCTPAHCTBA, MBI MOXKEM 3aMETHUTh,
9TO 9TO OIpEJIE/IEHNe €CTECTBEHHO 000DIMaeTcs Ha JiIo0Oe MPOCTPAHCTBO X: MbI PACCMATPUBAEM
HeOTpHIATeIbHbIE TlepedncanMele cHu3y dyskmun m: Nx X — [0, +o0], m1st Kotopsix » |, m(i, ) <
1 pu Jsiobom = € X.
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Cpenn Takux QyHKIUI CyIHIECTBYET MAKCHMaJIbHAS C TOYHOCTHIO JI0 KOHCTAHTBI. DTO JIOKA3bI-
BAETCH METOJIOM YCEYeHHs: MBI HE OyJIeM IOBTOPATH PACCY?KJIEHNE HOJIPOOHO, OTMETHM JIHIIb, YTO
HepeIncanMyto cHu3y GyHKIuo m (i, £) MOXKHO IIOJYIUTh KaK CyMMY psjia u3 6a3uCHBIX (DYHKIHI,
KaxK/[as U3 KOTOPBIX OTJIMYHA OT HYJIS TOJBKO JIJIS OJIHOTO 4.

MaxcumaJibHyIo U3 TaKuX QyHKIHN OylleM Ha3bIBATDL GNPUOPHOT 6EPOAMHOCTIDIO C YCAOBUEM T
u obosnadars m(i|z).

Mpbl cuuTasn mepBBIi apryMeHT HATYPAJIbHBIM YHCIOM, HO 9TO HE CYINECTBEHHO: MOXKHO Dac-
CMAaTPHUBATD CJI0Ba (MM JIFOOBIE APYTHE JMCKPETHBIE KOHCTPYKTUBHBIE OOBEKTHI). JaCTHBIM Coryda-
€M 9TOTO OIPEIESICHNs ABJACTCSA ONPEeICHIe AIPHOPHOIl BEPOSTHOCTH OTHOCUTEIHHO MepHI (pas-
Jied1 5.2), a Tak’Ke CTaHJaPTHBIE TIOHSTHST AlPUOPHON BEPOATHOCTH C OPAKY/IOM (FITO COOTBETCTBYET
X =) u yeqoBHOI anpuopHoii BepositHocTH (4T0o coorBercrByer X = N).

ITo ananoruu ¢ Teopemoii les—Muiiepa, MOXKHO BBIPA3NTDH AlPHOPHYIO BEPOSTHOCTD C YCIOBH-
€M B IPOU3BOJIBHOM 3(D(MEKTUBHO KOMIAKTHOM METPUYECKOM IIPOCTPAHCTBE X depe3 alpHOPHYIO
BEPOATHOCTDL C OPAKYJIOM.

Ilpenmoxenne 7.32. Ilycmv F: Q — X — swuucaumoe omobpasicenue, o6pasom Komopozo sA6-
asemen ecé npocmparcmeo X . Toeda

m(ilz) = min  m(i|m).
{|F(m)=a}
Jokasameavcmeo. Paccyxmaem Kak B JloKazaTenabcrse TeopeMmbl 5.36. PDyukumsa (i,7) +—
m(i|F(r)) aBnserca nepeuncaumoii cansy na N x ), oTKyja nosyuaercs <-HepaBeHCTBO.
YT06bI HOJIyIUTH 0OPATHOE HEPABEHCTBO, MBI OJIL3YEMCs JIeMMOit 7.21 1 3amedaeM, 4TO ByHK-
IUsT B IIPABO YaCTH KOPPEKTHO OIpejiesieHa (MUHUMYM JOCTUIAETCS) U HEePEUNCINMa CHU3Y.

3amernm, YTO anpuopHas BEpOATHOCTb M (i|7) B IPaBOil 4acTH MPeIoKeHust 7.32 MOXKET ObITh
BBIDAKEHA, depe3 MpedUKCHYIO CJIOKHOCTL (¢ opakyaom). Jlast ciaydast ycioBuii B METPUYECKHX
NPOCTPAHCTBAX HE SICHO, KAK ONPEJEIATh PEPUKCHYIO CIOKHOCTD ¢ TAKUM YCJIOBHEM (MOYKHO TO-
BOPHUTHL 0 (PYHKIUAX C TMEPEIUCTUMBIM OTHOCUTEILHO TOYKH T IpadUKOM, HO HESCHO, KaK MCKATh
cpejin HUX yHUBepcaabayto). Moxuo dopmambao onpesennts KP (i|T) Kak maxr p(r)=z) KP (i|7),
torna KP(i|x) £ —logm(i|x), mo Bpsi M 9TO MOYKHO CIHTATD yIOBJIECTBOPHTETBIBIM ONPE/IEIc-
HueM npedUKCHON CI0KHOCTH (CKazkeM, OBBIYHbIE PACCYKEHUs, TJ€ UCIOIb3YEeTCs CAMOOTDAHU-
YEHHOCTH MPOTPAMMBI, IIPH TAKOM OINPEJEJEHNN YK€ He TMPUMEHUMBI, XOTS MHOTHE DPE3YJIbTaThI
ocTarTcs BepHbIME; Hanpumep, dopmyriny KP (i, j|x) < KP (i|x) + KP(j|x) MmoxKHO J0Ka3aTh, HE
NPUIUCHIBAA JIPYT K JPYTY CaMOOIDAHMYEHHbIE NPOTPAMMBI, & PaCCyKJas C BEPOSTHOCTSIMHU) —
YeCTHEE IIPOCTO MOBOPUTD O JiorapudMe alpHOPHON BEPOATHOCTH.

Sameuanue 7.33. Anasceuunvim 06pazom modcho 006aGAAMG MOUKY KOHCTPYKIMUSHOIT MEM-
PUMECKUT NPOCMPAHCME 6 Kavuecmse yeaosuti u 6 dpyaue nawu onpedeaenus. Hanpumep, mooicro
DACCMAMPUBATND PAGHOMEPHBLE TNECTBL 1, §) C YCAOBUAMU 6 NPOUSEOALHOM KOHCTNPYKMUSHOM MEM-
puneckom npocmpancmee X : amo 6ydym nepevucaumvie crusy gynryuu t(w, P, x), das xomopois
Jt(w, P,z)dP(w) < 1 npu ecex x. Mootcno makowce durcuposams evnucaiumyro mepy P, nanpu-
MED, PAGHOMEDPHYIO, U ONPEOCAUTD MECTIbL OTMHOCUMEALHO dMOT MePbL ¢ YCASUAMU 6 X .

8 Kuacchl opTOroHaJIbHbIX Mep

Kak u B cjIy4dae IIPpOCTPpaHCTBa Q, IJIgd MEp B IIPOU3BOJIBHOM METPUYECKOM IIPOCTPaHCTBE MOXK-
HO OIIpeaeJIuTh IIOHATHUe SCbeeKTI/IBHO KOMITIaKTHOT'O KJIaCCa U YHHUBEPCaJILHOT'O TeCTa CﬂyqaﬁHOCTH
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OTHOCHUTEJIBHO 9TOro Kjacca. CoxpaHsiercst (¢ TeM Ke JI0Ka3aTeIbCTBOM) U (hOpMyJia JJisi YHUBEP-
CaJIbHOI'O TeCTa OTHOCUTEJIbHO Kjiacca (Teopema 5.23).

Kitace 6epHysineBbix Mep (Kak 1 MHOTHE JPYIHe 9acTO HCIOJb3yeMble KIACChl) 00JIaaeT BaXK-
HBIM CBOHCTBOM: CJIydaiiHast 110 OJHOM M3 MEP TOr0 KJIACCA MOCIEI0BATEIHLHOCTD OJIHO3HAMHO OIIpe-
JleJisTeT Mepy, o KOTOPoil ona ciaydaitta. VIMeHHO 3TO 00CTOATETHCTBO 10 CYNMIECTBY OBLIO UCIOb-
30BaHO B Teopeme H.41. B 3ToM paziesie Mbl pacCMOTPHUM TOT K€ BOIPOC B DoJjiee 00IIell cuTyaruu,
KOI/Ia pedb WJET O MePax Ha KOHCTPYKTUBHOM MeTpuaeckoM mpocrpanctse X = (X, d, D, ).

D10 00001EHIEe BKIIIOUAET B cebsi €CTeCTBEHHBIE TPUMEPBI: KOHEUHBbIE U OECKOHEUHBIE MAPKOB-
CKUe TN, CTAIIOHAPHBIE SPrOJNIeCKUe TPOIECChl (CM. HIKe).

CuadaJia IpuBeJIEM OIIPe/IeIeHEe OPTONOHAJIBHOCTH MeP, KOTOPOe MOXKHO CYUTATH KJIACCHIECKIM
anasioroM adgdexrTusHoil oproronaisHocTu (onpeenenne 5.40).

Ounpepenenne 8.1. ITycmv P,Q — dse mepw, na (X, A), 2de X — nexomopoe npocmpancmso,
a A — mexomopas o-aszebpa noommoosicecms X. Tosopam, wmo mepos P u (Q OpTOrOHAIBHBI,
ecAl NPOCMPAHCIMBO MOAHCHO Pa3bumyd na dea nenepecekatowuxrcs muoocecmea U u 'V ous A, das
xomopwz P(V) = Q(U) = 0.

Tosopam, uwmo xaacc C A8AAEMCA OPTOTOHATBHBIM, €CAU CYUWECTNEYEM USMEPUMAA PYHKUUA
¢0: X — C, daa womopoti P(p~Y(P)) = 1 daa moboti mepw, P € C.

Korma mbr roBopum 06 mamepumoctu (YHKIUHA 0, UMEETCSI B BUJY, 9TO B METPHUIECKOM IIPO-
crpancrse M (X) onpezesnenbl 6opeseBCKIe MHOKECTBA.

IIpumepsr 8.2.

1. B oproronasbHoM Kiacce Mep JiioObie jiBe (pasamanbie) Mepbl P u @ oproronanbubl. B ca-
MoMm gese, maoxkectBa { P} n {Q} Gopenesckne (3aMKHYTBIE), M IOTOMY UX MPOOOPA3Bl H3MEPUMBI
(u, ouemmHO, He mepecekaiorcs). Ob6paTHoe yTBepKJeHHE HeBepHO: Kiace C MOImapHO OpTOro-
HaJIbHLIX Mep He 06f3aH OLITh OPTOrOHAJLHBLIM, Jayke ecd OH 3(@EKTHBHO KOMIaKTeH. IlycThb
A — pasHOMepHas Mepa Ha orpeske [0,1]. s kaxnoit Touku = € [0,1] paccmoTpum Mepy O,
cocpenorouennyio B Touke z. Torma kimacc {A} U {d, | € [0, 1]} sddexrusno KoMIakTen, u ero
9JIEMEHTBI TIONAPHO OPTOrOHAJBHBEL. OJHAKO OH He SIBJAETCS OPTOTOHAJBHBIM KJIACCOM: YCJIOBHUE
OPTOTOHAJILHOCTH TpeOyeT, YTOOBI Mepa d, ObLIa 3HAYUCHUEM (¢ Ha, X, & TOTJA (p_l()\) Oy/1eT mMyCThIM.

2. Tlycts P u Q — nmBe mepbl. Ecim Randoms(P) m Randoms(Q) me mepecekaiores, TO 3Tn
MepBl OPTOroHAIbHLI (B KadectBe U m V' MOXKHO B3dTh, CKaxKeM, CJIydaifHbIe W HECHydaiiHbe 110
mepe P nocaemosarensioctn). O6paTHOe, BOOOIIE TOBOPsi, HEBEPHO: MEPHI A M d; OPTOrOHAJILHBI,
HO MHOZKECTBA CJIyUailHBIX MOC/IeI0BATeILHOCTE IIepeceKaroT s, eC/I T B3ATh CJIyIaliHBIM 110 Mepe

A

B kauecTBe npuMepa paCcCMOTPHUM CTallMUOHapHbIE 9PI'OJUYEeCKUE IIPOIECCHI.

