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IIpenuciosue

CJ10BO «KOTMPOBAaHME» B HA3BAHWM ITON KHIDKKY HE O3HA4YaeT IMPOBaAHNUS
(coxpaHeHHUs] COOOLIEHUSI B CEKPETE) — ITUM 3aHMMAECTCS HE TEOpHUsl KOIU-
poBaHMsI, a Kpunrorpadus, KOTOPOl Mbl HE KacaeMcsl); He UJET pedb TaKxKe
0 TEOPETUYECKUX U MPAKTHUUYECKUX MPOOJIEMax Mepexoa OT OHOM KOAUPOBKH
CHMBOJIOB K JIpyroii. OCHOBHOI1 BOIPOC TEOPHHM KOJMPOBAHNS — KaK 3alncaTh
cooO0lIeHNe B Takoil hopMe, 4TOObI NCKaKEHNE HEKOTOPOi YacTu 3ammcu (Ha-
IIpUMep, NpH Nepeade JaHHbIX) HE TTOMEIIaJ0 BOCCTAHOBJIEHUIO COOOIICHNUS
B UCXOAHOI (popme.

! d !
X KaHa x'=d(")
— | KONEp C |———mmmmmm— e —| nexopep d |[———>

NmeeTcst B BUy, YTO UCXOAHOE cOoOOMIEHNE X (TTOCI]IeJ0BATEIbBHOCTD OUTOB
WIN JPYTMX CHMBOJIOB) MpeoOpa3yeTcsl B HEKOTOPYIO Apyryio (0osiee JIvH-
HYIO) TIOCJIEIOBATEJIBHOCTD y. 3aTeM y MEpefa€Tcsl M0 KaHally CBSI3U C IIO-
Mexamy (MJIM XPaHWTCsI HA BETXOM HOCHTEJIE), MPEBPALIAsCh [P TOM B ).
Hakowerr, u3 y’ u3Bjiekaercst cooOleHne x', KOTOPOE JOJDKHO COBIANATh C
UCXOMHBIM (X).

Hanpumep, Mbl MO>keM HOBTOPHUTH KXX/yI0 OYKBY COOOIICHHS X TPU pasa,
[I0JIy4dB BTpoe OoJiee JUIMHHOe cooOuenue y. Eciu oqna u3 OykB B CJIOBE y
MCHOPTUTCSI, STO HE TOMEMIAET BOCCTAHOBUTH X. B 3TOM mnpumepe ajaroputm
KOZIMPOBaHUsT (KOfiep) C yTpamBaeT KaKAylo OYKBY, a aJqrOpPUTM JIEKOJUPO-
BaHus (Jekozep) d Oep€r HamboJsiee yacTyio OyKBY B KaX[0il Tpoiike. DTOT
MIPOCTENIINI KO/ O3BOJISIET UCIIPABJISITh OAHY OUIMOKY. (A /U1 UCTIPaBJICHNUS
JIBYX OIIMOOK JTOCTATOYHO IOBTOPSITh KX/YI0 OyKBY ISITh pas.)

[TpuaymbiBast koj, (CIIOCOOBI KOJMPOBAHUSI U JIEKOJUPOBAHHUSI), Ml XOTUM
Cpa3y MHOIOIO:

® YTOOBI KO TTO3BOJISJT UCIIPABJISAATh BO3MOYXKHO OoJIblliee YKCIIO OH_II/IGOK;

® UTOOBI M30BITOUHOCTD KOJa (HACKOJIBKO Y JUIMHHEE X) OblIa Obl TOMEHB-
uie;
® HaKOHCIl, YTOObI KOJMPOBAaHKE U JCKOANPOBAHUE BHIIOJHSIIACH OBl TIPO-

CTbIMH aJI'OPpUTMAaMU.

OTu TpeGoBaHUs K KOy BO MHOTOM IMPOTUBOpeYaT JIPYr APYyry, U pa3iny-
Hble BapUAHTbl KOMIIPOMHUCCA MEXIy HUMHU U COCTaBJISIOT IIPeIMET TeOpUH
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kozmpoBaHus. (OTMETHM cpasy Ke, YTO MOBTOPEHHE CHMBOJIOB, O KOTOPOM
1ula pedb — JIaJeKo He HAWJIyullnii croco0!)

Boripoc 0 TOM, IIpy Kakux COYETAHUSIX MapaMeTpoB (M30BITOYHOCTD M UH-
CJIO UCIPABJISIEMBIX OLIMOOK) TaKOE€ BO3MOXHO, /IO CUX TOP OCTAETCsl OTKPbI-
TBIM, XOTSI TIPHYMAHO MHOXECTBO PA3JIMUHBIX KOJOB, YaCTO C UCIOJIL30BAHN-
€M CJIOKHOM MaTeMaTWYecKol TEXHWKM (HampuMmep, anreOpanvecKoii reome-
Tpum). Bmecte ¢ TeM MHOTYE BaXKHBIE PE3yJIbTAThl MO>KHO M3JIOXKUTD, OFPaHH-
YMBasICh JIAIIb HAYaJIbHBIMM CBEJCHUSMU W3 anreOpbl (MHOTOYJICHBI M TTOJIs,
BEKTOPHBIC IIPOCTPAHCTBA HaJ II0JIEM U3 JBYX JIEMEHTOB). Takoe M3JIoKeHHe
U COCTABJISIET PEIMET ITON KHIDKKY, ITPEAHA3HAYCHHON [1sI IEPBOTO 3HAKOM-
crBa (Oyaylux) MPOrpaMMUCTOB M MATEMATUKOB C OCHOBHBIMU PE3YJIbTATAMU
TEOpUH KOJAMpOBaHMsI. B He€ BKITIOYEHBI TakKe HEKOTOpble Oosiee HOBBIE pe-
3yJIbTaThl (JIEKOJMPOBAHUE CITHCKOM, Teopema [omapaiixa—JleBuna, cBs3b ¢
DKCIAH/JIEPAMU) .

* * *

Boutbiniast yacTh 3THX 3aMETOK ObLIA CJIEJIaHA YYACTHMKAMM CEMMHApa Ka-
(besipbl MaTEMATUUYECKOH JIOTUKM U TEOPUU AJITOPUTMOB MEXaHMKO-MAaTEeMaTu-
yeckoro (pakyspreta MI'Y B 2004/5 yyeOHOM rofy, pa3OMpaBLIMMU 3alld-
cu Jyiekumii Manxy Cynana B MaccadyceTCKOM TEXHOJIOTMYECKOM HHCTUTYTE
(10 BBIJIOKEHHBIM B MHTEpHETE Ha JoMaliHel crpanuie CynaHa MaTepaaiaMm,
cM. http://theory.csail.mit.edu/ madhu). PacckasbiBaiu Ha cemuHa-
pe B oCcHOBHOM A. PomaiieHko u A. PymMsiHLIEB, TEKCT NMOATOTOBUJI K I€YaTH
A. lleHs.

Mpi Onarogapusl Majnxy Cynany 3a j1100e3HO€ paszpelieHUe UCTIOJb30BaTh
€ro MaTEpPUaJIBI IIPH IIOATOTOBKE TEKCTA, W IPEIYIPEXIAEM, YTO BO3MOXKHbIC
OIIMOKU B 3TOM IEpPECKa3e LEJIMKOM Ha Hawel copecTd. Mbl Oarogapum Tax-
xe Ipuropust Kabatsinckoro u Ceprest Exannna, KOTOpbIE IOCMOTPEJIM 3TOT
TEKCT U yKa3aJli Ha HEKOTOphle (HBIHE UCHPABJICHHbBIE) OIIMOKH.

A. Pomawenko, A. Pymsinyes, A. lllens
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1. Kozapl ¢ ucrnpasJieHHeM OLIMOOK:
MOCTAaHOBKA 3a/1auM

[lycrb X — xoHeunslil angasum (MHoXecTBO Oykg). Uepes X" Mbl 000-
3HauYaeM MHO>KECTBO BCEX €108 (KOHEUHBIX TOCJIEJOBATEILHOCTEN OYKB) [UTH-
HBI 1 B andasurte X. Paccmosinue XommuHea Mexty ByMsl CIIOBAMH X . . . X,
Uy ...y, 13 X" omnpenessieTcsl Kak Yucio IMO3UIMI, B KOTOPBIX TH CJIOBa
OTJIMYAIOTCS (YUCIIO TeX i, MPU KOTOPBIX X; # ;).

Paccmotpum oToGpaxenne F: XX — X" npu k < n xak cnoco6 kKoampo-
BaHus MHGpOPMALMK 1pU e€ nepenade. [omyuns Ha BXoa c1oBo A € XK, mbl
nepesaéM 1o Kanajly cBsi3u cjioBo F'(A). B npouecce nepenaun HekoTopble
CUMBOJTBI ctoBa F'(A) MOTyT ObITh MCKaKeHBI. HecMOTpst Ha TO, MBI XOTHM,
YTOOBI OBUTO BOBMOKHO BOCCTAHOBUTh UCXO/IHOE CJIoBO A. JIpyrumu cioBamu,
MbI XOTHM, 4T00bI F'(A) Hedibsst ObIo cryTath ¢ F(A’) nake nocsie Toro, Kak
HEKOTOpble OyKBBI B 0O0OMX CJIOBAaX MCKaKeHbl. Ecim paspelaercst UCKaxaTb
He OoJjiee e no3uumil (B KaXK/10M CJIOBE), TO /ISl OJJHO3HAYHOT'O BOCCTAHOBJIC-
HUST HEOOXOJMMO M JTOCTATOYHO, 4TOOBI paccrostaue Mexay F(A) u F(A')
ObUIO 2e + 1 nm OoJblie.

Bosee opMasibHO, Kodom HasbBaeTcst oTobpaxenne F: 3K — ", 3na-
YEHMsI STOr0 OTOOPAKEHMST HA3BIBAIOTCSI KOOO8bIMU CI08amMu. MUHUMAJIbHOE
u3 paccrostamit d (F(A), F(A")) npu A # A’ Ha3bBaeTCsl MUHUMATbHbIM
paccmosiHuem xoga F. Koa ¢ MUHUMAJIbHBIM paccTosiHUEM d MO3BOJISET UC-
npasJisith e = | (d —1) /2| onmboK, MOCKOJIBKY MPK TAKOM e Iaphl pajinyca e
C IIEHTPaMH B KOJIOBBIX CJIOBaX He rnepecekaiotes. ([llap paamyca e ¢ neHTpoM
B cJioBe x € X" ompefensieTcsl Kak MHOXXECTBO BCEX CJIOB, OTJIMYAIONIMXCS] OT
X He Gosiee yeM B e nosuimsx. Yepes |¢| oBosHavaercs nesiast 4acTh YMCIIa
¢, TO ecThb HamOOJIbIIIEE 1IeJIOE YUCIIO0, He MpeBocxojsiee {.)

Takast «<ITOMEX0yCTOMYNBOCTb» KOJ]a BO3HMKAET, KaK [OBOPSIT, 32 CUET «U3-
OBITOYHOCTH» IIPH Nepeiade UHGOPMALMKM: BMECTO kK CUMBOJIOB Mbl Iepe/aéM
n CUMBOJIOB, 1pu 3toM n > k. Uewm Oouibiie e v uyem Oske k Kk n, tem
Jryurie xkof. KoHewHo, 9TH Ba TpeGoBaHMsI TPOTUBOpPEYAT APYT JAPYTY U OJHO
JIOCTUTAEeTCs 32 CYET APYroro.

3a7auy MOCTPOEHMST ONTHUMAJIBHOTO KOAA TPU JIAHHBIX X, N U € MOXHO
MHTEPIPETUPOBATH TEOMETPUUECKI: B METPHMUYECKOM ITPOCTPAHCTBE X" Hy)KHO
ynakoBaTh 0e3 MepeceyeHnil Kak MOXKHO OoJibllie 1IapoB pajauyca e. Jlpyroit
BapuaHT (OPMYJIMPOBKH: TpeOyeTcsi HAWTU KaKk MOXHO OOJIbIIE TOYEK C IO-
NapHbIMU paccTostHusiMA 2e + 1 wim Ooutsiite. Tlocne Toro kak mapsr (mx
LIEHTPBI) BBHIOPaHbI, MOXXHO B3SITh k, paBHOE IEJION YacTH Jiorapudma urcia
TaKWX I1apoB (TOYEK) M0 OCHOBAHMIO |X| (Yrciio GyKB BO BXOJHOM ajihaBute),



6 2. BazoBbie oueHkM

W TIPOM3BOJIBHO COTIOCTaBUTH CJIOBA JUTMHBI k C 1leHTpamu mapoB. (Ymcmo k
BbIOPAHO MAaKCUMAJILHO BO3MOXHBIM, TP KOTOPOM I1LIAPOB XBATHUT. )

Bb100p 2TOro cooTBETCTBUST (MEX/y KOAUPYEMbIMU CJIOBAMU U UX KOJAMU)
0e3pa3/IMueH, II0Ka Mbl HE HUHTEPECYEMCSI CJI0XKHOCTBIO AJITOPUTMOB KOJJUPOBa-
HMsI ¥ JICKOJIMPOBAHMSI. AJI'OPUTM KOJMPOBaHUSs Bbluucisier ¢yHkumio F, To
ecTh TIo BXoqHOMY cioBy X maét F(X). AIropuT™ IeKOIMpPOBaHMUS C UCTIpa-
BJICHUEM € OIIMOOK TOJTy4JaeT Ha BXOJ CJIOBO Y, OTCTOsilee OT HEKOTOPOro
komoBoro cioBa F(X) Ha paccrostHue He OoJbiie e, u Aa8T X Ha BBIXOJE.
EcrecTtBeHHO, MBI XOTUM, YTOOBI AJITOPUTMbI KOJIMPOBAHUSI U JIEKOJAUPOBAHUSI
ObUIA HE OYEHDb CJIOXKHBIMU U paboTaju ObICTPO.

2. ba3zoBble OlLIeHKH

ITpwm Kaxmx 3HaueHwsIx napamerpos g = |X|, k, n, e kox F: PILINECY S e
LpaBJIsiioLMii e o1MbOK, CylIeCTBYeT, a 1py Kakux Het? JBe camble npocrbie
OIICHKH (C TOM U JIPYroil CTOPOHBI) TAKOBbI.

I'pannna XomMmuHra

Eciiu Ko/l ¢ yKa3aHHBIMU TIAPAMETPAMHU CYIIECTBYET, TO
k
q" Vy(e,n) < q".

3mech uepes V, (e, n) obo3HavaeTcsa 0OBEM (IMCIIO JIEMEHTOB) Iapa panyca
€ B IIPOCTPAHCTBE CJIOB [UIMHBL n B ajipaBute u3 g OykB. (OYEBUAHO, YUCIIO
2JIEMEHTOB B IIIape HE 3aBHCHT OT TOTO, KaKOW y HEro IEHTP.)
B camoM Jiesie, eciim Koji CyIIeCTByeT, T0 g 1apos ¢ nenTpamu B KOJ0BBIX
CJIOBAX MOMENIAIOTCSI B POCTPAHCTBE U3 ¢" DyIeMeHTOB Oe3 MepeceyeHuil.
Jlorapumupysi, MOXXHO TIEpENHCaTh TO HEPABEHCTBO (KOTOPOE HA3BIBAIOT
TaKxKe oyeHkol XommuHea nnu epanuyeil XoMmMuHea) B TaKOM BUJE:

log, V,(e,n
5+M<1
n n

[epBoe cimaraeMoe MOXHO Ha3BaTh «KOX(DPUIIMEHTOM MOJIC3HOTO JICHCTBUSI»
KOJla: OHO TIPE/ICTaBJIsIeT coOOl OTHOIICHNE JUIMHBI MepeiaBaeMoil nHpopMa-
uy K oOei nimHe kozma. (B nmrepaType ero 4acTo Has3bIBalOT «CKOPOCTBIO
KOJIa»).

B aHTJT0S13bIYHOM JIUTEpaType MpaHuily XOMMHHTA YacTO Ha3bIBAIOT volume
bound (volume — 00BEM).
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I'pannna I'unbGepra

Eciu
(" —1)V,(2e,n) < q",

TO CYILIECTBYET KOJI C IapameTpamu ¢, k, n, e.

B camom feinie, OyaeM BHIOMpaTh KOJOBBIE CJIOBA OHO 3a JAPYTUM IPO-
M3BOJIBHBIM 00pa30M, CJIEAS JIMIIL 32 TeM, YTOOBI PACCTOSHUS MEXIy HUMH
ObLIM Oosbiie 2e. Ecii HOBOro cJjioBa BBIOPATh HEJIB3sl, ITO 3HAUUT, YTO BCE
MIPOCTPAHCTBO (B KOTOPOM ¢" JIEMEHTOB) MOJHOCTBIO MOKPBITO HIApaMH, Ka-
Kbl U3 KOTOPBIX COCTOUT U3 Vq(2e, n) syieMeHToB. Haile npeanosioxenue
TapaHTUPYET, YTO MPU 3TOM MMEETCS KaK MUHIMYM q" IApOB, YTO U Tpedy-
eTcsl.

IMepexons x jorapumam, yCaoBHE MOXHO 3aIicaTh TaK:

E N logq V,(2e, n) <1
n n

(111 TIPOCTOTBI 3aMTUCH MBI HEMHOTO YCUJIMJIN YCJIOBUE Y TEM CaMBbIM OCJIabuiIN
yTBEpKJCHUE O CYIIECTBOBAHMM KOJa, OTOPOCHB BBIUMTAHHUE €IMHUIIBI). DTO
HEpPaBEeHCTBO HA3bIBAIOT 2paruyeil [ unbepma. He cnemyer myTaTh aBTOpa 3TOiA
ouenku Onarapa I'mnoepra (Edgar N. Gilbert) co 3HAMEHUTBIM MaTE€MaTUKOM
Hasujiom Twiisbeprom (David Hilbert).

Pa3mep mapa

O0e 5TU OLEHKU BKJIIOYAIOT B ce0sl UMC/IO DJIEMEHTOB B LIape, HO3TOMY
MOJIE3HO MMETh ISl ATOTO 4ucJia XOTs Obl npuOmmkEHHyIo dopmyJy. s
cilyvast ¢ = 2 UMCJIO DJIEMEHTOB B LIAPE Pa/IUyca S PaBHO CyMMe OMHOMMAJIb-
HBIX K03 (pUIMEeHTOB

Y+ C+...+Cp.

[lpu s < n/2 (B OCHOBHOM Hac UHTEpecyeT 3TOT cilyvail, TaK Kak LIapoB
0OJIbLIEro pajidyca [Jaxe U ABa He IIOMECTUTCS) CJlaraeMble B 3TOM CyMMe BO3-
PACTaloT cJleBa HAIlPaBo U (C TOYHOCTDBIO JO I10JMHOMUAJIBHBIX OT 11 MHOXUTE-
Jieit) MO>KHO OIPaHUYMTHCS! TIOCJICAHUM cJlaraeMbiM. Yuciio coderannii MoXXHO
OLIEHUTH C MoMolbIo GopMyJibl CTupiiMHra. B HauteM ciydae 1ocTaTodHO Hc-
T0JTb30BaTh I0BOJILHO Tpy0oe npubmmkenue s pakropuania: k! ~ (k/e)k
C TOYHOCTBIO 10 MOJMHOMHUATBHBIX (M0 k) MHoxuTeneit. [lozxcraBnsis ero B
dopmyny C; = S,(n”ils),, HOJIy4yaeM, YTO IOCJIe[Hee claraeMoe B Halllell cymme
U BCSI CyMMa MOLYT ObITb 3allMCaHbl B BUJE

poly(n)2"H(p),
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rae p = s/n, a H(p) — sumponus Llennona pacnpenenenus (p,1 — p),
KOTOpasl OIpeNIesieTCsT KaK

1 1
H(p) =plog—+ ({1 — p)log——.
5p 51

JU1st Ipon3BoJIbHOTO ¢ (hOpMYyJia MMEET BUJT

V,(s, n) = poly(n)g"hP,

rae p=s/n, a
1 1
Hy(p) = |plog, » + (1 —p)log, T—p +plog,(g—1).

BoipaxkeHue B KBaJIpaTHOW CKOOKE, KaK U paHbllle, COOTBETCTBYET BbIOOPY HE
Oosiee 4eM pn NO3ULMIA, B KOTOPBIX €CTh OTJIMYMS (OT LEHTpa liapa), HO
HOSIBJISIETCS! €IE OJUH WIEH: B KaX/IOM U3 dTUX PN NO3ULUIA MOXET CTOSITh
Jo0oit 13 g — 1 CUMBOJIOB (HE CUMTAsl TEHNEPEIIHETO).

I'padpuxu

[ToJsie3Ho M300pasuTh rpaHuibpl XoMMuUHra U [widepra Ha ofHOM rpadu-
ke. [lo ropusoHTasIM Oy/ieM OTKJIaIbIBaTh KOJOBOE paccTosiHue d (IpUMEpHO
PaBHOE 2e, yIBOGHHOMY UMCJIy MCHPABIISIEMBIX OIMOOK) B JOJISIX 13 MO Bep-
TUKaJIM — KO3(PULMEHT 110JIe3HOI0 JieicTBUsl Koja (orHouienue k/n, rie
k — 4nCIO KOMMPYEeMBIX CHMBOJIOB, @ N — JUTHHA KO/A).

OrpannumnMcst ciiydaeM g = 2 U OyJeM MCIOJIb30BaTh NPUOJIMKEHHYIO
(opmyity aiist 00bEMA 1Iapa.

Heobxoaumoe ycioBue CyleCTBOBAHUE KOJA, UCIPABJISIIOLIEIO € OLIMOOK
(rpanuua X>MMUHIA):

% + H(e/n) <1+ O(logn/n).

ﬂOCTaTO‘{HOG ycCJIoBUE CYIIECTBOBAaHUSA KOJA € PACCTOSAHUEM HE MCHbBIIIC d

A H@m <1 Otogn/m.

@opMyJIbl ITU HOXO0XH, HO TOJILKO d U e OTJIMYAIOTCS! IPUMEPHO B /IBa pa3a.
[TosToMy rpadux [Jisi rpaHUIbl XOMMUHIA TOJy4YaeTcsl JBYKPATHBIM PacTsi-
JKeHMeM rpaduka JUIs rpaHulibl [M16epta 1o ropusontamu (puc. [I).
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1/2 Ko/la HeT

> d
12 i din

Puc. 1. I'panunbl Xommunra u [undepra.

[To 2Toi1 KapTUHKE MOXXHO ONPEAEC/UTb, CKAXKEM, YTO KoJa ¢ KO3 Puim-
€HTOM MOJIE3HOTO JiehcTBust 1/2 u paccrosinueM B 1n/3 He CylIecTByeT —
COOTBETCTBYIOLIAsT TOUKA JISKUT BhIIIe TpaHuiibl XoMmuHTa. C ApYTOit CTOpO-
Hbl, KOJi C KoadulimeHToM roJiesHoro Jieiicrust 1/8 u paccrosiumem n/4 (n
TEM CaMbIM JIOMYCKAIOIMM HCIIpaBJICHUE 71/8 OUIMOOK) CYIIECTBYET — COOT-
BETCTBYIOIIAsl TOUKA JIEKUT HUKe rpaHulibl [unoepra. (Beé cka3zanHoe OTHO-
CHUTCSI K JIOCTATOYHO OOJIBILIMM 11, TAK KaK Mbl IIpeHeOperaiyu YieHaMy NOpsiKa
O(logn/n).)

UTo mponucxoanT MeX 1y STUMM T'PAHUIIAMHA — OJIMH M3 OCHOBHBIX BOIPO-
COB TEOPUH KOIUPOBAHMUSI, 10 CUX MOP He PEUIEHHBIN MOJTHOCTBIO (HECMOTPSI
Ha MHOXXECTBO YaCTUYHBIX PE3yJIbTaTOB).

3. CayuaiiHble KOIbl

I'panniuy Twibepra MOXHO JOCTUUb U APYTruMH criocobamu. B 3Tom pasje-
Jie MBI VICTIOJIb3YEeM CITYYaiHbI KO/, a B CJIEAYIONIEM pasjiesie — JIMHEHHBI.

IMyctb ukcupoBano HekoTopoe uncio N. Bynem BoioupaTh N KOTOBBIX
cioB &1, ..., EN ClyyaiiHO cpel " paBHOBEPOSITHBIX jieMeHTOB X.". Ilpu
9TOM MbI cuuTaeM Bee &1, . . . , &y HesaBUcUMbIMU. (B yacTHOCTH, BEpOSITHOCTD
cosmazienust {; u §; Upu i # j OTJIMYHA OT HYJIsl, XOTSI U MaJIa.)

st pukenposansoro i € {1,..., N} paccMOTpuM BepoSITHOCTh TOTO,
YTO B HIAp pajuyca 2e c LeHTpoM &; TOMajayT ApYrue KOJIOoBble ciioBa. Be-



10 4. lnHenHble Koapl

POSITHOCTD Tomajianus §; ¢ AaHHBIM j paBHa V,(2e,n)/q" (none npoctpas-
CTBa, 3aHMMAaEMoii IapoM paauyca 2e); BEPOSITHOCTh TOTO, UYTO XOTSI ObI OI-
HO §; (upu j # i) momanér B 3TOT 1ap, He Gompwe NV, (2e,n)/q". By-
JIEM Has3blBaTh T€ [, IPU KOTOPHIX B LIAP C LIEHTPOM B &; MONAJM JIPyrue
&;, «aoxummy». Torja BEPOSITHOCTL KAXKI0TO i OKA3aThCsl IJIOXMM HE 00JIb-
mwe NV,(2e,n)/q". [looToMy MaTeMaTH4eCKOe OXHMJAHHUE UMCJIA IUIOXHUX i
He GoJpire N2 V,(2e,n)/q", a MaTeMaTH4YeCcKoe OXMAAHUE OOMU TUIOXHX |
(cpemu Beex uncen 1,..., N) — ne 6ompme NV, (2e,n)/q".
[Mpenmnomnoxum Tenepb, 4TO

NVq(ie,n) <12

(BIBOE MEHBIIIEE YMCJIO KOMOBBIX CJIOB, YE€M JOMyCKaeT rpanuna Iuiadepra).
Torma MaTeMaTUUECKOE OKUAAaHUE JOJU TLIOXHUX | He GoJiblie 1/2.

WUrak, ecin BbIOMpaTh KojoBbie cjioBa &, ..., &N CilyyallHO, TO YMCJIO
IJIOXUX [ B cpefHeM (yCpeQHEHUe MO BBIOOpY CIIydaiiHOTO KojJa) OyJaeT MeHb-
e N/2. CrnemoBaTesbHQ' |, Cpei BceX BO3MOXKHBIX BBIOOPOB KOJIOBBIX CJIOB
CYILIECTBYET TAKOM, IIPU KOTOPOM 3Ta JIoJisl He Oosibiie 1/2.

3aduKCUpOBaB OJIMH U3 TAKUX BAPUAHTOB U BHIKUHYB IJIOXHE KOJIOBBIE CJIO-
Ba (KX He 0oJiee MOJOBUHBI) , MbI [IOJIyUUM KO/l C PACCTOSIHAEM He MeHee 2e+1,
KOTOPBI BCETO JIMIIL B YETHIPE Paza Xyxe (M0 YMCIy CJIOB — MBI HAYAJH C
B/IBOC MCHBIIEr0 YMCJA, /1a €lE OTOPOCUJIM IMOJIOBUHY), YEM IMOCTPOCHHBIM
paHee. YMeHbIIIEHHE KOJIMYECTBA KOJIOBBIX CJIOB B UETBIPE Pasa O3HAUYaeT, 4To
MbI yMeHbIIaeM Kk (4KCiio GUTOB, ONPEIEIISIONIUX KOJOBOE CJIOB) JIMIIb Ha /[Ba
oura.

4. JIu”eliHble KOIbI

Eciu g ectb creneHb mpocTroro ymcia, To (Kak M3BECTHO U3 ajreOpbl)
cymecrsyer nosie F, u3 g sneMeHTOB. B 3TOM Cjlyyae MOXHO CUMTaTh, YTO
> = Fy, a cioBa 00pasyloT BEKTOPHOE IIPOCTPAHCTBO (Pa3sMEPHOCTH 1 WJIK
k) man F,. B ool cuTyanum BO3HMKAeT NOHSITHE JUHelHO20 Koja. Taxoii

! 10T cnocod BepoATHOCTHOTO JI0KA3aTeNIbCTBA CylIECTBOBAHUS YaCTO MPUMEHSETCS B KOM-
OMHATOpHKE: YTOOBI YCTAHOBUTH, YTO CYUIECTBYET BAapHAHT, NMPU KOTOPOM KaKas-TO BEJIMYMHA
BeJMKa (M Majia), MBI JIOKa3bIBAEM, UTO €€ CpPeHEE 3HAUEHWE MO KaKOMY-TO PacTIpeleJIEHHIO
BEPOSITHOCTEN BeJIMKO (11 Masio). Hanpumep, BepumHbl 1100010 rpada MOXKHO Tak pacKpacuTh B
1Ba 1BETA, YTOOB! KaK MUHMMYM IIOJIOBUHA PEOEP COEAMHSAJIA BEPIIMHBI Pa3HbIX IIBETOB. B camom
neJie, TIPU CJIy4aiiHOi packpacke KaxJ0e PeOpPO OKa3bIBAETCS «PA3HOLBETHBIMY C BEPOSTHOCTHIO
1/2 u moToMy cpedHsisl JOJIsT pa3HOLBETHBIX pEbep paBHa 1/2.
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KOJI IIPEACTaBJIAET co0oi ymneiinoe (Hax F,) oroOpakenue IF’(; — IF‘Z 2T10
oTobpaskenue 3a1aércs MaTpuiieil pasmepa n X Kk, DJIEMEHTbI KOTOPOU IpH-
Hajuexar nojo IF,.

MHOXeCTBO BceX KOAOBBIX CJIOB JIMHEHHOrO Koja (00pa3 3Toro oroodpa-
JKEHHs1) NpeCTaBiisier coboit noanpocrpancrso B Fy. B cuity smneitnoctyn
OKPECTHOCTH BCEX KOJOBBLIX CJIOB YCTPOEHBI OJMHAKOBO (OTJIMYAIOTCSI C/BH-
rom). [loaToMy MHHMMaJIbHOE PAcCTOSIHHE JIMHEWHOTO KOJla MOXXHO M3MEPSITh
B JII0OOM TOYKE, B YACTHOCTH, B HYJIC: OHO PaBHO MUHUMAJILHO BO3MOXXHOMY
YKCITy HEHYJICBBIX KOOPAWHAT B HEHYJIEBOM KOJIOBOM CJIOBE.

Takum obpa3oM, ISl TOCTPOCHHUSI JIMHEHHOTO KOAa C PACCTOSIHUEM OOJIb-
e 2e J0CTaTouyHo ykazarh k-mepHoe nojupocrpaHctBo C B 1pocTpaHCTBe
]F;, BCE HEHYJIEBbIE BEKTOPHI KOTOPOIO COfiepXaT OoJiee 2e HEHYJIEBBIX KOOp-
JUHAT (HE MOMAJAIoT B IIap pajuyca 2e ¢ IeHTpoM B HyJsie). CaMo KOJIoBOe
OTOOpaXkKeHue ]Fé — C nociie 3TOro MOXHO BbIOPATH JIIOOBIM, JIMIIb Obl OHO
ObLTO M30MOP(U3MOM JIMHEUHBIX [TPOCTPAHCTB.

YToObl MOCTPOMTH MCKOMBIN JIMHEHHBIN KOJ, OyaeM [100aBisiTh B Oasuc
noanpocTpancTBa C BEKTOP 32 BEKTOPOM, CJIE/Is 32 TeM, YTOOBI KOJIOBOE pac-
CTOSIHME OCTaBaJloch Gouibliie 2e. [lycTh yke ecTh s Ga3sMCHBIX BEKTOPOB, KO-
TOPbIE MOPOX/IAIOT HEKOTOpOe NoAnpocTpancTBo. HoBblil (100aBJisieMblii) Oa-
3WCHBI BEKTOpP JOJDKEH OBITh HA PACCTOSHUM OoJjiee 2e OT BCEX BEKTOPOB
MOAMPOCTPAHCTBA; 3TO, KaK JIETKO TOHSITh, TAPAHTHPYET, YTO M IMOCJE €ro
J00ABJICHUS PACCTOSIHUE MEXK/Y JIIOObIMU JIByMsI BEKTOPAMU OCTAHETCsI 0O0JIb-
e 2e. JIpyruMu ciioBaMu, HOBBI BEKTOP JIOJDKEH JIEKaTh BHE OOBEANHEHNUS
q°® mapoB panamyca 2e.

TakuM 00pa3oM, JJis TOJIydeHus: K-MEPHOTO MOANPOCTPAHCTBA JIOCTATOY-
HO BBITIOJTHCHHUSI HEPABEHCTBA

q"’l Vy(2e,n) < q".

DTy OleHKY Ha3bIBaIOT rpanuneit Bapwamosa —unbepma. OnHa 4yTh Jydlie
oleHku B rpannne IunGepra (Tam 66110 gX — 1, a Teneps g* '), Ho 510 pac-
CY>KJICHHME TOJUTCSI JIUIIb [P HEKOTOPBIX ¢ (CTEMeHsIX MpOoCThIX unces). [Ipn
CTPEMJICHUM N K OECKOHEUHOCTH oLeHKM [wiidoepra u Bapuiamosa —[uiibepra
JIAI0T O/IMHAKOBbIE ACMMITOTUYECKUE OLIEHKM JUIsl OTHOIIEHUsT K/ 1.

3aMeTHM, 4TO B CJIyyae JIMHEHHOIr0 K0/1a KOIMPOBAHUE BBIMIOJIHSIETCS JIETKO
(YMHO>KEHHME Ha MaTpHILy KOJia), HO PO AEKOIMPOBAHKE MO-TTPEKHEMY HUUETO
XOPOIIETro CKa3aTh HEJb3sl (XOTSI JJISI HEKOTOPBIX JIMHEMHBIX KOJIOB, KaK Mbl
YBU/IUM, CYLIECTBYIOT OBICTPBIE QJITOPUTMbI JEKOUPOBAHMSI).

Jluneiinoe noANPOCTpaHCTBO pasmMepHocTu k B mpoctpancTse Fy moxHO

3a/1aBaTh HE TOJIbKO KaK 00pa3 JIMHEMHOro olepaTopa IF,’; — Fg, HO U Kak
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S7IpoO orepaTopa IF(’; — IF(’}*", MMEIONIEro MaKCUMaJTbHBINA paHr (n — k). Ta-
Kol oriepatop 3a/1aérest Matputieit T u3 n — k cTpok u n cTosioioB. Bekrop-
CToJI0ElL X BBICOTHI 1 SIBJISIETCSI KOJOBBIM CJIOBOM TOI'JIa ¥ TOJIBKO TOTJa, KOTAa
Tx = 0 (n— k ypaBHEeHUI C n EPEMEHHBIMU; MOXHO CKa3aTh, YTO ITU ypaB-
HEHUSI TTPEACTABIISIIOT OO0 «KKOHTPOJIBHBIC CYMMBI», KOTOPBIC Y KOJIOBBIX CJIOB
TIOJIKHBI PABHSTHCS HYJIO). DTa MaTpHUIla HA3BIBAETCS NPOBEPOUHOIL, TIOCKOIIb-
Ky YMHOXKEHHEM Ha He€ TpOBepsIeTCs] IPUHA/JISKHOCTh MHOXKECTBY KOJOBBIX
cioB. Kop ¢ posepouHoit Marputieit T umeer paccrosiiuie d TOTA U TOJBKO
Torja, Korjaa joosie d — 1 crosndioB MaTpuibl T JIMHEHHO He3aBUCHMbI. B
CaMOM [IeJie, KOJIOBOE CJIOBO, B KOTOPOM Jiuilib d — 1 HO3UIHMEA OTJIMYHBL OT
HyJIsl, KaK Pa3 W BbIPAKAET JIMHEHHYIO 3aBUCMMOCTh MeXy d — 1 croJibiamu
MIPOBEPOYHON MATPUIIBI.

5. Koa XamMmuHra

Celiuac Mbl paCCMOTPUM CJIy4yail, Korja yJa€rcsi yka3aTb IIPOCTOH KOJ ¢
HAMJTYYIIMMU BO3MOXKHBIMU MapaMeTpam (Iaphl MIIOTHO 3aMOJIHSIOT BCE MPO-
CTPaHCTBO, JIOCTUTAsI TPAHUIIBI XOMMHUHTA). DTOT KO/ Ha3bIBaeTCsI K0OoM XoM-
MUuH2a 7 TIO3BOJISIET UCIPABIISITH OJIHY OLIMOKY, TO €CTh UMEEeT MUHUMAJILHOE
paccrosiaue 3.

Pacemotpum asiasut u3 aByx Oyks B = {0,1}. Msi Gyaem paccmarpu-
BaThb €I'0 KaK I110JI€ U3 JIBYX DJIEMEHTOB CO CJIOXKEHUEM () U YMHOXKEHUEM 110
MOIYJIIO 2.

B mpoctpanctBe B” mrap pagmyca 1 coctout uz n+ 1 5emMeHTOB (IICHTP U
elé n CJIOoB, OTVIMYAIOLINXCS OT LEHTPAJIBbHOIO B OJHON U3 n no3uuuit). Beero
csioB 2", 1MOSTOMY IIAHCHI HA YKJIAJIKY 1APOB 0€3 MpOOEJIOB M MEPEKPbITHI
ecTh, JHIIb ecnu 2" kpaTHO n+ 1, To ecTh ecim n+ 1 ecTh CTeneHb JIBOMKU:
n = 2% — 1 ans HekoToporo nesoro s (mpu n = 3,7,15,31, .. .; cayyaii
n = 1 TpUBUAJICH).

IIpu n = 3 ecrp 8 BeplMH Ky0a, KOTOpPble pa3OMBAIOTCSI HA JBa lIapa ¢
LHEHTPaMM B MPOTHUBOIOJIOXKHBIX BeplmHax. Kaxiblil 3 mapos copepkur 4
3JIEMEHTa, TaK YTO IUIOTHAsl YIAaKOBKA JEHCTBUTEIBHO BO3MOXKHA.

OkasbIBaeTCsl, UTO OHA BO3MOXKHA U IIPU OCTAJIbHBIX 3HAUECHUSIX N U3 yKa-
3aHHON cepun. UYTOObI yOEIUTHCSI B 9TOM, PACCMOTPUM IIPOU3BOJIBHOEC N =
2% — 1 u 3anmiueM Bce umcjia OT 1 710 n B JBOMYHONM CUCTEME IO CTOJIO-
aM Matpuibl (0T 1 B mepBoM CTOJOIE A0 n B MOCTEIHEM; KaXJ0e YUCIIO
3aMKChIBAETCSl CBEPXY BHU3, TAK UTO MJIAIIMI pa3ps)] OKA3BIBAETCSI BHU3Y).
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Hanpumep, npu n = 7 nony4utcst MaTpula

0 001 111
01 1 0 0 11
1 01 01 01

Crpoku 3Toi MaTpuLbl OYAEM PacCMaTpUBaTh KaK CIIOCOObI BBIYMCIICHUS KOH-
TPOJIbHbIX CyMM. ([lpyrumu cjioBamu, Mbl UCIIOJIb3YEM DTY MATPULY KaK IIPO-
BEPOUHYI0). A UMEHHO, MyCTh JaHO MPOU3BOJBHOE CJIOBO

X1 X2 X3 X4 X5 X6 X7

w3 B7. Jlns Hero Mbl BBIYMCINM TPHM KOHTPOJIBHBIX CyMMbI, CKJIA/bIBAs IO
MOZyJIIO 2 T€ OWUTBI, MPOTMB KOTOPBIX B MATPULE CTOUT €IMHUIIA: X4 B X5 P
X6 @ X7 (1St TIEpBON CTPOKM), X B X3 B X B X7 (MJISI BTOPOM CTPOKU) U
X1 © x3 © x5 D x7 (A1 TPETbEN CTPOKH).

