A. LLUEHB

NPOrPAMMUPOBAHUE
TeopeMbl U 3afa4u

N3paHve BTOpOeE, ncnpasneHHoe N AoN0oIHEHHOe

MockBa
U3patenscteo MLUHMO
2004



YIK 519.671
BBK 22.18
47

Ilens A.
47 [IporpammupoBanme: TEOPEMBI U 33aAa49U. — 2-€ M3L., UCIP. U
poa. — M.: MITHMO, 2004. — 296 c.: na.

ISBN 5-94057-144-1

Kuura cogepxur 3aga4u 10 IPOIPAMMUPOBAHUIO PABJIUYHON TPYJHOCTH.
BoasmumucTBO 3a5a4 IPpUBOAATCA ¢ pemeHnaMu. llens KHUTY — HayYUTh OCHOB-
HBEIM MeTOJaM IMOCTPOEHUA KOPPEKTHBIX U OBICTPHIX aJrOPUTMOB.

Mg yaurenen nHQOPMATUKY, CTAPIIEKIACCHUKOB, CTYIeHTOB MJIA X Ky -
COB BBICHIIMX y4ueOHBIX 3aBegennil. [loco6ue MOXeT GBITH UCIOAB30BAHO HA KPYK-
KOBBIX M (baKyJIbTATUBHBIX 3aHATHUAX B 00me00pa30BaTEIbHEIX YIDEXK I€HUAX, B
IIKOJAX C YTIyOJEHHBIM HM3ydeHHEM MaTeMAaTUKU N MHPOPDMATHKH, & TaKXKe B
VHBIX LI€JNAX, He IPOTUBOPEYAIUX 3aKOHOZaTeabCcTBy PD.

BBK 22.18

ISBN 5-94057-144-1 © Hlens A., 1995, 2004



Heckonbko 3ame4yaHuit BMECTO npeancnoBeun4

Knuea manucama no mamepuaisam 3aHAMUT NPO2PAMMUDPOBAHLEM CO
WKOADHUKAMYU MATMEMAMULECKUT KAACCO8 wKoabt N 57 2. Mockev

u cmydenmamy maadwut xkypcos (Mockosckut eocydapcmeenmbii
yrnusepcumem, Hezasucumbiti mockosckutl ynueepcumem, yHueepcumem
2. Uppsala, Hlseyus).

Knuea nanucana 6 yoencoenus, 4mo npoepammuposarue umeem ceot npedmem,
HE CBO0AWULCA HU K KOHKDEMHBIM A3LIKAM U CUCTNEMAM, HU K MEMOJam
nocmpoexrus ObICMPviL aA20PUMMOE.

Kmo-mo o0dnasncdol cxazan, wmo moxucno yoedums 68 npasusbHoCmy ai20Pumma,
HO He 8 NPasusbHocmu npoepammobl. Odna u3 yedet KHU2YU — NONBIMAMbCA
NPOIEMORCTNPUPOBATID, UIMO IO HE MAK.

B npunyune, 603M0%CHOCTD NPAKMUUECKO20 UCTLOAKEHUSL NPOPAMM HE
ABAAETNCA HENPEMEHHDIM YCAOBUEM UBYUEHUA NPOSPAMMUPOBanus. OOnaKo ona
ABAAEMCA CUALHETWUM CTNUMYAOM — 0€3 MAK020 CMUMYAL 6PA0 AU Y KO20
TEAMUM UKMEPECA U MEPNEHUA.

Boibpannbili #canp KHu2U N0 HE0OTOUMOCTNU 02D AHUUUBAEM, EE
(MPOPAMMUPOBAHUEM 68 MAAOMY, OCTNABAAL 8 CTNOPOHE HEOOTOIUMYIO Uacmb
NPOZPAMMUCTICKO20 00Da3068aKUA — Pabomy no modudurayuy 604bUUT
npozpamm. Aemop npodoadcaem meumams 0 Ha60PE YUEOHLIT NPOPAMMHBLE
cucmem IMAAOKHO20 KAUECTNEa, JOCTYNHBIL 04t MOIUPUKAUUY WKOADHUKAMU.

Kancemes, Xoap ckazan, umo 3cmMemuueckas npesecms npo2pammbl, — 3mMo He
APTUMERKMYPHOE UBAUULECTNEO, O MO, UMO OMAUUGEM 68 NPOZPAMMUPOE AHUY
yener om weydavu. Ecau, pewas 3adauu u3 smot xnueu, wumamens
NOUYBCMBYEM NPEAECCTb TOPOULO HANUCAHHOL NPOSPAMMbL, 8 KOMOPOU «HU
y6a6uUMb, HU NPUOABUMbY, U COMHEHUA 8 NPABUALLHOCTY KOMOPOT KAHCYMCA
HEAENBIMU, O a8MOP 6Ydem Cuumamy ceot yeab docmuzHymot.

Xapaxmep 2406 pasauuen: 6 00HUT NPediaeaemcs Hab0D MaA0 CBAZAHHBIT IPYye
¢ dpyzom 3aday ¢ peweruAMU, 8 JPY2UT NO CYUECMBY UBALA2AETNCA
0dun-eduncmeennvili aseopumm. Temvl 2448 60 MHOZOM TEPECEKAIOMCA, U Mbl
nPeonouslU Koe-KaKuUe No8MOPEHUSL HOPMALLHLIM CCLLAKAM.

Yposewv mpydnocmu 3aday u 2aas eecoma pazauuer. Mol cmapasucy
BKANOUUMD KAK NPOCMbLE 3a400UU, KOMOPbIE MO2YM 6bIMb NOAE3HbL 0Ad
HAYURAIOWUT, MAK U MPYIHble 3a0a%l, KOMOPHIE MO2YM NOCadUmMb 6 AYHCY
cuabnoeo wroabhuka. (Xomov u pedro, no 3mo 6bi6aem noae3no.)



B xauecmee sa3vika das 3anucu npozpamm Ovia 8bi6pan nackaav. On
00CAMOYHO TPOCT U ECTMECTNEEH, UMEET, HENAOTUE PEaIU3ayuy (HANPUMED,
cmapwvie Komnuaamopvr Turbo Pascal gupmvr Borland 6biau sviaoscenvt das
6eCnaammnoeo CKauUBaAHUA) U NO3BOALEM 3ANUCAMD PEULEHUS BCET
paccmampusaemorr 3adayu. Boamoscno, Modyaa-2 uau Obepon bviau 6bi boaece
UBAWMHBIM BbLOOPOM, HO OHU MeHEE DOCTMYNHBL.

IIpaxmuuecku 6ce 3a0auu U GA2OPUMMbL, PABYMEETNCA, HE ABAAOMCA HOBLIMU.
(B nexomopuit pedKus CAYuaAT NPusedenbl CCHAKY KA KOHKDEMHYI0 KHULY Uil
Konkpemmnoz0 uenosexa. Cm. maksce cnucok krue das dasbretuieeo WMenuA.)
Bmecme ¢ mem mbl KGOEEMCA, UIMO 6 HEKOMOPHIT CAYUAAT GA2OPUTILMBL

(u ocobenno doxasameabcmea) usa0ncenbl 6oaee KOPOMKO U OMUEMALBO.

Mo He MoALKO U HE CNOALKO y"t86HU,7€ dasa WKOADHUKA, CKOADKO CNPABOUYHUK
U 3a0auHUK 0as npeno(?aeame/m, 20MosAwE20CA K 3GHATUN.

06 «asmopckuz npasar»: npaso PopmMysuposams 3a0auy u 06bACHAMD €€
PEWEHUE ABAAETNCA HEOTNUYHCIAEMBIM ECTNECTIE EHHBIM NPABOM BCAKOZ0, KMO HG
amo cnocoben. B coomsememeuu ¢ 3mum meKem A6A4eMes 6060010
pacnpocmpansemvim. Adpeca aemopa: shen@mccme.ru, shen@landau.ac.ru
CKa3annoe 0MmHOCUMCA K PYCCKOMY MEKCMY; 6CE NPABA KA NEPEBOIbL nepedanbl
uzdameavcmay Birkhduser.

IIpu nodzomoske mexcma ucnoav3osaaacy (6060010 PACHPOCTNPAHAEMAR)
sepcus BWTEXa, skaouatowas cmuaesvie @atiabi, cocmasaernnvle
C. M. /Iveoscrum (cm. ftp://ftp.mccme.ru/pub/tex/).

A pad cayuar nobaaz2odapums 6cer, ¢ Kem UMes YECb COMPYIHULAMND,
npenodasas NPoPaMMuUPOsaHLue, 0COOEHHO MET, KMo Obla «(No IPY2yt CMOPOHY
Oappukadvly, 6 MAKHCE 6CET NPUCAGBUWUT MHE 3AMEUAHUA U UCTPABAEHU
(eneyuaavnas 6aaeodaprocms — FO. B. Mamuacesuuy). Aemop 6aazodapum
B. Illysano8a 3a zaonomwvr no eépcmike, a maxce uzdameavcmeo MI[THMO

3a MO, YIMO OHO 02PAHUUUAOCL JUBAtHOM 0040%CKY (HEMHOZO CTNIPAHHDIM)

U HE BMEWUBAAOCH 8 NPOUECC NOI2OMOBKY 0PUUHAA-MaKema (B8KA0UAA MeKrem
na o6aodcke). Baazodapro marice Unemumym npobaem nepedauu unPopmayuu
PAH, Amepurancroe mamemamuyeckoe obwecmeo (Hond nomowsu

6viswemy CCCP), gond Copoca, ynusepcumem 2. Bopdo, ond «Kyavmypnas
unuyuamuear, gondvr STINT (Idseyusn), CNRS (Ppanyus), Ecole Normale
(/Tuon, Ppanyusa), LIF (Mapceab, Ppanyus), yrusepcumem 2. Ynncasa
(ITeeyus), Poccutickuti gond Pyndamenmanvubir uccaedosanut (2panmobt
02-01-22001 HI[HHa, 03-01-00475 u dpyeue), a makauce Cosem noddepircru
nayuruir wroa npu Ipesudenme PD (epawm HII-358.2003.1) 3a noddeprcky.
Buecme ¢ mem codeprcanue KHu21u 0Mpancaem mouky 3perus asmopa, 3a
0WUOKY KOMOPO20 YKAZAHHbIE 0P2AHUZAYUY U AUYQ

omeemcmeennocmu we necym (u naobopom).
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1. NMEPEMEHHBbIE,
BbIPAXKEHWA,
[MPUCBANBAHUA

1.1. 3apgaumn 6e3 maccusos

1.1.1. [Tauwr aBe measie nepemenubie a, b. CocTaBuTh (pparMeHT mIpo-
IPAMMEL, [IOCJE UCIOJIHEHUS KOTOPOrO 3HAYEHUs IEPEMEHHEBIX IOMEHSINCH
Obl MecTamMy (HOBOE 3HAUEHUE a PABHO CTAPOMY 3HAYEHUIO b 1 HA060DOT).

Pemrerne. BeegénM qOnoMHATENLHYIO HEAYIO IEPEMEHHYIO t.

t = a;
a := b;
b :=t; O

TTonwiTka o6ouTuCh 6€3 AOMOJHUTEILHON IEPEMEHHON, HAINCAB

a := b;
b :

a;

He npuBOAUT K neau (6e3BO3BPATHO yTPAIUBACTCA HATAIDHOE 3HATCHUE IIe-
DEMEHHON a).

1.1.2. PemwmThs mpempLaymiyio 3amady, He HCIOAb3Ys JOIOJHUTEIbHBIX
MEePEMEHHBIX (M TPEANONArasa, YTO 3HAYCHAAMY IETHIX EePEMEHHBIX MOTYT
OBITH TPOUBBOIBHEIE TIEIBIE TUCTR).

Pemrenne. Havanpubie 3HaveHus a u b o6o3uaduMm a0, b0.

a+ b; {a=a0+ b0, b=0b0}
a-b; {a=a0+ b0, b = a0}
a - b; {a =1b0, b =a0} [l

o
.I.I ]

[}
1]



1.1. 3adauu 6e3 maccusos 9

1.1.3. [JaHo wenoe 4ucio a ¥ HATypaibHOe (LeJOe HEOTPULATEIBHOE)
qmcao n. Berameants a. Ipyrumu cioBaMu, HeGOOXOAMMO COCTABUTH IPO-
rpaMMy, TIPY UCHOJTHEHNN KOTOPOU 3HAYCHUS TIEPEMEHHEIX a U N HE MEHSIOT-
s, & 3HAYEHUE HEKOTOPOU APYTOU MEePEMEHHOU (Hampumep, b) CTaHOBUTCA
pasueM a. (TIpu 3TOM pa3penmaeTcs UCIoIb30BATE U APYTUe HepeMeHHbIE. )

Pemenne. Beegém menyio mepeMeHHyo k, KoTopas MenseTcs oT 0 10 1,
TPUYIEM TIONAEPKUBACTCA TAKOE CBOUCTRBO: b = ak).

k :=0; b :=1;

{b = a B cTremenn k}
while k <> n do begin
k =k +1;
b :=b * a;
end; O

[lpyroe perierne TOU ke 3aaN:

k :=n; b :=1;
{a B cTenenu n = b * (a B cTenmenu k)}
while k <> 0 do begin

k :=k - 1;
b :=b % a;
end;

1.1.4. PemmTh TpemBIAVINYIO 33Aady, €Ciu TpeOyeTcs, ITOOBI HUCIO
JQEeUCTBUN (BBIIOJHAEMBIX OIEPATOPOB IPUCBAMBAHUA) OBLIO IOpAAKa logn
(To ects He upesocxoauio 6ut C'logn nus nekoropou xoucraurst C; logn —
9TO CTElEHb, B KOTOPYIO HyXKHO BO3BECTH 2, YTOOBL IOLYIUTh ).

Pemenne. BruecéM HEKOTOPBIE M3MEHEHUS BO BTOPOE U3 MPEITOKEHHBIX
PEIIEHUN TIPEABIAYIIEN 3aJA4Nn:

k :=n; b :=1; c:=a;
{a B cTenmen n = b * (c B crenmenu k)}
while k <> 0 do begin

if k mod 2 = 0 then begin
k:= k div 2;
C:= c*cC;
end else begin
k :=k - 1;
b :=b * c;
end;

end;



10 1. Ilepemennvie, 6uIpaAHCEHUA, NPUCBAUBAHUL

Kax et Bropon pas (ue pexe) Oyaer BBUIOJHATHCH IEPBBII BAPUAHT
omepaTopa BHIOOpa (e€cau k HEIETHO, TO TOCJAE BHIYATAHUA €IUHUIB CTa-
HOBUTCA Y6THBIM), TAK 9UTO 33 [BA [UKJIA BEIUYAHA K YMEHBIIAETCA TI0
KPauHEN Mepe BIBOE. |

1.1.5. [Tamsl HATYpaIbHBIE MHCIA a, b. BurameanTs mpouseeaenue a - b,
WCIIOAL3Ys B IPOTPAMMe JUIIBL onepanun +, —, =, <>,

?

Pemrenme.

k :=0; c := 0;
{unBapuanT: c = a * k}
while k <> b do begin

k :=k + 1;
c :=c + a;
end;
{c =a*kuk=>b, cmefoBaTentio, ¢ = a * b} O

1.1.6. [Jaww1 HaTypanbHBEIE YHCIA a U b. BerameanTs nx cymmy a + b.
Wcnoas30BaTh omepaTophl IPUCBANBAHUA JHUIITL BUIA

(mepemennasnl) := (mepeMeHHan2),
(nepemennas) := (qucio),

(nepemennasnl) := (nepemennasn2) + 1.

Perrerme.

{unBapuanr: c = a + k}

O

1.1.7. Jano marypaabHoe (Le10€ HEOTPULATENLHOE) YUCIO a U LeJIoe
HNOJOKUTETBHOE 9NCaI0 d. BEMUCINTE 9acTHOE q M OCTATOK T NIPU JCTCHUN a
Ha d, HE UCTIOAB3YsA omepanui div u mod.

Pemenue. Cornacuo onpenenenuio, a=q-d+r, 0 <r <d.

{a >=0; d > 0}

r :=a; q := 0;

{uuBapuanr: a = q *d + r, 0 <= r}
while not (r < d) do begin

{r >= d}
r :=r - d; {r >= 0}
q:=q + 1;

end; O



1.1. 3adauu 6e3 maccueos 11

1.1.8. Jano marypaassoe n, Boraucaurbn! (0'=1,nl=n-(n—1)1). O

1.1.9. IlocrepomarensHocTs PuboHaT4IM ompefenseTcda Tak: ag = O,
ag =1, ay =ayp_q1 + ax-o upu k > 2. /1aHO n, BLINUCINTD an. (]

1.1.10. Ta xe 3amada, ecau TpeOyeTcs, ITOOL TUCAO ONEPALIAU OBLIO
nponopuuoHainho logn. (Ilepementbie 4OMIKHEL OBITH [EIOYUCACHHLIMU. )

[Ykazaume. [Tapa cocegumx uucen OuOoHATYIN TOTYIALTCS U3 IPEIBILY-
eV YMHOXKEHNEeM Ha MATPHUILY

— TaK 9TO 3a4a4a CBOJUTCA K BO3BEICHMIO MATPHUILL B CTEIEHbL N. JTO
MOXHO caeaarh 3a C'logn medcTBUU TeM XKe cnoco60M, YTO W JJIA M-

ceiL] O

1.1.11. [lano mHaATypadbHOE N, BHINUCIUTD

1 1 1
&JFEJF"'“LE' (|

1.1.12. To xe, eciu TpeSyercs, 4TOOLI KOAMIECTBO ONepanuil (BBIIOJ-
HEHHEBIX KOMAH[ IPUCBAUBAHUS) ObLIO Obl nopsaaka n (He 6osee Cn s He-
KoTOpOU KoHcTaHTH ().

Pewenwe. Uupapuant: sum= 1/1!+ ... 4+ 1/k!, last = 1/k! (Baxno ne
BBIMUC/IATH 33HOBO KAXABIU pa3 k!). O

1.1.13. [laspl 1Ba HATYPAJILHBIX YUCIA @ U b, HE PABHBIE HYIIO OTHO-
ppemenno. Beraucaurs HOL(a,b) — manboabmmi o6muy geauTelb a u b.

Pemenme. BapuauT 1.

if a > b then begin

‘ k := a;

end else begin
‘ k := b;

end;

{k = max (a,b)}

{unBapuanT: Hukakoe uucmo, Gombuwee k, He ABIAETCA
o6UMM IemuTenmeM}

while not ((a mod k = 0) and (b mod k = 0)) do begin

‘ k =k - 1;

end;

{k - obumit memuTenmp, Gombume - HET}



12 1. Ilepemennvie, 6uIpaAHCEHUA, NPUCBAUBAHUL

Bapuanr 2 (auropurm Eskiwpga). Bygem cuwrars, aro HOL(0,0)=0.
Torma HOL(a,b) = HON(a-b,b) = HOA(a,b-a); HOM(a,0) = HON(0,a) = a
IJI BCex a, b > 0.

m := a; n := b;
{uuBapuanr: HOL (a,b) = HOL (m,n); m,n >= 0 }
while not ((m=0) or (n=0)) do begin
if m >= n then begin
‘ m:=m- n;
end else begin
‘ n:=n-m;
end;
end;
{m = 0 umu n = 0}
if m = 0 then begin

‘ k := n;

end else begin {n = 0}

‘ k := m;

end; O

1.1.14. Hanucars MogupuUUpPOBAHHLIA BAPUAHT aIropuTMma EBkiuia,
ucnoas3ytomuin coornomenus HOI(a,b) = HOL(a mod b, b) mpu a > b,
HON(a,b) = HOQ(a, b mod a) mpu b > a. O

1.1.15. [laner HaTypauabHbe a u b, He paBuble 0 onHOBpeMeHHO. Hanru
d = HOL(a,b) m Takue mearle x 1y, ¥“Tod=a-x+b-y.

Pemenne. /lo6apum B arroput™ EBKanga mepeMeHHbIE P, q, T, S U BIIN-
IeM B MHBAPMAHT YCIOBUA m = p*xatq*b; n = r*xatsxb.

m:=a; n:=b; p :=1; q :=0; r :=0; s :=1;
{unBapuant: HOL (a,b) = HOL (m,n); m,n >= 0
m = p*a + gq*b; n = r*a + s*b.}
while not ((m=0) or (n=0)) do begin
if m >= n then begin
‘ m:=m-mn; p:=p-17r;q:=q- Ss;
end else begin

‘ n:=n-m;r:=r-p;s:
end;

end;

if m = 0 then begin

s - q;

‘ k :=n; x :=1; y := s;

end else begin

‘ k :=m; x :=p; y :=q;

end; O
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1.1.16. PemmuTh npeapaymyio 3a1ady, UCIOIb3Ys B aaropurme EBkim-
113, TeJeH!e C OCTATKOM. O

1.1.17. (3. denkcrpa) Jobasum B anroput™ EBkiuna nonosnurensube
[EpeMEeHHLIE U, V, Z:

m :=a; n :=b; u:=b; v := a;
{unBapuwant: HON (a,b) = HOO (m,n); m,n >= 0 }
while not ((m=0) or (n=0)) do begin

if m >= n then begin

‘ m:=m-mn; v :i=V+u;
end else begin
‘ n:=n-mu:=u+v;
end;

end;

if m = 0 then begin

‘ Z:= Vv,

end else begin {n=0}
‘ Z:= u;

end;

JlokazaTh, YTO MOCJE UCIOMHEHUA AATOPUTMA 3HAYEHNE Z PABHO Y ABOEHHO-
MYy HamMEHbIeMy OOIIeMy KpaTHOMY wucen a, b: z =2 - HOK(a,b).

Pemenue. 3amMeTuM, 9TO BEAWYUHA M- U + N - V HE MEHAETCS B XOJ€ BHI-
nosHeHus arropurMa. OCTaéTcs BOCIONIB30BATLCA TEM, YTO BHAYAE OHA
pasta 2ab u uro HOI(a,b) - HOK(a, b) = ab. O

1.1.18. Hanwucarn BapuanT ajropurma EBKIMIA, HCIOAL3YIOMIMEA COOT-
HOIIEHUs
HOMI(2a, 2b) = 2 - HOI(a, b),

HOL(2a,b) = HOL(a,b) upu meuéruoM b,

HE BKIOYAIONIAN TEJEHUA ¢ OCTATKOM, 8 UCTIOMb3YIONTNN JUIITh JeJeHue Ha 2
u npoBepky 4éTHOCTHU. (IUCa0 AeUCTBUN OMKHO OBITH mopsaaka logk mis
UCXOAHBIX TaHHBIX, HE IPEBOCXOLANIUX K.)

Pemenme.

m:= a; n:=b; d:=1;
{HOL(a,b) = d * HOO(m,n)}
while not ((m=0) or (n=0)) do begin
if (m mod 2 = 0) and (n mod 2 = 0) then begin
‘ d:= d*2; m:= m div 2; n:= n div 2;
end else if (m mod 2 = 0) and (n mod 2 = 1) then begin
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‘ m:= m div 2;

end else if(m mod 2 = 1) and (n mod 2 = 0) then begin

‘ n:= n div 2;

end else if (m mod 2=1) and (n mod 2=1) and (m>=n) then begin

‘ m:= m-n;

end else if (m mod 2=1) and (n mod 2=1) and (m<=n) then begin
‘ n:= n-m;

end;

end;
{m=0 => orBeT=d*n; n=0 => orBeTr=d*m}

Ornenka 9mMCIa JeUCTBUN: KaXK JOe BTOPOe JEUCTBUE AIUT XOTA ObI OTHO U3
qUCeI M U N TTOMOJaM. (|

1.1.19. /loTOJHUTE AATOPUTM TPEABIAYIIEH 3341 TIOUCKOM X U Y, I
KOTOpPHIX ax + by = HOI(a,b).

Pewenue. (Uaes coobmena [I. 3soukunniv.) IIpexne Bcero samernm,
9TO OZHOBPEMEHHOE [€JI€HUE & U b IOomosaM HE MeHseT UCKOMBIX X u y. 1lo-
3TOMY MOXHO CINTATH, YTO C CAMOI'0 HA4aJIa OJHO U3 4UCe] a I b He4E€THO.
(910 CBOUCTBO OyZeT COXPAHATHCS U JAJCe.)

Temeps monrITaeMcs, KaK U PaHbIIIE, XPDAHUTDL TaKUe YUCIA P, d, T, S, ITO

m=ap + bq,

n = ar + bs.

IIpobrema B TOM, YTO mpW AEIEHHAW, CKAXKEM, I HA 2 HAJAO PA3LEIUTH P
W q Ha 2, U OHU TEPECTAHYT OBITH UEJIBIME (4 CTAHYT [BOMIHO-DAIIMOHATb-
HEIMY ). [[BOMIHO-PAIMOHAIBHOE YUCJA0 €CTECTBEHHO XPAHATH B BUJE TAPHI
(qucaurensb, NOKa3aTe b CTENEHN IBOUKU B 3HaMeHaTene). B urore Ml mo-
aygaeMm d B BuJe KOMOMHAIIMK & U b C ABOMYHO-PAIMOHAJBHBIMU KO u-
nueHTaMu. MHEIME CiOBaMu, MBI HMEEM

Qid:ax—l—by

IUIST HEKOTOPHIX LEJbIX X,y ¥ HaTypaabHoro i. Yrto menarsn, ecam i > 17
Ecau x n y 9€THBI, TO HA 2 MOXKHO COKPATUTD. FCImM 5TO HE TaK, MOIOXKEHTEe
MOKHO MCIPABUTH IPEOOPa30BaHUEM

x:=x+Db,

y=y—a

(oHO He MeHsET ax + by). Yoeaumcsa B 5ToM. HaTOMHIM, 9TO MBI CIATAEM,
YTO OJHO W3 uucel a m b HewéTHO. llycTh dTO Oyger a. Ecium mpm sToM
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y 96THO, TO U X AOJLKHO ObITH 46THHIM (UHAYE ax + by Oyger HedETHBIM).
A npu HEYETHOM ¥ BEIMUTAHME U3 HET'O HEUETHOTO a MenaeT ¥ Y6THBIM. [

1.1.20. CocraBuTh OpoOrpaMMmy, MEYATAIONIYyI0 KBAAPATHI BCEX HATY-
paybHBIX qucesa oT O 00 3aJaHHOIO HATYPAJILHOIO 1.

Perrerme.

k:=0;

writeln (k*k);

{unBapmanT: k<=n, HamedaTaHH BCe
KBaZpaTH [0 K BKINYUTEIHHO}

while not (k=n) do begin

k:=k+1;
writeln (k*k);
end; O

1.1.21. Ta xe 3ajgata, HO PA3PEIIAETCI UCIOIb30OBATL U3 APUPMETHIE-
CKUX OIepaliil JUINb CJAOXKEHUWE W BBIYUTAHUE, TPUIEéM o0Liee TUCiIo Teu-
CTBUU TOJKHO OBITH MOPAIKA N.

Pewenue. Breném nepemennyio k_square (square — KBaJpar), CBA3AH-
HyIO ¢ k cooTHOmeHneM k_square = k2:

k := 0; k_square := 0;

writeln (k_square);
while not (k = n) do begin

k :=k + 1;
{k_square = (k-1) * (k-1) = k*xk - 2%k + 1}
k_square := k_square + k + k - 1;
writeln (k_square);
end; O

3ameganme. M0OXHO 000UTHUCHL 0€3 BLEIYATAHUA C IIOMOIIBI0 TAKOUW XWT-
pocTu:

while not (k = n) do begin

k_square := k_square + k;
{k_square = k¥k + k}
k =k + 1;
{k_square = (k-1)*(k-1)+(k-1)=kxk-k}
k_square := k_square + k;
end;

1.1.22. CocTaBuTh IPOrpaMMy, MEYATAOUIYIO PA3IOKEHUE HA IPOCTHIE
MHOXUTENA 33 JaHHOTNO HATYPAJLHOTO YucIa n > O (IpyruMu cIioBaMu, Tpe-
OyeTca mevaTaTh TOILKO MPOCTHIE UUCAA W TPOU3BEACHUE HATEIATAHHBIX
TUCEJ [OMKHO ObITH PABHO 0 €CJAM 1 = 1, MeYaTaTh HAYEro HE HATO).
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Pemenne. BapuauT 1.

k := n;

{uHBapuaHT: mpou3sBeleHNWe HalleYaTaHHHX 4YUCel ¥ kK paBHO
N, HaledaTaHH TONBKO IPOCTHE YHUCIat

while not (k = 1) do begin

1 := 2;

{unBapuanT: k He wMeeT memuTenmey B muTepBame (1,1)}
while k mod 1 <> 0 do begin

| 1 :=1+1;

end;

{1 - mawvembuml nemuTens k, Gompumit 1, cClenoBaTeNBHO,
mpocTou}

writeln (1);

k:=k div 1;

end;

Bapuant 2.

k :=n; 1 := 2;
{mpousBegsenue k u HameyaTaHHHX 4MCeNl PaBHO N; HaleYaTaHHHE
9YMCIa OPOCTH; Kk He MMeeT IemuTenel, MeHbumx 1}
while not (k = 1) do begin
if k mod 1 = 0 then begin
{k memuTca Ha 1 U He WMeeT IelWTeleH,
MeHbuMx 1, 3HauuT, 1 mpocTol}
k := k div 1;
writeln (1);
end else begin
{ k He pmemuTca Ha 1 }
1 := 1+1;
end;
end; O

1.1.23. CocTaBuTh IPOrpaMMy PEIeHUs NPEIBLAYINEN 33 1A, UCIOIb-
3YIOMIyI0 TOT (PaKT, YTO COCTARHOE UUCIO MMEEeT JeMUTENb, HE MPEBOCXO-
JAMAN KBAJPATHOTO KOPHA U3 DTOTO IUCIA.

Pemenne. Bo BTopom BapumanTe pemenns BMECTO 1:=1+1 MOXKHO HAIIK-
caTh

if 1*1 > k then begin

‘ 1:=k;
end else begin
| 1:=1+1;

end; O
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1.1.24. IIpoBepurb, SBAAETCA JU 3aJAHHOE HATYPAIBHOE YUCIO n > 1
TIPOCTHIM. ([l

1.1.25. ([Ina 3HAKOMBIX C OCHOBaMu aire6pel) [aHo Lejoe rayccoBo
qucno n + mi (upunamiexamee Z[il).

(a) TIpoBepuUTH, ABAAETCA JM OHO TPOCTHIM (B Z[i]).

(6) HamewyaTaTs ero pasioxkeHue Ha npocTsie (B Z[i]) Muoxuremm. [

1.1.26. Paspermum mpuMeHsATh KOMaHabl write (i) jwmms mpuw i = 0,1,
2,...,9. CocTaBuTh MpOrpaMMy, MEIATAIIYIO TECATUIHYIO 3ANNUCH 33 1aH-
HOT'0 HATYpaabHOro dmcaa n > 0. (Cayuan n = 0 ABUICA ObI HEKOTOPHIM HC-
KJIIOYEHNeM, TaK KaK OOBIYHO HYJIU B Ha4aJe YHUCIa He NMeYaTarTCa, a I
n =0 — mevaTaioTcs.)

Pertenme.

base:=1;
{base - cremenr 10, He mpeBocxomAmas n}
while 10 * base <= n do begin
‘ base:= base * 10;
end;
{base - mMakcuMambHasg cTenenbr 10, He TIpeBoCXonAlad n}
k:=n;
{uHBapuaHT: ocTamock HamedYaTaTb K C TeM Xe HHCIOM
3HaKoOB, 4YTO B base; base = 100..00}
while base <> 1 do begin
write(k div base);
k:= k mod base;
base:= base div 10;
end;
{base=1; ocTamockr HameyaTaTb OJHO3HAYHOE YUCIO K}
write(k); O

Tunu4nas onmbka IpU PEIIeHny DTOR 3318491 HEIIPABUILHO 00padaThl-
BAIOTCA YUCIA ¢ HYJAME Tocepenuue. [IpuBeqéHHBIN UHBAPUAHT JOTTYCKACT
crydan, korga k < base; B 9TOM caydae TeIaTaHue kK HAUMHAECTCA CO CTap-
X HyJEH.

1.1.27. To xe camoe, HO HAIO0 HAIEYATATDH ACCATUIHYIO 3aIUChH B 00paT-
oM mopsagke. ([laa n = 173 mano nanedarars 371.)

Perrenme.

k:= n;
{uHBapuanT: ocTamoch HamedaTaTh k B o6paTHOM mopamKel}
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while k <> 0 do begin
write (k mod 10);
k:= k div 10;
end; O

1.1.28. /[lamo marypanbroe n. [logcunTaTh KOIUIECTBO PEIICHUN HEPa-
BeHCTBA X2 + y2 < n B HATYPAILHLIX (HEOTPHUIATETBHEIX METBIX) TUCIAX, He
UCIIOAL3YS NEMCTBUU C BEIIECTBEHHLIMU IUC/IAMHA.

Perrerme.

k :=0; s := 0;

{uHBapuaHT: S = KONINYECTBO pelleHMN HEepaBEHCTBa
x*x + y*y < n c x < k}

while k*k < n do begin

{t = umcmo pememmy HepaBeHcTBa k¥k + y*y < n
¢ y>=0 (upm mammoM k) }

k k +1;
s = s + t;
end;
{k*k >= n, mo>ToMy S = KONMIECTBO BCEX pEUleHUI
HepaBeHCTBa}
31ech ... — TOKa eI He HAMNCAHHBIN KYCOK MPOTPAMMEI, KOTOPHIN

OymeT TakmM:

1 :=0; t := 0;

{uHBapuanT: t = 4MCIO pelmeHu:
HepaBeHCTBa k*k + y*y < n ¢ 0<=y<l }

while k*k + 1*#1 < n do begin

1:=1+1;
t =t + 1;
end;

{k*¥k + 1*1 >= n, moaToMy t = 4mcmo
BCeX pelleHMN HepaBeHCTBa k*k + y*y < n} (]

1.1.29. Ta xe 3a7a4a, HO KOIMICCTBO ONEPALUN JOMKHO OLITE MIOPAIKA
/1. (B mpegbiaymeM permennn, Kak MOXKHO MOACIUTATh, TOPALKA N OTepa-
ui.)

Pemenme. Hac unTepecyrorT Toukn peméTku (€ MeJBIME KOODIUHATA-
MU) B IIEPBOM KBaJIpAaHTE, MOMAIAIINe BHYTPh KPyra pajguyca /n. Wu-
Tepecylouee HaC MHOXKECTBO (Ha30BEéM ero X) cOCTOUT u3 OOBEIMHEHUs
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BEPTUKAIBHBIX CTOAOLOB yOBIBAIOMIEH BLICOTHI.

19

N aes pemenna COCTOUT B TOM, ITOOBI «IBUIATHLCA BIOJL €0 T'DAHUIBD,
CIIyCKasCh 110 BEPXHEMY €ro Kpar, Kak 1o Jectaute. KoopanuaTe aBumxy-
miercsa Touku 06o3naduM <k, 1>, Beeném emé oguy mepeMennyio s u Oyaem

OO ACPXKUBATH NCTUHHOCTH TAKOT'O YCJIOBUA:

<k,1> HaxXOAMTCA CPa3y HAI K-BIM CTOJIOIIOM;
S — YHNCIO TOYEK B IPEABIAVIINX CTOI0IAaX.

dopmanbHO:

e 1 — MMHUMAJIBHOE cpeau Tex 1 > 0, a1 KOTOphIX <k,1> He IpuUHAI-

JeXKUT X;

® S — YNCJIO ITap HATYPAJIbHBIX X,V, AJMI KOTOPHIX X < k u <x,y> mpu-

HaaaexuT X.
O603naunM aru ycaosus depes (U).

k :=0; 1 := 0;

while <0,1> mpunammexut X do begin

‘ 1 :=1+ 1;

end;

{k = 0, 1 - mMunHMMansHOe cpepgu Tex 1 >= 0,
mna xkoTopux <k,1> He mpuHammexuT X}

s := 0;

{uuBapuanT: U}

while not (1 = 0) do begin

s := s + 1;

k :=k +1;
BHM3, 4YTO6H BOCCTaHOBUTEL W}
| 1:=1-1;

end;
end;

{#, 1 = 0, mosTomMy k-uu cTombem ¥ BCe CIelykiMe IyCTH, a

S paBHO MCKOMOMY 4MCIY}

{s - uucno Todex B cTombuax Mo k-To BKINYUTEILHO}
{Touka <k,1> nexur BHe X, HO, BO3MOXHO, €& HaIo CIBUHYTH

while (1 <> 0) and (<k, 1-1> me mpunammexur X) do begin
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Ouenka 4yucia IeMCTBAA OYEBUIHA: CHAYAIA MBI IBUIKEMCA BBEPX He OoJjee
9eM Ha /I [MIar0B, 4 3aTE€M BHU3 U BIOPABO — B KAXKIYIO CTOPOHY HE HoJee
9eM Ha /N Maros. O

1.1.30. /[lanwl HaTypanbHble Yuciaa n u k, n > 1. Hamewarars k gecs-
TUYHBIX 3HAKOB uncaa 1/n. (IIpy HaMMYMU ABYX TECATUYHBIX DA3JIOKEHUN
BBIOMPAETCA TO W3 HUX, KOTOPOE HE COAEPKUT NEBATKHU B riepuoje.) Ipo-
rpaMMa, JOKHA UCHOIB30BATE TOIBKO LEJIbIE IePEMEHHBIE.

Pemenue. CaBuHYB B IeCATUYHON 3aMUCH YUCIa 1/n 3amATyIo Ha kK MeCT
BIIPABO, MOJIYYUM UUCIO 10k /n. Ham Hago HamedaTaTh €ro IEIyI0 YacTh,
TO €CThb PA3NENUTH 10¥ ma n maneno. CTarTapTHEN CIOCO6 TpedyeT uc-
TMOJIB30BAHUA OOJBIIUX TIO BEJUYIUHE YUUCET, KOTOPHIE MOTYT BBIUTH 33
TPAHUIILI UANa30Ha mpencTaBUMBIX uucen. [lopTomy MBI cmemaeMm mHAYE
(cmegys OOBIMHOMY METOAY «IEJeHWs YDOJAKOM») U OyAeM XPaHUTh «OCTa-
TOK» T

1l :=0; r :=1;
{uuB.: Hamewatano 1 paspagmoB 1/n, ocTamochk HameyaTaThb

k - 1 paspamoB mpobu r/n}
while 1 <> k do begin

write ( (10 * r) div n);

r := (10 * r) mod n;

1:=1+1;
end; O

1.1.31. [lano marypaasHoe umciao n > 1. OmpeneauTs AIUHY TEPUOLA
JECATUYIHON 3amucu apobu 1/n.

Pemenne. [lepuoa npobu paBeH MepUoOmy B MOCIETOBATETHLHOCTHA OCTAT-
KOB ([IOKaXWTe 5T0; B YaCTHOCTH, HAIO0 JOKA3ATH, 9TO OH HE MOKET OBITh
MmenbIne). KpoMe Toro, B 5TOI IOCIEL0BATEIBHOCTH BCE MEPUOAUIECKY [10-
BTOPAOIIXECS YIEHBI PA3JNYHLL, a [PEINepuol UMeeT NINHY He OoJjee n.
Iosromy gocrarouno nanTu (n + 1)-bI WIEH IOCIELOBATEIBLHOCTH OCTAT-
KOB U 3aT€M MUHUMAJIBHOE K, TPy KOTOPOM (n + 1 + k)-BIi WIieH COBIaIaeT
¢ (n+ 1)-biM.

1 :=0; r :=1;

{unBapuanr: r/n = pesymeTar oTbpacHBaHua 1 3HakoB B 1/n}
while 1 <> n+1 do begin

(10 * r) mod n;

1+ 1;

= oA
‘I‘I [}

c :=r;
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{c = (n+1)-HM wIeH ImOCIENOBATEIBLHOCTH OCTATKOBY}
r := (10 * r) mod n;
k :=1;

{r = (n+k+1)-HM WIEH NMOCIEMOBATEILHOCTH OCTATKOB}
while r <> c do begin

r := (10 * r) mod n;
k =k +1;
end; O

1.1.32. (Coobumn O.B.Matusaceend) [lana ¢pyskuma f:{1...N} —
— {1...N} Hairu nepuog nocregosareasuoctu 1,f(1),£(£(1)),... Ko-
JUYECTBO [IEUCTBUU IOKHO OBITH IIPOINOPLUOHANLHO CyMMAPHOU [IJIMHE
OPEANepuosa U Mepuoga (3Ta CyMMa MOXeT OBITh CYIECTBEHHO MEHb-
e N).

Pemenue. Eciu 0T6pOCHTH HAYAMBHBIN KYCOK, TIOCTEN0BATEILHOCTE e~
PUOAMYHA, TIPUIEM BCE WIEHBI TIEPUO/A, PABIUIHEL.

{06o3navenue: f[n,1]=f(£(...£(1)...)) (n pas3)}

k:=1; a:=f(1); b:=£f(£(1));

{a=f[k,1]; b=f[2k,1]}

while a <> b do begin

‘ k:=k+1; a:=f(a); b:=f(£f(b));

end;

{a=f[k,1]=f[2k,1]; f[k,1] BxomuT B mepMomumvecKyo HacTb}
1:=1; b:=f(a);

{b=f [k+1,1]; f[k,1],...,f[k+1-1,1] pasmuunu}

while a <> b do begin

| 1:=1+1; b:=f(b);

end;

{neproxn pasen 1} (|

1.1.33. (. leunkcrpa) Pyuxuuma f ¢ HATYPAILHBIMA APIyMEHTAMU U
3HadenusMu onpegenena tak: £(0) =0, £(1) =1, £(2n) =£(n), f(2n+ 1) =
=1f(n) + £(n+ 1). CocraBuTh nporpaMmy BeMucaeHuA f(n) mo 3aLaHHO-
My n, Tpelytomnyio nopsanka logn omeparmi.

Pemenme.

k :=n; a :=1; b := 0;
{unBapuanr: 0 <=k, f (n) = a * f(k) + b * f (k+1)}
while k <> 0 do begin

if k mod 2 = 0 then begin

| 1 := k div 2;
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{k=21, £(k)=£(1), f(k+l) =
f (n) = axf(k) + bxf(k+1)
a :=a+b; k :=1;
end else begin

1l := k div 2;

{k = 21 + 1, £(k) = £(1) + £(1+1),

f(k+1) = £(21+2) = £(1+1),

f(n) = a*f(k) + bxf(k+1) = a*f(1l) + (a+b)*f(1+1)}
b :=a+ b; k :=1;
end;
end;
{k =0, f(n) = a * £(0) + b * £(1) = b, uTo u TpeboBamocsl} O

£(21+1) = £(1) + £(1+1),
= (a+b)*f(1) + bxf(1+1)}

1.1.34. To e, ecan £(0) = 13, £(1) = 17, £(2) = 20, £(3) = 30, £(2n) =
=43f(n)+57f(n+1), f(2n+1)=91f(n) + 179f(n+ 1) mpu n > 2.

[Ykazanue. XpanuTh k0>pduuueH T B Boipaxenuu T (n) depes tpu co-
CeJHUX 9YMCIa.] 0

1.1.35. /[laumbr HaTypaibHBE 9UCAd a U b, mpuaéMm b > 0. Hautu wact-
HOE W OCTATOK IIPY [EeJeHUH a Ha b, OHepupys JUIL C HEJBIMU TUCAAMU
¥ He UCHOJAL3YA onepanuy div u mod, 3a UCKIAIOYEHUEM JeJeHUs Ha 2 4€T-
HBIX 9IHCET; Y0 MATOB He nonKHO mpeocxonuts Chlog(a/b) + Cy man
HekOoTOpHIX KoHCTAHT C, Cs.

Perrenmne.
bl := b;
while bl <= a do begin
| b1 := bl * 2;
end;

{bl > a, bl = b * (mexkoTopaa cremenn 2)}
q:=0; r:=a;
{unBapuanT: q, r - YacTHoe ¥ OCTaTOK IpU HeleHMu a Ha bl,
bl = b * (mexkoTopaa cTemeHb 2)}
while bl <> b do begin
bl :=bl div 2 ; q :=q * 2;
{a=bl*xq+r, 0<&<=r, r <2 * bl}
if r >= bl then begin

r :=r - bl;
q :=q + 1;
end;

end;
{q, r - 4acTHOe ¥ ocTaToOk mp¥ HemeHu:m a Ha b} O
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1.2. Maccusbl

B crenyroomux 3amatax mepeMeHHbIe X, Y, Z TPEANOIaraloTCsa OMMCAHHbBI-
mu Kak array[1..n] of integer (rie n — HEKOTOPOE HATYPAILHOE TUCJIO,
6oabiiee 0), €CIU UHOE HE OTOBOPEHO ABHO.

1.2.1. 3amOJIHUTEL MACCUB X HYJAMH. (DTO O3HAYAELT, 9TO HYKHO COCTA-
BUTH (PPATMEHT MPOrPAMMEI, TIOCJIE BBIMOJHEHUA KOTOPOI'O BCE 3HAYEHUA
x[1]..x[n] paBuAIHCH OB HYJIIO, HE3ABUCAMO OT HAYAIHLHOIO 3HAMEHU 116~
PEMEHHOU X.)

Pemenme.
i:=0;

{unBapuant: mepeme i 3mavemmu x[1]..x[i] pasmm 0}
while i <> n do begin

i=1i+1;
{x[1]..x[i-1] = O}
x[i] := 0;
end; O

1.2.2. ToacumTars KomuaecTBO HyJded B Maccuse x. (CocraBuTh dpar-
MEHT IPOrPAMMEL, He MEHAIIINY 3HAYEHNA X, [IOC/IE UCIOJHEHNs KOTOPOro
3HaYEHMe HEKOTOPOU LIEJI0H [IEPEMEHHON K PABHAIOCH Obl YKCILy HyJIed CpeIu
KOMTIOHEHT MaCCUBa X.)

Pemenme.

{unBapuant: k = uymcmo mymeum cpemm x[1]...x[i] }

]

1.2.3. He ucnoawnsysa omepaTopa TPUCBAUBAHUA MIA MACCUBOB, COCTa-
BUTH (PPArMEHT TMPOTPAMMEI, DKBUBAJEHTHLIN ONEPATOPY X :=Y.

Perrenme.

i = 0;
{unBapuanT: 3HaveHme y He maMeHunock, x[1]=y[1l] mpm 1<=i}
while i <> n do begin
i=1i+1;
x[i] := y[il;
end; O

1.2.4. Hauru maxcumym u3 x[1]..x[n].
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Pemenme.

i :=1; max := x[1];
{unBapuanT: max = makcummyM um3 x[1]..x[i]}
while i <> n do begin
i:=1i+1;
{max = makcumym w3 x[1]..x[i-1]}
if x[i] > max then begin
‘ max := x[i];
end;
end; O

1.2.5. [lau maccuB x: array[l..n] of integer, npu<ém n3BeCcTHO, UYTO
x[1] <x[2] <...<x[n]. HauTu KOIMIECTRBO PABIUIHBEIX TUCET CPEIN DIIe-
MEHTOB DTOT'0 MACCHUBA.

Pemenme. BapuauT 1.

i::=1; k :=1;
{unBapuanT: k - KommyecTBo pasmumuHux cpemum x[1]..x[i]}
while i <> n do begin

i=1i+1;
if x[i] <> x[i-1] then begin
‘ k :=k + 1;
end;
end;

Bapuant 2. Uckomoe uuciao Ha 1 60JBINE KOAUIECTBA TEX UUCET 1 m3
1..n-1, mig xoropeix x[i] me paBmo x[i+1].

k :=1;
for i := 1 to n-1 do begin
if x[i]<> x[i+1] then begin
| k =k + 1;
end;
end; O

1.2.6. [dau maccuB x: array[l..n] of integer. Hawitu xomaudectBO
PABIMTIHBIX TUCEN CPEIN DAEMEHTOB 3TOro Maccusa. (Hucno geucTsunn 1o-
¥HO OBITH TIOpATKA n2.) |

1.2.7. Ta xke 3agada, eciu TpeOyeTcsa, ITOOB KOJAUIECTBO AEUCTBUU
6bL10 TOpsAKa n logn.

[Ykazaume. CmoTpu rmasy 4 (CopTupopka).] O
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1.2.8. Ta ke 3agatia, €CIM M3BECTHO, ITO BCE DJIEMEHTHI MACCHUBA, —
qncaa oT 1 10 k ¥ 9UCA0 JeUCTBUM IOMKHO OBITH TOPAAKA n + k. ([

1.2.9. (Coo6umt A.JI. Bpyauo) IIpamoyroasHoe mose m X n pasdburo Ha
mn KBaJPATHBIX KJIETOK. HEKOTOPHIE KACTKYM MOKPAIICHE! B YEPHBIN IBET.
NsBecTHO, 9TO BCE YEPHBIC KJICTKUM MOTYT OBITH PA3OUTHI HA HECKOALKO
HEMePeCceKAoIINXCA W HE MMEIMUX OOIMUX BEPIWH TEPHBIX MPAMOYTOMb-
HukoB. CYnTas, 9TO NBETA KACTOK NAHLI B BUIE MACCABA THIIA

array [1..m] of array [1..n] of boolean;

MOACINTATE YUCI0 IEPHBIX TIPAMOYTOJBHUKOB, 0 KOTOPHIX IILTa pedb. Tucao
JMENCTBAN JOMKHO OBITH TOPAIKA mn.