Omnpepnenenne 8.3. Paccmompum na npocmparcmee ) OECKOHEUHBT 080UNHBLT NOCAEI08AMEND-
Hocmet npeobpa3osanue Ae8020 cOsU2a:

T: w(l)w2)...—» w2)w(3)....
Pacnpedenenue eposmmocmets P na ) Ha306ém CTAIMOHADHDBIM, €CAU
P(T7(4)) = P(4)
das 06020 bopenescrozo mmootcecmsa A. Jlezko nposepumo, 4mo smo IKEUEAACHINHO MPebOEaAHUI0

P(z) = P(0z) + P(1x)
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0NA 6CET CAOG T .

Bopeaescroe muoorcecrneo A C € Ha306EM UHBAPUAHTHBIM 0mMHoCumMeavho clsuza, ecau T(A) C
A. Hanpumep, mMHoscecmeo nocaedosameavnocmeti, 6 KoOmopuT 4acmoma eOuHuY, CMpPeMumcs «
1/2, asasemca unsapuarmuovim. Cmayuonaproe pacnpedesenue Ha3b6aemcs SProJIUIecKUM, eCAl
A1060€ uHBAPUAHMHOE BOPEAESCKOE MHodHcecmeo umeem mepy 0 uau 1.

Bor npumep cranmoHapHOro mporecca.

ITpumep 8.4. Illycmov Z1,Zs,... — NOCALIOBAMEADHOCTD HE3ABUCUMDBLL 00UHAKOEO Pacnpedenét-
HBLT CAYUGUNBIT BeAuUN, NPUHUMaOUUT 3haverus O w1 ¢ seposammocmamy coomsememeenno 0.9
© 0.1. Onpedeaum X, X1, Xo, ... max: Xo npurumaem snaverus 0,1,2 ¢ pasHovimu 6eposmmocms-
mu u weszasucuma om ecex Z;, Xn = Xo+ Y ,_1n Zn mod 3. Haxowney, nycmo Y, =0 npu X,, =0
u Y, =1 npu X, # 0. Jlezxo sudems, wmo npouecc Yy, Y1, ... ABAAEMCA CMAUUOHAPHBIMU; MONHCHO
dokasamov, wmo on apeoduveckutl. Ilockorvky on asasemca Gynkyuetd maprosckot yenu X,, €20
Ha3bl6a10M CKPBHITOI MapKOBCKoil nennio (hidden Markov chain).

Cremyrotee yTBep:K/JIeHUE sIBJISIETCs CJIEJICTBUEM ProJnvdecKoil Teopembl bupkroda o moroded-
Holt cxomumoctu. Yepes g, Oymem 0603HAUATH UHAUKATOD COOBITUS & C w, TO ecTh ¢, (w) pasHo 1
nupu £ C w u 0 B IPOTUBHOM CJIy4ae.

Ilpenmoxxenune 8.5. Ilycmv P — cmayuonaproe pacnpedenserue 6Eposmmocmets na npocmparcmee
Q.

(a) Jdas nowmu ecex no mepe P nocaedosamesvrocmets w nocaedosamesvHocmo
Apn(w) = 2(g2(w) + g (Tw) + ... + g2(T" 'w))

CcTodUMCA.
(6) Tan speoduueckozo npouecca amom npedea pasen P(x).

(st HEeIProJMIecKux MPOIECCOB MIPEJIET MOKET 3aBUCETD OT W.)

Ob6mas Teopema Bupkroda kacaercs TpOU3BOJIbHBIX MPOCTPAHCTB U COXPAHSIONINX MEPY IIpe-
obpa3oBaHMii, a B KAIECTBE ¢, MOXKHO B3SATh MPOU3BOJIHLHYIO WHTEIPUPYEMYIO (DYHKIINIO, U TapaH-
TUPOBATH MOTOYEIHYIO CXOAUMOCTD (B SPrOJMYECKOM CJIydae — K MATEMATHIECKOMY OXKUIAHUIO).

Yreepxkaeane (6) moKasbBaeT, 9To KAACC C IPTOAMIECKUX MEP ABJIACTCA OPTOTOHAJIBHBIM. B
caMoM Jiejie, Oy/1eM Ha3bIBaTh ITOCIEI0BATEFHOCTD W “CTAOMIBHON, eCJT JJIst Heé CyIIeCTBYIOT Ipe-
Jiesibl U3 11. (&) npu JiboM x. JIerko MoHsITh, YTO B 3TOM CJIyYae 3TH IIPEJesbl 3aa10T HEKOTOPYO
Mepy Q. Onpenenum dbyukuo @: Q — C, mosoxus p(w) = @, eciu Mepa @, sIBJISETCs 3ProJIH-
YECKOI, 1 BHIOpaB B KadeCTBe 3HAUYEHUsI IPOU3BOJIBHYIO 3ProJNUYeCcKyIo MepY, ecyiu (), He sIBJISETCS
SProJIuecKoil mim w He gBjsercs crabumbhoit. 1lynkr (6) rapanrupyer, uro P(o~1(P)) = 1 mua
J1I0060it projimaeckoit Mmepor P.

TyT ucmoab3yeTcst, YT0 MHOXKECTBO CTAOMIBHBIX MOCIEI0BATEIHLHOCTEH OOpEIeBCKOE. 3aMEeTnM,
ITO KJIACC IPTOAMIECKUX MEP HE3aMKHYT, HO 9TO B OMPEICTEHUH HE MPEIIOIATACTC.

Mpr Bugiesn (npumep 8.2.2), 9TO JBE MEPBI MOI'YT OBITHL OPTOTOHAJLHBI, HO MMETh OOIIUe CJIy-
qaifible rmocsegoBaTeabHocT. OIHAKO JJIsl BBIYUCIUMBIX MEpP, KaK MBI ceiffgac JJOKarXKeM, 3TO HEBO3-
MOZKHO.

Bynem rosoputh, uTo mBe mMepbl 3PHEKTUBHO OPTOrOHAJIBHBI, €CJIM KJACCHI PABHOMEDHO CJIy-
YaHbIX OTHOCHUTEJILHO HUX TIOC/IEI0BATEIBLHOCTE He TepeceKarorTcs. (DTo Mo3BoJsieT nepedopMy-
JmpoBaTh ompejenenue 5.40 rak: Kiaacc Mep 3hdEKTUBHO OPTOTOHAJIEH, €CJIN JIIOObIE J[Bé MEpbI B
9TOM KJtacce 3PpHEKTUBHO OPTOrOHAJIBHBL. )

Teopema 8.6. /J[6e 8bL4UCAUMBIE MEPBL HA KOHCMPYKMUBHOM MEMPUUECKOM NPOCMPAHCTNEE OPMO-
20HANDHYL 0200 U MOALKO M020a, K020a 0HU IPPHEKMUBHO 0PMO2OHANLHDL.

52



Joxasamesvemso. Kak MBI y»Ke TOBOPUJIM, B OJHY CTOPOHY 3TO BEPHO JIs JIOOBIX Mep. Jlo-
KaykeM OOpaTHOe yTBep:KJeHue. IlycThb maHbl JiBe BBIYUCIMMBIE OPTOTOHAJBHBIE Mepbl P, (Q; 1o
OIIPEJIEJIEHUIO OPTOTOHAIBLHOCTHU CYIIECTBYET M3MEpUMoe MHOKecTBO A, syist koroporo P(A) = 1,
Q(A) = 0. B cuy peryasipaoctu (npeiioxkenue 7.22) HafIETCs OCIEI0BATEILHOCTD OTKPBITHIX
muOKecTB Gy, conepxkamux A, mng xkoropeix Q(Gr) < 27" Tockonbky Gy, copepxur A, 1O
P(Gy) = 1. Muoxkectso Gy, OTKPBITO, TIOTOMY Haliaércest koneunoe oobeaunenne H, C G, 6asuc-
HBIX MApPOB, st Kotoporo P(Hy) > 1—27"; ana H, mepa Q Toxke menbine 2. Tlepe60pomM MOXKHO
HafTH BBIYHCIUMYIO TIOCJIE[0BATEIFHOCT MHOXKeCTB H), ¢ TakumMu cBoiicrBamu (P-mepa Gosbiiast,
QQ-Mepa MaJleHbKasl).

Paccvorpum reneps limsup H,, To ectb Muoxkectso [, Un, tae Uy = U, s, Hn. Cormacno
npemyoxkeHuo 7.31, Kaxmoe m3 MHOXKeCTB U,,, a 3HAYUT, U UX IepecedeHune, COJIEPKUT Bce P-
caydaiinble Touku. C Japyroit cropossl, MHOXKecTBa U, obpasyior Tect B cMmbicie Maprun-JIéda
OTHOCHUTEIHLHO MephI (), TI03TOMY 3TO NEpeceYeHne He COMEPKUT HU OXHON (QQ-CiydaitHoit Toukn.

MpbI Buie/n, 9TO 3ProjgudecKue Mepbl 00pa3yloT OpTOrOHAJBHBIA Kjacc. boJjiee jerasbHbII
aHaJIN3 MOKA3bIBAET, 9TO OHU 3(PHEKTUBHO OPTOrOHAJIBHBI.

Teopema 8.7. Ipzoduueckue Mepvl HA KAHMOPOSCKOM NPOCMPAHCNGE 06pa3yom sPhexmusro op-
MO20HAALHOIT KAGCC.

Joxasameavecmso. B crarbe [29] npuseneno mokasareabeTBo 3(bdEKTUBHON SProfniecKoi Teo-
PEMBI, U3 KOTOPOI'O CJIEYET, 9TO

(a) PaBHOMepHO CiydaiiHble TIOC/IEI0BATEILHOCTU MO CTAIIMOHAPHON Mepe cTabuabHbI (B TOM
CMBICJIE, UTO JIJIs HUX CYIIECTBYET YKA3AHHBIN BBIIIE MIPEJIET 9aCTOT);

(6) st paBHOMEPHO CIyYalHBIX 110 3PrOJUYECKON Mepe MOC/Ie0BATEILHOCTEH ITOT Hpeies
coBrajaer ¢ mepoit P(z).

OmurieM KOPOTKO CXeMy JoKazarenberBa. JIjst mobbix pammonaapHbix uncesn 0 < a < f pac-
CMOTPUM TIEPETUCTUMYIO CHU3Y (DYHKIHIO W — 0 (w, a, ), KOTOpast CINTAET, CKOJIBKO Pa3 BeJININHA
Az n(w) ¢ pocToM 1 mepecekia IPOMEXKYTOK (cv, 3) ciieBa HanpaBo (Oblila MEHbIIE (v U CTaja 00JIb-
me (). 3arem MoxHO joKazaTh, 4to (1 +a 1) (B — ) [o(w,a, B) dP(w) < 1, To ects dynxims
(1+ a1 (B — a)o(a,3) asrgerca orpanmdeHHbLIM B cpegHeM TecToM. CIieoBaTeIbHO, I PaB-
HOMEPHO CJIy9afiHbIX (M JaxKe i 6e30paKyJIbHO CIYUYANRHBIX) TOCIE0BATEIHLHOCTEN TUCI0 TAKAX
NepeceveHnii HHTepBajia KOHETHO.

robbl fokazarh (6), ecam (a) yzKe TapaHTUPOBAHO, JIOCTATOYHO /I KAXKJIOIO & YCTAHOBUTD,
9TO

limninf Agn(w) < P(z) < limsup Ay p(w)
n
JUTsl BCeX calydaifHbIxX w. PaccMoTpuMm, HapuMmep, HepBoe HEPaBeHCTBO (BTOpoe aHaaorudHo). o-
CTaTOYHO IOKAa3aThb JJIsd JIIOOLIX k 1 m, 94TO

inf Ay, (w) < P(x)+27F

n=m
JJIs corydaiinoit w. MuoxkecTBO
Sziem ={(w,P) | (In > m)A,;(w) < P(z) + 27M

sBJIsIeTCsT 9 PEKTUBHO OTKPBITBIM, U 110 Teopeme Bupkroda muoxectso Sy im(P) = {z | (z, P) €
Sz km} mMeer P-mepy 1, ecin Mepa P sprogmdeckasi. IIpenioxkernne 7.31 rapanTupyer, 9T0 MHO-
KeCTBO Sy f;m(P) comepKuT Bce paBHOMEPHO P-CirydaitHble TOUKIL.
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Jpyroit mogxon K J10Ka3aTeIbCTBY COCTOUT B TOM, UTOOLI yCTAHOBHTH CXOAMMOCTH YacCTOT K
P(z) pust caygaitaeix no Maprun-JIédy mociieoBare/bHOCTE i OTHOCHTEIBHO BBIYUCIUMBIX 9Pro-
JUYIECKHX Mep (IIPU 9TOM JIOKA3aTeJIbCTBO JIOJIZKHO BBIIEPKUBATH PEIATHBU3AINIO), HE UCIOJIb3YsI
SIBHOI'O TecTa, Kak 910 caenano B [2]. ITocite sroro MoxKHO cociiarbes Ha TeopeMy 5.36 1 mOTyduTDh
CXOJIMMOCTD JIJIsl PABHOMEPHO CIyYaliHBIX 11OCTIeI0BATEIbHOCTEN.