MoXHO cKa3aTb, UTO Mbl YMHOXKA€M MATPULy Ha CTOJIOEL, C 2JIEMEHTaMU
(X1, ...,X7), moJty4ast CroJyioen] u3 TPEX KOHTPOJIbHBIX CyMM.

KonoBble cjioBa (IIEHTPBI 1IAPOB) — 3TO TE CJIOBA JJIAHBI 7, JIJ151 KOTOPbIX
BCE TPU KOHTPOJIbHbIC CYMMbI paBHbl HyJII0. JIMHelHas1 anredpa roBOpUr, 4ro
OHM 00pa3ylOT MOANPOCTPAHCTBO Pa3MEPHOCTH 4 (TpW ypaBHEHWS! Ha CEMb
HNEPEMEHHBIX; JIETKO MPOBEPUTDh, YTO YPABHEHUS HE3aBUCHMBI, IOCMOTPEB HA
TIepBbIi, BTOPOH M YETBEPTHIA CTOJIOLMBI), cocTosmiee w3 24 = 16 KoI0BBIX
CJIOB.

UTro ciryunTcs ¢ KOHTPOJIbHBIME CyMMaMM, €CJIM MBI OTOMIEM OT IIEHTpa
11apa Ha €MHHUILY, TO €CTh M3MEHUM KaKON-100 13 OUTOB X;? DTO M3MEHeHune
COOTBETCTBYET MPUOABJICHUIO CTOJIOLA C OJHOI €IMHUIIECH B i-Oif CTpPOKe, U
3HAUEHUSI KOHTPOJIbHBIX CyMM (M3 HYJIEBBIX) CTaHYT PaBHbIMU i-My CTOJIOILY
[IPOBEPOYHOI MaTpullbl, TO €CTb 00pa3ylOT JBOMYHYIO 3aluch uyucia [. Ta-
KUM 00pas’oM, 10 3TUM KOHTPOJIbHBIM CYMMaM Mbl BOCCTAHOBUM, KAaKOil OUT
W3MEHMJICS, U CMOXEM M3MEHHUThL €r0 0OpaTHO.

Mpl onucany ajaropuTM JEKOJMPOBAHUSI, UCIPABJISIIOIMIA OIIMOKY B JIIO-
00oM (HO TOJIbKO OJHOM) OuTe. OTClO/la aBTOMATUYECKU CJICYET, UYTO LIAPbI
He mepecekaloTcsi. Tem cambiM y Hac ecth 16 MapoB, Kax/blii 13 KOTOPBIX
COCTOUT U3 8§ DJIEMEHTOB, U BMECTE OHU LIOKPBIBAIOT BCE 128 3JjileMEHTOB Ce-
MUMepHOTO GyJieBa Kyba B’.

TouHo Tak ke JJIs1 IPOU3BOJIBHBIX § U n = 2° — 1 cTpouTcsl IPOBEpOYHAs
MaTpuIa 13 N1 CTOJIOLIOB BBICOTHI S (JBOMYHBbIC 3amucy unces 1,...,n). EE
CTPOKM yKa3bIBAIOT S KOHTPOJILHBIX CyMM JIJTsT BeKTOpoB n3 B". KomoBbIx ciioB
2775, B kaxJoM mape n+1 = 25 27eMeHTOB M OHM MOKPBIBAIOT B" MoJHOCTHIO.
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3aMeTnM, YTO ITOT KOJ He TOJILKO co8epiueHHblil (BCE MPOCTPAHCTBO 3aHsI-
TO IMmapamMu 6e3 MPoOeJIoB), HO W MMEET MPOCThIC AJTOPUTMBI KOJJMPOBAHUS U
nexkoqupoBanus. (I[Ipo IekomupoBaHue Mbl YK€ TOBOPUJIH; P KOAWPOBAHIA
MOXXHO CUMTAThb OWTHI X, Xz, X4 KOHTPOJIbHBIMH, 2 OCTAJIbHBIC 3HAYAINMH, W
BRIOMPATh KOHTPOJILHBIE OUTHI TaK, YTOOBI MOJYYNTh KOJOBOE CJIOBO.) EanH-
CTBEHHBI HEJOCTATOK KOJa X3MMHHTA — YTO OH WCIPABJISET TOJBKO OHY
OLINOKY.

3aMeuaHus.

1. MOXXHO BBIYEPKHYTb M3 MATPULbl 4aCTh CTOJIOLOB. IIpu 3TOM MBI 110-
JIy4lM KOJ] C TEM € UUCJIOM KOHTPOJILHBIX CyMM, HO C MEHBIINAM YUCIIOM OU-
TOB. OH yXe He OyJIeT COBEpIlIEHHbIM, HO OYAET JOCTATOYHO d(P(HEKTUBHBIM.
(boJibllle MMOJIOBUHBI CTOJIOLIOB BBIKKA/BIBATh HET CMBIC/IA, IOCKOJIBKY TOIZa
YoK JIydllle YMEHBLUIUTb BBICOTY MAaTpPULIBL. A €CJIA Mbl BbIOPACBHIBAEM MEHBILE
MOJIOBUHBI CTOJIOIIOB, TO TEPsieM He OOJIbIIE MOJIOBUHBI MECTA.)

2. AHanormyHoe NOCTPOEHHE BO3MOXHO U IIPU ¢ > 2, €C/IU CyLIeCTBYeT
nojie F, 13 g neMenToB (3T0 OBIBAET, HATIOMHUM, KOIZIA § €CTh CTEIEHb IIPO-
CTOro uucJjia). JlJist 3Toro HaIMueM B CTOJIOLAX MaTPULLI HEHYJIEBBIE BEKTOPDI
u3 [, mpruéM 13 KaX/0ro KJIacca HPONOPLHUOHAJIBHBIX APYT APYTY BEKTOPOB
OCTaBMM TOJILKO OjiMH. Bcero HenyJieBbix BekropoB ¢° — 1, B KaX/ioM KJiacce
q — 1 IpONOPIMOHATILHBIX IPYT IPYTy BEKTOPOB, TaK UYTO KJIACCOB (M CTOJIO-
1oB MaTpuibl) oymetr n = (g° — 1)/(q — 1). SlcHo, 4TO paHT MOJy4YEeHHOI
MaTpHUILbI PaBEH S.

W3meHenne 0JHOI NO3MIMK B KOJIOBOM CJIOBE M3MEHUT KOHTPOJIbHBIC CyM-
MBI Ha BEKTOP, MPOMOPILHOHATBHBIA OJHOMY M3 CTOJIOLIOB MAaTPHUIBI, U 1O MO-
CTPOEHMIO 3TOT CTOJIOEl (M TeM caMbIM HOMEp M3MEHEHHOTO CHMMBOJIA) OIIpe-
JeJIUTCS OJHO3HAYHO.

Konoseix cios 6yner g"~*, pasmep mapa 1+ n(g — 1) (B kaxjoit u3 n
HO3ULIMIT MOXHO 3aMEHMTh OYKBY Ha (g — 1) apyrux, na eum€ LeHTp lapa),
YTO PaBHO

qs_l s
1+ —(@—-1)=¢q".
+q71(q )=q

Taxum 06pa3oM, LIApbl 3aMOJHSIOT BCE MIPOCTPAHCTBO.

3. Huig JokasaTesIbcTBa TOIO, YTO KOJ XIMMUHIA MMeeT PacCTOsSHUE He
MeHblile 3, J0CTaTOYHO ObUIO Obl COCJIATLCS HA TO, YTO JIIOObIE BE CTPOKU B
Haueit Marpuie (=J1o0bie /1Ba CTOJIOIA B TPOBEPOYHON MATPULIEC U3 MPE/Ibl-
Oylero pasjesia) JUHEHHO He3aBUCHMBL. Ho HaM BaskeH M IIPOCTOM alIrOpUTM
JEKOUPOBAHUS.
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A

1yk/n

1/2

> d
12 i din

Puc. 2. [Ina aByxOykBeHHOro ajipaBuTa olleHka CHHIJITOHA cilabee OLIEHKU
X>MMuHTA.

6. HepaBencTtBo CHHIJITOHA

Jlas moGoro kona F: X¥ — X" ¢ paccTosnneM d BbIIoHSETCS Hepa-
gencmeo CuHenmoHa
d<n—k+1

(Ha3pIBaeMoe Takxke oyenkou wim epanuyeil Cunenmona).

B caMoM jiesie, TycTh uMeeTcst ¢ KooBbIX cJ1oB B X.". BhIIe/ M B 3THX
cyioBax 1epBble kK — 1 no3unuit. [1Jisi HEKOTOPOii Hapbl KOJOBBIX CJIOB 3TU k — 1
TO3UIMIA COBMAAAIOT 110 npuHLmy Jupuxie (uucio cios gk Gosbie umca
sapuantos gk~1). Paccrosiuue mesty takumm ciiosamu ne Gosibiie 1 — (k —
1) = n— k + 1, uto u TpebOBATIOChH /IOKA3aTh.

J17151 KOZIOB B IByXOYKBEHHOM aJI(haBUTE 3Ta OLIEHKA YCTYIaeT OLEeHKe X3OM-
MUHTa. A MMEHHO, [UISl KOJla C PacCTOsiHMeM d OHa OLICHHMBAeT CBEpXYy KO-
3G OUIMEHT [0JIe3HOro JIehcTBUst (CKOPOCTh) KOJa BesimuuHoit 1 — d/n, 4ro
COOTBETCTBYET LPSIMOIA, coeuusionieit Touku (0, 1) u (1,0) (puc. |Z[) Busno,
YTO 3Ta MpsIMasl COEUHSIET KOHIbI KPUBOI X3MMUHTA U JIEXKUT BbIIIE HEE.

s 6osbliiero pasmepa ajihaBuTa 3To yxe He Tak. Jlesio B TOM, YTO OlleH-
Ka XOMMUHIa He a€T HUYero xopoiiero npu d ~ n. PaccMoTpum, Hanpumep,
ciyvait ¢ = 3 W wap paauyca n/2 wi 4yTh MeHblie. CKOJIBKO 3JIEMEHTOB
B 21oM mape? TMo3uiumit HecoBMajieHus! IPUMEPHO Nn/2 Cpeiy n; BapUaHTOB
BeIOOpa He Oostee 2". [locsie Takoro BHIOOpa OCTAHETCS! BHIOPATh B KKION
TIO3UIIMY HECOBIA/IEHUSI OJJMH U3 JBYX HECOBMA/AIONMX CUMBOJIOB, IOJIyUUTCS
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He Gosiee 22, Takum oBGpa3oM, Iap panyca He Gosiee 1/2 COAEPXKHUT He Bo-
nee 2°"2 = (24/2)" 3neMeHTOB. A BCEro B MPOCTPAHCTBE 3" TOUEK, MOATOMY
OllCHKA Ha YMCJO IapoB OyaeT Bcero Jmib (3/ 2\@)" U KpuBasi XOMMUH-
ra He CTPEMUTCS K HYJII0 IpH NpuOmbkeHun d K n (B OTJIMYME OT HPSIMOii
CUHIJITOHA).

7. Koa Pupa— CoJioMmoHa

Paccmorpum koneunoe noJie F, u3 g ss1eMeHTOB (KaK Mbl TOBOPUJIM, 3TO
BO3MOXHO, KOT/J]a ¢ €CTh CTEeNeHb MPOCTOTO YMCJIa; JUTSl Hauyasla MO>KHO Orpa-
HIYNTHCS CJIydaeM, KOIJ|a caMoO ¢ TIPOCTOe, M PacCMaTpUBaTh IOJIe BHIUETOB
10 MOJYJIIO q).

Koaupyemoe cioBo apay . .. a1 (rae a; € X = F,) Oynem paccmarpu-
BaTh KaK MOCJIEIOBATEIBHOCTh KOI(PPHUIMEHTOB MHOTOUJICHA

AX)=ay+ax+ ...+ ak,lxk_l
crerieHn MeHblilie k. EMy cooTBETCTBYET KOJ/IOBOE CJIOBO, COCTOSIIEE M3 3HA-
YeHMit MHOrowsieHa A B n 3apaHee BHIODaHHBIX Toukax mousisi F, (ecrecTsen-
HO, YTO ISl 3TOrO Hajo, 4yToObl n < ¢q). U3 Kypca ainreOpbl U3BECTHO, UTO
JIBA PA3JIMYHBIX MHOTOYJIEHA CTENCHU MEHbIlle Kk MOTYT COBIA/JaTh MAKCUMyM
B k—1 Toukax. [ToaToMy sl pa3/IMYHbIX MHOT OUJICHOB UMEETCSI KAK MUHUMYM
n—k+1 rouek (cpean BbIOPAHHBIX HAMM 711) HECOBIIA/ICHUSI, TO €CTh KO/IOBOE
paccTosiHye nocrpoenHoro koda Puda — Conomona ne mensiie n —k +1. Tem
CaMBIM [UISI 3THX KOJOB HepaBeHCTBO CHHIVITOHA 0OpallaeTcs B PaBEHCTBO.
KonupoBanue BbinoJiHsieTcst nmpocro. HekoTopast nmpobJiema TyT C JI€KO-
JUPOBAHUEM: KaK BOCCTAHOBATb MHOIOWJIEH 10 TaOJIMLE 3HAYECHUi, TJe He-
KOTOpBIC 3HAYEHWsI MCMOpUeHbI? OKa3bpIBACTCSI, UYTO 3TO MOXHO CAEJIaTh 3a
HOJIMHOMUAJILHOE BpeMst (YEro € 1IEPBOIO B3LUISIIA HE CKAXKELb).

8. Jlexoauposanue xonoB Puaa — CosiomoHa

Wtak, mycTh mMeeTcsl TabiuIa 3HAYEHWI MHOTrouJIeHa P creneHn MeHb-
me k B HEKOTOPBIX N TOYKaxX, mpuuéM e = |(n — k)/2]| 3nauenmii B Heit
MOTYT ObITh HeBepHbIMH. (Takoe 3HaueHHE e COOTBETCTBYET UMCITy WCIPaBJIs-
€MbIX OILMOOK IPU KOJIOBOM paccrosiiuu d = n — k + 1.) [ipyrumu cjioBamu,
HAM JaHa MCKakEHHast GymKimst P, onpenesénuas B 1 TOYKAX M OTJIAYAIO-
masicss OT HEM3BECTHOTO HaM MHorouseHa P He Gosiee yeM B e Toukax. Kak
Haiitn P?
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[TockoJibKy 4MCIIO ONMOOK He OOJIblle e, CyIeCTBYyeT (IoKa UTO Hen3-
BECTHBII HaM) MHorowieH D(X) cTemeHH e, KOTOpPbIA oOpamaeTcsl B HyJb B
MecTax omMOOK. (JloCTaTOYHO MEPEMHOXUTH OJHOWIEHBl (X — ) JJIsl BCeX
@, TIe €CTh OUIMOKH; €CIM TaKUX MECT MEHbIIE €, JOMHOXXUAM Pe3yJIbTaT eié
Ha YTO-HUOY/b, UTOOBI MOAHSThL CTETICHD JI0 €.)

Torna P(x)D(x) paBho 15(x)D(x) BO BCEX 71 TOUKAX, MOCKOJIbKY pa3HHUIIA
Mexay P(x) n f’(x) NPUXOJUTCS Ha Te X, e D(x) = 0. Muorounen Q(x) =
P(x)D(x) umeer crernenb MeHbilie k + e. Takum 00pa3om, BepHa

Jlemma 1. CymiectByior Muorouiennl D(x) crenenu e u Q(x) crenenu
MeHbliie k + e, JUist KOTOPbIX P(x)D(x) = Q(x) BO Bcex n TOYKaX.

Y106HO JIOrOBOPUTKLCSI, YTO CTapinii koddduiment muorouieHa D (ripu
X¢) paBeH e/jMHMIIE, a OCTAJIbHbIE MOI'YT ObITh 1IpOM3BOJIbHbIMU. (To, uTO CTpa-
i KO3 PUIMEHT paBeH eANHUIE, aBTOMATUIECKN 03HAYAeT, YTO MHOTOUJICH
D(x) mmeer cremeHp poBHO e). Torma jgemmy 1 MOXHO CUMTATh YTBEpKIie-
HHUEM O pa3pelIMMOCTH HEKOTOPOIi CUCTEMbI JIMHEHHBIX ypaBHeHni. HensBect-
HBIMHU B HEHl SIBJISIIOTCSL OCTaJibHble € KoddduieHToB Muorowiena D u k + e
kod(duimeHToB MHOrowieHa () (Bcero k + 2e wTyk), a ypaBHEHUI B Heil n
(4To He MeHblle k + 2e, XOTA HaM 3TO U HE BAXKHO).

Tem caMbIM HEKOTOpPblE MHOTOWJIEHBI, Y/IOBJIETBOPSIONINE YCIOBUSIM JIEM-
MBI 1, MOXKHO HAlTH, pelmB 3Ty cucrteMmy. [IpaBaa, moka Mbl HE 3HAEM, Kak
OHM CBsI3aHbI C «HacTosimMuy D u Q. O6 3TOM roBOpUT

Jlemma 2. Ilycrp D(x) u @(x) — IPOU3BOJIbHBIE MHOT'OUJIEHBI, Y/JOBJIE-
TBOPSIOUIME YCJIOBUSAM JIEMMBI 1 (3TO 3HAYMT, YTO OHM UMEIOT HY’KHBIE CTETIE-
HU U PaBEHCTBO P(x)D(x) = Q(x) BBIMIOJIHSIETCST BO BCeX n Toukax). Tormga

(a) Q JIeJTATCSl Ha Ds KoJibLie MHOrowieHoB [, [x];

(0) yacTHOE O/ D PaBHO MCXOJHOMY (M ICKOMOMY) MHOrouwieHy P.

Jlokazareancrso. Muorounenst PD u Q uMeior crenens Menblie k + e.
OHH COBITAJAIOT BO BCEX TeX TOUKAX, e P = P, a TaKux TOYeK KaK MIHAMYM
n—e > k+ e, IO3TOMY 3T MHOTOUJICHbI PaBHBI.

l_[pI/IMeHHﬂ OTU ABE JIEMMBI, MbI TI0JIy4acM aJITOPUTM JAECKOAMPOBAHMSI KOIOB
Pupna— Cosiomona. O0a ero sTana — M pEelIeHNE CUCTEMbI JIMHEHHBIX YpaBHE-
HW#, W JeJIEHHe MHOTOUYJICHOB, — BBITMOJIHSIIOTCS 32 BPEMsI, TIOJJMHOMUAJIBHOE
or n uloggq.

3ameuanue 1. DTo yTBepk/ieHHE TPeOyeT HEKOTOPbIX NOsICHeHUH. [lesio
B ToM, uTo noje F, — Bemp abcrpakTHas. OHO EIMHCTBEHHO C TOYHO-
CTBIO /10 M30MOp(M3Ma, HO HE MMEET KAKOTr0-TO «KAHOHMUYECKOrOY» IMPECTa-
BJeHWS. MOXXHO /I0Ka3aTh, YTO €r0 AJIEMEHTHl MOXKHO TIPECTABUTh YMCIIAMU
0,...,q — 1 Takum 0Opa3oM, UTO OMEPAIUK CJIOXEHHUS, BRIYUTAHMUS, YMHO-
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KEHWSI U JIeJICHUs] BBITMOJTHSIOTCS 32 MOJMHOMHAJTbHOE OT log ¢ BpeMSﬂ. I[pn
UCTIOJIL30BAHUY TAKOTO MPE/ICTABJICHUSI aJITOPUTM JISKOIMPOBAHUS U Oy/eT To-
JITHOMUQJIBHBIM OT 71 1 log q.

3amevanue 2. MoXHO paccMaTpuBaTh TakXe 3aady O JCKOTMPOBAHUU C
OLIMOKaMU U HPOILyCKaMU (WJIM, KaK OObIYHO I'OBOPSIT, «cTupaHusimuy). [og
nponyckom Mbl IOHUMAEM HO3ULMIO, B KOTOPOIt OykBa Heu3BecTHa. (D10 Jiyu-
e, 4eM HeBepHasi OyKBa, TaK KaK MBI XOTsI Obl 3HaeM, B KaKoi TMO3HIINN
npodsieMa.) BumHo, uto miis JekoaupoBanust kofa Puma — CosoMoHa HYy>XHO,
YTOOBI YKCJIO MPOIYCKOB ILJIIOC YIBOSHHOE YKCJIO OIIMOOK HE MPEBOCXO/IVIIO
n — k (MOCKOJIbKY IIPOIYCK OJIHOM To3uiuu Aaét cHoBa ko Pujia — Costomona
¢ 3ameHOi n Ha n — 1). Tak YTO MPOMYCK CUMTAETCS 3a MOJI-OIMOKM («7aBa
repeessia — Kak OJMH MOXapy).

Bcem xoponm 3TH Kofpl, HO TOJBKO OHM TPEOYIOT AOCTATOYHO OOJIBIIO-
ro andasuta (pa3Mep ayndaBUTa JOJKCH OBITh HE MEHBIIE JJTMHBI KOTOBBIX
CJIOB, J1a €€ ObITh CTENEHbIO MPOCTOr0 YUC/A). YMEHbUIUTh aIaBUT MOX-
HO, UCIOJIb3YSI KOHCTPYKIMIO KACKaIHBIX KOJIOB, OMKCHIBAEMYIO B CIICAYIOIIEM
pasnesne.

9. Kackaanble Koabl

[Tycts uMeeTcst HeKOTOpPbBIA KO/, ¢ OOJIbILIM aJI(paBUTOM Y. MOXKHO J1d €ro
nepe/esiaTh B KO/l C MEHBIIMM (CKaXKeM, JBOMYHbIM) asidasutom? Hampumep,
MycTh Y cofepkuT 2° OykB. Torma MOXHO 3ammcaTh KaXIylo OYKBYy W3 X ¢
MoMouIblo Osioka U3 s outoB. [Ipu aTOM KOJ pILEN 3 [IPEBPATUTCSI B KOJI
B — Be".

KopoBoe paccrosiHue npu 5ToM He ymMeHbLIUTCS. B camoM Jenie, ecnu JU1st
MCXO/IHOT'O KOJIa OHO ObUIO d, TO TEneph [(Ba KOIOBBIX CJIOBA OTJIMYAIOTCS 110
KpaitHeii mepe B d 0JioKax, a omiMuMe B OJIOKE O3HAYaeT OTJIMYME XOTsi Obl B
OJJHOM OUTE ATOro OJIOKA.

OO0was AnMHa KOJOBBIX CJIOB, OJHAKO, BO3PACTET (B S pa3), TaK 4TO JO-
IIyCTUMBII IPOLEHT OIIMOOK B KOJOBOM CJIOBE YMEHBIIUTCS B S pas.

2 Ecinu g — npocToe Ymesio, TO 3TO COBCEM IPOCTO (ISl A€JIEHHs HAZIO UCTIOJIb30BATh AJII0-
put™ EBkinna). Ecim ¢ — creneHs mpocToro unciia (pyrux roJeit He ObIBaeT), To ectb ¢ = p"t
WISl IPOCTOTO P U HEKOTOPOro N > 1, To Takoe noJie u3oMopHo dakrop-koibiy Fp[x] no uae-
ajty, TIOPOXIEHHOMY HETIPUBOIMMBIM HaJl [F), MHOTOUWIEHOM CTETIEHM 71, Y CJIOKHOCTh TOJIBKO B
TOM, KaK HaliTH TaKoii HePUBOAVMMBI MHOTOYJIeH (YMHOXAaTh, TUTh ¥ IPUMEHSATD aNropuT™ Ep-
KJI/Ia JJ1s1 MHOTOWIEHOB MOXKHO OBICTPO). AJIFOPUTMBI MOMCKA HEMPUBOAMMBIX MHOTOUYJICHOB —
1eJ1ash Hayka; OKa3bIBAETCS, UTO 3TO MOXHO JeJIaTh IETEPMUHMPOBAHHO 32 MOJMHOMUAJIBLHOE OT
P 4 N Bpemsl, a BEPOATHOCTHO — 3a MOJIMHOMMANIbHOE OT log p u n (1o ecTh ot log q) Bpemsl.
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Bostee Haf&KHBIN ABOMYHBIN KOJT TIOTYYHUTCSI, €CJTH KOTMPOBATH OYKBHI aJl-
(aBuTa X OsokaMu He U3 S OMTOB, a U3 OOJIBIIETO YUCIA OUTOB, MPUUEM
WCTIOJI30BATh TIPH STOM KaKOW-JTMOO KOJI, UCIIPABJISIONINIA OIIMOKH.

B obmeM cimydae Takasi KOHCTPYKIHSI «KACKAJHOTO KOJa», WA «KOHKAaTe-
HALIMM» JIBYX KOJIOB, MPUMEHNMA K KOJaM

F:Zp =% u F:xb o5k,

ecm |¥| = [¥,]P. Torma kakmyio GykBy amdaBuTa Y| MOXKHO paccMaTpy-
BaTh Kak OJIOK U3 kp cUMBOJIOB ajihaBUTA Y, M KOJAUPOBATH OJIOKOM U3 1)
CUMBOJIOB aJyipaBUTa X).

@GopMabHO, ONpEiesIUM KOHKameHAYyulo «BHELHero» koga Fy u «BHY-
TpeHHeroy» kozja F, kak xoj

. vhkk mn
F:xhl _ ymm,

YToOb! HaliTH 3HaYeHWe F Ha ciioBe JUTMHBI ki kp, COCTaBJIEHHOM U3 OYKB al-
(baBuTa X5, 9TO CJIOBO HAJI0 Pa3OUTh HA ki OJIOKOB JtnHbL ky. Eciiu 311 6s10KU
currtath OykBamu ajihaBuTa X1, HOJIYUMTCS CJIOBO JUIMHBL Ky B ajibaBute Xy .
[pumenuB k Hemy koji Fy, mosiyuum cjioBo u3 ny 6s10koB Juiunbl ky. Ocraérest
3aKO/MPOBATh KAX/bI M3 ITUX OJIOKOB 10 OT/IEJBHOCTH KOJOM F,, 1osiyuns
ny OJIOKOB JUTMHBI 1, UK BCETO 1My OyKB alipaBUTa X).

Teopema. KomoBoe paccTosiHvie KOHKATCHAIIMM KOJOB HE MEHBIIE MPOU3-
BE/ICHUSI MX KOJIOBBIX PACCTOSIHUIA.

B camom gene, paccMOTprM [[Ba Pa3JIMYHBIX KOJOBBIX CIOBAa B KOHKATCHA-
uun. Kaskioe u3 HUX COCTOUT U3 1) OJIOKOB JJIMHON M. YcyoBue Ha Kox Fi
rapaHTHUPYeT, YTO MMEETCS O KpaiiHell Mepe dj pa3smuHbIX O0KoB. (Yepes
dy, dy Mbl obO3HauaeM KojIoBble paccTosiHUs KomoB Fy m F.) YcnoBue Ha
kon F, rapaHTupyeT, UYTO B KaXXJOU Mape pa3NyYHbIX OJIOKOB mMeeTcsl (Kak
MUHUMYM) d, OTJiMyaonimxcs OyKB, Bcero mnosiydaetrcs dyd, pasyinuuii.

Takum o0pa3oM, KacKa/HbIA KOl MO3BOJISIET WMCIPABJISITh OKOJIO dydy/2
ommooK (MOJOBMHA KO/IOBOTO paccrosinus). Ho kak MMEHHO 3TO crienats?

10. /lexoaupoBaHHe KaCKaJHBIX KOJIOB

[yctp ko F sBisieTcs1 KOHKaTeHarmelt koo Fy u F,. Nmes anroput™bl
JexoupoBanust st Fy u Fy, MOXXHO TIPE/IONKUTD CIIEIYIONINA eCTeCTBEHHbIN
JIFOPUTM JIeKojiMpoBanust Juist F: iekoanpoBaTh KaX/ bl OJIOK C MOMOLIBIO
F>-nexomupoBanus, a K TOJy4YeHHOMY CJIOBY NMPUMEHUTH Fi-ekoaupoBaHue.
YTOoOB! ATOT anropuT™ paboTall, B AECKOAUPYEMOM CJIOBE JOJDKHO ObITh HE
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bonee e; OIOKOB c OoJiee yeM e, omMOKaMu (rae e; U e; — JOIMyCTUMBIE
yrcia ommook uist kofoB Fy u F,). DTo 3aBemoMo OyAeT Tak, ecid ooiiee
YICJIO ONIMOOK (BO Beex OJIOKax) He OOJIbIIE € ey. YUUThIBas, 4To €; ~~ d; /2,
Mbl BUJIMM, YTO TAKOW aJIFOPUTM MO3BOJISIET UCHPABJISATH NpuMepHo dyd, /4
OIMMOOK, YTO COCTABJISET YETBEPTh KOJOBOTO PACCTOSIHUSI M BJIBOC MECHBIIE
MaKCHMaJIbHO JIOMYCTHMOT0 YMCJIa OIMOOK (KOTOpOoe MPUMEPHO PaBHO MOJIO-
BHHE KOJIOBOTO PACCTOSHUS).

Bosee ycroitumBbiit k ommoOkam (M TeM HE MEHEE JA0CTATOYHO (P(PEKTUB-
HBII) QJIFOPUTM JICKOJMPOBAHMUSI BOSMOXKEH, €CJIM B KaUECTBE BHEIIHEr0 KOja
(xak vacto OblBaeT) mpumensiercs ko Puja —Cosnomona. Toquresa u moboit
JIPyTOi KO, KOTOPBIA TMO3BOJISIET 2((PEKTUBHO TEKOTUPOBATH CIIOBA C OIIO-
KaMH U TPOITyCKaMH, HPUYEM IPOMYCK CUMTAETCS 3a MOJ-ommOku. B »ToM
cilyyae yaaérest UCHpAaBIisiTh J10 d) €y olMOOK (YTO COOTBETCTBYET IPUBE/IEH-
HOI1 BBIIIE OLIEHKE /IJISI MMHUMAJIBHOTO PACCTOSTHUSI KACKaHOTO KO/1a).

Henaercst 10 Tak. Kom F, mosBosisierT uchpasiisats e = [(dp — 1)/2]
ommoOok. [lycth 1an HekoTOpbld «niopory» ¢ B auanasoHe O...ep. (Kak ero
BBIOMPATh, MBI 00CyIUM fajbiie.) [losyunB muist aekoaupoBaHust nj OJIOKOB
MO 7, CHMBOJIOB B KaX/IOM, Mbl ITPUMEHSIEM aJITOPUTM F,-JIeKOMPOBaHUS K
KOKJIOMY OJIOKY B OTAEJBHOCTH, a 3aT€M /ISl TIPOBEPKM MPUMEHSIEM aJro-
PUTM KOJVPOBAHUS M CMOTPHM, B CKOJIbKMX TO3HMIUSAX €CTh oTimune. Ecim
MIOJIyYEHHOE KO/IOBOE CJIOB OTJIMYAETCS] OT MCXOAHOTO OJioKa OoJjiee 4eM B e,
MO3MLMSX (2 TAKXKE eCJIM aJTOPUTM JIEKOAMPOBAHMS BOOOIIE HE JaJ PE3yJib-
Tara), TO TOT OJIOK OOBSIBJISIETCSI KHEU3BECTHBIM». BoJiee Toro, ecjim 4uciio
OTJIMYMil B OJIOKE OOJIblE MOpora f, To OJIOK TakKe OOBSBISETCS] HEU3BECT-
HBIM. Pe3ysibTaThl IeKOTUPOBaHUSI OCTATHHBIX (KM3BECTHBIX») OJIOKOB BMECTE C
uH(OpMAIIKeil 0 TOM, KaKre OJIOKA HEM3BECTHBI, TIOIAIOTCSI Ha BXO AJITOPUTMA
JICKO/IMPOBAHUS Kojla F] — KOTOpBbIii, 110 HPE/IIOJIIONKEHUIO, YMEET paboTaTh
C U 1pOIyCKaMu W Vv ollMOKamu, ecsim u + 2v < dj.

Jlemma. Eciu obuiee yncsio ommOOYHbIX MO3ULIMI (Cpeiu nj 1y MOJAHHBIX
HA BXOJ[ OIIMCAHHOI'0 AJIFOPUTMA) MEHbIIE d| €3, TO OIMUCAHHBIN MPOLECC MO3BO-
JIUT TPABUJIBHO JIEKOMPOBATH UCXOJHOE CJIOBO XOTSI OBl MTPU OTHOM 3HAUCHUM
napamerpa f.

[pexxie yem 10Ka3BIBATH JIEMMY, 3aMETUM, UYTO OHA HE TOBOPUT, KaK HalTU
XOpOIliee 3HAUCHUE TapaMeTpa ! — HO ITO U HE HYXHO. MBI MOXeM mepe-
MPoOOBaTh BCe 3HAYEHUST (MX YKCIIO 3aBEJOMO HE MPEBOCXOAUT 11, TIOITOMY
9TOT nepeGop He MOBPEAUT MOJMHOMHAJIBHOCTH aJITOPUTMA) M 3aTEM IMpOoBe-
PUTH TIOJYYCHHBIC PE3yJIbTATHI C MIOMOIIBIO KOJUPOBaHUS (TIPABUJIBHBIN 10JI-
KeH aBaTh MeHee djd, /2 oTinumii).

Ocrajoch Jokasath JemMmy. [lpedmnosioxum, 4To HEKOTOpoe ! BLIOpPAHO.
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ITycTh £; — UCTMHHOE 4YMCIO OMIMOOK B i-M Oyoke (rmpu i = 1,2,..., ny).
Uncna €; HaM HEU3BECTHBI, HO MBI 3HaeM, UTO:

e cciid €; < I, TO [-i OJIOK JIEKOJIMPOBAH IMPABWJILHO (M COYTEH U3BECT-
HbIM) ;

ecam t < €; < dy—t, TO [-it OJIOK OOBSIBJICH HEU3BECTHLIM (MBI HE MOIJIN
TIPUHSITH €TO 32 JIPYroii OJ0K U CUeCTh U3BECTHBIM, TAaK KaK €CJU PACCTOSIHUE
JI0 Ipyroro IeHTpa I1apa He OOoJIbllIe f, TO PACCTOSIHUE [0 HALIEro LEHTpa He
MeHblile dy) — ¢ 10 HEPABEHCTBY TPEYTOJIbHUKA);

® HaKOHEIl, €Cii €; > dp — t, TO C [-M OJIOKOM MOXET OBITh BCsKOE (OH
MOXET ObITb COYTEH HEU3BECTHBIM UJIM ObITb IIPUHSITHIM 32 JPYroi OJIOK).

Takum oOpa3oMm, JUIst JAHHOTO ! BCe MHAEKCHl | = 1,2,...,n pessitest
Ha TPU KaTeropuu (3aJaBacMble TPEMSI YKa3aHHBIMU HEPaBEHCTBAMU HA €;).
KosnmyecTBo Takux MHEKCOB 0003HaYMM udepe3 «(t), B(¢) m y(t) cooTBer-
cTBeHHO. Ham J1ocTaTouHO Jl0Ka3aTh, UTO MPU HEKOTOPOM ! (M3 IPOMEXYTKA
0. .. ep) BbloOJHSETCS HepaBeHCTBO [ (1) +2v(t) < dy. (PeanbHast curyanus
MOXeT ObITh JIaKe HEMHOI'O JIydYlle, €cJii OJIOK ¢ OOJIBLIMM YUCJIOM OIMOOK
He ObUT IPUHSAT 32 JPYToif 6JIOK, a ObLT COYTEH HEM3BECTHBIM.)

YTOoOBI 10Ka3aTh CYIECTBOBAaHME TAKOTO 3HAUEHUs [, JOCTAaTOYHO YCTa-
HOBUTb, UTO CpeOHee 3HaueHUe BeJwuuHbl (B(t) + 2y(t) Mmenbuie d;. Ipu
YCPEAHEHUM Mbl CUMTaeM Bce 3HaueHusl ¢ oT O 10 e, paBHOBEPOSITHBIMHU, TO
€CTh pPeYb UAET TPOCTO O CPerHEM apu(METHUECKOM. A KOAMPYyEMOe CJIOBO,
€ro KOJ{ ¥ BHECEHHBIE B HEI'O OLIMOKM (M, TEM CAMbIM, YKC/IA €;) Mbl CUATAEM
(pUKCUPOBAHHBIMHU.

B cuily agIMTUBHOCT MaTEMaTUUYECKOTO OXKUAaHUS (JIMHEHHOCTU CcpejiHe-
ro apuMEeTUYECKOr0) MOXHO BbIUMCJIUTh CPEIHUI BKJIA/ KAXK/0TO OTIEIbHO-
ro i, a HIOTOM CJIOXUTD UX 110 BceM i. UTak, nmycTh (PUKCUPOBAHO HEKOTOPOE |
(1, TeM cambIM, 3HAUCHUE E;).

e Ecu £; < e, TO B TPETblO KaTErOPUIO MBI TOMACTh HE MOXEM, a BO
BTOPYIO IONAJEM, Korja ¢ < €;. BeposiTHOCTb 3TOro coObITHSI (OHA ke —
BKJIaJT | B MHTEpecyloliee Hac cpefHee) ecth €;/(ey + 1).

e Eciiu €; > e, To Mbl nonajiémM JiubO BO BTOPYIO KAaTEropuio, Jubo B
TPETHIO — TIOCJIE/IHEE CIIYUUTCsI, eCiin t > dy — €. BEposITHOCTH 1OCJIeAHETO
COOBITUSI PaBHA

(er+1) — (cdh — &)
€ + 1

MO3TOMY MaTeMaTH4ecKoe OKUJIaHWe BKJIaJa mosuimu i B B + 2y He mpeBoc-
XOIUT

s

82+1—d2+5i _262+2—d2+6,' <E,'+1 <i

1+ = <
e +1 e+ 1 e+l e
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(MBI MICTTOJTH30BAJTM TIPH OLIEHKE, UTO 2€; +1 < d): TaKOBO COOTHOIIIEHHE MEX-
Ty YMCJIOM UCTIPABJISIEMBIX OIMOOK W KOJOBBIM PACCTOSIHUEM [IJIs1 BHYTPEHHETO
KozIa).

3aMeTuM, YTO MOJTyYeHHAs! TOJIBKO UTO OICHKA BEpPHA (XOTS ¥ TPUBHAJIHHA)
npu €; > d,.

Takum obpazoM, cpefHee B 00OMX CIyYas)x HE MPEBOCXOJNT €;/ey IS
JAHHOTO [ U (): 6,') /€2 B CyMMe, UTO MO HPEJIIOJIONKEHUIO JIEMMbI MEHbIIE d)
(Bemb Y &; ecTb oDllee YKMCI0 OUIMOOK B KOJOBOM CJIOBE KAaCKaJHOTO KOJa).

JleMMa pgokazaHa.