Pemrerwe. Iucino npsaMOyrOIBHHMKOB PABHO YKCILY HX JEBBIX BEPXHUX
yrioB. flBmgeTcsa am KmeTkKa BEPXHUM YTJIOM, MOXKHO Y3HATH, TOCMOTPEB
Ha eé mBeT, a Tak¥ke UBET BepxHero u Jesoro cocenen. (He sabyabre, 9T0
UX MOXET He OLITb, €CIU KJIETKa C KPAIo.) |

1.2.10. [lam maccus x[1]..x[n] measx umcea. He ucnoawssys apyrux
MAaCCHUBOB, [IEPECTABUTH JEMEHTHI MACCUBA B OOPATHOM MHODSIIKE.

Pemenue. dnementsl x[1] u x[n+1-1i] HyXHO OMEHATH MecTaMu AJsI
BCeX i, mada KOTOPHIX i <n+1—1i, To ecth 2i<n+1 & 2i<n&
& ig<n div 2:

for i := 1 to n div 2 do begin
‘ ...NIOMeHATh MecTaMu x[i] u x[n+1-i];
end; O

1.2.11. (U3 xuuru [I.T'puca) Jau mMaccus menbix wucea x[1] . .x[m+n],
paccMaTpUBaEMBIA KAK COEINHEHNE IBYX €0 OTPe3KoB: Hadata x [1] . . x [m]
mauHbl m 1 KoHNa X [m+1] . .x[m+n] mmuaer n. He ucmoab3ys momosHuTe b-
HEIX MACCUBOB, TIEPECTABATL Ha4Yan0 U KoHel. (Yucio nencTBuil TOpaIka
m+n.)

Pewernme. Bapuant 1. Ilepesepuém (pacnonoxum B 06paTHOM HOPsAKE)
OTIEJBHO HAYMATO M KOHEIl MACCUBA, & 3aTeM TEePEBEPHEM BECh MACCHUB KAK
eIMHOE TIeJ0e.

Bapuant 2. (A.T'. Kymaupenko) PaccMaTpuBas MacCuB 3aIMCaAHHBIM TI0
KpYT'y, BUAUM, 9TO TpeGyeMoe JeUCcTBIE — IOBOPOT Kpyra. Kak usBecTHO,
[IOBOPOT €CTh KOMIO3UIUA TBYX OCEBBIX CUMMETPUN.

BapuanT 3. PaccmoTpum 6omee obiryio 3amady — OOMEH ABYX yHaCT-
xoB MmaccuBa x[p+1]..x[q] m x[qg+1]..x[r]. [Ipeanonoxum, 9TO AIUHA
JEBOr0 y4IacTKa (Ha3oBéM ero A) He GoJblIe AIUHBEL TPABOTO (HA30BEM
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ero B). Beigeaum B B Hauaso Tonl xe gauHbl, 4T0 u A, Ha30BéM ero Bi,
a ocrarok By. (Tax aro B = B; + Bz, eciu 0603HAYATE TUIFOCOM TIPUTIN-
CBIBAHME MACCHUBOB ApYT K apyry.) Ham mano mz A + By + By moayunts
By + By + A. Meusia mectaMu y9acTku A u By — OHU UMEIOT OUHAKOBYIO
IIMHY, ¥ CAEIATEH 3TO Jerko, — moaydaeM B + A + Bs, u ocTajgoch mome-
HATb MecTamu A u Bs. TeM caMbIM MBI CBeIU IeJ0 K HEPECTAHOBKE IBYX
OTPE3KOB MEHBINEN AAUHBL. MTax, morydaeM TaKy CXeMy MPOrpaMMBbI:

p:=0; q:=m; r:=m+ n;

{unBapuanT: ocramocer mepecrtaBuTs x[p+l..ql, x[q+l..r]}
while (p <> q) and (q <> r) do begin

{o6a yuacTka HemycTH}

if (q - p) <= (r - @) then begin

. .nepectaButh x[p+1]..x[q] u x[q+1]..x[q+(q-p)]
pnew := q; qnew :=q + (q - p);

P := pnew; q := qgnew;

end else begin

. .mepectaBuTk x[q-(r-q)+1]..x[q]l u x[gq+1]..x[r]
gqnew :=q - (r - q@); rnew := q;

q := qnew; r := rnew;

end;

end;

Ouenka BpeMeHr pabOTH: HA OYEPEHOM IIAre OCTABUIMUCA A1 06pabOTKY
Y9aCTOK CTAHOBUTCA KOPOYe Ha, IIUHY A; YUCI0 1eUCTBUN [IPU DTOM TaKXKe
[IPONOPLUUOHAILHO mjnHe A. O

1.2.12. KosddunmenTs MHOrOWIEHa JeXAaT B MaccuBe a: array[0..n]
of integer (n — HATYpaJbHOE HUCJIO, CTEIEHb MHOI'OYIEeHa). Breraucaurs
3HAYMEeHHe >TOT0 MHOTOWIEHA B TOYKe X, TO ecTb a[n] x® + ... +al1lx +
+alo0].

Pewenwe. (OnucoiBaeMblil aaropurM HaspBaeTcs cxemou ['opuepa.)

k :=0; y := alnl;
{uuBapuanT: 0 <= k <= n,
y= a[nl*(x B cremenm k)+...+a[n-1]*(x B cremenm k-1)+...+
+ al[n-k]*(x B cremenu 0)}
while k<>n do begin

k :=k + 1;
y :=y *x + a [nk];
end; O

1.2.13. (/lna sHaxoMbIX ¢ OcHOBaMm aHaamsa; coobmma A.T. Kymmu-
peHko) [JOmoIHUTE AIrOPUTM BHIUUCACHUA 3HAUEHNA MHOTOWICHA B 33 1aH-



1.2. Maccuswy 27

HOU TOYKE IO cxeMme [OpHepa BEIMUCJACHHEM 3HAYCHUA €0 MPOM3BOTHON
B TOH! XKe TOUKe.

Pemenne. /Jo6aBieHre HOBOIO KO3 PUITNEHTA COOTBETCTBYET IEPEXOIY
ot muorowiena P(z) x muorouneny xP(z) 4+ c¢. Ero npoussognas B Tou-
ke ¢ pasua ¢P’'(z) + P(z). (3To pemenune o61anaer 3a6aBHEIM CBORCTBOM:
He HAJ0 3HATD 3apaHee CTeNeHb MHOTOUwIeHa. Ecan TpeGoBaTh BLIMOTHEHN
DTOTO YCJOBHUSA, A €IIé MPOCUTH BEIMUCAATH TOJBKO 3HAMEHUE MPOUW3BOJ-
HOM, He YIIOMHUHAS O CAMOM MHOTOWIEHe, TOIYyIaeTC A He TaKasd YK IpPOCTas
3a1a4a.) O

O6mee yTBEpXKOCHUE O CJIOKHOCTH BBEIUCJIACHUA IIPOU3BOOHBIX TAKOBO:

1.2.14. (B.Bayp, @.llrpaccen) /Jana nporpaMMa BEIYUCICHUA 3HATE-
HUsA HEKOTOPOro MHOTOWIeHa P(x1, ..., &y,), COmepkKaIIas TOIBKO KOMAH B
npucBamBanuA. VX mpaBble 9aCTH — BBEIPAKEHUA, CONEPKAIIME CIOKEHUE,
YMHOXEHWUE, KOHCTAHTLL, IIEPEMEHHEIE L1, ..., L, U PAHEE BCTPEIABIINECA
(B sieBon wacTu) nepemennsie. JokazaTh, 4TO CyWECTBYET IPOIPAMMA TOIO
*e TUMA, BEYUCIAIOMAL BCE N TPOU3BOAHBIX 0P /0y, ..., 0P/, npuiém
ofImee InCa0 apuPMETUIECKUX oneparmy He 6omee uem B C' pas mpeBoCcxo-
AT IUCI0 APU(PMETHICCKUX ONEPAIMN B UCXOAHOU mporpamme. Korncran-
Ta C' HE 3aBUCUT OT 7.

[Ykazaune. MOXHO CUNTATh, 9TO KaXIasd KOMAHAA — CIOKEHUE ABYX
qHUCeJ, YMHOXKEHNE MBYX WHCEN WIN YMHOXKEHMe Ha KOHCTaHTy. Ucmonb3o-
BaTh WHAYKIIUIO II0 YUCIY KOMaHI, IPUMEHAA WHIYKTUBHOE IIPEATION0XKEHNE
K IPOrpaMMe, IOy Iaioencss OTOPACHIBAHNEM EPBOH KOMAHIEL | ]

1.2.15. B maccuBax a: arrayl[0..k] of integer mb: array[0..1] of
integer XpaHATCA KO3(PQUIMEHTH TBYX MHOTOWIEHOB cTenenen k u 1. Ilo-
MECTUTH B MaccuB c: array[0..m] of integer kondUIMEHTHI UX IPO-
uzpegenus. (Yucaa k,1,m — Harypanbuble, m = k + 1; a1eMeHT MaccuBa
C UHAEKCOM 1 cogepxKuT KodQQUUUEHT [IPYU CTeneHy 1.)

Perrerme.

for i:=0 to m do begin
‘ c[i] :=0;
end;
for i:=0 to k do begin
for j:=0 to 1 do begin
| cli+j] := cli+j] + alil*b[jl;
end;
end; O
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1.2.16. IIpenjo:XeHHBI BLINIE AACOPUTM IIEPEMHOXKEHUS MHOIOYIEHOB
TpebyeT mopAIKa n? JeHCTBUHN A1 MEPEMHOXKEHU IBYX MHOTOWICHOB CTe-
neuu 7. [lpuaymars 60aee 5PGHEKTUBHBIN (141 GOIBIIAX ) AJTOPUTM, KO-
TOPOMY JOCTATOYHO mOpAIKa n'°8 4/1983 rejicrpmi.

[Ykazauue. IIpegcrasum cebe, 9TO HAJO NEPEMHOKUTE JBa MHOIOIEHA
crenenu 2k. X MOXHO MpenCcTaBUTL B BUIE

Alz)z* + B(z) = C(z)z" + D(z).
[IpousBenenne ux paBHO
A(z)C(z) 2** + (A(x)D(x) + B(x)C(x)) 2* + B(z)D(x).

Ecrectsennnm crocob Beraucaenus AC, AD + BC, BD TpebyeT 4eThI-
PEX YMHOXKEHUN MHOTOWIEHOB CTEMeHU Kk, OJHAKO WX KOJUIECTBO MOKHO
COKPATUTL 4O TPEX C MOMOIILI0 TAKOW XUTPOCTH: Borumcauth AC, BD
u (A + B)(C + D), azarem 3ameruts, uro AD + BC = (A + B)(C + D) —
— AC — BD|] O

1.2.17. [laubr aBa BO3pacTarommx MaccuBa x: array[l..k] of integer
u y: array[1l..1] of integer. Haurtu kommtdecTBO OOIIUX BIEMEHTOB
B OTUX MACCHBAaX, TO €CThb KOIMIECTBO TE€X IEJBIX t, MIf KOTOPHIX t =
=x[i] =y[j] mna mexoropwx i u j. (Hucao gencTsun nopaika k + 1.)

Permrerme.

k1:=0; 11:=0; n:=0;
{unBapumanT: 0<=ki<=k; 0<=11<=1;

HCKOMHM OTBeT = N + KOIMYeCTBO obumx
smemenToB B x[k1+1]...x[k] u y[11+1]...y[1]1}
while (k1 <> k) and (11 <> 1) do begin
if x[k1+1] < y[11+1] then begin
| k1 := k1 + 1;
end else if x[k1+1] > y[11+1] then begin
| 11 := 11 + 1
end else begin {x[ki1+1] = y[11+1]1}

k1 := k1 + 1;

11 := 11 + 1;
n:=n+1;
end;
end;

{kl1 = k unx 11 = 1, mo>ToMy OJHO U3 MHOXECTB, YIOMAHYTHX
B MHBapMaHTe, IyCTO, a N PaBHO MCKOMOMY OTBETYJ} |
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3amedanne. B Tperben aipTepHATHBE AOCTATOYHO OLLIO OLI yBeJU4U-
BATBH OJHY U3 mepeMeHHbIX k1, 11; Bropas n00aBieHa 1Jisd CAMMETDUMN.

1.2.18. PemmTb mpegblAyIIyIO 331349y, €CAX IPO MACCHUBBI U3BECTHO
mumis, o x[1] < ... <x[k] u y[1] < ... < y[1] (Bospacranue 3amene-
HO HeyObIBAHUEM ).

Pemenue. Ycaosue BO3pacTanua ObLIO UCTIOMB30BAHO B TPETHEN ATbTEP-
HaTuUBe BhIOOpa: cABMHYB k1 m 11 Ha 1, MBI TeM CaMBIM yMeHbBIIAJW Ha 1
KOJU4IecTBO 00mux »aeMeHToB B x[k1+1] .. .x[k] »m x[11+1]...x[1]. Te-
Iepb 3TO NPUAETCA NeIaTh CJAOXKHEE.

end else begin {x[ki1+1] = y[11+1]}

t = x [ki+1];

while (k1<k) and (x[k1+1]=t) do begin

| k1 := k1 + 1;

end;

while (11<1) and (x[11+1]=t) do begin

| 11 := 11 + 1

end;

n:=n+ 1;

end; O

3ameganune. ITa NPOrpaMMa uMeeT nedeKT: MPU TPOBEPKE YCIOBUSI
(k1<k) and (x[ki1+1]=t)

(nm BTOPOTO, AHAJOTMIHOTO) TIPY JIOKHOK MEPBOU CKOOKE BTOPAsA OKaXKeT-
¢ GECCMBICACHHON (MHAEKC BBHIUAET 33 TPAHUILI MACCUBA) U BO3HUKHET
ommobka. HexkoTophie Bepcum mackass, BEMUCAAI A and B, cHavaga BBINU-
casior A u npu aoxkHOM A He BeraucaaioT B. (Tax Bepér cebs, nanpumep,
cucrema Turbo Pascal Bepcun 5.0 — no He 3.0.) Torga onucannas ommbka
HE BO3HUKHET.

Ho ecam MBI HE XOTUM MOTATATHCA HA TAKOE CBOUCTBO UCIOIB3YEMOU
HAMM DeAIN3alu Mackaud (He mpeaycMoTpeHHoe ero asropoM H. Bup-
TOM), TO MOXHO NOCTYHNUTb TaK. BBeAéM IONOJHUTEIBHYIO MEPEMEHHYIO
b: boolean u mHanwuiewm:

if k1 < k then b := (x[kl+1]=t) else b:=false;
{b = (ki<k) and (x[k1+1] = )}
while b do begin

k1:=k1+1;

if k1 < k then b := (x[k1+1]=t) else b:=false;
end;
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MoxHO Takxke CIeJaThb MHA4e!:

end else begin {x[k1+1] = y[11+1]}

if k1 + 1 = k then begin

k1 := k1 + 1;

n :=n + 1;

end else if x[k1+1] = x [k1+2] then begin
| k1 := k1 + 1;

end else begin

k1l := k1 + 1;
n :=n + 1;
end;
end;

Tak 6yaeT KOopote, XOTA MeHee CUMMETPUHO.
Haxoner, MOXHO yBeIUYINTH Pa3Mep MACCUBA B €TI0 OMUCAHUY, BKIIOYUUB
B HErO (PUKTUBHBIE DIEMEHTHL.

1.2.19. [laner gBa HeyOpIBatommx Maccuea x: arrayl[l..k] of integer
my: arrayl[l..1] of integer. HauTu Yucao pasiuvHBIX DIEMEHTOB CPeqn
x[11,...,x[k],y[1],...,y[1]. (Hucro memcreun nopsagka k + 1.) |

1.2.20. [danwr gBa maccuBa x[1] < ... <x[k] uy[1] <...<y[1]. «Co-
equuuTH wxX B MaccuB z[1] < ... < z[m] (m =k + 1; KaXK LI BIEMEHT [0J-
XKEH BXOJWTbL B MACCUB Z CTOJIBKO Pa3, CKOJLKO Pa3 OH BXOJUT B OOIIEN
CJIOXKHOCTU B MACCHUBHL X U y). UMCJI0 ACUCTBUM MOPAIKA M.

Pemrenme.

k1 :=0; 11 := 0;

{unBapuanr: orBer momyuurca, ecmu k z[1]..z[kl+11l] gmobaBuTs
cupaBa coepuHenue MaccuBoB x[ki1+1]..x[k] = y[11+1]..y[1]1}

while (k1 <> k) or (11 <> 1) do begin

if k1 = k then begin

{11 <1}

11 := 11 + 1;

z[k1+11] := y[11];

end else if 11 = 1 then begin

{k1 < k}

k1l := k1 + 1;

z[k1+11] := x[k1];

end else if x[k1+1] <= y[11+1] then begin

k1l := k1 + 1;

z[k1+11] := x[k1];

end else if x[k1+1] >= y[11+1] then begin
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11 := 11 + 1;
z[k1+11] := y[11];
end else begin
‘ { Taxoro He 6mBaer }
end;
end;
{kl1 =k, 11 = 1, MaccuBH COeIMHEHH} O

SDTOT MPOIECC MOXKHO MOACHUTE TaK. [[yCTh y HAC €CTH 1BE CTONKM Kap-
TOYEK, OTCOPTUPOBAHHLIX IO aixdaBuTy. MBI coequHaeM UX B OJHY CTOI-
KY, BBIOMPAs KaX LI Pa3 TY U3 BEPXHUX KAPTOUEK 06EUX CTONOK, KOTOPAs
uAET paHbIIe B aapaBATHOM HOpsAke. Kcau B OJHOU CTONKE KAPTOIKA KOH-
YUIUCH, GEPEM WX M3 IPYTOU CTOMKMU.

1.2.21. [dauwr gea maccuBa x[1] <...<x[k]l uy[1] <...<y[1]. Ham-
TH UX «Iepecedenuey, To ectb maccus z[1] < ... < z[m] , cogepxamun ux
00IITMe DAEMEHTHI, TPUIEM KPATHOCTh KAXK JOT'O DJIEMEHTa B MACCUBE Z PAB-
HAETCSA MUHUMYMY W3 €r0 KPaTHOCTEN B MACCUBAX X U y. Uncao aencrsun
nopanka k + 1. (|

1.2.22. [lauwr gBa maccuBa x[1] < ... <x[k]l my[1] <...<y[1] u un-
cao q. Hantw cymmy suga x[i] + y[j], nanGonee 6muskyto x umcay q. (Hu-
CJI0 TEUCTBUU TOPAAKA K+1, MOMOJIHUTEIbHAS MAaMATbL — (DUKCUPOBAHHOE
YUCIO0 [EJIBX NEePEMEHHBIX, CAMU MACCUBBL MEHATH HE PA3PEIIAETC. )

[Vkazaume. Hago HANTH MHHMMAaJbHOE DACCTOSHNE MEXKIY DIeMEHTa-
vz x[1] < ... <x[k] mwq—y[1] <...<q—y[1], uTo HETPYAHO caeIaTH
B XOJ€ UX CAUAHUA B OAUH (BOOODAKAEMBIN) MACCUB. ] O

1.2.23. (us xmurm [.Tpuca) HexoTopoe 4UuCIO COXEPKUTCA B KakK-
IOM U3 TPEX MEJOYMCIeHHBIX HeyOnBarommx maccuBoB x[1] < ... < x[p],
y[11 <...<ylql, z[1] <... < z[r]. Hauru oguo u3 rakux uuces. Jucao
DEUCTBAU TOMKHO OBITH TOPAAKA P + q + T.

Perrenme.

pl:=1; ql=1; ri1:=1;

{unBapuant: x[p1]..x[pl, ylq1l..ylql, z[r1]..z[r]
cozepxaT obuMi 3IeMeHT}

while not ((x[p1l=yl[q1]l) and (y[qll=z[r1])) do begin
if x[p1l<ylql] then begin

‘ pl:=pl+1;
end else if y[qll<z[rl] then begin
‘ ql:=ql+1;

end else if z[r1]<x[p1] then begin
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‘ rl:=ri+l;
end else begin
‘ { Tax He 6uBaeT }

end;
end;
{x[p1] = ylq1l = z[r1l}
writeln (x[pll); O

1.2.24. Ta xe 3amatda, TOJLKO 3apaHee HE M3BECTHO, CyIIECTBYET JHU
OOLIUY 3JIEMEHT B TPEX HEYOBIBAIOUINX MACCUBAX U TPeOyeTCs 3TO BLIACHUTD
(m HAMTY OAWH 13 OOIINX DJIEMEHTOB, €CTU OHM €CTh). O

1.2.25. OuemenraMu maccuBa all. .n] ABIg0TCA HEYyOLIBAIOIMINE MACCH-
Bel [1..m] meabIx umcer:

a: array [1..n] of array [1..m] of integer;
al11[1]1 <...<al1lm],...,an][1] <...<aln][m].

M3BecTHO, 9TO CyWIECTBYET YUCJIO, BXOAsAINEE BO Bece MaccuBbl ali] (cy-
IECTBYET TAKOE X, YTO JJIA BCAKOTO i m3 1..n maugéres j us 1..m, s
koroporo alil [j] = x). Hairru ogno ua Takux «ucen x.

Pemenue. Bregém maccus b[1] ... b[n], oTMeuatomun Ha¥AIO «OCTAIO-
menca gacTw Maccusos al1],... aln].

for k:=1 to n do begin
‘ blk]:=1;

end;

eq := true;

for k := 2 to n do begin
‘ eq := eq and (a[11[b[1]] = alk]l[b[k]]);

end;

{uHBapmaHT: ocTaBuMecA YacCTH IEPECEKAWTCA, T.e. CYWECTBYeT
Takoe X, 4TO &nA Bcakoro i ums [1..n] maumérca j ms [1..m],
He Membllee b[i], mma xoroporo a[il[j] = x; eq <=> mepmme
SIIEMEHTH OCTaBUIMXCA acTell paBHH}

while not eq do begin

s :=1; k :=1;

{als][bls]] - munumanenoe cpemu a[1][b[1]]..alk] [b[k]]1}

while k <> n do begin

k:=k + 1;
if alk][b[k]] < als][b[s]] then begin
‘ s := k;

end;
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end;
{als] [b[s]] - munumamenoe cpemm al[1][b[1]]..a[n][b[n]]}
b [s] :=b [s] + 1;
for k := 2 to n do begin
| eq := eq and (al11[b[1]1] = alk][blk11);
end;
end;
writeln (a[1]1[b[111); 0

1.2.26. TlpuBeaéunoe peleHne MPENLIAYINEN 3a0a4MU TPEOyeT TOpAIKA
mn? geticteui. [puayMaTh CIOCOO ¢ YMCIOM JEHCTBUH MOPATKS MIL.

[Ykazauume. [IpngéTcs MOKepTBOBATH CUMMETDHEN 1 BHIODATH OJHY U3
CTPOK 32 OCHOBHYIO. /[BUrasch O OCHOBHOU CTPOKE, MO AEPKUBAEM TAKOE
COOTHOIIIEHUE: BO BCEX OCTAABHBIX CTPOKAX OTMEYEH MAKCUMAILHBIA DJe-
MEHT, He IPEBOCXOAAIUI TeKYIIEro IeMEeHTa OCHOBHOU CTPOKM. ] ]

1.2.27. (/Isomunsint mouck) [Mana nocrenosareabrocts x[1] <. .. <x[n]
HEJBIX YUCEI W 9UCJAO 2. BBIACHUTH, COAEPKUTCA JU & B 3TOU MOCIEIOBA-
TEJIBHOCTH, TO €CTh CylmecTByeT Ju i m3 1..n, mas xoroporo x[i] = a.
(Konmwecrso gencreuy nopsjgka logn.)

Pewenue. (IIpeanonaraem, €ro n > 0.)

1l :=1; r := n+l;

{r > 1, ecnx a ects Boobme, To ecTk ¥ cpemu x[1]..x[r-1]}
while r - 1 <> 1 do begin

m:=1 + (r-1) div 2 ;

{1<m<r}

if x[m] <= a then begin

‘ 1l :=m;

end else begin {x[m] > a}
‘ r := m;

end;

end;

(O6paruTe BHEUMaHUE, 9TO U B ciaydae x[m] = a MHBAPWAHT He HApyIIa-
eTcs.)

Kaxapit pa3 r — 1 yMEHBIIAETCA IPUMEPHO BIBOE, OTKY A U BEITEKAET
TpebyeMas OLEHKa YUCIa, TeMCTBHUA. O

3amedanue.

1+ (r-1)div2=(21+4(r—1))div2=(r+1)div2.
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B sron 3a1a4e cyImecTBEHHO, 9T0 MACCUB YIIOPAL0YEH — IIOUCK B HEYIIO-
PATOYEHHOM MacCuBe TpeGyeT BpeMeHU, TPONOPIINOHATEHOTO ATIMHE MaCCH-
Ba. (UTO6R yOEIUTHCA, ITO KAKOTO-TO YUCIA HET B MACCUBE, HAJA0 TIPOCMO-
TPETH BCE €r0 HJIEeMEHTHL. )

1.2.28. (U3 xumru [.Tpuca) Umeerca maccus x: array[l..n] of
array[1..m] of integer, ynopsIOYEeHHLIN IO CTPOKAM ¥ IO CTOJOIAM:

x[i] [j+11,

x[i][j]
1 <x[i+11[j],

x[11[j

NN

u wucao a. Tpebyercs BeLICHUTD, BeTpedaeTcs au a cpexu x[1][j].

Pewenue. [Ipeacrasisana cebe MaccuB x Kak MaTpuiy (IPAMOYTOJBHUK,
3AIOJHEHHBIM 9UCJAAME), MBIl BEIOEPEM IPAMOYTOALHUK, B KOTOPOM TOJBKO
U MOXKET COAEPKATHLCA &, 1 OyaeM ero cyxkarh. [I[paMoyroibHuK 3ToT Oyaer
comepxkath x[11[jlopm 1 <i<luk<j<m

1 k m

(BOLYCKAITCsA MyCThEe IPAMOYIOAbHUKY Ipu L =01 k =m + 1).

l:=n; k:=1;
{1>=0, k<=m+1, ecmm a ecTh, TO B ONMCAHHOM IPAMOYIOIbHMKe}
while (1 > 0) and (k < m+1) and (x[1][k] <> a) do begin

if x[1][k] < a then begin

‘ k := k + 1; {meBmut cTonmbem He COXEpPXUT a, yHLamAeM ero}
end else begin {x[1][k] > a}
‘ 1 :=1 - 1; {HuxHAA cTpoKa He COLEPXUT a, yhaundeM e&}
end;

end;

{x[1]1[k] = a wmm DpPAMOYroONBHMK IyCT }

answer:= (1 > 0) and (k < m+1) ;

3ameqanne. 3neck Ta xe ommbdka: x[1] [k] MoxkeT okazaThCa HeOmpe-
nenéuubiM. (E€ ucnpasienue nperocTaBiAeTCA IUTATENIO. ) (|
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1.2.29. (Mockosckas omuMnuaga 1o nporpaMvupoBanuio) lan zeyObr-
BAIOIINK MACCUB TOJOXUTEIRHBIX Heaslx uncen al[1] <al2] <...<aln].
HanTu sayMeHbIIee 1Ie10oe IoJ0KUTEILHOE TUCIO0, HE IPEACTABUMOE B BAIC
CYMMBI HECKOJIBKUX DJIEMEHTOB DTOI0 MACCUBA (KaXKAbIM DJIEMEHT MACCUBA,
MOXKeT ObITh UCIOIL30BaH He Gojee OAHOro pasa). Juciao AeUcTBUN HOPsA-
Ka n.

Pewenwe. [lycTe M3BECTHO, YTO YUCIA, TPEICTABUMEIE B BHUIE CYMMEI
saemenToB al[1], ..., alk], sanonusior oTpesok ot 1 10 HekoToporo N. Ec-
au alk+1] > N+1, To N+1 u 6y 16T MUHIMAILHBIM IHACJIOM, HE IIPEICTABUMBIM
B BHIe CyMMBI aaemenToB maccuBa all] ...aln]. Ecam xe alk+1] < N+1,
TO YUCIa, IPEICTABAMBIE B BUIe CyMMBI oeMenToB all] ... alk+1], samos-
HAIT O0TPe3oK oT 1 go N+al[k+1].

k :=0; N :=0;

{unBapuwanT: umMcma, mpencTaBMMHe B BHLE CYMMH SIE€MEHTOB
maccuBa al[l]..al[k], samommaswTt orpesox 1..N}

while (k <> n) and (al[k+1] <= N+1) do begin

N := N + al[k+1];
k :=k +1;
end;

{(k = n) unu (al[k+1] > N+1); B obomx cmywasx oreT N+1}
writeln (N+1);

(CuoBa TOT )€ gedeKT: B yCAOBUM LMKIA [IPU JOXKHOM LEPBOM YCJIOBUU
BTOPOE He OIPELENEHO. ) a

1.2.30. (/lna 3HAKOMBIX C OCHOBaMU aareOpwl) B memodmcaeHHOM MAac-
cuse a[1] ...a[n] xpanurcs mepecranoBka uuces 1...n (Kaxkmoe U3 Iucesn
BCTPEYAETCA 110 OQHOMY Pa3y).

(a) Ompegennts uérHOCTD HepecranoBku. (U B (a), u B (6) kommdecTBO
JQEUCTBUM TOPAIKA 7. )

(6) He ucnonbays Apyrux MaCCUBOB, 3aMEHUTH IEPECTAHOBKY Ha 00OpaT-
Hy0 (ecau 10 paboTel nmporpaMmer a[i] = j, To mocae go/mkHO 6BITH a[j] =
=1i).

[Vkazanue. (a) JETHOCTH II€PECTAHOBKE OLPEAECAAETCA KOMMIECTBOM L1~
KJIOB. YTOOBI OTINYATE YK€ MPOUJICHHBIE UKIEL, ¥ WX BJIEMEHTOB MOMKHO,
HANpUMep, MeHATH 3HaK. (6) OOparneHue TPOU3BOANM IO IIUKIAM. | |

1.2.31. [laun maccuB all..n] u qucao b. [lepecraBuTh 4ncia B Maccuse
TaKIM 06PA30OM, IYTOOHT CIEBA, OT HEKOTOPOU TPAHUIIET CTOAIA YUCIa, MEHb-
I WIN PABHBIE b, & CIpaBa OT rpaHuisl — Odabiue win pasubie b. Yucao
JEUCTBUAU MOPAIKA N.
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Pemenme.

1:=0; r:=n;

{uuBapuant: a[1]..a[l]l<=b; al[r+1]..a[n]>=b}
while 1 <> r do begin

if a[l+1] <= b then begin

| 1:=1+1;
end else if al[r] >=b then begin
‘ r:=r-1;

end else begin {a[l+1]>b; a[r]<b}
. .momMeHaTs al[l+1] u al[r]
1:=1+1; r:=r-1;
end;
end; O

1.2.32. Ta xe zajgatia, HO TpeOyeTCsa, ITOOLI CHAUATA NLTNA BJEMEHTHI,
MeHbIme b, 3aTeM paBHBIE b, a Jums 3aTeM Odabime b.

Pemenue. Teneps moTpe6yOTCa TP TPAHUIBL [0 TEPBOU OYAYT UATH
DJEMEHTHI, MEHBINE b, OT MEePBOU M0 BTOPOU — DABHBIE b, 3aTeM HEU3-
BECTHO KakKWe JO TPEeThel, a mocie rperberr — 6éubmme b. (Boaee cum-
METPUIHOE PEIIEHNE UCIOIB30BAIO OBl 9€THIPE MPAHMIILI, HO BPAL JU UIPa,
cTOUT CBed.) B KadecTBe 0YepenHOr0 PACCMATPUBAEMOTO DJAEMEHTA GepéM
DIEMEHT CIPaBa OT CPENHEN TPAHUIIH.

1:=0; m:=0; r:=n;
{umBapuanT: all..1]<b; al[l+l..m]=b; alr+1]..a[n]l>b}
while m <> r do begin
if a[m+1]=b then begin
‘ m:=m+1;
end else if a[m+1]>b then begin
.o6menaTrs a[m+1] u alr]
r:=r-1;
end else begin {a[m+1]<b}
.o6MenaTs al[m+1] u a[l+1]
1:=1+1; m:=m+1;
end;
end; O

1.2.33. (BapuanT npegbiayiien 3342491, HA3BAHHLIA B KHUre [JelKkcTphl
3aga4en 0 rosaagickoM ¢uaare.) B maccuse gaunnl n crosr ducaa 0, 1 u 2.
[MepecTaBUTEL UX B MOPAIKE BO3PACTAHNUSA, €CIU € TUHCTBEHHON PA3PEIIEHHON
omeparnuen (IOMUMO ITEHUA) HAI MACCUBOM ABIACTCA TEPECTAHOBKA NBYX
2EMEHTOB. UuCI0 AeNCTBUN TOPAIKA . O
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1.2.34. [lan maccuB all..n] u wucao m < n. /11 kaxmoro ydacrka u3
m CTOANMX PATOM HUIEHOB (TAKUX YIACTKOB, OYEBHIHO, n —m + 1) BbIUA-
cuTh ero cymmy. OOfIee YuCao JeUCTBAN JOMKHO GBITH MOPAIKA N.

Pemerme. [lepexoas oT yuacTka K COCEIHEMY, MBI T00ABAAEM OJWH
WIEH, & APYTOU BBIUUTAEM. O

1.2.35. [lana xBagparuas Tabuauna all..n][1..n] u yucmo m < n. [lxs
KaXKJIOI'0 KBaAPATa m X M B 3TOU TAOAUIE BLIYUCAUTE CYMMY CTOAIIMX B HEM
gpcesr. OblIee 9UCA0 AEHCTBUI NOPALKA 2.

Pemenue. Cuavana I Kaxaoro COPU3OHTAILHOIO IPAMOYTOJBHUKA
pazMepoMm m X 1 Beraucasem cymmy croamux B uéMm uucea. (Ilpu casure
TaKOT'0 MPAMOYTONBHUKA TI0 TOPU3OHTAIN HA 1 HYXKHO TOOABUTL OJHO HU-
CJI0 ¥ OJTHO BBIYECTh.) 3ATEM, UCTIOIb3YA DTU CYMMBI, BEITUCIAEM CYMMBI
B kBagparax. (IIpu caBure KBagpara MO BEPTUKAINA AOOABIAETCA TOJOCKA,
a Apyras [moJocKa yOGaBiseTcs.) |

1.2.36. B maccuse al[1]...al[n] BcTpedaroTcsa mo oqHOMY pa3y BCe Iie-
Jple qucia or 0 10 n, Kpome oguoro. HauTy mponyiiennoe 9ucio 3a BpeMsa
[HOPAAKA N ¥ C KOHEYHOU JONOJHUTENILHOU IaMATHIO.

[Vkazanue. CIOXKUTE BCe 9HCIA B MaCCUBE.] O

1.3. NuaykTueHsle dyHkuuun (no A.T. KywHupeHko)

ITycTs M — mexkoTopoe MuokecTBO. DyHKIM £, ApryMeHTaAMU KOTOPOU
SABJSIIOTCA IOCJAEOBATEILHOCTH DIEMEHTOB MHOXKECTBA M, a 3HaYeHusAMu —
AJEMEHTHl HEKOTOPOro MHOXkecTBa N, HA3BIBaeTCS undykmuenot, ecan eé
3HaYeHMe Ha nocaegoBaTeabHOCTH X[1]...x[n] MOXHO BOCCTAHOBUTH IO
eé sHaveHnio Ha mocaenoBareasuocTu x[1] ... x[n-1] u mo x[n], To ecTn
ecau cymecTByeT dyukiua F: N x M — N, m1sa koTopon

f((x[1],...,x[n])) =F(£((x[1],...,x[n-11)),x[n]).

Hanpumep, GpyHKImIA sum (CyMMa BCEX WWIEHOB TOCIENOBATEIBHOCTY ) UH-
TYKTUBHA, TIOCKOIBKY OUEPEIHON WIEH TOCIEI0BATEILHOCTY TPUOABAACTCA
K €€ cymmMme:

sum((x[1],...,x[n])) = sum((x[1],...,x[n-11)) + x[n].

Jpyron mpuMep WHAYKTWBHOM (JYHKINM — [JIWHA MOCAEJOBATETLHOCTH.
B srom caygae F(n,m) =n + 1.
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Hanporus, cpeanee apudmeTriecKoe He ABAIETCI UHAYKTUBHON QyHK-
IVeN: eC/M MBI 3HAEM CpejHee apudpMeTUIeCKOe HEKOTOPOU TOCTIEI0BATENb-
HOCTH, HO He 3HaeM eé [UIMHBI, TO He MOXKEeM MPEeJCKa3aTh, KAaKWM CTa-
HeT cpefgHee apudMeTUIECKOE OCe JONUCHBAHUA HEKOTOPOro (M3BECTHO-
o HaM) HUCJIA.

CxeMa anropuTMa BBIMUACACHUS WHIYKTUBHOU (DYHKIIIN:

k :=0; £ := £0;

{unBapuant: f - 3Havenme ¢ymkumm Ha <x[1],...,x[k]>}
while k<>n do begin
k : =k + 1;
f:=F (£, x[k]);
end;
3pecy £0 — 3HadeHue QYHKUUU HA LYCTOU MOCAEIOBATEILHOCTH (IIO-

caeposarensHocTy gauael 0). Ecau dynkuus £ onpenenena ToIbKO Ha He-
IYCTBIX HNOCTEAOBATENBHOCTAX, TO IIEPBasd CTPOKA 3aAMEHACTCA HA

k:=1; f:=f(<x[1]>);

Ecan ¢pyuknua f He ABAACTCA UHAYKTUBHON, TIOJE3HO UCKATE €6 undyk-
TMUGHOE PACWUPERUE — TAKYIO NHIYKTUBHYIO PYHKIINIO g, 3HAYCHUSA KOTO-
pOU OmpeaeaaT 3HadeHusa f (BTO 3HQYUT, IYTO CyLIECTByeT Takas (PyHK-
nus t, 94T0

£((x[1]...x[n1)) = t(g((x[1]...x[n1)))

npu Beex (x[1]...x[nl)). Moxuo nokasarhb, 4TO cpeau BCEX WHAYKTUB-
HBEIX DACIIMPEHUN CYyMECTBYET MUHUMAILHOE pacmmpenue F (MuHEMANE-
HOCTB O3HAYAET, 9TO [LIA JO0r0 MHAYKTUBHOIO PACHIMPEHNA g 3HadeHns F
OTIPEAEISIOTCA BHAYECHUAMA ).

1.3.1. YkazaTb WHAYKTUBHBIE PACIINPEHUA [JIA CASAYIONMX (OyHKIAN:

(a) cpegnee apudMETHIECKOE MOCIEOBATEALHOCTY BEIIECTBEHHBIX M-
cer;

(6) 4rCI0 DIEMEHTOB IIOCIEJOBATEABLHOCTH LEIBIX YUCe], DABHBIX €€ MaK-
CUMATBLHOMY DJIEMEHTY;

(B) BTOPOU MO BETUYMHE DIEMEHT MOCACIOBATENLHOCTH MEIBIX YUCET
(TOT, KOTOPHIN OYI€T BTOPLIM, €CIN MEPECTABATL WIEHH B HEYOBIBAIOLIEM
HOpsLAKe);

(r) MAaKCUMAJBHOE YMCIO UAYLIUX HOADPAL OLUHAKOBBIX DJIEMEHTOB;

(1) MAKCUMATBHAA IJMHA MOHOTOHHOTO (HEyORIBAIOIIETO WX HEBO3DPA-
CTAIOIIEr0) YIACTKA U3 MAYIIUX MOAPAT DIEMEHTOB B TOCIEI0BATEILHOCTH
LIEJILIX YUCET;
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(e) 4mcao rpynn U3 eIUHUL, Pa3AeJEHHBIX HyILAME (B IOCIEL0BATEALHO-
CTHU HyJEU W eVHUII).

Pemenne.

(a) (cymMa BCex <IEHOB LOCIEAOBATENBHOCTY; LJIKHA);

(6) (4mcno >IEMEHTOB, PABHBIX MAKCUMATBLHOMY; 3HAUYEHNE MAKCUMATb-
HOTO0);

(B) (HAMOOJMBLINI DIEMEHT [OCIENOBATEABHOCTH; BTOPOH [0 BEIMYIMHE
DIEMEHT);

(r) (MaxcuMaIbHOE YUCIO UAYIIUX HOADAL OJUHAKOBLIX DIEMEHTOB; Ui~
CJI0 MAYIIAX TOAPAL OVHAKOBLIX BJIEMEHTOB B KOHIIE TOCAEIOBATEILHOCTH;
MOCTETHAN DIEMEHT TOCIEI0BATEILHOCTH);

(n) (MakcuMaTbHAA JIMHA MOHOTOHHOIO YYACTKA, MAKCUMAMBHAA [V~
HA HEYOLIBAIOUIEr0 y4aCTKa B KOHIE MOCJAEI0BATEILHOCTH; MAKCUMAIbLHAL
[QJIMHA HEBO3PACTAIOILEr0 yHaCTKA B KOHLE IIOC/IeJ0BATENLHOCTH; LOCAEH-
HUI 9WIEH HOCJIEL0BATEIbHOCTH);

(e) (umeno TpyON W3 eNHMUI, TOCAETHUN SIEH). |

1.3.2. (Coo6umn [.B.Bapcanodres) [Janbl gBe noCieI0BATEILHOCTH
menex gucen x[1] ... x[n] mwy[1] ... y[k]. Beuicaurs, asiasercs jqu BTopas
MOCTENOBATENLHOCTD OATIOCAETOBATEILHOCTRIO TIEPBOU, TO €CTh MOXKHO JIN
M3 TIEPBOU BHIYEPKHYTH HEKOTODBIE WIEHBI TaK, YTOOBI OCTATACH BTODA.
Yucao geucTBUU TOpAIKa n + K.

Pemernne. BapuauT 1. Byaem cRoauTh 3amady K 3a1ate MEHBIIETO Pas-
Mepa.

nil:=n;
k1:=k;
{unBapuanT: mcxoMm oTBeT <=> Bo3MoxHOCTL 3 x[1]..x[n1]
momyuurs y[1]..y[k1] }
while (n1 > 0) and (k1 > 0) do begin
if x[n1] = y[k1] then begin
nl := nl1 - 1;
k1 := k1 - 1;
end else begin
‘ nl :=nl1 - 1;
end;
end;
{n1 = 0 wmu k1 = 0; ecmx k1 = 0, To oTBeT - ma, ecmu ki1<>0
(¥ n1 = 0), To oTBeT - HeT}
answer := (k1 = 0);

Mg ucnonp3oBasu To, ITo ecau x [n1] = y[k1] mwy[1]...y[k1] —nox-
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mocrenoBaTeabHOCTh x[1] ... x[n1], To y[1] ...y[k1-1] — moanocrenoBa-
TeabHOCTE x[1] ... x[n1-1].

Bapuant 2. @yukiusa (x[1]...x[n1]) — [MakcuMantsHOe k1, 718 KOTO-
poro y[1]...y[k1] ects moamocrexoBarensHocTs x[1]...x[n1]] uagyk-
THUBHA. O

1.3.3. Jamw ge mocaemoBarensHocTn x[1]...x[n] wn y[1]...y[k]
neapx yuced. HauTum MakCHUMAadbHYIO [IMHY TMOCIEI0BATEILHOCTH, SBIA-
IOIIEUCST TTOANIOCAEOBATEALHOCTRIO 00enX nociegoBarensHocTen. Konnde-
CTBO ONePalUl IOPAIKA I - K.

Pemenue (coobmeno M. H. Banuusanrom, A.M. Tumentmanom). O6o-
3HaduM 4depes f(p,q) MAKCUMAILHYIO IJIMHY OOLIEH [OAIIOC/EL0BATENLHO-
cru nociegoBarensHocTer x[1] ... x[p] u y[1]...y[ql. Toraa

x[pl #ylql = £(p,q) =max(f(p,q—1),f(p—1,9));
x[pl =ylq]l = f£(p,q) =max(f(p,q—1),f(p—1,q9),f(p—1,9—1)+1);

(Tlockoasky f(p — 1,9 — 1)+ 1> f(p,q— 1),f(p — 1,q), BO BTOpOM Ciy-
qae MAKCUMyM TPEX 9UCEea MOXKHO 3aMEHUTDH HA TPeThe W3 Hux.) llopTomy
MOKHO 3aMOMHATL TAOINIlY 3HAYCHUN (GyHKIMM f, MMEIOIIyIo pa3Mep n - k.
MoxkHO 060OUTHCH U TAMATBIO TOPAAKA kK (WM n), ecim uHAYKTUBHO (110 p)
BoraucaaTh (f(p,0),...,f(p,k)) (kax pyHKIUA OT P HTOT HAGOP UHAYK-
TUBEH). O

1.3.4. (w3 xuwrm [I.Tpuca) /laHa MOCIEIOBATEIBHOCTD HEIBIX YUCEN
x[1],...,x[n]. HanTu MakcuMaibHyo IIMHY €€ BO3PACTAIOMIEH IOAIOCTe-
JOBATENLHOCTH (MUCIO AelCTBHU nopsika n logn).

Pemenme. VckoMas QyHKINSA He WHAYKTUBHA, HO WMEET CICTYIOIIEE
MHIYKTUBHOE PACHIMPEHNE: B HEMO BXOIAT MOMUMO MAKCUMAJIBLHOU IJIMHEI
BO3PACTAIOLIEN 10 ANOCAEe[0BATEILHOCTH (0003HaIUM €€ K) TaKiKe U 9uCIa
ul1l,...,ulk], roe uli] — MUHUMAJIBLHBIA U3 DOCAEIHAX YIEHOB BO3PACTa-
IOIMUX MOATNOCHefoBaTeAbHOCTeN mmHbl 1. Ouesuano, ul1] < ... < ulk].
[pu pobapireHnm HOBOrO WIEHA B X 3HAYEHUS U U K KOPPEKTUPYIOTCA.

nl :=1; k :=1; ul1] := x[1];
{unBapwanT: k ¥ U COOTBETCTBYWT NAHHOMY BHUle ONUCAHUD}
while nl <> n do begin

nl :=nl + 1;

{i - zambompwee u3 Tex umcen orpeska 1..k, mma
xotopux uli] < x[n1]; ecmu Takux mer, To i=0 }
if i = k then begin
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k :=k +1;

ulk+1] := x[n1];
end else begin {i < k, ul[i] < x[n1] <= uli+1] }
‘ uli+1] := x[n1];

end;
end;
dparMenT . .. HCOOML3YET UACKD TBOUIHOTO MOUCKA; B MHBAPUAHTE YCJIOB-
HO mogaraeM ul[0] paBubiM MuHyC 6eckoHedHOCTH, & ul[k+1] — maroc 6ec-

koneunoctu. Hama mean: uli] < x[ni1] <uli+1].

1:=0; j:=k+1;
{uli] < x[n1] <= u[j]l, j > i}
while (j - i) <> 1 do begin

s :=1i + (j-1i) div 2; {i < s < j}
if x[n1] <= u[s] then begin
‘ j = s;
end else begin {uls] < x[n1l}
‘ i := s;
end;
end;
{ulil < x[n1] <= u[jl, j-i = 1} O

3ameuanme. Boaee npocroe (HO He MUHUMAIBHOE) MHAYKTUBHOE DAC-
MIUPEHNE MOTYIUTCA, €CAN A KAXKIOTO 1 XPAHUTL MAKCUMATLHYIO JIJIUHY
BO3PACTAOLIEN TIOAIOCAEI0BATEILHOCTH, OKaHIuBammencsa ga x[i]. dr1o
paCIIIpeHue TPUBOUT K AITOPHTMY C UHCIOM AeHcTBuil nopaika n. Ecte
U APYrOM W3SIIHBIA AACOPUTM C KBaJPATWIHBIM BpeMeHeM paboThl (co-
o6uwn M. B. Beiorun): HalTu MakCHMaIbHYIO OGLLYIO IIOANOCAEL0BATEIb-
HOCTB MCXOTHOU IOCAEN0BATEILHOCTH U OTCOPTUPOBAHHON IOCIEI0BATE b~
HOCTHU C TIOMOIIBIO MPEABIAVINEH 34, a4N.

1.3.5. Kaxue m3aMeHeHUs HyXHO BHECTH B PEIIECHUE NPEALITYIIECH 3a-
Jadu, eCJd HaO0 UCKATb MAKCUMAJILHYIO HEYOBIBAIOIIYIO IMOCJIEIOBATEIb-
HOCTB? |



2. NMOPOXAEHUE
KOMBUHATOPHbLIX
OBEBEKTOB

31ech COOPAHBL 339K, B KOTOPHIX TPEOYeTCA MOJYIUTEH OMUH 33 IPY-
TUM BCe DJIEMEHTHI HEKOTOPOT'0 MHOXKECTBA.

2.1. Pa3melyeHus ¢ NOBTOPEHUAMU

2.1.1. HamewaTaThb BCE MOCAETOBATEIHLHOCTH IIWHBI Kk 13 wwmcen 1. .n.

Pewenue. Bynem nedaraTh ux B JEKCUKOIPAPUIECKOM OpAIKe (moce-
JOBATEILHOCTH a IPEAIeCTBYET [IOCAEI0BATENLHOCTH b, eciu 1 HeKOTO-
pPOro s MX HAYAJIbHBIE OTPE3KW JUIMHBL S PABHBL, & (s+1)-BI WIEH IOCaes0-
BATEALHOCTH a MeHbIne). [lepBon Oy 1eT moCIe0BaTeIbHOCTE <1,1, ..., 1>
MOCACHEN — TMOCIE0OBATEABLHOCTD <N ,n, . . . ,n>. Byaem xpauuTts mocaem-
HIOI HANEYATAHHYIO MOCIEI0BATEILHOCTE B MaccuBe x[1] . .x[k].