L5t paboThI ¢ OPTOTOHABHBIMI KJIACCAME MEP MOJIE3HO MOHATHE CerapaTopa. B aToM ompeete-
HUJ, TOBOPsi 00 M3MEPUMOCTH (DYHKINIT, MBI HMeEM B BUJLy UX U3MepUMOCTh 1o Bopesto (mpoobpas
BOpETEBCKOr0 MHOXKECTBA SIBJISIETCsI ODOPEJIEBCKUM ); MEPBI MBI TOXKE CUMTAEM OIPEJICIEHHBIMU HA
OOpeJIEBCKIX MHOXKECTBaX.

Ounpenenenue 8.8 (dyukuus-cenaparop). [Tycms C — Kaacc mep HA KOHCMPYKMUBHOM MEMPU-
yeckom npocmpancmee X. Hamepumyro Gyrruuro

s: X x M(X) = [0, +00]

nasoeém cemaparopom das xaacca C, ecau [ s(z, P)dP(x) < 1 dan amoboti mepo, P, a das aobviz
deyx pasauunmx mep P, Q € C u das 11060t mouku x xoms 6o, 00no us snavenut s(x, P) u s(x, Q)
beckoneumo.

Cenapamop Ha3b8aEMCA TECTOM-CETAPATOPOM, ECAU OH MEPENUCAUM CHUY KaK GyHKuuA T U P.

B onpesnenennn cenaparopa mbl Tpebyem [ s(z, P)dP(z) < 1 mnst Bcex Mep (a He TOJIBKO JJIst
Mep U3 Kiacca P), HO 9TO He OUeHb CYIIEeCTBEHHO, MOCKOJILKY K TECT-CENapaToOpy MOYKHO IPUMEHUTH
yceueHue.

Cretytorast TeopeMa CBSI3bIBAET MOHATHE OPTOTOHAIBLHOTO KJIACCA MEP C CEITApATOPAMU, a TaK-
JK€ YCTAHABIWBAET, UTO it caydass 3dEKTHBHO OPTOTOHAILHOTO KJIACCa KarKIas Mepa MOYKET
OBITH BOCCTAHOBJIEHA TI0 CIy9IaliHOl (110 9TOH Mepe) MOCIeA0BATEIBHOCTH.

Teopema 8.9. IIycmv C — KaacC MeP HA KOHCMPYKMUEHOM MEMPUYECKOM NPOCTPAHCMEE.

(a) Ecau 6opeaescruli kaacc mep C 0pmozonaseH, Mo 0Af HE20 CYUECTEYEM CENaAPamop.

(6) Kaace C asasemes sdhexmuero opmozoHaibHbim mozda U moabko mozda, k02da cywecmsy-
em mecm-cenapamop.

(Yro kacaercst 06paTHOrO K (&) yTBEPXKICHUS, TO ABTOPHI HE 3HAIOT, BEPHO JIM OHO.)

Jokasameavemeo. Hokaxem cuagana (a). Ilyers ¢(x) — dyHKIMs, KOTOpas I KaXKJIOIO
2 € X yKasblBaeT Mepy B COOTBETCTBUHU C OIIPEAEJCHHEM OPTOrOHAILHOCTH. 110 IpPeInoIoKeHnIo
sta dbyuknusa Gopenesckas, modtomy (cum. [15]) eé rpadux sBsiercs G0PESIEBCKUM MHOKECTBOM.
Monoxum s(x, P) =1 upu P ¢ C, a taxxke npu P € C u o(x) = P, n nonoxum s(x, P) = 0o npn
PeCuyp(x)#P.

Hokaxem renepb yTBepxkienne (6). Ecau kinace C addekTuBHO OpTOroHaseH, TO YHUBEPCaIb-
HbIi paBHOMEPHBI TecT u Oyaer Tecr-cenaparopoM s Kiacca C. C Ipyroil ¢TOpOHBI, IyCTh
uMmeercs Tecr-cenaparop s Kiaacca C. Ilycrs P u Q — ase pasjumdnble Mepbl s Kiaacca C, u
TOYKA T PABHOMEDPHO cJlydaiina 1o obeuMm MepaM. ITOCKOJIBKY § SABJISAETCS PABHOMEPHBIM TECTOM
cayuaitnocrn, 1o s(x, P) n $(x, Q) KOHEUHBI, YTO IPOTUBOPEUUT OIPEIETCHUAIO TECTA-CEIIAPATODA.

Cremyromuii pe3yabraT MeHee OXKHJIaeM; OH IMOKA3bIBAET, YTO JIA Caydast 3(DPPEKTUBHO KOM-
ITaKTHOT'O KJIacca Mep U3 CYIIeCTBOBAHNS HOJIYHEIPEPHIBHOIO CHU3Y CENapaTopa CIeIyeT CYIIeCcTBO-
BaHWE U IEPEINCTUMOrO CHU3Y Cernaparopa (TO eCTh TeCTa-CemapaTopa,).

Teopema 8.10. [lycmv daa shekmusHo KOMNAKMHO20 KAACCA MED CYWECTBYEM NOAYHENPEPIS-
noul cnusy cenapamop s(x, P). Tozda smom kaacc sexmusro opmozonaien.
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Zoxazamesvemso. Ilycrs C — 3¢heKTUBHO KOMIAKTHBIN KJIacC MEp Ha KOHCTPYKTHBHOM MeET-
pUYECKOM TpOCTPAHCTBE. MBI JIOJKHBI [T0KA3aTh, UTO B IPEIIIOJOXKEHUSIX TEOPEMbI JIJIsT JIIOOBIX
JBYX pasyindubix Mep P, Po € C MHOXKeCTBa CJIyJailHbIX MOCJIEI0OBATEIbHOCTE HE TIePECeKAIOTCH:

Randoms(P;) N Randoms(P») = @.

BozbMéM B IpocTpaHCTBE MED JIBA HEIIEPECEKAIOMNKC S OA3UCHBIX 3aMKHYTHIX 1mapa B) u By, conep-
xKamux Mepbl P} u Py, u paccmorpum Kinaccel Mep C; = CNB1 u Cy = CNBs. DT0 HellepeceKaonmuecst
3 deKTUBHO KOMIIAKTHBIE KJIACChl Mep, cojepzkaiue P; u Pp. Paccmorpum tenepb byHKIMN

ti(x) = inf s(x, P).
( ) PeC; ( ’ )
st r06oro ¢ xoTs 661 0nHO u3 3Havenuil t1(x) u to(x) Geckoneuno. OyHKIUY t1 U ty TOTyHENPE-
PBIBHBI CHU3Y (II€pBast 9acTh J0Ka3aTeJbeTBa npeioxkenust 7.20) u apisitorcst Ci- u Co-TecTamu.
Terepb MBI MOYKEM IIPUMEHUTD PACCYKJIEHUE, AHAJOTUIHOE JOKA3ATENbCTRBY pejioxKerust 7.31.
[ycrs k > 1 — nenoe uncio. Paccmorpum oTkpeiToe Muoskectso Sy, = {x | t1(z) > 2F}. TTockomn-
Ky t1 aBagerca Ci-tectom, To P(Sk) < 27F nms Becex P € C;. C Apyroii CTOPOHBI, TOCKOIBKY
JUTsl KaxKJ0To ¢ OO m3 3Hadenuil t1(x) m to(x) Geckoneuno, to P(Sg) = 1 aya scex P € Co.
XapaxTepucrudeckas GyHKIUA 1g, MHOXKeCTBa, Sy, ITOJyHEIPEPLIBHA CHU3Y, U IIOTOMY MOYKET OBITh
IpeJicTaBleHa KaK MOTOYeYHBI Mpejies1 HeyObIBatoIell mocsieoBaTebHOCTH (He 06s13aTeIbHO BbI-
uncnmMoii!) 6asucHbIX QYHKIUI gy . Paccyxas xax B npejioxkennn 7.31, Mbl 3aK/I09aeM, ITO
Haiiiérest n = ng(P), npu KOTOPOM fgk’n dP > 1 — 27" nua moboro P € Cy. Ddexrupuas
KOMIIAKTHOCTH KJjiacca Co 1I03BOJIsIET BhIOpaTh 1 obmuM j1jist Bcex P € Co.
SadurcupyeM JIOCTUTHYTOE: JIJIsi BCAKOTO k Haiifnércsa b6azucHast GyHKIWU hy, JJisT KOTOPOI

/hk dP < 27F npu Beex P € Cy;
/h/C dP >1—27% upu Beex P € Cs.

Takyio dyuknuio MoKHO HailTH 3hDEKTUBHO 110 k 11epebopoM.
Tenepb MOXKHO IIOCTPOUTH MEPEUHUCIUMYIO CHU3Y (DYHKIIAIO

t(@) = 3 hnla).
k

() —

Omna sisteTcs TecToM st Kiaacca Cr. @ynkrms ty(x) = >, (1—hy(z)) 10 aHATOrHYHBIM IPTIHHAM
Oyner TecroM Jyist Kiaacca Co. DTH TECTBI JOJZKHBL ObITH KOHEYHbI JJIst CIydaiiHbIX 110 MepaM P u
P, mocsieioBaTe/IbHOCTEN, & OJTHOBPEMEHHO JIJIsi 0ODOUX TECTOB 9TO OBITH HE MOXKET.

CMbICT BBEJIEHHOIO HAME MOHATHUS TECTa-CEaparopa MOXKHO MOSICHUTH CJIEYIOITIM 00pa30M.
Yuusepcanbubtii Tect t(w, P) B cuny 3bdEKTUBHON OPTOrOHAIBHOCTH MO3BOJISIET PA3JIEIUTD I10-
CJIEIOBATEIBHOCTH, CJIyIafiHbIe IO PA3HBIM MepaM nu3 Kjacca C: TUIsisl Ha TMOC/IEI0BATETBHOCTD W,
PABHOMEDHO CJIy9aliHyIo 10 OJHON M3 Mep 3TOro KJjacca (=caydaiinyio oTHocuTesbHO Kiaacca C),
Mmel uieM P € C, mist kotoporo t(w, P) koneuno. Takast mepa P B kiacce C eIMHCTBEHHA (COTJIACHO
onpeesieHnto 3bGEKTUBHON OPTOrOHAIBHOCTH).

[Tocsennee, ojiHAKO, MOYKET BBITIOJIHATHCS U JJIsI HEYHUBEPCAJIBLHOTO TECTa, U TAKUE TECThI MbI Ha~
3BaJii TecTaMu-cenaparopamu. HeyHuBepcabHBIN TecT MeHee TpeboBaTeIeH K njiee CIydaifHOCTH,
1 OIIUCBhIBaET eé, TaK CKa3aTb, B IIEPBOM IIpI/I6.HI/I?KeHI/II/IZ MO2KeT OKa3aTbCsd, 9YTO Ta II0CJIeJ0BaTe/Ib-
HOCTb, KOTOPYIO OH CUUTAET Caydaiinoil (Ha KoTopoil 3uadenue t(w, P) KoHe4HO), Bosee cepbe3HbIii
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rect yxke orbpakyer. (O6paTHOe HEBO3MOXKHO, TaK KaK YHUBEPCAJIbHBIN TeCT MaKcuMaJseH.) Bax-
HO TOJIbKO, ITODOBLI y2Ke 9Ta IpeiBapuTesbHas Ipybas oTOpaKoBKa O3BOJIAIA PA3JIEIUTh MEpPhl 13
kjacca C, TO ecTh YTOOBI HU OJIHA IIOCJIEIOBATE/ILHOCTD He Ka3asach ‘B IEPBOM IPUOJIMKEHUH CJTy-
qaifHoit” cpasy 1o JAByM MepaM.