11. Teopema ®opHu

Bynem paccMaTpuBaTh JBOMYHBIE KOABI C BO3PACTAIOLIEH JJIMHON KOJOBO-
ro cJioBa M TPebGOBaTh, YTOObI JI0JIsSI MCIPABJISIEMbIX OIMOOK (e/n B HaIlMX
o0o3HavYeHMsIX) U Kod(duimeHT nosiesHoro jeicrsust koga (k/n B Haimx
0003HAUEHHUSIX) OBbUIM OT/ICJICHBI OT HYJISI.

CylIecTBOBaHNE TaKMX KOJOB OYEBHIHO CJECTyeT W3 OleHKM Bapiamo-
Ba — [ubepra.

Ho ecom mMbI XOTHM, 4TOOBI aJrOPUTMBI KOJVPOBAHUS W IECKOAWPOBAHUS
Obl/i Obl JOCTATOUHO DPQPEKTUBHBI (CKAXKEM, I1OJMHOMUAJIBHBI 110 1, [JIMHE
KOJIOBOTO CJIOBA), TpeOyeTcst boJiee CJIOXKHAS KOHCTPYKIIMSL.

B 1Byx cinoBax 3ta kKoHCTpyKUumst (Dopuu, cepeuna 1960-x 1oj0B) Tako-
Ba: PACCMOTPUM KOHKATEHAIMIO IBYX KOJOB, IIPUYEM BHELIHUM SIBIISIETCS KOJL
Puna— CosloMoHa, a BHYTpEHHUii HIETCs 1epedOpPOM KOJOBBIX CJIOB, KaK B
JloKa3aTesIbCcTBe oleHKH Bapmamoa—Iunbepra. Eciayu BHyTpeHHHi koj uMe-
eT JuimHy KozoBoro cioBa O(logn), TO €ro MOUCK M aJrOPUTMBI KOJMPOBa-
HUSI/ JEKOIMPOBaHNUsT OyyT SKCIOHEHIIMAJILHBIMU OT 10g 11, HO MOJIMHOMHUAJIb-
HBIMU TIO 7.

O0OBsicHuM 3TO OoJiee oapooHo. [Ipu mocTpoeHnn kackaHOTro Koaa Kodd-
(PUIMEHTBI MOJIE3HOTO JICTBUS IEPEMHOXKAIOTCS, KaK U JIOJIU UCTIPABJIISIEMBIX
OLIMOOK (JjaXke eclIi He UCIIOJIb30BaTh YJIyYIIEHHBI alrOpUTM JEeKOJUpPOBa-
HUSL U3 NIpeJbIIyIiero pasjena). I1o3ToMy HaM HyXHO BCErO JIMIIb, YTOOBI
JUISL KQXKI0TO U3 JABYX KOJOB KO(DMUIMUEHT MOJIE3HOTO IEHCTBUS U JOJISI UC-
MPABJISIEMBIX ONMMOOK ObUIM OTJACJICHBI OT HYJISI.

JI1s1 HarssiAHOCTY BO3bMEM KaKo#-HUOY/Ib IIPUMEP C KOHKPETHBIMU 3HAYe-
HUsiMM T1apameTpoB. Dukcupyem HatypasibHoe kK u paccmorpum roJie F u3
2k snementon. Koampyemoe ciioBo 6yger coctoats m3 251 Grokos (uncio
OJ10KOB — TOJIOBMHA pa3mepa moJst). Kaxaplit 610k cogepxut k 6uTOB, TO
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€CTb TPeJICTaBIsIeT coboit yeMeHT nojist F. Mbl cuntaem O510ku Ko3(puiu-
eHTAMH MHOTOUJIeHa cTerienn Menbiie 241, BuemmuM kosom siBjisieTcs Koj
Puja—CosioMoHa: 0T KO3(PPUIUEHTOB TOI0 MHOIOUJIEHA Mbl NEPEXOAUM K
ero 3HayenusM Bo Beex 25 Toukax nosst. TIpu 5TOM 4MCII0 GOKOB y/IBaMBA-
ercsl.

Jasee Mbl KOIMPYEM IO OTJEJILHOCTH KaXK/Ibli OJIOK C TIOMOIIbIO BHYTPEH-
Hero koja. byaem cunrtath, 4To 1IpU KOJAMPOBAHUU OJIOK YJIUHSIETCS BABOE (U3
k ouros nosyuaercs 2k). Tpanuia Bapmamosa —uibepra (puc. [ na c. P)
IIOKA3bIBACT, YTO IIPU ITOM MOXKHO JIOOMTHCSI KOJOBOIo paccrosiust 10% (ot
JUTMHBI KOJIOBOTO CJIOBA, B JIAHHOM ciiy4yae 2k) W uchpabyieHust 5% OIIMOOK.

B urore KOHKaTeHaIMsI KO/IOB YBEJMUYMBACT YMCJIO OMTOB B 4 pasa u nme-
eT Koj0Bo¢ paccrosinue 5% (OT JJMHBI €j10Ba). IIpy 5TOM TpUBHMAJILHBINA aJ1-
TOPUTM JIEKOJAVPOBAHUS MO3BOJISIET UCOPABIATh 1,25% ommboK, a yJydlleH-
HblE — 2,5%.

OcCTaj10Ch OLCHUTD CJIOKHOCTh AJIOPUTMOB KOJUPOBAHUSI U JIEKOJMPOBA-
HUst. DNeMeHTHI Tosisl pasMepa 2F MOXHO MpeacTaBuTh k-GHTOBBIMU CTPOKA-
MH. BCIOMHMM IOCTpoeHHE 3TOro IoJisl, U3BECTHOE W3 Kypca anredpsl. Ero
MOXHO IOJIy4UTb, IPO(AKTOPU30BaB KOJIbL0 MHOrowieHos [F»[f] no Henpu-
Bo/MMOMY MHOrowieny crenenu k. (3gecy Fp, = {O, 1} — 1oJie U3 ABYX
asemenToB.) Kak HaiiT 3TOT HenpuBoguMbIil MHOrowIeH? Ceituac y Hac 60J1b-
1101 3armac BpEMEHH U MOKHO TIPOCTO UCHPOOOBATh BCE MHOTOWJIEHBI CTEIICHA
k, IpoBepsisl UX HENPUBOAUMOCTDb 1epeOOPOM BO3MOXKHBIX JesIuTesielt. ITo He
JIyYLIMii CIIoco0 NPOBEPKU HENPUBOJUMOCTH — JUJISI 3TOTO CYIIECTBYeT OoJiee
s>ddexTuBHbIl ancopumm bepnexksmna, HO UCHOJB30BaTh €0 HE OOS3ATEJIb-
HO, TIOCKOJIbKY MHOTOU/IeHOB 2K 11 BO3MOKHBIX JesmTeneii eme Meubie, TaK
4TO 1epedop OyAeT NOJMHOMUAJILHBIM 1O JJIMHE KOAMPYEMOI'0 CJIOBA, PABHOMN
k2*=1. Tocyie OTBICKAHKS TAKOTO MHOTOUJIEHA OTIEPAITMN B TI0JIe BHITOHSIOT-
csI 32 TIOJIMHOMHUANBHOE OT k BpeMst (4To Aaxke JIydlle, 4yeM Hy>HO). Tak 4uTo
€IMHCTBEHHASI CJIOXKHAS! OIEpallysl — 3TO IOUCK KO/, BBIIIOJIHSIEMBII IIPH J0-
Ka3aTeNbCTBE olleHky Bapiamopa — [ui6epra. Ho u on nommHoMuasien no 2%
(o kpaiiHeil Mepe B ABYX JI0KA3aTEJILCTBAX U3 TPEX NPUBEAEHHBIX HAMU — HE
TOZIUTCST OKA3aTEJILCTBO CO CIyYailHBIM KOZIOM, TaK KaK TaM BEpPOSITHOCTHOE
IIPOCTPAHCTBO MMEET pasMep JBONHHON 3KCIIOHEHTEI).

JlekoaMpoBaHNE BHYTPEHHETO KOJIA IIPU DTOM ITPOMCXOJUT € TIOMOLIBIO Tie-
pebopa BceX KOMOBBIX CJIOB BHYTPEHHETO KOJa (YTO JOMYCTUMO, TaK KaK HX
He Gosee 2%).

3ameuanme. Bvecto ucrioszoBanus mojist u3 28 siementos MoxnHO GbiIO
OBl (C UyTb Xy/JUIMMH TapaMETPaMM) HCTIOJIb30BaTh MOJIE BEIYETOB IO TPOCTO-
My Momysio p Mexay 2% m 2K+1, Takoe mpocToe umcrto cymecTByer («1mocty-
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Jat BepTtpanay», oH e TeopeMa YeObleBa), 1 HANTH €ro MOXXHO TepebopoM
(moJmHOMUAJBHOE OoT 2K unco BapUaHTOB).

12. Kox ®opuu — Bo3zenkpadra — FOcrecena

WNurepecnass moqudukanys koHcTpykuuun PopHUM M3 NPEABLIYIIETO pas-
nesia Obuta mpemsioxkeHa lOcrecenom. E€ myest B ToM, 4TO MBI HE OOSI3aHBI
UCTIONIB30BATh OJJVH U TOT e BHYTPEHHUI KOJ JIsl Bcex O510koB. bonee Toro,
€CJIU 17151 HEKOTOPO#i MaJIoif 4acTU GJIOKOB MBI BBIOEPEM HEy/auyHblil BHYTPEH-
HUIi KOJI, 3TO TOXE HE CTPALIHO (XOTS U IIPUBEAET K HEKOTOPOMY YMEHBIIEHUIO
KOJIOBOTO PACCTOSIHUSI KOHKAQTEHALIMN) .

Oka3sbIBaeTcst, YTO MOXHO (cJienyst BozeHkpadTy) npeaioxnuTs OYeHb MPo-
CTOE CEMENCTBO KOJIOB, OOJIBIIMHCTBO U3 KOTOPBIX XOPOIIHe. A UMEHHO, IyCTh
F — none us 2k snementos, mpencTapiennx k-6uToBBIME cTpokamu. [ls
Kkaxaoro o € F paccMoTpuM kof

Co:x—= (x,a - x)

(K IPOM3BOJILHBIM k OMTaM JOMUCHIBAIOTCS el k OUTOB, MOJydaeMble U3 Tep-
BBIX YMHO)KCHHEM Ha ¢ B cMblciie 110J1s1 ). Mbl OyieM cuutarth, 4To CII0XKEHUE
B 11osie IF' cooTBETCTBYET HOOMTOBOMY CJIOXKEHHUIO CTPOK 110 MOztyJiio 2. (Mmen-
HO TaK U TOJIy4yaeTcsl IpH MOCTPOSHUM TOJIs KakK (pakTopkoibla.) Toraa xox
C,, sBJIsIeTCS. JIMHEMHBIM (U1 JII000r0 2JieMeHTa o € IF).

He Bcerna xon G, xoporur. Hanpumep, pu o = O Mbl I0NKCHIBaEM HYJIH,
YTO COBCEM OECCMBICJIEHHO; IIPU ¢ = 1 MBI 1yOIMpyeM Kaxx/blii OMT cJioBa X,
4TO TOXE HUYEro xopouiero He gaér. Ho okasbiBaercs, 4ro npu Majbix € > 0
nosist tex o € F, npu koropbix KojoBoe paccrosiue koja C, GoJibiie €k,
OJIM3Ka K eJUHULE. DTO ClieJyeT U3 TAKOi JIEMMBI:

Jlemma Bozenkpadra. dons Tex o € F, npu koropwix ko C, umeer
KOJIOBOE PACCTOSIHUE He OoJiee S, He NTPEBOCXOJUT

Va(s, k)?
2k '

Mockombky Vs (s, k) ~ 2K/0) npy manbix s/ k 5To oTHolIeHKe, MpUMEpPHO
pasroe 2ZHE/O=Dk " 5rysio k mymo.

Hoka3aTesbcTBO JieMMbl Bosenkpadra coBcem npocro. Ilycth kogoBoe
paccrosiue st C, He Oosiblue S. [TOCKOJIBKY KO JIMHEEH, 3TO 3HAUYUT, UTO
HaWAETCS Takoe HEHYJIEBOE CJIOBO X, NMPU KOTOPOM oOlliee KOJMYECTBO €H-
HUIl B OUTOBBIX CTPOKAaX X M X He Oosblile s. B yacTHocTH, ciioBa x U ax



12. Kon, dopHu - Boserkpadra - OcTeceHa 25

HaxXOJSITCs B IIape paauyca s ¢ HEeHTpoM B HyJie. Torma koddduimeHt o
MIPe/ICTaBUM B BUJIE IPOOU, YUCIUTEh U 3HAMEHATEh KOTOPOIi JIeXKaT B yKa-
3aHHOM Illape, a TakWxX ApoOeil He OoJIbllle, YeM KBaJpaT YKCa SJICMEHTOB
mapa, 1o ectb V(s, k)2. A Bcero B nosie F umeetcst 2k JIEMEHTOB, 4TO U
JA€T YKa3aHHYIO OLEHKY.

Tenepb MOXHO HoOCTpoUTh Kackaiublit ko0 @opHu — Boszenkpagpma — FOc-
meceHa, UCHONb3ys Ul BHYyTpeHHero kofupoBanus Koasl C,. KonkperHo
9T0 BRIVISIAUT Tak. Kak u B koHCTpyK1Mu POpHU, Mbl HAUMHAEM C 261 60-
KOB JUTMHBI Kk, paccMaTpuBasi OJIOKM Kak dJIeMeHTHI Iojist F. DTH 2jeMeHTh
MBI CUUTaeM Kod(hQUIHEHTAMH HEKOTOPOro MHOrowIleHa P cTemenu MeHblie
2k=1. 3arem mbl Gepém 3Hauenus muorousiena P Bo Bcex Toukax x € F u
HoJBepraeM UX BHYTPEHHEMY KOJAMPOBaHMIO. B MaHHOM ciyuyae K 3HAUEHMIO
P(x) mb1 npumensieM koxt Cy, TO eCTb pacCMaTpHUBaeM Iapy

(P(x),xP(x))

Kak cJIoBO JuimHbl 2k. Bce 3TH ciioBa BMecTe um 00pasyloT KOJIOBOE CJIOBO
bt 252k

OtoT KOzt MMeeT Ko uuneHT noJiesHoro aeicraust 25% (yaJIMHSIET CJI0-
Ba B yeThlpe paza). KomoBoe paccrosiHEe 3Toro kofa (JeJEHHOE Ha JIJIMHY
KOJIOBOTO CJIOBA, TO €CTh B PAacUETe Ha OJVH CHMBOJI) OTJCJIEHO OT HYJIs, KaK
1 B KOHCTpYKUMU DOpHH.

OTO MOXHO JOKa3aTb IIPUMEPHO TakK: IIPU HEKOTOpoM &€ > 0 jmoJs Tex
x € F, npu xoropsix kojgoBoe paccrosinue koga Cy (B pacuére Ha CMMBOJI)
MeHbllle €, He IPEBOCXOAUT 1%. A OIUH MPOLEHT OJIOKOB BHEIIHEIO KOJa He
MOXET CUJIbHO IIOBJIMSTH Ha €ro KOJOBOE PACCTOSIHUE.

3amMeuaHus.

1. Ilpu 5Toit KOHCTPYKIIMM TTIOCTPOEHKE KOJA M KOJMPOBAHKUE HE TPeOyloT
nepebopa. OHAKO 1eKOJUPOBAHKE BHYTPEHHETO Kozia (B TeX OJIOKaX, Iie OHO
yIa€rest) mo-mpexHemMy TpedyeT rnepedopa BCeX BO3MOXHBIX KOJOBBIX CJIOB.

2. INocTpoeHHBI KO JIETKO OIHcaTh 0€30 BCSKOTO YIIOMMHAHWS O KOHKa-
TeHaluu. B camoM feJie, MBI Jies1aeM BeE Kak B Kojax Pumga — CoJjioMoHa, TOJb-
ko OepéM 3HaueHHMs1 (BO BCEX TOUKAaX TOJISI) HE OJHOrO MHOrowieHa P(x), a
AByx: MHOorowiexa P(x) u muorouieHa xP(x). [lpyrumu cjoBamu, Mbl 3aId-
CBIBaCM JAHHBIN HAM HAOOP DJIEMEHTOB MOJIsT B KOI(P(UIIMEHTH MHOTOUYJICHOB
TIBAX/IbI — HAYMHASI CO CBOOOJHOTO YJIeHa M HaYMHAS C TIEPBOil CTEMEHN —
1 00BETMHSIEM TIOJTyYEeHHbIE 3HAUCHHUSI.
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13. Ouenka [lnoTknHa

Paznnuue mexxty rpanuniaMu Xommunra u [wibepra ocoOEHHO pasUTeJIbHO
B IIPaBoii 10JIOBUHE pHC. [If mipu d > n/2 rpanuiia X3MMHUHra He 3amperiaet
CYILIECTBOBAHMS KOJIOB, a rpaHnia [WibepTa He TrapaHTHPYET WX CYIECTBOBA-
Hust. Uto ke mpoucxoaut Ha camoM jene? (Peub maEr o ABOMYHBIX KOAAX,
korma ¥ = {0,1}.)

MakcumasbHOE pacCTOsIHUE MeXTy /IByMs djieMenTamu B” paBHo n. Tou-
KU, MEX/y KOTOPbIMH TaKO€ PACCTOSHHE, OTJIMYAIOTCS BO BCEX MO3ULIUSX, U
MIOTOMY SICHO, YTO TPY TOYKHU C MONAPHBIMU PACCTOSIHUSIMU N HAWTU HEJb3sl.
Bonee Toro, maxe ecim ocinadbuTh TPeOOBAHMS M MICKATh TPU TOUKHM C MOMap-
HBIMH paccTOSIHUSIMA He MeHbllle 0,991, 310 Toke He yaactes:: ecmt B u C
omm4aoTcst oT A B 99% mect, To B coBnagaer ¢ C no kpaiineii mepe B 98%
MecCT.

AHAJIOTUYHOE YTBEPXKACHUE, XOTS U HE IO CTOJIb OYEBU/HBIM IIPUYMHAM,
CIIPABEVIMBO sl JII0Oo# o S > 1/2.

Jlemma. Ilycrs S > 1/2. KoJsimuecrso rouek B B”, nonapubie paccrosiHust
MEX/Ty KOTOPbIMU He MeHbllle 31, He TPEBOCXOIUT

1
— 4+ 1.
2B-1

3/1ech BaKHO, YTO OIICHKA HA YUCJIO TOYCK HE 3aBHCUT OT 1 (XOTS U 3aBH-
cut or fB: uem Ouimke B k 1/2, Tem ciiabee OLieHKa).

Jl0Ka3aTeJIbCTBO JIEMMBI. YI0OHO BMECTO TOCJIEIOBATENBHOCTEN HyJIel 1
e/IMHUI] PACCMATPUBATD MOCJIEIOBATEILHOCTH SIUHUIL U MUHYC €IUHUI], CUH-
Tast ux Bekropamu B R". Onpesiesnm ckasisipHoe mpoussesicHre B R”, mosioxus

_ Lxiyi

(X5 Xn)s s oo oY) = .

PasHuiia ¢ 0OBIYHBIM CKAJIIPHBIM TipomsBefqcHHEeM B R” cocTouT jwimb B J0-
[IOJIHUTEJIBHOM JICJICHUU HA 1. DTO TEXHUUYECKU YA0OHO, IIOCKOJIbKY IIPU STOM
eBKJIMJIOBA [UIMHA JIIOOOTO CJI0BA (KOTOPOE, HATIOMHNM, MBI CYMTAEM BEKTOPOM
13 IUTIOC-MUHYC €IMHHUL) paBHa 1.

Ecym paccrosiHe X3MMHHIa MeX/y JBYMsI KOJOBBIMU CJIOBAMHU HE MEHb-
e Sn, TO UX CKAJSIPHOE MPOU3BE/ICHUE OTPHUIATEILHO U He GoJibiie 1 — 2.
Terepb JIErKo MOJIyYUTh OLICHKY HA YKMCJIO BEKTOPOB: ecsu umeercss N enu-
HUYHBIX BEKTOPOB €1, ..., ey B EBKJMJIOBOM mpocrpancree V u npu srom
CKaJISIPHOE HIPOM3BEEHUE JIIOObIX JIBYX U3 HUX HE Oosiblie 1 — 2/, 10

0<(eg+...+ey,es+...+en) SN+NIN -1 —-2p8)
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(mmeetcs N kBazmpatoB 1 N(N — 1) momapHbIX HTPOW3BE/ICHUN Pa3IMYHBIX

BEKTOPOB), OTKy/Ja
1

N-1< 28-1°
4TO U TPEOOBAJIOCH B JIEMME.

TakoMm 06pa3oM, €csIi Mbl XOTHM, YTOObI KOJIMUECTBO TEpeaBacMoil MH-
(opManu pocJio ¢ pocToM 71, Ha UCIIpaBjieHUe OoJiee yeM 25% onmboK Ha-
JesIThCsl He NpUXOAUTCs. B yactHOCTH, B mpaBoii moJiouHe puc. [T] Hukakux
MHTEPECHBIX KOJOB HET, XOTs OLEHKa XIMMUHIA UX M HE 3allpelaeT.

Ecim TpedoBath, 4yToObl K0J0BOE paccTosiHue Obli10 OoJbiie 50% (paspe-
1ast eMy OBITh CKOJTb YTOAHO OJM3KMM K 50%), TO BCe YIJIbI MEX/Ty KOJOBBIMU
cJloBaMH OYAyT TYNBIMU M YHCJIO TOUYeK He Oosibliie 1 + 1, KaK MOKa3bIBaeT
cletyloliee poCToe yTBEPXK/ICHHE:

Ecnu neckonvko sekmopos esknudosa npocmpancmaa obpasyiom nonap-
HO mynbie yeibl, Mo nocie yoaneHus 1100020 u3 8eKmopos nouyvaemcs iu-
HellHO He3asuUCUMasi cucmemd.

B camom fente, IpearnosioxKnuM, 9To BEKTOPBI Xo, . . . , X 00pa3yloT MOMapHO
Tymble yribl. [TokaxeM, 4To Xi, . .., X; JIMHEHHO He3aBUCHMEBI. [lycTh 3TO He
TaK U

Aixt+ ...+ Xxg =0,

BeruepkHeM Bce HyJieBble KO3 (ULIMEHTE. Ecim ocTaBimecst K03 (QUIUEHTEI
UMEIOT OJIMH 3HaK, TO YMHOXHM CKaJISIPHO Ha Xo W HOJyYMM IIPOTHBOPEYHE:
CyMMa HECKOJIBKUX OTPHULATEJIbHBIX CKAJISIPHBIX MPOU3BEACHUI ¢ KO3 duLu-
€HTaMM OJIHOI'O 3HaKa PaBHA HYJIIO.

Ecim ocraBumecst Ko3(pPUIUEHTbH UMEIOT PAa3HbIEC 3HAKU, TO PA3HECEM KX
B PasHbIE YaCTH U MOJYYUM PaBEHCTBO

)\ixi—i—...:/\,-xj-l-...,

r7e Bce Kod(UIMEHTH! MOJOKUTENbHbL. Ecim 0be yacTu paBHBI HYJIIO, TO
cMOTpH BbIille. Ecim e HET, TO CKaJsIpHOE IPOW3BE/ICHUE JIEBOM YacTH Ha
IIPaBYIO0 OIHOBPEMEHHO INOJIOXKUTEJIbHO (KaK CKaJISIPHBINM KBaJpaT BEeKTOpa) U
OTPULIATEJILHO (KaK CyMMa OTPHULIATEJIbHBIX CKAJISIPHBIX IPOM3BEICHUI C HO-
JIOXKUTETBHBIMI Kod(punmeHTamMu). JInHeitHast He3aBICMMOCTh JIOKa3aHa.

Ecnm paspenmts 1 npsiMble yIuisl (Hapsily € TYIBIMH), TO MAaKCUMaJIbHOE
YHCJIO BEKTOPOB B N-MEPHOM €BKJIMIOBOM IIPOCTPAHCTBE BO3PACTET 10 27.
B camom nene, MOXXHO B3ATh IUTIOC-MHUHYC BEKTOPBI 0asuca, MX Kak pas 2n.
Bouibiiie BEKTOPOB B3sITh HE YAACTCSI:

Ecnu eekmopbl 8 n-mepHoM es8KIud080M npocmparcmae oopasyom no-
NAapHo npsiMble UAU NMynble yeibl, Mo UX YUCIO He Npesocxooum 2n.
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B camoMm ferne, MOXHO CUMTATh, UTO JIMHEHHasi 0OOJIOUKa BEKTOPOB CO-
BIIAJIA€T CO BCEM MPOCTPAHCTBOM (MHAUE MOXHO CBECTH JIeJIO K MEHbIIIEH pa3-
MEPHOCTH, PACCy*/1asi 0 UH/YKIIMK) U BEKTOPHI X, . . . , X, 00pa3yloT Oasuc.
Boipasum ocralibhbie X; (1ipu kK > n) depes X, . .., X,.

Ilar 1. 3amMeTnM, 4TO B TAKMX BBIPAXKECHUSIX BCE HEHYJIEBbIE KO(PHIImeH-
THI (2 B KaX/IOM M3 BBIPXXEHUI OHU €CTh, TOCKOIBKY X; 7 0) OTPHIIATENIBHBI.
B caMoMm Jene, IpenosioXKnuM, YTO 3TO HE TaK U B KAKOM-TO U3 BbIPAXKEHUI

Xp = Axt 4 ...+ Axy

ecTb MOJIoXKUTeNbHbIE A;. [lepeHecéM Bce oTpuiaTesbHbIE KOI(D(ULUEHTH B
JIEBYIO YacTb U HOJIyYUM PaBEHCTBO

X]‘+(—/\S)xs+...:)\,xt+...,

rae Bce KOX(QUIMEHTH TMPH X; MOJOXWUTEIbHBl U B TPaBOM YacTH YTO-TO
0CTaJIOCh (Be/b ObUIU MOJIOKUTENbHBIE K03 uiinenTsl). Torna npasasi 4acTbh
9TOrO paBeHCTBA (A 3HAYMT, U JIEBas)) OTVIMYHA OT HYJISl B CHUTY JIMHEHHOH He-
3aBMCUMOCTH BEKTOPOB Oasuca. [Iponssesenue JieBoit 4acTu Ha MPaByIo JOJIK-
HO OBITb OJIHOBPEMEHHO IOJIOKUTEJIbHO (KAaK CKAJISIPHBINA KBa/IPAaT HEHYJICBOI'O
BEKTOpa) U HEMOJIOXKUTEIBHO (TTOCKOJIBKY MOCIIE PACKPBITHSI CKOOOK CTAHOBHT-
CS1 CyMMO HETIOJIOXKUTEJIBHBIX CKAJISIPHBIX TIPOM3BE/ICHUN C MOJOXKHUTEIbHBIMA
koo duuuentamu). [IpoTrBopeune.

Mlar 2. Ecyin obuiee yncjio BEKTOPOB OoJiblle 211, TO BEKTOPbl X IIPU
k > n (ux He MeHbllle 1 + 1 WTYK B N-MEPHOM HPOCTPAHCTBE) JIMHEIHO 3a-
BucuMbl. Koa(ppuimeHnTs! UX Hys1eBoit IMHEIHHON! KOMOWHAIINM HE MOTYT OBITh
OJTHOTO 3HaKa, BE/b B BHIPAXKEHUSIX Yepe3 Oa3uCHbIE BEKTOPHI Xi, . . . , X, KOI-
(PMIIMEHTB OTPUNIATESBHBI U COKPATUTHLCSI JIPYT C JIPYrOM HE MOTYT. 3HAUMT,
€CTh pa3HbIC 3HAKM U MOXXHO CHOBA PA3HECTU MX IO PA3HBIM YacTsIM:

PsXs + .00 = [eXp + ...,

rae Bce KOO(@PUUUMEHTB fi; TOJOXKUATENbHbL. OO0 YacTu COAEpXKaT XOTsI Obl
OJMH HEHYJIEBOM WIECH U IOTOMY HE PaBHBI HYJIO (KaK MbI y>K€ 3HAeM IIpO
JIMHEHHbIE KOMOMHALMK ¢ K03 uimenTamm oHOro 3Haka). IToaromy ckassip-
HOe MIPOM3BE/ICHUE JIEBOI YAaCTU U NPaBOi OJJHOBPEMEHHO MOJIOXKUTEIBLHO (KaK
CKaJISIPHBIIL KBa/IpaT HEHYJIEBOIO BEKTOpAa) M HEMOJIOXKUTENLHO (KaK CyMMa
HEIIOJIOKUTEJIBHBIX CKAJISIPHBIX IPOU3BENCHUI C IOJIOKUTEJIBHBIMUA KO3 U-
uuenramu). [IpotuBopeune.

Takum 00pa3oM, Mbl NPUXOUM K oyeHke (epanuye) Ilomkuna: uucio
KOZIOBBIX CJIOB JUTHHBI 1 C TIONIAPHBIMU PACCTOSIHWSIMM HE MeHbIle 71/2 He
IIPEBOCXOIUT 27.
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14. Yay4dmenue oueHkd CHHIJITOHA

Nmes onenky [lnoTkuHa, BepHEMCS K PacCyJIEHUIO, MCIOJIb30BAHHOMY
JUIs1 TOKa3aTebCTBA OlleHKM CHHIVITOHA, U MOJIyYUM 00Jie€ CUJIbHYIO OLIEHKY.
Bynem paccmatpuBaTh cilydaii KOJOB B AByXOYKBEHHOM aJi(haBHTE.

ITycrb KoJ| MMEET JUIMHY KOJIOBBIX CJIOB N, JUIMHY KOAMPYEMOro cjioBa k n
paccrosiaue d (Mbl OyJIeM caTh JJIsI KPaTKOCTH « [, k, d],-Kozy; nHaeke 2 —
pasmep andasura). [Ipunuun Jupuxiie IOKa3blBaeT, yTo s Jioooro ¢ ot 1
1o k—1 cpenu 2k KOOBBIX CJIOB MOXKHO YKa3aTh 2k~ on10BBIX CITOB, KOTOpbIE
COBIIQ/IAIOT B IEPBbIX ¢ Outax. Ouu odpasyor [n—t, k—t, d],-koj1 (OCKOJIbKY
1iepBbie ¢ OUTOB COBIA/AIOT, d PA3IMYMIA [IPUXOSTCSl HA OCTaJIbHbIE N —
OUTOB).

JoxkaspiBast orieHky CHHTITOHA, MBI Opayn ¢ = k — 1 W 3amevasi, 4TO
JUUIS1 IOJIyYEHHOT 0 KoJIa (C ABYMsI KOJIOBbIMU CJIOBAMH) PACCTOSIHUE HE OOJIbIle
IJIMHBI KOJOBOT'O CJIOBA:

n—(k—-1)>d

Ter[epb MBI MOXKEM B3SITh MEHbIIIEE [, IIpA KOTOPOM Yy IOJIYYCHHOI'O KOJZa JIJINHA
KOZOBOI'o CJioBa 6y£[eT paBHa YABOCHHOMY PACCTOSIHULIO:

n—t=2d, wm t=n-—2d.

CornacHo onenke [110TKuHA, YMCII0 KOJOBBIX CJIOB HE IIPEBOCXOJUT Y/IBOCH-
HOWM JIJIMHbI:

2t <ad, wm k—n+2d <log(4d).

3ameuast, uTo d < n W Aeiisl HAa N, TOJIy4aeM OIEHKY

k d
—+2— <1+ 4logn/n.
n n

[Ipy GOJIBIIAX 7N NOCJEIHUM CJIAraeMbIM MOXHO IpeHeOpedb ¥ Ha puc. []

HOSIBJISICTCS] HOBasl I'paHula (IIyHKTUP Ha puc. [3).
Buano, uTO OHA KOe-T/ie CHJIbHEE, a Koe-Te cjiabee rpaHuIbl XOMMUHTA.

15. Koa Apxamapa

OkasbIBaeTcs, 4To oleHKa [TJIOTKMHA SIBJISIETCS TOYHOM, €CJIA N eCTh CTe-
nieHb BoMKH. COOTBETCTBYIONINI TPUMEP JOCTABJISIIOT KOJBI A/lamapa.
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1/2

> d
12 i din

Puc. 3. Ynyumenue rpanuiibl CUHIJITOHA.

Koo Adamapa coctout m3 2n KOIOBBIX CJIOB JUIMHBI 1, JIIOObIE /Ba W3
KOTOPBIX OTJIMYAIOTCSI JIMOO POBHO B TIOJIOBMHE MO3MIMI (TaK YTO COOTBET-
CTBYIOIIIIE BEKTOPbI OPTOTOHAJIBHBI), JIHOO BO Beex mosmimsix. Kox Agamapa
crpoutcst ipu n = 2°. JIJisl 5TOro MO3MIMHU B CJIOBE Oy/eM NPEACTaBIIsTh cede
KaK BEpIIMHBI S-MepHOTro OyJieBa kyoa B, a ciioBa — kak (ynkumm B® — B.
Takast Qyukuust 32a€TCsl CBOMMM 3HAYEHUsIMM B 2° = n BeplMHAX, M JTU
3HAYEHUsT 0OPa3yIoT CJIOBO JUTMHBI 11, HAJ0 TOJBKO (PUKCHPOBATh KAaKOM-IMO0
TOPSIZIOK Ha BepIIMHAX KyoOa.

B kauecTBe KOJIOBBIX CJIOB BO3bMEM ad(puHHbIE (DYHKIMU, TO €CTh (DYHKIIUU
BUJIA

(X1, . Xy > dp+ arxg + ..+ agX

npu ap, . . . , s € B (yMHOXEHHUE U CJIOKEHME — KaK B MOJIE U3 JIBYX DJICMEH-
ToB). Takast pyHKLMs 3a/1a8TCst HAOOPOM CBOMX KOI(D(DULIMEHTOB, U 110TOMY
nmeercst 28T = 2n adpuHHBIX PyHKIMA.

J1Be Takve (PyHKINM JTMOO pa3IMyaloTCsl BO BCEX TOUKAX (€CJIHM OTJINYAIOTCS
Jmib Ko3(p(hULUEHTOM @p), MO0 POBHO B IIOJIOBUHE TOYEK (0OOPA3YIOLIMX
ap(UHHOE TTOIMPOCTPAHCTBO KopasmMepHocTH 1 Hafg mojieM B). Kox Anmamapa
MOCTPOEH.

C ToukH 3peHusi CTPYKTYpBbl €BKJIM/I0BA MPOCcTpaHcTBa R, 0 KOTOPOM MbI
rosopusin B pasjiesie [[3], kosoBbie cioBa koja Ajiamapa SIBJISIOTCS! 11JII0C-MU-
Hyc 6a3MCHBIMM BEKTOPaMH OPTOHOPMHMPOBAHHOTO Oa3uca (3aMeHa 3HaKa COOT-
BETCTBYET JI00aBJICHUIO eMHUIIBI K ad(PUHHON (PYHKIMHU, TO €CTh N3MEHEHHIO
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a()).

WTak, x HacTOsIIIEMY BPEMEHHU y HAC €CTh TPU SIBHbIC KOHCTPYKIMM KOJIOB
JUTs1 IBYXOYKBEHHOTO ajipaBUTAa: KOJ XdMMHUHTa, Koa Popuu — FOcrecena — Bo-
3eHkpadTa u ko1 Anamapa. Kox XsmMuHra nmeer xo3((pUIMEHT MOJIE3HOTO
nevictBust, Omuskuit Kk 100%, HO UCHpaBiIsieT TOJILKO OJHY oumoOKy. Harpo-
TUB, KOJ AJlaMapa MCHPAaBJISIET HNOYTA YTO MAKCUMAJbHO BO3MOXHOE YHUCIIO
onmook (10 25%), HO 3aTO MMEET OYEHb MaJIblil KOX((DUIMEHT MOJIE3HOTO
neiicteust. Kox @opHYM 3aHUMAET MPOMEXYTOUYHOE TOJIOKEHUE: Y HEro U JI0JIs
UCTIPABJISIEMBIX OLIMOOK, ¥ KOA(D(PUIMEHT TOJIE3HOTO AEHCTBUSI OTAEJICHBI OT
HYJISI, XOTSl U HEBEJIMKHU.

Jns Gonplmx andaBUTOB CUTyalust jydiie: TaM koj Puma— CosomoHa
[IPY TOJIXO/ISIIEM BHIOOPE MapaMeTPOB MO3BOJISIET JOCTUYD JIIOOOTO 32/IaHHOTO
k02 PUIIMEHTA TIOJIE3HOTO JIEHCTBUSI U UCIPABJISICT NP ITOM MAaKCUMAaJIbHO
BO3MOXKHOE (110 HepaBeHCTBY CHHIVITOHA) YUCJIO OLIMOOK.

3ameuanue. Mbl 3HaeM, 4TO B Kojie AJaMapa KOJOBOE PACCTOSIHUAE pPaB-
HO 50%. Oanako y koja AJaMapa JUIMHA KOJIOBOTO CJIOBA IKCIIOHEHIIMAJILHO
0OJIBIIE AJIMHBI UCXOIHOr0 cooluenns (n = 2k ). Ecau MBI XOTUM SIBHO YyKa-
3aTb KO/, Y KOTOPOIro KOI0BOE paccrosiHue npuosimkaercst kK 50% (u rpanuie
[lnoTkuHa), a AJIMHA KOJOBBIX CJIOB MOJUHOMHAJIBHA (OT JIJIMHBI KOAUPYEMOTO
COOOIIIEHMSI), TO MOXKHO UCIOJIb30BaTh KACKA/IHbIA KOJI, B KOTOPOM BHYTpPEH-
HUM KOJIOM SIBJISIETCSI KO/l AJlamapa, a BHelHUM — koj Puja — Cosiomona.

B camoM Jefte, paccMOTpuM Kozl Anamapa ¢ 2™ ! konoBbIMu clioBamu pas-
Mepa 2™. Vcnomb3ysl ero Kak BHyTPEHHHI KOJI, MbI MIOJY4YaeM ISl BHELIHETO
kos1a asasut u3 2™ cumBostos. [luist IPOCTOTHI 3amuck (OPMY.JI TIOKEPTBY-
€M TIOJIOBMHOM M Oy/leM WCIOJIb30BaTh JMIIb 2™ 13 HuX. 3auKcHpyeM HEeKo-
Topoe € > 0. Buenmwmit kox Puaa—Conomona 6yaeT koqupoBath €2™ Takux
CHUMBOJIOB (0JIOKOB M3 m OUTOB) C IMOMOILIBLIO 2™ cuMBOJIOB (OJIOKOB), KaXKIbIi
13 KOTOPBIX [P BHYTPEHHEM KOAMPOBAaHWMU m300paxkaeTcst 2™ Ouramu.

(dpyrumu cnoBamu, Mbl pa30ouBaeM cJloBO u3 €q log g 6utos, rae g = 2™,
Ha £g 0JI0KOB pasMepa log g, U cuuTaeM Kax/plii Osiok aemeHtom F,. Kog
Puja— CosioMoHa NpeBpalaeT 3T €qg 3JIEMEHTOB 1oJist Fy B g sjieMeHTOB
TOI'0 %K€ 10JIsI, IOCJIC YEr'0 KAX/Iblii U3 ¢ DJIEMEHTOB Mbl 3aMEHSIEM €I'0 KOLOM
AJtamapa ¥ B WTOTe TOJyyaeM g OUTOB.)