...x[1]...x[k] momoxurs paBHEME 1
.. .HamedYaTaTb X
...last[1]...last[k] momoxuTe paBHHM n
{HanevyaTaHn Bce 0O X BKINYMTEIBHOL}
while x <> last do begin
.X := cmemyomad 3a X NOCIeLOBAaTEIbHOCTH
...HanedYaTaTb X
end;

Onuiem, Kak MOXKHO OEPEUTH OT X K CJACAYIOMIEN MOCAEI0BATEILHOCTH.
CormacHo OmpeieeHuo, y CAeAyOmen IOCIeI0BATEILHOCTY IEPBLIE S Hie-
HOB [TOJKHEI OBITH TAKUMU XKe, a (s+1)-b1 — GOBITe. DTO BO3MOXKHO, €C-
au x[s+1] menbme n. Cpean TakWxX s HYXKHO BHIGPATHL HanOoJbIIee (HHAYE
TOMYIEHHAA TIOCAEI0BATEILHOCTD HE Oy €T HEMOCPEACTBEHHO CIEHYIOIIEN).
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CooreercrByiommee x[s+1] myxuo yseanuuth Ha 1. UTak, HAno0, ABUrasch
€ KOHIIA TOCJEI0BATEMLHOCTU, HAMTY CAMBIN MPABLIN WIeH, MEHbIN 1 (OH
HAUAETCA, T. K. IO TPEATONOKEHUIO X<>1ast)7 VBEJWYUTEL €ro Ha 1, a uny-
[Iye 33 HUM “JIEHBI TOJIOXKUTH PABHBIMU 1.

p:=k;

while not (x[p] < n) do begin

| p = p-1;

end;

{x[p] < n, x[p+1] =...= x[k] = n}

x[p]l := x[p] + 1;

for i := p+1 to k do begin
‘ x[i]:=1;

end;

O

3aMeanne. Ecan urenamn IOCIEeJOBATEIBbHOCTU CUYUTATh YNCTIa HE OT 1
mo n, a or 0 10 n—1, TO mepexon K CaeayIIeMy COOTBETCTBYET pubaBe-
HIUIO CIUHUIIBI B Il—I/I‘IHOﬁ CUCTeMe CUIUCJICHUA.

2.1.2. B npemiokeHHOM aIrOPATME UCIOIBL3YETCA CPABHEHNE IBYX Mac-
cuBOB (x <> last). YCTpaHUTEH ero, NOGABUB OYJEBCKYIO MEPEMEHHYH 1
7 BKJIIOYUB B WHBAPUAHT COOTHOIIICHUE

1 < DocaenoBaTEIbHOCTL X — IIOCJAETHSA. O

2.1.3. HameuaraTh BCe MOAMHOXECTBA MHOXKecTBa {1...k}.

Pemenme. IlonqvHOXECTBa HAXOAATCA BO B3AMMHO OTHO3HATHOM COOT-
BETCTBUU C IIOCJAEJOBATEILHOCTAMY HyJe U eIUHNL JJIUHEBL K. O

2.1.4. HameuaTaTh Bce TOCIETOBATEIBLHOCTHU MOJOKUTETBHBIX IIEJBIX
YUCeJ JIVHGBL K, ¥ KOTOPBIX i-BIM WIEH He TPEBOCXONUT 1. ([l

2.2. llepecTaHoBkM

2.2.1. Haneuarars Bce nepecTaHoBku uuced 1..n (T0O ecTh nocaesoBa-
TeIbHOCTH [JIUHBI I, B KOTOPBIE KaXKJ0€ U3 DTUX UUCeJ BXOJUT IO OJHOMY

pasy).

Pemerne. Ilepecranosku 6ynzeMm xpanuTh B MaccuBe x[1]..x[n] u me-
yaraTh B Jekcuxorpaduyaeckom nopsiake. (Ilepson mpu »rom Gyzer nepe-
cTaHoBKa (12...n), mocaeanen — (n...21). 1A COCTABIEHNs aITOPUTMA
Mepexona K CASIYIONEN TePEeCTAHOBKE 3aMaUMCA BOIIPOCOM: B KAKOM CJIy-
9ae k-BIU WIEH MMEPECTAHOBKN MOXKHO YBEIUIATL, HE MEHAS MPENbIIYITAX !
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OtrBeT: ecau OH MeHbIIE KAKOrO-aub0 U3 CAEAYVIOLMX 4ICHOB (T.€. WICHOB
¢ HOMepamu Ooabine k). MBI TOMKHBL HAUTH HAnOOJbINEE K, TIPU KOTOPOM
3TO TakK, T.€. Takoe k, 4To

x[k] < x[k+1] >...>x[n]

[Mocne sToro suadenme x[k] HYXHO YBEIMYNTH MUHUMATILHBIM BO3MOXK-
HBIM CIIOCOOOM, T.e. HauTu cpeau x [k+1] . .x[n] manmensinee wucao, 60ab-
mee ero. [omenas x[k] ¢ HEM, OCTAETCA PACIONOKUTL IUCAA C HOMEPAMHU
k+1..n Tak, 9TOOLI NEPECTAHOBKA OLLIa HAMMEHLIIEH, T.€. B BO3PacTalo-
EeM HOPsAgKe. JTO OOJErdaeTCs TEeM, 9TO OHU yKE PACHOJOXKEHBI B yOBIBa-
0IIEM TIOPSITKE.

AnropuTm mepexosa K CIEIYIOMIEN MepeCcTaHOBKe:

{<x[1]...x[n]> <> <n...2,1>}
k:=n-1;
{nocnemoBarensHocTs cmpaBa oT k y6mBawmas: x[k+1]>...>x[n]}
while x[k] > x[k+1] do begin
| k:=k-1;
end;
{x[k] < x[k+1] > ... > x[n]}
t:=k+1;
{t <=n, Bce umenm orpeska x[k+1] > ... > x[t] 6omemwe x[k]}
while (t < n) and (x[t+1] > x[k]) do begin
| ti=t+1;
end;
{x[k+1] > ... > x[t] > x[k] > x[t+1] > ... > x[n]}
o6MenaTte x[k] u x[t]
{x[k+1] > ... > x[nl}
nepecTaBuTh y4acTok x[k+1] ... x[n] B obpaTHOM mopanke (Il

3amedvanne. [Iporpamma umeer 3HakoMbIn gedexT: ecan t=n, To x [t+1]
HE OIIPEJeNeHO.

2.3. lNogmHoxecTBa

2.3.1. nssananaex nuk (k < n) mepedncanTs Bee K-DIeMEeHTHBIE IO
MHOX€eCTBa MHOXKecTBa {1..n}.

Pemenue. Bynem npeicTaBasTh Kax [0e IO IMHOXKECTBO HOCIEI0BATE b
mocreio x[1]..x[n] myjser v eguHWI IIMHLL N, B KOTOPOU POBHO K enu-
mut. ([Ipyrou croco6 npeacrapaeHna pasdepém moaxke.) Takue mocaenosa-
TEIBHOCTH YIOPALOTUM JEKCHKOTpadudeckn (cM. Boime). OUeBUIHBIN CIIO-
cob pereHs 3a4a4u — nepedupaTh BCe NOCIeA0BATEIbHOCTY KaK PaHbIIe,
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a 3aTeM OTOUPATH CPENU HUX T€, y KOTOPBIX K eIMHUIl — MBI OTOPOCHM,
CUATAasA €r0 HEPKOHOMUIHBIM (IUCA0 MOCIEIOBATEILHOCTEN ¢ k eMHUIAME
MOXKET GBITH MHOT'O MEHBIIE 9NCJIa BCEX MOCAEI0BATENLHOCTEN). By nem uc-
KaTh TAKOU AJATOPUTM, YTOOLI MOJYUEHUE OUE€PEIHON MOCIEI0BATEIEHOCTH
TpeboBano ue Gojee C-n NEUCTBUL.

B kaxoMm ciy4ae s-blid WIEH [OCJAEN0BATEABHOCT MOXKHO YBEIUIATE, HE
Menss npegsrayimue? Ecam x[s] mensercsa ¢ 0 ma 1, TO misa coOXpaHeHuUs
O0IIIero 9MCaa eIUHUI HYXKHO crpasa oT x[s] samenuts 1 ma 0. /[las sTo-
O Ha 0, 9TOOHI cripaBa oT x[s] eaunuis Obun. Ecau MBI XOTUM TIepenTu
K HEIIOCPEACTBEHHO caefyiomemy, To x[s] moaxen ObBITHL HEpBBIM CIIPABA
HyJEM, 38 KOTOPBIM CTOSAT eUuHUNEL. Jlerko Bugers, 4ro x [s+1]1=1 (unaue
x[s] me nepsein). Takum 06pa3oM Hano uCKAaTh HaUOOJBLIEE S, A KOTO-
poro x[s]=0, x[s+1]=1:

x| [o[1..1]0..0]
;

3a x[s+1] MOryT UATU emé HECKOIBKO eUHMULL, & MOCHe HUX HECKOJIBKO HY-
Jen. 3amenus x [s] Ha 1, HATO BEIOPATH UAYIINE 34 HUM WIEHBI TaK, ITOOHI
MOCTETOBATENBHOCTD OBLIA OBl MUHUMATIBHA C TOUYKY 3DEHUS HAIIETO TTOPSI-
Ka, T. €. ITOOBI CHAYaIa UM HYJad, 8 TOTOM eIuHubl. BOT ¥To momyvyaeTcs:

nepBas ocaegoBaTensHocTh: 0..01. .1 (n-k uwysenr, k equnun);
MOCJAETHAA MOCAENOBATEIBHOCTE: 1..10. .0 (k equnumn, n-k Hyxen);

aaroputMm nepexoga k caeayoomen 3a x[1]..x[n] mocregoBaTensHOCTH
(upeanosaraeM, YTO OHA €CTh):

s :=n - 1;

while not ((x[s]=0) and (x[s+1]=1)) do begin
‘ s :=s - 1;

end;

{s - umen, mommexaumi um3MeHeHub c 0 Ha 1}
num:=0;

for k := s to n do begin

‘ num num + x[k];

end;

{num - wmcno emmmwm Ha ywactxe x[s]...x[n], umcmo mymen
paBHo (mmuHa - uucmo emuHuu), T.e. (n-s+1) - num}

x[s]:=1;
for k := s+l to n-num+l do begin
‘ x[k] := 0;

end;
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{ocTamocer moMecTuThr num-1 emumHun B KoHue}

for k := n-num+2 to n do begin

‘ x[k]:=1;

end; O

Jpyron cmoco6 mpencTaBIeHusa TOIMHOKECTB — 3TO TEPETUCACHNE UX
2JIeMeHTOB. UTOOLI KaxK o€ 0 JMHOKECTBO UMEIO POBHO OQHO MPEACTaBIC-
HHue, JOTOBOPUMCA IIEPEUNCIATE 3IEMEHTEL B BO3PACTAomeM mopaike. Ilpu-
XOIUM K TAKOU 3aJade.

2.3.2. IlepeuncauThb BCEe BO3PACTAIONINE IOCASIOBATEALHOCTH IINHBI K
u3 qucen 1..n B jgekcukorpapudeckom nopsaxe. (IIpumep: npu n=5, k=2
nomyudaeM: 12 13 14 15 23 24 25 34 35 45))

Pewerme. Munumansson 6y1eT HOCIEI0BATENILHOCTD (12 ... Kk); Makcu-
MmasmbHON — ((n-k+1) ... (n-1) n). B xakoM caydae s-BIil “WIEH TOCTEN0BA~
TEILHOCTH MOXKHO yBeanunTh! OTeeT: eciu oH Menbie n-k+s. Ilocae yBe-
JIMYIEHUA S-TO DJIEMEHTa BCE CIEIVIOIME NOJIKHEL BO3PACTATh C maroM 1.
IMony4aem Takol aIrOpUTM IEPEXOLa K CIELYIOMEMY:

s:=n;
while not (x[s] < n-k+s) do begin
‘ s:=s-1;

end;

{s - HoMep >meMeHTa, HOLIEXaWlero yBeIWICHUN);
x[s] := x[s]+1;

for i := s+1 to n do begin
‘ x[i] := x[i-11+1;
end; O

2.3.3. IlycTs MBI pemmin IpeacTaBIATh K-3JeMEHTHBIE [T0IMHOXECTBA,
MHOXeCTBa {1..n} yOBIBAIOIIMME MOCTENOBATEILHOCTAMNI JIVHBL K, YHO-
PATOYEHHBIMEA TIO-TIpexkHEMY Jdekcukorpaduaeckn. ([Ipuvep: 21 31 32 41
42 43 51 52 53 54.) Kax BHINIAAUT TOrAa alrOPUTM MEPEXOAa K CIeHy-
omen?

OrBer. Umem naunboasmee s, gaa koroporo x[s+11+1 < x[s]. (Ecau
TAKOro s HetT, nojaraeM s=0.) Yeeauuus x [s+1] na 1, kaaaém ocTaibHbE
MUHUMAJIBHO BO3MOXKHBIMU (x [t]=k+1-t aus t>s). O

2.3.4. PemmTb aBEe OpegbIAyINUe 33aJa4d, 3aMEHHUB JEKCHKOTpadmte-
CKUU TIOPAIOK Ha OOPATHBIM (pAHBINE UAYT T€, KOTOPHE OOJNBbIIE B JEK-
CUKOTPAPUIECKOM TIOPATKE). |

2.3.5. TlepeuncanTs Bce BJAOKeHUA ((PYHKINHU, MEPEBONANE DAHBIE
JJIEMEHTHl B pasHble) MHOXecTBa {1..k} B {1..n} (mpeamomaraercs, ITo
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k < n). Ilopoxkaenue odepesHoro mjemeHTa JOLKHO TpeboBaTh He Goaee
C -k IelCTBUMN.

[Ykazaume. DTa 3a7a9a MOKET ObITH CBEIEHA K MEPEINCICHUIO TOIMHO-
XKECTB M MEePECTAHOBOK DJIEMEHTOB KaXk,I0T0 MOAMHOKECTBA. | (|

2.4. PazbueHus

2.4.1. llepeuucaunTb BCce pa3OMeHUA HEIOTO MOJOKUTEALHOI'O HUCAY, N
HA LEIbIe [IOJOXKUTENbHBE claraeMmble (pasOueHus, OTIUYAIOINecs JULb
HOPSAKOM CAAraeMblx, cumraiorcs 3a ogHo). (IIpumep: n=4, pasbuenus
1+1+1+1, 24141, 242 3+1, 4.)

Pemenue. [Torosopumcs, uTo (1) B pa3sbueHUsIX CIaraeMble UAYT B He-
BO3DACTAIIIEM TIOPAAKE, (2) caMu pa3zOUeHNA MBI NEPEINCAAeM B JEKCUKO-
rpadguieckoM nopagke. Pazbuenne xpanuMm B Hadauae maccusa x[1] . .x[n],
IpU DTOM KOJUYECTBO BXOIAMIMX B HErO 4ucea ob6o3HaumMm k. B magane
x[1]=...=x[nl=1, k=n, B koure x[1]=n, k=1.

B kakom caydae x[s] MOXKHO yBeIMYUTL, HE MEHASA NPEALIAYIIAX.
Bo-mepprix, gomxao ObITH x[s-1]1>x[s] mam s=1. Bo-BTOpHIX, 8 JOMIXK-
HO OBITH HE TIOCJACIHUM JIEMEHTOM (YBEINYIEHWE S HAJI0 KOMIEHCHDOBATH
YMEHBIIEHUEM CJCAYIOIINX). YBEJIUYIUB S, BCE CACIYIOUIME DJIEMEHTH HaT0
B3ATHh MUHUMAJILHO BO3MOXHBIMU.

s : =k - 1;

while not ((s=1) or (x[s-1] > x[s])) do begin
‘ s := s-1;

end;

{s - mommexamee yBemmyeHmw cmaraemoe}

x [s] := x[s] + 1;

sum := 0;

for i := s+1 to k do begin

‘ sum := sum + x[i];

end;

{sum - cymMa umenos, crosBumx mocme x[s]}

for i := 1 to sum-1 do begin

‘ x [s+i] :=1;

end;

k := s+sum-1; O

2.4.2. TlpeacTapasas mo-TIpeXHEMY pa30UeHNA KaK HeBO3PACTAIOININE TTO-
CIe0OBATENLHOCTH, TEPEYUCIUTEL UX B MOPAIKE, OOPATHOM JEKCUKOTDA(QU-
qeckoMy (/A n=4, HAIPUMED, JOKHO OBITh 4, 3+1, 242 2+1+1, 1+1+1+1).
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[Ykazanue. YMeHBIIATE MOXKHO [IEPBLIM CIIPABA WIEH, He DABHEBIN 1; Hall-
[ €T0, YMEHBIIM Ha, 1, & CAeIVIONNE BO3bMEM MAKCUMAIHLHO BO3MOXKHEI-
MU (PABHBIMHE €My, IIOKa XBATAET CYMMBI, & MOCAETHUN — CKOIBKO OCTa-
HETCA).| O

2.4.3. llpencTtapaas pa3OueHus Kak HEYOLIBAIOIINE IMOCJIETOBATETHLHO-
CTHU, MEPEIUCAUTE UX B JEKCUKOTpaduieckoM mnopagke. IlpuMep maa n=4:
1+1+1+1, 1+1+2, 1+3, 2+2, 4.

[Ykazauue. [locaegnuil <4ieH yBeJUYUTL HEJAb3A, a4 OPEINOCTETHAN —
MOXKHO; €CIH IIOCJHe YBeIWYeHUs Ha 1 mpeinocaefHErO 4ieHa 3a CIET IIOo-
CJIEeIHEr0 HapyILIUTCA BO3pacTaHue, TO U3 ABYX WIEHOB HaIO CAeJaTh OIUH,
€CJIU HeT, TO TMOCASTHUN WIeH HALO PA3OUTh HA CIAraeMble, PABHLIE MPEIkI-
AYIIEMY, 1 OCTATOK, He MEHBIIUHA ero.] (|

2.4.4. TlpencTapasas pa3OueHms Kak HEYOLIBAIOIINE TMOCJIETOBATETHLHO-
CTH, MEPEYUCAUTh UX B MOPAAKE, 0OpaTHOM JekcmkorpadmieckoMmy. [Ipu-
Mep maa n=4: 4, 2+2, 1+3, 1+1+2, 1+1+1+1.

[Ykazaune. ITo0b1 daemenT x [8] MOXKHO GBITO YMEHBIIUTD, HEOOXOMW-
MO, 9T00BI s=1 mam x[s-1]<x[s]. Ecan x [s] me mocaequuir, T0 3TOro u m0-
crarouno. Ecau on mocaeguuit, o uyxuo, 4rober x[s-1] < |x[s1/2] uau
s=1. (3gechb |« obo3HAYaET LETyI0 9acTh )] O

2.5. Kogbl ['pes n aHanoruyHbie 3aga4m

MNuoraa 6LIBaET MOJE3HO NEPEIUCIATE OOBEKTEL B TAKOM MOPAIKE, ITO-
OBl KaXKALIM CAEIYIOMMA MUHUMAILHO OTIMYAICA OT IpeibLayinero. Pac-
CMOTPHUM HECKOJIBKO 33139 TAKOI'O POLA.

2.5.1. IlepeuncauThb BCe MOCICIOBATENLHOCTH MJMHBI N 13 4ucena 1..k
B TAKOM IOPAIKE, YTOOBI KaXK1asa CASIYIOMasd OTANIAIACH OT IPEIbLIYIIeH
B IMHCTBEHHOU Iu(pe, TpuIéM He 6omee, deMm Ha 1.

Pemrenwe. PaccMoTpuM npsAMOYTOJABHYIO LOCKY LINPUHEL I X BEICOTEL K.
Ha xaxgou BepTukaniu OyJeT CTOATH MAMKA. TakuMm 00paszoM, MOJOKe-
HUA MIAITEK COOTBETCTRBYIOT MOCTETOBATEIBLHOCTAM 13 Iuces 1. .k AJIMHEBL n
(s-BII WIEH MOCIENOBATEIBHOCTH COOTBETCTBYET BBICOTE IIAIIKA HA S-OU
Beprukaau). Ha Kkaxiol wamike HApUCYeM CTPEIOUKY, KOTODas MOXKET
OBITH HANIPABJEHA BBEPX WIN BHU3. BHAdYase BCe MIAINKY IIOCTABAM HA HUXK-
HIOI0 TOPU3OHTANL CTPEJOYKOUN BBepX. Jlamee MBUTAEM IANIKEA TIO TAKOMY
TMPABWIY: HAUAA CAMYI0 TTPABYIO IIAIKY, KOTOPYIO MOXHO TTOJABUHYTh B HA-
NpaBJeHVA (HAPUCOBAHHOU HA HEW) CTPEJKH, ABATAEM €& Ha OJHY KIETKY
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B DTOM HAIPABICHUM, a BCE CTOSLME HpaBee Heé wamky (OHU yHEpJIUCh
B Kpal) Pa3sBOPAIMBAEM KPYTOM.

SAcHO, 9TO HA KAXKJIOM IIare TOJIBKO OHA MIAIIKA CIBUTACTCS, T. €. OJUH
WIEH TOCJAEI0BATEILHOCTY MeHAeTCA Ha 1. [lokaxkeM MHAYKIMEN O N, ITO
IPOXOAATCA BCE MOcaen0BaTeabHoCcTy u3 ducea 1. .k, Caydau n=1 oyeBuaeH.
IIycte n>1. Bce xogp1 mogesnm Ha Te, A€ ABUCAETCS [IOCAETHSA IIAINKA,
U Te, T/ IBUTAETCA HE MOCIETHAA. BO BTOPOM CiIyyae MOCTETHSA MIAITKA
CTOUT Y CTEHBI, ¥ MBI €€ TIOBOPAYMUBAEM, TAK 9TO 34 KAXKIBIM XOJI0M BTOPO-
ro Twumna creayeTr k-1 XOM0B MEPBOrO THIA, 33 BPEMs KOTOPBIX MTOCIEIHIA
mIarka MOoOBIBAET BO BCEX KJAETKAX. Ecau MBI Teneppb 3abyLeM O IOCae[-
HEU INANIKe, TO [BUKEHUA MEPBLIX N—1 0 MPEeIION0KEHIIO NHIYKIUH IIPO-
6eramoT BCe HOCJAEJOBATEIPHOCTH JIMHBEL N—1 IO OJHOMY DPa3y; [BUKEHU
XK€ TTOCASTHEN MAIKY U3 KK IOU TOCI0BATEILHOCTU IINHBL n—1 feqatT
k TOCJIe0BATEAPHOCTEN IVHLI 1.

B mporpamme, momumo mocaegopareabuocTy x[1]. .x[n], 6yzem xpa-
HuTh Maccus d[1]..d[n] uz uucen +1 u -1 (+1 cooTBETCTBYET CTPEIKE
BBEPX, -1 — cTpeiake BHU3).

Hauanbuoe cocrosume: x[1]=...=x[n]=1; d[1]=...=d[n]=1.

ITprBegéM ANITOPUTM MEPEX0a K CASAYIOMIEN MOCIeN0BATEILHOCTH (O1-
HOBPEMEHHO BBISACHAETCS, BO3MOXKEH JIN TIEPEXO] — OTBET CTAHOBUTCS 3HA-
“YeHueM OyJEBCKOU IIEPEMEHHOU P).

{ecmnm MoxHO, cmemaThk War ¥ HONOXMTL P := true, ecim HeT,
nonoxuTs p := false }
i := n;
while (i > 1) and
(((d[i]l=1) and (x[il=n)) or ((d[il=-1) and (x[il=1)))
do begin
ir=i-1;
end;
if (d[i]=1 and x[i]l=n) or (d[i]=-1 and x[i]=1) then begin
‘ p:=false;
end else begin
p:=true;
x[i] := x[i] + a[il;
for j := i+l to n do begin
‘ dljl := - d[j1;
end;
end; O

3ameuanne. /14 MOCIENOBATEILHOCTEN HYJIEN U €IUHUI] BO3MOXKHO IPY-
roe pellleHne, UCTIONL3YIONee TBOMYHYIO cucTemy. (UMEHHO OHO CBABEIBA-
eTcsa 06LIMHO ¢ HazBaHUeM «KOaul ['pesy.)
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Sanuiem noapag Bee umuciaa or 0 go 2" — 1 B gowunon cucreme. Ha-
OpuUMep, A1 1 = 3 HAINUIIEM:

000 001 010 o011 100 101 110 111

3aTeM KaxK[0e U3 JICe] NOIBEprHeM IPeoOPA3OBAHUIO, 3AMEHUB KAXK VIO
nudpy, KpOMe IIepBOL, Ha €€ CyMMy € IpeAbLiyuien uudpou (1o Moayo 2).
WNupivu croBamMu, TUCIO G, Ag, . . . , Gy IPEOOPA3YEM B a1,G1 + Ao, 02 + A3, . ..
ooy -1 + an (cymma mo Mogyao 2). Jas n = 3 momyanM:

000 001 011 010 110 111 101 100

Jlerko TpOBEpPUTH, UTO OMMCAHHOE NPEOOPA3OBAHME WHUCEa 00PATUMO
(u TeM camMBIM JaéT BCe MOCIENOBATEILHOCTH IO OJHOMY pa3y). Kpome To-
0, JBOMYHLIE 3aIUCH COCETHUX YMCE] OTINIAIOTCA 3amMmenon konna 011...1
Ha xomer 100...0, 9To — nocie npeobpa3oBaHus — IPUBOIUT K U3MeHe-
HUIO eIUHCTBEHHON MU(PHI.

Ipumenerue xkoga I'pea. IlycTh ecTh Bpamaiomasca OCb, U MBI XOTUM
MOCTABUThL MATYIUK yIVIa TMOBOPOTaA »Toum ocu. Hacaaum Ha och Gapabaw,
BLIKPACHUM II0JIOBUHY OapabaHa B 9EPHLIN [BET, [IOJOBUHY B O€JLIA U yCTa-
moBuM ¢orosnement. Ha ero Beixoge 6yger B nonoBmue ciaydaes 0, a B
nososuHe 1 (T.e. MBI U3MepSAeM YTOI «C TOYHOCTBIO 10 180»).

PaseépTra Gapabana:

0 1

[ HEE - cxenTs 6oxa

CuenaB pAxOM APYTYIO JOPOXKKY U3 IBYX YEPHBIX U OEJIBIX YACTEH U [M0-
CTABUB BTOPOU POTOIIEMEHT, MOSYUaeM BO3MOXKHOCTH U3MEPUTH YIOI C
TOYHOCTBIO 10 90°:

CrenaB TpeThio,

o OO
o O
O = o
== O
o O
=
O =
= o

)
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MBI H3MEPHUM YT'OJI ¢ TOYHOCTBIO K0 45° U T. 0. DTa uAes UMeeT, OTHAKO, He-
TOCTATOK: B MOMEHT IEPECEYEeHNA I'PAHNI CPA3Y HECKOJIBKO (DOTOIJIEMEHTOB
MEHAT CATHAJ, U €CIAN DTU U3MEHEHUS TMPOM3OUIYT HE COBCEM ONHOBDE-
MEHHO, Ha KaKOe-TO BpeMs IMOKa3aHuA POTOITEMEHTOB OyAYT O€CCMBICIECH-
ueivu. Koawr I'pes mossosstior m3bexars srou onacuoctu. CpernaeMm Tak,
9TOOLL Ha KaXKJOM IIare MeHAIOCh IIOKa3aHue JUMb ONHOIO (hOTOIEMEHTA
(B TOM 4UmMCIE U HA TTOCAETHEM, TIOCIE [EJI0ro 060poTa).

00001111
00111100
01100110
[ I
[ N
[

Hamucanuas mamu ¢GpopMmyaa MO3BOAIET JETKO TPeoOpa3oBaTh TaHHBIE
OT (POTORIEMEHTOR B ABOUYHBLIA KOJ YIVIa TTOBOPOTA.

3aMeTuM TaKXKe, YTO TeOMETPUYIECKHU CYIIeCTBOBaHUE KOaa ['pes o3ua-
YaeT HaJMYUe (CAMUJIBTOHOBA LUKJIA» B N-MEPHOM KyGe (BO3BMOXKHOCTH
000UTH BCe BEPIIMHLI Kyba IO pasy, ABUCAiACh 0 PEOpaM, ¥ BEPHYTLCA
B UCXOJHYIO BEPILVUHY ).

2.5.2. HameuaraTh Bce mepecTaHOBKM 9ucea 1..n Tak, YTOOBI KaxK 1as
CJIEAYIOWAs OLyIalach U3 IPEAbIAYIIEN [IePeCTAHOBKOK (TPAHCIO3UIeN )
OBYX cocennux 4ducesa. Hanpumep, npu n=3 nonycTuM TakKOU HOPALOK:

321 —-23.1—-2.13—-123—-1.32—312
(MeX Iy TepecTaBIAEMBIMYA IACAAME BCTABIEHBI TOUKH).

Pemenne. Hapsny ¢ MHOXECTBOM IIEDECTAHOBOK PACCMOTPUM MHOXKE-
cTBO mocaeaoBaTeasHocTen y[1]. .y[n] meapx HEOTPUIATENBHBIX YUCEe,
nas koropeix y[1] <0, ..., y[n] <n-1. B HéM CTOIBKO XK€ DIEMEHTOB,
CKOJIBKO B MHOXKECTBE BCEX [EPECTAHOBOK, U MBI CEUYAC YCTAHOBUM MEXKIY
HEMUY B3aMMHO OTHO3HATHOE cooTBeTcTBrE. VIMeHHO, KaxK 10U nepecTaHOBKe
IIOCTAaBUM B COOTBeTCTBEE nociaexoBareabHocts y[1]..y[nl, rae y[i] —
KOJUIECTBO YMCET, MEHBIINX 1 M CTOAMNX JIEBee 1 B DTOU MEPECTAHOBKE.
Bzanmuas 04HO3HAYHOCTL BBHITEKAET M3 Takoro 3amedanus. [lepecraHos-
Ka 4ucena 1..n moJaydaeTcsa U3 mepecTaHoBKU uucea 1..n-1 gobapiaeHueM
YHCJIA N, KOTOPOe MOXKHO BCTABUTD Ha J00oe u3 n Mect. IIpu aTom K como-
CTABIAEMOU C HEU [OCIEJOBATEILHOCTH JOOABIAETCS €M OLUH 9IeH, IPU-
HUMAIONMK 3Ha4YeHnsA oT 0 Mo n-1, a TpeIBIAYIIMe WICHE He MEHSIOTCS.
[Tpu pTOM OKa3RIBAETCS, ITO U3MEHEHNE HA eUHUILY OTHOTO U3 WIEHOB IT0-
CIe[OBATEIBHOCTH § COOTBETCTBYET TPAHCIO3UIINU TBYX COCETHUX HUCE,
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€CJIM BCE CJIEAYIOMINE 9UC/IA IOCAEJOBATEIPHOCTY ¥ IPUHIMAIOT MAKCUMAIb-
HO WM MUHUMAJILHO BO3MOXKHBIE A HUX 3HA4YeHud. UMeHHO, yBeanveHune
y[i] ma 1 coOOTBETCTBYET TPAHCIO3WIMM YUCJAA 1 C €U0 MPABBIM COCEIOM,
a YMEHBIIIEHNE — C JEBBIM.

Temeps BCIOMHEMM peIIEHZE 3a134U O NEPEYUCICHAN BCEX [OCJAEIOBa-
TEIBHOCTEH, HA KAXKIOM IIare KOTOPOI'O OJWH WIEH MEHIeTCsA Ha €IUHUILLY.
3aMEeHUB MPAMOYTOJIBHYI JOCKY TOCKOU B (DOPME JECTHUITH (BBICOTA 1-01
BEPTUKAJIN PABHA 1) W IBUTad [IAINKHA 110 TEM K€ MPABUIAM, MBI TIEDEIn-
CJIUM BCE TIOCIEAOBATEIBHOCTHU Y, TPUIEM i-BIM wieH GyAeT MEHATHCA KaK
Pa3 TOJIBKO €CJad BCe CleAyiolmme Inamkyu ctoar y kpasd. Hano emé ymers
[IApALIEIBLHO ¢ UBMEHEHUEM Y KOPPEKTUPOBATH HepecTanoBKy. O4eBu IHBIN
cr1oco® TpebyeT OTBICKAHMA B HEH 4MCIA 1; DTO MOXKHO OOJErdUTb, €CIH
TMOMUMO CAMOU TIEPECTAHOBKU XPAHUTEL (DYHKITHIO

i — mo3uiuA uucjaa i B mepecTaHOBKE,

T.e. 06paTHOE K IIepeCTAaHOBKE OTOOpaXKeHre, U COOTBETCTBYIOMUM 00pa-
30M e€ KOppPeKTUPOoBaTh. BOT Kakas HOIy4aeTCs NpOorpaMMa

program test;
const n=...;
var
x: array [1..n] of 1..n; {mepecranoBka}
inv_x: array [1..n] of 1..n; {obpaTHaa mepecranoBka}
y: array [1..n] of integer; {y[i] < i}
d: array [1..n] of -1..1; {manpaBmenua}
b: boolean;

procedure print_x;
‘ var i: integer;

begin
for i:=1 to n do begin
‘ write (x[i], ’ ?);
end;
writeln;

end;

procedure set_first;{mepmaa: y[il=0 mpu Bcex i}
‘ var i : integer;

begin
for i := 1 to n do begin
x[i] = n + 1 - i;
inv_x[i] :=n + 1 - i;

y[i]:=0;
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‘ d[i]:=1;
end;
end;

procedure move (var done : boolean);

‘ var i, j, posl, pos2, vall, val2, tmp : integer;

begin

i := n;

while (i > 1) and (((d[il=1) and (y[il=i-1)) or
((d[il=-1) and (y[il=0))) do begin

i = 1i-1;
end;
done := (i>1); {ympomeHue: mepBHW UIeH HEIL3A MEHATH}

if done then begin
y[i]l := y[il+d[il;

for j := i+l to n do begin
| d[31 := -d[];

end;

posl := inv_x[il;

vall := i;

pos2 := posl + d[il;

val2 := x[pos2];

{pos1, pos2 - HoMepa mepecTaBIAEMHX SIEMEHTOB;
vall, val2 - ux 3Havenuma; val2 < vall}

tmp := x[posi];

x[pos1] := x[pos2];

x[pos2] := tmp;

tmp := inv_x[valll;
inv_x[vall] := inv_x[val2];
inv_x[val2] := tmp;
end;
end;
begin

set_first;

print_x;

b := true;

{HanevaTaHH BCe NepeCTaHOBKYM [0 TEKylWled BKINIUTEIHHO;
ecnu b IOXHO, TO TeKymas — IOCIEeNHAA}

while b do begin
move (b);
if b then print_x;

end;
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2.6. Heckonbko 3amevanun

TTocmoTpum emé pas Ha UCHOAL30BAHHLIE HaMu HpuéMbl. Buadase yna-
BAaJIOCh PENINTh 330a4y II0 TAKOU CXeMe: OIpeleseM IMOPANOK Ha IMOmJje-
KAIMUX TIEPEYUCTEHNI0 00BEKTAX U ABHO OMUCHLIBAEM MPOLEAYPY MMEPEX0Ona
OT JAHHOTO OOBEKTA K CACAYIomeMy (B CMBICJAE DTOTO MOPALKa). B 3anade
o kogax ['pes moTpeGoBaIOCH XPAHUTE, MOMUMO TEKYIIETO OO0BEKTA, U HEKO-
TOPYIO AOLOMHUTENLHYIO uHdopmanuio (Hanpasienus crpenok). Haxonen,
B 3aJa4e O [HepPeuuCAeHUY [IePEeCTaHOBOK (Ha KaXK40M LIare JOLYCTUMA OLHA,
TPAHCIIO3ULIAA) MBI TIPUMEHWINA TAKOU MPUEM: YCTAHOBWIM B3AMMHO OJIHO-
3HAYHOE COOTBETCTBUE MEXK Y MEPEUNCIAEMBIM MHOKECTBOM U APYTHUM, HO-
Jiee TPOCTO YCTPOEHHBIM. TakuX COOTBETCTBUN B KOMOMHATOPUKE U3BECTHO
MHOr0. MBI npuBeaéM HECKOJILKO 331a4, CBA3AHHLIX C TAK HA3LIBAEMBIMU
«anciamu Karananay.

2.6.1. TlepeuncauThb BCe MOCAEIOBATEILHOCTH AJIUHBL 21, COCTABICHHLIE
73 N eIVHUI X N MUHYC €IUHUI], ¥ KOTOPBIX CYMMa J60r0 Ha9albHOrO OT-
pe3Ka HEOTPULIATENBHA, T.€. YUCI0 MUHYC €IWHUL B HEM HE IPEBOCXOIUT
qucaa equauil. (Uucao Takux mocIe0BaTeIbHOCTEN HABEIBAIOT 4ucaom Ka-
manara; GOpMyay Iia ducen Karanana cM. B CIEAYIONIEM Dasiele. )

Pemenwme. Nz06paxas equanny Bektopom (1,1), a MUHYC €IUHUILY BEK-
TopoM (1,-1), MOXKHO CKA3aTh, YTO MBI uieM nyTu u3 To4ku (0,0) B TOU-
Ky (n,0), He OIYCKAOIMMUECT HUXKE OCH abCIICC.

Byzem mepedmcisiTe mOCIEIOBATENBHOCTH B JEKCUKOIDA(DUIECKOM II0-
panke, camras, 94To -1 npemmecrByer 1. IlepBol HOCIEIOBATEIBHOCTHIO
OyIeT «IIiiay

a TIOCTeHEN — «TOPKa»
1, 1, 1,..., 1, -1, -1,..., -1.

Kak mepenTu oT mocaeaoBaTerbHOCTH K caenywouien? [lo mexoToporo
MEeCTa OHM JOTKHBI COBIAIATh, & 3aTeM Ha10 3aMeHuTh —1 Ha 1. MecTo 3a-
MEHBI JOJXKHO OBITH PACIONOXKEHO KaK MOXKHO mpasee. Ho 3amenaTs -1 Ha 1
MOXKHO TOJBKO B TOM CJIy4ae, eciy CIpaBa OT Heé ecThb eguHuua (KoTopylo
MOXKHO 3ameHuThb Ha -1). [Tocae 3amensr -1 Ha 1 MBI IPUXOAUM K TAKOU 3a-
nade: PUKCUPOBAH HAYAMBLHBLIN KYCOK TOCAEIOBATENLHOCTH, HAIO HAUTU M-
HUMAaJbHOE IpojoKeHne. Eé perenne: Hano IPUNHUCHIBATE —1, eCJIU 3TO He
HAPYIIUT YCIOBUA HEOTPUIATETHHOCTH, & NHAYE IPUNKUCHBATE 1. [lonyuaem
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TAKyIO IPOrpaMMy:

type array2n = array [1..2n] of integer;

procedure get_next (var a: array2n; var last: Boolean);
{B a noMemaeTcsa crezywmads mOCIEeLOBATEIBHOCTH, €CIN}
{ona ects (upm sTom last:=false), unade last:=true}
var k, i, sum: integer;
begin
k:=2%n;

{uuBapranT: B alk+l..2n] Tompko MMHyC emMHMIE}
while alk] = -1 do begin k:=k-1; end;

{k - makcumambHOe cpemm Tex, mma xoTopux alk]=1}
while (k>0) and (al[k] = 1) do begin k:=k-1; end;
{alk] - camas mpaBas -1, 3a KOTOpo¥ ecTh 1;

ecnu Takux HeT, To k=0}

if k = 0 then begin

‘ last := true;
end else begin
last := false;

1i:=0; sum:=0;
{sum = a[1]+...+a[il}
while i<>k do begin
‘ i:=i+1; sum:= sum+ali];
end;
{sum = a[1]+...+a[k], alk]l=-1}
alk]:= 1; sum:= sumt+2;
{BmnoTe mo alk] BCcé maMeHeno, sum=al[1]+...+al[k]}
while k <> 2%n do begin
k:=k+1;
if sum > O then begin
‘ alk]:=-1
end else begin
‘ alk]:=1;
end;
sum:= sumtalk];
end;
{k=2n, sum=al1]+...a[2n]=0}
end;
end; O

2.6.2. IlepeuncanThb BCe PACCTAHOBKY CKOOOK B TPOU3BEICHUN N COMHO-
wurenen. [[opAgoK COMHOKUTEIEN HE MEHACTCA, CKOOKY TIOMHOCTHIO OMpe-
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oeasioT nopsanok geucreun. Hanpumep, nis n=4 ecThb 5 pacCcTaHOBOK:

((ab)ec)d, (a(be))d, (ab)(cd), a((bc)d), a(b(cd)).

[Vkazaume. KaxkaoMy MOpSAKY NeNCTBEN COOTBETCTBYET MOCIEI0OBA-
TEJIBHOCTH KOMaH[ CTEKOBOI'O KAJBKYJIATOPA, OMUCAHHOrO Ha . 143.] |

2.6.3. Ha oxpyXHOCTU 3a1aHO 2n TOUEK, TPOHYMEPOBAHHLIX OT 1 10 2n.
[TepeuncanTs Bce CIOCOOLI TPOBECTH N HEMIEPECEKAIOMINXCS XOP C BEPIIN-
HAMU B DTUX TOYKAX. O

2.6.4. TlepeuncanThb Bce CIOCOOBT pa3pe3aTh N-yrOJbHUK HA TPEYTOMb-
HUKW, IPOBENA N—2 €ro TUaroHaJIu. (|

(Mo BepHEMCA K PA3PE3AHUI0 MHOTOYTONLHUKA B PA3IENE O JUHAMUIIE-
CKOM IIPOrpaMMuUpOBaHud, c. 136.)

Emé ogua xaacc 3a5a9 HA NEPEUUCACHUE BCEX HIEMEHTOB 33 TAHHOTO
MHOKECTBA, MBEL PACCMOTPUM HEKE, 00CYXK 1as METOL IOMCKA C BO3BPATAMU
(backtracking).

2.7. lNoacuyeT konuyecTs

Wuorga MOXHO HAUTH KOJIUIECTBO OOBEKTOB C TEM W WHBIM CBOU-
CTBOM, HE MEPEIUCAaa ux. Kiaccuaeckuu mpumep: C’f; — 9ucJI0 BCex k-oie-
MEHTHBIX MOAMHOXECTB N-3JIeMEHTHOI'0 MHOXECTBA — MOXKHO HAUTHU, 3a-
nonHad Tabauny 1o GopMyJaIaMm

Ch=Ch= (n=1)
ch=ctl+cCk,  (n>1,0<k<n)

nIn 1o (opMmyIe
!
n!
Ch = —— .
k- (n—k)!
(Tepsoiit cioco6 addeKTuBHee, €CIm HA A0 BEIMUCIATE MEOTO 3Hadenni C'F.)
IIpuBeném apyrue mpumMepsl.

2.7.1. (Yucao pazbuenuir; npepiarajiach Ha BCeCOWN3HON OIMMINa,Ie 110
nporpaMvuposanuio 1988 roga) IIycrs P(n) — 4ucao pasbueHun 1ejsoro
HOMOKUTEILHOO 7 HA LeJble OJOXKUTeNbHBE claraemble (6e3 yduéra no-
pagka, 1 +2u 2+ 1 — oxso um To ke paszbuenue). [pu n = 0 nosoxuM
P(n) =1 (eguncTBeHHOE pazdUeHME He CONEPKUT CaaraeMbrx). [locTponts
anropuT™ BerauCIeHusa P(n) mia 3a1agHOrO N
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Pewerme. MoxHO 10Ka3arh (5T0 HETPUBUAIBHO) TAKYI0 (DOPMYJLY I/

P(n):
Pn)=P(n-1)+P(n—-2)—P(n—5)—P(n—7)+P(n—12)+P(n—15)+...

(3HAKW y mAp WIEHOB YEPENYIOTCs, BEIMUTAEMEBIE B OJHOM Hape PABHBI
(32 — q)/2 u (3¢> + q)/2; cymma komeuna — wmMbl cauTaeM, 4To P(k) =0
upu k < 0).

Onnako u 6e3 €€ UCHOAB30BAHUA MOKHO TPUIYMaTh CIOCOO BEIUUCIC-
muA P(n), KOTOPHIT CymecTBEHHO 3Q(DEeKTUBHEE epehbopa U MOACIETa BCEX
pasbueHun.

O6o3uauanm vepes R(n, k) (zna n >0, k > 0) aucio pasbueHunt n Ha Le-
JBle HOAOKUTeIbHbIe ciaraemble, e upesocxonsamue k. (Ilpu srom R(0, k)
cunraeM paBHbIM 1 miaa Beex k > 0.) Ouesugno, P(n) = R(n,n). Bce pasou-
EHUA 7 HA (JAraeMble, He MPEeBOCXoadmme k, pa3obbéM Ha TDYINH B 3aBU-
CUMOCTH OT MAKCUMAJIBHOIO craraeMoro (0603uadmM ero i). Yucao R(n, k)
pasuO cymMe (o BceM i oT 1 g0 k) koaudecTs pa3zbueHUn CO CIaraeMbIMU
He Oojblie k U MAKCUMAALHLIM CIaraeMbIM, PABHLIM ¢. A pasbuenus n Ha
caaraemble He 60mee k C MEPBBIM CJAAra€MBIM, PABHBLIM i, [TO CYIIECTBY MPE-
CTABJIAIOT COOGOU PA3bUeHUA 1, — 4 HA CIAraeMble, He TPEBOCXOIAIINE | (IIpu
i < k). Tax aTo

k
R(n, k)= ZR(H —4,1) mpu k < n,
i=1

R(n,k) = R(n,n) upu k > n,
YTO MO3BOJAET 3ANOJHATH TAOINILY 3HAMeHUN pyHKumn R. ]

2.7.2. (Cuactausbie GuieTsl; Opegjaraiack Ha Bcecorosnon onumnua-
ge 1o uporpammuposanuio 1989 roga.) HocregosareasnocTs u3 2n uudp
(xax nasg nudpa oT 0 10 9) HABLIBAETCA CIACTIABLIM OUIECTOM, €CIU CYMMA
TEPBLIX 7 TGP PABHA CyMMe TOCaeAHuX N tudp. Hantu 9ucio caacTamBeIx
MOCAEI0BATEILHOCTEN [AHHOW MINHBI.

Pewernme. (Coo6ieno 0 qHUM U3 yIaCTHUKOB OJUMIMALBL K COXKAJICHIUIO,
HE MOT'Y YKa3aTh (hbaMUWINI0, TaK KaK PabOTH MPOBEPAINCH 3amnudpOBaH-
EIME.) PaccmMoTpuM 60Jee OOy 0 3aJady: HAUTU TUCIO TIOCAET0BATEb-
HOCTEU, A€ PA3HUIA MEXIY CYMMOU MEPBBIX 1l UMD U CYMMOU TOCTEI-
Hux n uudp pasua k (k= —-9n,...,9n). HOycrs T(n, k) — umcao Takux
IOCIEJOBATENLHOCTEN.

Pa3o6béM MHOXKECTBO TAKUX TTOCAEI0OBATEILHOCTEN HA KAACCH B 3aBUCHU-
MOCTH OT PA3HUIIHI MEX Y TTEPBOU U TOCAeHen udpamu. Ecau sTa pasau-
114 PABHA £, TO PA3HUIIA MEXK Y CYMMAMM TPYIIT U3 OCTABIIUXCA 1 — 1 mudp
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paBHa k — t. YauTeBas, 9T0 nap uudp ¢ pasHocThio ¢ 6bmBaer 10 — [¢|, mo-
JaydaeM GOpMyIy

9

T(n, k)= > _ (10— [t)T(n -1,k —1).
t=-9

(Hexoropeie caraemele MOIyT OTCYTCTBOBATE, TAK KaK k — ¢ MOXeT OBITH
CJMIIKOM BEJIKKO. ) O

B HEKOTOPBIX CAyYIasX OTBET YAAETCA TIOAYIUTE B BUAE ABHOU (hPOPMYJIHL.

2.7.3. Hoxasarb, uTo uncio Karasana (KOIMIeCTBO MOCIEI0BATEILHO-
CTEH AIUHLL 21 U3 1 €IUHUL K 7, MUHYC eIUHUL, B JI000M HaYaJIbHOM OTPe3-
K€ KOTODEIX HE MEHBIIEe eqVHUL, 1eM MUHYC egunun) pasuo CF /(n + 1).