Onpenenenne 8.11. Jlaa dannozo mecm-cenapamopa s(z, P) 6ydem nasweamv asemenm T city-
JafHBIM B [16PBOM NPHOJIMZKEHAN OTHOCUTEIBHO P, ecau snauenue amozo mecm-cenapamopa korey-
no: s(z, P) < 0.

B kadecTBe mprMepa paccMOTpuM KJacce GepHY/UINEBBIX Mep. B KauecTse Taxoro “recra B mep-
BOM TpHUOINKEHNN MOXKHO BCHOMHHUTH CI0Ba (poH Mmuseca, KOTOPBIH CaMBIM IIE€PBBIM CBOHCTBOM
caIy4JaifHON MOCIe0BATENBLHOCTH (KOANEKMUBA, KAK OH TOBOPHJI) HA3BIBAJ YCTONYHBOCTH YACTOT.
CBolicTBO yCTOWIMBOCTH YACTOT (YCHJIEHHBIH 3aKOH GOJIBININX UHUCE] B COBPEMEHHON TEePMUHOJIO-
I'Ui) COCTOUT B TOM, 4T0 Sp(w)/n — p. Buech Sy, (w) — KOIUIECTBO €IUHUI] B HAYAILHOM OTPE3Ke
II0CJIEZI0BATEILHOCTI W JUIHHBL 1, & P — TapaMeTp GepHyIINeBoit Mepel By,

MOKHO IBITATHCS MCIOIB30BATH 9TO CBOMCTBO JJIsl IOCTPOEHNUS CeIlapaTopa PasHbIME CII0CO0a-
MH, BOT HECKOJIBKO BO3MOXKHBIX TPEOOBAHMIA:

(1) Sp(w)/n — p ¢ HEKOTOPOI PUKCHPOBAHHON CKOPOCTHIO CXOIANMOCTH.

(2) Sp(w)/n — p 6e3 yKazaHUs KOHKPETHOH CKOPOCTU CXOJMMOCTH.

(3) MOKHO BCIOMHHTB JJOKA3aTEIbCTBO TEOPEMBI 8.7 JJIsl KJIACCA BCEX SPrOJAUIECKHUX CTAINO-
HAPHBIX Mep Ha ), U IOJIy4UTh TECT, FAPAHTUPYIOMNIl CXOAUMOCTb BCeX 4acToT Ay p(w) K cooTBeT-
CTBYIOIIUM BeposTHOCTAM P(x).

Haunb6ostee pocroe u ecrecTBeHHOE (€ MaTeMaTHIECKON TOUKY 3peHust) TpeboBanue (2) He 3amu-
CbIBAETCS B BHJE IEPEUUCIIIMOrO CHU3Y TECTa, HO YTOOBI HONPABUTH JIEI0, MOXKHO Iepeiita K (1)
1 PUKCHPOBATH CKOPOCTH CXOJUMOCTH. BOT ONMH M3 BO3MOXKHBIX BAPHAHTOB. (JIjIsT HPOCTOTHI MBI
6yeM HCIIOIB30BATh TOJILKO HEPABEHCTBO UEOBIMEBA, N MOJIYTIHM CXOANMOCTDb TaCTOT HE HA BCEX
OTpe3KaX, a TOJBKO IO CTEeIleHsIM JBOHKH. DBojee akKypaTHas OIEHKa I03BOJINIIA OBl IOJYIUTD
CXOIMMOCTD YACTOT TI0 BCEM HAYAJBHBIM OTPE3KAM.)

Hepasencrso UebblméBa rapaHTUPYeT, ITO

By({z € B": S, (x) — np| > M2 (p(1 — p))/?}) < 272
3aech Sy, (z) — vacrora exunun B caose auabl 1. [Tockosbky p(1 —p) < 1/4, orciona ciemnyer, 9To
By({x € B™: |S,(z) — np| > Mn'/?/2}) < A2

Monoxus, ckaskem, A = n’! (u omyckas MuoxkuUTeNH 1/2, 9TO UL OCIAGIIAET YTBEPIKICHNE),
HOJTy TaeM
B,({x € B": |Sy(z) — np| > n®®}) <n 02

Yro6bI psiJi CXOAMIICS, ONPAHHYNMCS JINIIb YIeHaMH Buga n = 2
By({z € B : |Sor () — 2Fp| > 200K}y < 2702F,
Tenepb jis1 GecKOHEUHO TT0CIeH0BaTEIbHOCTH W U Jjis P € [0, 1] mosmoxkumM
9w, Bp) = sup{k: | Sy (w) — 2°p| > 2%}

IIpu srom

/g(w, B))dBp,(w) < Zk L9002k _ . o
k
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U HOJEJINB Ha €, HOJIydaeM TEeCT. DTO TeCT-Cermaparop, Tak Kak ¢(w, Bp) < 0o BIE€YT CXOIMMOCTH
nocyieoBaTebHOCTH 2 % Sor (W) K p U JUIs ABYX PA3HBIX P TAKOTO CIYUHTHCH HE MOMKET.

Teopema 5.41 obobriaercst Ha cjydail TPOU3BOJIBHOIO METPUIECKOIO IIPOCTPAHCTBA (J0Ka3a-
TEJILCTBO OCTAETCs MPAKTUYIECKU TEM Ke, HaJI0 UCIOJIHL30BATH OA3MCHBIE IIaphl BMECTO HAYAJIHHBIX
OTPE3KOB): I BCAKOrO 3hMEKTUBHO KOMIAKTHOrO 3G MEKTUBHO OPTOrOHAIBHOIO KJIAcCa Mep U
BCSIKOI Mepbl B 9TOM KJjacce cienas (6e3opakysibHast) CIy4YailHOCTb PABHOCHJIbHA DPABHOMEDPHOIL
CIydaiHOCTH. B CBSI3W ¢ 9TUM €CTECTBEHHO CIIPOCHUTH, HEJIb3sl JIM ITPOU3BOJIBHYIO 9PTOIUIECKYIO
Mepy MOMECTHUTH B HEKOTOPLIH 3¢ ()eKTUBHO KOMITaKTHBIN Kjaacc. OKa3bIBaeTCsl, YTO HET.

Teopema 8.12. Paccemompum cmayuonaproie (UHBAPUAHMHBLE OMHOCUMEALHO CO8U2AQ) MEPBL HA
npocmpancmee ). Cpedu wux cywecmeyem 3p200udeckas Mepa, He CO0ePHCAUWGACH HU 68 KAKOM
aPPerxmueHno KoMNAKMHOM KAACCE CMAUUOHAPHBLT IP20OUHECKUT MED.

HpeyK;Le 9eM JJOKA3bIBATh 9Ty TEOPEMY, HpI/IBe,ZLéM HEKOTOPbIEC BCIIOMOT'aTe/JIbHBIE YTBEPXKICHNA.

ITpengmoxkenne 8.13. Kax speoduueckue, max u Heap20dudeckue Mepvl NAOMHYL 6 KAAGCCE CMALU-
OHAPHBLT MeP.

Zoxazameavcmeo. s Hadaia IOKazKeM, YTO BCIKYIO CTAIMOHAPHYIO MEPY MOXKHO IPUGIU3HUTD
sprojimueckoii. Be3 orpaHuvennss o6IMIHOCTH MOXKHO CUUTATh, 4TO BeposTHOCTh P(r) mosiBieHus
.HIO6OFO CcJIOBa T MO 3TOM Mepe CTPOro IIOJIOZKHUTEJIbHa. (EC.HI/I HEeT, MO2KHO IIoJMelIaTb HEMHOI'O
paBHOMEpHOH Mepbl.) PukcupyeMm Kakoe-mmbo 1 M PaccCMOTPUM 3HadUeHUst Mepbl P(x) Ha cTpoKax
qanst He Gostee n. CyImecTByeT MapKOBCKHUIT TIPOIECC ¢ TAKUM YKe PACIPEIETIEHIEM BEPOITHOCTEH,
B KOTOPOM BEPOSITHOCTH CJIEJIYIONIEro OuTa olpeiesisiercs n— 1 IpeJbyIuMI OUTaMu: J1Jisl JII00Oro
r € B" 2 u mobex Gutos b, b BeposTHOCTL TIepexoqa ot bx k xb’ pasna P(bxb')/P(bx). B srom
Ipolecce BCe BEPOATHOCTH IEPEXOa IIOJOKHUTEIbHLI, U IO3TOMY OH siBIseTcsa sprogmaeckuM. C
POCTOM 7. OH CTPEMHUTCsI K MCXOJHON CTaI[MOHapHOI Mepe.

C nmpyroil cTOPOHBI, BCAKYIO CTAIMOHAPHYIO Mepy PP MOXKHO IPUOIM3UTL U HESProAUIecKon Me-
poit. OueBHIHO, TOCTATOYHO PaCCMOTpeTh COydail, Korga caMma Mepa P sproguyeckad. Torma,
COTJIACHO PI'OJINYECKOil TeopeMe, MOXKHO HAWTHU ITIOCJIE/I0BATEIbLHOCT, B KOTOPOU IpeJebHbIe Ya-
CTOTBI BCEX TOJCIOB COOTBETCTBYIOT Mepe. (IlouTn Bce — B CMBICIIE 9TOH MEPhI — MOCJIEOBATE b
HOCTHI TaKOBbI.) B35{B ,J:LTH/IHHBHL/,I KYCOK 3TOI IIoCJae 10BaTEJIbHOCTH M 3allUKJIUB €0, MOXKHO HaHTH
EPUOITUIECKYTO TIOCIEI0BATEILHOCTD, B KOTOPOIl 9aCTOTHI CJIOB JIJTAHLI He GOJIBINE 1 OTINIAIOTCS OT
Mephbl P He Gojiee ueM Ha & (st 1106bIX aHEbIX 1o u € > 0). (IIpu sanukinBanun 06pa3yrorcst HOBbIe
CJIOBA HA MECTe CKJICHKHU, HO NMpH GOJIBIION JJIMHE 3TO HE Urpaer pou.) Temepb MOXKHO pPaccMOT-
peThb Mepy, COOTBETCTBYIOINILYIO CJIYIaliHBIM CIBUTAM 3TOH MOC/IE0BATEIHLHOCTH (OHA COCPEIOTOYEHA
Ha KOHEYHOM MHOKECTBE MOCJIEI0BATEILHOCTENR — UX CTOJILKO, KAKOB MUHUMAJIBHBINA MEPHO/T). ITa
Mepa He 3proiudta, HO O6au3Ka K P.

Ham nonagobutcst emmé ojiHo yTBep:KIeHue:

Ilpensoxxenune 8.14. Mnoowcecmeo apzoduneckur mep obpasyem Gs-nodmmoosicecmso 6 mempuye-
CKOM NPOCMPaHcmee 6cexr mep na 1.