B urore mapaMerpbl KackaJHOI'O KOJAa TAKOBblL: [JIMHA BXOJHOI'O CJIOBA
em?2™; JUTMHA BBIXOJHOTO cioBa (2™)2; komoBOE paccTosiHMEe (B pacuére Ha
CUMBOJI) HE MEHBILE [IPOU3BE/ICHUS KONOBbIX PACCTOSIHUM, TO €CThb %(1 —€).

Takum 06pa3oM, MBI MOXEM JOCTUYBL KOIOBOTO PACCTOSIHUSI, CKOJIb YTOTHO
6m13koro k 50% (1mpu ManoM (pUKCMpoBaHHOM €). [Ipu 3TOM [1uIMHA KOJTOBOTO
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CJIOBA OTPAHMYMBAETCSI TPUMEPHO KBAIPATOM JJIMHBI KOJMPYEMOTO CJIOBA.

(Taxast rpaHuIIa IPEACTABIISIET UHTEPEC JIMLIb IIOTOMY, YTO HAll KOJ| OIH-
caH sIBHO — rpanuIia Bapmamosa — [M10epTa mo3BosIsIeT MOy YNTh JIMHEHHbIC
KO/bI C JIy4LIMMHU NapaMeTpPaMy, KOTOPBIE MOXHO HCIHOJIb30BAaTh JIMOO CaMM
o cebe, OO Kak BHYyTpPeHHMI Koja Jutst koga Punma —ConoMoHa, Kak B KOH-
cTpykiu OopHu.)

16. BeposATHOCTHOE AEKOAUPOBaHHUE
KOJOB AJaMapa

[Tycrsb durcupoBano Hekoropoe 3HaueHue o < 1/4. Toraa, kak Mbl 3HaeMm,
BO3MOXKHO OJTHO3Ha4YHOE JEKOIUPOBaHKE Kofla AJjaMapa ¢ UCTIPAaBJIEHUEM [0 O
OLIMOOK (Ha CHMBOJI).

MoxHO JI1 3TO JeJIaTh 3a HOJIMHOMMaNIbHOE BpeMs? IlocTanoBka 3TOrO
BOIPOCAa TPeOYyeT yTOUHEHMSI: NOJMHOMUAJILHOE BpeMsi oT 4ero? OT JJIMHBI
KOJIMPYEMOTO CJI0Ba WJIM JJIMHBI KOZOBOTo cJioBa? I10CKOJIBKY MBI KOIUpYeM
m + 1 6utoB c nmomoribio 2™ OGUTOB, pa3HUIIA BEChbMa CYIIECTBCHHA.

TpuBHaIbHBINM OTBET TAKOB: 32 MOJMHOMHUAJIBLHOE OT 2™ BPEMs Mbl MOXKEM
niepedpath Bee 2™T! BO3MOKHBIX KOJAMPYEMbIX CJIOB M HAMTH HYXHOE, a 3a
MOJIMHOMHUAJIBHOE OT 711 BPEMSI MBI CMOXKEM IIPOYECTH JIMIIb IPEHEOPEKUMO
MaJTyIO 4acTb KOJIOBOTO CJIOBA, ¥ BCSI 3TA YaCTb MOXKET IIONACTh B 30HY OIIMOOK,
TaK 4TO JECKOAMPOBAHME HEBO3MOXKHO.

(boJsiee akkyparTHOE pacCy K/JCHUE: LIPOBEUEM JEKOJAMPOBAHUE ISl KAKOI'O-
TO OJHOTO CJIyvasl, CKaKeM, HyJIEBOTO CJIOBa, ITOTOM IOCMOTPHM, KakKHe II0-
3ULIUM B KOJOBOM CJIOBE MBI IIPOYJIM, M BO BCEX KOJOBBIX CJIOBAX 3TH MO3ULIUA
clleJIacM HyJIEBBIMH; J0JIs1 OIIMOOK OYZET HEBEJIMKA, a JICKOJUPOBAHUE Pa3py-
1LIEHO.)

Jlpyroe BO3MOXHOE yTOUHEHHE: TOBOPSI O JIECKOAUPOBAHUU CJIOBA JIJIMHBI
2™ 3a NMOJIMHOMUAJILHOE OT m BpeMs, OyleM IpealosaraeTb, 4ro 3TO CJIo-
BO 33/IaHO HaM KaK «OpaKyJI»: II0 HOMepy OWTa (9TOT HOMEp UMEET JJIMHY
m) Ham COOOLIAIOT 3HAYEHUE COOTBETCTBYIOIETo OuTa. (DTO yTOUHEHME He-
00XO0/IMMO, IIOCKOJIbKY, CKQXXEM, /laBaThb HA BXO/ CJIOBO JJiMHbL 2™ Ha Jiente
OECCMBICTIEHHO — B 3TOM CJIydae peajibHO Oy[eT JOCTYITHO JIMLIb €r0 HadaJlo
MIOJIMHOMHUAJIBHOM JIJIVHBI. )

Oka3sbIBaeTCsl, UTO B JIAHHON MOCTAHOBKE 33/1a4M JICKOJMPOBAHME 32 TOJIU-
HOMHUAJILHOE BPEMSI MOXKET OBbITh BBINOJHEHO BEPOSITHOCTHBIM aJITOPUTMOM CO
CKOJIb YTOJHO MaJIOii BEPOSITHOCTBIO OLIMOKH. TouHas (popMyJIMpOBKA:
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Teopema. [lns Besixoro o < 1/4 u aiist Besikoro € > O cylecTByeT Be-
POSITHOCTHBII aJITOPUTM, KOTOPBIA, MOJYYMB YUCJIO m U (B BUJE OPaKyJa)
KOJIOBOE CJIOBO /UTMHBI 2™ ¢ He Gojee yeM a2™ oImmboK, paboTaeT MOJIMHO-
MHAJIBHOE OT M BPEMSl U IPaBUJILHO JIEKOAUPYET CJI0BO C BEPOSITHOCTBIO HE
menee 1 — e.

(BamMeTM, YTO MOJIMHOM, OTPAaHMYMBAIONIMII BpeMsl pabOTHI, 3aBUCUT OT
o M OT €: 4yeM Ommke o K 1/4 W dYeM MeHbIle €, TEM JoJible paboTaer
AJITOPUTM. )

HokazaTesbeTBO. [0 ycoBHIO MBI MOXEM HAalTH 3HAYEHWE HEU3BECTHOM
apdunnont pyukiuu [ B" — B, umeromieit B

S, oo x) =fo+ i+ hxa+ .o+ fuxa

B CJIy4YaifHOI TOUKE C BEPOSITHOCTHIO OIIMOKK He boutbiiie . Koaddunument f;
MOXXHO 3allUCaTh KaK Pa3’HOCTb 3HAYEHWI B JIByX TOUKAaX, OTJMYAIOLMXCS IO
NEePBOM KOOPAUHATE:

A= Ca+1 %, ....x) — f(xa,....x).

Ecnu B kauectBe (Xi,...,X,) B3SITh CJAYyyaiiHyl0 PaBHOMEPHO pacIpe/lesIeH-
HYIO TOUKY, TO CABUHYTasi Touka (x; + 1,...,X,) Takke OyJeT paBHOMEPHO
pacnpezesieHa (XOTsl, KOHEYHO, 3TH J[BE TOUKM HE OyayT HezaBucumbl). Ka-
/T0€ U3 BYX 3HAYEHWI [ HaM M3BECTHO C BEPOSITHOCTBIO OMIMOKM He OOJTbIe
2q, TOATOMY TPAaBIJIBHOE 3HAYEHUE /IS f Oy/ET TOJyYeHO C BEPOSITHOCTHIO
He MeHbllle 1 — 2a > 50%.

[ToBTOpSISt 5TO HECKOJIBKO pa3 (/Jisl HE3aBUCHMBbIX TOUYCK) U 3aTEM OIpesie-
Jisisl OTBET OOJIBLIMHCTBOM, MOXHO (KAaK M3BECTHO U3 TEOPUU BEPOSITHOCTEH)
OBICTPO YMEHBILIATH BEPOSITHOCTb OLIMOKM M TEM CaMbIM HAWTH KOD(PPULIEHT
Jf1 €O CKOJIb YroHO MaJjioii BEPOSITHOCTHIO OIIMOKW. AHAJOTMYHO HAMIEM U
BCE OCTaJIbHBIE [, TIOCJIE YETO Y)K€ MOXKHO HaXOMUTh fo (TOXE TOJOCOBAHUEM
10 HECKOJIBKAM TOYKaM).

Teopema nokazaHa.

3ameuanne. Kak M3BECTHO M3 TCOPUM BEPOSITHOCTEN, TP TaKOM TTOBTOPE-
HUM (M TOJIOCOBAHWM) BEPOSITHOCTH OIMIMOKM YOBIBAET OBICTPO, MOITOMY MOXKHO
crienath €€, CKaXkeM, MeHbllle 2~ ™, OCTaBMB aJITOPUTM MOJUHOMUAIBHBIM IO
m.

17. Koanl Puga — MaJjuiepa

Konel Puna — CoJioMoHa 1 KoJbl AJlaMapa sIBJISIIOTCSI JBYMSI KPaiiHUMU CJTy-
YyassMi B CEMEICTBE KOJOB, HasbiBaeMbIX xodamu Puoda —Mannepa: B xonax
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Puna — CosfoMoHa Mbl paccMaTpHBAIM MHOTOWIEHBI OT OJTHOM TepeMeHHOI, HO
OOJIBIION CTETNEHH, a B KojaXx Ajamapa —OT MHOTHX MEePEMEHHBIX, HO MEepBOi
CTEIEHN.

B o0uiem cityyae Mbl pacCMaTPMBAEM MHOI'OUWICHBI OT Kk I1IEPEMEHHbIX CTe-
neny He Bble d Hap nojeM F,. IIpy 5ToM cTeneHh MOHMMAETCs KaK CyMMap-
Hasi cTerneHb 1o BeceM nepeMerubiM. (Ipu k = 1 monyuaiotes kojst Pujia — Co-
JIOMOHa, Tipu d = 1 — kojibl AjiamMapa.) AJihaBUT COCTOUT U3 ¢ CHMBOJIOB
(2JIeMEHTOB 110J1s1) ; KOO(PPUIMEHTHI MHOTOYJICHA CTENIEeHU He Bbliie d 00pasy-
IOT KOJMPYEMOE CJIOBO, 4 3HAUCHUSI 3TOTO0 MHOTOWJICHA BO BCEX TOYKAX IF’[; —
KOZIOBOE CJIOBO.

JlmvHa KoZOBOrO cjloBa paBHAa g, a JMHAa KoaMpyeMOro cjoBa paBHa
YHCITy PEIICHUI HEPaBEeHCTBA

m+...+m <d

B HEOTPHIATENILHBIX [EJIBIX YHMCTaX, TO ecTh C ‘f," +4 (pelleHre Takoro HepaBeH-
cTBa 3a/1a8TCs1 pa3oueHueM psijia u3 d oObeKTOB Ha k + 1 TPy ¢ MOMOIIIBIO
k meperopofiok; umcsa my, . .., My — 4UCTa OOBEKTOB MEX/Ty [IepEeropoKa-
MH; OOBEKTHI CIIpaBa OT MOCJIETHEN MEPeropoJKy HE BXOAST HUA B OJHO M, U
COCTABJISIIOT PA3HUILy MEXY YacTSIMM HEPABEHCTBA).

OrieHKa KOJIOBOTO PACCTOSIHUSI OCHOBaHA Ha CJIEYIONIEM ITPOCTOM ajire-
OpanyuecKoM yTBEp)K/ICHUU:

Jlemma. Ilycrb IFq — noJsie U3 g ieMeHToB, a P(xy, ..., Xx) — MHOIo-
WwieH OT k TIepeMEHHBIX HaJ >THM T0JieM, IPUUYEM €ro cTemneHb (CyMMapHas
1o BceM repeMeHHbiM) paBHa d. Torma jgosis tovyek (Xi,...,X;) € FX, nns
KOTOPBIX

Plx,...,x) =0,

He npeBocxoaut d/q.

Joka3aTeJsbcTBO. JleMMa oueBHU/IHA, €CJIM MHOTOWJIEH COIEPKUT UJIEH CTe-
neHu d, B KOTOPBI BXOJUT TOJIbKO OflHA MepeMeHHast. Torja mpu JioObIX
3HAYEHUSX OCTAJIbHBIX MEPEMEHHBIX IOJIy4aeTCsl HEHYJIEBOI MHOI'OYJIEH CTe-
neuu d, umeronmii He dosee d KODHEH, Tak 4TO Ha KaxXJoi NpsiMoil (koraa
BCE OCTaJIbHbIC NepeMeHHbIe (DUKCMPOBAHbBI) J0Jisl HyJiel He OoJibiie d/ g, n
OCTa€TCsl UX YCPEJHUTD.

K sToMy ciiyyaio MOXXHO TIBITAThCSl CBOJAMTH MPOM3BOJIbHBIA MHOIOYJIEH
JIMHEWHON HEBBIPOX/ICHHOM 3aMEHOM NEPEMEHHBIX (KOTOpasi HE MEHSIET CyM-
MAapHYIO CTEIIEHb) ; IIPOLIE, O/IHAKO, JOKA3aTh YTBEPXK/JICHUE JIEMMbl MH/IYKLIAEH
M0 YHCHTy TiepeMeHHbIX. st k = 1 yTBep/eHue JIeMMbl OYEBHIHO (YMCIIO
KOPHEl MHOI'OWIEHA OT OJIHOW NEPEMEHHOI HE IIPEBOCXOAUT €0 CTEICHU).
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Jlist mpom3BoJIbHOTO Kk paccy/laeM Tak. BpimesmM Kakylo-HHUOYIb Tepe-
MEHHYIO, HaIlpUMep, X, 1 PACCMOTPUM MOHOM C MaKCHMaJIbHOM CTENEeHBIO MO
x1. IlycTb 3Ta cTeneHb paBHA S; OUEBU/IHO, s < d. 3amuiieM P Kak MHOTOUJICH
110 X1, KOO(PULUHAEHTHI KOTOPOI'O CYyTh MHOTOWIEHBI OT X3, . . . , Xk . Koadpuuu-
eHT IPU X; HPEACTaBJIIeT COOON HEKOTOPBI MHOrOUIeH Q(Xy, . . ., Xk) CTene-
HU He GoJtbitie d —s. Ciydaii d —s = 0 MBI yke obcyx . B obmem ciryyae
JUTSI pABHOMEPHO PACIIPE/ICJIEHHBIX CYYANHBIX X1, . . . , X BEPOSITHOCTH COOBI-
THS

O(Xz,...,Xk) =0

O TIPEATIOJIOKEHNIO UHIAYKIIMK He mpeBocxouT (d — s)/¢, a BepOsSITHOCTD
COOBITHS

Px,....x) =0, HO Q(x2,...,X%) #O
HE MPEBOCXOJUT S/ ¢, MOCKOJIbKY JUISL KaX/I0r0 HA0Opa 3HAYEHUH X3, . . . , Xk,
npu Koropbix Q(Xy, ..., X;) # 0, cyuiectByer He Gosiee S 3HAUCHUH Xp, NPU
Kkoropbix P(xy,...,x;) = 0. (Tak 4ro j1ake M yCJIOBHASI BEPOSITHOCTh

P(xq,...,x¢) =0 npu ycinoBun Q(xp,...,x) # 0

He 1pesocxout s/ ¢.) CKiiajbiBasi BEPOSITHOCTH, 110JIy4aeM UCKOMYIO OLICHKY
d/q. Jlemma nokasana.

Takum 06pa3oM, KojoBoe paccrosuue He Mewbiie ¢¥(1 — d/q), To ecth
(1 — d/q) B pacuére Ha oaun cumsoJj. Hanpumep, npu d = 1 u g = 2
noJryuyaeTcst paccrosiHie 50%, Kak MBI yKe BUJIENU Ui KOJA0OB Ajamapa.

Ewé oamn npumep: nycth k = 2. KoioBoe CJI0BO COCTOUT M3 ¢> CUMBOJIOB,
a xosmpyemoe cioso us Cj,, = (d + 1)(d +2)/2 ~ d*/2 cumsosios.
Takum 00pazoM, Ko3((PUIMEHT TOJE3HOTO JEUCTBUS KOJAA NPHMEPHO paBeH
(1/2)d?/ qz, YTO 3HAUUTEJILHO XYK€, 4eM Yy koj1oB Punia — CosioMoHa nipu ToMm
e y/IeJIbHOM KOjIoBoM paccrosiuuu 1 — d/q. 3ato pasmep ajidaBura Terepb
y>K€ PaBeH KOPHIO U3 JUIMHBI KOJOBOI'O CJIOBA (2 HE caMOil 2TOW JJIMHE).

18. Koapr BUX

Otu kopl HazBanbl BUX (B anrymiickoM Bapuante — BCH) no umenam
cBoux uzooperareJieit: boysa (Bose), Yoynxypu (Ray-Chaudhuri) u XokBun-
rema (Hocquenghem). OHM TO3BOISIIOT MCHPABISITH JH000€ (PUKCMPOBAHHOE
YHCJIO OMIMOOK HA/ JBYXOYKBEHHBIM aT(DaBUTOM M MPUMBIKAIOT K KOOy X3M-
MHHTa (KOTOPBIii SIBJISIETCS] MX YAaCTHBIM CITyYaeM).
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Paccmotpum Tionte F w3 n = 2% s1eMenTOB M MHOTOUJIEHEI CTeMeHN MeHb-
e n ¢ ko3P UIMEHTAMU B 3TOM ToJie. Takoit MHOTOUJIEH

A(.X) = =+ a x + ...+ a,,,lx"*l

onpezessercs n Ko3(pOUUUEHTAMHU g, . . . , Ap—1. C JPYroil CTOPOHBI, OH O[-
HO3HAYHO OTpe/IesIsieTCs] CBOMMY 3HAYCHUSIMY B TOUKax 1os1st I (B moste kak pas
n DJIEMEHTOB). 3HAYCHHSI MHOTOUJICHA B KQXK/0i TOUKE IOJISI MO>KHO BBIOPATh
HPOM3BOJILHO: KAKOBBI ObI HM OBUTM OTH 3HAYCHHsSI, MBI CMOXXEM MOZ0OpaTh
COOTBETCTBYIONIMII MM MHOrOowWwIeH creneHd n — 1. Tak 4To cooTBeTcTBHE

KOD(P(PULIMEHTBI > 3HAUCHUSI

SIBJISIETCSI U30MOP(U3MOM 7n-MEpHBIX NPOCTPAHCTB Haf nosieM . (3ToT u3o-
MOp(hU3M SIBJISETCSI AUCKPETHBIM BapUAHTOM IpeoOpasoBaHusi Dypobe.)

HanoxxuMm Teriepb Ha MHOTOWIEH A HEKOTOpbIE OrpaHuYeHus. Bo-1iepBbiX,
noTpedyeM, 4TOObI €ro CTeNeHb OblIa MeHbIle 11 — § (J1J1s1 HEKOTOPOro (PprKcu-
poBaHHOIO ). Jlpyrumu cjioBamu, orpedyem, 4roObl crapume s kodpduuu-
€HTOB PaBHSIINCH HyJMO. (TaOnuIBl 3HAYEHMIT TAKUX MHOTOUYJIEHOB 00pa3yloT,
Kak Mbl IOMHUM, KoJi Pusia — CosioMoHa ¢ paccrosinuem s + 1.)

Bo-BTopbIX, noTpedyem emig, 4ToObl 3HaUeHKsI MHOTOUJIeHa A BO BceX TOU-
KaxX MOJIsl paBHSUIACH HyJ0 win equnuie (moJis F). B atom ciyuae tabmuiia
3HAYEHMI1 OYy/IET BOWYHBIM CJIOBOM JJIMHBI M.

Bce Takue TaOIUILI U SBJISIOTCS KOJOBBIMU cJioBaMU Koja BUX.

[lepedpopmynupoBka: cI0BO U3 n HyJel U €IMHMIL SIBJISIETCSI KOJOBBIM
cioBoM koja BUX, ecyin cooTBeTCTBYIONMIA €My MHOTOYJIEH (IPUHUMAIONIUI
yKa3aHHbIC 3HA4YCHWS] B N ToYkax moJiss [F) mMMeeT cTemeHb MEHbIIE 1 — S.
(3Baech n 1 s — napamerpsl Koja.)

Kogosoe paccrosinue 510ro koja He MeHblIe S—+1 (II0CKOJIbKY OH SIBJISIETCSI
yacTblo kofia Puga—CosoMoHa ¢ TakuM KOJOBBIM paccrosiHieM). CroxkHee
[IOHSITh, CKOJIBKO ITPU 2TOM 00Pa3yeTcs KOJOBbIX CJIOB. XOTsI 00a OrpaHUYCHUST
HAa MHOTOWIEH A MPOCTbI, HO OIHO U3 HUX (HOPMYJIMPYETCS] B TEPMUHAX €rO
KOO(PULUEHTOB, a JPYyroe — B TEPMHUHAX 3HAYCHUM, U HANO €LIE IOHSTD,
KaK OHM B3aMMOJECICTBYIOT JPYyT C JPYroM.

J17151 5TOro HaM MOHAJ0OSITCSI HEKOTOpBIe CBeIeHUsI U3 anredpel. B nosne F
BifesuM toxmodie F, C F, cocTosiee w3 HyJs U equHUIBL. [UTOOH yOenuTh-
s, 4YTO DTO JICACTBUTENILHO TOAIOJIE, JOCTATOUHO POBEPUTh, yTo 1 +1 =0
B IF, To ectpb uTO Xapaktepuctuka nosist F paBHa 2. DTO JOKa3bIBaeTCs TaK:
€CJIM XapaKTepUCTHKa paBHa p > 2, To B [ ecTh momosie U3 p IJIEMEHTOB,
n [ ecTh BeKTOpHOE MPOCTPAHCTBO HAJ ATUM MOAMNOJEM, Tak uTo pasMep I
€CTb CTEMEeHb YHCHA P.]
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Kak MBI y’e roBopusid, MHOTOUJIEHBI CTEIIEHH MEHBIIE 71 00Pa3yloT Bek-
TopHOe TipocTpaHcTBO Haa F; ycioBue oOpalilieHust s cTapiinx KodhduimeH-
TOB B HyJIb 331a€T MOJIPOCTPAHCTBO 3TOro mpocrpaHcTBa. Ho BTOpoe Haure
ycJioBUE (3HAYEHMS! BO BCEX TOYKAX HYJIM U CAMHUIBI) HE SIBJISIETCS JIMHEM-
HbeM Hajt [F. OHako oHO siBJIsIeTCst JIMHEHHBIM Haj [y (MO TPUBMAJIBHBIM TPU-
uyHaM). [losToMy mOCTpOoEHHOE HaMU MHOXKECTBO KOJOBBIX CJIOB kofa BUX
(o6o3Haumm ero C) sIBAsieTCS] BEKTOPHBIM MPOCTPAHCTBOM Haj mosieM [y, n
HAJI0 TOJIBKO ompesiesuThb ero [Fp-pasmepHocTb.

Ecymn O6b1 He TpeDOoBaHMe 0OpalleHNsI B HYJIb S CTaplIUX KOA(D(PUIIIEHTOB,
To [Fy-pasmeprocth C Obuta Obl paBHa n. OOpallieHUe B HYJIb KaXJI0r0 U3 S
k03 duimenToB 3ajaércs k ypaBHeHUsMU: KOIDDUIUEHT TPUHA/IIEKUT O~
o F, koropoe umeer pasmepHoctb k Haj Fp. (ToBopst 0 k ypaBHEHHUsIX, Mbl
umeeM B BUny [F,-simHeiiHbIe ypaBHEHMS.) DTH ypaBHEHUs MOTYT OBITH (M Oy-
JyT, KaK Mbl YBU/IUM) 3aBUCHUMBIMH, HO YK€ ceifuac MOXXHO c(hOpMyIMpOBaTh
TaKoe

Cneactsue. [Fy-pasmepHocts C He MeHble n — sk, To ecth n — slog n.

OTO yXe KOe-uTO: MBI TOJIydaeM KOJ UIMHBI 1 C §10g n MpOBEPOYHBIMU
cumBoJIaMu (M 1 — slog n 3HavalmMMmn) KU paccrosiiueM s + 1. Hanpumep, npu
s = 2 moJslyyaeTcs KOJ C paccTosiHUEM 3 (Kak M 'y koJa X>MMuHra) u 2logn
IIPOBEPOYHBIMUA CUMBOJIAaMH (4YTO BJIBOE OOJIbLIE, 4eM y X3MMUHIA).

OfHako Ha caMoM JieJie CHTYallusl OKa3bIBaeTCsl elé HeMHOro Jydie: ks
YCJIOBUi1, COOTBETCTBYIOIIMX OOPALIEHUIO B HYJIb CTapLIAX S KO3 (PULIUEHTOB
MHOTOWICHa A, JIMHEHHO 3aBUCUMBI Haj mosieM IFp. YTOOBI MOHSATH 3TO, HaM
MIOHA/IOOUTCSI BCIIOMHUTD €LIE KOE-YTO U3 aJIreOphbl.

JUis Havyasia 3aMeTUM, YTO YCJIOBHE «BCe 3HAUCHUSI MHOTOWIeHa A — HyJu
WM €JUHULBLY MOXHO IepedopMyIUpOBaTh Tak: A2(x) = A(x) mas Bcex
x € F. lpyrumu ciioamu, muorousien A2 — A jjojien oOpamiathest B HyJlb
BO BCeX TOYKax 1oJist IF. D10 He 3HaunT, 4TO BCE €ro KO((PULIMEHTDI HYJIEBbIC
(Benb cTemenb MHorowieHa A2 — A MokeT ObITh MOYTH B JIBa pasa OOJIbIIE
YUCJIa DJIEMEHTOB B T10JIe), a O3HAYaeT JIMIIb, YTO A JIeJIUTCS HA MHOIOUJICH

P(x) = H(x— Q).

aclF

[Mocnenuuii MHOTOWIEH paBeH x" — x. [lelicTBuTesbHO, MO TeopeMe Jlarpan-
a TIOPSIIOK Ka)X/I0r0 2JIeMEHTa B MYJIbTHIUIMKATHBHOM TpyMIe MOJIsT JCJIUT
HOPSIIOK TPYIIBI, paBHbIA n — 1 (Ha caMoM Jiesie BEpHO OoJsiee CUIIbHOE CBOM-
CTBO: MYJIbTUIIJIMKATUBHAS I'PYIIA 110JIsI 00s13aHa ObITh LIMKJIMYECKOi; HO TO
ceifyac HaM He BaxHO). [TosTomy x"~! = 1 115 MoGOTO HEHYJIEBOTO HJIEMEH-
Ta MoJst, ¥ x" = X JUIs1 JTIOOOTo AJIEMEHTa MOJIsl. 3HAYUT, MHOTOWIEeH x" — X
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oOparnaeTcst B HyJIb BO BCEX TOYKAX I0JIsI, TOATOMY OH AeJHUTCS Ha P; ocTaét-
Cs1 3aMETHTh, YTO Y ITHX JIByX MHOIOWJICHOB COBMA/IAIOT CTENEHM M CTaplive
KOO PUIIMEHTBI.

WUrak, ycioBue «Bce 3HAYCHUS] A — HYJIM WIM CAMHULBI» MOXHO Iepe-
dopmysmposath Tak: A2 — A jiesutcs Ha MHOrowieH x" — x Ge3 ocrarka.
Kax 3anmcatp 3T0 ycioBue B TepMHHaX KOd((UIMEHTOB MHOTOUIeHa A?

3aMeTI/IM, YTO JCJIUTH C OCTATKOM Ha x™ — X oueHb IIPpOCTO. Haz[o IIOHU3UTDH
CTCIICHU 110 IIpaBUJIaM

n+1 2

xn+2 3

2n—-2

(Jdasple T0DKHA MITH CTPOKA x2"=1 5 X" — X, HO /IO TAKMX CTeleHeil B Ha-

1IeM cJyvae JIeJlo He JOMJAET.) 3aTeM HaJIo MPUBECTH MOJI00HbIE WieHbl. (DTa
MIPOIIEAyPa COOTBETCTBYET OOBIYHOMY JCJICHUIO MHOTOUYJICHOB «yTOJIKOMY. )

Crenaem 2TO /ISl MHOTOUJICHA A2 — A, €CJIn

AX) = ap X" " ap x4 ax + ao.

Bbqu/ICJII/IT]) A2 JICTKO, €CJIM BCIIOMHUTH, YTO B I10JIC XapaKTepI/ICTI/IKI/I 2, rac
1+ 1 = 0, umeer mecro pasencrso (u + v)2 = u? + v2, 10CKOJIbKY uJieH
2uv obpamaercst B Hy/b. [103TOMy KBaJpaT CyMMBI €CTh CyMMa KBajJpaToB, 1

2 2 2n-2 2  2n—4 22, 2
AZ(x) = a;  x " ap x4 L arx” + ag.

Jemmocts A2 — A Ha X" — X O3HAUAeT, UYTO TIOCJIE 3aMeH OJHOUICHOB B
COOTBETCTBHM C TIPUBEEHHOM BbIllIe TabnuIei 13 A2 [0KHO TOJTY9UThCST A,
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TO €CTb

ay_p = Qn-3

an/2 =
Cl% =
alz =
al = ap

(B 000MX CTOJOLAX KK/IbI KOOPUIMEHT BCTPEUYaeTcsl IO OJHOMY pasy; B
MPaBOM CTOJIOLIE CHAvYajla MAYT BCE HEUETHBIC, a MOTOM BCE UETHBIE KOD(]-
(bunveHTsl). 3aMETUM, YTO HECMOTPSI HA CBOM KBAQ/IPATUUHBIA BUJI, KaX0€
U3 3THUX YCJIoBUit siBisieTcsl [F)-nMHeHbIM (TIOCKOJIBKY BO3BEJICHUE B KBaJpar,
KaK Mbl y>K€ FOBOPWJIY, JIMHEHHO HAJ| TOJIEM XapaKTEPUCTUKU 2).

Wtak, Mbl 3aIMCAJIN YCJIOBHUE «BCE 3HAYEHUS] MHOTOUJIEHa A — HyJIM Win
eIMHUIIBI» B BHJE [F)-MMHEMHBIX YpaBHEHHI Ha ero KoddguimeHTol. Kak Mbl
3HAEM, ITPOCTPAHCTBO PEIICHUI DTOW CUCTEMbI JIMHEMHBIX YPABHEHUI UMEET
pa3sMepHOCTb 7. MBI XOTUM BBISICHUTH, HAIIOMHHAM, HACKOJIBKO YMEHBIIUTCS
Pa3MEPHOCTb, €CJIM HAJIOXKUTD JIOTIOJTHUTEIIbHbIE OTPAaHUYeHusl dy—1 =0, ...,
ay,—s = 0.

IIpo a,—1 Mbl U TaK y>xe 3HaeM, YTO a,zl_l = dy_1, TO €CTb UTO Uy_1 PABHO
HyJI0 wim eauHnie. [lostomy ycioBue a,_; = O yMEHBINAaeT Pa3MEepHOCTh
LIPOCTPAHCTBA pelueHuit Ha 1 (a He Ha K, Kak OblJIO B HALLEH LPEXHEN OLECHKE).
JlanpHeillme ypaBHEHUS! CUCTEMBI BBIPAXKAIOT (y_3, (y_5,. .., (] YEPE3 Q; C
00nbuIMMKU MHJIeKcaMU. [lo3ToMy ycsioBUsI OOpallleHUsI B HyJIb JJOCTATOYHO
3aIIMCBIBATD JIMIID JJISI Ay_2, Ap_4, - .. BIUIOTH 0 Q,_g (AJIs 9ETHOIO S) U
Ap—s+1 (151 HEUETHOIO §).

OrpaHnunMmcst 1J1st IPOCTOTHI CJIy4aeM YETHOIO § (ITPU 2TOM KOJ0BOE Pac-
cTostHue Oy/leT He MeHbIle S + 1, 1 MOXKHO MCTIpaBisTh s/2 ommbok). Toraa
TOJIYYUTCsT S/2 YCJIOBHI KOPA3MEPHOCTH Kk TLTIOC elié OIHO YCJOBHE KOPa3-
meproctu 1 (Ha a,_1). Otciona nomyyaem, uro F,-pasmeprocms npocmpa-
cmea ko008 BUYX onumvt n ¢ paccmosimuem ne menvue s + 1 ons uémnoeo
s He menvuwie n —1 — ks/2=n—1—(s/2)logn.

CnoBaMu: Ha KaXX/yI0 UCIPABJISIEMYIO OLIMOKY HY>XHO 10g 1 KOHTPOJIBHBIX
OUTOB, IUTIOC el OJVH KOHTPOJIbHBII OUT Ha BCeX.
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WntepecHo cpaBuuth napameTpbl bYX-kon0B ¢ rpanunei Xsmmunra. Llap
pamnyca e = s/2 copepxut npumepro C¢ ~ n€/e! an1eMeHTOB (MBI CUNTaeM,
4T0 e < n U noromy 3ameHsieM n(n —1)...(n — e + 1) Ha n®). [panuna
X5MMUHra FOBOPUT, YTO JIOrapu(M YHUCJa KOJOBBIX CJIOB HE IPEBOCXOIUT
MPUMEPHO

n —log(n®/e!) = n — elogn + log(e!);

NEPBbIE JIBA CJIAraeMbIX KaK pa3 cooTseTcTBYIOT BUX-Ko/1aM, Tak uTO pasHuLa
Jmus Ha log(e!).

19. BUYX u XoMMHHT

[MokaxeM, 4TO KO/l XOMMHUHIa MOXET ObITh MOJYYEH KaK YaCTHbIN ciiydait
xoga BUX.

[ycrb, Hanpumep, k = 3, n = 8 u Mbl paccmarpuBaeM nosie Fg. MHo-
rouieH A OJHO3HAYHO ONPEJIEJISICTCsI CBOMMU 3HAYCHUSIMU B 8 TOYKAX 3TOI0
noJig (4, ¢ Jpyroit CTOPOHBI, OIHO3HAYHO omnpesiensieTcs 8 kodpduimeHTamMu
az,dg, - - . ,dp). YciaoBue « A IpUHUMAET JUIb 3HadeHust O u 1» 3amuireTcs
KaK CUCTeMa ypaBHEHMI

(1% = ay, ag = as, a52: as, af: ap, 6132:05, a§ = a4, af =a, ag = qg-

Hanoxwus orpannyennie a; = 0, MbI IOJIyYlM KOJ pa3sMEPHOCTH 7 (OZHO ypaB-
HEHME Ha 8 MepeMeHHbIX) ¢ paccTosiHueM 2. Jlerko MOHSITh, YTO ITO 3a KOJ:
[IOCKOJIbKY PacCTOSIHUE PaBHO 2, TO B ypaBHEHHUE OOsI3aHbl BXOJUTh BCE IEpe-
MEHHBIE, U 3TO YPaBHEHHUE €CTh IIPOBEPKA Ha YETHOCTb (CyMMa [0 MOAYJIO 2
PaBHa HYJIIO).

Caenyrouee orpannuenne ds = 0. OHO COOTBETCTBYET TPEM yPaBHEHUSAIM
U yMEHBIIAeT Pa3MepHOCTb Koja A0 4 (uiu OoJblle, eClNy ypaBHEHUs ObLIH
Obl 3aBUCHMBIMM — KaK Mbl YBWJUM, 3TO He Tak). V3 ypaBHeHusi aé = as
BU/IHO, UTO B 3TOM cJiyyae U as = O, Tak YTO KOJOBOE PacCTOsIHUE OyJeT He
Menblie 4. BblOpocuB s11000i OUT, Mbl HE U3MEHHUM Pa3sMEpPHOCTb kKoja (I1o-
CKOJIbKY TIO YCJIOBHIO YETHOCTU OH OIPEAECJISJICSI OCTAJIbHBIMU) M YMEHBUIUM
paccTosiHue He Gonee 4eM Ha 1. [onyduTcst koA ANUHBL 7 U pa3sMEPHOCTH 4 C
KOJIOBbIM PacCTOSIHMEM He MeHbllle 3 — BcE Kak y koja Xommunra. (Orcioza
CJIelyeT, YTO YPaBHEHMSI ObUIM HE3aBUCUMbIMH, ITOCKOJIbKY KOJI XOMMMHIA U
TaK 3aIl0JIHSIET BCE NPOCTPAHCTBO U OOJIbLIE KOJOBBIX CJIOB IIPOCTO HE MOME-
CTUTCSI.)

YToObl yOequThesl, YTO 3TO U eCTh KOA XOMMMHIA, HAJ0 BBISICHUTH, KakK
OT 3HaYEHMI MHOTOUJNIEHa A B TOYKaX IOJIsl TIEPETH K €ro Kod(duimenTam.
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OTo Aenaercs N0 UHTEPHOJISILIMOHHON (popmyJte Jlarpamxka:

Ax) = Y Ala)Pa(x),

acF

rne P, — MHOrowieH (CTeNeHW MeHblle n), paBHbIl 1 B Touke o u O B
OCTaJIbHBIX TOYKaX MoJisl. B JaHHOM cllyyae B KauecTBe TaKOrO MHOIOYJIEHA
MOXHO B3SITh

Py(x)=(x—a)" " +1.

B camom pnesie, mpu x # « mepBoe ciaraeMoe paBHO 1 (IIOpSIZIOK MyJIbTH-
MIJIMKATUBHON T'PYTIIBI TIOJIsI, PaBHBIA n — 1, JEJUTCS HAa MOPSIOK Jitoboro eé
2JIEMEHTA), U MHOI'OYJIEH O0PAILAETCsl B HYJIb (HALLE [10JI€ XaPAKTEPUCTUKU 2).

Pasznoxenne (x — )" ! 1o ounomy HrloToHa 1aét (B mosie XapakTepu-
CTUKM 2) MHOT'OYJIEH

XU X" 2o+ x" 3?4+ x4 oL

B 3TOM MOXHO yOemuThcsl, BCIIOMHUB, YTO B CTpPOKe TpeyrosbHuka [lackas,
HOMEp KOTOPOii Ha €MHUILy MEHbIIE CTEIEHN JBOIKHU, BCE WICHBI HEUETHBIC.
A MOXXHO JIOMHOXMWTb 3aIIMCAaHHYIO CYMMYy Ha (x — ), nosyuurcst x" — a”,
9TO paBHO (X — )" (TIOCKOJIbKY BO3BEJICHME B KBA/paT, a Takke B JIOOYIO
CTEeNeHb JIBOMKH, TMEPECTaHOBOYHO CO CIIOXKEHHUEM).

Tak nay MHAYE, MBI MOXEM Telleph 3alucaTh 0ojiee KOHKPETHO YCIIOBUSI
oOpallieHusT B HyJIb KOX(D(UIMEHTOB 47 U ds B TEPMHUHAX 3HAYEHWIl MHOTO-
wiena A. Kak BujiHo u3 dopmyuisl Jlarpamka u dopmyJibl 1uist Py,

a =Y Ala), as=Y aA(a).

a€clF aclF

[MosToMy yciioBre Ha a; IPENCTABIISET COOOM MMPOBEPKY HA YETHOCTD (3TO MBI
U TaK 3HAEM U3 OOLMX COOOPa)KEHMIiT). YCJIOBUE HA (g NPEACTABIISIET CODOM
PaBEHCTBO

Y aA(@ =0

aclF
B roJie [F, koTopoe MOXHO paccMaTpyMBaTh Kak BEKTOPHOE MTPOCTPAHCTBO Pas-
MepHocTu 3 Haf [F,. [Ipu 5ToM ceMb HEHYJICBBIX DJIEMEHTOB (¢ TIPEBPAIIAIOTCS
B CEMb HCHYJICBBIX BEKTOPOB U3 ]F%, TO €CTh B BEKTOPBHI

0,0,1),(0,1,0),(0,1,1),(1,0,0),(1,0,1),(1,1,0), (1,1, 1),

1 yciosust Ha kodpduumentsl A(a) npu « # 0 OyayT Te camble, UTO ObLIM
B kozie XommuHra. ITosromy us xoga BUX mosyvaercst kox XsMMUHTa, eciid
otopocuth A(0), Kak MbI 1 TOBOPHUIH.
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B sToM mpumepe MbI cumtamm, 4yto k = 3 (n = 8), HO BCE CKa3aHHOE
OYEBU/THO TIEPEHOCUTCS M Ha CJIy4ail POU3BOJILHOTO K.