[Ykazaune. Yncro Karanama ects wmeno goManbix, uaymmx us (0,0)
B (2n,0) maramu (1,1) u (1, —1), He OMYCKAIIUXCA B HUKHIOK TOJYILIOC-
KOCTb, T. €. PA3HOCTB 4UCIA BCEX JOMAaHBIX (koTopoe ects CF) n ducia ao-
MAHBIX, OIYCKAIMNXCA B HUKHIOK TOAYILIOCKOCTD. Tocaenme MOXKHO Omnu-
caTh TAKKE Kak JOMaHbIe, nepecexaroniye npsamyio y = —1. Orpasus ux xy-
COK CTIPaBa OT CAMOW MPABOU TOYKU TIEPECEICHUA OTHOCUTEILHO YKAZAHHON
OPAMON, MBI YCTAHOBAM B3AMMHO OHO3HAMHOE COOTBETCTBUE MEXK Y HUMU
u gomauevu w3 (0,0) B (2n, —2). Octadres mposeputs, uro Cy, — Cptt =
=3, /(n+ 1) 0



3. ObXO/J AEPEBA.
[MEPEBOP C BO3BPATAMU

3.1. Pep3u, He bblowme Apyr Apyra:
06x0/, AepeBa NO3MLUUA

B npeapigymien riaBe Mbl pacCMATPUBAIA HECKOJABKO 3319 OTHOI'O U TO-
T0 XK€ TUTA: (TEPEIUCIUTH BCE DIEMEHTHI HEKOTOPOro MHOXKeCTBa A». Cxe-
Ma pelreHns ObLTa TAKOBA: HA MHOXKECTBE A BBOIWICA TMOPAJOK W OMUCHI-
Balachb MPOIENYPa MEPEX0a OT MPOU3BOILHOIO DIEMEHTA MHOXKeCTBa A
K cJepyomeMy 3a HuM (B »ToM nopsigke). Takyio cxemy He Bcerga ynaércs
pealn30BaTh HENOCPEICTBEHHO, U B 3TOU [VIABE MBI PACCMOTPUM IPYIOU
TOJE3HBIN TIPUEM TIEPEUNCICHUA BCEX BIEMEHTOB HEKOTOPOTO MHOXKECTRA.
Ero HaspBaroT (IOUCK C BO3BpATAMN», «METOJ BETBEH W I'paHuily, «back-
trackingy. Ha mam B3risg, mHambojgee TOYHOE HAZBAHME DTOIO METOMd —
o6xon mepesa.

3.1.1. TepeuncanTs BCe CHOCOOBI PACCTAHOBKU 1 (hep3en Ha MaxMaT-
HOU JOCKE 71 X N, TPU KOTOPBIX OHU HE OBIOT IPYT APYTa.

Pemenue. OueBuHO, HA KAXKIOU U3 7 TOPU3OHTAMEN MOJKHO CTOATH
no ¢epsw. Bynem HaswBars k-nosuumen (nas k= 0,1,...,n) OpousBoIb-
HYIO DAcCTaHOBKy k ¢ep3ell HAa k HUKHUX IOpU3OHTaMIX (dpeps3um MOryT
6ure apyr apyra). Hapucyem «iepeBo nmosuiuiny: ero kopHeMm Gyger equH-
crBerHas (-mosunus, a U3 KaxkIOU Kk-TIO3UIMK BBIXOAUT 7 CTPENOK BBEPX
B (k 4+ 1)-mosummn. 3T 1 TO3WIMI OTANIAOTCA MONOKEHWEM dep3s Ha
(k 4+ 1)-ou ropusonTamu. BygeM cauTaTh, 9TO PACIONOKEHNE UX HA PUCYH-
K€ COOTBETCTBYET IIOJOKEHUIO DTOr0 (hep3si: JeBee Ta MO3UIUIA, B KOTOPOH
dep3b pacroOkKEH JeBee.

Cpenu no3unui >Toro AepeBa HaM Hano 0TOOPATH Te N-NO3ULUH, B KO-
TOPHIX (hepam He ObI0T ApYT apyra. [Iporpamma 6ymeT «0O6XOMUTH AEPEBOY
7 UCKATH UX. UTOOH HE MEMATh JUITHEN PabOTHI, 3aMETUM BOT UTO: €CIU
B KaKOU-TO k-mo3uituu ¢dep3u GbI0T APYT APyra, TO CTABATH NATLHENIINX
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JlepeBo mozunuy 1aa n = 2

depsen cumbicaa mer. [osTOMy, OGHAPYKWE 3TO, MBI OyJeM MpeKpaliaTh
TIOCTPOEHUE TEPEBA B DTOM HATIPABICHUH.

Tounee, HA30BEM k-MIO3UIMIO TOMYCTUMOU, €CIU MOCTE VIATCHUA BEPX-
Hero ¢ep3sa ocrapmmecs He ObioT apyr apyra. Harmma mporpamma Oyget
paccMaTPUBATEL TOJBLKO JOILYCTHMBIE O3ULIAM.

e
o i

[lepeBo AOTMYCTUMBIX TO3UIIAN [ 1 = 3

Paszobném 3agady Ha aBe gactu: (1) 06X01 IPOM3BOIBLHOTO nepesa u (2)
peanu3anuo AepeBa JOMYCTUMBIX TO3UIUN.
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Chopmyaupyem 3amgady o6Xoma NPOU3BOIBHOIO AepeBa. Bymem cum-
TaTh, YTO ¥ HAC UMeeTCA POGOT, KOTOPHLIN B KAXKALIM MOMEHT HAXOJIUTCA
B ONHOW W3 BEPIUIMH [€PEBa (BEPIIMHBI U300PAXKEHBI HA PUCYHKE KPYKOU-
kamu). OH yMeeT BBINOJIHATH KOMAH IBL:

® BBepx_HaleBo (MATHU IO CAMOU JIEBOU M3 BBIXOAAIIMX BBEPX CTPEJIOK)
e BIpaBo (EPEUTH B COCELHIOI0 CIPABA BEPIIUHY )
e BHU3 (CIIYCTUTHLCS BHN3 HA OJUH YPOBEHB)

(Ha pucynkax crTpeaxaMu HOKA3aHO, KAKHE IIEPEMEIIEHNs COOTBETCTBYIOT
DTUM KOMAHLAM. )

BBEPX_HAIEBO BIIPaBO BHU3
Kpome roro, B penepryap Pobora Bxogsar nposepku (CooTBeTCTByIOLIKE
BO3MOXKHOCTH BBIIOJIHUATD KAXKAYIO U3 KOMAHN):

® eCTL_CBepXYy;

® ecTL_CIpaBa;

® eCTL_CHU3Y,

(HOCJIe,ZLHﬂﬂ IPOBEPKA NCTUHHA BCIOAY, KPOME KOpHH). O6paTuTe BHUMaHUE,
YTO KOMAHJA BIPaBO TIO3BOJIACT MEPEUTH JUIhL K «POAHOMY GpaTy», HO HE
K «IBOIODOIOTHOMY».

Tak xomanga
BIPaBO
“He nenctyeT!

Byaem cunrars, uTo ¥y PoboTa ecTh kOMaHAa 06paboTaTh M UTO €ro
3amada — 00paboTaTh BCE JUCThA (BEPIIMHBLI, U3 KOTOPHIX HET CTPEJOK
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BBEDPX, TO €CTH [[le YCJIOBUE eCThb_CBepXY JOXKHO). /i Hamel maxmMaTHON
3aavu KoMaHIe o6paboTaThk OyAeT COOTBETCTRBOBATH IMPOBEPKA U NeYaTh
TO3UINY (pep3en.

JloxazaTeabCTBO MPABUILHOCTH TPUBOAVMOUN NaJee€ MPOrPAMMBI UC-
mosab3yer Takue ompegenenus. llycts dukcuporano nonoxkenuwe Pobora
B OJHOU U3 BepUIMH jgepeBa. Torga Bce JUCTb JepeBa pasOUBAIOTCI HA
Tpu kareropun: wad Poborom, sesee Pobota u npasee Pobora. (IlyTh us
KODHS B JIUCT MOXKET TPOXOIUTEL Yepe3 BepImHy ¢ Po6oToM, CBOpAYnBaTEL
BJEBO, HE NOXOJA 10 Heé U CBOPAMMBATDL BIPABO, HE HOXOAA A0 HeE.) Uepes
(0JI) o603uaxuM ycaoBue «06pabOTAHEBL BCe JUCThA jJeBee PoboTay, a depes
(0JIH) — ycaoBue «0OpaboTaHBI BCE JUCTh JeBee u Halx PoboTomy.

JOIeBee IZIa,ZL ﬁpaBee

Hawm nonazofurcs Takas nporeaypa:

procedure BBepxX_ZIo_ymopa_H_o6paboTaTk;
‘ {mamo: (0JI), mamo: (OJIH)}
begin

{unBapuant: 0]}

while ecTp_cBepxy do begin
‘ BBepX_HAaleBo;

end

{0Jl, PoboT B mmcTe}
o6pa6oTaTs;

{onH}

end;

OCHOBHOU AJITOPUTM:

LaHO: Po6oT B KOpHe, IUCTBA He 06paboTaHH
Hano: Po6oT B KOpHe, IUCTBA 06paboTaHH

{03
BBepX_IO_ynopa_u_ob6paboTaTs;
{unBapuanT: OJIH}
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while ecTb_crHM3y do begin
if ectb_cmpaBa then begin {0JIH, ecTs cmpama}
BIIpaBO;
{om}
BBEpX_Jlo_ymnopa_u_o6paboTaTs;
end else begin
{0JIH, He ecThb_cmpaBa, €CTb_CHHU3Y}
BHH3;
end;
end;
{0JIH, Po6oT B KOpHe => BCe IUCTBA o6paboTaHH}

OcTanoch BOCHOAB30BATHCA CICIYIOIMMA CBOMCTBaMu KoMang PoGota
(B KaXK 40U CTPOKE B IEePBOY (DUI'YPHOU CKOOKE 3AIMCAHLI yCJAOBUSI, B KOTO-
DBIX BBIIOJHAETCA KOMAHAA, BO BTOPOX — yTBEPXKICHUI O Pe3yibTare e
BBITIOTHEHNA ) :

(1)  {OJI, me ecTb_cBepxy} 06paborars {OJIH}

(2) {OJI, ecTtb_cBepxy} BBepx_Haneso {O.JI}

(3) {ectb_cupasa, OJIH} Bupaso {O.JI}

(4)  {me ectb_cupasa, ects_cuu3y, OJIH} srns {OJIH}

3.1.2. [Joxasarb, 4To HpUBEIEHHAs NIporpaMMa 3aBepuaer padory (Ha
JH000M KOHEYHOM NEPEBe).

Pemenwe. IIponenypa BBepx_mo_ymnopa u_oBpaboTaTh 3aBepiaeT pado-
Ty (BBICOTA PO6GOTA HE MOKET yBEAMIMBATHCA OeCKOHEUHO). Ecau nporpaM-
Ma paboTaeT O€CKOHEYHO, TO, MOCKOJIBKY JUCTbA He 00pabaThIBAIOTCA IIO-
BTOPHO, HAYMHASA C HEKOTOPOI'O MOMEHTA, HI OUH JUCT He 06pabaTEIBAETCA.
A 5T0 BO3MOXKHO, TOALKO eciu PoboT Bcé Bpemsa cuyckaerca sau3. [Iporu-
Bopeune. (O6 onenke ducaa geHCTBUAN CM. Tajee.) O

3.1.3. [lokazaTh IpaBUIBHOCTD CJEAYIOUIEN IIPOrPaMMBI 00X01a 1epeBas

var state: (WL, WLU);

state := WL;

while ecTs_cHuzy or (state <> WLU) do begin

if (state = WL) and ecTe_cBepxy then begin

‘ BBEPX_HalleBO;

end else if (state = WL) and not ecTh_cBepxy then begin

‘ obpaboraTrs; state := WLU;

end else if (state = WLU) and ecTs_cmpaBa then begin

‘ BmpaBo; state := WL;

end else begin {state = WLU, not ecTh_cmpaBa, eCTb_CHHU3Yy}
‘ BHU3;

end;

end;
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Pemenne. UuBapuanT nukia:

state = WL = 0JI
state = WLU = OJIH

MokazaTeabcTBO 3aBepiieHus paboTH: mepexon u3 cocrosuusa 0J1 B OJIH
BO3MOXK€EH TOJBLKO IIpU 00pabOTKe BepIIVHEL, II0O3TOMY €CIH IPporpaMMa pa-
60TaeT OECKOHEYHO, TO C HEKOTOPOI'O MOMEHTA 3HAYeHUE state He MeHA-
€TCs, ITO HEBO3MOKHO. J

3.1.4. Hammcath mporpaMMy 06X07a AepeBa, UCIOIL3YIONIYIO MPOIeny-
Py Tepexoia B CASAYIONAN JUCT (C BBIXOJHBIM ITaPaMeTPOM, COOOIIAIOIINM,
YIAJIOCH JIU 3TO CAEJATH WIN JUCT OKA3AJICA HOCJIE,E[HI/IM). O

3.1.5. Pemmth 3agady 06 o6xome mepeBa, €CIU MBI XOTHM, ITOOBI 00-
pabaTbIBAIUCE BCE BEPLIMHBL (HE TOILKO JUCTHA).

Pemerne. Ilycth @ — mHexkoTOpas BepimmHa. 1oraa Jo0as BEPIINHA Y
OTHOCUTCA K ONHOU M3 UETHIPEX KATEropui. PacCMOTpUM TyTh W3 KOPHA
B y. OH MOXeT:

(a) OBITH YACTBIO yTHU U3 KOPHA B & (Y Hudice x);

(6) cBepHyTb HaNIEBO € IyTH B T (Y saesee );

(8) upoutu uepes z (y nad x);

(r) cBepuyTb HanpaBo ¢ nyTu B = (y npasee x);

B wacTHOCTH, CaMa BEPINKHA & OTHOCUTCA K KATEropuu (B). YCJIOBUA TENEPh
OyayT TaKUMU:

(OHJI) o6paboTaHbl BCE BEPIINHBL HAKE U JEBEE;
(OHJIH) o6paboTaHbl BCE BEPIIUHELI HUXKE, JEBEE W HA.

Bot xax 6y1eT BHITIAIETH TPOTPAMMAL

procedure BBepx_ZIo_ymnopa_u_obpaboTaTs;
‘ {zmamo: (OHI), mamo: (OHJIH)}
begin

{unBapuanT: OHI}

while ecTe_cBepxy do begin
obpaboTaTs;
BBepX_HaJIEBO;

end

{0HJI, Po6oT B mmcTe}

o6paboTaTs;

{OHIH}

end;
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OCHOBHOU AJIrOpUTM:

LaHO: Po6oT B KOpHe, HMYero He ob6paboTaHo
Hano: Po6oT B KOpHe, BCe BepUMHH 06paboTaHH

{0Hm}
BBepX_IO_ynopa_u_ob6paboTaTs;
{unBapmanr: OHJH}
while ecTb_crHu3y do begin
if ecTs_cmpaBa then begin {OHJIH, ecTe cmpasa}
BIIPaBo;
{OHn}
BBEpX_Jo_ymnopa_u_o6paboTaTs;
end else begin
{0JIH, He ecThb_cmpaBa, e€CTb_CHEU3Y}

BHU3;
end;
end;
{0OHJIH, Po6oT B kOopHe => BCe BepUMHH o6paGoTaHH} ]

3.1.6. IlpuBeaéruas TOABLKO UTO MpPOrpamMMma OOpaOATLIBAET BEPIITUHY
IO TOTO, Kak 06paboTaH M060n 3 €€ MOTOMKOB. Kak M3MEeHUTHL mporpaM-
MY, 9TOOBI KaX/Iasd BEPIINHA, He ABIAIOINAACA JUCTOM, 0OpadaThIBaJaCh
ABaXKIBL: ONWH Pa3 [0, a APYTOU pas MOCae BCeX CBOUX MOTOMKOB! (JIu-
CThbs MO-TIPEXHEMY 006pPabaTHIBAIOTCA 1O Pa3y.)

Pemenne. [lon «o6paboTano HUKe 1 JeBeey OyIeM MOHMMATD «HUKEe 00-
paboTaHO 10 pasy, cieBa 06PAbOTAHO MOTHOCTBIO (MIUCTHA 110 PA3y, OCTATb-
uele 1o a8a)». [log «o6paboTano Huxe, JeBee u HaQy Oy1eM HOHUMATH (HIXKE
06paboTaHo 1O pa3y, JeBee U HAQ — MOJHOCTBIO).

IIporpamma GygeT Takoum:

procedure BBepxX_Io_ymopa_K_o6paboTaTk;
‘ {zmamo: (OHI), mamo: (OHJIH)}
begin
{unBapuanT: OHI}
while ecTe_cBepxy do begin
obpaboTaTs;
BBepX_HaJIEBO;
end
{0HJI, Po6oT B mmcTe}
o6paboTaTs;
{OHIH}
end;
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OCHOBHOU AJIrOpUTM:

LaHO: Po6oT B KOpHe, HMYero He obpaboTaHo
Hamo: Po6oT B KOpHe, BCe BepuMHH 06paboTaHH

{0HI}

BBepX_Jo_ynopa_u_obpaboTaTs;
{uuBapuanT: OHIH}

while ecTre_cruay do begin

if ectn_cmpaBa then begin {OHJIH, ecTe cmpasa}
BIIPaBo;

{OHI}
BBEpX_Jio_ymnopa_u_ob6paboTaTs;

end else begin

{0JlH, He ecT®h_cmpama, ecTh_cHU3Y}
BHU3;

obpaboTaTs;

end;

end;

{0HJIH, Po6oT B KopHe => BCce BepumHH o6paboTamH momHocTbl} [

3.1.7. [lokasaTb, 9TO YUCIO OIEPAlUd B DTOU IPOrPaMMe IO IOPSLI-
Ky paBHO 4mcay BepmmH gepesa. (Kak u B gpyrux nporpammax, KoTopbe
OTAMHAIOTCs OT DTOU JIML [IPOIYCKOM HEKOTOPLIX KOMaHJ o6paBoTaTs.)

[Ykazanue. IIpumepro kaxgoe BTOpoe LelCTBUE DU UCIOJIHEHUY TOU
IpOrpaMMbl — 0OpabOTKAa BEPIIMHBI, & KaXJasd BepIIMHA 00padaTHIBAETCA
MaKCUMYM JBaXK IHL.] O

Bepuémca Teneph k Hamen 3ajgade o (epsax (rge u3 BCEX MPOrPaMM
06paboTKu AepeBa MOHAI06UTC JUIL [MepBasd, caMasa npocrasd). Peamusy-
eM omepanuu ¢ gepeBoM nozunui. [lozunumio GygeM NpeacTaBIsTh € IO-
MOIIBIO epeMeHHon k: 0. .n (uucao ¢epsen) u Maccupa ¢: arrayl[l..n]
of 1..n (c[i] — xoopauHATEI (dep3a HA i-OM TOPU3OHTAMM; mpu i >k
suadenue c[i] pomm me wrpaer). Ilpemmomaraerca, 9TO BCe NOBUIUA
gomycTuMbl (eciu yOpaTh BEpXHErO (epas, OCTadbHBIE HE OBIOT ADPYT
apyra,).

program queens;
const n = ...;
var
k: 0..n;
c: array [1..n] of 1..n;
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procedure begin_work; {mHadars paboryl}
begin

‘ k := 0;

end;

function danger: boolean; {Bepxuuu heps3p mom Goem}
‘ var b: boolean; i: integer;
begin
if k <= 1 then begin
‘ danger := false;
end else begin
b := false;
i=1;
{b <=> Bepxmui Qep3b mox 6oem ¢epser c Homepamm < i}t
while i <> k do begin
b := b or (c[il=c[k]) {Beprukans}
or (abs(c[i]l-c[k]))=abs(i-k)); {mmaromams}
i+1;

i .
end;
danger := b;
end;
end;

function is_up: boolean; {ecTn_cBepxy}
begin

is_up := (k < n) and not danger;
end;

function is_right: boolean; {ecTb_cmpaBa}
begin

‘ is_right := (k > 0) and (c[k] < n);

end;

{Bo3Moxna oumbra: mpum k=0 He ompegmemeno c[k]}

function is_down: boolean; {ecTs_cHusy}
begin

is_down := (k > 0);
end;

procedure up; {BBepx_Hameso}
begin {k < n, not danger}

k =k 1;

c [x] 1;
end;

+
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procedure right; {Bmpaso}
begin {k > 0, c[k] < n}
‘ c [k] :=c [k] + 1;
end;

procedure down; {BHm3}
begin {k > 0}

‘ k =k -1;

end;

procedure work; {o6paborarn}
‘ var i: integer;

begin
if (k = n) and not danger then begin
for i := 1 to n do begin
‘ write (°<’, i, °,? , c[il, > ?);
end;
writeln;
end;
end;

procedure UW; {BBepx_no_ynopa_n_o6pa60TaTL}
begin
while is_up do begin
up;
end
work;
end;

begin
begin_work;
UwW;
while is_down do begin
if is_right then begin
right;
Uw;
end else begin
‘ down;
end;
end;
end.
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3.1.8. IlpuBenérnas mporpamMma TPATAT JOBOJLHO MHOI'O BPEMEHH Ha
BBHINIOJHEHNE TPOBEPKU eCTh_CBepxXy (MPOBEPKA, HAXONUTCA JU BEPXHUU
depsb mox Goem, TpebyeT dncaa NENCTBUU TOPALKA n). U3MeHUTH pe-
AMM3ANNUI0 OMEPAIUU C JEePEBOM TO3UIUU TaK, YTOOBI BCE TPU MPOBED-
KU eCTb_CBepxy/cmpaBa/CHE3y U COOTBETCTBYIOLIME KOMAaHIBL TPeGoBa-
Jau Obl KOJIMYECTBa OEUCTBUM, OCPAHMYEHHOIO HE 3aBUCAIIEH OT N KOHC-
TAHTOMU.

Pemenue. /[14 KaK 10U BEPTUKAIN, KA JOU BOCXOJAIIEN U KAYK JOU HUC-
XOJAIIEH MUATOHAIM OyAe€M XPAHUTH OYJIeBCKOE BHAYEHME — CBEIEHUA O
TOM, HAXOQWTCS JIU HA DTOU JuHUU (Hep3b (BepXHUU (Eep3b HE yIUTHIBACT-
cs). (3aMeTuM, 9TO B CHIYy LOILyCTUMOCTH [O3MLUY HA KAXKAOU U3 JUHUU
MOXKeT ObITH He Gosee OAHOro Gep3s.) O

3.2. O6xopn nepeBa B Apyrux 3ajadax

3.2.1. HUcnoaw3zoBaTh MeTOn 00XOMa NEpeBa [UIA PEIICHUs CJIETYIONen
3a0a4M: JaH MACCUB M3 N LEJBIX TOJIOKUTEILHEIX dncet al1] ... al[n] u 4u-
CJ10 8; TPeOYEeTCA Y3HATEH, MOXKET JIU YUCIO 8 OLITH MPEACTABIEHO KAK CyMMa
HEKOTODHIX U3 ducen MaccuBa a. (Kaxmoe 9mcio MOXKHO UCIOML30BATEL HE
6oJIee IeM 0 OJHOMY Pa3y.)

Pemenme. BymeM 3amaBarh k-MO3UINIO TOCAETOBATEILHOCTRIO U3 k Oy-
JIEBCKUX 3HAYMEHUN, ONPEISAIOIINX, BXOAAT Ju B cyMmMmy uucaa al1] ... a[k]
wiu #e BxoasaT. [losunma gomycruma, eciau e€ cyMMa He IIPEBOCXOAUT S. [

3ame1anue. [o cpaprenno ¢ moannM nepebopom Beex 2 moamMmoxecTs
TYT €CTh HEKOTOPBIA BHIMIPHII. MOXKHO TaKKe IPEIBAPUTEIHHO OTCOPTH-
poOBaTh MacCuB a B yOBIBAIOIIEM TOPAAKE, & TAKXKEe CIATATHL HENOIYyCTHU-
MBIMW T€ TO3UIUU, B KOTOPHIX CyMMa OTODOIIEHHBIX JIEHOB OOJBIIE, IeM
PA3HOCTb CYMMBI BCEX WIEHOB U S. [locaequun mpuéM Ha3BIBAIOT (METOJIOM
BeTBel u rpaxuipy. Ho IprHININATBHOIO YIYHIIEHUs 10 CPABHEHUIO C HOJ-
HBIM 11€pefopoM TYT He Houaydaercs (9Ta 3ajgada, Kak rosopar, N P-nog-
Ha, TOApOoOHOCTU cM. B KHUTe Axo, Xonkpodra u Yasmana «[locTpoenne
7 aHAMIN3 BEMUCAUTEILHBIX aaroputMmons, Mup, 1979, a Taxxe B kuure -
pu u [x0HCOHA «BBIMUCANTENPHBIE MAIIMHBL M TPYJHOPEMIAEMBIE 33 Ja4My,
Mup, 1982). Tpaguuuonnoe HazBaHue DTOU 3a4a4U — «334a4a O PIOK3a-
ke» (prok3ax O0UIEN I'PYy30N0LBEMHOCTBIO § HYKHO YIAKOBATHL 11O 3aBS3-
Ky, pacmoiaraa npenmeramu Beca a[1] ... a[n]). Cm. Takxke B ruase 8 (Kak
0GOUTHCH 6€3 PEKYPCUM) ATTOPUTM €6 PEIICHU, TOTNHOMUAATBLHBIN 110 1L + S
(MCTIONB3YIOIINN «TUHAMAIECKOE IPOTrPAMMUDOBAHUIE) ).
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3.2.2. IlepeuncanTh BCe MOCAENOBATEALHOCTU W3 7. HyJeW, IVHUL U
JBOEK, B KOTOPHIX HUKAKAA TPYIIa QP He TOBTOPAETCA IBa PA3a MOAPAL
(meT kycka Buga X X). O

3.2.3. Apajoruyinas 3ajgada 1 MOCAEIOBATEILHOCTEN HYJ/ICH U € IUHNAII,
B KOTODBIX HUKAKas Ipynna uudp He HOBTOPAETCA TPU pasa noapsy (Her

kycka Buga X X X). O

K o>Toll e KaTeropuu OTHOCATCA 3a4a<M THUNA (MOXKHO JH CIOKATH
JaHHYIO QUIYPY 13 MEeHTAMUHO» U UM NOAOOHBE. B HUX BaxkHO yMmenoe co-
kpamenue nepebopa (BOBPEMs PACIO3HATE, ITO UMEIOMIEEC] PACIOIOKEHIE
BUrypoK yxe IpOTHBOPEHT TPEGOBAHMAM, U IO 3TOK BETBU [IOUCK HE LIPO-
JOJKATB).



4. COPTUPOBKA

4.1. KeagpaTu4Hble anropuTmbl

4.1.1. IIycts alll,...,aln] — wneawre wucaa. Tpebyercsa moOCTPOUTH
Maccu b[1],...,b[n], comepxaimu Te xe dncia, 5ia koroporo b[1] <...
...<bln].

3ameqanue. Cpenu aucen al[1] ...a[n] moryT 6oiTh paBubie. TpeGyer-
¢, ITOOH Kax0€e 1eqoe Iucao xoamio B b[1] ...b[n] crombko xe pa3s,
ckoabko U B al[1] ...a[n].

Pemrerwme. Ygobuo cumrars, 9ro wmcaa all]...aln] m b[1]...b[n]
IPEACTABIAIT COGOM HAYAILHOE M KOHEYHOE 3HAYEHUA MaccuBa X. Tpe6o-
BAHUE «a U b COMEPXKAT OJHU U Te€ XKe YnCiIay OyIeT 3aBelIOMO BBIMOJHEHO,
ecan B MPOIecce paboThl MBI OMPDAHUYMMCS TIEPECTAHOBKAMY DJIEMEHTOB X.

k := 0;

{k HauMeHBUUX >IEMEHTOB MacCUBa yCTAHOBIEHH Ha CBOM MecTal}
while k <> n do begin

s :=k+1; t :=k + 1;

{x[s] - nmamvenbumu cpemm x[k+1]...x[t] }

while t<>n do begin

t =t + 1;
if x[t] < x[s] then begin
‘ s = t;
end;
end;

{x[s] - nmamvensumu cpemm x[k+1]..x[n] 2}
. nepectaBuTs x[s] u x[k+1];
k :=k + 1;
end; O

4.1.2. [laTh Apyroe pelieHmne 3aJa<u COPTUPOBKU, UCTOMBL3IYIOIIEe MH-
BapUaHT «mepBbie k saeMenToB ynopagodensn (x[1] < ... < x[k]).
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Pemenme.

k:=1;

{mepBre k >IeMeHTOB YHOPALOYEHH}

while k <> n do begin

t := k+1;

{k+1-ui >meMeHT mpoXBUraeTCA K Hadamy, IOKa He 3auMET
HafleXallero MecTa, t — ero TeKyWMi HoMep}

while (t > 1) and (x[t] < x[t-1]) do begin
...noMeHATH x[t-1] u x[t];
t =t - 1;

end;

end; O

3amedanne. /[ledekT nporpaMMbl: IpU JOXKHOM BeIpaxkenun (t>1) mpo-
Bepka x[t] < x[t-1] Tpebyer HecymecTByIOMeEro 3uaxenus x [0].

O6a mpesIoXeHHBIX pereHus TPeOyoT YHCIa JIeUCTBUAU, IPOMOPIIAO-
nanproro n2. CymecrByior 6omaee 5pGEKTUBHBE AIrOPUTMEL

4.2. AnropuTmbl nopsaka nlogn

4.2.1. IIpemsoxuTh aiIropuT™M COPTUPOBKY 33 BpeMs 7 log n (ucso ome-
pauuy Ipu COPTUPOBKE N 3JAeMeHTOB He Goubine C'n log n mis zHexoroporo C'
U 1/ BCEX M).

Mg IpemJIoXKUM TBa, PEIeHUS.

Pemenue 1 (COpTUPOBKA CAMAHUEM).

IlycTes k — momoxkurensuoe uenoe ancio. Pazobsém maccus x[1] ... x[n]
ua orpesxku gauuel k. (Ileppomr — x[1]...x[k], sarem x[k+1]...x[2k]
u rak gajnee.) Iocreguuil orpe3ok OyneT HEIOAHBIM, €CJIA N HE AEJUTCSH
ua k. HazoséM MaccuB k-ymopAg0IeHHBIM, €CIA KaXK IBIM U3 3TUX OTPE3KOB
B OTAEILHOCTU yrmopagodeH. Jwbou maccus 1-ymopsgoden. Ecin maccus
k-ynopsagoder u n < k, TO OH yIOpAIOYEH.

Mur onumieMm, Kax npeo6pa3oBaTh K-yIIOpALOYeHHBIN MacCUB B 2K-yIIo-
psigodenublyt (U3 rTex ke aaeMeHToB). C IOMOLIBIO HTOr0 NpPeobpasoBaHus
AJICOPUTM 3AMUCHLIBAETCH TAK:

k:=1;

{mMaccus x aBmaerca k-ymopamoyeHHmM}

while k < n do begin
...mpeo6pa3oBaTh k-yIOpALOYEHHEW MAacCHB B 2K-yIOpALOYEHHHN;
k := 2 % k;

end;
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Tpebyemoe npeobpasoBanue COCTOUT B TOM,9TO MBI MHOT'OKPATHO «CJIM-
BaeM» MBA VIOPAMOMEHHBIX OTPE3Ka MINHBI He OOJbllle kK B OMUH YIIOPSAIO0-
YEHHBIN OTpe3oK. [lycTs mpomenypa

cmusauve (p,q,r: integer)

upu p < q < r camBaet orpesku x[p+1] ... x[q] u x[gq+1] ...x[r] B ymops-
goueHHbI 0Tpe3ok x [p+1]...x[r] (me sarparusas gpyrux 4acren Maccu-
BA X).

p q r
\ YTIOPATOICHHEIN \ YTIOPAJOIEHHBIN \

!

\ YIOPAIOYCHHBIN \

Toraa npeobpaszoBanue K-ynopsmrO9eHHOrO MACCUBA, B 2K-yIOPAI0YEHHBIN
OCYIIECTBIACTCA TAK:

t:=0;
{t xpatso 2k mmm t = n, x[1]..x[t] aBmAeTcsa
2k-yNOpALOYEHHHM; OCTAaTOK MAacCHBa X He W3MEHWICA}
while t + k < n do begin
pP = t;
q := t+k;
r min (t+2%k, n);
{min(a,b) - mMumuMyM u3 a u b}
cauaune (p,q,r);
t :=r;
end;

Cuansinne TpebyeT BCIOMOI'AaTENbHOI'O MAaCCUBA [ BAMUCH PE3Y/IbTATOB
causHusa — obo3HaduMm ero b. Yepes p0 u q0 0603HAYINM HOMEPA IOCIETHIX
ANEMEHTOB YyYaCTKOB, IOABEPIIINXCS CIUAHUIO, SO — [MOCIeIHUN 3aMnUCAH-
HBIA B MaccuB b naeMenT. Ha xaxmoM mmrare CIMAHUS TPOU3BOIAUTCA OTHO
u3 IBYX NEUCTBUML:

b[s0+1] :=x[p0+1];
pO:=p0+1;
s0:=s0+1;
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i

b[s0+1] :=x[q0+1];
q0:=q0+1;
s0:=s0+1;

(Jlroburemn aspika C Hammcamw ObI B 9TOM ciydae b[++s0]=x[++p0] u
b[++s0]=x[++q0].)

Ileproe nencTBUe (B3ATHE DIEMEHTA U3 MEPBOTO OTPE3KA) MOXKET MPO-
U3BOAUTBCA [IPU ONHOBPEMEHHOM BEHIIOJIHEHUN IBYX YCIOBUI:

(1) meper oTpesok me xomamiaca (p0 < q);

(2) Bropom orpe3ok koHumiaCs (QO0 = r) MAM HE KOHYWJICH, HO DJe-
MEHT B HEM He MEHBIIE 0UePETHOTO DIEMEHTa MepBoro orpeska [(q0 < r)
u(x [p0+1] < x[q0+11)].

Amanoruvuo masa BToporo geunctsusa. Urak, moaydaeMm

pO := p; q0 := q; sO := p;

while (p0 <> @) or (q0 <> r) do begin

if (p0 < @) and ((q0 = r) or ((q0 < r) and

(x[p0+1] <= x[q0+1]))) then begin

b [s0+1] := x [pO+1];

pO := pO+1;

sO := sO0+1;

end else begin

{(q0 < r) and ((p0 = q) or ((p0<q) and
(x[p0+1]1 >= x[q0+11)))}

b [s0+1] := x [q0+1];

q0 :=q0 + 1;
sO := sO + 1;
end;

end;

(Eciu 06a oTpeska He KOHYEHBL ¥ [ePBLle HEBLIGDAHHBIE 3/IEMEHTHL B HUX
PaBHEL, TO JOLYCTUMEL 00a LEUCTBUA; B IPOrPaMMe BLIOPAHO LepBoe.)
Ocraéres auiib NepenucaTb Pe3yabTaT CAUIHUSI 0OPATHO B MACCHUB X.
(Tlpenynpexaerne. Ecan 06paTHOE KONUPOBAHUE BHIMOJIHACTCA BHE TIPOIE-
AYPHL CIUAHAA, TO HE 3a0yAbTE TPO MOCJACTHUN OTPE30K. )
IIporpammMa umeeT NPUBBIYHBIN AedEKT: OOPAIIEHUE K HECYIIECTBYIO-
[IM DIEMEHTAM MACCUBA IPU BBMUCJACHUAU OYJI€BCKUX BBIPAKEHUN.

Pemenue 2 (COpTUPOBKA AEPEBOM).
Hapucyem «mosHOe TBOUYHOE AepEBO» — KAPTHUHKY, B KOTOPOU CHU3Y
OVH KPYXKOK, U3 HErO BBIXOJAT CTPEJKHN B JBAa APYIUX, M3 KaXKI0IO0 —
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B IBa APYT'HUX U TakK gaJjee:

Byngem roBopuTh, ITO CTPENKH BEAYT «OT OTIOB K CBIHOBBLAMY: ¥ KAXK,10-
o KPYXKa [BA CHIHA U OQWH OTeI (€Cau KPYKOK He B CAMOM BEPXY WU
mu3y). [IpeamonsokuM 11 mpOCTOTHL, 9TO KOAMIECTBO MOIIEKAIMUX COPTH-
POBKE HHCEN €CTh CTENEeHb TBOUKU, U OHU MOT'YT 3aIOJHUTEL OJVH U3 PAIOB
[EAUKOM. SAluIlIeM UX TYAA. 3aTeM 3al0JHUM YaCcTh IepeBa IO HUMU 10
IpaBUILy:

YUCI0 B KPYKKE = MUHUMYM W3 FUCEJ B KPYKKAX-CHIHOBBAX

TeMm caMBIM B KOPHE fepeBa (HMXKHEM KPYKKe) OyIeT 3anucaH0 MIHUMATb-
HOE 9YHCIO0 BO BCEM MAaCCHUBE.

N3biMeM U3 COPTUPYEMOro MaCCUBa MUHUMAIBHBIN 3aeMeHT. [as aToro
€ro HaJO BHAYAJIE HAUTHU. DTO MOKHO CHEIATH, U OT KOPHA: OT OTLA IIe-
PEXOAUM K TOMY CHIHY, DA€ 3alUCAHO TO XKe Yucao. Uahas MUHUMATLHBIN
BJEMEHT, 3aMeHUM €TI0 CUMBOJIOM +00 U CKOPPEKTUPYyeM 00Jee HU3KUe Apy-
CBI (V1S TOTO HAJ0 CHOBA MPOUTH My Th K KOPHIO). [Ipy 5TOM cauTaem, 410
min (¢, +00) = ¢. Torga B KOpHE NOABATCA BTOPOU 110 BEIUUUHE 3JIEMEHT, MBI
H3BIMAEM €ro, 3aMeHss 0eCKOHEYHOCTHI0 U KOPPeKTupys gepeso. Tax mo-
CTEMeHHO MBI U3BIMEM BCE 3JeMEHTHL B IOPALKe BO3PACTAHNA, IIOKA B KOPHE
He OCTAHeTCA OECKOHEYHOCTh.

IIpu 3amucm >TOro aaroOpuTMa MOJE3HO HYMEPOBATH KPYKKU TUCIAMHI
1,2,... — [OpuU 5TOM CBIHOBBIMHU KPYKK3 HOMED N ABAAIOTCI KPYKKHU 2n
u 2n + 1. Illogpo6Hoe u3i0x)eHre HTOr0 AIrOPUTMA MEL OLIYCTUM, IOCKOIBKY
MBI u310KuM Gojiee 3pHEKTUBHBIN BAPUAHT, HE TPEOYIOMAN TOIOJIHATENb-
HOU MAMATH, KPOME KOHEYHOrO YUCIa MEPEMEHHEX (B JOMOJHEHUE K COp-
TUPYEMOMY MACCHBY ).

Mer 6ymeM 3amuCHIBATL COPTUPYEMBIE HUCJAA BO BCEX BEPIIMHAX J€-
peBa, a He TOILKO HA Bepxmem yposme. Ilycts x[1]...x[n] — wmac-
CUB, NONIEXKAIMA COPTUPOBKe. Bepmmuamu pepeBa OyayT uwmcaa oT 1
a0 n; o umeae x[i] MBI OygeM rOBOPUTHL KaK O YHUCJAE, CTOAIMIEM B Bep-
mmHe i. B mporecce COPTUPOBKEM KOMMYECTBO BEPIINMH AepeBa OyaeT
COKpamaThea. IMca0 BepUIMH TEKYIIEro aepeBa OyaeM XpaHUTL B IIe-
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pemenaon k. Takum o6pazom, B mpouecce pabOThI AJrOPUTMA MACCHUB
x[1]...x[n] gemurcsa ma ae wactu: B x[1]...x[k] xpamaTca dmciaa Ha
nepese, a B x[k+1]...x[n] xpanuTca yxe OTCOPTUPOBAHHAA B TOPAIKE
BO3PACTAHMUA YaCTh MACCUBA, — JJIEMEHTEHI, YK€ 3aHABIINE CBOE 3aKOHHOE
MecTO.

Ha kaxzgom mare aaroputm OyIeT U3BIMATH MAKCAMAJIBHBIA DJIEMEHT
JepeBa M MOMEIIATL €r0 B OTCOPTUPOBAHHYIO YaCTh, HA OCBOOONUBIIEECA
B pe3yJbTaTe COKPAIIEHUA IePERA MECTO.

JoroBopumMmcsa o0 TepMuHOIOTUY. BepmHaMu gepeBa CUMTAIOTCA HUCIa,
oT 1 [0 TEeKyIEero 3HAYEHUs MEPEMEHHOU K. Y KaXXIOW BEPIIUHBLI S MOLYT
OBITE cbino6ba 28 u 2s+1. Eciu 06a sTux 4ucaa Goablie k, TO CLIHOBEN HET;
TaKas BEPIIWHA, HA3BIBAETCA aucmom. Eciu 2s = k, TO BepuinHa S nMeeT
POBHO OJHOT'O CHIHA (28).

s xkaxxgoro s u3 1...k pacCMOTPUM «IIOAAEPEBOY C KOPHEM B S: OHO
COIEPXKUT BEPIIMHY S U BCEX €6 IOTOMKOB (CHIHOBEW, BHYKOB U TAaK JAa-
Jee — 0 TeX LOp, IOKA Mbl HE BbIgeM u3 orpeska 1...k). Bepmuny s
OyeM HAa3BIBATH PErVIAPHOH, €CIAA CTOAMIEE B HEU GACIO0 — MAKCUMAIb-
HBIA DJIEMEHT S-TIONAEPEBa; S-TIOAAEPEBO HABOBEM pPe2yiApHbiM, €CIH BCE
ero BepImMHbL peryaspHbl. (B dacTHOCTH, MTH060U JUCT 06PA3yeT PEryJap-
HOE OJHOIIEMEHTHOE IO JEPERO. )

3aMeTuM, YTO UCTUHHOCTD YTBEPKICHUS ¢S-IIOIEPEBO PErYJAPHOY 3a-
BUCHT HE TOJIBKO OT S, HO OT TEKYIIerO 3HAYEHUS K.

CxeMa anropuTMa TakOBa:

k:=n
CmenaTek 1-mommepeBo pPEeryIApHHM;
{x[1],..,x[k] <= x[k+1] <=..<= x[n]; 1l-mommepeso perymsapmo,
B vacTHOCTH, x[1] - Makcumanmemmm smement cpemu x[1]..x[k]}
while k <> 1 do begin
obMenaTr MecTamu x[1] u x[k];
k :=k - 1;
{x[1]. .x[k-1] <= x[k] <=...<= x[n]; 1l-mommepemo
peryidpHO Be3Le, KpoMe, BO3MOXKHO, CAMOr'0 KOPHA 1}
BOCCTAHOBUTEL PerylIApPHOCTEL l-ToAmepeBa BCOLY
end;

B kadecTBe BCHOMOraTeabHOU NPOLELYPHI HAM MOHATOOUTCS IPOLEAYPA
BOCCTAHOBJEHUA PEryIIpHOCTH S-TIOAAepeRa B KopHe. Bot ona:

{s-nmozmmepeBo perymapHo Be3me, KpoMe, BO3MOXHO, KODHA)
t = s;
{s-monmepeBo perymapHo BesZe, KpoMe, BO3MOKHO, BEpUMHH t}
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while ((2*%t+1 <= k) and (x[2*t+1] > x[t])) or
((2#t <= k) and (x[2#t] > x[t])) do begin

if (2#t+1 <= k) and (x[2#t+1] >= x[2*t]) then begin
o6MeHATE x[t] m x[2*t+1];

t 1= 2%t + 1;

end else begin
obMerATEr x[t] m x[2*t];

t 1= 2%t

end;

end;

Yro6b1 yOeauThCs B OPABWIBHOCTH 3TOU IPOLEAYPBI, MOCMOTPUM HA
Heé moBHMMAaTedbHee. IlycTh B s-TIogmepeBe BCE BEPIIUHBLI, KPOME Da3Be
YTO BEPINUHEI t, PEryaApHbl. PaccMoTpuM chiHOBeW BepmuHbl t. OHEM pe-
T'YJAAPHBI, U MOTOMY COZEPXKaAT HauOOJbIINE YNCIA B CBOUX IIOI1€DEBBAX.
Takum 06pazomM, HA POJb HAUOOJBIIEIO YUCIA B t-IOALEPEBE MOIYT IIpe-
TEHO0BATH YUCIO B CAMOM BepliuHe t U 4ucaa B eé coHoBbix. (B mepsom
ciydae BepLIMHA t peryispHa, u Bcé B nopsike.) B orux Tepmunax muxia
MOXKHO 3aITNCATh TaK:

while Ham6ombllee YMCIO He B t, a B ONHOM M3 CHHoBel do begin
if omo B mpasomM cmHe then begin
‘ IOMEHATb t C e€ IpaBblM CHHOM; t:= IpaBHH CHH
end else begin {Haubomemee 4mcmo - B IeBOM CHHel}
‘ IOMEHATH t C e& JIeBHM CHHOM; t:= JeBHM CHH
end
end

TMocae o6Mena BepIMHA t CTAHOBUTCA PEryJApHOU (B HEE MONATACT MAKCH-
MaJbHOE YUCI0 t-ToAaepesa). He MpUHABIIME yIacTUA B OOMEHE CHIH OCTa-
éTCs peryJaapHBIM, & TPUHABIIMNA YIaCTAE MOXET U He OBITb PEryIAPHBIM.
B ocranpubx BEPIIMHAX S-II0OOE€PEBa HE U3MEHUJINCh HU YNCJAa, HU IIOO e~
PEeBbsl UX IOTOMKOB (pa3Be 4TO ABa BJEMEHTa IIOLAeDeBa I1ePeCcTABULIC),
TAaK Y9TO PEeryJaAapHOCTb HE HAPYILIWIACh.

OTa XKe MPOoIenypa MOXKeT MCIOIB30BATHCA [ TOrO, ITOOHI CIe1aTh
1-OIIePEBO PEryAAPHEIM Ha HAYAILHOW CTAIUU COPTUPOBKU:

k :=n; u := n;
{Bce s-mommepeBBsa c s>u perymgapHH }
while u<>0 do begin
{u-nmonmepeBo perymapHo BesZe, KpoMe pa3Be HUTO KOPHA}
BOCCTAHOBUTE PeryIAPHOCTL U-NOLLEPeBa B KODHE;
u:=u-1;
end;
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Teneps samumiemM Opoueiypy COPTUPOBKM Ha [ackade (Ipearosaras,
9TO N — KOHCTAHTA, X UMeeT TUll arr = array [1..n] of integer).

proc
va

u:

end;

edure sort (var x: arr);
r u, k: integer;

procedure exchange(i, j: integer);
var tmp: integer;
begin
tmp := x[i];
x[1] := x[j];
x[j] := tmp;
end;

procedure restore (s: integer);

var t: integer;

begin

t:=s;

while ((2*t+1 <= k) and (x[2*t+1] > x[t1)) or
((2#t <= k) and (x[2#t] > x[t])) do begin

if (2#t+1 <= k) and (x[2#t+1] >= x[2%t]) then begin

exchange (t, 2*t+1);

t 1= 2%t+1;

end else begin

exchange (t, 2xt);

t 1= 2%t

end;

=n;

while u <> 0 do begin

restore (u);
u:=u-1;

end;
while k <> 1 do begin

exchange (1, k);
k :=k - 1;
restore (1);

end;

O

Heckoapko 3amegannn.

MeToa, MCTIOTB30BAHHBIN TPU COPTUPOBKE TEPEBOM, OLIBACT MOJE3HBIM
B apyrux caydasx. (Cm. B tuase 6 (Tuner gaHHEX) 06 0Y€pen ¢ TIPUOPU-

TeTaMn. )
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CopTupoBKa CIMSHEEM XOPOIIAa Te€M, YTO OHA Ha Tpebyer, 9TOOBI BeCh
COPTUPYEMBI MACCUB TTOMEINAJICA B OMEPATUBHON MaMATH. MOXKHO CHaTaIa,
OTCOPTUPOBATH TAKUE KYCKH, KOTOPHIE TIOMEIIATCA B TAMATH (HAIPUMED,
C TIOMOIIBIO A€PEBA), & 3aTEM CAMBATH MOy ICHHbIE (DAL

Emgé oaun npakTU4ecKy BaXHBIU aArOPUTM COPTUPOBKYU (GbICTpast cop-
TUpOBKA X0apa) TAKOB: YTOOBL OTCOPTUPOBATL MACCUB, BhIOEpPEM CJLydal-
HEIZ €0 DJIEMEHT b, 1 pa3zo0LEéM MaCCUB HA TPU YaCTHU: MeHLIINE b, paBHLIE b
u 6oabmme b. (Ira 3anada npueegeHa B riase 1.) Teneps ocramocs oTcop-
THUPOBATH NEPBYIO U TPETHIO YACTU: ITO ALIAETCI TeM ke crnocobom. Bpems
pPabOTHL 3TOr'0 AICOPUTMA — CAYIANHAA BEIMYUHA; MOKHO IOKA3ATh, ITO
B cpeaneM oH paGoraer e 6oabuie Cnlogn. Ha npakTtuke — on ogun u3
caMbIx ObicTpBIX. (MbL emé BepHEMCsS K HeMy, NPUBEAsS €0 PEKYyDCUBHYIO
U HEPEKYPCUBHYIO DEATU3AIINMN. )

Haxkomer, ormeTnM, 9TO cOpTUpOBKa 32 BpeMmsa mopsagka Cnlogn mo-
XKeT OBITH BBINOJHEHA C IOMOIIBI0 TEXHUKM COATAHCUPOBAHHBIX AE€DEBHEB
(cM. niaBy 14), ogHaxo nporpaMMel TYT caoxkHee u koHcTanTa C' 4OBOJIBHO
BEJIMKA.

4.3. [lpumeHeHUss COPTUPOBKM.