Joxasamenvemso. Mbl MOXKEM OrpaHUYATHCS (3aMKHYTBIM) MHOYKECTBOM CTAIIMOHAPHBIX Mep.
Paccmorpum dynkrmio A, , Ha (), mo0kuB 3Hadenne A, ,(w) paBHBIM J0Jle BXOXKJIEHHI CJIOBa &
CPeJIM TIEPBBIX N BO3MOXKHBIX TIO3UIMI (MBI IPUKJIABIBAEM & K W, HAUUHAS C IEPBOH, BTOPOIA,. . ., n-
Olf TIO3UIUHU U CMOTPUM JIOJIIO COBHAEHUN ). DProjudecKasi TeOpeMa rapaHTUPYET, UTO IIPU KAXKJIOM
& 1OCIe0BATE/ILHOCTD (pyHKuMit Ay 1, Ay 2, ... cxonuTes B cMblcite Ly (Ha caMOM Jiejie HMeeT MeCTO
JlaxKe M CXOJIMMOCTD [I0YTH BCIOAy ). IIpu sTom cranmonapHas Mepa P GyeT Sprojndeckoi Toraa u
TOJIBKO TOIJIA, KOTJIA MPEJETIOM ITOH ToceaoBarebuocTu Oyer koucranta P(x).
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B cuty cymecrBoBaHUS Ipesiesia Jijlsl CTAIIMOHAPHBIX Mep JOCTATOYHO IPOBEPATH, YTO KOHCTAHTA
P(z) aBisercs upeenbroii Toukoil. st mobeix x, N u ¢ MHOXKeCTBO Sy N Tex P, 1 KOTOpBIX
cymectByer n = N ¢

/ | Apn(w) — P(2)] dP(w) < 2,

SABJISIETCSI OTKPBITBIM, a IE€pecevdeHre dTUX MHOXKECTB 10 BceM x, N & U JIaéT yKa3aHHBIA BBIIIE
KPUTEPUl SPrOANIHOCTHA CTAIIMOHAPHON MEPHI.

Ternepp MbI MOXKeM f10Ka3aTh TeopeMy 8.12.

Hoxazamesvemso. O0benuHenne BceX 3O@PEKTUBHO KOMIAKTHBIX KJIACCOB SPIOJUYECKUX MED
apisercss Fy-mMuoxkecTBoM. [IpenosiokuM, 9TO OHO BKJIIOYAET B cebs BCE IProJUYeCcKHe MepHI.
Torma MHOXKECTBO HEIPrOIMIECKUX MeD ABJsgeTcs: (G5-MHOXKECTBOM, KOTOPOE IJIOTHO B CUJIY TIPE/I-
noxkernst 8.13. C Apyroit CTOPOHBI, K&K MBI BUJEN B IpeyioxkeHnsax 8.14 u 8.13, MHOXKeCTBO HeIp-
TOJIMIECKUX MEP TaKKe sIBJISIeTCs IOTHBIM (Gg-MHO2KecTBOM. Ho mepecetenme 9Tux ABYX MHOYKECTB
IIyCTO, YITO IIPOTUBOpeYNT TeopeMe Bapa o kareropuu. Teopema 8.12 jokazaHna.

Tem HEe MeHee BOIIPOC, ¢ KOTOPOTO MBI HAYAJINA, OCTAETCS OTKPBITHIM:
Bonpoc. CymecTByer Jn 9progudeckast Mepa, Jjisi KOTOpO# MOHSITHsI paBHOMEPHON W CJIeroi
(6e30paKyIbHOMN) CIIyIAlHOCTH He COBIAIAIOT?!

Bospepamasich K Tpoun3BOJIbHBIM () GEKTUBHO KOMIAKTHBIM 3(h(HEKTUBHO OPTOrOHAIBHBIM KJIaC-
caM, MbI MOYKEM CBsI3aTh YHHUBEPCAJbHBIE TECTHI C TeCTaMHU JijIs Kjacca (cM. Teopemy 5.23) u
TeCTaMU-CENAPaTOPAMHI.

Teopema 8.15. Ilycmov C — aiperxmueno Komnaxmmoli KAacc dPhexmuero opmo2oHasbHOLT Mep.
ITycmo te(x) — ynusepcarvhuti meecm cayuatinocmu 0as amozo kaacca, a s(x, P) — nexomopuii
mecm-cenapamop daa C. Toeda yrnusepcanvrud pashomeproviti meem t(x, P) dan mep amoeo xaacca

MOHCHO GBLPASUTIG MAK:
t(z, P) = max(t¢(x), s(x, P))

onsn ecex P € C u dan ecex x.

Jloxasamesvemeo. 3ameruM Hpezk/ie Bcero, 9o te(x) u s(x, P) He IPEBOCXOSAT yHUBEPCAIBLHOIO
pasrOMepHOTO TecTa t(xz, P) (4ro cinenyer us ero yHUBEPCATIBHOCTH).

C npyroit ctoponbl, nokaxem, 9to ecau te(z) n s(z, P) xomeunsr, To t(z, P) He npesocxogut
HAMOOJIBINEro U3 HUX (C TOYHOCTHIO JO KOHCTAHTHI). KOHEYHOCTDb MEPBOrO TeCTa TapaHTHPYET, UTO
mingec t(z, Q) KOHeUeH: STOT MHHEMYM paBeH t¢(Z) ¢ TOYHOCTBIO [0 KOHCTaHTBL Eciam sror
MUHUMYM JIOCTUTAJICSI OBl Ha Kakoii-To Mepe () # P, 1o oba 3navenus s(x, Q) u s(z, P) 6buin 6b1
KOHEYHBI, YTO IPOTUBOPEYUT ONPEIETICHHIO ceraparopa. (3aMeTuM, YTO MBI JIOKA3aJIM 4yTh Hosee
CUJIBHOE YTBEPKJIEHNE, YeM ODEIaIn: BMECTO “HAMOOJIbIIEro U3 HUX MOXKHO HAIMCATDH “TIEPBOrO U3
HUX, €CJIU BTOPO# KoHeueH”.)

VTBepKaeHne 3TOH TEOPEMBI MO3BOJIAET Pa30UTh IIPOBEPKY CJIYYAWHOCTH 10 HEKOTOPOIl Mepe
P u3 knacca C na e 9acTu (YKa3blBACT JBE BO3MOXKHBIE IPUIMHBI HECTYIalHOCTH). BO-TI€PBBIX,
MBI JIOJIPKHBI YOEIUTHCSI, UTO T CJIyYIaifHO OTHOCHTEThbHO Kiacca C. Hampumep, B ciyduae mMeps
B, u3 kiacca B GepHy/uIHeBbIX Mep MBI BHAYAJIE JOJKHBL yoeauThes, 9ro ta(w) xonedno. Ilocie
9TOTO MBI 3HAEM, UTO HaIlla MOC/IEI0BATEILHOCTh GEpHYJLINEBA W JTOCTATOYHO KAKOH-TO MPOCTOI
MPOBEPKHU THITA 3aKOHA OOJIBINNX UHCEN, IYTOOBI BBISICHUTD, 110 KaKOH MMEHHO GepHYJIINEeBON Mepe
OHa ciIydaiina: B), uiam Kaxoii-To npyroit. Bropyio 4acTb MOXKHO pacCMAaTPUBATh KAK aHAJIOTHYHYIO
apaMeTpuIecKOMY TECTUPOBAHUIO B CTATUCTUKE.
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C KOJIMYeCTBEHHOII TOYKM 3peHud (eC.HI/I HaC MHTEpecyeT He IIPOCTO CJIy‘—Ia,fIHOCTb n HeCﬂy‘Iaﬁ-
HOCTb, HO W 3Ha4Ye€HUe TeCTa) BTOpad YaCTb TECTUPOBaHMHA HE BazKHa: IIPO CellapaTOp HaM Ha/Jlo
3HaThb JIMIIb, KOHECYHO HJIN OECKOHEYHO €ro 3HAUYeHUe.

9 PaBHOMepHBIE€ TECThI: CJIUIIKOM CUJIbHBIE
TpeboBaHUs?

9.1 MOHOTOHHOCTH U KBa3U-BbIMYKJIOCTh

C MHTYUTUBHON TOUYKM 3pEHUs] PABHOMEPHBIe TeCThl ciydaiiHocTu (B Haunbosee obreit dhopme cM.
omnpejesieHne 7.29) MOryT Ka3aThCsl CJMIIKOM CHJIbHBIMU, ecjin Mepa P He Bbrumciuma. U jeii-
CTBUTEJILHO, OHU HE 0DJIAJAI0OT HEKOTOPBIMU MHTYUTUBHO 2KEJIATEJIbHBIMUA CBOWCTBAME, KOTOPBIMU
06J1a/1aeT TOHSITHE CJIYYaiiHOCTH OTHOCHTENHHO BBIYUCIMMBIX Mep (B cMbiciae Maprun-JIéda wim
PaBHOMEPHOE — JIJIsl BBIYUCIUMBIX MEp 9TO OJHO U TO Xke). OJHUM M3 TAKUX CBOMCTB sBJISETCS
MOHOTOHHOCTB: GOJIbINAs (¢ TOYHOCTHIO JI0 KOHCTAHTBI) Mepa UMeeT BOJIbIIE CIIyIaifiHbIX 00HEKTOB.

ITpengyoxkenne 9.1. ITycmv P u Q — dse sviuuciumovie mepov,, a A > 0 — payuonasvHoe HUcao,
npuuém AP(A) < Q(A) dan scex A. Tozda

m(\) -\ t(z, Q) < t(x, P).

3decy m(-) — duckpemnas anpuopHas BEPOAMHOCING PAUUOHAALHOZ0 HUCAG N; KOHCTMGHMA 6 <
ONPEIEAAEMCA CAOHCHOCTGIO NAPLL NPOoPamMm, 3adarouwur P u Q.

Joxasamenvemeso. Oyuxiust A t(-, Q) siBasiercst P-TectoMm, Tak Kak

[ @@ dr@ < [t dow < 1.
Vcnonb3yst ycedenne, Mbl 3aKIIO9aeM, ITO CyMMa,

> m(\) - A - t(z, Q)
A [ t(2,Q) dP(z)<2}

C TOYHOCTBIO JI0 KOHCTAHTBI sABJIsAeTC P-TecToM, u moromy He npesocxomut t(z, P). Tem 6osee
9TO BEPHO W JIjIsl BCEX UJIEHOB TOH CyMMbI. (YIOMsIHYTast KOHCTAHTa OOPATHO MPONOPIMOHAILHA

m(P,Q).)

NuTynTnBHass MOTUBUPOBKA CBONCTBA MOHOTOHHOCTH TAaKOBA: €CJIU €CTD JIBA YCTPOUCTBA C BHYT-
PEHHUMHY JATINKAMHA CIYIaffHOCTH, TeHEPUPYIONTNEe OOHEKTHI C BHIXOIHBIM pacipeaeneaneM P u (),
n AP < @, TO MOXKHO NPEICTaBUTEL cebe, YTO ¢ BEPOATHOCTBIO A BTOPOE YCTPONCTBO MOIETUPYET
IIEPBOE, a B OCTAJIBHBIX CJIydasX JesaeT 4To-TO cBOE. Torja BeAKUN 0ObeKT, KOTOPBI ¢ HHTYHUTHB-
HOW TOYKH 3PEHHUs IIPAB/IONO0I00EH HA BBIXOJIE IIEPBOrO YCTPOWCTBA, JOJKEH CHUTATHCS IIPABIOIO-
JIOOHBIM ¥ Ha BBIXOJIE BTOPOTO: BAPYT OHO-TAKH IPOMOJeaupoBasio nepsoe? (HucieHHoe 3HAUEHUE
JedekTa, KOHEYHO, MOXKET OBITH HEMHOT'O OOJIBIIIE, TAK KAK MbI JIOTOJHUTEIHHO JIOJ2KHDI IOBEPUTD,
YTO TPOU3OINLIO COOBITHE C BEPOITHOCTHIO . )

Jl1st paBHOMEpHON CIyJaifHOCTH, YBBI, 9TO CBOWCTBO HE BBINOJHEHO: ecyau Mepa () 6oJbIe,
HO BBIYUCTUTETHHO CJIOXKHEE, TO TECThI CJYIANHOCTH OTHOCHUTENBHO () MOTYT HCIOJB30BATH ITY
JIOIOJIHUTEIbHY 0 H(MOPMAIUIO, YTOOBI C/IeJIaTh HECTyIallHBIMU HEKOTOPbIE 00'LEKThI, KOTOPbIE OT-
HOCHUTEJIbHO P Gblan citydaiiHBIMU (CM. JI0Ka3aTesbeTBO TeopeMbl 5.39). VIMeHHO B 9TOM HpUIMHA
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OTJIMYUST PABHOMEDHO# CIy4JaifHOCTH OT cJienoii (6e30paKkyIbHOMN), Jisi KOTOPOH aHAJOIMIHOE CBOIi-
CTBO BBIIIOJIHEHO 110 OYEBUJHBIM TPHYHHAM.