20. JlekoaupoBaHHE CIICKOM

Jo cux mop Mbl TpPeOOBAIU, YTOObI MCHPABJICHUE OIIMOOK ITPOUCXOUIIO
onHosHayHo. [TocMoTpuMm, uto OyzeT, ecian ociabuTh 3TO TpeGoBaHWE U Pa3-
petnth o L BapuantoB JiekojmpoBanust (ripu HekotopoM L ). Bosiee dop-
MaJIbHO, MHOXXECTBO KOJIOBBIX CJIOB JJOJDKHO OBITh TaKMM, 4TOOBI JII000I 11ap
paamyca e coziepykan He Oosiee L KOIOBBIX CJIOB. B 3TOM citydyae MbI rOBOpUM,
4YTO KO/l donyckaem OeKkoouposaHue cnuckom onuxsl L (c wWcrpaBieHHEM
e oImMoboK).

Kak u pambliie, HaC MHTEPECYET BO3MOXKHOCTb IOCTPOCHUSI TAKOTO MHO-
’KeCTBa 1P 3a/IaHHbIX Napamerpax ¢ (pasmep andasura), k (JuMHa KOAMUPY-
€MOro cJjioBa), n (JUIMHA KOIOBBIX CJIOB), € (Y4KMCJI0 BO3MOKHBIX OLIMOOK) M,
Hakonernl, L. (Ciny4ait L = 1 cOOTBETCTBYeT MpeXHEN MOCTAHOBKE 3a/1auH.)

Amnasior rpaHuipl XOMMUHTA TeTlepb BBIMISIAT Tak:

q" Vy(e,n) < Lq".

B camom jiesie, mapbl pajinyca € B KOJIUYECTBE q" TyK cogepxar no V, (e, n)
2JIEMEHTOB KaK/IbI M MOKPBIBAIOT MHOXECTBO M3 ¢" DJIEMEHTOB HE Gosiee uem
B L cnoés.

B siorapudmuyeckoii iikase:

log, V, (e, n log L
k+ gq q( )él—i- gq
n n

Takum 06pa3oM, eciii paccMaTpUBATh HE CJMIIKOM Gosblume L (ckaxeM, Io-
JITHOMHUAJIBHBIE OT 1), TO TPAaHMIIA TIOUTH HE CABUTAETCSI.

3aTo cABuraercst Jpyrasi IpaHUIA: YKa3aHHOE TOJIBKO 4TO HEOOXOIUMOe
YCJIOBHE CYIECTBOBAaHUE KOZIA OKA3bIBAETCSI TIOYTU YTO JOCTATOYHBIM. A MMEH-
HO, BEpHO Takoe YTBepxK/JeHue (Teopema DJiaiieca):

Teopema. [Tyctb BbIIOJIHEHO HEPABEHCTBO XAMMUHTA (B TIpeXHeE (opme,
s L =1):

q" Vy(e,n) < q".

Torza cyuiecTByeT KO/, JOIMYCKAIOUINNA JIEKOMPOBAHUE CIHUCKOM JUIMHBI L,
rnie L = O(nlogq).

TouHee TOBOPSI, HaM ToaUTCs Jo6oe L, mpu koTopom L! > ¢™; mockoib-
Ky LI~ (L/2,718.. OE, o10 maét onenky L = O(nlogq).
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HokazaresbcTBo. [lokakeM, UTO Cy4aifHO BBIODAHHBIN KOJ JOIYCKAeT
JICKOJTMPOBAHUE CIHCKOM JUIMHBI L C TIOJIOXKUTEJILHOM BEpOSITHOCTHIO (WITH,
JPYTUMU CJIOBAMH, YTO UYMCJIO KOJIOB, HE JIOIYCKAIOUIAX TAKOI'O JIEKOJUPOBa-
HUsI, MEHBILIE OOILEro YucJja KOJIOB).

Bcero koxoB (Tounee, oroopaxenmit Sk — $7) umeercs (¢")“"). Toa-
CUMTAEM YMCJIO THIOXUX — TeX, I7le HEeKOTOpOoe CJIOBO TMOKphiBaeTcst L (nmm
bonee) mapamu. [lnoxoe oToOpaskeHne MOXHO 3a/aTh, YKa3aB

® 1TOX0€e CJIOBO (MOKphIToe L wiu Gosiee miapamu) [g" BapwaHTOB];

® VH/IEKChI MOKPBIBAIOIIKX HIAPOB [IOJIMHOXECTBO pasmepa L B MHOXeCTBE
Z" seero CL ot BapUaHTOB];

° ]_leHprI MOKPBIBAIOLINX 1IAPOB (= KOJOBBIC CJIOBA, MONA/IAIONIME B HIAP
paadyca e ¢ IIEHTPOM B TOUYKe, BHIOPAHHOM Ha TepBoM miare) [L Touek B
1ape, BCEro Vq(e, n)L BapUaHTOB];

® OCTaJIbHbIe KOJOBbIE CJIOBA [q" — L Touek, Bcero (q”)qk’L BapUaHTOB].

Takum oOpa3om, oblIee YUCIIO TIIIOXUX OTOOPAKEHUN He MPEBOCXOAUT

(q )L

"Ch(Vy(e, )t (gt <

(Ha HmocJjieHeM 1Lare Mbl Ucrosb3oBaiu oueHky C' < (v')/ul, xoropas 1o-
JiyqaeTcst U3 (GOpMyJIbl JJIsI YMCJIa COYCTAHMIA, €CITM BCE MHOXKUTEJIN B UHCITU-
TeJIe 3aMEHUTh Ha HauOoJiblumii). Takum oOpasoM, BCE OyAeT XOpOLIOo, €CJIn

L
(q ) (Ve m)E (gt < (g,

qTO I0oCJIe coxpameHHﬁ Z[aéT
1 k L n\L—1
fL!(q Vy(e,n))™ < (g")"".

[To npeanonoxeHuto TeopemMbl q" Vq(e, n) < q" (rpanuna X»>MMUHTa), I0-
9TOMY JIOCTATOYHO HepaBeHcTBa ¢" < L!, kak Mbl u roBopwiin. Teopema
JI0Ka3aHa.

3ameuaHne. Eciii HEMHOIO yMEHbBIIMTH IHPOITYCKHYIO CIIOCOOHOCTb KOH-
CTPYUPYEMOT0 KOJia, TPE/TIONI0XKUB, UYTO

k +logq Vy(e, n)
n n

<l—-€e<1,

(1 MasieHbKOM KOHCTaHThI € > (), TO B JIEBOM YaCTU OLIEHOK JIOOABUTCS
MHOXUTEJIb ((q‘E)”)L , MEHBIIMI €IMHULIBI, TOCKOJIbKY TOI/A

qk Vq(e,n) < q(lfe)n — qn(qfe)n
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" OCTAHETCSI HepaBeHCTBO
¢"((gHME < L1,

kotopoe BbinoJiasiercst ipu L = O(1) (Besmumna L 3aBUCHUT OT BbIOOpa €
U ¢, HO He PAcTeT ¢ pocToM n). B camom nene, nocratouHo B3sTh L, npu
KOTOPOM

q-(g " <1.

MsI J0Ka3a/u CYIIECTBOBAHME KOJOB, JICKOAMPYEMBIX CIHCKOM, BOJIM3N
rpaHuipl XOMMUHTA, HO HE YKa3ajM SIBHO 3TUX K0/10B. CJIOXKHOCTB OIMUCAHNSI
TTOCTPOEHHBIX KOJIOB YKCMOHEHIMATbHA, HE TOBOPS y>KE€ O BPEMEHN KOAMPOBa-
HUSI ¥ JICKOTMPOBAHUSI.

21. KoaoBoe paccrosiHUe U JeKOAUPOBaHUE
CITNCKOM

IMyctp mmeercs xox F: Yk 5 ¥ ¢ MUHAMAJTbHBIM paccrostivieM d Mex-
NIy KOJIOBBbIMU CJIOBaMU. Mbl y>ke 3HaeM, UTO OH IO3BOJISIET JECKOIUPOBATH €
oummbok 1pu e < d/2. Tlepexosiss OT PasIMUAIONIUXCST HO3UIMI K COBIA/IAI0-
MM, MOXHO niepeopMyIMpoBath 3TO Tak. [lycTs M3BECTHO, UTO JIIOOBIC 1Ba
KOJIOBBIX CJTIOBA COBMA/IAIOT MakCUMyM B u (= n — d) nosuimsax. Toraa ans
Jodoro ciyoBa y € X" He 60Jiee OJJHOTO KOTOBOTO CJIOBA MOXKET COBIACTD C Y
oosee yeM B (n + u)/2 (= n — d/2) nosunusax.

B o1ux ke 0003HaueHHUSIX YA0OHO (HOPMYJIMPOBATL YTBEPXKIECHUE O JCKO-
JVPOBAHUM CITHICKOM, 3aMEHHB CpeHee apu(METHUECKOEe Ha CPEIHEEe TeoMe-
TPUYECKOE:!

Teopema. [lycTth JoOble /Ba KOJOBBIX ciioBa (M3 X") COBMAAAIOT MaKCH-
MyM B u To3unusx. Torma asst mo6oro cioBa y € X" He GoJiee uem n + 1
CJIOB MOT'YT COBIIQJaTh ¢ HUM 00JIEE YeM B /NuU IO3UILIHUSAX.

(3ameTuM, UTO CpeiHEE I'€OMETPUUYECKOE MEHbLIE CPEeJHEro apudmernye-
CKOIr'o, TaK 4TO BCE COIJIACOBAHO.)

HoxkazaresbcTBo. [lycTh cioBa yj, ..., YN COBIAJAIOT CO CJIOBOM Y 0O-
Jiee 4eM B +/nu mosunmsx (kaxaoe B coux). Iyers Y; C {1,2,...,n} —
HOMepa TMO3WIMiA, TJe y; COBMAAacT ¢ y. Toraa Kaxaoe U3 MHOXECTB Y; co-
JepKUT Gosiee \/nu SJIEMEHTOB, a mepecedenue Y; MY, 1pu i # j copepxut
He 0oJiee U DJIEMEHTOB.

PaccMoTpuM xapakTepucTHUYecKre (DYHKIIMM MHOXECTB Y; Kak clydJaii-
HbIC BEJIMYMHBI HA BEPOSITHOCTHOM mipocTpanctse {1, ..., n} (c paBHOMEPHBIM
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pacrpesiesicHueM). HarmoMHuM, 9TO KOppEJsIUs ABYX CJYYaiHBIX BEJIMINH &
U 7) olpefesieTcs: Kak

(§.m) = El(§ — E)(n — Em],

rie E — maremaTtnueckoe oxxuzanve (B JaHHOM CJydae — cpefHee apudme-
THYECKOE 1 Yucen). [IpyruMu CIIOBaMU, KOppeJisiust £ U 7) €CTh CKAJISIPHOE
npousBesenue £ — EE u np — En.

PackpbiBast CKOOKM M TIOJIb3YSICh JIMHEHHOCTHIO MATEMATHUECKOTO OKH/IA-
HUSI, TIOJTy4YaeM, 4TO

(€.m) = E(&n) — (EE)(En).

st ciyyasi, Korjia CilydaiiHble BEJMUMHBI — MHIMKATOPBI COOBITHIA (PaBHBI
eTMHUIIE, €CTIM COOBITHE MPOM30IIUIO, W HYJTIO, €CIM HE TIPOM30IILIO0), MOTyda-
eM popmyy

(€4, &) = Pr[A u B] — Pr[A] Pr[B];

KOPPEJISILIUST PaBHA HYJIIO, KOT/JIa COOBITHSI HE3aBHCHMBI.

B JaHHOM cilydae BEPOSITHOCTb KaX[Oro COObITUs 0oJjiblie /nu/n =
Vu/n, a BEpOSITHOCTb 1IEPECEUSHUs! JIIOObIX JIBYX HE OoJibllie u/n, TaK 4ro
KOPPEJISIIAN OTPHIATETHHBI.

Ternepb BCHOMHHMM, YTO KOPPEJISIIIANA MOXHO 3aIMCaTh KaK CKaJISIPHbIE TTPO-
U3BE/ICHUSI. A MBI Y)K€ BHUJEH, YTO B N-MEPHOM ITPOCTPAHCTBE MOXET OBITH
He OoJiee (n + 1) BEKTOPOB, 00Pa3ylolUX APYT C JPYIOM TYIIbIE YIJIbL.

Teopema nokasana.

3aMeTUM, YTO €CJIM Pa3PELMTh KaXKIOMY Y; COIEp)KaTh POBHO /un siie-
MEHTOB, TO YTJIbl U3 TYNbIX CTAHYT HEOCTPLIMH, U BMECTO 711 + 1 moJryumTcs
2n BEKTOPOB.

BosBpaiasich K MCXOJHBIM TlapaMeTpaM: €CJIi MUHUMAJbHOE pPacCTOSIHHE
koma F: Xk — yn paBHO d, TO KOJ JIoTycKaeT JiekoupoBanue (n+ 1)-crvic-
KOM C MCIIpaBJIeHUEM MeHee 4eM n — v/n(n — d) oumook.

JIOKa3aHHYIO TEOPEMY MOXHO IIPOYECTb U TaK: pu n—e > v/n(n — d) B
Iape paanyca e MOXET COZIePkKaThCsl HE 0oJiee ueM n-+1 2JIeMEHTOB ¢ nonap-
HBIMH paccTosTHUsIMU d nim 6onee. (MiMeeTcs B BUIy pacCTOSTHUE XIMMHHTA
B X))

Jis kofia ¢ koJIoBbIM paccrosiHueM 50% (B 4aCTHOCTH, JJIs1 KoJa AJaMa-
pa) 3Ta TeopeMa YCTAHABJIMBAET BO3MOXKHOCTH JCKOJVPOBAHUS CIHCKOM TIPH
nosie onbok 1 — 4/1/2 a2 29%, uro Jmilb HEMHOI'O GOJIbIIE IPAHULBL B 25%
TUTSL OTHO3HAYHOTO JIEKOAMpoBaHusl. OMHAKO (B OTJIIMYME OT CITydast OJHO3HAY-
HOTO JIEKOJTMPOBAHMSI) AaBaeMasi ITOM TeOPEMOii OlleHKa OTHIONb He SIBJISETCS
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ToyHOUi. Hanmpumep, /7151 KooB AJlaMapa BO3MOXKHO JIEKOJMPOBAHUE CIIMCKOM
mpu JII000i (PUKCHPOBaHHOU J0Jie ommoOoK, MeHblel 1/2. (Bojee Tounyro
OLIeHKY JI>KOHCOHA Mbl NPUBEJEM JAJIbIIIE. )

22. JlekoaupoBaHHeE CIIMCKOM KOJOB AJaMapa

ITycts € > O — npou3BOJILHOE HOJIOKUTEJILHOE YUCIIO.

Teopema. Uucjio KOMOBbIX CJ10B KOJa AjlaMapa, KOTOPbIE OTJIMYAIOTCSl OT
JTAHHOT'O CJIOBA He 0oJiee UeM B %(1 —€)-70J1€ TIO3UIIMIA, He TIPeBOCXOuT 1/ e2.

Hoka3aTesibcTBO. BcrioMHUM, 4YTO KOJIOBbIE CJIOBa Koja AjaMapa ObulH
IJIIOC-MUHYC Oa3UCHBIMU BEKTOPAaMU OPTOHOPMHUPOBAHHOIO 0a3uca B €BKJIUJIO-
BOM IIPOCTPAHCTBE, €CJIM PACCMATPUBATH KOJOBBIE CJIOBA KaK HOCJIEI0BATE/Ib-
HOCTU €AVHUI] U MMHYC €IMHUI] ¥ ONPEAECIISTh CKAJSIPHOE MPOM3BEACHNE MO
(hopmyne

1
<(X],. .. ’-xn)’(yls' .- =yn)> = szlyl

(TIpM 3TOM n ecCTh CTerNeHb JIBOWKK, HO ceifvyac 3TO He Ba)KHO)E

[lycTh X — TPOM3BOJIBHOE CIIOBO (paccMaTpUBaeMoe KaK MOCJIeJOBATEb-
HOCTbH €/IMHWI] ¥ MUHYC e[IuHMIl). Ecim c1oBO y oTimyaeTcst OT Hero He OoJjiee
4eM B %(1 — €)n MO3ULUIX, TO

(ny)=e

Telepb HA/I0 B KAUECTBE Y B3SITh BCE GA3MCHbIE BEKTOPBI (C TUTIOCOM M MUHY-
COM) ¥ OIIEHUTb, JJIsI CKOJIbKMX M3 HAX TAKOE BO3MOXHO. /3 mapbl BEKTOPOB y
U —Y JIMLIb OJIMH MOXET Y/IOBJIETBOPSITH STOMY HEPABEHCTBY; 3aMEHSISI 3HAKY
y Ga3MCHBIX BEKTOPOB, MOYKHO CUMTATh, YTO 3TO BEKTOP C ILIFOCOM.

[lo Teopeme [Muaropa (KOTOPYIO B JAHHOM CIIyYae HA3BIBAIOT PaBEH-
crBoM [TapceBatis) KBaJipaT TUMOTEHY3bI (X, X) PABEH CyMMeE KBaJpaTOB CTO-
poH (X, y;), B3ATOH 1O BCeM 0a3KCHBIM BeKTOpaM y;. B Hamewm citydae (x, x) =
1, ODTOMY KOJIMYECTBO Y;, IIPM KOTOPBIX (X, y;) = €, He mpeBocxoaut 1/¢€2,
4YTO U TPEDOBAJIOCH [JOKA3ATh.

23. Ouenka JI»KOHCOHa

[Toxoxee yTBep K/IeHIE MOKHO JI0Ka3aTh TSI JOOBIX KOJOB (HaJ JBYXOY-
KBEHHBIM aJ1(haBUTOM) C paccTosiHueM okosio 50%. BoT Tounast popMyaupoB-

3 Pasnoenne TI0 STOMY GAsucy COOTBETCTBYET mpeobpasopanmio Mypre Ha rpynne B =

(Z/2Z)*; >nements Gasuca COOTBETCTBYIOT XapaKTepaM 3TOil TPyMIIbl.
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Ka:

Teopema. IlycTb KO COCTOMT U3 JIBOMYHBIX CJIOB [UIMHBI 11 HAa PacCTO-
SHUU HE MEHBbIIEe %(1 — €)n ans "Hekotoporo € > 0. Torzma oH gomyckaer
JIEKO/IMPOBAHKE CIIMCKOM IIPH JI0JIEe OLIAOOK %(1 —+/€) ¥ pasMmepe cricka 2n.

Ms! chopMyIMpoOBaIn 3TO YTBEPXKJIEHUE B TEPMHUHAX KOJOB, HO IO Cy-
IIECTBY pevb MAET O TOYKAX B IIape: TeopeMa yTBepkaaeT, uro B B" map
paauyca %(1 — \/€)n MOXeT conepkath HE 00Jee 21 TOYEK C MONAPHBIMM
PACCTOSIHUSIMU HE MEHBILE %(1 —e)n.

HokazaresbcTBo. Kak 1 B fokaszatenscTBe olieHkd [1noTkuHa, 6yaem pac-
CMATPUBATh NOCJIEJOBATEJIBHOCTH €AMHULL M MUHYC €IMHULI, SIBJISIIOIIMECS BeK-
TOpaMM €MHMWYHOM JUTMHBI B €BKJIMJOBOM IpocTpaHcTBe R”.

[TycTp Wwap ¢ HEeHTPOM U UMEET Pauyc %(1 —+/€) (B MeTpuke XoMMMHI)
U COAEPKUT TOYKM Vi, ..., VN, NPUUYEM paccTosiHue (XOMMMHIA) MEXAY Vi
U V; HE MEHbIle %(1 — €)n npu MOOBIX | # j. B TepMHHAX CKaISIpHOrO
MIPOM3BE/ICHNS TO O3HAYAET, YTO

(w,vj) =Ve m (vi,v) <e.

Jpyrumu clIoBaMH, YroJl MEXIy U W V; OCTPbIi M HE CJIMIIKOM OJIM30K K
HPSIMOMY, B TO BPeMsI KaK YToJI MEXy V; U V; TOCTaTOYHO OJIM30K K IPSIMOMY
WM JaXe TYMOM.

Mbi xotuM Jokazatb, uyto N < 2n. D10 ObUIO Obl Tak, €Cjid Obl YIJibl
MEX/y Vi M Vj ObUIM TyNbIMU WJIM IIPSAMbIMU (CM. [0KA3aTE€JIbCTBO OLEHKH
[TnotkrHa). YTOOBI CBECTH JIEJI0O K OTOMY CIy4Yaio, BBIYTEM HEMHOTO U W3
KaXJ0ro v;. i aToro HaiiiéM A, pu KOTOpOM

Vi = Au, vy — Auw) = (v, v;) — M w) + (v, ) + X (u, u) <
<e—-22/e+ X2 =\ —-Ve)r <o,

Buino, 4To BCE MOMOOPaHO Tak, uTo ToauTcs A = /€. Ouenka JIxoHcoHa
JTOKa3aHa.

Amnajiornunast (Ho 0oJiee CJIOKHO JIOKa3bIBacMasi) OIIEHKA HMMEET MECTO
U JUIst KOJIOB Ha/l ¢-OyKBEHHBIM ajihpaBUTOM, TOJIbKO HAJ0 3aMeHUTh 1/2 Ha
(q —1)/g v yBeJMUUTb KOHCTAHTY NPU N B OLIEHKE JJIsl pa3Mepa CIIMCKa.

24. Ouenka JJaiieca — baccaJjbiro

O]_leHKy H)KOHCOHa MOXHO HMCIOJIB30BAaTh JIsl YJTYUIICHUS TPaHULbI XoM-
muHra. Hamomuum, 4To oHa ToJry4dajiachb Tak: €CJIM KO UMECT paCCTOSIHUC d,
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TO mapsl paauyca d/2 c IEHTpaMM B KOJOBBIX CJIOBaX HE IMepeceKaloTcsl, 1
[IOTOMY UX CyMMAapHbIii 00BbEM He 60JIblile 00BEMA BCETO MPOCTPAHCTBA.

Teneps Mbl BO3bMEM LIaphl DoJiblero paauyca, uem d/2. Ilpo Hux yxe
HEJTb3sT yTBEPXKIATh, UTO TepecedeHuii HeT. OHAKO — TIPH TOAXO/ISIIEM pa-
Jmyce — olleHKa J)KOHCOHa TO3BOJISIET YTBEPXKJaTh, YTO JI0OAs TOUYKA Z
TIOKPBITA HEOOJIBLIMM YKCIIOM LIAPOB (IOCKOJIBKY LIAp C HEHTPOM Z COJep-
SKUT HEeOOJIbILOE YMCJIO KOAOBBIX CJIOB). [loaTOMY cyMMapHbIil 00BbEM 11APOB
MIPEBOCXOANT OOBEM BCETO MPOCTPAHCTBA B HEOOJIBIIIOE YNCIIO pa3.

KoHkpeTHO: mycTh KO CO CJIOBaMM JUIMHBI 11 B IByXOYKBEHHOM asichaBu-
Te uMeer paccrosiHue d = %(1 — ¢)n. lapul paauyca %(1 — 4/€) MoryT
HEepeceKaThesl, HO KPAaTHOCTh nepecedeHnit He npeBocxoanT 2n. Tlosrydaem
HEPaBEHCTBO

v, (1 - eyn n) <2n-2"

JJIs1 KOAOB C PAaCCTOSTHUEM
d=31-¢n.

[lepexoast x Jiorapudmam, UCIOJBL3Ysl NpUOIMKEHHYIO dopmysy mist V) (¢
IICHHOHOBCKOI SHTPOMNUEil), Aejsl Ha n U INpeHeOperas MHOXUTeNeM 2n (Ma-
JIBIM 110 CpPaBHEHMIO ¢ 2" 1py OOJIBLIVIX 71), HOJIy4YaeM aCUMITOTHYECKYIO Ipa-
HUILY, TOKa3aHHYIO Ha puc. [4] myHKTHpHOI JimHueii. DTa rpaHuiia Ha3bIBaeTCS
epanuyeii Inaiieca — baccanvico.

1/2

>
1/2 7 d/n

Puc. 4. I'panuna Dnaiteca — Baccansiro.
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25. /lexoaupoBaHUE CIIHCKOM
konoB Puaa — CojiomoHa

I[lycts X = F, — xoneunoe nosie u3 g synemenToB. Kox Puna — Conomo-
HA KOJIMPYET MHOTOUJIeH CTereHu He Bbilie kK (To ectb Habop u3 (k 4+ 1) ero
K03()(PULIMEHTOB) 3HAYEHUSIMU TOTO MHOTOWIEHa B n Toukax nosst. Komosoe
PACCTOSIHUE JUIsl TAKOTO KOJa PaBHO n — k, MO3TOMY [JIsi BOCCTAHOBJICHUSI
MHOT'OWIEHA 110 MCIOPUYCHHOMY HA0OPY 3HAYEHMI JOCTATOYHO MMETh MPUMEp-
HO (n + k)/2 mpaBWIbHBIX 3HaYEHMI B 3TOM Habope.

Kak Mbl BUjenu, Mg JeKOJUPOBAHUSI CIIUCKOM (IIOJMHOMUAJIBHOTO pa3-
Mepa) JOCTaTOYHO MMETh TIPUMEPHO /nk TIPaBUJILHBIX 3HaueHmil. Ceitdac Mbl
JaUM HOBOE JI0Ka3aTEeJIbCTBO 3TOro (hakTa, U3 KOTOPOTO MOXKHO M3BJIEUb aJl-
TOPUTM JEKOAVPOBAHMUSI.

Wpes nokaszaresbersa: upu jJekojuposanuu kojga Pusa — CosiomMoHa Mbl uc-
Kasm MHorowteHsl D(x) u Q(x), U1t KOTOPBIX Taphl (X;, ;) (TOYKM M 3HaYe-
HUSI B 9TUX TOUKax) Jioxarcs: Ha kpuByio D(x)y — Q(x) = 0. [Ipyrumu cJjio-
BaMM, Mbl UCKaJIM MHOrouwIeH R (x,y) creneHd 1 Mo MepeMeHHO# y, KOTOPBIit
00pallaeTcsi B HyJb B 3THX TOYKAX, 4 3aTEM JIOKa3bIBaIU, 4yTo Q(x) Aenurcs
Ha D(x) u muorowien R (x,y) npeicrasiisiercst B Buje D(x)(y — P(x)), rae
P(x) — wactHoe o1 aenenns ) Ha D — WICKOMBIil OTBET.

Ceiiuac Mbl OyJieM Jle1aTh TO e CaMoe, HO C AByMsl OTJIMUMSIMU:

e MHOTOWIEH R y)ke He 00s3aTesIbHO NEPBOii CTETIEHH MO 5

e TpebyeTcst He POCTO obpallieHre B HyJib Bhipakenust R (x;, y;), a o0pa-
IICHUE B HYJIb C HEKOTOPOI KPaTHOCTHIO @;.

ToBopsit, uro MHorowieH R (x,y) obpawaemcsi 6 Hyiw ¢ mouke (a, b) ¢
Kpamuocmeio m, ecii R (a + u, b + v) Kak MHOrOuWIeH OT U U V HE UMeeT
wjieHoB crerieHu Menbiie m. Kparnocrs 1 o3navaer npocro R(a,b) = 0,
KpPaTHOCTb 2 O3HAYaeT, YTO W TPOU3BOJHBIE IO X U y PaBHBI HYJIIO, KpaT-
HOCTb 3 — oOpallleHue B HyJIb BMECT€ CO BTOPBIMHU IIPOM3BOJHBIMM, U TaK
Janee.

3aMeTuM, 4TO OOpalleHUe B HYJIb B JAHHOWH TOUKE €CTb JIMHEHHOE YCJIOo-
Bue Ha Kod(pduumenTsl MHorowjieHa K; obpaiieHue B HyJib C KPaTHOCTHIO
m TpeacTaBiseT codoit Habop 3 1 +2 4+ ...+ m = m(m + 1)/2 ycio-
Buii. TeM caMbIM MBI MOXEM MOJ00paTh MCKOMBIA MHOrowieH K MeToaoM
HEOIIpeIeJIEHHBIX KOI(PPUIIMEHTOB, €CIU TOJILKO ITUX KOI(DPUIMEHTOB 00JIb-
1€, YeM YCJIOBUl BO BceX Toukax. Eciiu mpu 3ToMm creneHb MHorowieHa R
OyJeT HE CJIMIIKOM BeJIMKa, TO €ro OOpalleHHe B HYJb HA MHOTMX TOYKaX
KkpuBoit y = P(x) (rme P — WCXOMHBII MHOTOYJICH) TapaHTHPYeET, YTO OH
oOpalllaeTcsl B HyJIb Ha BCeit 3TOI KPUBOI.
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YToOB! chopMyTMPOBATH TOYHOE YTBEPXKACHUE, ONpenesuM Kk -838euieH-
Hyl0 cmenenb MHOrouneHoB B Iy [x, y]: monoM x"y” umeer crenens u + kv;
CTerneHb MHOTOWIeHa — HauoOoJibliast u3 creneneil monomos. ([lepemennas y
CUMTAETCS] UMEIOLIEH BeC k, MOCKOJIbKY MbI COOMpaeMcsl Ha €€ MeCTO MOJACTa-
BJISITh MHOT'OWJICH CTereHu k.)

Crenyione JeMMBI HOCSAT YACTO areOpanvecKuii XapakTep.

Jlemma 1. Ilyctb x1,...,X; U yi,...,Y, — IPOU3BOJIbHBIC B3JIEMEHTHI
nons [F,. Ilycts ap,...,a, — NPOM3BOJIbHbIE HAaTypaJbHble 4ucia. Ecim
a — HaTypaJIbHOE YMCJIO, JUJISI KOTOPOIo

n
a’> >k Z ai(a; +1),

i=1

TO CyIIECTBYeT HeHyJeBoii MHorowieH R (x,y), KOTOpBIi UMeeT k-B3BelleH-
HYIO CTelleHb MEHbIIE @ U oOpalaercsl B HyJb B TOUKe (X;,);) C KPaTHOCTBIO
a; (mpu Bcex i =1,...,n).

Joka3aTeJbcTBO. Pa3MepHOCTh MPOCTPAHCTBA MHOTOWICHOB, HMMEIONIHX
k-B3BEIIIEHHYIO CTETICHb MEHbIIIE @, PABHA YMCILy PEHICHUI HEPaBEHCTBA

u+kv<a

B LIEJIbIX umciaax u, v 2> 0. A 2TO UKMCJI0 HE MEHBIIE TUIOWAAN TPEYTrOJIbHIKA,
OTpaHUYEHHOrO TIpsIMbIMU U + kv < a, u > 0, v > 0, KoTopast paBHa
a*/2k (momoBuHa npousBesieHus1 katetoB @ u a/k). B camom fene, eciu
HApUCOBATh 3TOT TPEYTOJbHUK HA KJIETYaTOM OyMare W B3SITh JIOOYIO TOUKY
(u, v) BHyTpH Hero (He Ha TPaHUIIE), TO 3Ta TOUKA MOIA/IACT B KJIETKY C JIEBBIM
HIDKHEM yriioM (| u ], |v]). KoopamHATBI 5TOro JIeBOr0O HMKHETO yIjia LEJIbIe
1 yJIOBJICTBOPSIIOT HEPABEHCTBY, 109TOMY YMCJIO LGJIbIX PELICHMI HEpaBEHCTBA
He MEHbIIIE TUIONA I TPEYToJbHIKA (BEIb OH TOKPHIT KIETKAMM).

[TosTOMy pa3sMepHOCTh MPOCTPAHCTBA MHOTOYJICHOB, Y KOTOPbIX k-B3Be-
LIeHHAs CTeleHb MeHbllle a, He MeHblie a’/2k. C Apyroii CTOPOHBI, YHCJIO
JIMHEWHBIX YCJIOBUM, BBIPAXKAIOMX OOpaIlleHUE B HyJIb MHOTOWIeHa R B TOU-
Kax (X;,yj) C KpaTHOCTBIO @, PABHO

i ai(a; +1)

- X bl

i=1 2

YqTO II0 yc.HOBI/IIO JIEMMBI MCHBIIIC paSMepHOCTI/I HpOCTpaHCTBa MHOI'OYJICHOB.

Jlemma 2. Ilyctb (x1,1), . ..., (X,,Yy) — HaOOp U3 n Map SJIEMEHTOB MO-
Js F, (Bce OHM pas/iMYHbI, XOTS ONHA U3 ABYX KOOPAMHAT y HEKOTOPBIX Iap
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MOXeT coBnajaths). [lycTs ay, . .., @, — NPOU3BOJIbHBIE HATYpalIbHbIE YACTA.
[Tycth MHOTOWIeH R (X,y) UMeeT k-B3BEIICHHYIO CTEleHb MEHbIIE @ U 00pa-
1IaeTcsl B HyJIb B TOUKe (X;,y;) C KpaTHOCTbIO a; (ripu Bcex { = 1,...,n).
(TToka BcE kak B Jiemme 1.) Tlycrb, HakoHell, MHOrouIeH P(x) uMeer crerneHb
He 0oJibllie k u

Y{ai | PCi) =y} >a

(cymma BecoB TOUeK (X;,Y;), 4Yepe3 KOTOpble MPOXOAUT €ro rpaduk, He MEHb-
e a). Torna R (x, P(x)) siBjisieTcsi HyJIEBbIM MHOTOWICHOM (paBeH HYJIO B
KOJIbLIC MHOTOWIEHOB OT OJHOW NMEPEMEHHOM ).

Hoka3aTeabcTBo. Muorowien N(x) = R(x, P(x)) (kakx MHOrO4YJeH OT
O/(HOI lLIEPEMEHHON X) umeer creneHb MeHblie a. Ecim (x;, y;) sBisiercst
kopHeM R (x,y) xpatHoctu m, a P(x;) = y;, To MHOorowren N (x) mmeer
KOpeHb X; kpaTHocTH m. [losToMy y MHOrOWwIeHa N 4nCiio KOpHEl ¢ yueToM
KpPaTHOCTH HE MeHbllle a, a creneHb Menbliie a. CienoBaresbHo, N = 0, uto
U YTBEPXK/ACT JIeMMa.

Jlemma 3. Ilyctb R (X, y) — MHOrOWIEH OT JIBYX IepeMeHHbIX, a P(x) —
OT OiHOI 1epemeHHol, mpuuém R (x, P(x)) = 0. Toraa R (x,y) nenurcs Ha
MHOroujieH y — P(X) B KOJIblie MHOI'OUJIEHOB OT JIBYX [E€PEMEHHBIX.

(Pasencrso R (x, P(x)) = O noHumaercsi Kak PaBeHCTBO B KOJIbLIE MHO-
TOYJICHOB, TO €CTh KaK PaBEeHCTBO HYJIIO BCeX KOA((PUIMEHTOB; 3TO, BOOOIIE
roBopsi, OoJiee CHJIbHOE yTBEPXKJICHHUE, YeM PaBEHCTBO BO BCEX TOYKAX, €CIIH
2JIEMEHTOB B OCHOBHOM I10JI€ MAJIO.)

JMoka3atesibcTBO. PaccMotpum R (X, y) Kak MHOTOWIEH OT y, Kod3(duru-
€HTBl KOTOPOT'O SIBJISIIOTCS. MHOTOWICHAMH OT X, M Pa3[c/IUM €ro yTrOJIKOM Ha
y — P(x). [lockouibky crapiuuit Kod(OOULMEHT JeJIUTesIst PaBeH SAUHULE, [1PU
9TOM He TIOSIBUTCSI HUKaKuX Jpo0eil, yacTHOe OyeT MHOTOWICHOM OT X M y, a
OCTaTOK — MHOTOWICHOM OT X (IIOCKOJIbKY JICJIUTEJIh UMEeeT CTeneHs 1 1o y,
ocraTok umeer creneHb O no y). Takum obpaszom,

R(x,y) =y —P(x)Qxy) + S(x).

[NoncraBuB Temeph P(x) BMecTO y, MOJyYnM, 4TO S(X) — HYyJIEBOl MHOTO-
YIEH, YTO ¥ TPeOOBaJIOCh [JOKA3aTh.

Tenepb BcE roToBO, 4TOOBI BEPHYTHCS K JIEKOJMPOBAHUIO CIIUCKOM. [lycThb
nuMeercs n Touek (X;,y;). Hac nHTEepecyer, CKOJIbKO pa3JIMYHBIX MHOTOWICHOB
cTeneHu He 0oJibllie kK MOrYT NPOXOAUTH Yepe3 s u3 HuX (JUlsl JaHHBIX N, K
us).

YTOObI OLIEHUTb 3TO YUCIIO0, PACCMOTPUM lieJioe MoJiokuTesbHoe N (1oka
IPOU3BOJIbHOE) U HMOJIOKUM a; = ap = ... = N. (KaxeTcs cTpaHHBIM, 4YTO
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BOOOIIE HYKHBI KPaTHOCTH, €CJIM OHM BCE paBHBI. TeM He MeHee, KaK Mbl
YBUJIUM, 3TO MOJIE3HO.)

UYToOBI IPUMEHUTD JIEMMY 1, HY»HO BBIOpaThb HAaTypaJIbHOE d, AJIS KOTO-
poro

n
a*>> kY ai(ai+1)=knN(N + 1),
i=1
TO €CTh
a> \/knN(N +1).

[pumenenne seMmbl 1 gaér MuorousneH R (x,y), UMEOUMid k-B3BEIICHHYIO
CTerneHb MEHbIIE @ 1 0OpalAoNIMICs B HYJIb C KpaTHOCThIO N BO BCEX TOUKAX
(X5 yi)-
Eciiu muorouien P uMeer crerieHb He Bblilie K U IPOXOIUT Yepe3 S TOYEK
u3 uucna (x;, yi), Ipu4eém
sN > a,

10 R(x, P(x)) = 0 1o siemme 2 u R (x,y) nesmrcst Ha y — P(x) 1o jiemme 3.

W3 xypca anrebphbl U3BeCTHO, 4TO B KoJblie I, [x, y] pasioxenue Ha MHO-
XUTEJIM OIHO3HAUHO, TaK YTO YUCJIO JesiuTelielt Buia y — P(Xx) y MHorouieHa
R (x,y) mensiie a/k (unaue cymmapHasi K-B3BeILEHHAs! CTEIICHb HPOM3BE/IC-
HUSI JOCTUTHET @, Beflb y MMEET B3BEIICHHYIO CTEHeHb k).