4.3.1. HayiTu KOIMYIECTBO PA3IMIHBIX YUCEI CPEIU DJIEMEHTOB TAHHOO
maccuBa. ucao gerctsun nopagka 7 logn. (DTa 3anada yxe Obuia B ia-
Be 1.)

Pemrerme. OTCOPTUPOBATE YUCIA, & 3ATEM TOCIUTATE KOIUIECTBO Pa3-
JWYHBIX, TPOCMATPUBAI DIEMEHTEl MACCUBA 10 IOPAIKY. ]

4.3.2. [ano n orpeskos [a[il,b[i]] #a npamon (i =1...n). Hantu
MAKCHMAIBHOE K, MIA KOTOPOr'O CYIIECTBYET TOYKA IPAMOM, IMOKPHITAA
k orpeskamu («MaKCHUMAIbHOE YUCIO €JI0EB»). Hucno gelicrBull — HOpPsA-
xa nlogn.

Pemenme. YIopsAgoduM BCE JEBLIC U MPABLIC KOHIBI OTPE3KOB BMECTE
(TIpy BTOM JIEBBIU KOHEI| CIUTACTCA MEHBIIE MPABOr0 KOHIA, PACIIONOKEH-
HOT'O0 B TOW XK€ TOYKe IpsamMon). /lasee ABUTAEMCA CJAEBA HAIPABO, CIMTAA
YUCI0 CI0EB. BeTpeyeHHLI JIeBEIM KOHEI yBEIMUMBAET YUCAO CJIOEB Ha 1,
npaBbil — yMenbmaeT. OTMeTuM, 9TO NPUMBIKAIONME APYD K APYLY OT-
pe3ku 06pabaThLIBAIOTCA PABUILHO: CHAYALA UAET JEBLIM KOHEI (TIPaBOro
OTpe3Ka), a 3aTeM — TIPABHIA (JIEBOrO OTPE3KA,). |

4.3.3. [Tawo n TOYEK Ha IUIOCKOCTH. YKa3aTh (n — 1)-3BeHHyW Heca-
MOIIEPECEKAIIIYIOCA HEBAMKHYTYIO JOMAHY0, TPOXOIALIYI0 I€p€e3 BCE DTHU
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rouku. (CocegHuM OTPE3KAM JOMAHON Pa3PELlaeTCs JeXKaTh Ha OTHOU IIpsi-
mon.) Hucao geuctsunn mopsanka nlogn.

Pemrenwe. YmopsagouuM TOYKEM IO Z-KOODAMHATE, & NMPU PABHBIX Z-KO-
OpAWHATAX — MO Y-KoOpAaumHATe. B TakoM mopsagke M MOXHO NPOBOIUTH
JOMAHYIO. |

4.3.4. Ta xe 3agada, eCInM JOMaHAA NOMKHA OLITH 3AMKHYTON.

Pewenue. BosbMéM caMyo JeBYH0 TOUKY (TO €CTh TOYKY C HAMMEHBIIEH
Z-KOOPAWHATON) U MPOBEIEM U3 HEeE JIy9d BO BCE OCTaAbHBIE TOUYKU. Tenepn
YIOPALOYUUAM 3T Jy4K CHU3Y BBEDPX, & TOUKHU HA OJHOM JIyUe YIOPAJOUIAM II0
PACCTOAHMIO OT Hadaa ay4a (3T0 1e1aeTcs 4JIsd BCEX JIy4el, KpOMe HIKHEr O
u BepxHero). JloMaHas BEIXOZUT U3 BBIOPAHHOU (CaMOB JIEBOM) TOYKH IO
HUXHEMY Jy9qy, 3aTeM [0 BCEM OCTATBLHBIM JyvaM (B OMUCAHHOM TIOPAIKE)
1 BO3BPAIIAETCA II0 BEPXHEMY JIy4Y. (|

4.3.5. [lano n Tovuek Ha MIOCKOCTHU. [lOCTPONTE MX BHITYKAYIO 0O0JI0M-
KY — MUHAMAJBHYIO BBEIIYKIYIO (DUTYpPY, ux comepxkauiyio. (Pesunosoe ko-
JIEYKO, HATSIHYTOE Ha BOUTHIE B TOCKY I'BO3AU — UX BBILYKAAs 0OOJIOYKA.)
Yucao onepanuu e 60see nlogmn.

[Vkazanue. YIOpAZOIMM TOYKKA — [OLUTCA JIOOOM U3 IOPAIKOB, HC-
[OJB30BAHHLIX B ABYX NPEABLIYIIAX 3a1aYaX. 3aTEM, PACCMaTPUBAL TOY-
KN TI0 ovepean, OyAeM CTPOUTh BHIMYKAYIO OGOJIOUKY YiKE PACCMOTPEH-
HBIX TOYeK. (/1 XpaHeHWA BHIMYKJION OGOJOYKU TOJE3HO MCIOMB30BATH
JeK, cM. riaBy 6. Bopodem, mpu ymnopsAZOYeHUM TOYEK IIO YIVIAM DTO W3-
Juge. )| O

4.4, HuKHne OUEHKM ANS 4MCNa CPaBHEHU
Npu COpTUPOBKE

IIycre mMeeTcss m PA3IMYHBIX 0 BECY KAMHEM U BECEL, KOTOPEIE IIO-
3BOJIIIOT 33 OJHO B3BEILIMBAHWE OIPENEIUTb, KAKOU W3 IBYX BBIOPAHHBIX
HaMM KaMHen Taxenee. (B mporpaMMUCTCKUX TepMUHAX: MBI HMEEM IO-
cTyn K Gpyakunn Taxeree(i,j:1..n) :boolean.) Hamo ynopagouuTs KaM-
HU II0 BECY, CI€IaB KAK MOXKHO MEHBIIE B3BEIIMBAHUN (BLI30BOB (DYHKIIUU
TaAReee).

Pasymeercs, 4ucio B3BEMINBAHUU 33BHCAT HE TOJBKO OT BEIOPAHHOI'O
HaMJ aIrOPUTMa, HO U OT TOr'0, KaK OKA3AINCh PACHOIOKEHBI KaMHM. C1oXK-
HOCTBIO ATCOPUTMA HA3BOBEM YUCIO B3BEIIMBAHUU TIPU HAMXYIIIEM DACIIO-
JIOXKEHUY KAMHEN.
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4.4.1. [lokazaTh, ITO CIOKHOCTH IIPOU3BOJLHOT0 AJITOPUTMA, COPTUPOB-
KM 1 KaMHen He MeHbie log,n! (rrenl=1-2-...-n).

Pewenwe. [IycTes numeercs amropurum ciaoxuocTu He 6omee d. s kax 1o-
ro u3 n! BO3MOXHEIX PACIOJOXKEHUN KaMHEHN 3alPOTOKOMUPYEM Pe3yJabTa-
TBL B3BemuBaHui (OOpamieHull K (DYHKLUUK TAReNIee); UX MOXKHO 3AlUCATh
B BUE TOCIEIOBATEILHOCTY U3 He 6omee deMm d myqen u equuui. [lns equ-
HOOOPA3US MOMOJHAM TOCTEJOBATEIFHOCTD HYIAME, YTOOBI €€ MINHA CTAIA
passou d. Tem cambiM y HaC uMeeTca n! mocaeOBaATEIBHOCTEN U3 d HyJen
u equuul. Bce sty nocregoBaTenbHOCTH pa3Hble — WHAYE HAIL AJICOPUTM
Jaj Obl OJMHAKOBBLIE OTBETHL A PA3HBIX HOPAAKOB (M OLUH U3 OTBETOB
Obw1 Obl HenpaBuiabHbM). [loaydaem, 4o 2¢ > n! — «wr0 M TPeOGOBAIOCH
MTOKa3aTh. ([l

[Ipyrou cmoco6 06BACHUTL TO XKe CaMOe — PAaCCMOTPETD JIePEBO BapH-
AHTOB, BO3HUKAIOIIEE B XOJ€ BBIIOIHEHUS AATOPUTMA, U COCIATHCA HA TO,
94TO IepeBO BHICOTHL d He MOKET uMeTh Ootee 2¢ mucThes.

Hecnoxuo 3amernts, ¥To log, n! > cnlogn mpu mogxonsamem ¢ > 0, mo-
CKOJIBKY B CyMMe

logn!=logl+log2+log3+...+logn

BTOpas HOJOBUHA ClaraeMblx He MeHblie log,(n/2) =log, n — 1 xaxkzoe.

Tem caMbIM 1060 AIrOPUTM COPTUPOBKY, HCIOJIB3Y IO TOIBKO CPAB-
HEHUs HIEMEHTOB MACCUBA M UX NEPECTAHOBKY, TpelyeT He MeHee cn logn
JEUCTBAN, TAK YTO HAIIN aJTOPATMBI OIU3KY K OnTUMaabHBIM. OqHaKo ar-
COPUTM COPTHUPOBKH, UCIOJB3YIOUUN IDYTHe ONEpPAlUy, MOXKET NeHCTBO-
BaTh u Oprcrpee. Bor ogun w3 npumepos.

4.4.2. Nwmeercs maccus nenwix uyucena al[1] ...a[n], npuuém BCce wmcaa
HEOTPUIATEILHEI U HE TTPEBOCXOAAT m. O TCOPTUPOBATE DTOT MACCUB; IUCIO
JeUCTBUU MOPATKA m + n.

Pemrerme. i kaxgoro ducaa or 0 10 m MOACIMTHIBAEM, CKOJLKO Pa3
OHO BCTpedaeTcs B Maccuse. Ilociae 3TOro MCXOAHBIM MACCUB MOXKHO CTe-
PeTh M BANOJIHUTHL 3AHOBO B MOPAIKE BO3PACTAHUA, UCIOAB3YS CBENEHUA
0 KPATHOCTH KaxKJOT'0 IMCJIA. (]

OTMeTHM, 9TO >TOT AMCOPUTM HE MEPECTABAAET IUCIA B MACCUBE, KAK
OOJBIMMHCTBO APYTHX, 8 (3AMUCHIBACT UX TYIa 3aHOBOY.

EcTe Takxe MeTol COPTUPOBKM, B KOTOPOM TOCACIOBATENIHLHO MPOBO-
MATCS DA «IACTUIHBIX COPTUPOBOKY MO OTAeTBHEIM OuTaM. Hauuéwm ¢ Ta-
KOU 3a,a4HU.
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4.4.3. B maccuBe all]...aln] meapix 4ucen mepecTaBUTH SJIEMEHTHI
TaK, 9TO6Ll YETHHE YMCIA UM TIE€pel HEIETHHIMU (He MEHAA B3AMMHBIA
HNOPAMOK B KaXKJOU U3 TPYIIN).

Pewenue. Cuauasa crumeM (BO BCIOMOI'aTeJIbHLIM MACCUB) BCE YETHEBIE,
a II0TOM — BCE HEeYETHLIE. O

4.4.4. Umeerca Maccus u3 n uncex ot 0 1o 28 — 1, kaxkgoe n3 KOTO-
PBIX MBI OyJIeM PacCMaTPUBATH KaK k-GUTOBOE CJIOBO U3 HYJIEU W EIUHUIL.
Ncnonbays nposepku «i-vin 6uT paBen 0» u «i-bii 6uT paBeH 1y BMECTO
CPaBHEHUU, OTCOPTUPOBATL BCE YUCIA 33 BPEMs MOPAIKa nk.

Pemenue. OTcopTupyeM Yucaa mo nocaeaueMy 6uTy (CM. IpeabIyILyio
3amady ), 3aTeM IO MPeAnoCcIefHeMY U TaK 1ajaee. B pesyabraTte oHM OyIyT
OTCOPTUPOBAHEL. B caMoM fesie, MHIYKIIUEN TI0 § JETKO MOKA3ATh, ITO MOCIE
1 IIaroB JIOOBIE IBA YKUCJAA, OTJIAMYAIONIAECS TOABKO B i HOCIeTHUX OUTaX,
UAyT B IpaBuabHOM nopsake. (BapuanT: nocae ¢ maros i-6UTOBbIE KOHIIBI
YHUCed UAYT B IPABUIBHOM [OPSIKE. ) ]

AHATOTUYHEIN AATOPUTM MOKET OBITH TPUMEHEH JJIA 1M-UTHON CHCTEMEI
CYUCJICHUA BMECTO ABouYHOU. [Ipu 5TOM mose3Ha Takas BCIOMOTATEILHAA
3a1ada;

4.4.5. [ansl n uucen u GyHKIUs f, OpUHAMARNAA (HA HAX) 3HAYEHVA
1...m. TpebyeTcsa mepecTaBUTH YNCTIA B TAKOM TODPAAKE, ITOOBI 3HAMEHUA
dyuknun f He yObBaauM (COXPAHAA MOPATOK [JIA TUCET C DABHBIMU 3HAE-
ausaMu f). Hucao gercrBun mopsaaka m + n.

[Ykazanue. 3aBecTy m CHUCKOB CyMMAapHOU AIUHEL 1t (KAK TO CLe1aTh,
CMOTpPH B TviaBe 6 0 TUMAX JaHHBIX) U TOMEIIATh B j-BIi CIUCOK YUCIA, IJA
KOTOPBIX 3HavYeHwe (HyHKIuH f PABHO i. BapwaHT: MOCYNTATH IS BCEX 7,
CKOJIBKO MMeeTcs qucea & ¢ f(x) =4, mOocae 9ero Jerko OmpeelnTh, ¢ Ka-
KOI'O MECTa HY:KHO HAYMHATHL pazMewmarTs ducaa x ¢ f(x) =1.] O

4.4.6. Jamel n measIx 4mcea B gmamaszone or 1 1o n?. Kak orcoprupo-
BaTh WX, CACAAB MOPAIKA N NEUCTBUN? O

4.5. PoacTeeHHble COPTMPOBKE 3a/1a4M

4.5.1. KakoBa MUHUMAIBHO BO3MOXKHASA CJIOKHOCTDH (MUCIO CDABHEHUE
B HAMXY/IIEM CIyYae) ATTOPUTMA OTHICKAHUA CAMOT0 TSIKEMOTO U3 N KaM-
Hen?
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Pemenve. OQueBuIHBIA AIMOPUTM € WHBAPUAHTOM «HAUIEH CAMBIU Ts-
KEABIN KaMeHb CPeir TEPBHIX i» TpebyerT n — 1 cpaBHenun. Aaropmrma
MEHBINEN CJOKHOCTA HET. DTO BHITEKACT U3 CACAYIONErO 601ee CUIBHOTO
VTBEPK ICHUS. |

4.5.2. IJkcreprt xo4eT yOeguThb Cy I, IYTO JAHHLBIU KAMEHb — CAMBIF Ts-
KEIBI Cpeay 1 KaMHel, caeaas Meree n — 1 Ba3pemmuBanun. Joka3ars, 94T0
5T0 HeBO3MOXKHO. (Beca kaMHeN HEM3BECTHEI CY Y, HO U3BECTHRI DKCIIEPTY. )

Pemenue. 306pasuM KaMHU TOYKAMU, a B3BEIIMBAHUA — JUHUAMU
vexay auMmu. [lonyyaum rpad ¢ n BepmmHaMu u MeHee deM 1 — 1 pébpamu.
Takou rpad HecBsazeH (100aBICHAE KAXKAOI0 CAEIYIOWIEro pebpa yMeHbIIa-
eT YMCJAO CBA3HBIX KOMTIOHEHT He (ogee deM Ha 1). TosTomy cyn HUIero
HE 3HAET OTHOCUTEIHHO COOTHOIIEHUSA BECOB KAMHEN B DPA3JIUIHBIX CBA3-
HBIX KOMIIOHEHTAX M MOXKET JOMYCTUTb, YTO CAMBIN TAXKETBLIN KAMEHB —
B JII000U U3 HUX.

Boaee npocroe obbsacuHenue: GyaeM CJAEOUTH 33 TEM, CKOJIBKO KaMHEU
K JAHHOMY MOMEHTY HE (IPOUrPaw» (TO €CTh He OKA3AIUCD Jerde IPYIuX).
Buauame ux n; mpu Kaxk0M B3BEIIUBAHUN MPOUTPHIBAET TOJIBKO OJWH Ka-
MEHBb, a €CAW eCTh ABOE HEe TPOUTrPABIINX HUKOMY, JHOOOW M3 HUX MOXKET
(c TOYKM 3peHus Cya) OKA3ATHCA CAMBIM TAXKEIBIM. O

Paznuna mexay 5ToU 3a1a49el ¥ NPEILIIYIIEH: B 3TOU 3a1a9€e Mbl JOKa-
3BIBAEM, YTO 7 — 2 B3BEIIUBAHUU HE JOCTATOYHO HE TOABKO [ HAXOXK [IE-
HUA CAMOTO TXKENOT0, HO AaXKe JJIA TOTO, 9TOOBI YOSNUTHCA, 9TO TaHHBIN
KAMEHDb ABJIACTCA TAKOBLIM — €CJU MPEITONOKUTEILHEIN OTBET U3BECTEH.
(B cayvae cOpTUPOBKH, 3HAA MPEATIOJIOKUTEILHBIN OTBET, MBL MOXeM ybe-
IUTHCS B €0 TPABUABHOCTH, CIEJIAB BCErO 1 — 1 CPABHEHUU — KaXKIbIA
CPaBHUBAEM €O (JeAyIomuM 1o Becy. HamoMHuuM, 9T0 COPTUPOBKA TpebyeT
B XY[IIIEM CIYYae 3HAYUTEIBHO OOJIbINE CPABHEHUN. )

4.5.3. [lokazaTk, 9TO MOXKHO HAUTU CAMBIN JEIKUA U CAMBIM TAXKEIBIN
u3 2n xkamHen (OQHOBPEMEHHO), CASJIAB 31 — 2 B3BEIIUBAHUM.

Pemerne. Pa3o6béM KaMHM IPOM3BOILHLEIM 0OPA30M HA 1 AP U CPaB-
HEM KaMHHI B KaxkzoU nape (n B3emmBanuin). OTJ0XKEM OTIEIBHO «0Oe-
anreneny (Goaee TKEMBIX B CBOEH MAPe) M «TPOUrpaBImxy (Goree JErKnx).
ScHo, 9TO caMbIll JEMKUM KaMEHb HAJ0 UCKATH CPeIn npourpasmux (n — 1
CPaBHEHUN), & CAMBIU TAXKEIBI — cpeau nobegurenen (emé n — 1 cpaBHe-

HUL). O

4.5.4. [loxazaThb, ITO HE CYHIECTBYET AITOPUTMA, MO3BOJIIOIIETO Ta-
PAHTUPOBAHHO HAUTHU CAMBIN JETKUU U CAMBIN TSXKETRIN Cpean 21 KaMHen
(0OIHOBPEMEHHO), CAEIAB MEHee 37, — 2 B3BEIIMBAHUM.
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Pemerme. [Iycres Takon aaropurM cymecrsyer. Habaogas 3a ero upu-
MEHEHUEM K KAKOU-TO TPYIINe U3 2n KaMHeU, MBI 0y 1eM CJAeINTD 33 I THIPb-
M TapaMeTpaMu. A UMEeHHO, MBI 6Y1eM CMOTPETH, CKOJIBKO KaMHEN

(a) KOMy-TO y¥K€ IPOUTPAIN, & ¥ KOI'O-TO YKE BLIATDAJIY;

(b) xoMy-TO yxKe mpourpaiu, HO €l HU Y KOI'O HE BLIUIDAIN;

(¢) y KOro-To y2ke BBIUIDAJIM, HO €I HUKOMY He IIPOUI DALY

(d) Hu y KOTr'0 He BHIUTPAIU ¥ HUKOMY HE MPOUTPAIN (TO €CTh HU C KeM

He CPABHUBAJINC).
(HamoMHUM, 9TO BHIUTPABIIMM B CPABHEHHW MBI CIMTAEM 00JEE TAKETBIN
kamenb.) Kamuu Tuna (a), 0M€BUAHO, HE MOI'YT y2KE OKA3aThCsA HI CAMBIMU
JErKAMU, HU CAMBIMM TAXKETBIMU, KAKOBLL Obl HU OBLIA PE3YJIbTATHL IAJIb-
HeHmmx cpaBHeHun. Jro6on kamens tuna (b) mMeeT MAHC OKA3aTHCA Ca-
MBIM JEMKUM (B CAMOM J€J€, er0 MOKHO TIPOU3BOILHO OOJErINTh, HE MEHAA
PE3yJbTATOB YK€ BHINOJIHEHHBIX CDABHEHWN), HO yXKe HE MOXKET OBIThH Ca-
MBIM TSKEIBIM; 11 KamHen Tuna (¢) zaobopor. Hakonern, mobon kaMmeHb
Tuna (d) MoxeT GBITh U CAMBIM JEMKUM, ¥ CAMBIM TSKEIBIM.

O6o3HaquM depes a, b, ¢, d KorriecTBa KAMHEN B COOTBETCTBYIOUINX Ka-
TErOPUAX M MPOCTENUM, KaK MEHAIOTCA DTH MAPAMETPHI TP OYEPETHOM
CpaBHEHUU (B 3aBUCHMOCTH OT TOT'O, KAMHM KAKOT'O THUIA CPABHUBAKOTCA
U C KaKUM Pe3yIbTaToOM).

cpaBHeHEE | @ b c d | b+c+(3/2)d
a—a 0 0 0 0 0
a>b 0 0 0 0 0
a<b +1|-1| 0 0 -1
a<c 0 0 0 0 0
a>c +1|1 0 | -1| 0 -1
a>d | 0 | +1]| 0 | -1 —12
a<d | 0|0 |+1]-1 —1/2
b-b +1|-1| 0 0 -1
b<c 0 0 0 0 0
b>c +2|-1|-1| 0 -2
b<d | 0] 0 |+1] -1 —1/2
b>d | +1| 0| 0 | -1 ~3/2
c—c +1| 0 | -1] O -1
c<d | +1] 0] 0 |1 —3/2
e>d | 0 | +1] 0 | -1 ~1/2
d—d 0O | +1 | +1 | -2 -1

Hocremaun croaben TabIUILl MTOKA3LIBACT, KAK MCHACTCA BEINYUHA § =
=b+ c+(3/2)d (kOTOPYIO MOXKHO PACCMATPHUBATE B KAUECTBE MEDHI «OCTaB-
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encs paboThly: KAMEHb, IIPO KOTOPBIX HE U3BECTHO HUYETO, C TOYKU 3Pe-
HUA DTOU MEPHI B TIOATOPA Pa3a CJAOKHEEe KAMHA, JJIA KOTOPOTO €CTh OMHO-
CTOPOHHAA OLEHKA). V3HAIAILHO § = 31, a B KOHIE § = 2 (PO BCe KAMHH,
KPOME [IBYX, U3BECTHO, ITO OHU OTHOCATCA K Kareropuu (a)). Uz rabruunt
BUIHO, 9TO IPHU JI000M B3BEIIUBAHUU €CThH «HEYJAYHLIA MCXOMI», [IPU KOTO-
pOM S yMeHbIIAeTCsi He Oosee deM Ha epuHuiy. Taxwe MCXOTBL AEHCTBU-
TEJIBHO BO3MOXHEI (HE MTPOTUBOPEYAT PE3YIbTATAM MPENBIIYIINX B3BEIIN-
BAHWUN): TP CPABHEHUN D-KAMHS U ¢-KaMHA MOXKET OKa3aThCA, UTO ¢-KAMEHb
Taxenee (ero BeC HE OIPAHUYEH CBEPXY MPENBIIYIIMMY B3BEIIVBAHUAMN),
a IpU CPABHEHWM C YYaCTHEM d-KaMHs PE3y/JIbTAT MOXET OBITH JIOOBIM,
HOCKOJIBKY 1IpO d-KaMeHb Hudero He uasecrHo. (Kpome Toro, MoxuO 3ame-
TUTH, ITO €CJIM ONUH U3 MCXOAOB B3BEIINBAHUA HEBO3MOXKEH, TO DTO B3Be-
MIUBAHUE BOOOIIE WBJUITHE W €r0 MOXKHO HE JeIaTh.) A eCiu MCXOIBI BCEX
B3BEIMBAHUY HEYAAYHBI, TO YMEHBINEHNE § ¢ 3n 710 2 mOTpebyeT Kak MU-
HUMYM 31 — 2 B3BELIUBAHUU, YTO U TPEGOBAJIOCH AOKA3ATH. O

4.5.5. [lano n pasau4HbIX IO Becy KaMuen. HalTu CaMBId TAXKEIBIN
U BTOPOU II0 BECYy KaMHH, chelas He Goxee n + [log, n] — 2 B3pemmusanun
([logy n] — mamvenwmee menoe k, mpu koTopom 2F > n).

Pewenue. Crauana nangém mobenurens (CaMblil TAKEIBI KAMEHB), a
noToM GyaeM UCKATh BTOPOU IO Becy. SICHO, 9TO BTOPOr0 MOXKHO HUCKATH
JIMIIL CPEAU TeX, KTO IPOUrPAJ JUIHO HoOe uTe o (IPOUrpaBIIe KOMY-TO
emé Jerde cpasy OBYX KaMHen). Ecau onpenenaTs mobeauTens B TYPHUPE
MO OIUMIMUCKOR cucTeMe (BCE MEITATCA Ha Taphl, MPOUTDABIINE BLIOEIBA-
10T, IOTOM CHOBA JEIATCA HA TMaphl 1 Tak jgatee), To mua 2F ygacTaumkop
nonagoburcs k payeaos, a gag n ydacTHukoB — [log, n] payugos. B ka-
JKJIOU UT'PE TYPHUPA BLIOLIBAET OAUH yIaCTHUK, II02TOMY Beero Oyaer n — 1
urp mus onpenenenus nobeaurens u emé [log, n| — 1 B TypHEpe 3a BTOpOE
MECTO CPeIU MPOUTPABIINX TOOETUTENIO. O

4.5.6. /loxa3aTh, 9TO HUKAKOU AJTOPUTM HAXOK JEHUA CAMOTO TAKEIO-
'O U BTOPOI'O 10 BECY CPENU N KAMHEU He MOXET MapaHTUPOBAHHO CIe1aTh
5TO MeHee 1eM 3a n + [log, n| — 2 B3BemwmBaHUN.

Pemenue. [lycts gan Takou aaropuT™. B Kaxk AL MOMEHT €U0 MCITOJ-
HEHUA PACCMOTPUM TUCIO k; KAMHEN-YIACTHUKOB, TPOUTPABINNIX HE MEHEe |
urp-cpasaenunt. (Kocsenusie npourpsimm — ecau ¢ npourpai b, a b npo-
urpaia ¢, — He YUUTBIBAIOTCA.) Jlerko nousrTh, 4ro cymma k; IO BCeM i
PaBHA YUCIY UCP, TAK KAK HOCIE KAXKJIOU UCPBL OTHO U3 k; yBEAXIUBACTCS
Ha eTUHUILY.

ITosTOMy 10CTATOMHO TIOKA3aTh, UTO KAKOB OLI HU OBLT AITOPUTM, IPHU
HEYJAYHBIX I HEr0 Pe3yabTaTaX Urp OyJeT BBINOTHEHO HEPABEHCTBO
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ki + ks > n + [logyn] — 2. BygeMm Ha3BIBATE WIIAEPAME» TEX yIACTHUKOB,
KOTOPBIE €IIé HUKOMY He Tpourpanu. B Hadame mx n, a B KOHIE OCTAETCA
TONBKO OJUH JuAep (MOCKOIBKY JIO0U U3 JUIEPOB MOXKET OBIThH TOOEInTe-
aem). Mlostomy k1 > n — 1 (Bce urpoku, Kpome OLHOTO, KOMY-TO IIPOUCPa-
au). O6bACHUM, KAK HAL0 BEIOUPATH PE3YALTATHL MATIEH, YTOOLL JOOUTHCA
uepaeencTsa ks > [log, n] — 1. PesyapTar BCTpEUM ABYX HE-IMIEPOB MO-
*KeT OBITH BEIOPAH JI06bIM. Ecan augep BCTPEIaeTCsa ¢ He-IuIepoM, TO BhI-
urpuBaeT aujep. [lpu BecTpede AByX AUAePOB BEIUTPHIBACT GOJIEE OMTBITHEIN,
TO €CTh TOT, KTO BHIUTPAT K 3TOMY MOMEHTY OoubIne urp (Ipu paBeHCTBE —
m0601).

Yr106BI 40KA33ATH, YTO B 9TOM CJIy4ae BBLIIOJIHEHO ICKOMOE HEPABEHCTBO
Ha ko, BBEIEM OTHOIICHWS IOAIMHEHUs, CINTAS [OPU DTOM, UTO KAXKIBIU
UTCPOK B JIIOOOW MOMEHT UTPhI TOJYUHEH POBHO OJHOMY Juaepy. B mHaua-
Jie KX IbI caMm cebe Juaep u mOAIMHEH TOAbKo cebe. [Ipu BeTpede aungepa
C He-IUAePOM (MU ABYX HE-JIUIEePOB) IOIINHEHNE HE MEHACTC; IIPU BCTPe-
Ye IBYX JUAEPOB MIPOUTPABIIAY U BCE €00 HNOAIUHEHHBIE IEPeno I IuHAITCS
BBEIATPABLIEMY .

Jlerko m0KazaTh M0 MHAYKINN, YTO €CJIN JUAEP BEIUTPAT k UTD, TO TPYII-
T2 ero MO TIMHEHHMIX (BKIIOUAA €r0 CAMOT0) COAPKUT He 6onee 2F wetonex.
Buauane £k =0 u B ero rpymnme Toapko OH caMm. Ecau augep Bemurpan k urp
u n06GeX JaeT Tuaepa, BEIUIPABIIEro He Gosee k Urp, TO B KaXX JOU U3 IPYIII
e 6o.ee 2% urpokos, a B 06beguuennn e 6oxee 28! urpokos.

CrenoBaTenbHO, TO OKOHYAHWM TYPHUPA JUIEP BLIUTCDAT HE MeEHee
[log, n] urp, MOCKOMBKY B €ro TPYIMIE BCe N NTPOKOB. Bee moGex TEHHEIE
UM, KpOMe BTOPOrO MO CWIE WIDOKA, IPOUTPAIA eME KOMY-TO (MHAYE mo-
YeMy Mbl yBEPEHLI, 9TO OHKM He BTopble 1no cuie?). Orcoga u oLy daeTcs
TpebyeMas OmeHKa Ha, ko. O

4.5.7. Jloka3aTh, 9TO OIEHKA MPENLIAVINEN 3aJa4Mu OCTAETCA B CUIE,
ecan TpeOyeTca HAUTHU JUIL BTOPOU MO BECY KAMEHDb, 8 CAMBIU TAXKEIBIN
UCKaTh He 00g3aTENThHO.

[Ykazauue. Eciu 10 OKOHYaHUIO TYyPHUPA OLPENEJMICS BTOPOU 1O CH-
JIe MI'POK, TO OH KOMy-TO Hpourpai (OTKyza Mbl 3HAEM UHAYe, YTO OH He
TEPBHIA? ), ¥ TEM CAMBIM U3BECTEH U TOGeIuTeNb. | |

4.5.8. [Tano 1 pasin9HbIX 10 Becy Kamuen u aucao k (ot 1 no n). Tpe-
Oyerca HauTU k-bIi MO BECy KaMeHb, caenas He Gosee C'n B3BENIMBAHUM,
rae C' — HEKOTOpasg KOHCTAHTA, HE 3aBUCAIAA OT Kk 1 1.

3ameqanne. COpTUPOBKA MO3BOIAET cAeTaTh 5T0 33 Cnlogn B3Bemm-
BaHUN. YKa3aHUe K DTOU (TPYAHON) 3a1a9e¢ TIPUBENEHO B IVIABE PO PEKYP-
CHIo. 0



4.5. Podcmeennvle copmuposke 2adauu 87

Caenyromas 3a1a4a UMeeT HEOXKUIAHHO [IPOCTOE PeLIeHue.

4.5.9. NmeeTcsa n OJUHAKOBLIX HA BUJ KaMHEH, HEKOTOPLIE U3 KOTO-
PBIX Ha CAMOM [eJie Pa3iudHbl 0o Becy. Mmeercs mpubop, NO3BOJSIONINN
O ABYM KAMHSM OLPEAEeJNUTh, OAUHAKOBEL OHU WK PA3Au4Hbl (HO HE I'OBO-
PALAN, KAKOU TAKeaee). V3BECTHO, 9TO Cpey TUX KAMHEN OOJBIIHHCTBO
(6onee n/2) ognraxoBbix. Crenas He 607ee N B3BEIIUBAHNY, HANTY XOTs OB
OJVH KaMeHb 13 3Toro 6onbmmuuacTsa. ([Ipegocrepexkenue. Eciu nBa kamusa
OJVHAKOBBIE, DTO HE MaPAHTUPYET UX HPUHAIIEKHOCTH K GOJIBIIMHCTBY. )

[Ykazaune. Ecan HangeHBl ABa PA3INYHBIX KaMHSA, TO UX 002 MOXKHO
BBIOPOCUTH — XOTA OBl OJWH U3 HUX IIOXOW U OOJBIIUHCTBO OCTAHETCA
GONBIIMHCTBOM. |

Pemenwe. [IporpaMma mpoCcMaTpPUBAET KAMHU IO OYEPEIN, XPAHA B TIe-
PEMEHHOU 1 YMCI0 IPOCMOTPEHHBIX KaMHen. (CauTaeM KaMHM IPOHYMEPO-
BauubIME OT 1 10 n.) ITomuMo »TOro nporpaMMa XpaHuT HOMED «TeKYILEro
KaHIUAATAay C U €r0 «KPaTHOCTB» K. CMBICH 3TUX HAa3BaHUU OOBACHAETCS
naBapuanToMm (U):

ecar K HEIPOCMOTPEHHBIM KaMHAM (¢ HOMepamu i+l...n) mo-
GaBuiu OLL K KOIIUU C-I'0 KaMHsA, TO HanboJee YacTEIM CPpeau HIuX
ObLT OBI TAKOU K€ KAMEHB, 9TO M A MCXOTHOI'O MACCHBA.

Tlony4uaem Taxymo mporpaMmy:

k:=0; i:=0;

{(}

while i<>n do begin

if k=0 then begin

‘ k:=1; c:=i+1; i:=i+1;

end else if (i+1-mM xaMeHb omMHaKOB C c-wm) then begin
i:=i+1; k:=k+1;

{3aMeHseM MaTepuaIbHHI KaMeHb HIealbHEM}

end else begin

i:=i+1; k:=k-1;

{BHKUIHBaeM OOMH MaTepUaIbHHN U OLYH MIealbHHU KaMeHb}
end;

end;

UCKOMHM ABIAETCA C-HH KaMeHb

3ameuanue. [lockoabKy BO BCcex TPEX BAPMAHTAX BHIOOPA CTONT KOMAHIA
i:=i+1, e€ MOXKHO BHIHECTU HAPYXKY. |

3aMeTuM TAaKXKe, YTO 2Ta MPOrPaMMa, TapAHTUPYET OTHICKAHUE HANOO-
Jee 4acTOro KaMHA, JUIIb €CAU OH COCTABAAET OOJIBIINHCTBO.
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Cuenyromas 3a1a4a He UMEET HA MEPBBIA B3[VIAL HUKAKOI'O OTHOIICHWUA
K COPTHUPOBKE.

4.5.10. Nwmeercsa kBagpaTHas Taduauna all..n,1..n]. WsBecTHo, 4T0O
[V HEKOTOPOT'O 1 CTPOKA € HOMEPOM 1 3aIIONHEHA OMHUMY HYJIAME, 8 CTOJ-
fer ¢ HOMEPOM 1 — OJHUMU eUHUIAMY (33 UCKAIOYEHUEM UX [epPecedeHus
HA, JUArOHAIY, e CTOUT HeusBecTHO 4To). Haru rakoe i (oHO, 04eBUIHO,
eIUHCTBEHHO). Uncao nencTsul mopaika n. (3aMeTuM, 9To 5TO CyIIeCTBEH-
HO MEHBIIE YUCJIa DIEMEHTOB B TAOIUIIE. )

[Ykazaunue. Pacemorpure alil [j] kak pesyabrar «CpaBHeHWs» 1 C j
U BCIIOMHHUTE, YTO CAMBIA TsKEILIM U3 N KaMHEH MOXeT OLITh HalleH
3a n cpaBHeHuH. (3aMeTuM, 9TO TAOIMIA MOXET HE OBITH «TPAH3UTHB-
HOW», HO BCE DABHO TNIPW «CPABHCHUW» ABYX DJIEMEHTOB OJWH W3 HUX OT-
najgaer.)] O



5. KOHEHHbLIE ABTOMATDI
N OBPABOTKA TEKCTOB

5.1. CocTaBHble CUMBONbI, KOMMEHTApPUX U T. M.

5.1.1. B TekcTe BO3BeeHME B CTEIEHDb 0O03HAMAIOCH TBYMS UIYIIUMHU
noapAn 3Bé3noukaMu. PemeHo 3aMeHnTh 5T0 0603HadMeHne Ha ~ (Tak 9To,
K TIPUMEPY, X**y 3aMEHUTCA Ha x"y). Kak sTo mpore Bcero caenars? Uc-
XOHBIA TEKCT YUTAETCA CHMBOJ 33 CUMBOJIOM, MOJIYIAIONIUUCA TEKCT TPe-
6yeTcsa mevIaTaTh CUMBOJI 33 CHMBOJIOM.

Pemenue. B xax b1l MOMEHT IPOrpaMMa HAXOJUTCA B OJHOM M3 ABYX
COCTOSIHUIL: «OCHOBHOEY U «IOCJ€» (3BE3NOUKH):

Cocrosune Oqepe;g{oﬁ Hosoe [encreue
BXOOHOU CHMBOJI COCTOsAHHUE

OCHOBHOE * IOCTIe HET

OCHOBHOE T F£* OCHOBHOE | II€IATATDL &

nocJe * OCHOBHOC nevaTaTsb

mocJe T F£* OCHOBHOE | II€IATATDL *, I

Eciu B KOHIE TEKCTa IPOrpaMMa, OKA3bIBAETCA B COCTOAHIAY (TOCHE), TO
CIeyeT HANEeYATATH 3BE3I0YKY (M KOHIUTL PAbOTy). |

3ameuanume. Haa nporpamva samenser *** na ~* (1o e Ha *~). B yc-
JIOBUM 331a9KM MBI HE OFOBAPUBAIU JETATEH, KAK DTO 9aCTO NEJAETCA —
MPEANOAATACTCA, ITO MPOTPAMMA, «JOJKHA JENCTBOBATEH PA3yMHO». B man-
HOM CAy9ae, TIOXKAIYH, CAMBIA TIPOCTON CTIOCO6 OOBACHATE, KAK TPOrPaMMa,
JEACTBYET — DTO OMUCATHL €€ COCTOAHUA U ACUCTBUA B HUX.

5.1.2. HammcaTb mporpaMMy, VAAIAIONIYIO U3 TEKCTA BCE MOICIOBA, BU-
na abc. ([l
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5.1.3. B mackaje KOMMEHTApPUM 3aKII0YAI0OTCA B (PUrypPHBIE CKOOKH:

begin {mavamo umkma}
i:=i+1; {yBemmuumaemM i ma 1}

Hanucars nporpammy, koTopas ygaasiia 66 KOMMEHTAPUN K BCTABJAIA OB
BMECTO MCKIIOUEHHOT0 KOMMeHTapus mpo6en (urober 1{onun}2 mpespaTu-

Jock He B 12, a B 1 2).

Pemrerme. IIporpamMMa mMmeeT nBa COCTOSHUA: «OCHOBHOEY M «BHYTDU»

(koMMeHTADUS).
Cocrosuue Oqepe;;gioﬁ Hosoe [MeucTue
BXOJIHOM CUMBOJ | COCTOSHUE
OCHOBHOE { BHYTpHU HET
OCHOBHOE z#A{ OCHOBHOE | medYaTaThb &
BHYTDPH } OCHOBHOE | MEYATaTh IPO6en
BHYTPHU T #3} BHYTpHU HeET 0

3ameganune. JTa IPOrpaMMa HE BOCIPUHUMAET BIOKEHHBIE KOMMEHTA~
puM: CTPOKA BPOIE

{{xoMMerTapuy BHyTpU} KOMMEHTapuA}

[IPEeBPATUTCA B
KOMMEHTapua}

(B magane croar asa mpoGeaa). O6pabOTKa BJIOKEHHBIX KOMMEHTADHUEB
KOHEYHBIM aBTOMATOM HEBO3MOKHA (HYXKHO (IOMHUTL YUCIO CKOOOK» —
& IPOU3BOJIBHOE HATYPAILHOE YUCAO HE HOMEIIAETC s B KOHEYHYIO IIAMATH).

5.1.4. B nmackaneBckux mporpaMMax OLIBAIOT TAKXKE CTPOKH, 3aKIIOIEH-
uble B KaBbluku. Ecau gurypHas ckoOka BCTPEYAETCs BHYTPU CTPOKH, TO
OHA He 03HAMAET HavaJja WM KOHIA KOMMeHTapusa. B ¢Boio ouepenn, Kapbri-
Ka B KOMMEHTApUM HE O3HAYAET HAYaJa WIN KOHIIA CTpOoKu. Kak m3aMeHuTH
MPOTrpPaMMy, YTOOLI 3TO yIECTh?!

[Ykazaume. CocTosHuM OygeT TPU: OCHOBHOE, BHYTDH KOMMEHTapW,
BHYTDPU CTPOKH. | |
5.1.5. Emé omna BO3MOXKHOCTL MHOIMX PEAJU3ALNN HACKAJA — DTO

KOMMECHTApPUN BHUOa

ir=i+1; (* here i is increased by 1 *)

DA DTOM BAKPHEIBAIOMAA CKOOKA JOMKHA COOTBETCTBOBATH OTKPHIBAIOIICH
(to ectn {...*) He paspemaerca). Kak ynanare Takue komMmernTapun? [
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5.2. Beopg 4ucen

IlycTb gecATU<IHAS 3aNUCh YUCAA TOTAETCA Ha BXO TPOTPAMMEBI CUMBOJT
3a CUMBOJIOM. \% §Ss XOTHUM «IIPOYECTh» 3TO YUCTIO (HOMGCTI/ITB B IIEPpEMCHHY IO
Tuna real ero sHavenue). KpoMe TOro, Hago cOOOUMTEL 06 OMUOKE, €Cau
YHUCJIO 3AMKMCAHO HEBEPHO.

Bonee koukperno, mpeacrasum cebe Takyio cuTyanuio. IlocaeroBarensb-
HOCTH CHUMBOJIOB Ha BXOJd€ OCJIUTCA Ha IIPDOIUTAHHYIO M OCTABIOIYIOCA IaCTU.
Mur MoxeM TOaB30BATHCA (GyHKIUen Next:char, koTopas maéT mepBHIT
CUMBOJ OCTABIICUCA YACTHU, 8 TaK¥XKe Tponeaypon Move, kKoTopasa 3abupaet
IEPBBIM CUMBOJ U3 OCTABIIEUCA YaCTH, IEPEBOLA €r0 B KATErOPUIO IIPOIN-
TAaHHBIX.

NpOoYUTAaHHAA JYacTh |Next | 7 ?

ByseM HasbBaTh ECATUYHON B3alMCBI0 TAKYI0 MOCIEIOBATEILHOCTH
CUMBOJIOB:
(0 unm Gonee npobenos) (1 uin Goaee nudp),

a TAKXKE TaKylo:
(0 mm 6omee npoGenos) (1 wmu Goxee tuedp) . (1 wim Gotee uudp).
3aMeTuM, ITO COTVIACHO DTOMY OINPEIETCHUI)
1. .1 1.1 -1.1

HE SBIOTCA NeCATUIHbIMU 3anucavu. ChopMyaupyeM Tenepb 3aJady
TOYHO:

5.2.1. IIpodecTs M3 BXOAHOU CTPOKU MAKCAMAJIBHYI 9aCTh, KOTOPas
MOXKET OBITH HAYAJIOM AecATHYHON 3amucu. OmpesennTs, ABIACTCA JU DTa,
YACTDb TECATUYHON 3AMUCHIO WA HET.

Pewenue. 3anuiem nporpaMmy Ha nackade (UCHOIL3Y S «IePEYUCIUMBLY
TUID 1A HAIVIAJHOCTY 3aIlMCH: IIepeMeHHas state MOXeT NPUHUMATH OTHO
U3 3HAYEHWH, YKA3AHHBIX B CKOOKAX).

var state:
(Accept, Error, Initial, IntPart, DecPoint, FracPart);

state := Initial;
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while (state <> Accept) or (state <> Error) do begin
if state = Initial then begin

if Next = ’ ’ then begin

‘ state := Initial; Move;

end else if Digit(Next) then begin
state := IntPart; {mocme mawama memo¥ YacTu}
Move;

end else begin

‘ state := Error;

end;

end else if state = IntPart then begin
if Digit (Next) then begin
‘ state := IntPart; Move;

end else if Next = ’.’ then begin
state := DecPoint; {mocme LEeCATUYHOM TOYKMU}
Move;

end else begin

‘ state := Accept;

end;

end else if state = DecPoint then begin
if Digit (Next) then begin

‘ state := FracPart; Move;

end else begin

‘ state := Error; {momxsa 6HTL xoThb omHa uuppal
end;

end else if state = FracPart then begin
if Digit (Next) then begin

‘ state := FracPart; Move;

end else begin

‘ state := Accept;

end;

end else if

‘ {Takoro 6uTp He MOXeT}

end;
end;

3aMeTbTe, YTO NMPUCBANBAHUA state:=Accept u state:=Error me compo-
BOXKJAIOTCA CABUTOM (CI/IMBO.TI, KOTOPBIU HE MOXKET ObITH YaCThI0 YNCIA, He
3a0UpaeTcsa). O

IIpuBepérnas nporpaMma He 3aII0OMUHAET 3HAYEHNE IPOINTAHHOIO YUCAA.

5.2.2. PemmmuTh mpeauIIyIIyio 331a9y ¢ JOTOTHUTETHHBIM TPEeOOBAHUEM
€CJIU TIPOUUTAHHBIN KYCOK ABIACTCA MECATUIHON 3AMUCHIO, TO B TIEDEMEH-
HyIo val:real cilegyeT NOMECTUTDH €€ 3HAYEHUE.
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Pemenwue. [Ipu urenun apoOGHOU YacTy HEepEeMEHHAs step XPAHUT MHO-
KUTENb TIPU CIEAVIOMEN JeCATUIHON Iudpe.

state := Initial; val:= 0;

while (state <> Accept) or (state <> Error) do begin
if state = Initial then begin

if Next = ’ ’ then begin
‘ state := Initial; Move;
end else if Digit(Next) then begin
state := IntPart; {mocme mawama memo¥ YacTu}

val := DigitValue (Next); Move;

end else begin

‘ state := Error;

end;

end else if state = IntPart then begin

if Digit (Next) then begin

state := IntPart; val := 10*val + DigitVal (Next);

Move;
end else if Next = ’.’ then begin
state := DecPoint; {mocme IEeCATUIHON TOYKM}
step := 0.1;
Move;
end else begin
state := Accept;
end;

end else if state = DecPoint then begin
if Digit (Next) then begin

state := FracPart;
val := val + DigitVal(Next)*step; step := step/10;
Move;
end else begin
state := Error; {momxma 6uTH xoTb omHa uudppal
end;

end else if state = FracPart then begin
if Digit (Next) then begin

state := FracPart;
val := val + DigitVal(Next)*step; step := step/10;
Move;

end else begin

‘ state := Accept;

end;

end else if

‘ {Takoro 6uTH He MoXeT}

end;
end;
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5.2.3. Ta ke 3agata, ecau mepea UUCJIOM MOXKET CTOSATh 3HAK — WK
3HAK + (& MOXKET HUYEro He CTOATH).

dopMaT Yucesn B HTOU 3a4a49€ OOLIMHO WLTIOCTPUPYIOT TAKOU KapTUH-
KOIL:

nugdpa

iy
L+
—{ -1 —{(ndpa

O

5.2.4. Ta xe 3agada, ecim K TOMY XKe IOCJHE FUCIA MOXKET CTOATDH
[OKa3aTelb CTEHEeHH necATd, Kak B 254E-4 (= 0.0254) wm B 0.123E+9

(=123 000000). HapucoBars cOOTBETCTBYIOLIYIO KADTUHKY . O

5.2.5. YTo HAJO M3MEHUTH B MPUBEAEHHOU BHIE MPOTPAMME, ITOOBI
Pa3PENIUTL MyCTHIE HeAy W Apo6HYH dacTu (Kak B «l.», «.1» wim ga-
Ke ¢.» — HOCJAEIHEe TUCJAO0 CIUTAEM PABHBIM HyJIO)?! |

Mer Bepuémcs k koreunbiM aroMaraM B ruase 10 (Cpasrenue ¢ o6pas-
oM).



6. TUINbl AAHHbBIX

6.1. Ctekwu

IIycre T — mekoropoit Tun. Pacemorpum (orcyTeTByOmmUN B nackasie)
THUI «CTEK DJAEMEHTOB Tuna Tr. Ero 3sHAYEHUAMY ABIAIOTCA HOCICA0BATECE-
HOCTH 3HadeHun tuma T.