Jpyras curyaiusi, B KOTOPOH y HAC €CTh HEKOTOPasl MHTYUIHs CIYIAfiHOCTH — 3TO cMeCh (BBbI-
nykjas kombuHanus) mep. llpegcraBum cebe nBa yCTPOUCTBA C BBIXOAHBLIMEU Mepamu P u @, u
BHEITHIOIO 000JIOUKY, KOTOPasi ¢ KAKIME-TO BEPOSATHOCTSAME A U 1 — A\ 3amyckaer ojHO U3 HuUX. B
IEJIOM MBI TIOJIy9aeM CHCTEMY, BBIXOJ KOTOpoii pacupemesnén o mepe AP + (1 — A)Q. TIpo kakue
00BEKTBI MBI TOTOBBI TIOBEPUTD, ITO OHU CJIYIANHO TOTYUEHBI B PE3YJIBTATE TAKOTO SKCIEPUMEHTA !
SICHO, 9TO 9TO JOJKHBI OBITH CTydaifHbie o Mepe P 00beKTHI, a TaK¥Ke CaydaiiHbe mo Mepe () 00b-
eKThI (TIpu 3ToM ecii Ko3hMUIMEHT MaJI, TO JOJXKHO JT00aBISTHCS JOTOJHUTEIBHOE YAUBIEHUE, HO
KoHeuHoe). U Jpyrux o6beKToB ObITh He JOJKHO. KOoJMdecTBEHHOEe YTOUHEHHE 9TOr0 Pe3ysIbTrara
(KOTOPBIA B OJIHY CTOPOHY CJIEJyeT U3 MOHOTOHHOCTH) JA6TCs B CJIELYIOIIEM [IPeJJIOKEHIH.

Ilpenmoxkenne 9.2. I[Tycmv P u QQ — dse sviuucsumvie mepo.

(a) m(\) - t(z, \P + (1 — \)Q) < max(t(z, P), t(z,Q));

(6) t(x, AP + (1 — N)Q) > min(t(z, P), t(z,Q)).

B nepsom ymseporcdenuu A — paguonasvroe wucao 6 (0,1), a m(N\) — ezo duckpemmnan anpu-
opHas eepoammocmy. Bo emopom ymeeporcdenuu X modsicem 6vims arobvim. Konemamnmo, 6 < e
sasucum om A (onpedeastomes caoocnocmvio napvs mep P u Q).

[TepBoe yTBepK/IeHIE MOYXKHO HA3BATh K6A3U-8bNYKAOCMbIO TECTOB CIyYalHOCTU (C TOYHOCTHIO
JI0 KOHCTaHTHI). JIjist TecToB, 06JIAJAIONINX CBOHCTBOM KBA3H-BBIIYKJIOCTH B YTOUHEHHOM BapUAHTE,
6e3 YMHOXKEHHsI HA KOHCTAHTY, MOXKHO IMOCTPOUTH HEHTPAJIBHYIO [IEPEUUCIUMYIO CHU3Y HOJIyMEpY
(B HEKOTOPOM TOYHOM CMBICJIE ITOrO CJIOBA, P HAJJIesKaneM 0000IEHNN TOHSITHs TECTA HA MOJTY-
Mepsl, .17, 9]).

Bropoe yTBepxK/ieHre MOYKHO HA3BATh K6A3U-602HYMOCMbIO; OHO IOKA3BIBAET, ITO HUKAKHUX HO-
BbBIX CJIy‘Ia.IL/'IHBIX O6'beKTOB OTHOCHUTEJIbHO CMeCH Pnu Q HE IIOABJIACTCHA.

Zloxasameavcmeso. IlepBoe yTBepKIeHne siBsieTCsi ociabiaenueM mpesoxkenns 9.1. Ecau A >
1/2, To u3 sToro npeyiozkenust ciaepyer, uro m(A) - t(z, AP+ (1 —\)Q) < t(z, P) (Muoxurens 1/2
MO’KHO BK/I0oUnTh B <). IIpu A < 1/2 Bepno anasoruunoe nepasenctso m(1 — \) - t(z, AP + (1 —
NQ) < t(z,Q); nmpu srom m(1 — \) = m(\).

Bropoe yTBepK/IeHre CIIEIyeT U3 TOrO, 9TO MpaBast 9acTh (Kak (hyHKIMS OT ) SABJSETCS TECTOM
OTHOCHUTETHHO JTI000M cMecn Mep P 1 (), 1 MOYKHO BOCITOJIB30BATHCST yCEUIEHNEM, ITOOBI Ce/IaTh €€
PABHOMEPHBIM TECTOM.

ﬂeFKO IIOHATH, YTO BCE€ 3TN YTBEPXKJ/IEHUA CYHIECTBEHHO UCIIOJIB3YIOT BBIYUCIUMOCTL MEP U KO-
s durmenToB B cmecu. COOTBETCTBYIOINHE KOHTPIPUMEPDI JIETKO MOCTPOUTD, €CJIM OCO3HATD, 9TO
CMEChb MEep MOZKeT 6bITb KaK 60.)'[66 CHJIBHBIM C BBIYUCJINTEIHLHON TOYKI 3peHnd OpaKyJIOM, 9eM KazK-
Jias n3 HUX (€CJIM MPONOPIUY CMENTMBAHKST HEBBIYUCJIUMBI ), Tak 1 HaobopoT. Hampumep, pasgeamm
orpe3ok [0, 1] Ha JBe MONOBUHBI U PACCMOTPUM JiBE Mepbl P 1 (), PABHOMEPHO DACIIPEIETIEHHBIE Ha
9THUX mojioBuHax. Mx cmech ¢ koadduimentamMmu A u 1 — A ge1aeT Iucao A 3aBeI0MO HECTyYaiiHbIM
(MOCKOJIBKY OHO MOYKET ObITh BBIUUCJIEHO OTHOCHTEJBHO STON Mephl), XOTs [0 OJHOI M3 Mep OHO
BIIOJIHE MOXKeET OBITH coryuaiinbiM. (Bagas Bmecto P u () ux cMmecH, ckaxkeM, ¢ koaddurmenramu 1/3
npotus 2/3 1 HA0BOPOT, MOKHO CJIEJIATh A CIAYYIaiHBIM IO 0OEnM MepaM.)

B srom mpumepe cMech cojiepKuT OoJibIilie nHMOpPMAIUN, deM Kaxkjasd u3 Mep. Moxker ObITh
u nHaobopot: ceepuéMm orpesok [0, 1] ¢ paBHOMEpHOl Mepoii B OKPY?KHOCTb U Paso0dbéM €ro Ha JBe
HOJIyOKPYZKHOCTH ToYkamu p u p + 1/2. Torma paBHOMEPHBIE MEPBI HA ITUX MOJIYyOKPYZKHOCTSX
JCJIAI0OT P BBIYUCJIUMBIM OTHOCHUTEJILHO HHUX U IIOTOMY HCCJIy‘Ia.IL/'IHbH\/I7 a cpeaHee 3TUX Mep eCTb
paBHOMEpHAsI Mepa Ha OKPYKHOCTH, OTHOCUTEILHO KOTOPOH P BIIOJIHE MOXKET OBITH CJIydailHbBIM.

BamMeTuM, 9TO JJIs cJIenoii (6e30paKkyIbHON) CIyJaifHOCTH MBI MOYKEM 6e30 BCSIKUX ODaHUIeHUH
rapaHTUPOBATH, YTO MHOYXKECTBO CJIYyYallHBIX OTHOCUTEIHLHO cMecu P 1 () Touek OyjieT o0be InHeHneM
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MHOXKECTB TOYEK, CIAyYailHbIX OTHOCHTEeNbHO P u orHocuresbHo . (B omHy cTopony sTO ciiejyer
U3 MOHOTOHHOCTH, KOTOPYIO MBI y2K€ OTMedaJId. B IPyryio: ecji TOYKa He CJIy4YaiiHa OTHOCUTEIBHO
P u ue ciaydaiiHa OTHOCHTENLHO (), TO €CTh JIBa TECTa, 3TO JOKA3BIBAIONINX, 1 UX MUHUMYM Oyer
[EPEYUCIIUMBIM CHU3Y TECTOM, JOKA3BIBAIONIUM €€ HeC/HydaifiHOCTh OTHOCHUTEIBHO CMECH.) BbLio
ObI MHTEPECHO MOAUMUIIUPOBATD MOHITHAE TECTA CIYyJIaifHOCTH, YTOOBI BOCCTAHOBUTDL TU CBOHCTBA,
COXPAHMB JPYTHE YKeJATeJbHbIe CBOHCTBA (CKAaXKeM, CyIIeCTBOBAHUE YHUBEPCAJIBHOIO TECTA M TEM
caMbIM noasaTHE AedekTa caygalinocrn). HekoTopsie pejiokenus: Takoro poja uMerores B [17, 9,
18].

9.2 JlokajbHOCTH

IIpeacraBum cebe, 9TO MOCJIEIOBATEILHOCTD W CIydaiiHa IO pAaBHOMEPHOW Mepe W HAYMHAETCH C
Hynst. Temepb W3MeHUM 3Ty Mepy Ha IOCJIEI0BATEIbHOCTSIX, HAUMHAIOIMINXCS C equHUNbL. Moker
0Ka3aThCsl, YTO MOCJIEI0BATEIbHOCTD II€PEeCTaHET OBITH CIyYaifHOM, TaK KaK 3HAYeHHUs Mephl Telrephb
MOT'YT OBITH HCIIOJIb30BAHBI KAK OPaKyJl (HAIPUMED, TIOCIEI0BATENHLHOCTD MOYXKET CTATh BHIUUCIUMON
OTHOCHTEIHHO HOBOH Mepbl). HO 9TO BBINIAIUT CTPAHHBIM, TaK KaK M3MEHEHHEe MEPbI IPOMCXOIUT
He B TOH qJacCTu, rae Je2KUT Hallla IIOCJIe0BaTE/IbHOCTD.

s cnemnoit (6e3opaKyJ1bH0171) CAy4YalHOCTA KOHKPETHO 3TOT IIPUMeED, KaK JIETKO BUJETh, HEBO3-
MO2KEH (TGCT MOXKHO IPUHYJAUTEIIHBHO O6HyJII/ITI) Ha I10CJIe10BATECJIbHOCTAX, HAYMHAIOIIMUXCA C € IUHN-
I_IBI)7 HO B IPUHIIMIIE ITOHATHUE TECTa 3aBUCUT OT MEPbI HE TOJIBKO BJ/O0JIb IIOCJIEOBATC/IHHOCTHU (HC
TOJIKO OT BEPOSITHOCTH TIOSIBJICHUST HYJISl U €JIMHUIIBI [IOCJIe €6 Havda).

Ongarp e JJIst BBIYUCIUMBIX Mep CUTYyalldsl JIy4Ile.

IIpennoxxenue 9.3 (npekseHimaabHoe CBOICTBO). [Tycmov P u QQ — dse eviuuciumvie Mepvl Ha
npocmparcmee §) beckonewHbr nociedosamesvrocmets Hyaet u eduruy, co8nadaouue Ha 6Cer Ha-
Yaaar Hexkomopol nocaedosamesvrhocmu w. Tozda ama nocaedosamesvbHocmd 00HOBDEMEHHO CAY-
Yatna uau ne caywating no mepam P u Q.

Joxaszameavcmeo. DTO HEMEIJIEHHO CJICAYET U3 KPUTEPUS CJIYyYaliHOCTH B TEPMHHAX CJIOKHO-
CTH HaYaJbHBIX 0Tpe3koB (Teopema Jlepuna—IIInoppa) B 060M u3 ero BapuanToB (Teopema 2.24,
npejoxenue 2.30 u ciaencrsue 2.32).

st HEBBIMUCIUMBIX Mep 9TO (KaK IIOKA3bIBAIOT IIPUMEPBI, AHAJOTHYHBIE DACCMOTPEHHBIM B
IPEJIBIIYIIEM PA3JIese) HEBEPHO.