Cobupast BcE BMecTe (cumutasi @ paBHbIM SN U 10JeUB 00€ YacTu Hepa-
BeHCTBa Ha N), MoJTyyaeM Takoe yTBEepiKAeHUe:

Teopema. Eciin

s> kn(14+1/N),

TO KOJIMUECTBO PA3JINUHBIX MHOTOWICHOB P CTeleHr He Bhile K, MPOXO/ISIIIX
yepes s win oosiee Todek cpen (Xy, V1), . - - » (Xps Yn), Menbliie SN/ k.

Bunano, 4To 3Ta TEOpema MpuUMEeHUMa 1pH S > Vnk; uem Gmke 310 Hepa-
BEHCTBO K paBeHCTBy, Tem OoJibiiee N npujércst 6parh (1 tem ciiabee Oyjer
OIleHKa Ha YUCJIO pa3iIMYHbIX MHOrouieHoB). Emé w3 He€ BUIHO, Hampumep,
yro pu s = (1 + e)Vnk u n = O(k) uucio Pa3IMYHBIX MHOTOYJIEHOB P
CTereHu MeHblile k, MPOXO/ISIIUX Yepes s Toyek u3 n, ectb O(1).

B cnenyromem paszesne Ham NOTPeOyeTCsl AaHAJIOTUYHOE YTBEPXKACHUE IS
Cily4asl IIPOU3BOJILHBIX BECOB:

Teopema. Ilyctb Xx1,....X%, U Y1,...,Yn — UIPOU3BOJIbHBIC DJIEMEHTBI
noust Fy. Ilycrs ay, ..., a, — 1IPOU3BOJILHBIE HATYpajbHbiE uucia. Ilycrb
HaTypaJibHble Yicaa k M @ TakoBbl, UTO

n
a’> >k Z ai(a; +1).
i=1
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Torga koaM4ecTBO MHOTOYJICHOB P (X) CTCIICHU HE BLILIC k, JJIST KOTOPBIX

HaOHUpaeMblii UIMH BeC
Y {ai | P(x) =y}

He MeHbIIe a, He TIPEBOCXOT a/ k.

B camom gene, mo nemme 1 MoskHO HaiiTu MHorousieH R (X, y), obpaiiaio-
HIMACST B HYJIb B (X;, ;) C KPATHOCTBIO @; U UMEIOIUI K-B3BEIICHHYIO CTEIEHDb
MEHbIIIE @; 10 JieMMe 2 BbIIoJIHEHO paBeHcTBO R (x, P(x)) = 0 s Jioboro
MHOI'OYJIEHA CTEIIeHH He Bbillie k, HAOMPAIOLIEIr0 BEC HE MEHbIIE a; 110 JIEM-
Me 3 R(x,y) nemmtcst Ha y — P(X) 11st BceX 3THX MHOTOWIEHOB M TIOTOMY
MX 4Kciio MeHblne a/k.

[puBeaEHHOE T0KA3ATEILCTBO MOCIIE HEKOTOPOTO JIOMOJHUTEILHOTO aHa-
Jm3a JaéT MOJIMHOMHUAJIBHBIN aJiTOPUTM JIeKOJUPOBAaHMSI CIIMCKOM KoaoB Pu-
na—CosiomoHa (Bpemst pabOThI aJITOPUTMA OTPAHUUCHO MOJMHOMOM OT Tapa-
MeTpoB k, n,a n pa3mepa mosis g). Hamo ToibKo HaydWThCS packiiabIBaTh
Ha MHOXXWMTEJM MHOTOuNIeHbl B I, [X, y] WM XOTs OBl BBIIENATH U3 HUX BCE
MHOXKUTEJU Buna y — P(x).

Boo0iie-To M3BeCTHB HOMHOMUAIBHBIE AJITOPUTMBI [IJIsl TIOJHOTO pa3Jio-
KEHUSI HA MHOXUTENN (TPOM3BOJILHOTO BHJA) MHOTOWIEHOB OT HECKOJIBKMX
HNEPEeMEHHBIX HAJ/l KOHEUHBbIM IosieM. HO HaM /10CTaTOUHO yMeTh BBIIEJISITH
MHOXWTEJN CITENMaJIbHOTO BU/A, TOATOMY MBI TIPUBEAEM MPOCTOE pPaccyK/ie-
HUE CIIEIUATBHO /IS STOTO CITydasl.

[ycts Ham jan MHorowieH R (x,y) u nyctb (@, b) — HekoTopast TOYKa,
rje oH obpamiaercst B Hysib: R (a, b) = 0. [locMoTpuM Ha MPOU3BOIHYIO 1O
sropomy aprymenty R,. Ecim B Touke (a, b) ona ue obpamaercst B HyJb,
TO MOXHO JIHCTBOBATh KaK B Kypce aHaim3a, r7e K ypaBHeHnio R(x,y) =0
B OKPECTHOCTH TOUKM (a, D) TpUMEHSIOT TeopeMy O HEsIBHON (DYHKIMH U
HaxofiAT QYHKIMIO @, JUis KoTopoit ¢(a) = b u R(x,p(x)) = 0; npu
STOM BBICIIVIE TIPOU3BOAHBIE (DYHKIMU (0 MOXHO HAWTH, 3HAasl COOTBETCTBY-
folye pou3Bo/Hble QyHKIMU R.

[TockosbKy y HAC 10Jie KOHEYHO!N XapaKTEPUCTUKH, TO JIy4lle /IeiCTBOBATh
HETOCPE/ICTBEHHO B TEPMUHAX KOX((PUIIMEHTOB MHOrOUIeHa. CIBUTOM TI0 X 1
¥ MOHO CBECTH JieJio K ciydaio @ = 0, b = 0. 3amviiem mHorouwien R (x,y)
0 CTETICHSIM y:

R(x,y) = ro(x) + n(x)y + r(x)y> + )y’ + ...

PasenctBo R (x, P(x)) = O naér HaMm ypaBHeHUs: Ha KO>(DDUIIMEHTbI MHOTO-
unena P(x) = pix + pyx? + p3x> + . .. (cBoGoamnoro uiena y P(x) mer, Tak
Kax 1o npeanonoxkenuio P(0) = 0). [IpupaBHuBast CBOOOTHbBIE WICHH B

0= R(x, P(x)) = ro(x) + r(x)P(x) + r(x)P*(x) + r3(x)P*(x) + ...,
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nosydaeM paBeHcTBO R (0,0) = 0, To ectb #(0) = 0. [IpupaBHuBas K0>P-
(bULIMEHTBI IIPU X, MOJTy4YaeM JIMHEetHOe YpaBHEHUE Ha py, IIPU 3TOM Kod(hu-
1ueHT paseH +y(0) = Ry’ (0,0), 4TO HE paBHO HYJIIO IO HAIIEMY MPEIOJIO-
enuio. [TpupaBHUBas wieHbl ¢ X2, MOJyyaeM JIMHEHHOE ypaBHEHHE Ha P C
TeM ke KoddpuuuentoM +y(0), U Tak Jasee.

Tak MbI MOXeM ompenessaTh Ko dUIMeHTsl P B Topsiake BO3pacTaHuUs
CTelleHell, 1 BOIPOC TOJIKO B TOM, MOJIyYUTCs JIM MHOrouleH Wi psf. Ilo-
CKOJIBKY MBI 3apaHee 3HaeM BEpPXHIOIO OIIEHKY Ha cTeneHb MHorowiena P(x),
pu Kotopoit y — P(x) Tosibko U MOxeT ObITh JiesiuresieM R (X,y), To J0-
CTATOYHO MOJIYy4YnTh KOI(PUIMEHTh P /10 3TOW IpaHulbl U 3aTEM C/eJiaTh
1IPOBEPKY (1I0JCTAaHOBKOM B R).

IMepeGepém Bce mapol (a, b), mist kotopbix R (a, b) =0 u Ry'(a, b) #0,
U BBIIIOJIHUM JUJIS KQXK/IOM TaKoOH Iapbl yKa3aHHYIO IpoLenypy. B pesysbrare
Mbl HaiiiéM Bce aesuresu Bujia y — P(x), kxpome Tex P, KOTOpble LieJIMKOM
HPOXO/SIT YepPe3 TOUKM C HYJIEBON MPOU3BOIHON Ry’. Ho ot P siBiistiorcst
PELLUCHUSIMA YPABHEHHUSI Ry’(x, P(x)) = 0, 1 MBI MO’)XeM cunTaTh (paccyxxaas
10 UHJYKIMX), YTO OHU HaM Yxke u3BecTHBL. (IIpu 3ToM cTeneHb ymeHblIaeTcs
Ha €[MHULY, TaK YTO AJIFOPUTM OCTAETCS MOJIMHOMUAJILHBIM. )

26. Pun— CoJioMoH mroc Ajamap:
NEKOAUPOBAHUE CIUCKOM

Paccmarpuasi koa Ajamapa B pasjedie [I3L Mbl yxe ylnoMMHAIM O BO3-
MOXXHOCTH MCIIOJIB30BATh €r0 B KAQUECTBE BHYTPEHHErO KO/1a, KOI/Ia BHEIIHUM
sieaisieTcst kox Puia— Conomona. Ceituac MbI UCTIOJIb3yeM METO/IbI TTPEABITY-
niero pasjesia (JaekoaupoBaHue koja Puaa —CojioMoHa ¢ Becamu), YTOObI 110-
JIyYUTh AJITOPUTM JICKOJMPOBAHUS CIIFICKOM [IJIs1 TAKOT'O KaCKaJHOTO KOJia.

HanomuuM napameTpsl paccMaTpuBaeMoro koja. Mbl UCIOJIB3yeM MOJIE
Fom n3 2™ nj1eMeHTOB, 0003HAYAEMBIX X, . . . , Xpm. BHenmwuit ko Puma — Co-
JIOMOHa KoaupyeT €2™ 3JIeMEHTOB TIOJIsI, paccCMaTpyBast X Kak Ko3(QuiiueH-
Tl MHOTOWIeHA P cTerneHu MeHble €2™ u 6eps 3HaueHus P(xy), ..., P(xmn).
BuyTpenHuit ko AJamMapa KOAUPYET KaXA0€ M3 3TUX 3HAYCHUI (TO €CTh CJIo-
BO M3 M OWTOB) CJIOBOM 13 2™ OUTOB.

PesynpTupyonmii KackaJHbIil KOJl KOAUPYET CJIOBO M3 € m2™ OUTOB, pas-
ouBas ero Ha 2™ OJIOKOB IO M OWTOB, W 3aTEM 3aMEHsIST KAKIbIA OJIOK Ha
ero ko Anamapa. [lomydaercs 2™ 6710k0B o 2™ OUTOB B KaXKJOM, BCETO 22m
OUTOB.

KonoBoe paccrostaue (yaenapHoe, B pacyéTe Ha OMT KOJOBOTO CJIOBA) JUIsSI
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BHEIIHEro Kofaa paBHO 1 — €, a ISl BHYTPEHHETo paBHO 1/2, mosToMy s
KOHKATEHAIlUM OHO PaBHO %(1 —£).

Onenka J[KOHCOHA TOBOPUT TENEpb, YTO [EKOJMPOBAHME CIMCKOM BO3-
MOHO C JI0JIeil OIIMOOK %(1 — \/E) W UTMHOM crivcka 2 - 22M (yaBoeHHast
JUTMHA KOJIOBOTO cJioBa). [TokaxkeM, UTO Takoi CIHMCOK MOXKHO MOJYUYUTh C MO-
MOIUIBIO OIMCAHHOHM B MpPEJbIAYIIEM pasjieie TEXHUKU (HAOOpOM BECOB BJIOJIb
aJre0panyuecKoi KpUBoii).

UTaK, 0ycTh UMEETCS HEKOTOPOE CJIOBO Z JUIMHBI 22™, J1Jis KOTOPOrO Mbl
XOTHM COCTaBUTb CIMCOK OJIM3KMX K HEMY KOJOBBIX CJIOB. Pa300bém cJioBO
z Ha 2™ OJOKOB 71,...,7Zm AAUHBL 2™ xaxapii. Kak u pasbine, nekomu-
pOBaHME KACKaJHOIO KOJa HAYMHACTCSI C JACKOAMPOBAHUST KaXOro OJIOKA IO
oTaenbHOCTH. Ho B 1TaHHOM ciydae Mbl He Oy/ieM BBIOUPATh KaKOTO-TO OJHOTO
BapUaHTa JEKOJMPOBAHUS, 2 PACCMOTPUM BCE BO3MOXKHBIE BADUAHTHI. A MMEH-
HO, JUIsl KaXKJI0ro OJI0Ka Z; U JJIsl JII0OOTo 2JIeMEHTa X; IoJisl Fpm mocMoTpum,
HACKOJILKO OJIM3KO CJIOBO Z; K Koay Ajamapa asiemenTta X;. O0a cpaBHuBae-
MBIX CJIOBA UMEIOT JJIMHY 2™, M MBI BBIUTEM YMCJIO HECOBMAJCHWI M3 UMCIIa
COBIIQ/ICHMIA; PA3HOCTb Mbl OyJeM Ha3blBaThb BECOM M 0003HAYaTh @j;. Ecim
aj < O (HecoBmaJeHWt HE MEHbIIE, YeM COBIIAJECHUI) TO TAaKOH BapUaHT
JEKOAUPOBaHMs (Z; MOJIyYUJIOCh MUCKAKEHUEM KOJA DJIEMEHTA X;) Mbl Cpasy
ke oTBeprueM. Jlis Bcex OCTAaBLIMXCS BAPDMAHTOB BECA (jj HEOTPHULATEJILHEL
[osyuaercss MakcumyM 22™ [OJIOKUTENILHBIX BECOB, HOCKOJBKY KakKIblil 13
MHJIEKCOB i, j mpoberaer 2™ 3Hauenuit (COOTBETCTBYIONIMX 2™ 3jIeMEHTaM MO-
ns).

Oty Beca OyIyT UCIOJIb30BAHbI [IPU JEKOJAMPOBAHUM BHELIHEro Koja. Mbl
OyJ/ieM 1POBOJUTDH AJIre0pPaMyecKylo KPUBYIO Yepe3 BCe TOUKM (Xi, Xj) € F2.,
y KOTOPBIX BECA (2jj TOJIOKUTEIbHLI. (3aMETUM, UTO TENEph Y HAC €CTh MHOIO
TOUYEeK C OJMHAKOBOIl NEepBOil KOOPAMHATO!, Yero paHslie He OblIO.) B 00o-
3HAUEHHUSIX TIOCJIEIHEN TeOpeMbl IPEbIIYLIEro pasjea:

g=2", n<2®" k="

OcTaéTrcs MOHATh, KAKUM JOJIKHO OBbITh 3HaueHue a. YeM oHO OoJiblle, HEM
YTBEPXKICHNE TEOPEMHI cjiadee, MOITOMY €ro HaJIo B3STh MIUHUMAJIBHO BO3-
MOXHBIM C COOJIIO/IECHUEM YCJIOBHSI

n
> > kY ai(a+1)=e2") ajlay;+1).
i=1 )

(B JIEBOW YacTu PaBEHCTBaA UCIOJIL3YIOTCSA 0003HAUCHUS NpeapIaAynero pasae-
Jla, a clpaBa IOACTABJICHbI HUX TEKYILINC 3Ha‘{eHI/IH). HpaBylo YaCTb MOXHO
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3aMmucaTh Kak
m 2
2 [Zaij +Za,'j]
L.j i.j

Bropoe (MeHbllIee) craraeMoe OLEHNM CBEPXY, 3aMEHMB BCE @jj HA MX MAKCH-
MaJIbHO BO3MOXKHOE 3Hauenne 2™, nosyuutcs £24™. Tlepsoe ciaraemoe Gyjiem
OIleHUBATh OoJIee JICJTMKATHBIM criocoOoM. CrpynMpoBaB claraeMble ¢ OTHUM
1 TeM Xe [ (COOTBETCTBYIOIME OJHOMY OJIOKY B KOHKaTEHAIIWH, HO Pa3HBIM
BapHaHTaM €ro JICKOJUPOBAHUSI), TIOJIYYUM

2"y [Ya.
i

Temepsb OIEHUM OTAETHHO KXY KBAaJpPaTHYIO CKOOKY (Ipu (hMKCHpPOBaH-
HOM j). Bec a; npencraBnsger coboii ckanspHOe Npou3BeJEHUE Koaa Apa-
Mapa DJIEMEHTA X; W CJIOBA Z;, B3SITOE C MHOXHUTEsleM 2™ (CKaXeM, eCiu
CKaJISIPHOE 1IPOM3BE/IEHUE PABHO 1, TO €CTh UMEET MECTO HOJIHOE COBII/ICHUE,
Bec paBeH 2™). Ocraércsl BCIOMHMTL TPO HepaBeHCTBO beccensi, corsiacHo
KOTOPOMY CyMMa KBaJIpaTOB CKaJISIPHBIX ITPOM3BE/ICHUN €IMHIYHOTO BEKTOPA
C BeKTOpaMH OPTOHOPMHPOBAaHHOTO Habopa He mpeBocxoauT 1. [ocie yuéra
KOD(PULUEHTOB ITO JAET

g™ Z[Z a,ﬂ < em 222'" = g2™M.m . 2m — gpim,
i Jj i
TaKI/IM 06p8.30M, JJIST HpI/IMeHeHI/ISI TeOpeMbI n3 Hpeﬂbmymero paSL[CJIa J0CTa-
TOYHO HepaBeHCTBa
a? > e2-24m,
TO €CTb

a > 2e2*m,

Takum 0Opa3oM, KOJIMYECTBO MHOTOWICHOB CTEIICHHU He Bblie £2™, Habuparo-
LIMX BEC a WM OoJiblie, HEBEJIUKO. OCTa€rcsl MOHSITb, YTO CYMMAapHbIA Bec,
HA0MPaeMblit MHOTOUJICHOM, HE MEHBIIE PA3HUIIBI MEX/Y CyMMApHBIM YHCIOM
COBIMAJICHUI1 ¥ HECOBIA/ICHNII B COOTBETCTBYIOIIEM KOJOBOM CJIOBE, U TEM Ca-
MBIM MOXXHO BBUIOBUTb BCE KOJOBBIE CJIOBA, [IJISI KOTOPBIX 3Ta PAa3HULA MEXTY
YMCJIOM COBMAJICHMI W HECOBIIAJECHUI OOJIbIIe

V2e2?m,

TO ecTb B pacuére Ha 6ut GoJblie v/ 2¢. [Tockonbky 3Ta pasHuua ects 1 —2d,
rae d — poJist olmboK, ycjioBue Ha d Oyzer TakuM:

d< 5 (1-Vae).
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HpI/I 3TOM YHUCJIO KOJOBBIX CJIOB B CIIMCKE OILICHUBACTCS BEJIMUYUHON
a/k = /2e2*™ /(e2™),

4TO 110 1OPsIJIKY BEJIMUMHBI paBHO 2™, TO ecrb KOPHIO M3 JUIMHBI KO/IOBOI'O
cjoBa (HEMHOIO Jydllle, 4eM B OLICHKe JI»KOHCOHA).

3aT0 y Hac BMECTO /€, Kak B OleHKe JI>KOHCOHa, MOSABJISAETCS V2e. B
OCHOBHOM 3TO M3-3a TOTO, YTO Mbl OYEHb I'Py0O OLCHUBAJIU CyMMY IEPBbIX
creneneil. CremaeM 3TO TOYHEE: NPU KKIOM [ y HAC mMmeeTcst cymma 2™
yKces1, CyMMa KBA/JPaToB KOTOPHIX HE IPEBOCXOUT 22™, Tak uTo MX cpejHee
KBaJIpaTUYHOE HE MPEBOCXOTUT om/2, Cpennee apugmernueckoe He OOJIBIIE
CPE/IHETO KBa[[PATHYHOTO, MIOSTOMY CyMMa ) ; @j; He GOJIbiie 23m/2 (3 panbine
Mbl €€ OLEHMBAIM Kak 22™, TaK 4TO €CTh 3aMETHOE YJIyUlleHHUeE).

Orcloja sICHO, YTO KOHCTaHTY 2 B \/2>5 MOXHO ([JIs1 JOCTATOYHO OOJIBLINX
m) 3aMEHMTh Ha CKOJIb YTOAHO OJIM3KYIO K €IMHUIIC.

27. BepoATHOCTHOE JEKOJAUPOBAHUE CIIMCKOM
IJIsl KOJIOB Alamapa

Ewé oaun pesysbrar, cBsI3aHHbIA ¢ Kojamu Ajamapa — Teopema loui-
npaiixa v JleBuHA O BEpOSITHOCTHOM JEKOAMPOBAHMM CIMCKOM (TI€PBOHAYAJIb-
Hast (hOpMYJIPOBKA ObUTA B TEPMHHAX BBIUMCIMUTEJBHON KpUNTOrpaduu, HO
IO CYIIECTBY OHa UMEHHO 00 3TOM).

Teopema. ITyctb @ < 1/2 1 € > 0. CyniecTByeT BepOSTHOCTHBII MOJIMHO-
MUQJIBHBII aJITOPUTM, KOTOPBIi 110 TAHHOMY /M 1 TIO JAHHOMY CJIOBY & JUIMHBI
2™ yKa3BIBACT CITMCOK TTOJIMHOMUAJILHOM JIJTMHBI, KOTOPBI C BEPOSITHOCTBLIO HE
MeHee 1 — € COIepKUT BCE KOJOBBIE CJIOBA KOjla AjlaMapa, OTJIMYAIOLINeCst OT
£ He bomee yeM B a2™ mo3unmii.

Ota (opMyJiupoBKa TpeOyeT TPEX yTOYHEHUIA. Bo-1iepBbIX, NOJUHOMUAIIb-
HOCTb O3HA4aeT, YTO BpeMsl pabOThI aJIrOpUTMa (BO BCEX CIIyYasix) O PaHUYECHO
HEKOTOPbIM TOJIMHOMOM OT m. Bo-BTophIX, ciioBo g (uMerouee mmHy 2™)
no/aéTcst Ha BXOJ AJIFOPUTMA B BUJIE «OpaKyJiay (aJIrOPUTM MOXKET 3aIPOCUTH
3HaueHue JIIoOOro OMTa, yKazaB €ro HOMEp, TO €CTh CJIOBO PacCMaTpUBAETCS
Kak ¢yHkms g: B™ — B, u anroput™m MoxeT e€ «BBI3bIBATH»). B TpeThux,
QITOPUTM YKa3bIBacT HE CaMH KOJIOBbIE CJIOBa KoAa Asamapa (OHM HMEIOT
SKCHOHEHIMAJbHYIO JUIMHY, W 32 IOJMHOMHUAJIBHOE OT /M BPEMs UX BBIIU-
CaTh HEJIB3s), a WX MPOOOpPa3bl MPU KOTMPOBAHMU (TO €CTh CjIoBa M3 m + 1
OUTOB, KOTOpBIE SIBISIIOTCSI KOX((PUIMEHTaMU COOTBETCTBYIOIIEH adUHHOMN
(byHKLIUM) .
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Jloka3aresbcTBO. Bynem cumnrath, 4to o = % — 0 npu HekoTopoM § > 0.

JUTst ToKa3aTesheTBa TEOPEMbI MBI TIOCTPOUM aJITOPUTM 8, MOJTyYaloNnii
Ha BXOJI PAIlMOHAJIbHbIE Yncia §, € > 0, HaTypaJibHOe Yiciio m U (B BUjie opa-
KyJa) pynkumio g: B™ — B, u Beiratommii criicok A(0, €, m, g) ahdUHHBIX
(ynxuuii (To ectb ux kod3dPuuuenton). [Ipu 3TOM anropurm OyAeT MOJIUHO-
MHUAJIbHBIM OT M, 1/d u 1/€, ecii § u € JOCTATOYHO MPOCTHI, TAK UTO JIJIMHBI
UX 3aIuceil OrpaHuueHbI TIOJMHOMOM OT 1/ u 1/€ (3TO 3aBEIOMO Tak, ecJu
OHM OOpAaTHBI K ILIEJIBIM YMCJIaM, U B JaJIbHEHIIIEM Mbl PACCMaTPHUBAEM TOJBKO
Takue € u 0).

OTOT aJiIroputM OyJeT 00J1a/laTh TAKUM CBOHCTBOM:

Jlemma. Ilycts f: B™ — B — ad¢dunnas ¢pynkuus, a g: B™ — B —
pousBoJibHast QYHKIMSI, OTJIMUalomasicst ot f He OoJiee yeM B (% — 9)-n0Jie
aprymenToB. Toraa BepOsSITHOCT TOTO, 4TO f BOWAET B cricok (), €, m, g),
HE MeHble 1 — €.

[Tpex/ie YeM OMUCHIBATH AITOPUTM % W JIOKa3bIBaTh JIEMMY, TIOSICHUM €&
CBSI3b C UCXOIHOI (POPMYJIMPOBKOI TeopeMbl. JleMMa TOBOPHUT O BEPOSITHOCTH
TIOKPBITh CITUCKOM 0O0HY ad(puHHYIO (PYyHKIMIO, OJIM3KYIO K g; B TEOPEME MBI
TOBOPIUIN O MOKPHITUN 8ceX TakuxX (PyHKImi. Ho mockosbky Takmx (pyHKIIHiA
MaJio (4TO CJie/lyeT U3 CBOMCTB Kojla AjlaMapa — TIPU JIAHHOM & MX He GoJiblie
HEKOTOPOI KOHCTAHTHI), TO BEPOSITHOCTH MPH MEPEX0/Ie OT JICMMBI K TeopeMe
BO3pacTéT He cuitbHO. (Kctatu, TOT akT, uTo (DyHKIMIt HEMHOTO, CIIeyeT U3
JIeMMBI — ecJI OBl X OBUIO MHOTO, TO CIACOK MOJMHOMUAILHOTO pa3Mepa,
BBIJ]TABACMBIIl aJITOPUTMOM, HE MOT ObI C BBICOKOI BEpPOSITHOCTHIO MOKPHIBAThH
JI00YI0 U3 HUX.)

[locTpoeHue anropurMa U J0Ka3zaTeabCcTBO JieMMbl. WTak, B posn asro-
pur™Ma % Mbl UMEEM JIOCTYI K g — UCKAXEHHOMY BapUaHTY» HEU3BECTHOM
appuHHON PYHKIIUN

fa, . xm) =Jfo+ fixi + oo+ fuXms

¥ JJOJDKHBI OTrajlaTh KOI(QOULUUEHTHL fo, . . . , fm. DT K0d(PPULUMEHTHI onpe-
Jesstiorest 3HaueHusivu f B m + 1 Toukax

(0,0,...,0),(1,0,...,0),(0,1,...,0),...,(0,0,...,1)

(1 Ha00OPOT), U HaM OyJeT yJJOOHEE FOBOPUTb O OTIA/IbIBAHUM DTUX 3HAYCHUIA.
(Ha camom feJsie KOHKPETHBIN BU TOUEK HAM HE BaXXEH, MBI MOXXEM OTTa/Ibl-
BaTh 3HAUCHWSI B TPOM3BOJIBHBIX M + 1 TOUKaX — W JaXe B MPOU3BOJIHLHOM
MMOJIMHOMHAJILHOM UHUCJIE TOYEK.)
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[Mockosbky yHKTMST [ sBiIsieTcs adPUHHOM, AT JIOOBIX X U + u3 B™
BBINOJIHSETCS] PAaBEHCTBO

Jx)=[f(x+r)—f(r),

e / — nuineitnas vacth f (6e3 fo). [lycTh x (pukcupoBaHo, a » TpoOeraeT
B™. IMockombKy [ M g COBMAIAIOT MO KpaiiHell Mepe B (% + d)-10J1e TTO3MIIMIA
(4TO 0OJIBIIIE TOJOBUHBI), TO

f(x) = GOJIBIIMHCTBO W3 [g(x +r)— f_(”)] >

1 3TO OOJIBLIMHCTBO MOXHO OIpPENEJUTh MeTonoM MoHnTe-KapJio, BbIOpaB He-
CKOJIBKO CJTyYaHBIX » ¥ IPOBEJS FOJOCOBAaHME CPEIV BHIOPAHHBIX 3HAYCHMIA.

[Inan 3TOT Ha NEPBBIA B3IV HE UMEET CMBICIIA, TAK KaK B [IPABOH 4acTh
crout [(r), KOTOPOro Mbl BCE paBHO He 3HaeM (Beitb [ oTimyaercsi ot / Jimiih
oTcyTcTBHEM KoddduieHTa fo).

3aMeTHM, OIHAKO, YTO ISl HaXOXKJEHHsI OOJIBIIMHCTBA IO MeTony MoH-
Te-Kapsio He 00s13aTesIbHO, YTOOBI MCIIBITAHKSI ObUIN IT0-HACTOSIIEMY HE3aBU-
cUMbl. JIOCTaTOYHO (XOTSI U C XyJALIECH OLIEHKOH Ha BEPOSITHOCTb OLIMOKH),
4TOObI OHM OBUIM NONApHO He3aBUCUMBbI. VIMEHHO, UMeeT MecTo

3akoH 00/IbIIMX uKCeJl /IS MTONIAPHO HEe3aBUCHMBIX coObITHii. Ilycrb co-
ObiTust Ap, ..., Ay NONAPHO HE3aBHCUMBl U KAXKI0€ U3 HUX HMeeT BeposiT-

1

HOCTb MCHbBIIC 2 d. Torz[a BEPOATHOCTb TOI'O, 4YTO HpOI/I3OI7IZ[éT II0JIOBUHA

um G0JIbIe COOBITHI, HE TPEBOCXOIUT

1

1
02 N
(v motoMy Masa ripu Gombimx N).

B camom jejie, pacCMOTPUM UH/MKATOPBI 3TUX COOLITUI (CITyyailHble Be-
JIMYMHBI ¢;, PaBHBIC SMHUIE, eClU A; CIyYHJoch, U HYJIO B IPOTUBHOM
ciydae). MaremMatuyeckoe OXUJAHUE KKAOIO U3 MHIMKATOPOB HE OOJIblle
1 — 6. Modromy matematnueckoe oxkuianue cymmpr He Gombme N (3 — 6).
Tenepb BOCIOJIb3yeMCsl MOIIAPHON HE3AaBUCUMOCTBIO: OHA I'ApAaHTUPYET, YTO
JUCHepCHsl CyMMBL ), @; PaBHA CyMMe [JUCIIEPCHUil; AUCIEPCUsl ; He HMpeBoC-
xomut 1 (Ha camoMm Jesie Jaxe 1/4), TO3TOMy JUICIIEpCHSI CyMMBI HE MPEBOC-
xomut N. Jlucnepcrst ecTb MaTeMaTHUECKOE O>KUJAHHE KBaPaTa OTKJIOHEHMUS
OT MaTeMaTuyecKoro oxxulanusi. Eciu npousoiiér 60siblie 110JI0BUHbI COObI-
THit, TO OTKJIOHEHHE OyjieT 110 Kpaitneii mepe NO, a ero ksagpar — N2§2.
[TosToMy 1o HepaBeHCTBY YeObIlIEBAa BEPOSITHOCTL TAKOI'O COOLITHS He GOJIblie

N 1

1
NE TR N
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4YTO U TPeDOBAIOChH JIOKA3aTh.

Otkyaa Mbl BO3bMEM IONAPHO HE3aBUCHMMbIC BeJMuMHBI? Ecim B3sith s
(TIOJTHOCTBIO) HE3aBUCUMBIX BeKTOpoB B B™, To Mx yacTUUHBIE CyMMBI (BCETO
2% — 1 BekTOpOB) OyAyT MOMapHO He3aBUCHMMBL. Hampumep, ecim up, up u
u3 — (IIOJIHOCTBIO) HE3aBHCHMbIE BEKTOPBI, TO CEMb BEKTOPOB

Uy, Up, U3, Uy + Up, Uy + Uz, Up + U3, Uy + Uy + U3

OyayT nomnapHo He3aBUCHMBI. (CkakeM, TIPH TaHHOM 3HAYEHWH Uy + Uy BCE 3HA-
YeHUS! ) + U3 PAaBHOBEPOSITHBI, TIOCKOJIBKY U3 HE 3aBUCHUT OT Maphl (U, Up).)
[eomMeTpryecKn: Ha S CITyYailHBIX HE3aBUCUMBIX PAaBHOMEPHO pacrpe/esicH-
HBIX BEKTOPOB MBI HATSATWBAEeM Mapajuiesenunes, u 2° — 1 ero BepumH (He
cuuTas HyJeBoi) OyIyT MONAapHO HE3aBHCHMBI.
Temeps yke MOXXHO OOBSCHUTD UJICIO JTOKAa3aTEIbCTBA: MBI MOJIOXKAM

J(Xx) = GOJBIIMHCTBO U3 [g(x + ri) —f(”i)] ,

rae r; — HOIAPHO HEe3aBUCUMbIE BEKTOPBI (2° — 1 WITYK), a UMEHHO, HEHYJIe-
Bbl€ BEPLIMHBI Mapasulesienunesia, HaTSHyTOro Ha (MOJTHOCTBIO) HE3aBUCHMBIE
BEKTOPBI Uj, . . ., Ug. UYTOOBI MOJYUUTh MAJIYI0O BEPOSITHOCTb OIIMOKH, JJOCTa-
TOYHO B3SITh MOJIMHOMMAJbHOE YMCJIO IONAPHO HE3aBUCUMbBIX BEKTOPOB, TO
ectb 2° —1 = poly(m), a toraa s = O(log m). (310 — jiJis1 (GPUKCUPOBAHHBIX
€ u 0, OIEHKY JUJIsl OOIIErO Cilydast CM. HUKE.)

Tenepsb r1aBHoe: Bee 3HaueHus [ (r;) B CUJy JIMHEHHOCTH [ ONpPENesIsioT-
cst snavenusivi [ (up), . . ., f(us), To ecth s Guramn. BO3MOKHBIX BApUAHTOB
STUX 3HAYEHUi 2°, TO eCTh MOJMHOMUAJILHOE OT M KOJMYECTBO. BCIoMHMM,
YTO HaM Pa3pelajioch OTra/IbIBaTh C HECKOJIBKHX TOIBITOK: aITOPUTM % BbI-
JNa€T He OJUH HAa0Op KOX(PQUIMEHTOB, a MOJMHOMHUAJIbHBIA (OT m) CHMCOK
BapuaHTOB. Tak YTO HaM MO3BOJICHO IEpPENpoOOBaThb T BAPUAHTHI, U BCE
CXOJIUTCSI.

OneHUM BO3HUKAIONIME BEPOSITHOCTU OoJiee mojipodHo. Ham Hy»xHO BOC-
CTAHOBUTD 3HaueHust f B m + 1 Toukax. Mbl HAUMHAEM C TOTO, YTO BbIOMpacM
HE3aBUCUMBIC BEKTODPBI U, ..., Us U TOJYYa€M W3 HUX MOMAPHO HE3ABHUCH-
Mbl€ BEKTODPBI ¥, ..., Fps_j. 3aTeM ISl Kaxaoit U3 m + 1 Touek MblI Ipo-
BOMM TrojiocoBanue ¢ 2° — 1 yvyacTHMKaMM W TOJydaeM Habop u3 m + 1
[IPEINoJIAraeMbIX 3HAYEHUI. DTa NpolieJypa NPeAnosaraeT U3BECTHBIMU 3HA-
YeHUs1 f (uy), ..., f (us) u mpoBoxutcst 2° pa3, JJIsl BCEX BO3MOXHBIX BapHaH-
TOB. [ToguepkHEM, UTO BBHIOOP CIIyUYaitHBIX BEKTOPOB U, . . . , Us TIPOM3BOTUTCS
TOJIBKO OJIVH pa3: OfIHY U Te e BEKTOPbI UCTIONIB3YIOTCS TSI BeceX m+ 1 Touek
1 BO BceX 2° IMOIMBITKAX.
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Jist naHHOM ToukM X cobbrtust f(x + 1) # g(x + r;) (Bcero 2° — 1
cobwrTmii iput | = 1,2, ...,2% — 1) ABAAIOTCS MOMApHO HE3aBUCUMBIMH. Be-
POSITHOCTD Ka’KJIOT0 U3 HUX HE O0JIbIIe %—6 . [losTOMY BEpoSITHOCTD TOTO, UTO
BBIOOPKA OKa)XXETCS «IUIOXOW» (HE MEHbIIe TOJOBHHBI MOMAJaHuUii B OIIMOKH,
riae f # g), He TPeBOCXO/UT

1 1
02 25—1°
OTOo — /ISl MaHHOW TOUYKU X; BEPOSTHOCTH TOTO, YTO BHIOOPKA OKa)XeTCs
IJIOXOM XOTs Obl 111 ogHoi U3 m + 1 Touek, He OOoJIblle
L1 (m+1)
—_ . m
02 25 —1
U NIOTOMY MEHBIIE €, €CIIH
m+1
25 > —5 T 1.
€d

A ecnn BbIOOpKa Xopomia Uit Bcex m + 1 Touek, TO B CIMCOK, BbIJaBa-
eMblil aNropuT™MOM % (M cofepkammii 2° BapraHTOB), BOWAET M TPaBUIIb-
HBII oTBeT (Ko3(pduimenTsl addurHON PyHKIMM f). [IIMHA CITUCKA U BpeMs
PaBoTHl AArOpuTMA % MPU TOM TOJMHOMHATLHBL OT (m + 1)/ed? + 1 =
poly(m,1/e,1/9).

28. JluHeiiHble KOAbI HU3KOM MJIOTHOCTH
U JKCIIAHJEepbI

B aTOM pasfeJsie Mbl BEPHEMCSI K JIMTHEHHBIM KOJIAM H ITOKAKEM, KaK MOKHO
HOCTPOUTS JIMHENHbIN KoJ (Haz nosieM [Fy), 11t KOToporo He TOJILKO KOAUPO-
BaHUE, HO W JICKOJAMPOBAHMUE BBINOJHSETCS OBICTPO. Mest MOCTPOEHNUs TaKKX
konoB (LDPC, low density parity-check codes) Obuia npemioxxena lasiare-
pom ew€ B 1963 rozy, HO IOTOM 3TU KO/ibl ObLJIM 1OYTH 4TO 3a0bIThl. CHricep
n CnujMaH BEepHYJINCh K HUM B cepefiHe 1990-X To0B U OOHapy WM WX
CBSI3b C HEKOTOPBIM KJIacCOM rpad)oB — 3KCIaHJEpaMHu.

Jluneiinpie koAbl U rpadsl

Jluneiinblit KO/l HaJ| T10JIEM U3 JBYX JIEMEHTOB COCTOUT U3 JABOWYHBIX CJIOB
XXy . . . Xp, OUTBI KOTOPBIX YJOBJICTBOPSIIOT HEKOTOPLIM IIPOBEPOUHBIM ypaB-
HeHusIM. [lockouibKy B IoJ1e TOJILKO [1Ba BJIEMEHTA, JOCTATOYHO YKa3aTb, KaKue
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OUTBI BXOIST B ypaBHEHHE, M KOJ 3a1aETCs ABY0JbHBIM rpadom (puc. [3). B
JIeBOi1 JToJie n BEepIMH Xi, . . .,X,. KakJas BeplMHA TpaBoil J0JU 3aJaET
ypaBHEHHE: CyMMa TeX OWTOB, C KOTOPHIMH OHA COEIMHEHA, paBHA HYJO (Ka-
XKJ0e pedpo COOTBETCTBYET BXOX/ICHUIO OWTa B ypaBHEHHE; KpaTHbIe pEdpa
HE paspelieHsl). Huskast mIoTHOCTh 03HauYaeT, uTo pédbep mayo. Mal Oynem
TIpe/iroiaraTh, 9To BCE BEPIIMHBI CJIEBa UMEIOT OMHAKOBYIO cTeneHb D (ka-
K/IBIil OUT BXOAUT B [ KOHTPOJIBHBIX CYMM), M UTO YPaBHEHHMII MEHBIIE, YeM
TIepEeMEHHBIX (M TEM CaMbIM eCTh DoJiee OTHOTO KOJJOBOTO CJIOBA).