Omnepanun:

e Cnenarb_mycThIM (Var s: CTeK 21eMeHTOB Tuma T)

HoGaputk (t:T; var s: CTeK »JIeMeHTOB Tuma T)
e Basire (var t:T; var s: crek saemenTos Tuna T)
e Ilycr (s: cTex nnemenTos Tuma T): boolean

e Bepummua (s: crex anemenTos Tuna T): T

(Mbr mob3yeMcsa OOO3HAYCHUAMY, HAMOMUHAMNMMA NACKAIb, XOTA B
nackasie Tuna «crex» HetT.) IIpouenypa «CresaTs myCThIMY NEJIAET CTEK S
nycteiM. [Ipomeaypa «JobaBuThy 106aBIAET t B KOHEI ITOCTCI0BATEILHO-
cru s. lIponexnypa «B3srey npuMennmMa, eciau ocie 0BaTEIbHOCTE S HEILY-
CTa; oHa 3abUpaeT U3 Heé MOCACTHUN BIEMEHT, KOTOPHIA CTAHOBUTCS 3HA-
genueM nepemenHon t. Boipaxenme «Ilyct(s)» ucTUHHO, ecam MOCIEIOBA-
TEJIBHOCTH S IycTa. Beipaxenue «BepumHa(s)» OnpeseaeHo, eciu mocaero-
BATEJBLHOCTD S HEIYCTa, U PABHO IOCAETHEMY DJIEMEHTY ITOCTIeN0BATEILHO-
CTU S.

Mzr mokaxeM, KaK MOIEIUPOBATE CTEK B IACKAJe U NI Yer0 OH MOXKET
OBITHL HyJKEH.

Mo,u,enmposaHme OrpaHNYEHHOr 0 CTeKa B MacCCuUBe

By,z;eM CIYUTaTh, YTO KOJIUYICCTBO 3J€eMEHTOB B CTE€Ke HE€ IIPEBOCXOAUT
HEKOTOPOr'o 1mucja 1. TOI",E[& CTEK MOXHO MOJEIUPOBATH C MOMOIIBIO ABYX
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IIEPEMEHHBIX!

Comepxanme: array [1..n] of T;
Imuua: integer;

CUYATaA, ITO B CTEKE HAXOAATCA SJICMEHTEL

Conmepxanue [1],...,Comepxanue [Imuna].

Yrobur COe/aTh CTEK IIYyCTBIM, JOCTATOYHO IIOJOXUTH

IOnuua := 0

[NobaBuTH DIEMEHT t:

{@Imuna < n}
Iimuua := [auHa+l;
Conmepxanue [lmumual :=t;

e B3aTh bieMeHT B mepeMeHHyIo t:

{Imuna > O}
t := Cogmepxanue [[mauual;
Imuua := [nuua - 1;

e Crek nycr, ecau Jnuna = 0.
e Bepmmna creka paeua Comepxauue [Iamual.

Takum 06pa3oM, BMECTO NMEPEMEHHOM THUIA CTEK B IPOpAMME Ha Ia-
cKaJle MOXHO UCTIOIB30BATH ABe mepeMeHHble Conepxanue u Jnuna. MoxHO
TakXke OMpeneInTh TUT stack, 3amucaB

const N
type
stack = record
Comepxanme: array [1..N] of T;
Inmnua: integer;
end;

(Mb1 mosBossieM cefe MCMOMB30BATL MMEHa, TePEMEHHBIX U3 DYCCKUX OYKB,
XOTs OOBIYHO MACKATL DTOrO0 He Mo6uT.) Ilocae 5Toro MoryT 66ITh — B CO-
OTBETCTBUN C IPABMJIAMI IIACKAJLA — OIUCAHBI IPOHEAYyPEl PAGOTEL CO CTe-
koM. Hanpumep, MOXKHO HaIucaThb

procedure Jlo6aBute (t: T; var s: stack);
begin

{s.llmura < N}

s.lnuHa := s.louHa + 1;

s.Comepxanue [s.[mmual := t;
end;
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WcnonszoBanune cTeka

Byaem paccMaTprBaTh MOCAET0BATENBHOCTU OTKPBIBAOIINXCS U 3aKPhI-
BAIOIINXCA KPYMIbIX u KBagpaTHeX ckoOok () [ ]. Cpemam Bcex Takux
[OCJIEI0BATENLHOCTEN BBLISIUM IPABUIBHBEIE — T€, KOTOPHIE MOIYT ObIThH
[OJIY Y9€HBL IO TAKUM [PABUIAM:

® IyCTas MOCIEAOBATENLHOCTD MPABUILHA.
e ecciu A u B mpaBwibHbL, TO U AB TpaBUIbHA.

e e A mpaswibua, T0 [A] u (A) nmpaBUIbLHEL

Ipumep. Iocaeposarersroctn (), [[1], [OQOL[]1O1[] mpasuibub, a
nocaegosarensuoctn 1, ) (, (1, (D] — mer.

6.1.1. IIpoBepuTh TPABUIBHOCTEL MOCACAOBATEALHOCTH 33 BpEMs, He
IPEBOCXOAAIIEE KOHCTAHTHI, YMHOXEHHOU Ha eé mmuy. [Ipenmomaraercs,
9TO YIEHLI IIOCTeL0BATEALHOCTH 3aKOIMPOBAHLl INCIAMMU:

Pewernwme. Ilycte al[l1]...aln] — npoeepsiemas mocien0BaTEIBHOCT.
Paspemnv XxpaHuTh B CTEKe OTKPHIBAIOIINECS KPYIJILIE U KBAIPATHEIE CKOO-
ku (1. e. 1lu2).

Bragasne crek gesaem mycreiM. [lasee npocMaTpUBaEM WIEHEBL IIOCJHELO0-
BATEILHOCTH CJEBA HATIPABO. BCTPETUB OTKPHIBAIOIIYIOCA CKOOKY (KPYTUIYIO
WM KBAIPATHYIO), IOMEIIAEM e€é B CTeK. BCTPeTUB 3aKPHIBAIIIYIOCH, IPO-
BepsAEM, YTO BEPIINHA CTEKA — MapHad el CKOOKA; eCau DTO HE TaK, TO
MOXKHO YTBEDXKIATh, YTO [OCJIEIOBATENLHOCTL HENPABWIBHA, €CAU CKOOKA
napHas, To 3abepéM eé (Bepiuny) us crexa. [locaenoBarenbHOCTE IPABUIbL-
Ha, €CIM B KOHIIE CTEK OKA3LIBAETCA IIYCT.

Coemate_nycTtem (s);
i := 0; O6mapyxena_ommbka := false;
{npounTano i CHMBOIOB IOCIELOBAaTEILHOCTH}
while (i < n) and not O6napyxena_omubka do begin
i:=1i+1;
if (al[i]l = 1) or (alil = 2) then begin
‘ Io6asuTs (alil, s);
end else begin {al[i] paBro -1 umm -2}
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if Hycrt (s) then begin
‘ O6napyxena_ommbka := true;
end else begin

Bzare (t, s);

O6napyxena_oumbka := (t <> - al[il);
end;
end;
end;
llpaBunbHo := (not O06Hapyxena_oumbka) and Iyct (s);

Y6enuMca B IPaBUILHOCTH MPOTPAMMEI.

(1) Ecau nocaexoBaTeabHOCTE HOCTPOEHA [0 NPABUAAM, TO IIPOIDAMMA,
JACT OTBET «Ja». ITO JEMKO AOKA3aTh MHIYKIUEW MO IOCTPOEHUIO Ipa-
BIWILHOU TIOCAEAOBATETLHOCTU. Hano MpOBEpUTH MIA TYCTOU, AT TOCTe-
noBareasbHOCTH AB B Tpennonoxennn, 9To Aaa A u B yxke TpPOBEPEHO,
u, HaKOHeIl, Jiaa mocaegoBaTenbuocTen [A]l uw (A) — B mpeamonoxkeHun,
qTo 111 A yxe nposepeno. g mycrou oueBuguo. dia AB mencTeus mnpo-
IpaMMBI IPOUCXONAT KaK NI A U KOHYAIOTCA C [MyCTHIM CTEKOM; 3aTeM BCE
npoucxoaut kKak misa B. ua [A] crHagana momMermaercsa B CTeK OTKPLIBAIO-
masa KBaJpaTHAA CKOOKa U 3aTeM BCE UAET Kak miA A — ¢ Tou pasHuen,
4TO B MIyOWHE CTEKa JEKUT JUIMHAA CKOOKa. 1o okomvanum A crex cTa-
HOBUTCA MYCTHIM — €CJU HE CUUTATH DTOU CKOOKU — a 3aTEM U COBCEM
nycTeiM. Anamornyno aia (A).

(2) Tlokaxem, 4To ecau IPOrpaMMa 3aBepluaeT paboTy ¢ OTBETOM «4ay,
TO MOCTENOBATENLHOCTE MPABWIbHA. Paccy X 1aeM WHAYKINEH TIO [INHE T0-
CIeIOBATENLHOCTH. [IpOocaeuM 338 COCTOAHMEM CTEKa B MPOIecce paboThI
mporpaMMbl. Ecin OH B HEKOTOPBIU TPOMEKYTOUHBIN MOMEHT MYCT, TO MO~
CIEOBATENBHOCTh Pa3bUBAETCSA HA ABE YACTH, JJIA KAXKIOU U3 KOTOPBIX
nporpaMma TaéT OTBET «Ia»; OCTAETCA BOCIOAB30BATHCA IPEAIOJOKEHIEM
UHIYKIIAU U OTPEIeJeHNEM TTPABIIBLHOCTH. IIyCTh CTEeK BCE BpEMs HEMYCT.
ITO 3HAYUT, ITO MOJOKEHHAA B HET'O HA TIEPBOM IIare CKOOKa, Oy 16T BLIHY-
Ta JUIh HA TOCAeAHEM Tare. TeM caMbIM, TEPBBIU U MOCICIHAU CUMBOIBI
MOCJE0BATEIBLHOCTH — 3TO MAPHBIE CKOOKHU, U MOCIEI0BATEILHOCTD UMEET
Bug (A) wm [A]l, a paGora uporpaMmbl (KpoMe LEpPBOI'O U HOCJAELHErO
LIANOB) OTAMYAETCs OT e€ paborel Ha A AU HAIWYMEM JUIIHEN CKOOKU
Ha IHE CTeKa (pa3 e€ He BEHUMAIOT, OHA HUKAK He BAUACT Ha paboTy Mpo-
rpamMbl). CHOBA CCHIIAEMCA HA TPEAMONOKEHNE UHAVKINA U ONPEAeJCHNE
IPABUILHOCTH. O

6.1.2. Kak ympocTuTcsa mporpaMMa, €CJu M3BECTHO, ITO B TOCAEIOBA-
TEIBHOCTYH MOT'YT OBITH TOJBKO KPYTUIBIE CKOOKH?
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Pemenne. B sToMm cirydae oT cTeka 0CTaETCs UMb €0 IINHA, U MBI (DAK-
TUYECKU TMPUXOTUM K TAKOMY YTBEDKIEHUIO: TOCIEI0BATEILHOCTE KPYT-
JBIX CKOOOK MPABUIBHA TOTAA U TOJIBKO TOTA, KOTA B JIOOOM €€ HAYAIL-
HOM OTPE3KEe YKCJIO 3aKPhIBAIOIINXCA CKOOOK He MPEBOCXOAUT UCJIa, OTKPHI-
BAIOIIUXCS, & IS BCEU MOCIENOBATENLHOCTH ST IUCJAA PABHEL. |

6.1.3. Peamm3oBaTh ¢ MOMOIILIO OJHOT'O MACCUBA, ABA CTEKa, CyMMap-
HOE KOJUYIECCTBO JJICMEHTOB B KOTOPBIX OI'DAHMYICHO AHMHOﬁ MaCCHUBa; BCE
rE[(%I‘/)ICTBI/I}I CO CTE€KaMH OOJI2KHBI BBIIIOJIHATBECA 3a BPEMA, O'DAaHUYIECHHOE KOH-
CTAHTOU, He 3ABUCAIIEN OT AJIUHBEI CTEKOB.

Pemene. CTeku QOMKHBI PACTU C KOHIIOB MaCCHBAa HABCTPEUY APYT
IPYLy: IEPBLIU AOJKEH 3aHUMATL MECTA

Comepxanwe[1] ... Comepxauue [[Inunall,
a BTOpOU —
Comepxanwme [n] ... Conepxanue [n-Inura2+1]

(BepLIMHBEL 060UX CTEKOB 3AIIMCAHBL IIOCICIHUMY). O

6.1.4. Peanmm3oBaThb kK CTEKOB C DJIEMEHTAMHU THIA T, 0OIIee KOTUIECTBO
AJEMEHTOB B KOTOPEIX HE MIPEBOCXOAUT N, C UCIIOIB30BAHINEM MACCHBOB CyM-
mapuon mauebl C(n + k), 3aTpaduBas HA KaX[0e LEUCTBUE CO CTEKAMU
(kpoMe HAYATBHBIX [MENCTBUW, ETAMNMX BCE CTEKM IIyCTHIMEA) BpeMs He
6oaee mexkoropou koHcTauTh C. (Kax roBopaAT, of0as IJivHA MacCCHUBOB
gomkHa 6erTh O(m + n), a BpeMs Ha Kaxayio omepanuio — O(1).)

Pemenue. [TpuMeHAEMBIT METOI HABKIBACTCA «CCHLIOTHON DEATT3ANEN .
OH UCTIOAB3YET TPU MACCUBA:

Comepxanme: array [1..n] of T;
Crnenywumu: array [1..n] of 0..n;
Bepumua: array [1..k] of 0..n.

Yaobuo u3obpaxkaTh MaccuB ColepxaHue KakK n dUeeK ¢ HOMepa-
ME 1...n, KaxkJad W3 KOTOPBIX COAEPXKUT »iaeMeHT tuma T. Maccus
Crenmyoumi m300pa3uM B BUJAE CTPEIOK, MPOBEIA CTPEIKY W3 i B j, ec-
au Crenypur[i]l=j. (Eciu Crepywmmi[i]=0, crpesox u3 i He mpoBo-
aum.) Cogepxumoe s-ro crexa (s € 1...K) XpaHUTCA TAaK: BePLIMHA DABHA
Conepxanue [Bepumua [s]], ocTambHBIE DIEMEHTH S-TO CTEKA MOYXKHO HAUTH,
U IO CTPESKaM — 0 TeX T0P, TIOKa, OHU He KOHIATCA. [Ipu pTom

(s-m1l cTex mycT) < Bepumma[s]=0.
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Crpenovnbe TPAEKTOPHUI, BEIXOIAINE I3
Bepumua[1],...,Bepumua [k]

(u3 Tex, koropule He pasHbl () He NO/KHEL Hepecekarnes. lloMumo Hux,
HaM IIOHAZOOUTCA ell€ O4HA CTPEeIOYHAsI TPACKTOPU, COLEePXKAIAI BCe He-
UCTIONb3YEMBIE B MAHHLIM MOMEHT AYeUKU. EE HAIan0 Mbl GyIeM XpaHuTh
B iepeMerHon CBo6onHas (paBeHCTBO CBo6onHas = 0 O3HAYAET, ITO MYyCTO-
ro MecTa He OCTalIoch). BoT nmpumep:

Cozepxanue ‘ a P ‘ q ‘ d ‘ s t v ) ‘
' /
/
/
/
/
/
/
/
Bepumaa Ceobonuas
Comepxamme |a p q d s t v w
Coepyoumz |3 0 6 0 0 2 5 4
Bepumua | 1 7

CeobomHasa = 8

Crexu: 1-p1i1 cogepxur p, t, q, a (a — BepummMHA); 2-0U COLEPKUT S, V (Vv —
BEpLINHA).

procedure HauaTe_pab6ory; {llemaeT Bce CTeKM IyCTHMU}
‘ var i: integer;

begin
for i := 1 to k do begin
‘ Bepuwmra [i]:=0;
end;
for i := 1 to n-1 do begin
Cnemywumu [i] := i+1;
end;
Cnemyouw [n] := 0;
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Ceobomuaa:=1;
end;

function EcTe_mecTo: boolean;
begin

EcTs_MecTo := (CBobommas <> 0);
end;

procedure Jo6aBute (t: T; s: integer);
{llo6aBuTs t K s-My cTeky}
var i: 1..n;

begin

{EcTp_MecTO}

i := CBobomuas;

Ceobommasa := Cmexmyoumu [i];
Crenywumyu [i] := Bepumua [s];
Bepumua [s] :=i;

Comepxanme [i] := t;

end;

function Iyct (s: integer): boolean;
| {s-mit crex mycr}

begin

‘ Ilyct := (Bepumua [s] = 0);

end;

procedure Bzare (var t: T; s: integer);

{B34aTp M3 s-ro cTeka B t}
var i: 1..n;

begin
{not Dyct (s)}
i := Bepumma [s];
t := Copmepxamme [i];
Bepumra [s] := Cmemywommu [i];
Cnemyomuy [i] := CBobogzmas;
CBobomuasa := ij;

end;

function Bepuwra_cTeka (s: integer): T;

‘ {Bepumna s-ro creka}

begin

‘ Bepumna_cteka := Comepxauue [Bepumuals]];
end;

101
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6.2. Ouepeam

SHAMCHIAMU THUIIA «0O9CPETh ICMEHTOB THIIA, T, KAK U JII CTEKOB, ABIA-
I0TCS MOCICAOBATCILHOCTH 3HAMeHMN Tuna T. PasHumna cocTouT B TOM, 9TO
OEpPYTCA DIEMEHTH HE C KOHIA, a C Hadand (& NOGABIAIOTCA MO-TPEKHEMY
B KOHel).

Onepanuu ¢ ovdepenamu:

e Cpenars_nycron (var x: odepenb saeMeHTOB Tuna T);

HobGaButs (t:T, var x: ouepens saeMeHToB Tuna T);

Baare (var t:T, var x: odepenb bieMeHTOB Tuna T);

IIycTa (x: ouepens saemenTos Tuna T): boolean;

e Ouepennon (x: ouepens saeMeHToB Tuma T): T.

IIpu BEmMOIHEHENN KOMAHALI «/0GABUTLY YKA3AHHLIM DJEMEHT J0OABJIA-
erca B xoren ovepenu. Komanaa «B3aTey BEIIOIHUMA, UL €CIM O9€PETD
HelycTa, U 3a0upaeT u3 Heé HepBB (OI0KEHHEBI Ty A PAHbLIE BCEX) dJe-
MEHT, TOMeIasa ero B t. 3HadenuneM pyuxnun «Odepensons (OnpeneséHHon
[UIA HETYCTOU OYepe/y) ABIACTCA TIEPBLIN DIEMEHT OYepEeIn.

Anrnuiickue HaszBanua crekoB — Last In First Out (mocrenaum BoO-
wén — nepBBIM Bblen), a ouepenen — First In First Out (nepsbiv Bomén —
nepsbiM Beiner). Cokpamenus: LIFO, FIFO.

Peanuzaums ovepenen B maccuee

6.2.1. PeamusoBaTh omepaluu ¢ 09€peIbi0 OTPAHUYEHHOU [IWHLI TaK,
ITOGHI KOIUIECTBO JEUCTBUN A KAXKJOU OTEPATIAN OBLIO OTPAHUYIEHO KOH-
CTAHTOU, HE 3ABUCAIIEU OT [JIUHBI OY€DE/Iu.

Pemrenwe. Byaem xpaHuTh 31eMeHTHL OYepenu B COCEIHUX SIEMEHTAX
maccuBa. Torga odepens Oyger npupacrars cupasa u yoOoBarh caesa. llo-
CKOJMIBKY TIPW 3TOM OHA MOXKET TOUTU MO0 Kpas, CBEPHEM MACCUB B OKDPY K-
HOCTb.

Breném maccus

Conmepxamme: array [0..n-1] of T
U [epeMEeHHEIe

Hepmrt: 0..n-1,
Imuua : O..n.
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IIpu »Tom nremenTamu odepenu O6yayT

Comepxauue [llepsuit],Comepxanue [lepmam+l],...,

Copepxanue [[epsru+lmmra-1],

e CJAOKEHUE BBIIOMHACTCA 10 Moaymo n. (IIpexynpexaenue. Ecam BMecTo
5TOro BBECTH IEepeMeHubLe [lepBrit u [lociefHu, 3HATEHNA KOTOPLIX — BEL-
9eTHL IO MOZYJIIO N, TO IyCTasd OIePesb MOXKET OBITH CILyTaHA C OIePEabIo
U3 N DIEMEHTOB.)

Onepauﬂm BBIIIOJIHAIOTCA TaK.

CaenaTs mycTou:

Imuua := 0;
lepesmt := O;

HobapuTh dIeMeHT:

{Inuna < n}
Comepxanme [(llepsrm + Inumua) mod n] := >meMeHT;
Imuua := [nauua + 1;

Basars saement:

{lnura > 0}
snement := Comepxanme [llepssi] ;
Nepesmt := (llepuu + 1) mod n;

Imuua := lnumHa - 1;

ycra:
Imuua = 0
Ouepexgnon:
Comepxanme [[epsrit] O

6.2.2. (Coobmmn A.T. Kymnupenxo) IIpugymars cniocob Moneamposa-
HWA OYePeIN C MOMOMIBIO ABYX CTEKOB (M (PUKCUPOBAHHOTO YUCJAA TIEPEMEH-
merx tuna T). Ilpw 5ToM 0TPaboTKa N Omepanui € 09epenplo (HAIATHIX,
KOr[1a 09€peab OBLIa IMyCTa) TOIKHA TPEGOBATEH MOPANKA N JEUCTBUN.

Pemerne. NuBapuanT: cTekm, cOCTABICHHBIE KOHIIAMHI, 00pa3yioT Ove-
peas. (lepedncisas sIeMeHTE OJHOTO CTEKa BIIYOb U 3ATEM JIEeMEHTHI BTO-
POr0O HAPYXKY, MBI IEPEYUCIAEM BCE DJIEMEHTHI OU€pPEnu OT MEePBOTO A0 MO-
caenuero.) flcHo, 4T0 mOobaBIEHME CBOAUTCA K JOOABICHUIO K ONHOMY W3
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CTEKOB, & IPOBEPKA IyCTOTH — K IIPOBEPKE IMyCTOTHI 060mx cTekoB. Kc-
JI1 MBI XOTUM B3ATH 3JICMEHT, €CTh OBa CJaAYYad. ECJ’II/I CTEeK, I'Ie HaXOQUTCA
HaYaJa0 ouepenu, He MyCT, TO OepéM M3 Hero »reMeHT. Kcam oH mycT, TO
OIpEeaBapUTECIABHO IMEPEIUCBIBACM B HET'O BCE DJIEMEHTHI BTOPOr'O CTEKa, Me-
HssL HOPAAOK (DTO IPOUCXOAUT CaMO COGOU IPU NEePEKIAALIBAHUN U3 CTEKA,
B CTEK) U CBOAMM AEJ]O K IIEPBOMY CAY4ar0. XOTs HUCJAO AeUCTBUN HA DTOM
Imare W He OrPAHUYEHO KOHCTAHTOW, HO TPeOOBaHWE 3aJa9d BHIMOJIHEHO,
TaK KaK KAKIBIU DIEMEHT OUePEeAr MOXKET yIaCTBOBATE B HTOM MPOIECCEe
He 6osiee OMHOT'O Pa3a. O

6.2.3. /lexoM Ha3BIBAIOT CTPYKTYPY, COUETAIONIYIO OYEpPEIb M CTEK:
KJIACTh U 3a0UpaTh HJIEMEHTH MOXKHO ¢ 060uX KOHIOB. Kak peamum3oBaTh
JeK OrPaHIUYEeHHOI'O pa3Mepa Ha 6a3e MaCcCUBa TAK, YTOOBI KaxXKIasd OIepa-
1us TpeboBala OrpaHMYEHHOrO YUCIa, TeUCTBANA?! |

6.2.4. (CooGmmn A.T. Kymuupenxo.) Umeerca ek saemenTos tuma T
¥ KOHEYHOE JUCJIO IepeMeHHbX Tuna T u nejsoro tuna. B HagaasHOM cocTo-
SHUM B JeKe HEeKOTOpOe JIHCIO »ieMeHTOB. COCTaBUThH MPOTpaMMYy, MOCHe
UCTIOJHEHUA KOTOPOU B J€Ke OCTAMNCH OBl T€ e CAMBIE DIEMEHTHI, a UX
YUCJAO0 OBLIO OB B OJHOU U3 TIEIBIX TEPEMEHHBIX.

[Vkazaunme. (1) DreMeHTHI JeKa MOXHO IUKINYECKN MEPECTABIATD, 3a-
fupas ¢ OJHOrO KOHIA U moMernas B Apyrou. [locae sToro, caeras cTOIBKO
e IAroB B 06paTHOM HAIPABJAEHUHU, MOXKHO BepHYTh BCE Ha MecTo. (2) Kak
[OHATD, IIPOLLIA MBI IOJHBIN KPYr uan He nporwiu? Ecau 66l Kakou-To Je-
MEHT 3aBeJOMO OTCYTCTBOBAJI B IeKe, TO MOXKHO OBLIO OBl €ro MOACYHYTH
7 KIATh BTOPUYHOTO TosaBIeHnA. Ho Takux saemenToB HeT. BmecTo sTOr0
MOYXKHO [IJISl TAHHOTO N BHITIOJHUTH IUKINIECKUN CABUT HA N TBAKIHI, TTOI-
CYHYB Pa3HBIE BJEMEHTBI, U MOCMOTPETDb, MOABATCSA JU PA3HBIE IEMEHTHI
Yepes n [aros.] O

MpumeHeHmne ovepenei

6.2.5. HamewaraTb B IOPsIKE BO3PACTAHUA IEPBLIE I HATYPAILHBIX M-
Cell, B PA3JIOKeHWe KOTOPBHIX HA IIPOCTHIE MHOXUTENN BXOOAT TOJBKO Y-
cra 2, 3, 5.

Pemenne. Beeném Tpum ouepenm x2, x3, x5, B KOTOPBIX OyIeM XPAHUTH
DIEMEHTHI, KOTOphe B 2 (3, ) pas Goiblle HATEIATAHHBIX, HO eINé He Ha-
neuaTansl. QmpeneanM npouenypy

procedure HameyaTaThb_K_Lo6aBuTh (t: integer);
begin
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writeln (t);

Io6aBuTe (2%t, x2);

Io6aBute (3*t, x3);

Io6aBute (5*t, x5);
end;

Bot cxema mporpaMMubr:

...cmemaTk x2, x3, xb mycTmnvm

HamnedaTaThb_u_nobaBuTek (1);

k :=1; { k - uuMciao HamevyaTaHHHX J}

{unBapuanT: HamevaTaHO B IOpALKE BO3pAcCTaHUA K MUHUMAIBHHX
YIEeHOB HYXHOUO MHOXECTBa; B OYepelAX DIEMEHTH, BIBOE,
BTpoe U BIATEpO 6oiblMe HAaleYaTaHHHX, HO He HalledaTaHHHE,
pacnolloXeHHHe B BO3pacTanlleM Iopankel}

while k <> n do begin

x := min (ouepemmou(x2), ovepermmour(x3), ouepexmmou(x5));
HamneyaTaTh_HU_nob6aBuThk (x);
k := k+1;

...B3ATb X U3 TeX odepelnedl, r'Le OH OHI OYepeIHHM;
end;

ITycTh nHBAPUAHT BHIMTOMHACTCA. PacCMOTPUM HAMMEHBINAU W3 HEHATIC-
YATAHHBIX DIEMEHTOB MHOXKECTBA; MyCTh DTO X. Toraa OH AeINTCA HAIEIO
Ha OJHO M3 4Yuces 2, 3, 5, 1 1aCTHOE TaKXKe MPUHAILJICKUT MHOKECTBY. SHA-
YUT, OHO HANIEYATAHO. SHAYUT, X HAXOAUTCA B OJHOU W3 OYEPEIEU U, CJe-
JOBATENBHO, SABILETCS B HEM HepPBbIM (MEHBIIME HANEYATAHBL, a 3JEMEHTHL
ovepeen He HamedaTansl). HamedaTas X, MBI JOMKHEL €T'0 U3BATH U 100a-
BUTH €r0 KPATHBIE.

JluEbI 0vepenen He TPEBOCXOAAT TN HATIEIATAHHBIX DJEMEHTOB. [

Caenyromas 3a1a4a CBA3aHa ¢ rpadgamMy (K KOTOPBIM MBI BEPHEMCA B TUIa-
Be 9).

IlycTe 3a5aHO0 KOHEYHOE MHOXKECTBO, DIEMEHTHL KOTOPOI'O HA3BIBAIOT
8EPULUHAMY, 8 TAKKE HEKOTOPOE MHOKECTBO YIIOPSLOYEHHBIX [1aP BEPIINH,
Ha3bIBAEMBIX PEOpamu. B 3TOM caytuae TOBOPAT, FITO 3AJAH OPUEHINUPOBAH-
noitt epad. lapy (p, ¢) HA3EIBAIOT PEOPOM C HAUAAOM P U KOKUOM ¢; TOBOPAT
TaK¥XKe, 9TO OHO 8bIZ00UM U3 BEPIIUHLI P U 6200um B BepiuuHy ¢. OOLIIHO
BepiIrHBI rpada n306paxKaT TOYKaMu, a pé6pa — CTpeJKaMu, BeIyIIIMU
u3 Hadaga B koHew. (B coorBercrBuu ¢ onpejeseHMeM U3 AAHHOU BepLIU-
HBEI B TaHHYIO BEAET He Oosee OTHOTO pebpa; BO3MOXKHEI pEOpa, ¥ KOTOPHIX
HAYAI0 COBIATAET C KOHIIOM.)

6.2.6. ll3BecTHO, 9TO OPUEHTUPOBAHHLIN Tpad CBA3EH, T.€. W3 JHOOOU
BEPIIMHLI MOXKHO MPOUTH B 00y 1o pébpam. Kpome Toro, ma kaxaon
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BEPLINHLI BEIXOAUT CTOJBKO ke Pébep, ckoiabko Bxoaut. [loka3aTs, 94TO Cy-
IMECTBYET 3aMKHYTHIN IIUKJI, TPOXOMAININNA MO KAXKIOMY Pedpy POBHO OJWH
pa3. CocTaBUTL AMCOPUTM OTHICKAHUSA TAKOrO ITUKJIA.

Pemenue. 3Meén Oy1eM HA3BIBATE HEMYCTYIO OYMEPeIb U3 BEPIIUH, B KO-
TOPOU JMI00BIE BE BEPIIXHBL COEAUHEHBL pe6poM rpada (HAIagoM ABIAETCI
Ta BEePIUUHA, KOTopas Oamke K Hadaty odepesu). Crosmas B Hadale ouepe-
U BepIIMHA Oy1eT XBOCTOM 3MeH, OCAeHsas — rojoson. Ha pucynke smes
n300pa3uTca B BUAE 1enu pe6ep rpada, CTPEJKHn BeIyT OT XBOCTA K T'OJO-
BeE. ﬂOGaBJIeHI/Ie BEPIIWHEL B OYepeIb COOTBETCTBYET POCTY 3MeHn C T'OJOBHI,
B3ATHNEC BEPIINHBI — OTPE3aHUIO KOHYIMKa XBOCTA.

Buauane 3mes cocTouT u3 eIuMHCTBEHHON BepinuHbl. Jasee MBI ciegyeM
TAKOMY IIPDABUIILY:

while 3Mea Bkiw4yaeT He Bce pébpa do begin
if 3 romoBH BHXOLUT He BXoJAllee B 3Mek pebpo then begin
‘ JOIMHATE 3Mel >TUM pebpoM
end else begin
{romoBa 3Me: B TOM Xe BepuMHe, YTO M XBOCT}
OoTpe3aThk KOHEIl XBOCTa M NO6GaBUTH €ro K ILOJOBE
{"3Mea oTkycmBaeT kKoHel xBocTa'}
end;
end;

MokaxxeM, ITO MBI TOCTUTHEM TIEJH.

(1) Uas mo 3Mee OT XBOCTA K T'OJOBE, MBI BXOAUM B KKy BEPIIUHY
CTOJBKO K€ Pa3, CKOJBKO BHIXOAMM. Tak Kak B JOOYIO BEDIIMHY BXOJUT
CTOJMBKO ke pEGep, CKOABKO BBIXOAUT, TO HEBO3MOXHOCTL BBIUTH O3HAYAET,
YTO TOJMOBA 3MEM B TOU XK€ TOYKE, ITO U XBOCT.

(2) 3Mesa He yKOpadIUBAETCA, TMOITOMY JUOO OHA OXBATUT BCe pEOpA,
an00, HAUWHAA ¢ HEKOTOPOT'O MOMEHTa, OyAeT MMETh MOCTOSHHYIO MINHY.
Bo Bropom caydae 3Mes OygeT GECKOHEYHO «CKOAL3UTL 110 ce6ey. ITO BO3-
MOXKHO, TOJLKO €CIN U3 BCEX BEPIINH 3MEN He BBIXOIUT HEUCIOJIL30BAHHBIX
pébep. B nToM ciaydae u3 CBA3BHOCTH CIEAYET, ITO 3Mes IIPOXOAUT II0 BCEM
pébpam.

3aMedaHme MO pealnsanuu Ha nackasne. Bepiumuaamu rpada OygeM cou-
TaTh uucaa 1...n. [l1a kaxkaou Bepmmubl i OygeM xpauuTh gucao Jut [i]
BBIXOIanuX 3 Heé pébep, a Taxxke Homepa Num[i] [1],... Num[i] [Out[i]]
TeX BEpIIrH, Kyaa 5>Tu pébpa BexyT. B mpormecce moctpoenus 3men Oyaem
BBIOUPATH TepBOe CcBOOOIHOE pedbpo. Toraa mOCTATOYHO XPAHUTH AMA Ka-
XK IOW BEPITUHBI YHCAO BHIXOIANNX U3 HEE UCTOMB3OBAHHBIX pEGep — DTO
OyayT p€bpa, UIyIIne B HAYAJE CIIUCKA. ([l
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6.2.7. okazaTb, 9TO IJIA BCAKOrO N CYIIECTBYET MOCIEN0BATEILHOCTD
HYJeN W eIUHUI] IIUHEL 2" O CIeAYIONMM CBOUCTBOM: €CJIM «CBEPHYTH €€
B KOJBIIO» ¥ PACCMOTPETH BCE (PPATMEHTHI JIUHHL 7 (MX 9MCJI0 PABHO 27),
TO MBI TIOJIYYUM BCE BO3MOXKHBIE TIOCICAOBATEILHOCTY HYJIEN W €MHUIL [TV~
HBL 7. [JOCTPOXUTEL AIrOpUTM OTHICKAHUA TAKOU IIOCAEI0BATEALHOCTH, TPe-
Gytowuu ue Gomee C" peMCTBUR 1 HEKOTOPOU KOHCTAHTHL C.

[Ykazaume. PaccmoTpuM rpad, BepIIMHAMEA KOTOPOTO ABISIOTCA TOCTe-
JOBATEIBHOCTHU HYJEU U €IUHUI AAuHbl 11 — 1. ByaeM cantars, 9T0 U3 Bep-
MIMHLI T BeAET pebpo B BEPIIUHY Y, €CIU T MOXKET ObITH HAYAIOM, a i —
KOHIIOM HEKOTOPOU IOCIEAOBATEIHLHOCTH AIUHEL 7. TOraa m3 KaxkJIou Bep-
LIMHLI BXOAUT U BRIXOAUT B3 pebpa. lluki, mpoxogsimui mo Bcem pébpan,
u 1acT TpeGyeMyio MOCTIeN0BATENBHOCTD. | ([l

6.2.8. PeammzoBaTsk k ouepenen ¢ OrpaHUYEHHON CYMMApPHOU JAJUHON 11,
ucnoassys namars O(n + k) [= we 6oaee C(n + k) i1 HEKOTOPOH KOH-
craurel O], npuuéMm kaxas onepauus (KpoMe HAYAIBHOU, AEJNAIOMIEN BCE
Odepeau IyCTHIMU) LOIKHA TPeOOBATh OIPAHUYEHHOIO KOHCTAHTON YUCIa,
JENCTBAN.

Pemenue. /[eicTByeM aHAJOTUYIHO CCBUIOTHOU PEATUIAIUUA CTEKOB: MBI
HOMHUM (I KAXK IO OYMEepPEeAU) MEePBOrO, KAXKABIA YyIACTHUK OYepesy [o-
MHUT CAEIYIOUIEro 3a HUM (A/If HOCJHeIHEer0 CIMTACTCS, YTO 33 HUM CTOUT
ukTuBHEM d1eMenT ¢ HoMepoM 0). Kpome Toro, Mbl gO/LKHBL 41 KaxK 40U
0Yepen 3HATH MOCIENHETO (€CAN OH €CTh) — HWHAYE He YAACTCA T00ABIAT.
Kak u mis cTekoB, OTIENIBHO €CTh [eNb CBOOOMHBIX AYEEK. SAMETUM, ITO
[UIA TIYCTOU ouepear NHPOPMAIU O TOCAETHEM DJIEMEHTE TepIeT CMBICT —
HO OHA U He HCIONL3YeTCA IPU NOOABIECHUN.

Conmepxanme: array [1..n] of T;
Crenywumu: array [1..n] of 0..n;
Hepmrit: array [1..k] of 0..n;
HNocnmenmuu: array [1..k] of 0..n;
Cso6omuaa : 0..n;

procedure CmenaTb_IyCTEM;
‘ var i: integer;

begin
for i := 1 to n-1 do begin
‘ Crmepywoumu [i] := i + 1;
end;
Crnenywumy [n] := 0;
Ceobomuasg := 1;

for i := 1 to k do begin
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‘ Hepean [i] :=0;
end;
end;

function EcTte_mecTo : boolean;
begin

EcTte_MecTo := CBob6ommaa <> 0;
end;

function I[Mycra (HoMep_odepemm: integer): boolean;
begin

‘ llycta := lleperm [HOMep_ouepemu] = O;

end;

procedure Bzare (var t: T; HoMep_odepenmu: integer);
‘ var mepB: integer;

begin
{not Iycra (momep_ouepenu)}
neps := lleperm [Homep_ouepernu] ;
t := Comepxaume [meps]
Neperit [momep_ovepenu] := Crexywumu [mepr];
Cnenyoumy [meps] := CBo6ogmmas;
CBo6omHasA := IepB;
end;

procedure Jo6aBute (t: T; HoMep_odepemu: integer);
‘ var HOoB, mocm: 1..n;

begin
{EcTb_mMecToO }
HOB := CBo6ogmmas; CBobomuas := Cmemywumu [CBo6oxmmas] ;
{u3 cmnmcka cBo6GomHOro MecTa M3BAT HOMEp HOB}
if Iycra (HoMep_ovepezu) then begin
Nepeuit [HoMep_ouepermm] := HOB;
lNocnenuux [Homep_ouepermm] := HOB;
Cnenywumy [moB] := 0;
Conmepxaume [moB] := t;
end else begin
mocn := locmemuuu [HoMep_ovepernn] ;
{Cnenyoumy [mocx] = 0 }
Cnenywum# [mocm] := HoOB;
Cnenywumy [moB] := 0;
Comepxauue [moB] := t
lNocnenuui [Homep_ouepermm] := HOB;
end;

end;
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function Odepenmol (momep_odepezm: integer): T;

begin

‘ Ouepermuou := Comepxaume [llepsuu [momep_ouepenu]];

end; O

6.2.9. Ta xe 3agada IIa TEKOB BMECTO OUepenen.

[Ykazaunme. Jlek — CTPYKTYPa CUMMETDHUYHAA, TODTOMY HAI0 XPAHUTH
CCbUIKK B 06€ CTOpOHBL (Bepén u Hasan). Ilpu 5ToM yaoOHO K Kax I0My
oexy 106aBUTH (GPUKTUBHBIA DJIEMEHT, 3AMKHYB €0 B KOJIbLO, X TOYHO TAKOE
Ke KOJIbLO 00pa3oBarh U3 CBOOONHBIX [IO3ULUIL. | O

B crenyromen 3agade nek WCOOAB3YETCS s XPAHEHUs BEPIIAH BbI-
MYKJIOTO MHOT'OyTOJBHUKA.

6.2.10. Ha miockocTu 3amaHo n TOYEK, IPOHYMEPOBAHHBIX CIEBA HA-
npaBo (a MpU paBHBIX abcuuccax — CHu3y BBepx). COCTAaBATH MPOrpaMmy,
KOTOPas CTPOUT MHOTOYTOJNBHUK, SBJSIOUMUCT WX BBITYKJION OGOJOTKON,
3a O(n) [= me Gonee yem Cn] mencTBUl.

Pemenue. Bynem mpucoegrHATL TOYKYM K BBITYKJIOU O0OJOUKE ONHA 33
apyrou. Jlerko moxasaTh, YTO MOCJAEAHsAA IPUCOEHUHEHHAS TOYKA Oyrer
OJHOU U3 BEPIIMH BBHILYKJIOU OGOIOYKW. DTy BEPIIUHY MBI OyIeM HA3bI-
BaTh BhIAeAeHHOU. OUepenHas MPUCOCANHAEMAaA TOYKA BUIHA U3 BHIJEICH-
HOU (modemy?). [TOMOAHNM HAII MHOTOYTOJBHUK, BEIIIYCTUB U3 BEIIEJICHHON
BEPINUHBI (UTNY», BEAYIIYIO B MPUCOEIUHAEMYIO TOUKY. [lOIyIuTcsa BHIPO-
K IEHHBIM MHOT'OYT'OJBHUK, U OCTAETCA JUKBUAIUPOBATE B HEM (BITYKIOCTHY.

Byzem xpanuThs BepUIMHBI MHOIOYI'OJBHUKA B A€Ke B HOPsIgke 06X0na
€ro MepuMeTPa, TI0 YACOBOU CTpeake. [Ipr 3TOM BLITEICHHAA BEPIINHA ABIA-
€TCA HAYAIOM U KOHIIOM (TPOJIOBOM M XBOCTOM) JeKa. [I[pucoenuueHne «urisn
Temepb COCTOUT B AOOABICHWM MPUCOEIUHAEMOU BEPIIUHBI B TOJOBY U B
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XBOCT H€Ka. YCTPaHEHHE BIIKJIOCTEH HECKOJIBKO Gojnee caokHo. Hazoeém
Nn00T60CMOM 1 NOONOITE0CTNOM DICMEHTEL JCKa, CTOAIINE 38, €I0 XBOCTOM.
YeTpaseHUE BOYKIOCTH Y XBOCTA ACIACTCA TaK:

while mo mopore m3 XBoCTa B MONHNOAXBOCT MH IIOBOpaYMBaEeM
y momxBocTa BueBo ("BuykmocTe") do begin
BHKMHYTH IIONXBOCT M3 HeKa
end

Takum xe crrocoboM yCTPAHAETCA BIYKIOCTH Y [OJIOBEL A€Ka.

3ameuanue. [[ercTBUAA ¢ MOAXBOCTOM U IMOATIOAXBOCTOM HE BXOISAT B
OTIpEIeIEHNe MeKa, OTHAKO CBOJATCA K HECOJBIIOMY WHUCJIY MAHUIYJALAN
¢ nexoM (Hao 3a0paTh TPU DJIEMEHTa ¢ XBOCTA, CAEJATH YTO HAAO0 U BEp-
HYTh).

Fwgé oguo 3amevuanwe. EcTh IBa BBIPOXKIEHHBIX CIy4as: €CJAU MBI BO-
o0Lle He IIOBOPAYMUBAEM y IOAXBOCTA (T.€. TPU COCEIHUE BEPLIUHEL JEKAT
HA OQHOW HPAMOM) U ecau MbI noBopadusaeMm Ha 180° (rak OwlBaer, ecau
HAIIl MHOTOYTOJBHUK €CTh NBYYTONBHUK). B mepBoM ciliydae moaxBoCT CTO-
AT YAAINTE (9TOOBI B BHITYKJION 0O0MOYKE HE OBLIO JUIIHUX BEPIIUH), & BO
BTOPOM Caydae — 06I3aTeIbHO OCTABUTh. |

6.3. MHoxecTBa
IIycte T — HexoTopsi# Tuil. CymecTBYeT MHOT'O CIIOCOO0B XPAHUTD (KO-

HEYHBIE) MHOKECTBA 3JIEMEHTOB TUNa T; BHIOOD MEXKIy HUMU ONDEIeIAETCA
TumoMm T 1 HaBOPOM TPeOyEeMEIX OIepaIun.

MoamHoxecTea MHoXecTea {1...n}

6.3.1. Ucnonesys mamare O(n) [= DIpONOPUNOHATBHYIO 7], XPaHUTH
noaMHOXKecTBa MHOXKecTBa {1...n}.

Onepauun Yucao gencTBum
Crenars mycThIM Cn
IIpoBepuTh TPUHAIIECKHOCTH C
lobasuTh C
Y namuTs C
MunuMaAbHEIA DJIEMEHT Cn
ITpoeepka mycToTh Cn

Pemenue. Xpanum MHOKeCTBO Kak array [1..n] of Boolean. |
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6.3.2. To xe, HO IPOBEPKA IYCTOTHL JOKHA BBIIOAHATHCA 3a Bpems C'.

Pemenne. XpauuM IOMOTHUTENILHO KOJAUIECTBO HJIEMEHTOB. O

6.3.3. To xe mpu caeqyOIIUX OCPAHMYECHUAX HA IUCJAO TeMCTBUN:

Onepatym Yueao 1encTBUn

Crenars mycThIM

IIpoBepuTh NpUHAIJIEXKHOCTE
MobapuTh

Y naauTb

MUHIMAIBLHEIA DJEMEHT
IIpoBepka mycTOTHI

Perrenne. rZ[OHOJIHI/ITQJH)HO XpaHNM MUHUMAJLHBIA SJEMEHT MHOXKE-

CTBa.

O

6.3.4. To xe mpu CaeqyIOIIUX OCPAHUYECHUAX HA IUCJAO TEUCTBUN:

Onepatym Yueao 1encTBUn

Crenarh mycThIM

IIpoBepuTh NpUHAIJIEXKHOCTE
lobaputh

Y naauTb

MUHIMAIBLHEIA DJEMEHT
ITIposepka mycToOTHI

aaaal

Pemenve. Xpanum MUHUMAABHBIN, 8 LI KAXK JOI0 — CJACTYIOUIUA U Ipe-

OBLIYIIUY 110 BEIAYUHE,

MHoxecTBa uenbix yucen

O

B CJICIYIOIINX 3a Ja9aX BEJIUINHA 3JIEMEHTOB MHOXKECTBa HE OI'DaHNYI€CHA,

HO X KOJUIECTBO HE IIPEBOCXOOUT 7.

6.3.5. ITamars Cn.
Omnepatym

Caenars mycTbIM

Yucio sreMeHTOB

[IpoBepuThL TPUHAIICKHOCTE

[06aBUTE HOBHIA (3aBENOMO OTCYTCTBYIOIIWN)
Y manuthb

MunuManbLHEIA DIEMEHT

Bsatb kakou-To saeMenT

Yucno 1encTrun



112 6. Tunvt dannvis

Pemenne. MHOXECTBO IPEACTABIAEM C IIOMOIIBIO ITEPEMEHHBIX
atarray [1..n] of integer, k: 0..n;

MHOXECTBO coaepxut kK sremenToB alll,...alk]; Bce oun pasmuaunt. Ilo
CYILECTBY Mbl XPAaHUM 3JEMEHTHI MHOXeCTBa B crexe (6e3 IOBTOpeHUN).
C TeM ke yCmexoM MOXKHO ObLIO OBl BOCHOIB30BATBCSI OYEPENbI0 BMECTO
CcTeKa. (|

6.3.6. Ilamars Cn.

Onepauun Yucao gencTBumn
CrenaTh mycThHIM C
IIpoeepuTh mycToTy c
IIpoBepuTh NpUHA IIEKHOCTH Clogn
lo6aBuThb Cn

Y nanuTh Cn
MuHUMAIBHBEIA DJIEMEHT C

Pemenue. CM. pemenne mpeabayIen 3a0adu ¢ JOTOJIHUTEILHBIM YCIO-
puem al[1] < ... < alk]. [Ipu npoBepke NpUHAIIEKHOCTH UCIOJIBL3YEM TBO-
MYHLIN IOUCK. O

B crenyromen 3agate mome3Ho KOMOMHUPOBATL PABHLIE CIIOCOOHL.

6.3.7. Hcnoabays onucaHnnie crocoObl IPeaCTABICHIA MHOXKECTB, Hall-
THU BCE BEPIINHBI OPUEHTUPOBAHHOTO rpada, TOCTYIHBIE U3 NTAHHOU TO pPé-
opam. (Bepumubl cuntaem umcaaMn 1...n.) Bpems me 6oasme C - (o6mmee
9UCI0 PEGEP, BRIXOAANINX U3 TOCTYMHBEIX BEPIIUH).