B cayvae BBIYMCIMMBIX Mep B MIPOU3BOJBHOM ITPOCTPAHCTBE MMEET MECTO aHAJIOTUIHOE yTBEP-
JKJIeHHe, MIPaBa, ¢ 0ojee CHJIBHBIM TPeOOBaHUEM: MbI IIPEJIIOIAraeM, ITO JIBE MEPhI COBIIAIAIOT Ha
JIOOBIX MHOKECTBAX, COJEPKAIIUXCSI B HEKOTOPOIT OKpECTHOCTH mocJiejioBaTesbHocT w. (B arom
cllydae MOXKHO YMHOXKUTh TECT Ha 0a3uCHYIO (DYHKIINIO, He M3MEHUB €r0 B W U ClIeJIaB HyJIEBBIM BHE
OKPECTHOCTHU COBIIAJIEHMSI. )

Bor emé ogun crroco6, mo3BOJISIONUH TOIYIUTh 3aBEI0MO TPEKBEHITUATHLHOE OIPEJICTICHUST CITy-
JaffHOCTH, B KOTOPOM JeDEeKT CAyIalHOCTH sIBJisieTCs (DyHKIHEH OT caMoil 1Mocjie 0BaTe/ IbHOCTH
u OT Mep e€ HAYaJbHBIX OTPe3KOB. /Jljaa maHHO TOC/IeIOBATEILHOCTH W U JJIs JAHHOM ITOCTIEI0-
BarenbHoctn {q(4)} geficrBurenbubix unces, Juist koropsix 1 = ¢(0) > ¢(1) > ¢(2) > ... > 0,
TTOJIO2KUM

t'(w,q) = inf t(w, P),

rjge MuHMMYM Gepércsa mo Bcem mepam P, juist koropbix P(w(l : n)) = ¢(n). CoorsercrByio-
mue MHOYKECTBA (JUIsl CIyvail JTBOMYHBIX MOCIEI0BATEIBHOCTEH ) 3(DDEKTHBHO KOMITAKTHBI, TAK ITO
STOT MUHUMYM OyZeT MepevncauMoil cHu3y (pyHKIHUEH OT w U IOCIeI0BATeILHOCTA ¢. Benm s
MOCIEOBATEBHOCTH W U Mep ¢(7) eé HadaIbHBIX OTPE3KOB 3Hadenue t'(w, q) KOHEIHO, TO MOCIEI0-
BaTEIBHOCTL W MOYKHO Ha3BaTh MPEKGEHUUAADHO CAYHATHOT.
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JpyruMu cjioBaMu, IOC/IEI0BATENILHOCTD W IPEKBEHIMAIBHO CIydaiiHa 1mo Mepe P, ecym cyie-
crByer (BoobIIe roBOpst, JIpyras) Mepa (), OTHOCUTEILHO KOTOPOH w CJIyvaiiHa U KOTOpast COBIIAIaeT
¢ P na Bcex HaYaJIbHBIX OTPE3KAX W.

TpeboBanue IPEKBEHIUAILHOCTH CBI3aHO ¢ HOIUBITKAMHU [I€PEHECTH IIOHATHAs TEOPUU BEPOSTHO-
CTelf W CTATUCTUKU B CUTYAIUIO MOCJEJIOBATENHLHBIX MPEICKA3AHUI UIEHOB MOCIEI0BATETLHOCTH,
cp. [, 27]. PaccmorpuM, Hanpumep, MPOTHO3 TOTOMBI, B KOTOPOM w(n) O3HAYAET, 9TO B JIEHDL 7
uieT aokab. MeTeoBropo mepes KaxKbIM JHEM YKa3bIBAeT 4uCI0 P(n), KOTOPOE OHO HA3BIBAET
BEPOATHOCTBIO JOKA B sieHb n. (IIpw 9TOM Ha Coieyromue JHU HUKAKOTO PACIPEIEICHUS BEPO-
ATHOCTEH He yKa3blBaeTcd. JIpyruMu cJioBaMu, BMECTO [VIO0AIBLHOIO PACIIPEIE/ICHHsT BEPOSITHOCTEH
6I0pPO IPOIHO30B YKA3BIBAET JIMIIbL YCJIOBHbBIE BEPOATHOCTH BJOJb IIyTH, COOTBETCTBYIOMIEr0 (haKTH-
YeCKOM moroje. )

MOKHO JI1 OHEHUTb Ka4eCTBO IIporHosa? Kaxkercs, 9To B HEKOTOPBIX CUTYAIlMAX J1a: €CJIU, CKa-
JKeM, BCe IpeJcKasanus Ouskn K Hyso (ckaxem, menbiie 10%), a GobIuHCTBO jHel (cKaxkeM,
6osree 90%) Goutu goxkauBbie. (ToBOPsT, YTO TaKkol MPOrHO3 IWIOXO Kaaubposan.) Ho, ecrecrsen-
HO, BO3MOXKHBI U KAKWE-TO JAPYTUe BUIbI HECOOTBETCTBUI, HE TOJBKO UaCTOTHBIE: OOIMUI BOIMPOC
COCTOWT B TOM, MOKHO JTM BOCIPUHIMATD JAHHYIO MOCIEI0BATEILHOCT KAk MOy IeHHYTIO CITyIaiino
C TIPEJICKA3aHHBIMA BepoaTHOCTSMU. (J[pyras cuTyanms, Tie BOSHUKAET TAKON BOIPOC, 3TO OIEHKA
KavyecTBa JATINKa CIyYailHBIX OMTOB, KOTOPBIA BLIAET OUT C 3aKA3aHHBIM DPACHpPEIeIeHUEeM, Ha
KaXKJIOM Il1are CBOMM. )

JlonomHuTeIbHBIM  OOCTOSTEILCTBOM IIPH OLEHKE KAveCTBA IPEICKA3AHUA SABJILAETCH TO, 9TO
LPEICKA3aTEIb MOXKET HUCIIOIb30BATh Pa3sHOOOpa3HyIo HH(MOPMAIMIO, JOCTYIHYIO Ha MOMEHT IIPEJ-
cKazaHus (CKayKeM, BeUep MPEebIILYIINEro JiHs), & He TOJbKO PEBILYIIHE YIEHBI T0CIeI0BATEIbHO
ctr w. Hamumame Taxoit nndopManyu JOKHO YIATHIBATHCS U TIPU OIEHKE KAIeCTBa MTPEICKA3AHUSL.

B crarbe [27] 06¢yzKaai0Tes oo6HbIe BOIPOCHI U TIPEJJIATAI0TCS PA3JIMYHBIE BADUAHTHI OIIPE,Ie-
JICHUil, B TaCTHOCTH, CBSI3aHHBIE C MTOHATHEM MApPTUHTAJA, W JOKA3LIBAETCS SKBUBAJICHTHOCTD HEKO-
TOPBLIX W3 HUX. VHTEpecHO OLLIO ObI YCTAHOBUTH CBS3b U C PABHOMEPHBIMH TECTAMM CJIyTaiiHOCTH
B JlyXe MPHUBEEHHOTO BBIIIE TPEKBEHINAIBHOIO ONpe/ieennst gedekTa (Ipapia, BMECTO BEPOSITHO-
cTell HaYaJIbHBIX OTPE3KOB TYT BO3HUKAIOT YCJIOBHBIE BEPOSITHOCTH, YTO HE COBCEM TO K€ CaMoe,
eCJI OHU HEe OTJIEJIEHBI OT HYJIsI).

10 Bomnpocsl

MpbI y2Ke 0OTMEYaJn HEKOTOPBIE BOIPOCHI, KOTOPBIE (HA HAII B3TJIA]) ObLIO Obl HHTEPECHO U3YUUTh.
B srom pasmesie Mbl cobpaJin eré HeCKOJIbKO TaKUX BOIIPOCOB.

1. Paccmorpum citeyromnuit MeTo I MOPOXK IeHUs TocieoBaTeabaocTn € € {1, pacnpeeéHHON B
COOTBETCTBUU C JaHHBIM pacipesesrenneM P Ha (), Tpu KOTOPOM BEPOSITHOCTH BCEX CJIOB HEHYJIEBBIE.
BosbMéM caryqaiiHyIo Moc/IeI0BATEILHOCTL ) HE3ABUCUMBIX DABHOMEDPHO pactpenenéaubx ua [0, 1]
ciydaiiaeix ances. Ilocie toro kak £(1 : n — 1) yxke mocrpoena, Mbl nojaraem &(n) = 1 rorma u
TOJIBKO TOTJIa, KOTIa

p(n) < P(E(L:n—11)/PE(1:n—1)).

Eciin paccmaTpuBaTh 9T0 KaK BEPOSITHOCTHBIN IIPOIIECC, TO BBIXOIHOE paciipejiesienne Oy ieT B TOUHO-
CcTn P CHpaH_H/IBaeTCH, KaKue IIocjIie 10BaTeJIbHOCTU MOZKHO IIOJIYYUTH Ha BBIXOJE, €CJIN HaYNHATDH CO
ciydaiiaerx 10 Maprun-J1édy mociemoBaresprocTell neficTBuTesbHBIX dnces. (MoKHO TpOBEpUTS,
9TO JJIsl BBIYUCUMBIX Mep P MOoJIyvJaioTcst B TOYHOCTH ciaydaiiabie mo Maprun-JIédy orHOCHTEIBHO
P nocsienoBaTeIbHOCTH. )
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2. Benomuanm dbopmyity st gedekTa caydaifHOCTH 110 BBITUCIUMON Mepe:

O6e wacT\ MMEOT CMBICJ TPU IPOU3BOILHOM P, HO OHM MOTYT OLITH Pa3iuYHbI. IIpUYIUHy 3TOrO
MBI YK€ 00CYy?Kaaan: HeGOJbIIoe N3MEHEHNe Mephl TIOUTH He BJMsSeT Ha IPaBYI0 YacTh, HO MOMKET
U3MEHUTD €€ BLIMUCIUTEIHLHYIO CHTy KaK OPaKysa W CYIIECTBEHHO M3MEHUTH JICBYIO.

O603HAYMM TIPABYIO 9aCTh 3TOTO paBeHCTBA Yepes t' (w, P). MoxkeT 6BITh, IMeeT CMBIC CINTATE
KOHEYHOCTH ' OIlpefeeHueM CIy9aiiHoCTH 1o HeBBIMUCIUMBIM MepaM? Ilo Kpaiineii Mepe oHa Oy-
JIET MOHOTOHHO# (0T yBeJaMueHUsI Mepbl CIyvIafiHOCTh OyjeT TosbKo pactu). OTHOCUTENHHO CMeCH
Mep oHa OyzeT KBasu-BBIILYKJION, Gosiee Toro, B [8] mokazano, uro 1/t'(w, P) siBisiercst BOrHyTOM
dyukimeit or P.

Jpyroe BO3MOXKHOE onpeieenne aedexTa CIydaiiHoCTn fjist 6eCKOHETHOH MOCIe0BATENLHOCTH
w 1o mepe P rakoso: logsup,_[a(x)/P(x)]. 1 BEIMACIUMBIX MED MBI BHOBb IIOJIy4acM OIIpe-
JIeJIEHNE, PABHOCHIBHOE cTaHmapTHOMYy onpeaenennio Maprun-JIéda. B pabore [11] nokazano, 1ro
OIpe/IeJIEHHBIE TAKUM 0OPA30M TECThI CJIydaiHOCTH (& TaKyKe aHAJOIMYHBIE, UCIOJb3YIONIINe MO-
HOTOHHYIO CJIOKHOCTH BMECTO AIPUOPHOI BEPOSITHOCTH) He O0JIaJIal0T HEKOTOPBIM €CTECTBEHHBIM
cBoiicTBOM (corparerus cayualinocmu) — B OTJIAYME OT PABHOMEPHBIX TecToB. B [8] mokasano,
YTO, C APYTOil CTOPOHBI, UTO €CJIU B ONpeleseHnu t' B mpaBoil YacTH PacCMOTPETb CYMMY IIO BCEM
BBLIYMCIUMBIM (DYHKIMAM ¢ KOHEUHBIM YUCJIOM PaIOHAJIBHBIX 3HAYEHHIA, 8 He TOJBKO XapaKTepH-
crudeckre (PyHKIMU MHOMKECTB ), TO CBOWCTBO COXpaHeHUs UHMOPMAIMN BbIITOJIHICTCA.