= Xxx+x=0

Puc. 5. IlpoBepounasi MaTpuna kak rpag.

[lyctb A — HEKOTOPOE MHOXKECTBO BEPLUVH JICBOM [JOJIU (IIEPEMEHHBIX).
U3 unx Beixomsar D|A| pébep, u mostomy MHO)kecTBO cocemeit N(A) co-
nepxut He Gosiee D|A| snementoB. Ecii 31a orieHka Gim3ka K TOYHOM JuTs
MHOXecTB A HeGoublIoro pasmepa, rpad HasbBalOT dkcnanoepom. Tounee,
Mbl QuKcHpyeM HekoTopoe € > 0 n HekoTtopoe a > O u TpebdyeM, 4ToObI

IN(A)| > (1 —e)D|A| mpu |A] < an.

OT0 ompeiesIeHNe NMeeT CMBIC IIPU IOCTATOYHO MAJIbIX €; B JaJIbHEHIIIEM HaM
1oHa100s1TCst 3HadeHust € < 1/4. OHO TOBOPUT, YTO COCE/U JIEBbIX BEPLIMH
CPaBHMTEJILHO MaJIO MEPECEKAIOTCS IPYT C IPYTrOM, U €CJIU B3SITh HE CJIMIIKOM
MHOTO TaKMX BEpIIMH, TO 32 CYET TMEpeceveHnii MHOXKECTBO cocefiell YMEeHb-
mmtest He bosiee yeM B (1 — €) pa3. CiioBa «He CJIMIIKOM MHOTO» BaXKHbI, TaK
KaK Uist OOJIbIIMX MHOXECTB A B IPaBOM J0Jie MIPOCTO HE XBATUT BEPIIKH.
(OT™MeTuM, 4TO IPU MAJIOM € HEOOXOAUMMO OpaTh JIOCTATOYHO OoJibiioe Dj
npu Masibix D yske ojiMH 00LIuMit coce/| CripaBa y JByX BEPHIMH JIEBOW J10JIM
TIPUBOUT K YMeHBbIIeHNo GoJiee yeM B (1 — €) pa3 — a BEpUIMHBI C OOIIUM
COCE/IOM TOYHO Oy/yT, TaK KaK CIIpaBa MEHBIIIE BEPIIMH, YeM CJIeBa.)
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N(A)

|A| < an
IN(A)|[ > (1 —¢e)D|A]

creneus D

Puc. 6. K onpenenenuio skcnanzepa.

HcnipaBiienne ommooK W JKCTIAHAEPbI

MBbI OTJIOXKHM BOMPOC O CYLICCTBOBAHMU JKCIIAHACPOB C TaHHBIMU TMapa-
mMeTpaMu (YMCJIO BEPIIMH ClieBa 1, UX creneHb D, unciio BepiiMH cripasa m,
TPaHUIIBI @ ¥ €) W CHavaja MOCMOTPUM Ha TMapaMeTphbl MOJYYaloIerocs: Ko-
na. llpexe Bcero oTMeTHM, uTo mmeeTcs 2"~ ™ KomOBBIX CIOB (MJIM Jaxe
6oJIbIlie, €CIA M YPaBHCHUI OKA3AJIMCh JIMHCMHO 3aBUCHMBIMU).

MBbl yke TOBopuJIM, 4To U3 |A| BepumH JieBoit nosm ucxomut D|A| pédep;
onr npuxonst B (1 — €)D|A| Bepumn. 3Haunt, umeercst He Gosiee €D|A|
BEpIIMH, B KOTOpBIE BXOAUT OoJjiee OJHOTO pebpa (Kak7aasl Takas BepIlIMHA
YMEHBIIAET YUCIIO coceliel 1Mo KpaiHeil Mepe Ha 1), M ocTa€Tcs He MeHee
(1 —2e)D|A| BepuirH, B KOTOPbIE BXOMHUT TOJIBKO OJHO PeBpo.

Orciofia clieyer, 4ro MUHUMAibHoe paccmosiHue kooa bomvuwe an. B
CaMoM JieJie, IyCTh JIBa KOJIOBbIX CJIOBA pa3JjiMuHbl, 1 A — Te no3uuuu (rie-
PEMEHHBIE), B KOTOPBIX OHU OTAMYAIOTCS. [10CKOJIBKY KO JIMHEWHBIN, OyieM
CUUTATh, YTO €CTh KOJIOBOE CJIOBO, KOTOPOE COIEPKUT CAWHHMITH B TO3HIIUSIX
u3 A (a Bropoe cJIoBO HyJieBoe). Mbl BU/IMM, UTO €CJIU eJIUHHUI] He boJiee an,
TO HalaéTcsa He meHee (1 — 25)D|A\ «KPUTUYECKUX» KOHTPOJIbHBIX CYMM, KO-
TOpbIE coJiepXKaT POBHO O/HY e/uHuIly (M ocrasibHbie Hysn). Ecim € < 1/2,
TIOJTy9aeM TPOTUBOPEYNE: IS KOJOBBIX CJIOB BCE KOHTPOJBHbBIE CyMMBI JIOJTK-
HBI OBITH PaBHBI HyJIO. (3aMETUM, YTO HEKPUTHUYECKHE KOHTPOJIbHBIE CyMMBI
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TOX€E MOTYT ObITh HEHYJIEBBIMU, €CJTH COIEPXKAT HEUETHOE YUCIIO TIEPEMEHHBIX
m A.)

Pa3 MuHMMaIbHOE paccTOsIHUE DOJIbILIE (vM, TO MOXKHO KOPPEKTHUPOBATD /10
(a/2)n onmbok. [okaxem, uto npu € < 1/4 3TO MOXHO JeJIaTh C MTOMOIIBIO
MIPOCTOTO AJITOPUTMA: NOKA €CMb HeHyleable KOHMPONbHblEe CYMMbl, HAUOEM
nepemMeHHyI0, U3MeHeHue KOmopou YMEeHbWUm ux Koau4ecmeo, u u3smeHum
eé. HyxHO TOJIbKO yOEIUThCS, UTO Takasl MepeMeHHasl Bcerja Hauaercst (To
€CTb YTO Mbl HE OKQKEMCSI B «JIOKAJIbLHOM MUHUMYMEY): I10CJIE DTOI'O SICHO,
YTO YUCJIO HEHYJIEBBIX CYMM YOBIBaeT, MOKa HE JIOCTUTHET HyJIsl.

WTtak, mycTh HAM JaHO HEKOTOPOE CJOBO Z, KOTOPOE OTIMYAETCSI OT KO-
JI0BOI'O CJ10Ba X B HEKOTOpbIX nosuuusix. (Kak u panblie, B Cujly JIMHEHHO-
CTM MOXXHO CUMTaTh, YTO CJIOBO X HyJseBoe.) [lycTh A — cooTBeTcTBYyIOIICE
MHOXeCTBO mosutiuii. Mbl yxe Buenu, uro us A Boixomut D|A| pébep, u3
KOTOPBIX B KpuTHyeckue Bepimubl Benét He menee (1 — 2e)D|A|, 1o ectb
6oJibllie HOJIOBUHBL, ey € < 1/4. 3Hauut, B A HalIErcsl lepeMeHHast, u3
KOTOPOIi GOJIBIIMHCTBO PEOEP BEAYT B KPUTUUYECKUE KOHTPOJILHBIE CYMMBI, U
MoTOMy e¢ M3MeHeHHe (KOTOpOe UCIPABUT N0 KpaiiHelt Mepe 3TH CYMMBI 3a
CYET BO3MOXHOI MOPUYM JIPYTHX COCEAEH) YMEHBUIAT YUCIO TJIOXUX CYMM.

Bcé? He coscem. [leyio B TOM, 4TO M APYrve NEPEMEHHbIC, B TOM UKCJIC U
BHEe A, MOTYT 00s1a/1aTh TEM € CBOICTBOM (MX M3MEHEHHE yMEHbBIIAET YMCIIO0
HapyIIEHNI), ¥ U3MEHEHNEe ITUX MEPEeMEHHBIX YAAJIUT TEKyllee CJIOBO OT HC-
KOMOT'0, YBEJIMYUB MHOKeCTBO olOok A. ([IperoTBpaTuTh 3T0, HE 3Hasl, rie
OIIMOKM, MBI He MOXeM.) IIpu 5TOM 4MCJIO HEHYJIEBBIX KOHTPOJIBHBIX CYMM
BCE PaBHO YMEHbIIACTCSI, HO €CJIM IIPU TAKMX M3MEHEHMSIX MHOXeCTBO A npe-
BBICUT pasMep 71, TO C 3TOFO MOMEHTAa BCE HAllll PACCY>XX/CHHUS MOTEPSIOT
cuity (MOXKeT He HaliTUCh TepeMEeHHOM, 3MEHEHNE KOTOPOi YMEHBIITAET YMCIIO
IUIOXMX CYMM; KpOMe TOro, npu |A| > an Bce KOHTPOJIBHBIE CyMMbI MOTYT
OKa3aTbCsl XOPOLIUMH, XOTs1 A U HENycTo).

IMouemy pasmep A He TpeBbICUT vn? BCrnomMHUM, 4TO B Hayaje y Hac
obu10 He Oosiee (a/2)n oumbok. Hano yOemuThes, 4TO UX YUCIO B XO/e
PaboTHI aJITOpUTMa YBEeJIMYMBAcTCsl He OoJiee yeM BiaBoe. [lesio B TOM, 4TO
pasmep A cBsi3aH C YMCJIOM HEBEPHBIX CyMM. DTO UMCJIO, KaK Mbl BU/ICJIM, HE
menblite (1—2¢)D|A| > S D|A| n ne Gonbie D|A| (obuero uncia cocezneit).
Pa3 umciio HeBepHBIX CyMM yObIBaeT, a JIOPT B 3TOM COOTHOIICHHM MEHee
4yeM JIBYKPATHbIA, pasMep A MoxeT Bo3pactu He GoJjiee yem BiBoe. (Ctporo
ropopsi, onenka (1 — 2€)D\A| JUISL YUCJIa HEHYJIEBBIX KOHTPOJIBHBIX CyMM
BEpHA, JIMIIL €CJIM JI0Jis ommbOK He mpem3onuia «. Ho ecim 10 HEKOTOpPOro
MOMEHTa YMCJIO0 ONMOOK OCTaBaJIOCh MEHBIE (¢, TO W Ha CJEAYIONIEM Iare
9TO HEPaBEHCTBO He HapyIMMTCS. [10 MHAYKIMK MOTydaeM, YTO YUCIIO ONMOOK
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HUKOT/Ia HE JIOCTUTHET Qin.)

SICHO, UTO aJrOpUTM 3TOT MOJUHOMHAJIBHBIN (UMCIIO MIArOB HE OOJIbIIE
Yncsia ypaBHEHWI M TEM CaMbIM YHCJIa TIEPEMEHHBIX, ¥ KaX/IBIiA IIar TOXe TMo-
JIMTHOMUAJTBHBII) . [1p1 OTIOJTHUTEIBHOM TTPEANIONIOKEHIN O TOM, YTO CTETEHb
BCeX BepuIMH crpaBa He mnpesocxoqut O(1) (cM. HUXE O TOM, OYEeMy Takue
SKCIHAH/IEePbl CYIIECTBYIOT) M JOCTATOYHO YMEJIOH pean3aliiy aJrOpUTM JIEKO-
JMPOBAHUSI MOJIyYaeTCsl MOYTH JIMHEHHBIM. J{efICTBUTEIEHO, MOXKHO XPaHUThH
JUISL KQXKJ0# MEPEeMEHHON YHCJIO COJACPXKAIMX €€ HEHYJIEBBIX KOHTPOJIBHBIX
CYyMM; Ha Ka)X/IOM Ilare Haj0 BHIOMpaTh HAMOOJIbIIEE W3 JTHX UMCET W 3a-
TeM KOPPEKTHUPOBaTh COCE/Ei €ro cocesiei, YTo yA0OHO AenaTh C MOMOIIBIO
o4epe/iu ¢ IPUOPUTETAMH.

W3BecTHBI Takke ObICTpPhIEC TTapaJuIe/IbHbIE aTOPUTMBI KOPPEKIIUHN OLIMOOK,
HO MBI OTPAaHUYMMCS] YK€ CKa3aHHBIM.

Cyu[eCTBOBaHI/Ie IKCIIAHAECPOB

Wtax, Mbl 10Ka3a11, 4YTO HA OCHOBE rpad)a C 1 BEpIIMHAMY B JIEBOH /10JI1€
U m BeplIMHAMH B IIPaBOii J0Jie, B KOTOPOM CTENEHb KaXK0i BEpLINHbI CJieBa
paBHa D ¥ BBHIOJHEHO CBOMCTBO SKCIAHJepa C mapameTpamu « U € < 1/4,
MOXHO KOJMPOBaTh CJIOBA U3 1 — m OUTOB CJIOBAMU U3 N OUTOB U OBICTPO
UCHpaBJisATh 10 (a/2)n OmrboK.

Ocraérest 10ka3aTh CyllecTBoBaHME Takoro rpada (Ipu MOAXOASILIEM CO-
OTHOLICHUU NApaMETPOB). 3a(hUKCUPYEM IPOU3BOJIbHOE palioHabHOe g < 1
(oTHOIIEHKE YMCJIa BEPIIMH B ITPABOI U JIEBOI JJ0JISIX) W IIPOU3BOJIbHOE € > 0.
Mu1 noGepém noaxoasiiie D v o, TpU KOTOPHIX CYIIECTBYET DKCIAH/EP JTO-
00ro pasMepa ¢ TaKUMU MapaMeTpaMu (JIJIs1 JTIOObIX LENBbIX M U N C OTHOLIe-
HueM q). [lyctb (puKcHpOBaHbI KOJIMYECTBA BEPIIMH B JIEBOI U MPABOM JIOJISIX:
uyKucsia N U M, JUist KOTOpbIX m/n = ¢. ByneM BbIOMpaTh JBY/I0JIbHBIN rpad
C n BEPUIMHAMU CJIEBA W /M BEPIIMHAMU CIPABA CJIYYANHO: M3 KaXK/IOW JIEBOWA
BepilMHbI BbiilyckaeM D pébep B 1paByio J10J10 (JJist KaXK/I0 BEPIIMHbI CIly-
YaifHo BeIOMpaeTcst D pasHbIX cocesieil; TPU STOM TSl Pa3HBIX BEPIIMH BHIOOP
JIeJIaeTCSl HE3aBHCHMO ).

MBI XOTUM [I0Ka3aTh, YTO CBONCTBO PACHUIMPEHMSI BBINOJHEHO C TOJIOXKU-
TEJIbHOI BEpOSITHOCTBIO. Eci OHO He BBINOJHEHO, TO B JIeBOH Jloyie rpada
HaWIETCs Takoe MHOXeCTBO A u3 k < an BeplliMH, YTO BCE COCE/IU €ro Bep-
1MH (B [IPABOIi JI0JIe) JIEKAT B HEKOTOpoM MHOKecTBe B pasmepa (1 —e) Dk.
Jltst oaHOro peGpa BepoOSITHOCTH Tonacth B Takoe B paswa |B|/m, nast D
pEdep oHa He MPEBOCXOIUT (|B| / m)D (1aske HEMHOT'O MEHBIIIE 3a CYET TOTO,
yto Bce D cocesieit TOJHKHBI OBITh PA3IMYHBIMK), U JUJIST Pa3HBIX BEpIIMH BbI-
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GOpBHI HE3aBUCHMBI, TaK YTO HAJ0 BO3BECTH el€ B cTemneHb k. [lomydeHHbINH
Pe3yJbTaT MPOCYMMHPYEM TI0 BCeM BO3MOXKHBIM A M B ¥ TIOJIyYUM OIICHKY

a k
Z": ok cu-onk ((1—5)Dk)p

k=0 m

Ham Hy>xHO, 4TOOBI 3TO BbIpakeHHEe ObUIO MeHblle 1. Bocnosb3yemcst oleH-
Koit fy1st uncna coveranmit: € He mpeBocxomut (ue/v)'. (B camom gerne,
C) < u”/v!, n ocraérest 3ameruts, uro v! > (v/e)Y, NOCKOJIbKY MHTErpal
[ Int dt, pasubiit (¢1n¢—1)|!=}, e npeBocxoauT CBOEH BEPXHEH MHTEIPAIb-
Hoit cymMbl In1 +1In2 4 ... +Inv = In(v!).)

OreHuBasi cBepXy OMHOMHUAJIbHBIE KO(DPUIMEHTDI, TOTyYaeM

an (1—€)Dk Dk
K me . (1 —¢e)Dk
L | (ne/b ((1 - s)Dk> ( m

k=0

Ecim u3 BTOpoil cKoOKM BbIHECTH Hapy>Ky €, TO OHa CTaHeT 0OpaTHOM K Tpe-
ThEll, 1 MOXKHO NIPUBECTU MOJOOHBIC YWIEHBI, TIOJTYYUTCSI

i’i (ne/k) - e1=OD . ((1_5)1)k)w

k=0 m

(MBI 320/1HO BBIHECM 00ILyI0 cTerieHb k). 3amensist (1 — €) Ha eMHUILY, MbI
JIMIIb YBEJIMUUM CYyMMY:

y oo (DN
Z (ne/k)-e (m)

k=0

MBI XOTHM OLICHMTh 3Ty CyMMY KaK I€OMETPUYECKYI0 MPOrPECCHIO, HO MOKa
B OCHOBaHMe BXOJIMT k. Ero Mpl 3aMeHMM Ha BEpXHIOIO OleHKY an. Ho mms
9TOTO HY’>KHO, YTOOBI BBIP2XXEHNE B KBAaJPATHBIX CKOOKAaxX POCJO C pocToM k,
TO ecTh 4To0bl €D ObuT0 GoJibiile 1. B 3TOM MpemosioxKeHU Mbl TIOJTydaeM
(HATIOMHUM, 4TO m/n = q):

an eD
Y [te/a)-eP- (an>

k=0

k

Tenepb BUIHO, KaK HAJ0 JAEHCTBOBATh: IPEX/E BCero Mbl BhioupaeM D Tak,
4yro0bl € D Gbu1o Goibiie 1. IMpu Takom D 3HaMeHaTe b r€OMETPUUECKON 11PO-
TPECCHU CTPEMUTCS K HYJTIO TIpU @ — O, ¥ TTPX TOCTATOYHO MaJIBIX (¢ OH Oy/IeT
MeHbllie 1/2, 9to u TpedyeTcs.
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OaHOpOHbIE CTIpaBa JKCMAH/IEPHI

Y106HO UMETh JIeJI0 C DKCMAHIEPOM, KOTOPBIi PEryJisipeH He TOJIbKO Clle-
Ba, HO ¥ CIpaBa (BCE BEPLIMHBI CIpPaBa MMEIOT OJMHAKOBYIO CTEHEHb). DTO
MO>KHO HCIIOJIb30BaTh IIPU OLICHKE BPEMEHU pabOThl aJIrOPUTMA.

CHoBa 3a(puKCHpyeM MTPOM3BOJILHOE paliMoHaIbHOE g < 1 (OTHOIICHME Un-
cJla BepIIMH B MPaBOil W JIEBOI JIOJISX) M MpousBosibHOEe € > 0. [lamee Mbl
nooepém Takoe nesisie D W BemiecTBeHHoe o > 0, 4TO JUIsl BCeX OCTa-
TOYHO OOJIBLIIMX LIEJBIX M W N C OTHOIICHWEM ¢ CYIIECTBYET JBY/IOJIbHBIN
rpad ¢ n BepumHamu ciieBa (creriedn D) U m BepiMHaMu cripaBa (CTereHu
D' = D/q), st KOTOPOTO BHIMOJHEHO HYXHOE HaM CBOWCTBO PaCIIMPEHWsI
(c napamerpamu € u ).

Wtak, mycTh (UKCHPOBAHBI KOJMYECTBA BEPIIMH B JICBOW U MPABOM J0JISIX:
ynucna n W m, JUIsl KOTOpPBIX m/n = ¢. Bynem BbIOMpaTh JBYIOJIBHBIN Tpad
C n BeplIMHAMU CJIeBa ¥ M BEPIIMHAMM CIpaBa CIyYaiHO MO CleyloleMy
pacripeeicHuo. JIJ1sl Kaxk/10i BepLUMHbI ciieBa Bo3bMEM D konwuii, a 1is Ka-
/101 BepumHbl cripasa — D’ konuit (310 OyayT KoHubl pédep). Torua ciesa
U crpasa OyzeT ofHo u To xe uncno N = Dn = D'm xomnuii, 1 Mbl BO3bMEM
CJTyyaifHOE B3aMMHO OTHO3HAYHOE COOTBETCTBHE MEX/Y NMPaBbIMHU M JIEBHIMU
KOHIIaMH (KaXX/10€ U3 [TapOCOYETAHNI MEX/Ty JICBBIMU U TIPAaBBIMU KOHIIAMH BbI-
oupaetcs ¢ BepostHOcTbio 1/N!). D10 el He OKOHYATEJIbHASI KOHCTPYKIIUS,
T.K. MOCTPOCHHBI HaMM Tpad MOXKET COIepaTh KpaTHbIE (TTapaJijie/ibHbIC)
péopa. BpemeHHO MbI pa3pelim KpaTHble péOpa M MOKaXKeM, 4TO B OIpe/ie-
JIEHHOM BbIlle Tpade CBOMCTBO PACHIMPEHUS] BHIOJHEHO C MOJOKHUTEILHON
(m maxe Gosbiieit 1/2) BeposiTHOCTBIO. [IeHCTBUTEIBHO, €CJIM HY>KHOE HaM
CBOWCTBO HE BBIIIOJIHEHO, TO B JIEBOi Jlojie rpada HalAETCsl TaKoe MHOXKECTBO
A u3 k < an BeplMH, YTO BCE COCEAU €ro BEpIUMH (B IIPaBO J10J1e) Jexar
B HeKOTOpoM MHOXecTBe B pasmepa (1 — ¢)Dk. OueHuM BEpOSITHOCTb ITOrO
COOBITHS 1Sl JaHHBIX A U B.

Ha name pacripesienieHne BepOSITHOCTEH MOXHO CMOTPETh CJIETYIONIM
00pa3oM. MOXKHO CUMTaTh, YTO CHavasla Mbl CJIy4yaiiHo BbiOupaeM Dk mpaBbix
KOHIIOB, Ky/la OyIyT «OTIIpaBJIeHbI» pEOpa 13 A (Bcero umeercst Cﬁ" BapuaH-
TOB), 3aTEM pacripejiesisieM Bce pebpa, Bbixossiiye U3 A, MeX/1y BbIOpaHHbIMU
Dk nosunusmu (Juist aroro umeercst (Dk)! BapuaHToB), 110cje 4ero J1onosi-
HsieM BbIOpaHHble Dk péGep 10 MOJHOTO MapocodyeTaHust ([JisT STOTO ecTh
(N — Dk)! crioco6oB). Beero, kak ¥ HOJIOXKEHO, MOJIYYaeTCst

CR* . (Dk)!- (N — Dk)! = N!

CIroco0oB. (XOTSI OTO NPEACTABJICHUE 3aBUCUT OT MHOXECTBA A, ToJryvatrone-
€Cs B pE3YyJIbTAaTC PACIIPEACJICHME OJHO U TO XK€ JIsT BCEX A)
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Temeph OrpaHUYMM CBOI BBHIOOP HA MEPBOM Iare: OyaeM BBHIOMPATh MHO-
KeCTBO cocelieil A He cpet Becex N MOTEHIMATBHBIX TPaBbIX KOHIIOB PEGED,
a JIMIIb cper (DK3eMIUTSIPOB) BEPHIMH MHOXeCTBa B (TakMX DK3eMILISIPOB
Beero D'|B| = (1 — e)DD’k). Tlpu >ToM 4KCIIO BapUAHTOB COKPAILAETCS C
CAD[/f 110 CD’I\(BI = C(l])’j DDk Teriepb HOHSITHO, YTO BEPOSITHOCTH COOBITHSI
«BCe cocem A Jiexar B MHOXecTBe B» paBHA OTHOINICHWIO OMHOMHAJBHBIX

KO3(P(PULIMEHTOB:
CDk / CDI(
(1-e)pD'k/ “N -

[TpocymMMupyeM 3Ty OIleHKY MO BceM BO3MOXHBIM A u B. [loaydaercs, uto
BEPOSITHOCTb TOI'O, YTO BBIOPAHHBINM HaMU rpad) He SIBJISETCS DKCIAHAEPOM, He
IIPEBOCXOUT

an

¥ Ch. G0 (B o/ CRF)

k=0
Hastbiie paccy1aeM MOUTH TaKXKe, KaK Mbl JIC/CTBOBAJIM NMPU HE3aBUCHMOM
BBIOOpE coceiell Kax/Ioi BepIIMHBI. MBI XOTHM TOA00paTh TakWe 3HAYCHUS
mapamMeTpoB, UYTOObI JaHHAas cymMMa Obia MeHbine 1/2. [las Havama Boc-
HoJIb3yeMcsl OLIeHKOl [isl uncyia codeTanmit: C, He mpeBocxomut (ue/v)Y
u He Menblie (u/v)Y. (HkHsist OlleHKa MOJy4aeTcs, €Clid B HPOU3BEICHUN
c =4=t. =l @ BCE JpoOu 3ameHuTh Ha u/v.) OueHuBasi OUHO-
MuaJibHble KOO QUUUEHTB! U BBIHOCS ODLLYIO CTEleHb K, 110JyYaeM

v v—1
an ne me d=ab 1 q _eyDD' ke \ P
)y (k)'(ua)Dk) ( N )

k=0

Beromunas, uro N = D’'m, Mbl BUAUM, UTO TI0 CPABHEHHIO C TPEIBIIYLIM
BBIYMCJICHUEM Y HAC TIOSIBUJICS. MHOKHUTENb € B MOCTETHEN CKOOKE, B pe3yJib-
TaTe yero (1 — €) B mokasaTeJsie PKCIOHEHTHI 3aMeHseTcs Ha (2 — €):

an _ eD
Y | (ne/k)- e P ((1 5)Dk>

k=0 m

Jajblie BCE MPOMCXOMUT 110 NPEXHER cxeMe. MBI XOTUM, 4TOObI BbIPayKEHUE
B CKOOKax pocJio ¢ pocrom k. Jluist 3Toro HyskHo, 4ro0bl € D Obuio Gosibiie 1.
BriGpaB (mpu 3afaHHOM €) Takoe D, MOXHO 3aMEeHMTb k BHYTpPU CKOOOK Ha
on, OT 4ero cymMMma TOJIbKO yBenuuutcsl. Taxke orpyoum (2 —e) u (1 —¢€)
0 2 1 1 COOTBETCTBEHHO:

an eD
g (oo ()

k=0
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Teneps psia MpeBpaTHIICS B T€OMETPUYECKYIO NPOrpeccuio, MpUYEM eé 3Ha-
MeHaTeJIb CTPpEeMUTCSL K HyJso ripu o — 0. CiieoBaTesibHO, MpU I0CTAaTOYHO
MaJIbIX ¢ OH OyzeT MeHblie 1/4, U Toraa cymma psiia He TipeBocxoauT 1/2.
[Mo/BeEM TPOMEXKYTOUHDINA UTOI: ¢ BEPOSITHOCTBIO HEe MeHblie 1/2 cirydaiino
BRIOPAHHOE MAPOCOYETAHNE JAET HAM PETYJISIPHBIN JBYAOJLHBIA rpad, BO3-
MOXHO, C KPaTHBIMH pPEOpamMu, 00JIQIAIOINI CBOMCTBOM PaCIIMpPEHUsI.

YcrpaneHue KpatHbix pébep HOTpedyer HEKOTOPOro 3aliaca B CBOMCTBE
paciimpenust. Jlist 3TOro Mbl 3aMEHSIEM B [IPUBEAEHHOM BbIIIE BEPOSITHOCTHOM
paccyskeHnn mapameTp € Ha €’ = e /2. (Takxke 3aMOMHAM, 4TO B STOM CJIydae
crerienb D MBI BBIOMpaeM He Menble 1/&' = 2/¢.)

Kak ycrpanuts kparHbie péopa? 13 kask10ii BEpLIMHBI B JIEBOH J10J1€ Ipada
BeIXOMUT 10 D pébep. Bynem cumrath, 4To péOpa 3aHYMEPOBaHBI MO WX Jie-
BbIM KoHIIaM (oT 1 1o N = Dn). HeTpymHo npoBepuTh, UTO JJIsT JHOOBIX IBYX
PA3JIMYHBIX [, j (B YaCTHOCTH, COOTBETCTBYIOIIMX OJHOH JIEBOH BepLIMHE —
B 9TOM CJly4yae BO3MOXHO OOpa30BaHME KPAaTHBIX PEOEP) BEPOSITHOCTL TOIO,
YTO MX IPaBbIC KOHLIbI MONAYT B O/IHY M Ty %€ BEPIIMHY CIPaBa, HE IIPEBOC-
xomutT 1/m. CyMMupys 5Ty BEpOSITHOCTb IO BCEM BEpLIMHAM JIEBOI JOJU U
0 BceM IapaM pEoep, BBIXOJSIIUM U3 OIHON BEPIUMHBI, I0Jy4aeM, YTO Ma-
TEeMaTUYECKOe OXKU/JaHUE YUCJIa [1ap KpaTHLIX péOep B rpade He NPEBOCXOAUT
CLZ) -(n/m) = O(D?/ q). BeposITHOCTL TOTO, YTO MOJIOKUTEJIbHASI BEJIMUMHA
0oJiee yeM B JIBa pasa IMPEBBIIIAET CBOE MATEMATUYECKOE OXMAAHUE, JJODKHA
ObITH MeHbIe 1/2 (HepaBeHCTBO MapkoBa). CiieioBaTeIbHO, C BEPOSITHOCTHIO
dosbie 1/2 B ciydaiino BeiopanHoM rpade Oyzer ne 6ombme O(D?/q) map
KpaTHBIX pEdep.

Wtak, c BepOSTHOCTbIO He MeHblie 1/2 cily4aiiHoe mapocodyeTaHue Ja&r
HaM SKcIaHzaep (C HyXHBIMM IIapaMeTpaMu), U B TO K€ BpeMs C BeposT-
HOCTBIO OoJjipiie 1/2 B ciiyyailHO BHIOpaHHOM rpade YMCIIO KpaTHBIX pEdep
orpanuuero O(D?/g). DTO 3HAYMT, YTO C TOJOKUTENBHOH BEPOATHOCTHIO
Uil ciyyaiiHoro rpacda BBINOJIHSIIOTCST 00a cBoiictBa. Takum oOpasom, cy-
IECTBYeT peryJisipHblil (cjieBa U CIIpaBa) SKCMAHJAEP, B KOTOPOM He 0osibliie
O(D?/q) nap kpathbix pébep. 3ametuM, uto Beqmunna O(D?/q) we 3aBu-
CUT OT uucila BepluH B rpacde. Eciu unciio BepLivH 1 I0CTaTOYHO BEJIMKO 110
cpaBHeHHIO ¢ D, B TakoM rpade MOXHO «pacHapaJuleJIUTby KpaTHble pEopa,
JIMIIb HE3HAUUTEJIBHO YXY/ILIUB CBOMCTBO PACIIMPEHUSL.

OnuuieM 0oJiee TOAPOOHO NPOILEAYPY «pachapaliiesuBanusy. HazoBém
«3alpelEHHbIMU» CaMU KpaTHble pEOpa, a Takke pEOpa, UMEIoIIMe C HUMU
oburyto BepimHy (ciaeBa wim crpasa). [Toka B rpage ocraloTcst KpaTHbIe pé-
Opa, OyzieM MPOM3BOIUTH OTEPAINIO TIEPEKJICHKN: OEPEM OTHO M3 MMEIOIINXCST
KpaTHBIX pébep ¥ 0OMEHMBAEM €ro TPaBblil KOHEI C MPaBbIM KOHIIOM KaKOTro-



70 28. JInHeHble KOLbl HN3KOW MAIOTHOCTU 1 3KCMaHaeps!

HUOYIb He3anpelieHHoro pedpa. [1pu 3Tom MbI o3ab0THMCESI, YTOOBI BCe He3a-
TIpenéHHble pEOpa, NCMIOTB30BAHHBIE B TIEPEKJICHKaX, HE MMEJIH OOIIMX KOHIIOB
(3TO MOXXHO 0O€ECIIEUUTDb, €CJAM 11 MHOTO OOJIblle YMCJIa KPAaTHBIX PEDEp).

[MonsiTHO, YTO MOCI]E ITOI MpOIEAYpHl Ipad) OCTAJCSI PETYJSIPHBIM, U B
HEM He OCTaJIOCh KpaTHBIX pébep. [locMOTpUM, HACKOJIBKO MOTJIO M3MEHHUTHCS
CBOWCTBO pacumpenus rpacda. Panplue s BCSIKOIO MHOXECTBA JIEBBIX BEp-
H A MHOXECTBO coceleit cocTosuto He Menee ueM u3 (1 — ) D|A| npasbix
BepumH. [locne mepekneiiku pédep MHOKecTBO N (A) MOTJIO cTaTh MEHbIIE
3a CUET He3aIpeNEHHbIX pEbep (BBIXOAANMX U3 A), UCMONB30BAHHBIX B MPO-
He/lype pacnapasienuBanus. Takux pédep 3aBenoMo He Gosbiie |A| (JieBbie
KOHIIbI BCEX ITUX PEOEp pasivuHbl). DTO 3HAYUT, YTO B HOBOM rpade 4ucio
coceneit A He MeHblle

(1—€e"DIA| - |A| > (1 — € — 5)DIA|

Takum o6pasoM, [uisi HOBOro rpag)a CBOHCTBO PACLIMPEHUS! BBIIOJHSETCS CO
CJIerKa yXy/UleHHbIMYM napamerpamu: €’ 3ameHsiercst Ha (&' + %). 3a cuér npe-
AycMoTpeHHoro 3amaca (¢/ = €/2) Mbl MOJTyYaeM SKCTAHAEp C MApaMeTpoM
pacumpeHus €.

TakuM 06pa3oM, MBI JIOKa3aJIH, YTO NP ONPEACTEHHBIX 3HAYCHUSIX Mapa-
MeTpoB (IpH JoO6oM € > 0, Tpu PUKCHPOBAHHOM OTHOIIEHUH 71/ M, J0CTaTOY-
HO Gosbimx D 1 T0CTaTOYHO MaJIbIX (r) DKCIIAHAEPHI CyIIeCTBYIOT (1, Oojiee
TOTO, CYIIECTBYIOT KCIAH/IEPBl C OJJMHAKOBOI CTEIEHbIO BCEX BEPLIMH B Ipa-
BO# j10J1¢). O/IHAKO HAllle [J0KA3aTEe/IbCTBO HESBHOE — OHO HE JAET BO3MOYKHO-
CTH TIOCTPOWTD SKCMAHJEP C 33JJaHHBIMU TTApaMeTpaMH JIOCTATOYHO OBICTPO (2
9TO HEOOXOMMO, YTOOBI OPraHW30BaTh OBICTPOE KOTMPOBAHKE U JIEKOAMPOBA-
HUE /TSI COOTBETCTBYIOIIETO KOJ]a PABHOMEPHO IO JUTMHAM KOJIOBHIX CJIOB). B
2002 rony Banxan, Burgepcon, Kananoo u Peitnrosnn [M. Capalbo, O. Rein-
gold, S. Vadhan, A. Wigderson, Randomness conductors and constant-degree
lossless expanders, Proceedings of 34th Annual ACM Symposium on The-
ory of Computing, pp. 659-668, 2002] npugyMaiyu sSIBHYIO KOHCTPYKLHUIO,
KOTOpast /TSI CKOJIb YTOJTHO MAJIOTO MapaMeTpa pacumpenus € > O mo3BoJsieT
CTPOUTH IKCHAH/IEPBl C HYXHBIM CBOMCTBOM 3a IOJIMHOMMAJIbHOE (OT 4HciIa
BEpPLUMH) BpeMsl.

IapameTpbl dKCIAHEPHBIX KOJOB

MBI 0Ka3ai CylIECTBOBAHKME IKCNAH/CPHBIX KOAOB M OOBSICHWIN, UTO
JUTSL HUX €CTh OBICTpbIE aJITOPUTMBI AEKOTMpOBaHusl. OTHAKO 0 CHX TIOP MBI
He 00CY>KJaJTM Ka4ecTBO TAKMX KOMOB — KaK COOTHOCSTCSI UX KOX(QHIIEHT
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TMOJIC3HOT'O JICHCTBUS (CKOpOCTb) 1 KOJOBOE PACCTOSIHUE (a 3HA4YUT, U YUCIIO
HCITPABJISIEMbIX OU_II/I6OK). Ceiiuac MbI OIICHUM CKOPOCTb SKCITAaHJZEPHOI'0 KO/1a,
HCIIPABJIAIONICTO 3aJaHHYIO J1OJIIO OILIMOOK.

Hpemae BCEI0 HYXXHO IIOHSTH, KaK CBsI3aHBI IIApaMETPbI DKCHAHJCpa U
XapaKTEPUCTHUKN COOTBETCTBYIOLIEIO €EMY KOJa. Hanomnaum, kakue TImapaMeTpPhbI
€CTb Yy DKCITaH/Iepa:

® YUICJIO BEpIIMH CJIeBa M CIpaBa (1 U M COOTBETCTBEHHO; MBI CUMTAEM,
yTo m < n, ¥ 0003HaYaeM OTHOIICHUE STUX YUCEN g = m/n);

e CTereHb BeplH ciieBa (obo3HavaeTcs D);

® TapaMeTpbl PACLIMPEHHs] & U €: BCSKOE MHOXECTBO A, cocTosiiee M3
He 0oJiee ueM (i BEPIIMH JIEBOH J10JIU, JOJIKHO MMETh He MeHee (1 —
e)D|A| coceneit (B mpaBoii gosie). TIpu MOCTPOCHUH KOOB MBI Tpe/-
noJiaraji, uro € < 1/4.

BcrioMHMM, Kakoii KOoJ COOTBETCTBYeT TakoMy rpady. Ilockonbky anmHa Ko-
JIOBOTO CJIOBa PaBHA 71, a YUCJO KOHTPOJIbHBIX CYMM PaBHO 11, TO YHCJIO
KOJIOBBIX CJIOB He MeHblie 2"~ ™. TakuM 00pazoM, KO3(P(UIUEHT MOJIC3HOTO
JIEHCTBUSL KOJIa 3aBEJIOMO He MeHblie - = 1 — g. Jlanee, Mbl I0Ka3aju, 4To
PacCTOsIHME SKCMaHAEPHOrO Kojaa OyaeT He MEeHbIIe afi. MBI XOTHM, UYTOOBI
KO/ZI0BOE pacCTosiHue Koja (IIpu [JaHHOW CKOPOCTHM) ObLJIO KaK MOXKHO 00Jib-
mie. OTO 3HAYUT, YTO NPU KAK/JOM 3HAUEHUM ¢ MBI XOTUM MaKCUMU3UPOBAThH
COOTBETCTBYIOLIEE EMY .