Pewenue. (/[pyroe pemenue CMOTPH B TVIABE O PEKYPCUH, 3a1ada 7.4.6)
Oycre num[i] — wwmcmo pébep, Bexomsmwmx wm3 i, a out[i][1],...
...,out[i] [num[i]] — Bepmwmubl, Kyga BegyT peOpa M3 BEPIIMHEL 1.

procedure Joctymume (i: integer);
{HanevyaTaTh BCe BepuUMHH, LOCTyIHHe U3 1, BKINYad i}
var X: momMHOXecTBO 1..n;
P: momvHOXecTBO 1..n;
q, v, w: 1..n;
k: integer;
begin
...cmemate X, P mycTemm;
writeln (i);
...mobaButk i k¥ X, P;
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{(1) P = MHOXecTBo HameYaTaHHHX BepuUMH; P comepxuT i;
(2) HamevaTaHH TOIBKO NOCTYIHHE M3 1 BEpUMHH;
(3) X - momvHOXecTBO P;
(4) Bce HameYaTaHHHE BEPUMHH, U3 KOTODHX BHXOINT
pebpo B HeHalleYaTaHHYl BepUNHYy, IpUHajIexaT X}
while X mHemycTo do begin
...B3ATb KaKOM-HUOGYLb >IE€MeHT X B V;
for k := 1 to num [v] do begin
w := out [v][kl;
if w He npmuamnexuT P then begin
writeln (w);
no6aBUTE W B P;
no6aBUTH W B X;
end;
end;
end;
end;

Ceoucteo (1) He Hapymaercs, Tak KaK I€9aTh IPOUCXOAUT OTHOBDE-
MeHHO ¢ gobasiaenuem B P. Cpolicrso (2): pas v 66110 B X, TO v LOCTYIHO,
noaroMy w gocrynsao. Ceoucteo (3) oueBuano. CeoncTro (4): MBI yxaiu-
au w3 X DJEMEHT Vv, HO BCE BEDIIUHBL, Ky[a W3 V UAyT pEOpa, mepen 3TuM
HAICYaTAHBI. O

6.3.8. IlokazaTh, YTO MOXHO UCTOJL30BATL U APYTOU UHBAPUAHT: P —
HanevaTaHuble BepmmHbl; X C P; OCTAJOCh HaledaTaTh BEPIINHEL, JOCTYII-
Hble 13 X [I0 HEHAIIEYATAHHEIM BEPIIMHAM. ]

Ouenka Bpemeru paboThL. 3aMETUM, YTO U3BATHIE U3 X 3IeMEeHTHL 601b-
e Tyna He JOOABIAKTCA, TAK KAK OHU B MOMEHT U3BATUA (U, CICNOBATEIb-
HO, BCEr[a TO3XKe) MPUHALIEKAT P, a NOOGABIAKTCA TOIBKO DJIEMEHTHI HE
u3 P. [losTomy Teno mukaa while mis KaKJAOU MOCTYIHOU BEPIIWHEBI BbI-
nonHsaeTcd He 0ojee, 9eM IO Pa3y, IPU 3TOM TeJ0 HUKJIA for BBHIIOJHAETCS
CTOJBKO pa3, CKOJBbKO U3 BEPIIMHBI BBIXOAUT PEGED.

Jlra X HaZO MCHIOAB30BATHL MPEACTABJICHUE CO CTEKOM WJIN OYEPEIBIO
(cM. BouIE), A1 P — GyIeBCKAN MACCHB. O

6.3.9. PemmTh mpeauiayiyio 3anady, ecim TpedyeTcsa, IToObl TOCTYII-
HBEIE BEPIIMHLL TEYATAMNCH B TAKOM MOPAJKE: CHAYAIA 3aJAaHHAA BEPIINHA,
noroMm eé coceau, HOTOM coceau coceser (emwé He HalledaTaHHbIe) U T. A.

[Ykazanue. Tak nony«aurcs, eciau UCIoJAb30BATH O4epeab A XPaHeHus X
B MIPUBEIEHHOM BEIMIE PEIEHNN: TOKAKNUTE UHIYKIIUEN 0 k, 9TO CYIIECTBY-
€T MOMEHT, B KOTOPBLIN HATIEYATAHBI BCE BEPITUHE HA, PACCTOAHUU HE GOMb-
me k, a B 0Y€peIn HaXOAATCS BCE BEPIIVHBI, YIATEHHBIE DOBHO Ha k.| (|
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Boaee caoxubie criocoOwl IpeacTaBACHNA MHOXKECTB OyayT pa3oOpaHbl
B mmaBax 13 (xemmposanve) u 14 (1epesbs).

6.4. PasHble 3apaun

6.4.1. Peanmm3oBaThb CTPYKTYPY AAHHBIX, KOTOPAs UMEET BCE T€ XKE OIe-
pamuu, ITO MAaCCUB MINHEI N, 8 UMEHHO

e Ha4YaTHb paboTy;
® TMOMOXKUTH B 1-10 ATGUKY FUCIO X;
® Y3HATL, YTO JEKUT B 1-Ol AIEHKE;
a TakXe OIepaluio
® YKa3aTh HOMEP MUHUMAIBHOI'O 3JIEMEHTa

(TouHEE, OHOrO M3 MUHAMAILHEIX d1eMeHToB). KonrudecTso neucrsun nis
BCEX ONIEPAIAN JOMKHO OBITEH He Goree C logn, He CIMTAaA OEepAIE (HAIATH
pabory» (koropas Tpebyer He 60see Cn LeNCTBUL).

Pemnrerme. Vcnoarsyerca npuéMm, M3I0XKEHHLIM B PA3Ieae O COPTUPOBKE
nepesoM. VIMEHHO, HAACTPOUM HAI SIEMEHTAMEA MACCUBA, KAK HA T JACTHAME
TBOMYHOE JEPEBO, B KAXKIOU BEPIIMHE KOTOPOI'0 XPAHNM MUHUMYM 3/IEMEH-
TOB COOTBETCTBYIOIIETO TOAepeBa. KOppeKTupoBKa »ToU WH(MOPMAIIUH,
a Tak¥Ke MPOCACKUBAHUE MYTHU U3 KOPHA K MUHUMATLHOMY DJIEMEHTY Tpe-
OytoT JorapudMUIeCKOro YUCA TeUCTBUN. |

6.4.2. IIpuopuTeTHasa OUepesb — DTO OUepeb, B KOTOPOHU BAXKHO HE TO,
KTO BCTAJ MOCJAeAHUM (TIOPALOK TOMENIEHUA B HEE He UTDAET POIH), a KTO
rasuee. Bosee TOYHO, IpU ITOMEIEHNT B OYePEIb YKABLIBACTCA [IPUOPUTET
nomeraeMoro o6bexkra (6ygeM CIMTaTh IPUOPUTETHL LEILIMUA TUCAAMU),
a IpU B3SATUU U3 OYEPENU BHIOMPAETCA JIEMEHT ¢ HAuOOJIbIIUM IIPUOPUTE-
TOM (WU ONIVH U3 TAKAX DJIEMEHTOB). Pealn3oBaTh NPUOPUTETHYIO OU9€PElb
TaK, YTOOBI IIOMEIIEHNE U B3ATHE JIEMEHTa TpeGoBaan JorapudMmiecKoro
qucaa JeMCTBUU (OT pasMepa Odepein).

Pewenue. Crenys arropuTMy COPTUPOBKY AEPEBOM (B M0 OKOHIATEb-
HOM BapuaHTe), OyAeM pa3MeIlaTh JIeMEeHTHl ouepenu B Maccuse x[1. . k],
O AePXKUBasl Takoe cBOUCTBO: x [1] crapue (uMeeT GONBIIME IPUOPUTET )
cBoux coimosen x[2i] u x[2i+1], ecau TakoBLIE CYIIECTBYIOT — WU, CJe-
JIOBATENBLHO, BCAKUM DIEMEHT CTapine cBomx moToMKOB. (Ceegenus o mpu-
OpUTETAX TAKXKE XPAHATCA B MACCUBE, TAK ITO MBI UMEEM 670 C MAaCCU-
BOM TIap (DJIEMEHT, IPUOPUTET).) Y TAJICHUE DIEMEHTA C COXPAHEHUEM DTOr0
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CBOUCTBA ONUCAHO B airopurMme coprtupoBku. Hano emé ymers BoccTaHa-
BJIUBATH CBOUCTBO MOCTE TOOABICHUA DIEMEHTA B KOHEI. DTO MeJaeTCA TaK:

t:= HoMep MOOGaBIEHHOTO 3IIeMEHTa

{unBapuanT: B ZepeBe m60¥ NpefOK NPUOPUTETHEE MOTOMKA,
eCIM DTOT IOTOMOK — He t}

while t - He KopeHr m t cTapme cBoero orma do begin

‘ TMOMEHATE t C ero OTLOM

end;

Ecan owepent o6pasyioT TpaxjgaHe, CTOSINME B BEPIIMHAX AePEBa,
T. €. 38 KaXK IBIM CTOUT [IBOE, & IEPeT KAk ALIM (KPOME [EPBOr0) — OJUH, TO
CMBICJI BTOIO AINOPUTMA SICEH: BCTAB B KOHEILl, IPUOPUTETHLIN PAXK JAHUH
HaYMHAET NPOOUPATHCA K HAYALY, BEITECHAL BIEPENN CTOAIINX — IIOKA HE
BCTPeTUT OOJIee TPUOPUTETHOTO. ]

3ameqanne. [IpropureTHyio OdUepenb eCTECTBEHHO MCIOAB30OBATEH IIPU
MO/IEJUPOBAHNY NIPOTEKAIMNX BO BpeMeHu upoueccoB. [Ipu sTom sremen-
TEL O4epeny — 3TO OXKHAAeMble COOLITHA, & UX IPUOPHUTET ONPEIeNIeTCs
BpEMEHEM, KODJa OHU IIPOU3OUILYT.



7. PEKYPCUA

7.1. [lpumepbl peKypCUBHbLIX MPOrpaMm

Ilpu ananmmae peKypCUBHOU NPOrPAMMBL BO3HHUKAET, KAK OOBIYHO, IBA
BOIIPOCA:

(a) mouemy mporpamma sakandusaeT pabory?
(6) mouemy oma paGoTaeT IPABUILHO, ECAU 3aKAHYUBAET PaboTy?

s (6) OCTATOYHO MPOBEPUTH, 9TO (COAEPKAIIAA PEKYPCUBHEIN BHI-
30B) TPOrpaMMa paboTAeT TPABUILHO, TPEANON0KAE, 9TO BEIBEBACMAA €FO
OJHOMMEHHAS IporpaMMa paboTaeT IpaBUILHO. B caMoM fefe, B 9TOM CIy-
yae B LEIOYKe PeKypPCUBHO BhLI3LIBAEMLIX IIPOI'PaMM Bee IpOorpaMMbl pabo-
TAIOT NPABWIBHO (y06exK TaeMCs B DTOM, UAA OT KOHIA HENOYKH K HATATY ).

YT06BT fOKA3ATD (&), OGETTHO MPOBEPSIOT, ITO ¢ KAXKIBIM DEKYPCUBHBIM
BLI3OBOM 3HAYEHNE KAKOTO-TO MApaMeTpPa YMEHBIIACTCA, X DTO HE MOXKET
IPOJOMKATHECA 6ECKOHETHO.

7.1.1. Hanwcars pexypCUBHYIO NOPOLUEAYDPY BBIMUCJIEHHUS (DAKTOPHUAIA
LeJIoro IOJOKUTENLHOro duciaa n (T. e. npoussegenus 1-2---n, o6o3na-
qaemMoro n!).

Pemenue. Vcnonsayem pasencrsa 1!=1, nl=(n—1)! n.

procedure factorial (n: integer; var fact: integer);
‘ {momoxurs fact paBHEM pakTopuamy umMcia n}
begin
if n=1 then begin
‘ fact:=1;
end else begin {n>1}
factorial (n-1, fact);
{fact = (n-1)!}
fact:= fact*n;
end;
end; O
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C ucnonb3oBaHueM NPOIEnyP-(PYHKIUH MOXKHO HANKCATH TAK:

function factorial (n: integer): integer;
begin

if n=1 then begin

‘ factorial:=1;

end else begin {n>1}

‘ factorial:= factorial (m-1)*n;

end;
end;

O6paTuTe BHUMAHUE HA HEKOTOPYIO ABOMCTBEHHOCTH UCIOJIB30BAHUSI MMeE-
uu factorial BHyTpu onucanus GpyHKIUU: OHO 0003HAYAET KaK IepeMeH-
HYI0, TAK U BRI3BIBAEMYIO PEKYPCUBHO GyHKIUIO. K cacThio, B HAINIEM CIy-
qae OHU PA3JNYAI0TCA IT0 CKOOKAM TOCTe UMEHM, HO ecan Obl (DYHKIINA OBLIA
6€e3 mapaMeTpoB, TO [e0 ObLI0 661 oxo. (CTaHzapTHAL, HO TPYIHO HAXO-
auMas OmmOKa BOBHUKAET, €CJIU aBTOP MPOTPAMMBLI HA IACKaJe MOJAaraeT,
YTO OH KCIOJAL3yeT 3HAYEHHE MIEPEMEHHOHU, & KOMIIMIATODP B 3TOM MECTe
BUJUT PEKYDPCUBHLIA BBI3OB.)

7.1.2. O6BIYHO HAKTOPUAT ONPENESAIOT U I HyIsd, cauTas, uto 0! = 1.
MaMmeHuTh mporpaMMbl COOTBETCTBEHHO. O

7.1.3. HammcaTb peKypCHBHYIO MPOTPAMMY BO3BEMCHUSI B IEAYIO HEO-
TPUIIATEAbHYIO CTEIEHb. O

7.1.4. To xe, eciiu Tpebyercs, ITOOL TWIyOMHA PEKYPCUH HE MPEBOCXO-
nuna C'logn, riae n — MoOKa3aTenb CTENeHN.

Pemenme.

function power (a,n: integer): integer;

begin

if n = 0 then begin

‘ power:= 1;

end else if n mod 2 = O then begin

‘ power:= power(a*a, n div 2);

end else begin

‘ power:= power(a, n-1)*a;

end;

end; O
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7.1.5. Yrto 6yget, eciiu U3MEHUTDH IPOrPAMMY, IPUBEAEHHYIO B PEIICHNN
TMPEABIAYINEN 334U, 3AMEHUB CTPOKY

power:= power(a*a, n div 2)
Ha

power:= power(a, n div 2)* power(a, n div 2)7

Pemenue. [Tporpamma ocramercs npaBuibiHou. OIHAKO OHA CTAHET pa-
6orars Menrenuee. [le0 B TOM, 9TO TeNEPH BHI30OB MOXKET IOPOAUTEH ABA
BBI30BA (XOTs U OJUHAKOBBIX) BMECTO OZHOI'O — U YUCJIO BBI30BOB OBICTPO
pacTér ¢ naybunon pexypcuu. [IporpamMMa MO-TpEeXKHEMY UMeeT Jorapud-
MUYECKYIO TVIyOUHY PEKYyPCUM, HO YUCJIO MIATOB PA0OTH CTAHOBAUTCA JTUHEN-
HBIM BMECTO JOTapupMUIECKOTO.

ODTOT HEJOCTATOK MOXKHO YCTPAHUTDL, HAIIUCAB

t:= power(a, n div 2);
power:= t*t;

WY BOCTIOMB30BABIIACH (PDYHKIINEN BO3BEIEHUA B KBAAPAT (sqr). (|

7.1.6. Ucnonwsys komauasl write(x) Jjums npu x = 0...9, Hanucats
PEKYPCUBHYIO IPOIPAMMY HeYaTH AECSTUIHON 3AMUCH HETOrO TOJ0KUATENb-
HOI'O 9KCIA N.

Pemenue. 371ech NCIOMB30BAHNE PEKYPCUN OOJErMAeT KU3HL (Ipobie-
Ma 6BUIA B TOM, 9TO Hu(PHl Jerve NOTydIaTh ¢ KOHIA, 4 IE€IaTaTh HAL0
C HadaIa).

procedure print (n:integer); {n>0}
begin
if n<10 then begin
‘ write (n);
end else begin
print (n div 10);
write (n mod 10);
end;
end; O

7.1.7. Urpa «Xamouckume OCaIiHW» COCTOUT B caeAyiomem. EcTb Tpum
crepxkHsa. Ha nepBemr us Hux Hagera nupamugka uz N kosren (6oJbuive
KOJBbLIA CHU3Y, MEHbILIME CBepXy). Tpebyercs nepeMecTuTh KOIbLA HA APY-
TOU CTepKeHb. PaspemnaeTcsa mepekaaIbBaTh KOIbIa CO CTEPKHA HA CTEp-
¥KEHb, HO KJACTh OOJBIIEe KOMBIO MOBEPX MEHbIEro Heab3sd. CocTaBUTHL
MPOTrPaMMYy, YKA3HIBAOIIYID TPEOyeMbIe TeUCTBUA.
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Pemrenwe. Hanuimem pexypcuBHyo nponeaypy mepeMernenns 1 BEpXHIX
KOJIEI] C M-T°0 CTEPKHA HA N-BIA (OCTaIbHBIE KOMbIA MPEANOIAralOTCA 60Tb-
MIAMY TI0 PA3MEPY U JEXKAT Ha CTEPKHAX 0€3 MBUKCHUA).

procedure move(i,m,n: integer);

‘ var s: integer;

begin

if i = 1 then begin

‘ writeln (’cpemats xom ’, m, ’->’, n);

end else begin
s:=6-m-n; {s - TpeTu# cTepxeHL: CyMMa HOMepOB paBHa 6}
move (i-1, m, s);

writeln (’cgmemars xom ’, m, ’->’, n);
move (i-1, s, n);
end;
end;

(Cuavana nepeHocuTCs nupaMuiKka u3 i-1 Kosen Ha TpeThbio nautouky. Ilo-
CJIe 9TOTO i-0€e KOJIbIO OCBOOOXKIAETCA, U €0 MOXKHO IEPEHECTH Kyaa CJe-
ayet. OcTaéTcs TONOKUTL HA HENO TMPAMUIKY . ) (|

7.1.8. Hamucare pexkypCHBHyI OPOrpaMMy CYMMUDPOBAHHSI MaCCUBA
a: array [1..n] of integer.

[Ykazaune. PexypcuBHO ompenenseMasn GpyHKIUS TOKHA UMETh JOIO-
HUTEJIBHBIN IAPAMETD — YUCIO CKIAIBIBAEMBIX DJIEMEHTOB.] |

7.2. PekypcuBHas o6paboTka aepeBbeB

[IBOMYHBIM 1ePEBOM HA3BLIBAETCSA KAPTUHKA BPOJE TAKOU:

Huxuss BepivHa, HA3BIBACTCA KopHeM. V3 KaKJIOU BEPITUHBI MOTYT M-
TH ABe JUHWUU: BIEBO BBEPX M BIIPABO BBEpX. Bepimubl, Kyna OHM BeIyT,



120 7. Pexypcus

HABBLIBAIOTCS AE6bLM U TPAEIM CHIHOEbAMY UCXOIHOU BeplIuHBL BepiiuHa
MOXKET UMETh JIBYX CHIHOBEW, & MOXKET UMETh TOMBKO OJHOTO CHIHA (JIEBOTO
min mpaBoro). OHa MOXET W BOBCE HE HMETh CHLIHOBEW, M B DTOM CIydIae
HA3EIBACTCA AUCTTIOM.

IIycTe # — kakas-TO BepmmHa ABOMYIHOrO gepesa. OHa caMa BMeCTe
C CHIHOBBLSMU, BHYKaMU, IPABHYKaMy 1 T. 1. 00pasyeT IO/ 1epeBo ¢ KOPHEM
B T — noddepeso nomomKos x.

B cregyrommx 3agadax MbI MPEATIONATAEM, YTO BEPIIMHLI 1EPeBa IPOHY-
MEPOBAHLI IEIBIMI HOJOXUTEILHBIMI IUCAAMHA, IPUIEM HOMEPA BCEX BEp-
HIMH pas3audHbl. MBI cIuTaeM, 9TO HOMEp KOPHS XPaHUTCA B IepeMEeHHOU
root. MBI cunraeM, 9TO UMEIOTCA B3 MaCCUBA

l,r: array [1..N] of integer

U JEBBIA M MPABBIM CHIH BEPUIMHBL ¢ HOMEPOM 1 MMEIOT COOTBETCTBEHHO
momepa 1[i] uw r[i]. Ecan Bepmuna ¢ HOMEpPOM i HE UMEET JeBOro (Wiu
npaeoro) cea, 1o 1[i] (coorBercTBenno r[i]) pasuo 0. (Ilo Tpaguuun
TP 3aMKUCA TPOTPAMM MBI UCTONB3YEM BMECTO HYJA KOHCTAHTY nil, pas-
HYIO HYJIIO.)

3pecs N — gocraro4dHo GoMbLIoe HATYPAILHOE YUCIO (HOMepa BCex Bep-
muH He npeBocxoaaT N). OTMeTnM, 9T0 HOMED BEDIIVHBEL HUKAK HE CBA3AH
C e€ TIONOXEHWEM B TepPeBe W 4TO He Bce umcaa oT 1 10 N 00a3aHBI OBITH
HOMEPaMU BEPIIUH (U, (JeI0BATEIbHO, YaCTh JaHHBIX B MACCUBAX 1 U T —
3TO MYCOD).

7.2.1. Ilycte N=7, root = 3, MaccuBHL 1 U r TAKOBHIL:

i1 2 3 4 5 6 7
1fiJ |0 0 1 0 6 0 7
rfi1 |0 0 5 3 2 0 7

HapucoBats cOOTBETCTBYyIOIIEE TEPEBO.

OTBerT.

® @

@ \@/

\@/ 0
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7.2.2. HammcaTb mporpaMMy IOACYIETa THCIA BEPIIUH B IEPEBE.

Pemwernwe. PaccmoTpum dyrkmmio n(x), paBHYIO YUCIY BEPIIVH B MO e~
peBe ¢ kopHeM B Bepumue Homep x. Cuuraem, uro n(nil) = 0 (moaaras co-
OTBETCTBYIOLIEE IOAAEPEBO [YCTHIM ), U He 3a60TuMCs O 3HadeHusx nil (s)
[UISL 9UCET S, He SIBJSIIOIIUXC HOMepaMy BepumH. PekypcuBHas nporpaMma,
UL N TAKOBA!

function n(x:integer) :integer;
begin
if x = nil then begin
‘ n:= 0;
end else begin
\ n:= n(l[x]) + n(rlx]) + 1;
end;
end;

(Huco Bepmmn B HOgiepeBe HAJ BEPLIMHOU X PAaBHO CyMMe UHCEJI Bep-
[uH HAJ eé ChIHOBBAMU ILIIOC OHA cama.) [uiybuna pekypcun KOHedHa, Tak
KaK C KaXIbIM IITarOM BBICOTA COOTBETCTBYIOIICTO TOAAEpEBa YMCHBIIIA-
eTCA. O

7.2.3. HammcaTb mporpaMMy IOACYIETa TUCIA JACTHEB B I€peEBe.

OtBer.

function n (x:integer):integer;

begin
if x = nil then begin
‘ n:= 0;
end else if (1[x]=nil) and (r[x]=nil) then begin {mmct}
‘ n:= 1;

end else begin

| n:= n(1lx]) + n(rlxD);

end;

end; O

7.2.4. Hanucars nporpamMmy moic4éra BLICOTHL gepeBa (KOPEHL uMeeT
BEICOTY (), er0 CHIHOBLS — BLICOTY 1, BHYKE — 2 U T.1II.; BEICOTA AepeBa —
5TO MAKCUMyM BBEICOT €0 BEPIIVH).

[Ykazanue. Pexypcusno onpegensercsa gyukuus f(x) = BbicOTa H0I-
JepeBa, ¢ KOpHEM B X.| a

7.2.5. HammcaTes mporpaMMy, KOTOpas MO 3aJaHHOMY Nl CIUTAET TUCI0
BCEX BEPIIUH BEICOTHI 0 (B 33JaHHOM J€DEBE). |
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Bumecro HO,Z[C“IéTa KO/In4ieCTBa BEPHIMH TOI'O UJAX MHOI'O pPOda MOXKHO
IPOCUTH HalledaTaTh CIIUCOK 3TUX BEPIINH (B TOM WJIN MHOM nopﬂ,zu(e).

7.2.6. Hanucars nporpammy, koropas nedaraer (10 OLHOMY pa3y) Bce
BEPIIMHEL JEPEBA.

Pemrenwe. IIpomeaypa print_subtree(x) megaraeT BCe BEPIIWHEBL [10O]-
IepeBa ¢ KOPHEM B X [0 O THOMY Pa3y; IVIABHAsA IPOIPAMMA COAEPIKUT BBI3OB
print_subtree(root).

procedure print_subtree (x:integer);
begin
if x = nil then begin
‘ {HM4ero He memaTh}
end else begin
writeln (x);
print_subtree (1[x]);
print_subtree (r[x]);
end;
end;

Jannas nporpaMma [IeYaTaeT CHAYAId KOPEHb IOLJePeBa, 3aTeM IO[ ge-
PEBO Ha [T JEBBIM CHLIHOM, a 3aTeM Ha[ OpaBbIM. Ipu cTpoku B else-dacTu
MOT'YT OLITH TIEPECTABIEHE 6 CITOCOOAMU, M KAXK BN U3 3TUX CIIOCOO0B MaéT
CBOW TIOPAMOK TIEYATU BEPIINH. O

7.3. TlopoxpaeHne KOM6UHATOPHLIX O6BEKTOB,
nepebop

PexypcurnEle TporpaMMEl ABIAIOTCA YIOOHBIM CIOCOOOM TOPOXK JEHUA
KOMOMHATOPHBEIX 00BEKTOR 33 IaHHOTO BUAa. VMBI pelmM 3aHOBO HECKOIBKO
3489 COOTBETCTBYIOMIEN TVIABHL.

7.3.1. HammcaTb mporpaMMmy, KOTOpas TMevaTaeT Mo OTHOMY pa3y BCe
IOCJIeOBATEIBbHOCTY AJANHBI N, COCTABJICHHBIC U3 YHMCET 1...k (I/IX KOJIn4ie-
cTBO paBHO k™).

Pemerme. IIporpamma GymeT omepumpoBaTh ¢ MaccuBoM all]...a[n]
n unciaoM t. PekypcuBHas mponegypa generate mevYaTaeT BCe IOCAENO-
BATEJBLHOCTY, HadmHamomuecs Ha al[l]...a[t]; mocre eé okoHvYaHuUs t u
al1]...alt] umeroT TO XKe 3HAYMEHHWE, 9TO U B HAYAJIE:

procedure generate;
‘ var i,j : integer;
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begin
if t = n then begin
for i:=1 to n do begin
‘ write(al[i]);
end;
writeln;
end else begin {t < n}
for j:=1 to k do begin
ti=t+1;
altl:=j;
generate;
t:=t-1;
end;
end;
end;

OcHOBHaAs mporpaMMa Temepb COCTOUT M3 IBYX OIEPATOPOB:

t:=0; generate;
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]

3ameuanme. Komanaer t:=t+1 u t:=t-1 A1g DKOHOMUM MOXKHO BLIHECTH

n3 nukJaa for.

7.3.2. HammcaThb nmporpammy, KOTOPas IedaTana Obl BCe IEePeCTAHOBKH

qmucesa 1...n 0o OTHOMY paasy.

Pemernme. [Iporpamma omepupyer ¢ maccuom a[1] ...a[n], B koTopom
XpaHUTCS TepecTaHoBka umcea 1...n. PekypcuBHas mponenypa generate
B TAKOU CUTYAIWU MEIATAET BCE MEPECTAHOBKU, KOTOPHIE HA TEPBHIX t MO-
3ULUAX COBMAJTAIOT € NEPECTAHOBKOU a; MO BHIXOAE U3 HeE mepeMeHHbIe t
U & UMEIOT Te JKe 3HAYeHUs, 9T0 U A0 Bxoxa. OCHOBHAS IPOrpaMMa TaKOBa!

for i:=1 to n do begin al[i]:=i; end;

t:=0;
generate;

Bor omnucanue mponenyps:

procedure generate;

‘ var i,j : integer;

begin

if t = n then begin

for i:=1 to n do begin
‘ write(al[i]);
end;
writeln;
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end else begin {t < n}
for j:=t+l to n do begin
noMenaTs MecTamu al[t+1] u a[j]
ti=t+1;
generate;
t:=t-1;
nmoMeHATs MecTamu al[t+1] u alj]
end;
end;
end; O

7.3.3. Haneuarars (o ogHoMy pasy) Bce MOCAEL0BATEILHOCTY U3 1L Hy-
JIed ¥ eIWHULL, COAEPKAIIIE POBHO K €qUHMUII. ]

7.3.4. HamewaTaTh BCe BO3PACTAOUINE TOCACIOBATEILHOCTH IJINHBL K,
AIEMEHTAMK KOTOPBIX SBJAIOTCA HATypasbHble ducaa or 1 no n. (IIpeamno-
JaraeTcs, 9To k < n, uHatue TakuxX 10CIeL0BATEALHOCTEN HE CYLIECTBYET. )

Pemenue. [Iporpamma onepupyet ¢ maccusoM al[1] ... a[k] u memon me-
pemennon t. IIpemxmomaras, uro al1] ...al[t] — Bospacrarmas nocieno-
BATEJbHOCTD HATYPAIBHBIX YUCET U3 OTPe3Ka 1...n, PEKypCUBHO ONpe[e-
JEHHASA IPOLEYypa generate mevaTaeT BCe €€ BO3PACTAIOIINE PO TOKEHUS
aueer k. (ITpu sTom t u al1] ...alt] B koHIE Takwe Xe, KAK B HAJAJE. )

procedure generate;
‘ var i: integer;
begin
if t = k then begin
‘ nevyaratek al[l]..a[k]
end else begin
t:i=t+1;
for i:=a[t-1]+1 to t-k+n do begin
alt]:=i;
generate;
end;
t:=t-1;
end;
end;

3ameqanume. [Tukn for mor Gel uMeTh BepxHeW I'paHuuedl n (BMeCTo
t — k + n). Hamr BapuanT 3KOHOMUT YaCTh PAbOTHI, YIUTHIBAA TOT (DaKT,
9T0 mpeamocaeaun (k-1-bii1) WIEH HE MOXKET TPEBOCXONUTL n-1, k-2-ou
WIEH HE MOXKET MPEBOCXOIUThH N—2 U T.TI.
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OcHOBHAs IpOrpaMMa Telepb BHINIAAUT TAK:

t:=1;

for j:=1 to 1-k+n do begin
al1]:=j;
generate;

end;

MokHO GBLTO OB JOOABUTH K MACCUBY a CIeBa (PUKTUBHLIN daeMeHT a[0] =
=0, DONOXUTH t = 0 U OI'PAHUYIUTHCA €IUHCTBEHHBIM BEI30BOM IPOLEAYPHI
generate. O

7.3.5. lIlepeunciuTh BCe IPENCTABACHUS IIOJOXKUTEJIHLHOI'O LEJOr0 HU-
C71a N B BUZE CYMMBI MOCAEIOBATEILHOCTA HEBO3PACTAIONINX EJbIX IOJO0-
KUTETHHBIX CJIAaraeMbIX.

Pewenue. IIporpamma onepupyer ¢ Mmaccusom all..n] (MakcumanbHOE
YUCAO CAAraeMBIX DABHO n) U ¢ weiou nepemenuon t. Ilpegnosaras, aro
al1] ...al[t] — HeBozpacTammAs MOCAETOBATEILHOCTD IENBIX YUCET, CYM-
Ma KOTODBIX He TIPEBOCXOIUT N, IPOIefypa generate mevaTaeT BCe Mpe-
craBreHus TpeOyeMoro BUIA, MPONOIKAIOIINAE DTY MTOCIEI0BATEILHOCTD.
s sxkonomun Boraucaenuu cymma all] 4+ ... + alt] xpauurca B cmemu-
AJLHOU IEPEMEHHON S.

procedure generate;

‘ var i: integer;

begin

if s = n then begin

‘ nmeyaTaTh IoclemoBaTenbHocTh al[l]l..alt]
end else begin

for i:=1 to min(a[t], n-s) do begin
ti=t+1;
alt]:=i;
s:=s+i;
generate;
s:=s-1ij;
t:=t-1;

end;

end;
end;

OcHoBHas IporpaMma Ipu STOM MOXET OBITH TAKOU:

t:=1;
for j:=1 to n do begin
‘ al1]:=j
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s:=j;
generate;
end;

3ameganne. MOXKHO HEMHOI'O COKOHOMUTBL, BBIHECS ONIE€PALNY YBEINYIE-
HUsA M YMEHBIIEHWUS t M3 [NUKJIA, a4 TAKXKE He BO3BpAIlasd S KAXKIBIU pa3
K MCXOQHOMY 3HA4YEHUIO (yBeIuduBas ero Ha 1 ¥ BO3Bpallasg K UCXOLHOMY
3HaYeHuto B KoHIe). Kpome Toro, 106asuB GukTuBHEM saemeHT a[0] =n,
MOYXKHO YIPOCTUTH OCHOBHYIO TTPOTDAMMY:

t:=0; s:=0; a[0]:=n; generate; O

7.3.6. HamucaTb pekypCHUBHYIO mporpaMMmy 00X0aa AepeBa (MCIoab3yst
Te e KOMAHAbL ¥ IPoBepKy, 4To u B ruase 3 (O6xon gepesa).

Pemerne. IIpomneaypa o6paboTaTh Han 06pabdaTHIBAET BCE JUCTHA HAT
TEKYINEN BEPITUHON W 3aKAHIMBAET PabOTy B TOU K€ BEPIINHE, 9TO U HA-
qaga. Bor e pekypcuBHOe onucanue:

procedure o6pa6oTaTh_Han;
begin
if ecTwm_cBepxy then begin
BBepX_HAaleBoO;
o6paboTaTh_Haxn;
while ecTb_cmpaBa do begin
BIIPaBo;
o6paboTaTh_Han;
end;
BHU3;
end else begin
‘ obpaboTaTs;
end;
end; O

7.4. [lpyrve npuMeHeHUs peKypcum

Tonomorudeckas copTHpoBKa. IIpencrapuM cebe 1 IMHOBHUKOB, KaXK-
[BEII U3 KOTOPBIX BELIAET CIPABKHA ONPEAEIEHHOIO BUAa. MBI XOTUM HOIY-
9YUTEL BCE 3TU CIPABKH, COOMONAA yCTAHOBICHHBIE OIPAHNICHHAA: Y KAXKI0I0
YMHOBHUKA €CTh CIUCOK CIPABOK, KOTOPHIE HYKHO cOGpaTh mepe1 obpaiie-
HueM K Hemy. [lero 6e3HagéXHO, ecaM CXeMa 3aBUCUMOCTEH MMEeT ITUKJ
(cupaBky A Heabsa moayunts 6e3 B, B 6e3 C,..., Y 6e3 Z u Z 6e3 A).
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IIpeamonaras, 9T0 TaKOro NMKJIA HET, TPeOyeTCsa COCTABUTD ILIAH, YKA3bI-
BaIOIlII/Iﬁ OIVH M3 BO3MOXHBIX MTOPAAKOB TMOJTYYICHUA CIPAaBOK.

MNz06paxkas TMHOBHUKOB TOUYKAMHU, & 3aBUCUMOCTH — CTPEIKAMU, TPU-
XOUM K TakKou (popMyauposke. MeeTcsa n TOYEK, TPOHYMEPOBAHHBIX OT 1
10 n. W3 kaxaoi TouKu BeéT HECKOABKO (Bo3MoxuO, () cTpenok B gpyrue
rouku. (Takas kap TUHKA HABBIBACTCS 0PUEHMUPOBarubim 2pagdom.) Hukios
meT. Tpebyercsa pacmoJoXuTh BepImnHbL rpada (TOUKHN) B TAKOM TOPAIKE,
ITOOHI KOHEIT JI000U CTPEIKHU TPEAIIeCTBOBAT €6 HAYALY. JTa 330448 Ha-
BBIBAETCA MON0A0RULECKOT COPMUPOBKOT.

7.4.1. loxaszaTh, ITO 3TO BCEr'[a BO3MOXKHO.

Pemrenwe. W3 ycnmoBus 0OTCyTCTBUS [UKJIOB BHITEKAET, YTO €CTH BEPIIIU-
HA, U3 KOTOPOU BOOOILE HE BLIXOAUT CTPENOK (MHAME MOXKHO JABUIATHCS IO
CTpesaKaM, IOKa He sauukauMcs). Eé Oyaem caurars nepBou. Beikuabisas
BCE CTPEIKH, B HEE BeAyIlIre, MBI CBOIUM 33Ma4y K rpady ¢ MEHBITUM HU-
CJIOM BEPIINH M TPOJOMKAEM PACCYXKJIEHUE 110 WHIYKIIUH. (]

7.4.2. IlpenmnooxuM, 9T0 OPUEHTUPOBAHHEIN Ipad 6€3 MUKIOB XPAHUT-
ca B Takon ¢opme: mia Kaxaoro i or 1 go n B num[i] xpanurcsa 4u-
C0 BRIXOAAIMX u3 1 cTpenok, B adr[i][1],...,adr[i] [num[i]] — =o-
Mepa BepILH, Ky1a 5T CTpeiku BeayT. CocTaBuTh (PeKypCUBHBIN) aaro-
PUTM, KOTOPBIA MPOUBBOAUT TOMOJOTHUIECKYIO COPTUPOBKY He 60Iee demM
3a C'- (n+m) gercrBui, rge m — 4ucio pédep rpada (Crpenok).

3ameqanne. Hemocpeacreennan peannsanus IPUBEIEHHOTO BBIIE TOKA-
3aTEILCTBA CYNIECTBOBAHUA He AaéT TpeOyeMOU OIEHKW; €€ MPUXOIUTCA
HEMHOI'O IIOANIPaBUTh.

Pemenme. Hamra mporpamma 6yaeT medaTaTh HOMepa BeprmH. B mac-
cuBe

printed: array[l..n] of boolean

MBI OyA€M XPAHUTDH CBEJEHUSA O TOM, KAKWAE BEPIIMHBL HAIEYaTaHbl (1 KOp-
PEKTUPOBATL UX OAHOBDEMEHHO C LeYaTbio BEPIUMHBL). ByaeM roBoputTs,
qTO HalledaTaHHaA IOCJAeIOBATEIbHOCTb BEPIINH KOPPEKTHA, €CIu HUKa-
KasA BEPIIVHA He HaledaTaHa IBAXKABI U 1A JIO0T0 HOMEPA 1, BXOAAIIEro
B 3Ty IOCJIEJOBATEIbHOCTE, BCE BEPIINHBI, B KOTOPHIE BEIYT CTPEIKN U3 i,
Halle4aTaHbl, X IPUTOM 10 i.

procedure add (i: 1..n);
{nmano: HameyaTaHHOe KODPEKTHO;}
{Hamo: HameyaTaHHOe KOPPEKTHO U BKIWYaeT BepuMHy i}
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begin

if printed [i] then begin {Bepumua i yxe HamevaTana}
‘ {uuyero gmemarp He Hamol}

end else begin

{nanevaTanHoe KoppekTHO}

for j:=1 to num[i] do begin
‘ add(adr[i] [j]1);

end;

{mamevaTaHHOe KODPEKTHO, BCe BEpUIMHH, B KOTODHE U3
i BemyT cTpemkM, yXe HamedaTaHH — TaK YTO MOXHO
meyaTaTh i, He Hapymad KOPPEKTHOCTH}

if not printed[i] then begin

writeln(i); printed [i]:= TRUE;

end;

end;

end;

OcHoBHas mporpamMma:

for i:=1 to n do begin
‘ printed[i]:= FALSE;

end;

for i:=1 to n do begin
| add(i)

end;

K omenxe Bpemenu paboThl MBI BCKOPE BEPHEMCA.

7.4.3. B mpupenéunon nporpaMme MOXHO BEIOPOCUTEL IPOBEPKY, 3aMe-
HUB

if not printed[i] then begin
‘ writeln(i); printed [i]:= TRUE;
end;
Ha
writeln(i); printed [i]:= TRUE;
IMoyemy? Kak usmenurcs coenudpukanus Iponesypei?

Pemenue. Crienudpukainio MOXHO BHIOPATHL TAKOU:

LAHO: HAIlleYaTaHHO€ KOPPEKTHO
Hamo: HaneYaTaHHOE€ KOPPEKTHO M BKIKNWYaeT BEpPIMHY i;
BC€ BHOBBP HalleYaTaHHHE BEPUMHH NOCTYIIHH H3 i. I:l
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7.4.4. T'me ucnoab3oBad TOT PaKT, 9TO rpad HE UMEET LHUKJIOB?

Pemerme. MBI omycTIiin 10Ka3aTeTHCTBO KOHETHOCTH TVIYOUHBI PEKYD-
cun. Jlas KaXKI0W BEPIIUHBL PACCMOTPUM €€ «TUIyOUHY» — MaKCUMATBHYIO
[MUIAHY Iy TH IO CTPEeNKAM, U3 He€ BBIXOLSAMIErO. Y CIOBUE OTCY TCTBUS IUKJIOB
PapaHTUPYeT, 9TO DT BEANIMHA KOHEYHA. V3 BEPIIUHBI HYJEBOU VIyOUHEI
CTPEJOK He BBIXOIUT. [uyOuHa KOHIIA CTPEIKA IO KPanHel Mepe Ha 1 MeHb-
11e, YeM TIyOuHa Hadata. [Ipu pabore mpouenyper add (i) Bce peKypCUBHEBIE
BEIBOBHL add (j) OTHOCATCA K BEPIIMHAM MEHBINEU TUIyOUHE. (|

Bepuémcsa k ouenke Bpemenu paborel. Ckoabko BeI30BOB add (i) BO3-
MOXHO I Kakoro-to ¢uxcupoBanuoro i? Ilpexae Bcero scuo, 4T0 nep-
BBIU M3 HUX IEYATAET 1, OCTAIBHBIE CBEAYTCA K IIPOBEPKE TOCO, ITO 1 yxKe
HamedaTaHo. ScHO Takxke, 4TO BBI3OBHI add (i) WHAYIUPYIOTCS «II€9aTa-
oumMuy (mepBeiME) BhizoBamu add(j) maA Tex j, U3 KOTOPBIX B i BEméT
pe6po. CaenoBaTenabHo, Iucao Be3oBOB add (1) paBHO YUCTY BXOAAIAX B i
pébep (crpenok). Ilpu sToM Bee BeI3OBEL, KpoMme nepsoro, rpebyor O(1)
onepalui, a nepBuii TpeGyeT BPEMEHU, IPOIOPUAOHAIBHOTO TUCAY UCXO N5
mux u3 i crpenok. (He canras BpemMenn, yxonamero Ha Boimoanenne add ()
[UIA KOHIIOB j BRIXOAAIIHNX pédep.) OTcoona BUAHO, 9TO 06Iiee BpeMa mpo-
HNOPUUOHAIBHO IMCAy pébep (IUII0C IUCI0 BEPIINH). |

Ceasnan koMmmoHeHTa Tpada. Heopuenmuposannubiii epad — uabop To-
4yek (BepluMH), HEKOTODbIE U3 KOTODBLIX COequHEeHbl JuHusMu (péGpamu).
HeopuenTupoBanubi Tpad MOXKHO CIMNTATH YACTHBIM CAYIA€M OPUEHTU-
POBAHHOTO Tpada, B KOTOPOM A KaXJOW CTPEIKYN eCTh 0OpaTHAA.

C6a3n0t KOMTOHENMOT BEPIINHLI 1 HA3BIBAETCSI MHOXKECTBO BCEX TEX
BEpILIH, B KOTOPHIE MOXKHO IOHACTH U3 1, mas no pébpam rpada. (Ilo-
CKOJIBbKY Ipad HEOPUEHTUPOBAHHBLIN, OTHOLICHUE «] IPUHAJIEKUT CBABHOU
KOMITOHEHTE i» ABJIACTCA OTHOIIECHUEM SKBUBAJTEHTHOCTH. )

7.4.5. JlaH HEOPUEHTUPOBAHHBIN T'pad (1A KaxK ION BEPIIAHEL YKA3AHO
YHCI0 COCeeN M MACCUB HOMEPOB COCeleH, KAaK B 3a4a4e O TOMOJOIMIeCKON
copruposke). CocTaBUTh aAropuTM, KOTOPBIU 10 331aHHOMY 1 Ie4aTaer
BCE BEPIUUHLI CBSA3HON KOMIIOHEHTEL 1 110 0AHOMY pasdy (1 TOoAbKOo ux). du-
CJI0 TEUCTBUAN He TOMKHO mpeBocxoauTh C - (06Iee Ymucao BEpImH U pedep
B CBA3HON KOMIIOHEHTE).

Pemenne. [IporpamMma B mpouecce pabOTH Oy €T «3aKPAIIUBATEY HEKO-
Toprle Bepumabl rpada. Hezakpamennon gacTbio rpada GyaeM Ha3BBATH
TO, IYTO OCTAHETCS, €ClIU BEIOPDOCHTL BCE 3aKPAIlCHHBIE BEPIIUHEL M BETY-
e B Hux pébpa. [Ipomeaypa add (i) 3axpammBaeT CBA3HYIO KOMIIOHEHTY 1
B HE3aKPAINICHHON JacTH rpacda (1 He neraeT HUYero, eCJu BepIIuHA 1 yKe
3aKpalleHa).
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procedure add (i:1..n);
begin
if Bepumua i 3akpamena then begin
‘ HUYEro [HOejlaTh He Halo
end else begin
3akpacuTh i (HameYaTaThb M IOMETHTH KaK 3aKpalleHHYN)
OIA BCeX j, COCENHMX C 1
| add(j);
end;
end;
end;

Jokaxem, 4T0 dra Hpouesypa AEUCTBYET HPABUIBHO (B IPEANONOKEHUH,
9TO PEKYPCUBHBIE BHI3OBEI PAOOTAIOT TPABWIBHO). B caMoMm jgese, HUUe-
0, KPOMEe CBA3HOU KOMIIOHEHTHI HE3aKPAIIeHHOTO Tpada, OHA 3aKPACUTh
me moxer. IIpoBepum, 9TO BCA oHA OymeT 3akparena. Ilycts k — Bep-
WHA, JOCTYIIHASI W3 BEPIIMHEI 1 0 IyTH 1 — j — ... — k, IPOXoaAmeMy
TOJBKO [T0 HE3aKPALIEHHBIM BEpIIMHAM. ByaeM paccMaTpuBaTh TOJIBKO IIy-
THU, HE BO3BPAIIAKIINECS CHOBA B i. U3 Bcex Takux myTenm BHIGEPEM TIyTh
¢ HanMeHBIM j (B MOpAJKE MPOCMOTpA cocenen B mpoueaype). Torma mpu
PACCMOTDEHUH TPEALIAYIIUX COCEAEN HU OJHA U3 BEPIIUH IyTH j — ... — K
He OygeT 3akpamena (uHade j He ObLI0 Obl MUHUMAJIBHLIM ) K IOTOMY K OKa-
JKETCsl B CBA3BHOU KOMIIOHEHTE HE3aKPAaIIeHHOTO rpad)a K MOMEHTY BBI30OBA
add(j). Yro u TpeboBaIoCh.

Y106l YCTAHOBUTH KOHEYHOCTH TUIYOWHBI PEKYDPCHUM, 3aMETUM, 9TO HA
KaX/OM YPOBHE DEKYDPCHM HYUCJIO HE3AKPAIIEHHBIX BEPIIUH yYMEHBLIIAETCA
x0T Obl Ha 1.

Ouennm gucao geucrsun. Kaxgas Bepumna 3akpammBaeTcs He Hojee
OJHOTO pa3a — mpu nepBuiM BhI3oBe add(i) ¢ gamabiM i. Bee mocaenyto-
A€ BBI3OBLI TPOUCXOMAT TPY 3AKPAIMTUBAHUA COCEAEN — KOJIMIECTBO Ta-
KUX BLI3OBOB HE OOJBINE YUCIA COCEIEN — W CBOIATCA K TPOBEPKE TOrO,
YTO BepIMHA i yxke 3akpamieHa. [IepBLIM Xe BBI30B COCTOUT B IIPOCMO-
Tpe BCEX COCeNed U PeKypPCUBHBIX Bbr3oBax add(j) mas Bcex mux. Takum
o6pazoM, 00IIee YUCaI0 qeUCTBUAN, CBA3AaHHLIX C BEPIIMHON 1, HE IPEBOCXO-
JUT KOHCTAHTHI, YMHOXEHHOU Ha ducao eé cocenen. OTcroma u BHITEKAET
TpebyeMas OIeHKA. O

7.4.6. Pemwts Ty xe 33a1ady 4Js OPUEHTUPOBAHHOrO rpada (Hame-
YaTaTh BCE BEPUIMHBI, JOCTYIHBIE U3 JAHHOW IO CTpEIKaM; rpad MOXKeT
COJEPXKATH LMUKIIBL).

OrBer. TouTCa MO CymIeCTBY Ta ke TpOrpamMMa (CTPOKY «IJIA BCEX
cocenieny HaI0 3aMEHATH HA «IJs BCEX BEPIIVH, KYIa BEIYT CTPEJIKMy). [
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Caenyonmit BapuaHT 3aJa44 O CBI3HOM KOMIIOHEHTE UMEET CKOPEee Te-
opeTuUeckoe 3HaveHUE (U HasbBaeTCa meopemot Crsuua).