3. MOxKHO Jiu pasyMHO ONpPEIENUTh NeMEKT CAYyIalHOCTH MOCIEI0BATENLHOCTH OTHOCUTE b=
HO TIPOM3BOJIBHBIX MEP, JOOUBIIUCH €r0 MOHOTOHHOCTH (B KAKOM-HUOY/Ib €CTECTBEHHOM CMBICIIE)?
Hamnpumep, moxkno 6n110 661 10TPEOOBATH

P<ce-Q=tw,P)>tw,Q)/c

(oTMeTHM B KauecTBe MOTHBHPOBKH, UTO [IpaBasi YaCTh IPUBEJIEHHON BhIlie GOpPMYJIbL 11t JedeKTa
obJiaaer 3TuM cBoiicTBoM). MOXKHO JIM pacCYMTHIBATE P TOM Ha CBOWCTBO KBA3H-BBITYKJIOCTH?
HekoTropbie MONBITKE TAKOrO pojia NpeAnpuHsTel B [17, 9], a Takxke B [1§]

CBolicTBO KBA3W-BOIHYTOCTHU, BUIUMO, O0eCIeduTh TpyJHee (B 3TOH CUTyaIruu NPUBEJIEHHbIE
KOHTPIIPUMEDPHI BLINISAAAT 60JIee YCTONIUBBIMHY).

4. CraHmapTHON TPONENAYPON B TEOPUM BBIYMCIUMOCTH SIBJISIETCS PEIATUBU3AINA: HEKOTOPOE
MHOXKECTBO A OOBLSIBISAETCS PAa3PENIMbBIM 110 ONPEIESIEHUIO, W AJTOPUTMAM PA3PEIIaeTCs UCIOb-
30BaTh “opakys’ sl STOr0 MHOXKECTBA (OTBEYAIOMHUIi Ha BOIPOCHI O MPUHAJJIEIKHOCTH €My). DTO
YBEJIMIABACT KJIACC BBITHCIUMBIX (DYHKIWI, HO GOBITHHCTBO PE3YIbTATOR TEOPUN BBITHCIUMOCTH
OCTAIOTCA BEPHBIMU. DBoJjiee cJIozKHAs CUTyallusl BOSHUKAET, KOIJa Mbl 00bABJIAEM HEKOTOPOE MHO-
»kecTBO F nepequcimMbIM 110 onpejesienuio. IIpobieMa TyT B TOM, 9TO €0 MOXKHO II€PEUYUC/IATD B
PA3HOM IOPSAJIKE, 1 Pa3HbIe MEPEYUC/ISIONIE ero “opaKky b’ MOTYT JIaTh Pa3Hble PE3YJIbTaThl. Tem
He MeHee CYIIEeCTBYET €CTECTBEHHOE IIOHSITHE NEePeducAiuMozo omuocumesvrho E MuoxkecTBa (Kak
eIlé TOBOPSIT, MHOYXKECTBA, C800AULe20¢H no nepevuciumocny K E). TIpusegM cooTBETCTBYIOIIEE
onpegesierne. I[lycrs W ecTb HEKOTOPOE MHOXKECTBO Hap BUA (T, S), T7e 2 — HATYpaJIbHOE YUCIIO, &
S — KOHETHOE MHOXKECTBO HATYPAJTBHBIX YUCET. ByJieM CUnTaTh, 9TO MHOXKeCTBO W nepedncimmo.
Torya mis moboro muoKecTBa E MOX)HO pacemorperb muoxkectso S(F, W), cocrosmee n3 Beex x,
npu Kotopwix (x,.S) € W npn nekoropom S C E. (Hedbopmanbho rosops, napa (x, S) nonnmaercs
KaK MHCTPYKIMs: BbIJIABaTh Ha BBIXOJ X, OOHAPYKUB B lIepeYuc/JeHun F Bce 3JIeMEHTBI U3 CIIUCKA
S.) HobaiieHne cTaHIapTHOIO Pa3pENIAoNIero OpaKyJia JIJIsd MHOXKECTBa A MOXKHO pacCMaTpUBATh
KaK YaCTHBIA cirydaii Takoil ceogumoctu, nojaoxkus E = {2n |n€ AU {2n+1|n ¢ A}.
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B HEKOTOPBIX CUTYAIUsIX MOYKHO MBITAThCs OGORTHCH TaKOro pojia opakysioMm. CkazkeM, BIIOJHE
MOYKHO FOBOPHTD O IIePEYUCIIMON CHU3Y OTHOCHTEILHO F (DyHKIUH, IOCKOJILKY €€ MOXKHO OIIpelie-
JIATH B TEPMUHAX NEPEUUCIUMBIX MHOXKeCTB. HO He 09eBUIHO, UTO OIPEJIEJIEHHBIE TAKAM 00PA30M
HOHATUSA O0JIANAIOT TIPUBBIYHBIME JIJIsl HAC CBOWCTBAMU.

Mo2KHO J11 yTBEPKAATD (17151 IPOU3BOJILHOrO E); 4TO CyIecTByeT MaKCUMAIbHASL [IEPEIUCTUMA
CHU3Y OTHOCUTENBHO F momymepa? MOXKHO i OpenenTb TpedUKCHYIO CI0KHOCTD ¢ OPaKyIoM F
u Oy/IeT JI1 OHA COBHAMATD ¢ JIOrapudbMOM MAKCUMAJBHOM TIOJyMEpBI (€M TaKOBas CYIIECTBYET)?
Yro GymeT, ecam JAOTOJHATETHHO MTPEIONOKNATD, 9TO F €CTh MHOXKECTBO BCEX OA3WCHBIX IMIAPOB B
KOHCTPYKTHBHOM METPHIECKOM IIPOCTPAHCTBE, COACPYKAIINX HEKOTOPYIO TOUKY !

(nst cpaBHEHWsI HAIOMHUM, YTO MOYKHO OIPEJENUTH F-BbIMUCINMYIO (DYHKIUIO Kak (DYHK-
o, rpadpuK KoTopoil F-nepednciauM. IIpu 5TOM BBIIOJHSIOTCS HEKOTOpbIe 3HAKOMBIE CBOIICTBA,
HAIPpUMED, KOMIO3UNuUs JByX E-Borancaumbix dbyHkuil sisasercss F-perancimmoit. Ho, ckaxkem,
YTBEPXKJIEHUE O TOM, UTO BCAKOE HEMyCTOe F-NepeunciinMoe MHOYXKECTBO SIBJISIETCST 00JIACTBIO 3HA-
YeHuit BCIojly Onpeaenénnoil F-porancanmoii (hyHKIuY, y2Ke He TapaHTHPOBAHO: MPU HEKOTOPHIX F
9TO HE TaK.)

5. MoKHO TIBITaTBCA 0000INATD MOHATHE CIYIaiiHOCTH B JAPYTOM HAIIPABJICHUH, PACCMATPHBAS
He BBIUUCIUMBIE MEPBI, a MEPEINCIUMBIE TIOJTYMEPHI, TO €CTh BEIXOJHBIEC PACTIPEICICHIS BEPOSITHOCT-
HBIX MAIIFH, BEIIAIONHX OUT 38 6MTOM (M, BO3MOXKHO, BBLIAIONINX KOHEIHYIO TTOCIEOBATEIHHOCTD C
HOJIOYKUTEIBHOM BEPOSITHOCTBIO). DTO MPeJTIoyKIIT JIeBUH, UMesi B BUJLY OIIPeJIeJUTh HE3aBUCUMOCTh
JIBYX TOCJIEJIOBATEILHOCTENR v M 3 KaK CJrydaiiHOCTh maphl (o, 3) OTHOCHTENBHO MOJyMEPHI & X a.
(Takoli mOJXOJ IPEJIIOIATAET, UTO BCE MOC/IEIOBATEIBHOCTH CJIYyUalHBl OTHOCUTENHHO MOJYMephI
a.) Coorsercrsenno medekr ciyudaitnocTu napbl (o, ) OTHOCHTENBHO & X & MOXKHO ObLIO Obl Ha-
3BATh KOJIMIECTBOM O0IeH nHMOPMAIIN B OCIEI0BATENHLHOCTIX (v U 3, IO AHAJIOTUH ¢ KOHETHBIMHE
CJIOBaMu, TJIe B3anMHast nH(OpMAIs CJIOB X U ¥, OIpeeiseMass Kak

KP(x) + KP(y) — KP(z,y) = —log(m(z) x m(y)) — KP (z,y),

BBITVISI/IUT KaK JedeKT CaydailHOCTH OTHOCHTEIBHO M X M.

OiHa 13 BO3MOXKHOCTE JIJIsT ONIPEJIESICHUST CJIY YaiffHOCTH [TOC/IEIOBATEILHOCTA OTHOCUTEIHLHO T10-
JyMephbl () Takas: moTpeboBaTh OrpaHHUeHHOCTH oTHOmeHus a(z)/Q(x) NI HAYATIBHBIX OTPE3KOB
Z TIOCJIeJIOBATEIbHOCTY w. JIpyroit BapraHT: paccMaTpuBaTh ciydaitibie mo Maprun-JIédy ornocu-
TEJIbHO PABHOMEDPHON Mepbl MOC/IEIOBATEILHOCTH CJIyIAHBIX OUTOB, UCIOJIB30BaTh UX KaK MCXOJbI
JIATYUKA CJIyYaTHBIX OMTOB B BEPOSTHOCTHOW MAIIMHE M CMOTPETh, KAKUE II0C/IE/I0BATEIbHOCTA MO-
IyT IMOJIyIATHCsSI HA BBbIXOAe. HewsBecTHO, COBIIAIAIOT JIM 9TO OIpeJeeHns. Hen3BecTHO TakKe,
KOPPEKTHO JIM BTOPOE M3 HUX (B TOM CMBICJIE, 9TO JBYM BEPOATHOCTHBIM MAITHHAM C OJHEM U TEM
K€ BBIXO/IHBIM PACIPEJIeJICHIEM COOTBETCTBYET OJIHO U TO YK€ MHOXKECTBO 0OPA30B CJIyYailHBIX TTOCTIe-
JoBarebHOCTel). JIist BEIYUCAUMBIX Mep (MAIIUH, BBIIAIOIMNX GECKOHEUHBIE MOCJIE0BATEbHOCTH
C BEPOSITHOCTBIO 1) 9TO JeHCTBUTEIHHO TaK.

6. (dror Bompoc 3aman C. Cumicon) MoXKHO JI TIPEJJIOKUTD €CTECTBEHHOE TIOHSIITHE TECTOB
CIIy4aflHOCTH JIJIsl, CKasKeM, 2-CIIydaifHbIX mocieoBareabocTeit? (O6bIIHOE Olpe/Ie/IeHIe Ha A3bIKe
TECTOB COOTBETCTBYET TECTAM, HE SIBJISIIOIIUMCH TIOJTy HEIIPEPBIBHBIM. )

BaaropapuocTtn

ABTOpBI OIArOAPHBI CBOUM KOJIJIEraM, ¢ KOTOPOME OHHU ODCY?KJIaJIl PacCMaTPUBAEMbIe B CTAThE
BOIIPOCHI, B mepByto odepens JI. JleBuHy, K KOTOPOMY BOCXOIST MHOTHE W3 ITOHSTHI 9TOH CTATHU,
A. Byderosy u A. Kiiumenko, a takxke B. BbloruHy u ApyruM y9acTHUKAM KOJIMOIOPOBCKOIO
cemunapa (#Ha mexmare MI'V B Mockse). Crarbsi HammcaHna npu (hbUHAHCOBOI MOJIEPYKKe TPDAHTOB

NAFIT ANR-08-EMER-008-01, RFBR 0901-00709-a.
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