Terneps MOXXHO TOUHO C(HOPMYIMPOBATH 337auy B TEPMHMHAX MapaMETPOB
aKcuanjiepa. Mol dukcupyem € (HekoTopoe uuciio menbiie 1/4) u g (He-
KoTopoe unciio MeHblle 1). TpeOyeTcst HaiiT MakcuMmalibHOe @ = «a(q, €)
(a Taxke moaxonsinee 3HadeHWe D = D(g, €)), AJsI KOTOPOrO CYIIECTBYET
SKCIIAH/IEP C YKA3aHHBIMM IIapaMeTpaMu.

Panee MBI 0Ka3anM, 4TO JJIS1 CYIIECTBOBAHUSI KCIAH/IEPOB JOCTATOYHO,
YTOOBI BBHITTOJTHSUTUCE ycJioBust €D > 1 u

(e/a) eP (B2)™ <172,
210 3HAYUT, YTO HaM HYXHO HaWTU MaKCUMaJIbHOE (@ = a(q, E) TaKo€, 4ToO
st Hekotoporo D = D(g, €) 5T HepaBeHCTBa BepHbI. TOUHOE pelicHue TOi
32/1a9M HA MOWCK MAKCMMyMa JOBOJIHHO MPOMO3/KO0. OHAKO HETPYAHO MOJI0-
Opath 3HaueHne D, KOTOpoe OydeT JOCTATOUHO OJIM3KO K MAKACMyMy (ZIJist
Halllero MCCJICAOBAHUS SKCIIAHAECPHOI'O0 KOJAa 3TOTO HpI/I6HI/I)KeHI/IH OKaXXETCs1
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C(e)q _
og3/0) (s HEKO

Toporo jiocrarouno masioro koddduumenra C = C(¢g)). Ipsimast nojcraHoB-
Ka [OKa3bIBAeT, YTO IIPU JaHHOM o U 1pu D = %10g(3 /q) 00a HyXHbIC HaM
HEpaBEeHCTBA BBIIOJIHSIOTCSI. B camoM Jiesie, pu BbIOpaHHOM D HepaBeHCTBO
eD > 1 oueBugno. UTOOB YOEAUTHCS, UYTO U BTOPOEC HEPABEHCTBO BEpHOE,
€ro yJo0HO mposiorapupmupoBaTh (1o ocHoBaHuio 2). [Ipu BbIOpaHHBIX @ U
D nonyuyaem

BITIOJTHE HOCTaTO‘{HO). HOCT&TOQHO B34Tb, HAIIPUMEP, @ =

log(e/&%) + Llog(3/q) loge +log (C(e)/€) -1og(3/q) < —1,
YTO MOXXHO TEpenucaTh B BUJIEC

log (e/C(e)) +log ; +loglog 7 +log 7 (L log e + log Co) < 1.
IMocne caenanHbIX MPEOOPA30OBaHMIT BUAHO, UYTO HYXXHOE HAM HEPABEHCTBO
BBITIOJIHEHO TTpU tocTaTouHo MasioM C(g) (s Beex g < 1).

7151 JaspHEMIIEro HaM HyKHO 3aIIOMHHUTH TOJIBKO aCUMITTOTHKY MOJTyYeH-
HOTO OTBETA: NMpU (PMKCHMPOBAHHOM € CYLIECTBYET DKCHAHAEP C MapaMeTpoM
pacumpenust o = O(q/ log é).

Takum 00pazoM, MBI BBIPA3WIN JOCTMXXMMOE KOJOBOE PACCTOSIHME 4Yepes
g: JUIsl IIPOM3BOJILHOIO ¢ > O MOXHO 11OCTPOMTH IKCIIAH/IEPHbIN KO/l CO CKO-
pocThio He MeHee (1 — g), UCTIPaBJISIONINIA I0JTI0 onOoK 0 (q) = Q(g/ log %).
[ToJie3HO TepenucaTh TO COOTHOIIEHNE, BHIPA3UB HAOOOPOT g uepes d. [lo-
JIy4aeTcsl, YTO MBI MOKEM HCIPABJISATH JIOJIO OIMMOOK 0 C MOMOIIBIO KOJa,
CKopocTh KoToporo MeHblie (1 — q), rae g(d) = O(d log %).

CpaBHIM TOJIyUEHHYIO OLIEHKY Ha CKOPOCTh DKCIAH/EPHOIO KOJa C OILICH-
kot X»MmuHTa. HamomuuM rpanuity X>MMHHTa: BCSIKWI JTBOMYHBINA KO, KO-
TOPBbIi TIO3BOJISIET UCIIPABJISITH OLIMOKK B JI0JIE TIO3UIINIA ), UMEET CKOPOCTh He
coapite (1—H(4)), rne H(d) = dlog % +(1 *6)1175' Ipu & — O mbI uMeeM
H) =96 log% + O(4). Takum oOpa3oM, JJIST MAJIbIX 0 SKCTAHAEPHBIN KON
TpebyeT He DoJiee YeM B KOHCTAHTY pa3 OOJIbIIIEH TOTEPH CKOPOCTH TIO CpaBHE-
HUIO C (TEOpEeTHYECK! BO3MOXXHBIMH) ONTUMAJIbHBIMU KoJaMu. OTMETHM, YTO
SKCIIaH/ePHbIE KOJbI TAI0T OJFH U3 JIYUIINX U3BECTHBIX KOMIIPOMUACCOB MEXIY
CKOPOCTBIO KOJIa, KOJJOBBIM PACCTOSTHUEM M OBICTPOTOI JEKOIMPOBAHMS.

29. C0:KHOCThH IeKOJUPOBAHUS

B mpensiayuieM pasfene ObUT yKazaH MOJMHOMMATIBHBIA alTOPUTM JEKO-
JUPOBaHUST JUIsl JIMHEHHBIX KofoB crenuansHoro Buga (LDPC). Bosnukaer
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BOIPOC: 2 BO3MOXKEH JIM TIOJIMHOMUAJLHBIN aJITOPUTM JEKOIMPOBaHUsI (pabo-
TAIONIMI MOJMHOMUAIBHOE BpeMsl OT JUTMHBI KOIOBOTO CJIOBA) JUISI NPOU3BOIb-
Hblx JUHEHHBIX Ko710B? (MBI OrpaHMYMBaeMCsl JIMHEHHBIMU KOJIaMH, TaK Kak
B 00LIEM Cydae Y)K€ 3a/IaHME KOJa KaK MHO)XECTBA KOJIOBBIX CJIOB HMeEET
SKCIIOHEHLMAJILHBIA pa3Mep.)

B HanboJiee €CTECTBEHHOI MOCTAHOBKE TOT BOMPOC OCTAETCSI OTKPHITHIM,
HO MMEETCsI CJIC/LYIONIMI YaCTUYHbIA OTPULATEJIbHBIA pe3yJibiar: 3adaua o
HaxooicOeHuu bnudicaiiue2o ko0o8o2o cnosa signsiemcest NP-mpyonoii. (B stom
pasziesie Mbl IIPEIIOJIAracM 3HAKOMCTBO YMTATEJIsl C HAYa bHBIMU CBEJICHUSMA
o kJiacce NP.)

MHOXeCTBO KO/IOBBIX CJIOB JIMHEMHOTO KOAA HaJ MOJIEM U3 JIBYX DJIEMEH-
TOB (HOAMPOCTPaHCTBO B B") MOXHO 3a/1aBaTh Kak 0asmcoM B HEM, Tak |
YPaBHEHMSIMH, BBIICJISIONIMMHI €r0 13 BCEro MPOCTPAHCTBA, U OT OJTHOTO 3a/1a-
HUSI MOXKHO TIEPEHTH K JPYroMy 3a MOJMHOMHUAJIbHOE BpeMst (MeTon [aycca).
[loaTOMY, TOBOpSI O TMOANPOCTPAHCTBE, MO>KHO HE yYTOUHSTH, KAKUM U3 JIBYX
CrocoboB OHO 3a/IaHo.

Paccmotpum Takylo 3asauy:

Hanbl: n-6umoegoe cnoso X = Xxj ...Xx,, noonpocmparcmeo L C B" u
yucno k.

Hapno: ysnamv, moxcHo nu mak usmenumsy He Oonee k 6umos & cnoge
X, umobwt oHo nocne 3moz2o nonano 6 L.

OTa 33/1a4a OYEBU/HO IPUHAICKHUT kiaccy NP: ecii 0TBeT HOJIOXKUTENb-
HBII, TO JUISI OKA3aTEJIhCTBA ITOrO JIOCTATOUYHO YKA3aTh M3MEHSIEMbIC OMTHI.

Teopema. Ora 3anaua siBisiercst NP-110J1HO.

W3 >toit Teopemsl (€€ nokazamm Bepaexamn, MakQumec n Ban Tuibopr B
1978 rony, Bckope nocie mnosiBjicHus! MOHsITUs NP-I0THOTBI) ciefyer, 4ro u
GoJiee oOmIast 3a/1a9a HAXOX/ICHUST OJVDKAMIIEro JIeMEHTa MOANPOCTPAaHCTBA
(xomoBoroO ci10Ba) sBJIsieTcss NP-TpyIHOI M BpSI/T JI MOXKHO OXXU/IATh HOSIBJIE-
HUSI TTOJJMHOMUAJIBHOTO aJiropuTMa, e¢ pemaioniero. (Brmpouem, xak Mbl yxe
TOBOPWJIM, C TOUKM 3PCHUSI TEOPUM KOJUPOBAHUSI STO MAJIO YTO 3HAUUT: HAC
MHTEPECYIOT HE BCE MOANPOCTPAHCTBA, & TOJBKO C JOCTATOYHO OOJIBIINM Pac-
CTOSTHUEM MEX[y TOUYKAMH, W JIEKOJMPOBATh MBI XOTHM JIHIIIH CJIOBA, OJIM3KHE
K OJHOI M3 TOYEK.)

JUtsi oka3aTenbcTBa 3aMETHM, UYTO K JTOM 3a/ade CBOJIUTCS 3a0aud o
maxkcumanvHom paspesze (MAX-CUT): pa3OUTh BEpIIMHBI JaHHOTO rpada Ha
ZIBa KJIacca, 4TOObl YuCiIO PEOEpP MEXAY BEpLIMHAMU Pa3HbIX KJIACCOB ObLIO
MakcMaJIbHO. To4Hee, MOCKOJIbKY MBI TOBOPHM O 3a/1aUaX Pa3pelieHus, HaJ0
CKasarh TaK: 0aH 2pagh u Yucio m; bISICHUMb, MONCHO iU pA3OUMb 8ePUILHbL
epacha na osa knacca mak, umobvl pébep C KOHUAMU U3 PA3HbIX KIACCO8
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Obl0 He MeHblue m.

Cseznenue coceM npocroe. ConocraBum rpady Takoit Ko/: OMTbl KOJOBOIO
CJI0Ba CONOCTAaBJISIIOTCS pEOpaM rpacda; BCSIKOM pacKpacke BeplMH rpada B
JiBa 1BeTa (O/IHM BEPIUMHBI KPacsTCsl B YEPHBIA 1LIBET, Jpyrue — B Oe€JIblil)
COOTBETCTBYET TAKOE KOJIOBOE CJIOBO: IUILIEM €MHUIIbI HA TeX pEOpax, KOHIIbI
KOTOPBIX IIOKPALICHbl B pasHble LIBETA, U HYJU Ha PEOpax ¢ OJHOLIBETHbIMU
KoHIIaMU. HeTpyaHO mpoBepuTh, UTO MOJIyYMJICS JIMHEHHbINH koxa. [Ipu sTom
HaMOOJBIINI pa3pe3 B rpade COOTBETCTBET KOJOBOMY CJIOBY, KOTOpOE OMxke
BCEro K cJIOBY U3 onHux eaunuil. (bBosee ¢opmaibHo, paspe3 ¢ m wiu OoJiee
PA3HOIBETHBIMU PEOPaMU CYIIECTBYET TOTJA U TOJbKO TOIJIa, KOIJla B CJIOBE
U3 OJIHUX CIMHUI] MOXHO U3MEHUTH He OoJiee E — m GUTOB, MOJIyuMB KOJIOBOE
csioBo; 31ech E — uucsio pébep rpada.)

Ocraérest ycraHoBuTb, uTo 3a1aya MAX-CUT (B onucaHHOM BapuaHte ¢
OTBETOM «Ja/HeT») siBasieTcss NP-nosnoit. Tlokaskem, Kak K HEll cBeCTH 3aja-
uy 3-SAT (cranpapTHylo npu AokaszatenbcTBax NP-monHoTsl; SAT o3Havaer
SATisfiablility, BBITOJTHUMOCTS).

B 3anaue 3-SAT Tpebyercs HailTu HaOOP OYJIEBCKUX 3HAYEHUH Xi, . . . , Xy,
YIIOBJIETBOPSIIONINI HEKOTOPBIM ycsioBUsIM. Kaxkjj0e ycioBue oTHOCUTCS K Ka-
KUM-TO TPEM IEPEMEHHBIX U 3allPelIaeT OJHY KOMOMHAIIMIO UX 3HaYeHUil. ITO
OOBIYHO 3aIIMCHIBAIOT B BUJIE «AU3BIOHKTa»: 3alIPeT KOMOMHALMU (K IIpUMEPY)
xs =1, x7 =0, x;1 = 1 3anuceIBaeTcsa Kak —Xs V X7 V —Xp1. 3a7a4a B UEJIOM
TOT/Ia CTAHOBUTCSI KOHBIOHKIMEH (JTormdeckuMm M) »Tux Au3bIOHKTOB. Bynem
npeamnoaratb NP-MoJMHOTY 3Toii 3a1aull U3BECTHOIA.

B kauecTBe JeMMbI JokakeM NP-MOJTHOTY YacTHOro citydvas 3TOi 3a7auu,
B KOTOPOM 3aITpelIeHUs] IOJKHBI ObITh CUMMETPUUHBIMU: 3alpeliasl KaKylo-TO
TpOWKYy 3HaueHuil (ckaxxkeM, 1,0,1), Mbl JIOJDKHBI 3allPETUTh U MPOTHUBOIIO-
JiokHy1o Tpoiky (0, 1,0) s Tex sxe nepeMeHHbix. Eciiu BBecTr 0003HaueHE
NotAllEqual(a, b, c), o3Hayaiouiee, 4ro He Bce TpuU O6uta a, b, ¢ o1HaKOBbI,
TO MOXHO Nepe(OopMyJIMpOBaTh STOT YACTHBIN CJIyvyail TaK: BMECTO M3BIOHK-
it aV bV ¢ Tpéx nuTepasoB (MepeMeHHbIX WX UX OTPULIAHUI) MBI ITHUILIEM
NotAllEqual(a, b, ¢). Tlpu 3TOM 3anpeniaetcsi He TOJBKO CJIydail, KOrja OHU
BCE JIOXKHbI (KaK B JIM3BIOHKIIMM), HO U CJIy4dail, KOI/la OHU BCE UCTUHHBI. DTOT
yacTHblil ciyvail uHorga HaseiBalor NAESAT (Not All Equal SATisfiablity).

JlemMma. Oo6miag 3agaya 3-SAT cBoautcest k NAESAT.

[Tpexxae Bcero 3ameruMm, uto pelenus 3anaud NAESAT BbiaepxuBaioT
CUMMETPUIO (3aMEHY BCEX 3HAYCHWI Ha NPOTUBONOJIOXKHbIE). [ToaToMy MOxHO
BBIOPATh KAKYIO-TO OJHY «CHEHIEPEMEHHYIO» M HAJIOXKWTh JIOTOJHUTEIIHHOE
yCIIOBUE: MBI PACCMAaTPUBAEeM TOJILKO HAaOOPHI 3HAUEHMUIA, T/Ie CTelliepeMeHHast
JIo)XHa (paBHA HYJIO).
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3ametnm, uto NotAllEqual(0, a, b) = a V b, Tak 4TO JAU3BIOHKIHNIO JBYX
(OOBIUHBIX) MEPEMEHHBIX U U V MOXXHO BbIpa3uTh Kak NotAllEqual(a, u,v),
rje o — crennepeMentas. Yciosue aV bV ¢ (3anpelienue BceM JiMTepasiaM
a, b, ¢ ObITb JIOXKHBIMU) MOXHO 3aMEHUTDH JIByMs! ycJioBusiMu a V b = t u
tVc, rae t — BCIOMOraTe/IbHasl HOBAsl IEpEMEHHast (CBOsI LISl KAX/I0M AM3b-
IOHKIIMM): HOBasl CUCTEMa YCJIOBUIl BHIMOJHAMA TOTJa U TOJBKO TOT/a, KOT/a
BBITIOJTHUMA cTapast. OcTaéTcst BhIpa3uTh yciioBre aV b = ¢, To ecTb 3alpeTuTh
Bapuant @ = 1,t = 0, Bapuautr b = 1,¢t = OuBapuaut a = 0, b =0, ¢t = 1.
[lepBbie Ba COOTBETCTBYIOT AU3BIOHKIMSIM —aV [ U -bVt,B KOTOPBIX TOJIBKO
JIBE IIepeMEHHbIE (M 9TO Mbl BbIpaXaTb ymeeM). B nociiesiHem ciyyae O6ebl He
Oyzer, ec/i1 Mbl 3a1IPETUM U HPOTUBOIOJIOXKHBINM Bapuanr a = 1, b =1,1 =0
(oH ToXe He MOAXOAMT W yxke 3ampemiéH), HamucaB NotAllEqual(a, b, —t).
JlemMa gokaszaHa.

Ocranocs cBectu 3agaay NAESAT k MAX-CUT. [lns sToro Ham Hajo
TIPE/ICTaBUTh 3HAUECHHSI TEPEMEHHBIX KaK BapUaHThI pa30MEeHNi BEpIIMH rpaga.
s Havama paccMoTpuM rpad w3 AByx rpymm mo N BepiumH u BceX pédep
MexTy Tpynnamu. MakcuMasibHbIi paspes TyT mepecekaeT Bce N2 péoep.
JlioGoit apyroii paspes mpourpbiBact emy 1o kpaiineir mepe N pédep.

(ITpouie Bcero B 3TOM YOEIUTHCS C MOMOIIBIO TaKOro Tproka. Paspes —
9TO pa3fiesicHUE BCEX BEPLIMH Ha «Oesbley U «IEPHBIE», BEIMIMHA pa3pe3a —
9TO 4nMcyo péDEp C KOHLAMM Pa3HbIX LBETOB. PaccMoTpum mpoussencHue
(a1 + ...+ an)(bi + ...+ by), B koTOpoM Bce a; u b; paBHbl +1. 3Have-
HUSI @; COOTBETCTBYIOT IIBETaM BEPUIMH B OJHON TpyINe, 3Ha4YeHus b; — B
npyroii. [Ipu 3ToM U151 @; 3HaK «+» COOTBETCTBYET BEpIIMHAM OEJIOro 1BeTa,
a juis b; — HaobopoT. PackpbiBast CKOOKHU, yOexIaeMcs, YTO ITO IPOU3BE-
JICHME PaBHO YKCJTy Pa3HOLIBETHBIX pEOEpP MHHYC YKCIIO OfHOIBETHBIX. Korma
BCe a; U b; pasubl 1, 5TO NpousBeIeHNE MAKCUMAJILHO M cocTouT u3 N 2 yite-
HOB @; bj, PaBHBIX eUHUIIE ¥ COOTBETCTBYIOMMX N 2 pEbpaM MesKTy JOJISIMH.
3aMeHa eZIMHUITH Ha MUHYC €IMHUITY COOTBETCTBYET MEPEKPAIINBAHUIO BEPIIIU-
HBI, TIPA 3TOM TIpomaBiiee pedpo 1aéT yMeHblleHHe cyMMbI Ha 2. [TocKoJIbKy
BCe BapMaHTHl, KpoMe a; = bj = 1 u a; = b; = —1, gal0T npousBeneHue He
6ouibiie (N — 2) N, BujiHO, uTO 1pornaaioT 1o kpaiiteit mepe N péodep.)

Teneps coequanMm n xomwmit Takoro rpada. B 3tom rpade ectp 2" makcu-
MaJIbHBIX Pa3pe3oB: B K0! TPYIIIE HA/IO0 pa3pe3aTh Bce peopa, HO KaKylo 3
MOJIOBMH MOMECTUTH MO OIHY CTOPOHY Pa3pe3a, a KaKylo Mo APYTryIo, MOXKHO
BBIOMpaTh. BHIOOpP OZTHOTO M3 TaKMX pa3pe3oB €CTECTBEHHO KOAMPYETCs Mociie-
JIOBaTEJIbHOCTHIO U3 1 OMTOB. [loka uTo Bee 2" BapHaHTOB paszpesa OJMHAKOBO
xopolu (paszpes3aloT Bce pedpa).

OTO y’ke He TaK, €CJIi Mbl J00aBUM JONOJIHUTEIIbHBIE pEopa. IlycTs, cka-
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X1 X2 Xn

XKEM, /100aBJIeH TPEYTOJIbHUK, COCTUHSIONMI TPYU BEPIIMHbI U3 Pa3HBIX KO
W3 nux paspesansl 60 O (eciu Bce TPU BEPLIMHBI TPEYTOJIbHIAKA OKA3AJIUCH C
O/IHO¥ CTOPOHBI pa3pesa), oo 2 pedpa. Takum 0Opa3oM, TaKoi TPEYroJIbHUK
na€T mpemuio B +2 pebpa, ecsii He BCe BEPIIMHBI C OJHOI CTOPOHBI (UTO KaK
pa3 u cootBeTcTBYeT cooTBeTCTBYET NotAllEqual /17151 6UuTOB U3 KO/la paspesa).

Takum 06pasom, Borpoc o BuinosHUMocTr Habopa NAESAT-orpannuenmit
CBOJMTCS K BOTIPOCY O Hasmuuu paspesa u3 N2 +2m pébep, rie m — kouu-
4yecTBO orpaHuyeHuit. Hano tosibko Bbiopats N GoJibliie 37, YTOOBI HUKAKOI
BBIMIPBILI 32 CYET pa3 JOMOJHUTEIIBHBIX PEOEP HE MEPEBECUIT IPOUTPHILL, €CIIH
paspe3 He pas3[e/IMT IPyIIbl B ofHo# m3 xommii. (Ha camom gmese gocrarou-
HO notpedoBath N > m, HOCKOJIBKY B KQKJOM TPEYTOJbHUKE Mbl MOXEM
BBIMI'PATh TOJILKO OJIMH Pa3pes, MoJIyuuB 3 BMECTO 2.)



MpenmeTHbIN yka3aTenb

IIpenmeTHbIT yKa3zaTe/ib

3-SAT, 3agaua, 74

Bepnekamn (Berlekamp, Elwyn), 23, 73
Beprpan (Bertrand, Joseph Louis Frangois), 24
Beccenb (Bessel, Friedrich Wilhelm), 56

Boy3 (Bose, Raj Chandra), 35, 40

Kanan6o (Capalbo, Michael R.), 70
Yoynxypu (Ray-Chaudhuri, Dwijendra Ku-
mar), 35, 40

Duaitec [Dimac, Daaiic] (Elias, Peter), 42, 47,
48

®opuu (Forney, G. David), 22, 24, 31, 32

lannarep (Gallager, Robert G.), 61

laycc (Gauss, Johann Carl Friedrich), 73

Tun6epr (Gilbert, Edgar N.), 7-9, 11, 22, 26,
32

Tonppaiix (Goldreich, Oded), 57

Apnamap (Hadamard, Jacques Solomon), 29-33,
45, 46, 54, 56, 57

Xommunr [Xemmunr] (Hamming, Richard Wes-
ley), 5, 6, 8, 12, 26, 29, 35, 37,
40-42, 47

Jxoucon (Johnson, Selmer M.), 46, 47, 55,
57
IOcrecen (Justesen, Jgrn), 24, 31

Jlarpanwx (Lagrange, Joseph-Louis), 41
LDPC, low density parity-check code, 61

MAX-CUT, 73
Mannep (Muller, D.E.), 33

NAESAT, 3ajaua, 74

Heioton (Newton, Sir Isaac), 41

NP-nosinora, 73
sagaun 3-SAT, 74
sagaun MAX-CUT, 74
sagaun NAESAT, 74

(Parseval des Chénes, Marc-

Antoine), 46
ITackasub (Pascal, Blaise), 41
ITnotkun (Plotkin, Morris), 26, 28, 29, 31, 47

IlapceBajib

77

Pun (Reed, Irwing Stoy), 16, 22, 25, 31-33,
36, 49, 54
Peitnrona (Reingold, Omer), 70

Iennon (Shannon, Claude Elwood), 8

Cunrnron [Cunrnieton] (Singleton, Richard
C.), 15, 16, 29, 31

Curncep (Sipser, Michael), 61

CoJiomoH (Solomon, Gustave), 16, 22, 25, 31—
33, 36, 49, 54

Crnuiman (Spielman, Daniel A.), 61

Crupsmnr (Stirling, James), 7

Cypan (Sudan, Madhu), 4

Banaxan (Vadhan, Salil Vadhan), 70
BaH Tusbopr (van Tilborg, Henk C.A.), 73
volume bound, 6

Burgepcon (Wigderson, Avi), 70
Bosenkpadt (Wozencraft, John M.), 24, 31

Apamap (Hadamard, Jacques Solomon), 29-33,
45, 46, 54, 56, 57

Apamapa xon, 29-33, 45, 46, 54, 56, 57

anroput™m beprekomma, 23

asndasur, 5

Baccasnbiro, Jleonnn Anexcanaposud, 47, 48
Bepasiexomn (Berlekamp, Elwyn), 23, 73
BepJaexamna anroputm, 23

Beprpan (Bertrand, Joseph Louis Frangois), 24
Beprpana mocrynar, 24

Beccenb (Bessel, Friedrich Wilhelm), 56
Beccenst HepaBeHCTBO, 56

ounom Heiotona, 41

Bose —Yoyaxypu — XokBunrema kof, 35, 40
Boys (Bose, Raj Chandra), 35, 40

Oyksa, 5

Baaxan (Vadhan, Salil Vadhan), 70

BaH Tusbopr (van Tilborg, Henk C.A.), 73

Bapuiamos, Pom Pybenosuu, 11, 22, 32

Bapuwamosa — [uinbepra rpanuua, 11, 22, 32

Bapiramosa — [unbepra ouenka, 11

BEPOSITHOCTHOE JIeKOMpOBaHue, 32

BEPOSITHOCTHOE JIEKOJIMPOBAHKE CIHCKOM
Kozma Apamapa, 57

B3BEIIEHHAs! CTEMEHbh MHOTOUJIeHa, 50

Burpepcon (Wigderson, Avi), 70



78

BHELIHMIA koA, 19

BHYTpEHHHUI1 Koz, 19

Bosenkpadt (Wozencraft, John M.), 24, 31
Bosenkpadra semma, 24

BBITIOJTHUMOCTh, 3ajada, 74

lannarep (Gallager, Robert G.), 61

Taycc (Gauss, Johann Carl Friedrich), 73

Taycca meron, 73

Twibepr (Gilbert, Edgar N.), 7-9, 11, 22, 26,
32

lwibepra rpanuua, 7-9, 26
Tonppaiix (Goldreich, Oded), 57
Tosigpaiixa — JleBuna teopema, 57
TpaHuLa
Bapuiamosa — [unbepra, 11, 22, 32
Tunbepra, 7-9, 26
IxoHcoHa, 46, 47, 55, 57
Ilnotkuna, 26, 28, 29, 31, 47
CunraTona, 15, 16, 29, 31
XommuHra, 6, 8, 26, 29, 40, 42, 47
Dnaiieca — baccasnbiro, 47, 48

nekozep, 3, 6
JEKOAMPOBaHNE
BEPOSITHOCTHOE, 32
KackaJHoro kozia, 19
koxa Puga— CosiomoHa, 16, 25
OJIMHOMMAJIbHOE, 32, 73
CIUCKOM, 42, 44
JEKO/IMPOBAHUE CIIICKOM
KacKaJHoro Koja, 54
Koga Anamapa, 45, 46, 57
kxona Puma—Cosomona, 49, 54
Ixoncon (Johnson, Selmer M.), 46, 47, 55,
57
JI>xoHCOHa oLieHKa (rpaHuua), 46, 47, 55, 57

Exanun, Cepreit Muxaitiosiy, 4

3agaya 3-SAT, NP-nosinorta, 74

3agaya NAESAT, NP-noanota, 74

3a/jada 0 MaKCMMaJbHOM paspese, 73

3aKOH OOJIBLIMX YMCEJI /IS [IOIIAPHO HE3aBUCHU-
MBIX COOBITHIA, 59

M30BITOUHOCTD, 5
M30BITOYHOCTD KOJa, 3
MHTEpHOJIsIMOHHAsL (hopmyJia Jlarpanka, 41

KaGatsinckuit, [puropuit AHaTosbeBUY, 4
KaHaj CBs3U, 3, 5
Kanan6o (Capalbo, Michael R.), 70

MMpenmMeTHbIN yka3aTenb

KackaJHbi xox, 18, 22
JIEKOJIMPOBAHUE CIIUCKOM, 54
KacKaJHbII KoJ, JeKoaupoBaHue, 19
Koa, 5
Apamapa, 29-33, 45, 46, 54, 56, 57
Ajamapa, BEPOSITHOCTHOE JIE€KOJMPOBa-
HUE CIUCKOM, 57
Apamapa, J€KOJMPOBAaHUE CIIMCKOM, 45,
46, 57
BUYX (boze—Yoyaxypu — XokBuHIrema),
35, 40
BHELIHMiA, 19
BHYTpEHHUiA, 19
N30bITOYHOCTD, 3
Kackagubni, 18, 22, 25
KaCKa/IHbI|, AeKoAupoBaHue, 19
K03(P(PULIMEHT MOJIE3HOTO AEHCTBUS, 6
JiiHenHbIit, 10, 73
JIMHENHbI Huskoi miotHoct (LDPC),
61
JIMHENHBII, TPOBEepOYHasl MaTpuLa, 12
MHUHUMAJILHOE paccTosiHue, 5, 44
Puna—Mannepa, 33
Puna— Cojsomona, 16, 22, 25, 31-33,
36, 49, 54
Pupa— CosloMoHa, A€KOIMPOBAHUE CITHC-
KoM, 49
CKOpOCTB, 6
CcITyvaitHelil, 9
COBEpILEHHBI, 14
®opuu — Bosenkpadra —Ocrecena, 24,
25, 31, 32
Xommunra, 12, 35, 37, 40, 41
xozep, 3, 6
KOZIOBOE CJIOBO, 5
omkaiiiee, 73
KOHKaTeHalus KojaoB, 19
KOHTDOJIbHAsI cymMMma, 12
KO03(D(PULMEHT MOJIE3HOTO AEHCTBUSI Kozia, 6

Jlarpamx (Lagrange, Joseph-Louis), 41
Jlarpanska uHTEepnosiuMoHHas gopmyna, 41
JleBuH, Jleonun AnaroJibeBud, 57
JemMMa

Bosenkpadra, 24
JIMHENHbI Ko, 10, 73

HM3KOM IJIOTHOCTH, 61

MaKCUMMaJIbHbII paspes, 73

MakDauc (McEliece, Robert James), 73

Majuiep (Muller, D.E.), 33

MapkoB AHzpeit AnapeeBuy (cTapiumii, 1856—
1922), 69

MapxkoBa HepaBeHCTBO, 69



MpenmeTHbIN yka3aTenb

meton laycca, 73

MUHUMAJIBHOE paccTosiHue, 5, 44
Monre-Kapsio meton, 59

MakDmmc (McEliece, Robert James), 73

HEpPaBEHCTBO

CunraTona, 15, 16, 29, 31
HepaBeHCTBO Beccenst, 56
HepaBeHCTBO Mapkosa, 69
HepaBeHCTBO YeObIéBa, 59
Heioron (Newton, Sir Isaac), 41
Hrlotona ounom, 41

OLIEHKA
Bapuramona — Iibepra, 11
IxoHcona, 46, 47, 55, 57
Ilnotkuna, 26, 28, 29, 31, 47
Cunrarona, 15, 16, 29, 31
XoMmmuHra, 6, 8, 47
Duraiteca — baccaJjibiro, 47, 48

OIMOKY, UCHpaBJieHue, 3, 5

(Parseval des Chénes, Marc-
Antoine), 46

INapceBassi paBeHCcTBO, 46

TTackanp (Pascal, Blaise), 41

Ilackans TpeyrospHuk, 41

Iudarop Camocckuii, 46

TMugaropa Teopema, 46

ITnotkun (Plotkin, Morris), 26, 28, 29, 31, 47

TnotkuHa oueHka (rpanmia), 26, 28, 29, 31,
47

[10JIMHOMMAJIBHOE JIEKOAMPOBaHUE, 32

TIOMAPHO HE3aBUCHUMBIE COOBITHS, 59

MPOBEPOYHAsI MaTPULA JIMHEMHOTo KoJa, 12

1poiyck, 18

IlapceBajib

paccrosinie XaMMHHra, 5, 26, 47

paccrosiHue, MUHUMAJIbHOE Koja, S5

Peitnronn (Reingold, Omer), 70

Pug (Reed, Irwing Stoy), 16, 22, 25, 31-33,
36, 49, 54

Pupa —Masnnepa ko, 33

Pupa — Cosiomona xox, 16, 22, 25, 31-33, 36,
49, 54

JeKOJUPOBAHUE CITUCKOM, 49

Cunrnron [Cunrneron] (Singleton, Richard

C.), 15, 16, 29, 31

CHHIJITOHa HEepaBeHCTBO (IpaHMLa, OLIEHKA),
15, 16, 29, 31

Curnicep (Sipser, Michael), 61

CKOpOCTb Kofa, 6

79

CJI0BO, 5

cJryvaiiHple KoJpbl, 9

COBEpILEHHBI Koa, 14

CoJiomoH (Solomon, Gustave), 16, 22, 25, 31—
33, 36, 49, 54

Cnuiman (Spielman, Daniel A.), 61

cTeneHb B3BellleHHas, 50

crupanue, 18

Crupsmnr (Stirling, James), 7

Cyaan (Sudan, Madhu), 4

Teopema
Tonppaiixa— JleBuna, 57
[Nudparopa, 46
®opHu, 22
YeoObiépa, 24
Daiieca, 42
TpeyroJibHuk Ilackass, 41

®opuu (Forney, G. David), 22, 24, 31, 32

®opHu Teopema, 22

®ophu — Bosenkpadra —FOcrecena koa, 24,
25, 31, 32

XoxsunreMm (Hocquenghem, Alexis), 35, 40

Xommunr [Xemmunr] (Hamming, Richard Wes-
ley), 5, 6, 8, 12, 26, 29, 35, 37,
40-42, 47

Xommunra koa, 12, 35, 37, 40, 41

XsMMuHTa oleHKa (rpaHnia), 6, 8, 26, 29, 40,
42, 47

XsMMuUHTa paccrosiHue, 5, 26, 47

Yeowpmues, [Maduytnit JIbBoBuy, 24, 59

YeObILIEBa HEPABEHCTBO, 59

YeoObméBa Teopema, 24

Yoyaxypu (Ray-Chaudhuri, Dwijendra Ku-
mar), 35, 40

map, 5
YIakoBKa, 5
Illennon (Shannon, Claude Elwood), 8

JKcmaHzep, 61

Dmnaitec [Dnmac, Daiic] (Elias, Peter), 42, 47,
48

Ouaiieca Teopema, 42

Onaiteca— Baccanbiro onenka (rpanuia), 47,
48

sHTporus IlleHHoHa, 8

IOctecen (Justesen, Jgrn), 24, 31



80 OrnaBnexuve
OruiaBjieHne

1. Kombl ¢ uCIpaBJIeHMEM OIIMOOK: ITOCTAHOBKA 3aJAUH| . « o v v v v v v e o . 5
2. Ba30BbIC OLEHKM| . . . o v ottt ettt et et et e e e e e e e e e e 6
3. CILYUARHDBIC KOIBI| « o v vt it e i it it i i i i e 9
4. JIMHEHHBIC KOMBI| . - . - o oottt 10
5. Koa XoMMHHTA . . ... ii ittt e e et e et et e eenns 12
6. HepaBenctBo CuHIJITOHA] .. ....... ... . i, 15
7. Kom Pugpa—Comomonal .............. ... ... .. ... 16
|8.  JlekomnpoBanne komoB Pujga—CojoMoHa| . ... ..o 16
9. KaCKaTHBIC KOMDBIl. « « ¢ v v v e vttt ee et e eeieee e teenneeeennns 18
110. JlekoarpoBaHWE KACKATHBIX KOMOB| &« v v v v v v vvinevennnens 19
I11. Teopema DOPHHU| . .. .. oot i e 22
112. Kou ®opuu —Boszenkpagpra—IOcrecenal .. ........ ... oL 24
113. Ouenka IlmoTkunal ... ... ... . 26
114, YaydnieHne OUEHKM CHHIVITOHA| . o oot vi it i i caaaae s 29
I15. Kom Apamapal . .. ... 29
|16. BeposiTHOCTHOE AEKOAMPOBAHUE KOJOB ANAMAPA| « v oo v v v v vv vt 32
[17. Kompl Pupa—Massiepal . . ... ..o 33

3. K DU X . e e 35
9., BYX M XOMMEHI. -« ¢ oo et ettt e e et e et 40
120. JIEeKOAMPOBAHME CIIMCKOM| & & v v v vt v e vttt eeii e ennne s 42
|21. KomoBoe paccTosiHEE U AEKOAMPOBAHUE CITUCKOM|. . oo v v v vvvv vt .. 44
[22. " JlekojMpoBaHUE CIIUCKOM KOJAOB AJAMAPA| « v v v oo vv i vnnnnn 46
23. Ouenka JIKOHCOHA) . . . .. .o o vttt e e e 46
124. Ouenka DJaiieca—baccanbrol. . ......coov i it e 47
125. JlekopupoBanue cuuckoM KoJaoB Puma—ConoMoHa|. ... .o oo L 49
|26. Pup— CoJiomoH nunoc Ajnamap: AEKOAMPOBAHUE CIUCKOM|. . . .. .. .. 54
|27. BeposiTHOCTHOE JIeKOAUPOBaHUE COMCKOM J1sl KOJOB Ajlamapal . ... 57
|28. JluHenHble KOJbl HU3KOW IJIOTHOCTH M SKCIIAHJEPDI . « v v v v v v v vt 61
[29. CJI0)KHOCTb IEKOJUPOBAHUSI .« « « v oo v vveeeiaieeiane e 72




	Коды с исправлением ошибок: постановка задачи
	Базовые оценки
	Случайные коды
	Линейные коды
	Код Хэмминга
	Неравенство Синглтона
	Код Рида–Соломона
	Декодирование кодов Рида–Соломона
	Каскадные коды
	Декодирование каскадных кодов
	Теорема Форни
	Код Форни–Возенкрафта–Юстесена
	Оценка Плоткина
	Улучшение оценки Синглтона
	Код Адамара
	Вероятностное декодирование кодов Адамара
	Коды Рида–Маллера
	Коды БЧХ
	БЧХ и Хэмминг
	Декодирование списком
	Кодовое расстояние и декодирование списком
	Декодирование списком кодов Адамара
	Оценка Джонсона
	Оценка Элайеса–Бассалыго
	Декодирование списком кодов Рида–Соломона
	Рид–Соломон плюс Адамар: декодирование списком
	Вероятностное декодирование списком для кодов Адамара
	Линейные коды низкой плотности и экспандеры
	Сложность декодирования