7.4.7. OpuenrtupoBanubii rpad umeer 2" pepuvH (IBOMYHBIE CJIOBA
[UIVHBL 7)) ¥ 3aJaH B BujJe (QPYHKIUU eCTb_pebpo, KOTOpad MO ABYM Bep-
UIMHAM « ¥ Y cooOIaeT, ecTh au B rpade pebpo m3 x B y. CocraBuTh
AITOPUTM, KOTOPBIN [ TAHHOU MAPhI BEPIIUH U U U ONPEIEJAAET, eCTh JU
nyThb (10 pébpam) U3 u B ¥, UCHOIL3YA IaMATH, OPAHUYEHHYIO MHOI'OYIe-
HOM oT n. (Bpems npu sToMm MoxeT OBITH — U OygeT — O4YeHb GOJIBIIUM. )

[Ykasauue. Ucnons3oBaTh PEKypPCUBHYIO HPOLELYDY, BELACHAIOLLYIO, Cy-
MeCTBYeT JU MyTh U3 T B y AamHEl He Gomee 2F (u BombBabomy™o cebs
€ YMeHBIIEHHLIM Ha eIVHUIY 3HadeHneM k).] |

BricTpas copTupoBka Xoapa. B zaxmodyenue npupenéM pexypCUBHBIN
AICOPUTM COPTUPOBKM MACCUBA, KOTOPHIM HA NMPAKTUKE SBIACTCA ONHUM
u3 caMmbIX OpIcTphiX. IIycTs mam maccus all] ...aln]. Pexkypcusmas mpo-
nenypa sort(l,r:integer) cCOPTUPYET YIACTOK MACCUBA C MHACKCAMU U3
noayuuTepBana (1,r], To ects a[1+1]...alr], He saTparueas ocTalbHOTO
MaCCHUBA.

procedure sort (l,r: integer);

begin

if 1 = r then begin
HUYero [gejaTh He Halo — YYacCTOK IIyCT

end else begin

BHOpPaTh CIydaumHoe 4mcIo S B momyunTepsame (1,r]

b := als]

IepecTaBUTL DJIEMEHTH COPTUPYEMOr'o y4YacTKa TaK, YTOOH
CHavyana WIN >IEeMeHTH, MeHbume b - yyacTor (1,11]

3aTeM DJIEMeHTH, paBHHe b - yvactox (1ll,rr]
3aTeM DIeMEHTH, Gombume b - yyactox (rr,r]
sort (1,11);
sort (rr,r);
end;
end;

Pazgenenne 1eMeHTOB COPTUPYEMOTO yUACTKA HA TPU KATEropuu (MeHb-
e, paBHble, 60JblIe) paccMarpuBaiack B raase 1, ¢. 36 (310 MoxHO cae-
JIATH 33 BPEMsl, IPONOPIUOHATBLHOE JINHE YIACTKA). KOHEIHOCTD Ny OuHEL
PEKYPCUM TAPAHTUPYETCA TeM, 9TO IJIUHA COPTUPYEMOrO YYacTKa Ha Ka-
JKIIOM YPOBHE PEKYPCUM YMEHBIIACTCA XOTS OB Ha 1.

7.4.8. (/11 3HAKOMEIX ¢ OCHOBAMHU TE€ODUM BEPOATHOCTEN). J[0KA3aTh,
YTO MATEMATHYIECKOE OXUJAHME TWCIA OMEPAIWHA Opu paboTe >TOro aj-
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ropurMma He npesocxoaut Cnlogn, npuuém koHcTanTa C' HE 3aBUCAT OT
COPTUPYEMOT'O MaCCHBA.

[Ykazaume. [Iycts T'(n) — MakCUMyM MaTeMaTUIECKOTO OXKUIAHUA HU-
CJIa, OTIEPAITUHN [IJTA BCEX BXOJOB IIUHEL 1. VI3 TEKCTa TpPOLeIyphl BHITEKAET
TaKoe HePABEeHCTEO:

T(n) <Cn + 1 > (TR + 1)

n
k+l=n—1

[lepBBIn wWieH COOTBETCTBYET PACIPEIEICHAIO DAEMEHTOB HA MEHBIINE, DAB-
HEIE U Oosbie. BTOpOR 4ieH — 5TO CpefHee MATEMATHIECKOE 0KV IAHE
[UIA BCEX BAPUAHTOB CIyIanHOTO BhIGopa. (CTPOro rosops, MOCKOIBKY Cpe-
[¥ BIEMEHTOB MOTYT OBITH paBHBIE, B mpasou dactu Bmecto T(k) u T(I)
JOJKHEL CTOATH MakcuMmyMbl 1'() 1o BceM z, He npeBocxoasaumM k wiu [, Ho
2TO HE MeIIaeT JAILHEUIIUM Paccyk AeHusM.) Jatee HHIyKIUen 10 1 HyXK-
HO noka3uBaTh oneHky T'(n) < C'nlnn. IIpu 5TOM 1714 BLIYUCIEHUS CPENHE-
ro 3HadeHus ¢ Inx mo Bcem £ = 1,...,n — 1 HYKHO BBIYUCIATH fln zlnxdz
no sactam xkak [ Inz d(z?). lpu gocrarouno 6omsmom C’ aren Cn B npa-
BOI 9aCTH IEPEBEMUBACTCA 32 ¢16T unTerpara [ 2 dlnz, u MHIYKTHBHBII
[Iar IpOXOAUT.| O

7.4.9. NmeeTca MacCuB U3 1 PA3IMYHBIX HeAbIX dncen u ducio k. Tpe-
Oyerca HaUTU k-O€ MO BEIMYUHE YUCJIO B DTOM MACCHUBE, CAETaB HE 0O-
aee C'n peuctsun, rae C — HEKOTOpas KOHCTAHTA, HE 3aBUCANEAA OT k
un.

3amevanue. COpTUPOBKA MO3BOMAET O9EBHIHEIM OOPA30M CAEAATH 3TO
3a Cnlogn mencrBuii. O4eBUAHBIN CHOCOO: HANTH HAMMEHBIIAU DJICMEHT,
3aTeM HAWUTHU BTOPOU, 3ATE€M TPETHH, ..., k-BIX TpedyeT mopanka kn meu-
CTBUU, TO €CTb HE TOAUTCA (KOHCTAHTA MPU 7} 3ABUCAT OT k).

[Ykazanue. Uzsaumbin (X0Ta IPAKTUYECKH U 6€CIIOIE3HBIN — KOHCTAHTEL
CJMIIKOM BEJKKH) CIOCO0 CAeJATH HTO TAKOB!:

A. Pazo6pém Haw Maccus Ha 1/5 DPYILL, B KaXK 10U U3 KOTOPHIX 1O 5 dJe-
MeHTOB. Kaxk 1yt rpynmy ymopsagoauM.

B. PaccmoTpuM cpeHUE DI€MEHTH BCEX TPYIII U TIEPETUIIeM X B Mac-
cuB u3 n/5 saeMerToB. C HOMOIIBI0 PEKYPCUBHOIO BEI30BA HAMAEM CPeIHUN
[0 BEJMYIUHE 3JIEMEHT 3TOr0 MACCHBA.

B. CpaBauM 3TOT DAEMEHT CO BCEMU SIEMEHTAMY MCXOTHOIO MACCUBA:
OHV Da3JeaaTCs Ha GOJbIINE €r0 W MEHBINe ero (M OJNH DABHBEIN eMy).
[MoacunTas KOIMIECTBO TEX U APYTUX, MBI Y3HAEM, B KAKOU U3 DTUX TaCTEN
JOJKEH HAXOMUTCA UCKOMBIN (K-BI) DIeMEHT U KAKOB OH TaM IO TOPAIKY.
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I'. [IpumenuM peKypCUBHO HAI AIrOPUTM K BEIOPAHHOUW YACTH.

Mycts T(n) — MakcMMaTbHO BO3MOXKHOE HYUCJAO TEMCTBUU, €CAN DTOT
€rocob MPYMEHATH K MacCHBaM M3 He 60Jee deM n DIeMeHTOB (k MoxeT
GBITH KaKuUM yrogHo). Meem oneHKy:

T(n) < Cn+T(n/5) + T(mpumepno 0,7n).

IMocaennee craraeMoe OOBACHACTCA TAK: IPU PA3OUMEHAN HA TaCTH KAXK 1A
qacTh comep:xkuT He Menee (,3n naemenToB. B camom gene, ecin x — cpe-
HUJ U3 CPeJHUX, TO TIPUMEPHO MOJOBMHA BCEX CPEIHUX MEHBINE x. A ecam
B MATEPKE CPEJHUN DJIEMEHT MEHBINE T, TO emé ABa 3aBeJOMO MEHBINE .
Tem cambiM 110 KpanHen Mepe 3/5 0T IIOJOBUHBL DIEMEHTOB MEHBIIE .
Teneps n0 UHAYKLIMY MOXKHO foKasarh onenky 1'(n) < Cn (pemwarouyio
POJIb 1IPU DTOM UIPAET TO 06CTOATENBCTBO, 4T0 1/5 + 0,7 < 1).] O



8. KAK OBOUTUCH
BE3 PEKYPCUU

st yHUBEDCAIBHBIX S3BIKOB IPOIDAMMUPOBAHUS (KAKOBBIM SBJSETCS
MACKAIb) PEKYyPCUA HE MaéT HUIEro HOBOT'O: [ BCAKOU PEKYPCUBHOU MIPO-
rpaMMBI MOXKHO HAMKUCATL DKBUBAJEHTHYIO MPOTrpaMMy 0e3 pekypcuu. Mbr
He OyZeM NOKA3BIBATHL HTOrO0, & MPOAEMOHCTPHPYEM HEKOTOPBIE IIPUEMEHI,
HNO3BOJLAIONNE U36ABUTLCA OT PEKYPCHU B KOHKPETHBIX CHTYAIUAX.

3adeMm 310 Hyx)HO!? OTBET IparMaTuKa MOr Obl OBITH TAKWM: BO MHO-
UX KOMIBIOTEPaX (B TOM 9HCIE, K COXKAJICHUI, U B COBPEMEHHEIX, UCTIONb-
3yrommx Tak HasbiBaemble RISC-mporieccoprr), peKypCUuBHEIE IPOTPAMMEI
B HECKOJIBKO Pa3 MeIEHHEe COOTBETCTBYIOIINX HEPEKYPCUBHBIX TPOrPAMM.
Emé oqun BO3MOXHEII OTBET: B HEKOTOPBIX A3LIKAX MIPOrPAMMUPOBAHUA Pe-
KyPCHUBHEBIE TIPOIPAMMEL 3AIPEMEHLL. A IABHOE, DU yIAJEHUN PEKYDCUN
BOBHUKAIOT UBANIHBIE U MOYINTEIbHBIE KOHCTPYKIIUN.

8.1. Tabnuua 3HaueHun (anHamn4yeckoe
NporpaMMupoBaHue)

8.1.1. Creaymomas peKypCUBHASA MPOIEAYPA BHIYUCIAECT YKUCI3, COIETaA~
uui (GuHoMuanbHBE KO3hdunuenTsl). Hanucars sxBuBaienTHy 0 HEpEKyD-
CHBHYIO IIDOI'DAMMYy.

function C(n,k: integer):integer;
\ {n >= 0; 0 <= k <=n}
begin
if (k = 0) or (k = n) then begin
‘ C:=1;
end else begin {0<k<n}
| C:= C(n-1,k-1)+C(n-1,k)
end;
end;
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3ameuanue. C* — qmcao k-51eMEHTHEIX 1OIMHOXKECTB N-3I€MEHTHOTO
muoxkecTna. Cooromtenme CF = C*~1 + CF_ | momyuurcs, ecmn e dukcn-
pyeM HEKOTODEIN 2EMEHT N-DJIeMEHTHOrO MHOKECTBA U OTJEIbHO HOICIH-
TaeM k-dJIeMEeHTHbIE IO IMHOXKECTBA, BKIIOYAIONITe ¥ He BKIIOYAIONINe dTOT
sieMeHT. Tabuuna 3HaIeHnI Cﬁ

Ha3bIBaeTcsa TpeyroapHukoM [lackans (Toro camoro). B uém xax e sme-
MEHT, KPOMEe KPAUHUX €JUHUI], PABEH CYMME IBYX CTOSIINX HAJ HUM.
Pemerme. MoxKHO BOCIOAB30BATHCA POPMYJIOU

kL n!
Cn = k' (n — k)!

Mkz1, ogHaKo, He 6y A€M TOTO AeJaTh, TaK KaK XOTUM TPOIeMOHCTPUPOBATE
OoJiee OOIIIME TTPUEMBI YCTPAHEHUA PeKypcun. BMecTo 3TOro cocTaBUM Ta-
6y suavennin Gymxmun C(n,k) = CF, zanommas eé nma n=0,1,2,...,
[OKa He NOUAEM [0 MHTEPECYIOMIEro HAC 3JEMEHTA. ]

8.1.2. YT0 MOXKHO CKa3aTh O BPEMEHN PafOThI PEKYPCUBHOU W HEPE-
KyPCUBHOU Bepcuy B npensigyier 3agade? ToT ke BOIPOC O maMATH.

Pemerme. Ta01nma 3aHIMAET MECTO TOPATKA N2, €70 MOKHO COKPATUTE
JI0 7, €CJIU 3aMETUTDh, ITO [JIA BLUUCICHUA CACAYIONEN CTPOKU TPEYTOIb-
uuka [lackana HyXHA TOALKO HpeIblAyInas. BpeMma paboTnl ocTaércesa mo-
panka n’. PexypcuBHag nmporpaMma TpedyeT CyNIECTBEHHO GOMBIIEI0 Bpe-
menu: Ber3oB C(n,k) cBogmTcsa x aBym Ber3oBam mist C(n-1,..) , Te —
K 9eTHIPEM BhI3oBaM 411 C(n-2,..) u Tak gamee. TakuM 06pas3zoM, BpeMs
OKa3BIBAETCA DKCIOHEHIUATILHEIM (mopaaka 2™). UcnombsyeMan pekypCuB-
HOU BEpCUEN MaMATD MTPOIOPIMOHAIBLHA, 7 — YMHOXKAEM TUIYOUHY PEKYDCUu
(n) Ha KOIMYECTBO AMATH, UCIOAL3YEMOE OJHUM DK3EMILIAPOM IPOLELy PhL
(xkoHCTAHTA). O

KapauHambHBIN BLIUTPHINT BO BPEMEHU TIPU TEPEXOJe OT PEKYPCUBHOU
BEPCUU K HEPEKYPCUBHOU CBA3AH C TE€M, 9TO B PEKYPCUBHOM BAPUAHTE OJHU
U Te K€ BBIYUCICHUA MPOUCXOAAT MHOro pas. Hampumep, BoizoB C(5,3)
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B KOHEYTHOM CYETe MOPOXKIAeT nBa BbI30oBa C(3,2):

C(5,3)
/ N\
Cc(4,2) Cc(4,3)
/ AN / AN
C(3,1) C(3,2) C(3,3)

3amonHAs TabJIuIy, MBI KAXK VIO KIETKY 3aIOTHIEM TOJBKO OTHAK IBI —
OTCIOIA ¥ DKOHOMUS. DTOT MPUEM HABBLIBACTCA JUHAMUNECKUM NPO2PAMMU-
POBAKUEM, U IPUMEHUM B TEX CIy4aAX, KOrga 00LEM XPaHUMOU B TaOIUIE
nHPOPMALNY OKA3BIBAETCA HE CJIUMIIKOM OOJIBIIMM.

8.1.3. IlopaccyxpgarTh Ha Ty XKe TeMy Ha IpUMepe PeKyPCUBHOU u (1po-
CTeNIen) HePEeKYPCUBHON TIPOrPAMM A BEIMUCAeHUs ducen PuGOHATIH,
3aaHHBIX COOTHOIICHUEM

o =P=1; &,=P, 1 +P, > (n>2) U

8.1.4. [laH BBIMYKJIBIA 7)-yTOMBHWK (33MAHHBIM KOODAWUHATAMEA CBOMX
BEpIIMH B nOpAake o6xona). Ero paspesanT Ha TPEYyrOABHUKY IUATOHAIA-
MU, IJIS 9€r0 He0GXOAUMO 1 — 2 AuaroHaau (3T0 MOXKHO T0KA3ATh UHIYKIW-
e 10 n). CTOUMOCTBIO pa3pe3aHus HA30BEM CYMMY MLJIMH BCEX UCIOJIL3O-
BaHHBLIX guaroHatel. HaiTu MuUHEMAIBHYO CTOMMOCTD pa3pe3anud. 1uciao
JQEUCTBUN JOJKHO OBITH OMPAHUIEHO HEKOTOPHIM MEOrOwIeHoM OT 7. (ITepe-
6Op HE MOAXOIUT, TAK KAK TUCIO BAPUAHTOB HE ONPAHMYIEHO MHOTOYIEHOM. )

Pemenme. BygeMm cunTaTh, ITO BEPIINHBI TPOHYMEPOBAHBI OT 1 10 N
u uayT no vacosou crpenxe. [lycts k, [ — HOMepa BepimH, mpuaéMm | > k.
Yepes A(k,l) oGosnasuM MHOIOYTOABHUMK, OTPE3AEMBIA OT HAILIErO XOP-
gou k—1. (Dra xopaa pazpesaer MHOI'OYI'OIBLHUK HA ABA, OLUH U3 KOTOPBIX
BKatodaer cropony 1—n; gepes A(k, ) Mol obosnagaem gpyrou.) Mcexonusii
MHOTOYTOJBHUK ecTecTBeHHO 0603HaunTh A(1,n). llpu | = k + 1 moxyqa-
eTCs «TBYYTOMBHUKY C COBIATAIONMMHI CTOPOHAMMN.

Ak, 1)
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Yepes a(k,l) obosnadum crouMocTsb paspesanus muoroyroisHuka A(k,l)
AUATOHALAMEA HA TPEYTONLHWKW. Hamumem pexyppeHTHyI0 GOpMYyIy Iis
a(k,l). Opu l = k + 1 noaygaeTca AByyroabHUK, u Mul noaaraem a(k,l) = 0.
Ilpu | = k + 2 noay4aeTcs TpeyroabHUK, U B 5TOM ciydae takxke a(k,l) = 0.
Iycre I >k + 2.

Xopaa k-1 asraercsa croponon muOroyroabauka A(k, ) u, crieqoBaTenbHo,
CTOPOHOM OJHOTO U3 TPEYTOJbHUKOB, HA KOTOPBIE OH paspesaH. [Iporuso-
IOJIOZKHOK BEPIIUHON § 3TOr'0 TPEYrOJALHUKA, MOXKET OBITh JI00asa U3 BEPIIUH
k+1,...,1 -1, u MUHUMAIbHAA CTOMMOCTDL PA3PE3AHUA MOXKET OLITH BbI-
YUCTEHA KAK

min{(mmaa xopawer k—1) + (nmmra xopasr i—1) + a(k,i) + a(i,0)}

mo Bcem 1 =k + 1,...,0 — 1. [lpu 5TOM HAIO y4ecTb, 4TO Tipu ¢ = p + 1
XOpaa p—¢ — He XOpfa, & CTOPOHA, U e IIWHy HAJo cuuTaTh pauou (
(o cTOpoOHE paspe3s He IPOBOAUTCH).

Cocrasus rabmuuny mus a(k,l) u 3amonsss e€ B HOPsAKE BO3PACTAHUL
qucaa sepumH (paBuoro | — k + 1), MBI OAy9aeM mporpamMMy, UCIOIb3Y 0
MIyIo TaMATH TOpAIKa n° 1 BpeMs mopaika n° (0OJHOKpATHOE TPIMEHCHIEe
PEKYpPpEHTHON POPMYJIBI TpeGyeT BHIOOpa MUHUMYMa, U3 HE 60JIee 9eM 7 a1~
cen). O

8.1.5. Marpurnen pazmepa m X n Ha3BIBAETCA NMPAMOYTOILHAA TAOIUIA,
U3 M CTPOK U 1. CTOAOIIOB, 3aOJHEHHAS YucaaMu. Marpuiy pasmepa m X n
MOXKHO yMHOXKWUTBH Ha MaTpully pasmepa n X k (IIUMpUHA JEBOI'O COMHOKU-
TeJst LOJLKHA PABHATHCS BBICOTE LIPABOIO), U MOLYy4aeTCss MATPULA Da3Me-
pom m X k. llenon Takoro yMHOXeHUA OyJAeM CIMTATHL MPOU3BeaeHne mink
(TAKOBO YUCJI0 YMHOXKEHUN, KOTOPHIE HYKHO BHITIOJIHATH IPU CTAHJAPTHOM
c1oco6e YMHOXKEHUA — HO CEMYacC 3TO HAM HE BAJKHO). Y MHOXKEHUE MATDPUL]
ACCOUMATUBHO, IODTOMY IPOU3BEIEHUE § MATPUI] MOXKHO BBEIYUCIATE B Pa3-
HOM mopsiake. [l KaxI0ro mopsagka NOACIATAEM CYMMAPHYIO LIEHY BCEX
MaTPUYIHLIX YMHOXeHUU. HauTu MUHUMATBHYIO 1EHY BBIYUCICHUSA MPOU3-
BEJICHUS, €CIN U3BECTHRI PA3MEPHI BCEX MATPUIL. UUCI0 MEeUCTBUU NOTKHO
OBITH OPPAHUYEHO MHOTOWIEHOM OT YUCJA MATPMUII.
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IIpumep. Marpuner pasmepom 2 X 3, 3 X 4, 4 X 5 MOXKHO IEePEMHOXATH
aByMs criocobamu. B mepBom nena pasHa 2-3-4+2-4-5 =244 40 =64,
BO BTOPOM IteHa paBHa 3-4-5+2-3-5=090.

Pewenwe. IIpencraBum cebe, 9T0 mepBas MATPULIA HATINCAHA HA, OTPE3KE
[0,1], Bropas — ua orpeske [1,2], ..., s-an — na orpeske [s — 1, s]. Marpu-
upl Ha oTpeskax [i — 1,4] u [i,7 + 1] uMmeroT o6wuil pasMep, [O3BOLLIOLIUN
ux mepeMHOXUTh. O6o3HaumM ero vepes d[i]. Takum 06pazoM, UCXOTHBIM
JaHHBIM B 3ajade asaseTtcs macens d[0] .. . d[s].

Yepes a(i,j) 0603HATMM MUHUMAIBHYIO [EHY BBITUCICHUS IPOU3BEe-
HUs MaTpUL Ha ydacTke [i, j] (mpu 0 < i < j < s). Uckoman Besuauna pasua
a(0,s). Beauuuner a(i,i + 1) paBusl nyao (Marpuua ogHa U NEPEMHOXATH
HUYero He Ha10). PekyppenTHas ¢popmysa OygeT TAKOU:

a(i, 7) = min{a(i, k) + a(k, §) + d[i]d[k]d[5]}

rae MUHUMYM GepéTcs IO BCeM BO3MOXHBIX MECTaM IOCISIHErO yMHOXKEe-
HU, TO €CThb 1o BceM k=1 + 1,...,5 — 1. B camom mese, mpousBenenue
MaTpuIl Ha oTpeske [i, k] ects marpuna pasmepa d[i]d[k], npousBegenue
mMaTpun Ha orpeske [k,j] umeer pasmep d[k|d[j], 1 meHa BEINMCIEHMA MX
npousBegenus pasua d[i]d[k]d[j]. O

3ameqanue. /IBe mocaegHue 3a0a4KU MOXOXKU. JTO CXOACTBO CTAHET SIC-
Hee, €CJM HAINCATL MATPUNBI-MHOXKWUTEIM Ha CTOpoHax 1-2, 2-3, ...,
(s — 1) — s MHOMOYT'OJIBbHUKA, & HA KAXKIOU XOpMe i —j HAIUCATL MPOU3BE-
JIeHVe BCEX MATPUII, CTATUBAEMBIX 3TOU XOPIOU.

8.1.6. ZKemezmas mopora ¢ OJHOCTOPOHHWUM MBUKEHUEM UMEET N CTaH-
. W3BEeCTHBI IEHBI OWIETOB OT §-OU CTaHUuMU 10 j-ou (mpum § < j —
B 00paTHYIO CTOPOHY npoe3aa HeT). HalTu MUHUMAIBHYIO CTOMMOCTD IIPO-
e34a OT HavYala 10 KOHUA (C y46TOM BO3MOXKHOM DKOHOMUU 3a CHET Lepe-
Calo0K). O

8.1.7. 3ajaHOo KOHEYHOE MHOXKECTBO ¢ OMHAPHOU onepauuen (BooOLIe
TCOBOpsA, HE KOMMYTATUBHOU W NaKe HE accouuaTuBHOM). MMeeTca n oie-
MEHTOB (1, . ..,d; DTOTO MHOXKECTBA U €I OJWH BJeMeHT I. IIpoBepuTs,
MOXKHO JI TaK PACCTABUTH CKOOKU B TMPOUBBEICHUU (1 X ... X (y, ITOOLI
B peayIbTaTe MOLyImIca &. IIcI0 oepanni JOMKHO He IPeBocxoauTs Cn’
[JIsL HEKOTOPOU KOHCTaHThl C (3aBUCAIIEN OT HUC/IA DJIEMEHTOB B BEIODAH-
HOM KOHEYHOM MHOXKECTBE).

Pemenue. 3amosHseM Ta0JAuUIy, B KOTOPOU I KaXKIOTO YUIACTKA,
@; . ..  HAIIETO TPOU3BeeHUA XPAHNTCA CITUCOK BCEX BO3BMOXKHEIX €r0 3Ha-
genun (IpU Pa3HOU PACCTAHOBKE CKOGOK). O
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Ilo cymrecTBy 2TOT K€ NMPUEM MPUMEHACTCSI B IMOJIMHOMUAIBLHOM AJIr0O-
pUTMe TPOBEPKU MPUHAATCKHOCTH CIOBA, MTPOU3BOJLHOMY KOHTEKCTHO-CBO-
GomHOMY S3BIKY (cM. mmasy 15).

Caenyomas 3aga4da (3a1a4a O PIOK3AKE) YK€ yIOMUHAJIACH B [VIaBe 3.

8.1.8. NmeeTcsa n MOJOKUTEMABHBIX TEABIX TUCET X1, ..., Ly U IHCIO N.
BrisicuuTs, MOXHO i TOIy4nTh N, CKIaIBIBAsS HEKOTOPHIE U3 YUCET X1, . . .
e, Ty, HHMCIO AEMCTBUY TOMKHO OLITL HOpaaka N7.

[Ykazanue. Ilocae ¢ maros XpaHUTCs MHOXKECTBO TEX YUCEJA HA OTPE3KE
0...N, koTOpBle NpesCTaBUMbBL B BUE CYMMEBI HEKOTODBIX U3 X1 ... &;.] U

3ameqanue. Mbl Bugenu, ITO 3aMEHA PEKYPCUBHOU MPOrPAMMBIL HA, 3a-
noJHeHue TAOAUNBl 3HAYEHUN WHOTAA HO3BONSET YMEHBIIUTH YUCJIO [Tel-
crBun. [IpumepHo Toro xe sdgdexkra MOXKHO TOOUTHCI MHAYE: OCTABUTH
TPOTPaMMy PEKYPCUBHOU, HO B XOJ€ BBIUUCICHUN 3ATIOMUHATDL YK€ BHIUU-
CJIE€HHBbIE 3HAYEHWA, & Iepe] OYepEeTHBIM BBIMHUCAEHUEM IPOBEPATH, HET JU
yKe I'OTOBOT'O 3HAYMEHU.

8.2. CTek OTNOXEHHbIX 3a4aHUN

lpyrou npuéM yCTpaHEHUs PEKYPCHUU IIPOAEMOHCTPUPYEM Ha IIPUMEpE
3391 O XaHOUCKUX OAIHAX.

8.2.1. Hamucarh HEpeKypCHBHYIO HPOrPAMMY A HAXOXKICHUA TOCTIE-
JOBATEIBLHOCTH TEPEMEIIEHUN KOJEIl B 3a0ate O XaHOUCKUX OAIHAX.

Pemerme. BemoMHEM peKypCHBHYIO MPOTPAMMY, IEPEKJIATHLIBAIOILYIO
i BEPXHUX KOJEI[ C I Ha n:

procedure move(i,m,n: integer);

‘ var s: integer;

begin

if i = 1 then begin

‘ writeln (’cpmemats xom ’, m, ’->’, n);

end else begin
s:=6-m-n; {s - TpeTu# cTepxeHL: CyMMa HOMEpOB paBHa 6}
move (i-1, m, s);

writeln (’cmemars xom ’, m, ’->’, n);
move (i-1, s, n);
end;

end;

Bunno, 4To 3amada «IeperokuTh 1 BEPXHUX AUCKOB € M-T'O CTEDKHA Ha
N-BIM» CBOAUTCA K TPEM 3aJaMaM TOTO K€ TUMA: ABYM 3a1adaM ¢ i-1 guc-
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KaM# M K OJHOU 33Ja49€e C € IMHCTBEHHBIM AUCKOM. SAHUMAACH 3TUMU 33,13~
JaMM, BaXKHO HE MO3a0BbITh, YTO €IIé OCTAI0Ch CASMATh.

[l 5TOM M 3aBeNEM CMeEK OMAOHCEHHBIT 3a0anull, DIEMEHTAMA KO-
Toporo 6yayT Tpouku (i,m,n). Kaxnas Takas Tpolka UHTEPIPETUPYETCA
KAaK 33Ka3 (IePEJOXKUTL 1 BEPXHUX JUCKOB C M-I'0 CTEPXKHA HA N-BI». JaKa-
3bI YIIOPALOYIEHBL B COOTBETCTBHUU C Tpe6yeMbIM MOPAIKOM HUX BBIIIOJTHECHUA:
CAMBIA CDOYHBLIM — BEPINUHA CTeKa. [1oMydaeM TaKyo MpOorpaMMmy:

procedure move(i,m,n: integer);
begin
clellaTh CTeK 3aKa30B IIyCTHM
TIONOXUTL B CTEK TPOMKy <i,m,n>
{MHBapuMaHT: 0CTaIOCH BHIOIHATEH 3aKa3H B CTEKe}
while cTex memycT do begin
yEAnuTE BepXHMM DIeMeHT, IepeloXuB ero B <j,p,q>
if j = 1 then begin
‘ writeln (’cpmemaTs xox;’, p, ’->’, q);
end else begin
s:=6-p-q;
{s - Tpermm cTepxeHb: cyMMa HOMepoB paBHa 6}
IOJIOXUTE B CTEK Tpoﬁxn <j-1,s,q>, <1,p,q>, <j-1,p,s>

end;
end;
end;

(3aMeTuM, 9TO IEPBOU B CTEK KAaAETCs TPOUKA, KOTOPYIO HA L0 BEIIOJIHATE
nocaenuen.) CTek TPOeK MOXKET OBIThH PEATU30BAH KAK TPU OTAEIbHBIX CTe-
ka. (KpoMe TOro, B mackaje €CTh CIEIUATLHBIA THIl, HA3EIBAEMBIN (3ATIACH)
(record), KOTOPHIN MOKET OBITH IPUMEHEH. ) O

8.2.2. (CooGmua A.K.3sorkun co cebuikon Ha Anmxkes Jlucosekoro.)
[t 328891 0 XAaHOUCKHX GALIHAX €CTh U APYTUe HEPEKyPCUBHBIE AIrOPUT-
mel. Bor ogun u3 mHux: npocramsaromumM crepxueM (HE TEM, C KOTOPOO
TEPEHOCAT, W He TeM, Ha KOTOPHI TEePEHOCAT) JOMKHBI OBITH BCE CTEPXK-
HNY O ovepenn. JIpyroe mpaBmio: MOOUEPETHO TIEpeMeIaTh HanMeHbIee
KOJBIO U He HaMMEHBIIee KOIbIO, IPUYEM HaMMeHbIee — o Kpyry.  [J

8.2.3. Hcmoan3oBaTh 3aMeHy PEKYPCHUU CTEKOM OTJIOKEHHBIX 3aIaHUN
B PEKYPCUBHOU IPOrpaMMe HeYaTH AECATUIHOU 3AlUCU LHEJI0r0 YUuCaa.

Pemenne. ITudppor 106BIBAIOTCA ¢ KOHIIA M 3aKJIAIBIBAIOTCA B CTEK, a 3a-
TeM MeYIaTAIOTCs B 00PATHOM MO IKE. O

8.2.4. HammcaTh HEpEKYPCHUBHYIO MPOT'PAMMY, TIEUATAIONIYIO BCE BED-
IIWHBI TBOMYHOI'O Ie€PeBa.
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Pemerme. B sToM ciiydae cTek OTJIOXKEHHBIX 33 JaHKN OyIeT COAEPXKATD
3aKa3bl IBYX COPTOB: «HAMEYATATH TAHHYIO BEPIINHY» U «HAMEIATATEL BCE
BEPIIUHEI TIOTIEPEBA ¢ TAHHBIM KOpHEeM» (Tpu 5TOM nil cumTaeTcsa KopHeM
myCTOro aepeBa). TakuM 06pa3oM, DIEMEHT CTEKa €CTh mapa: (TUIl 3aKa3a,
HOMEp BEepIIKUHEL).

Brinumas sneMeHT U3 cTexa, Mbl JubO CPa3y UCHOJHAEM ero (eciu »ro
32Ka3 MEPBOTO TUIA), AUGO TIOMENIAEM B CTEK TPU TIOPOK IEHHBIX UM 3aKa-
33 — B OJHOM W3 IIIECTH BO3MOXKHBIX IMOPAIKOB. |

8.2.5. Yro mamenuTcs, ecau TpeOyeTCs He MEeYATATH BEPIIMHLI JBOU-
HOr'O JepeBa, a HONCIUTATH UX KOJUIECTBO?!

Pewenue. [leuaranue BepIIUHBL CIEAYET 3aMEHUTH NPUOABICHUEM €/IU-
HWOBL K CI6T9IUKy. JIpyruMu CIOBAMEU, HWHBAPUAHT TAKOB: (OOIIee €mc/ao
Bepuun) = (c4éT4rK) + (CyMMa YKCeJa BEPLIMH B IOAAEPEBLAX, KOPHU KO-
TOPBIX JICKAT B CTEKE). O

8.2.6. [l HEKOTOPBIX U3 MIECTH BO3MOXKHBIX [TOPAIKOB BO3MOXKHBI VII-
POIUeHUs, NeTa0Me HEHYKHEIM XPAHEHNE B CTEKE HJIEMEHTOB IBYX BHIOB.
YKa3aTh HEKOTOPEIE 13 HUX.

Pemenue. Eciu TpeGyeMbit MOPATOK TAKOB:
KODEHbB, JIEBOE IO IEPERO0, IPABOE [I0JNEPERO,

TO 3aKa3 Ha IIeYaTaHNe KOPHA MOXHO HE 3aKJIaJbIBATh B CTEK, a BEIIIOJIHATH

cpasy.
Hecxoabko 6oee cioxHasA KOHCTPYKIUA IPUMEHIMA, 1A ITOPIIKA

JeBOE TOM IePEBO, KOPEHDb, TPABOE IO IEPERO.

B sromM ciydae BCe 3aKasbl B CTEKe, KPOME CAMOI'0 MEPBOro (HAledaTaTh
[OJAEPEBO0) eIATCs HAa [HaphL:

HalleyaTaTh BEPIIMHY X, HAEYATATH «IIPABOE MO IEPEBOY X

(= momaepeBo ¢ KOpHeM B HpaBoOM ChiHe x). O6beIUHMB >TH HAPHL B 3a-
Ka3b[ CIENAILHOIO BUIA U BBE[s [IEPEMEHHYIO [ OTAEIBHOIO XPAHEHUs
[IEPBOI'O 3aKa3a, MEL 000U AEMCSI CTEKOM OJHOTUIIHEIX 3aKa30B.

To xe camoe, pazyMeeTcsA, BEPHO, €CI TOMEHATL MECTAMH JIEBOE U MIpa-
BO€ — IOJYYAETCA €IIé IBA MOPATKA. (|

Jameganue. /[pyryio nporpaMmy Me4aTH BCEX BEPIIMH AEPEB3, MOXKHO
OCTPOUTH HA OCHOBE IMPOTPaMMEL 06X0/1a nepeBa, pa3oOpaHHOu B riase 3.
Tam ucronbayercs xkomanaa «BHA3». IlockonbKy Temepeminee npexncrasie-
HEUe AepeBa C MOMOIIBI0 MACCUBOB 1 U ¥ HE TIO3BOJIACT HAUTY MPEaKa 3a1aH-
HOW BEPIIUHBI, TPUAETCA XPAHUTH CIIACOK BCEX BEPITMH HA TMYyTH OT KOPHSA
K Texymen BepmuHe. CMOTpU Takxke riaasy 9.
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8.2.7. Hamucarb HepeKypCUBHBLII BapUAHT MPOrPAMMEL OLICTPOHR COP-
TupoBku (cM. c. 131). Kak o60uTuch cTeKOM, TUyGruHA KOTOPOT'O OrPAHU-
wena C'logn, rie n — YKUCIO COPTUPYEMBIX DIEMEHTOB?

Pewenwe. B crex kunanyrca napoi (i, j), uHTepuperupyemble Kak OT-
JIOXKEHHEIE 33 JaHUS HA COPTUPOBKY COOTBETCTBYIOIINX YIACTKOB MACCHBA.
Bce 5T 3aka3®b! He epeceKkaTCs, TOTOMY PasMep CTeKa He MOXKET IPeBhl-
CUTh 1. UTOOB OTPAHUYUTHCA CTEKOM JOTAPUPMUAICCKON TUIyOUHEL, Gy 1eM
OPUAEPKUBATHCA TAKOI'O MPABUIA: MIyOXKe B CTEK MOMELIATH OOJBIINY U3
BO3HUKAIOWMUX ABYX 3aKka30B. llycrs f(n) — makcumanbuas riaybuna cre-
Ka, KOTOPas MOXKET BCTPETUTHCSA [IPU COPTHUPOBKE MAacchBa w3 He Oojee
YeM 1 DTeMeHTOB TakuM crocotom. Ouennm f(n) cBepxy TakuM CIOCOGOM:
mocjae pasOueHns MAcCUBa HA JIBA YIACTKA MBI CHAdalIa COPpTUPYeM Oojee
KOPOTKUM (XpaHA B CTeke 00jee MIMHHBIA PO 3aIac), IPU STOM [UIyOuHa
creka He Gosbie f(n/2) + 1, 3arem coprupyeMm Gojee LIMHHLLA, TAK YTO

f(n) <max(f(n/2) +1, f(n—1)),

OTKya odeBuaHOn nHAykuued noaygaeM f(n) = O(logn). O

8.3. Bbonee cnoxHble cnyyam pekypcuu

IIycTs Gyskims f ¢ HATYPAIBHBIMU APLYMEHTAMEI U 3HAYEHUAMY OIpPe-
JeJeHa PEKYPCUBHO YCJIOBUAMU

f(0)=a,
f(z) =h(z, f(l(z))) (z>0)
I'le @ — HEKOTOPOe YuCI0, a h u | — m3BecTHble pyukiun. pyruvu cioBa-

MU, 3HadeHne QYHKUUU f B TOUKE T BBIPAXKAETCS dYepes 3HadeHue [ B TOUKe
[(z). llpu 5TOM TPEAMOTATaeTCA, YTO JJIA JHOOOT0 X B TOCIEIOBATEALHOCTH

2,1(@), 1(1(2)), ..

PaHo WM TMO34HO BeTpeTuTes 0.
Ecau nomosHuTe sHO U3BECTHO, 9T0 [(2) < & I BCEX &, TO BBIYUCJE-
Hue f He npeicTaBaseT TpyAa: BeraucaseM nocaegosarensuo f(0), f(1),

72),...

8.3.1. Hammcarh HEPEKYPCUBHYIO MPOrPAMMY BBIMUCICHUA f I/ 0OIIIe-
o caydas.

Pemenwe. s Boraucnenus f(z) BBIYECIAEM DOCAELOBATENILHOCTD

=), 1(U(2)), (I(U(2))), - - -
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[0 TOSIBJICHUS HYJISL ¥ BAIIOMUHAEM €€, & 3aTeM BBIUUC/IeM 3Ha9eHus [ B TOY-
KaxX >TOU TOCIECTOBATEILHOCTH, U CITPABA, HAIERO. (|

Emié 6omee CI0KHBIN CIyUYan U3 CASTYIONEN 33191 BPAJ JU BCTPETUT-
€A Ha TPAKTUKE (3 €CIN U BCTPETUTCA, TO IPOIIE PEKYPCHUIO HE YCTPAHATS,
a ocraButh). Ho TeMm He MeHee: mycTh QYHKIUA f ¢ HATYPAIBLHBIMEA apry-
MEHTAMU U 3HAMEHUAME ONMPEIETACTCA COOTHOMIECHUAME

~
=

S~—
Il

Wz, f(I(x)), f(r(z))) (x>0),

e @ — HEeKOTOPOe HHuCIo, a [, ¥ u h — um3BecTHBIe QyHKIMHU. lIpeanona-
raeTcs, YTO €CAU B3ATH MPOU3BOJBHOE YUCAO U HAYATH IPUMEHATH K HEMY
¢yHKIMYN | U T B TPOU3BOJBHOM TIOPATKE, TO PAHO WU O3 THO moayIuTcs 0.

8.3.2. Hammcarb HEpeKypCUBHYIO MPOrPAMMY BLIYACIEHUA f.

Pemerme. Moxuo 6bwio 6Bl CHAYAMa MOCTPOUTH AEPEBO, ¥ KOTOPOIO
B KODHE HAXOMWTCA L, 4 B CHIHOBbAX BEPIIUHEL ¢ cTOAT (i) u r(i) — ecan
TOJBKO i He PABHO HYJI0. 3aTEM BBIYUC/AATEH 3HATEHUS (PYHKIWU, UIA OT
JUCTBEB K KOpHIO. OIHAKO €CTh U APYIOU CIocod.

Obpamnoti noavckoti 3anuceto (W nocm@ukcnot 3anuchi0) BEIPAKe-
HUs HA3BIBAIOT 3AIUCH, [Ie 3HAK (PDYHKIIAK CTOUT IIOCTIE BCEX €€ API'yMEHTOR,
a ckOOKHU He MCHOJAB3YIOTCSA. BOT HECKOIBKO NPUMEPOB:

f2) 2 f

f(9(2) 2 9 f

s(2,¢(7)) 2 7T t s
s(2,u(2,5(5,3)) 2 25 3 s u s

[HocTdurcHas 3anuch BHIPAXKEHUA TTO3BOMLIET YAOOHO BEIMUCIATE €r0 € TO-
MOIIBIO CMEKOB020 KAALKYAAMOPG. DTOT KAILKYJIATOD UMEET CTeK, KOTO-
PBLU MBI Oy €M IPEACTABAATL Ce6e PACIOIOKEHHEIM MOPU3OHTAILHO (H4ucaa
BBIHUMAIOTCS U KAALYTCA CIPABA), U KIABUILM — HUCJIOBLIE U (DYHKIIKO-
HaJbHBIE. [Ipy HaXaTUM HA KIABUILY C YUCIOM DTO UUCIO KIAMETCA B CTEK.
IIpu HaxxkaTUM Ha QYHKIIMOHATLHYIO KJIABUIIY COOTBETCTBYIONIAA (DYHKITUS
IPUMEHAETCA K HECKOJLKIM apryMEHTaM y BEPIIMHBI cTeka. Hampuwmep,
€CJII B CTEKe ObLIN “MUC/Ia

23456

7 HaXaTa (PyHKIMOHANBbHAA KJIABUIIA, S, COOTBETCTBYIOMAA (DYHKIUU OT
OBYX apT'yMEHTOB, TO B CTE€Ke OKaXKYTCA TUCTA

23 4 5(5,6).
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Iepeném Teneps k Hamen 3agade. B npounecce BEUUCICHUS 3HAYCHUS
dyuxmmn f Mer 6yaeM paboTaTh CO CTEKOM HHCeN, a TakkKe € MOCIeI0Ba-
TEeNBHOCTBIO YnceaT u cuMBOJIOB f, 1, r, h, KOTOPYIO MBI OyleM WHTepIpe-
THPOBATDH KAK IIOCIEJOBATEILHOCTD HAXKATUU KJIABUII HA CTEKOBOM KaJlb-
KyasaTope. MHBapuanT Takou:

eCIU CTEK YUCEeN MPEACTABAAET COOOU TEKyILIee COCTOSHUE CTe-
KOBOI'O KaJBKYJIATOPA, TO IOCIE HAXKATHAS BCEX KJABHII IIOCHE-
TOBATEIHLHOCTU B CTEKE OCTAHETCA eIWHCTBEHHOE UUCAO, U OHO
OyIeT MCKOMBIM OTBETOM.

IIycte Ham Tpebyerca BorancanTs sHadenue f(z). Torna sHavamse Mbl mo-
MEIIACM B CTEK UUCIO T, & MOCACIOBATEILHOCTD COACPKUT ¢IUHCTBCHHBIN
cumsoa f. (Ilpu »rom waBapuant cobmogaercs.) [Janee ¢ mocaegoBarenn-
HOCTBIO U CTEKOM BBIIOIHAIOTCA TaKue IpeoOpasoBaHmsL:

CTaphIn crapas HOBBIN HOBAs

CTeK TOCJAEJOBATEIBHOCTE  CTEK TIOCJIE/I0BATEIBHOCTD
X z P Xz P

Xz 1P X l(=z) P

Xz r P X r(z) P

Xzyz hP X Wz,y,2) P

X0 fP Xa P

Xz t P X zxlfzrfhP

3xech x, ¥, z — uuciaa, X — NOCIeI0BATEILHOCTE ducen, P — mociaegoBa-
TEJILHOCTE Yucesa u cuMBouaoB £, 1, r, h. B mocaenuen crpoke npeamnonara-
ercs, 910 & # (. DTa CTPOKA COOTBETCTBYET PABEHCTBY

f(@) = h(z, fU(2)), f(r(2))).

[Ipeo6pasoBanusa BEIMOJIHAIOTCSA, MOKA MOCAEI0OBATEILHOCTE HE CTAHET IIy-
cra. B 5TOT MOMEHT B CTEKe OKAXKETCs eIUHCTBEHHOE YUCI0, KOTOpOoe u Oy-
€T OTBETOM. O

3ameqanne. [locregoBATEIBHOCTE TO CYIIECTBY HIPEACTABAAET COOOU
CTEK OTJOXKEHHBIX 3aIaHUY (BEpPIINHA KOTOPOrO HAXOIUTCA CJEBA).



9. PA3HbIE AJIFCOPUTMBbI
HA PADAX

9.1. KpaTuanwue nyTu

B sToM pazgene paccMaTpUBAIOTCA PA3IUYHBIE BAPUAHTHI OTHOU 3a1a4.
IMycTh uMmeeTcss n TOPOAOB, IPOHYMEPOBAHHBIX YuciamMu OT 1 no n. Jas ka-
JKIOU Haphbl rOPOAOB ¢ HOMepamu i, j B Tabuuue al[i] [j] xpanuTca memoe
YUCI0 — IEHA, IPSAMOT0 aBUAOWIETa U3 ropoaa i B ropos j. Cuauraercs, 94T0
PEUCH CYMECTBYIOT MeX Ay J6bsiMu Topogavu, ali][1] = 0 mpu Beex i,
ali] [j] moxer ormyarsesa ot alj] [i]. Haumenbien cTomMocThIO IPO-
e3a U3 1 B j CUMTAETCA MUHUMAIBLHO BO3MOXHAA CYMMAa [eH OUJIeTOB /s
MapupyTos (B TOM 4uCIe ¢ nepecagkaMu), segymmx u3 i B j. (Ona me
npesocxoauT ali] [j], HO MOXKeT GBITH MEHBIIE. )

B mpennaraembrx Hmxke 3anadax TpebyeTCA HAUTHA HAUMEHBINYIO CTOU-
MOCTB IPOE3/a M HEKOTOPKIX [ap IOPOIOB MIPY TEX WM UHBIX OUDAHUYE-
HUAX HA MACCUB & W HA BPEMA PabOTHI aJrOpPUTMA.

9.1.1. Ilpeanonoxum, ITO HE CYIIECTBYET 3AMKHYTHIX MapPIIPYTOB, A
KOTOPBIX CYMMa IIeH oTpuiaTenbHa. /loka3aTh, ITO B DTOM CIydae Maplil-
PYT C HAMMEHBINEN CTOMMOCTBIO CYIIECTBYET.

Pemrerme. MapuipyT auuuon OOJBIIE N BCEIa COAEPAKUT LUKJ, IODTO-
My MUHUMYM MOXHO UCKATh CPEIV MapIIPYyTOB JJUHOU HE 0OJee n, a UX
KOHETHOE IO, U

Bo Bcex caenyomumx 3a1a4ax OPesIogaraeTcs, 4To 3T0 ycuosue (0TcyT-
CTBUE IUKJIOB ¢ OTPUIIATEIBHON CYMMON) BHITOJTHEHO.

9.1.2. HanTu HamMEHLIIYIO CTOMMOCTDL IIpoe3aa u3 1-ro ropojaa Bo BCe
ocranbuble 3a pemsa O(n?).

Pemwrerme. O6ozuaunm vepes MunCr(l,s,k) HAMMEHBIIYIO CTOMMOCTH
mpoe3sa w3 1 B s MeHee WeM C k mepecagkaMmu. 10raa BBIMOJIHAETCA Ta-
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KOe COOTHOIICHUE:

MuuCz(1,s,k+1) = min(MMHCT(l,s,k), . rrllin MurCTt(1,i,k) +ali] [s]))
i=1..n

Kak ormewanoch Bwime, MCKOMBIM OTBETOM sBiserTcs MuuCr(1l,i,n) maa
Bcex i=1...n.

k:= 1;

for i := 1 to n do begin x[i] := a[1][i]; end;
{uuBapuant: x[i] = MunCr(1,i,k)}

while k <> n do begin

for s := 1 to n do begin
yIs] := x[sl;
for i := 1 to n do begin

if y[s] > x[i]+a[il[s] then begin
‘ y[s] := x[il+a[il[s];
end;
end
{y[s] = MuaCr(1,s,k+1)}
end;
for i := 1 to n do begin x[s] := y[s]; end;
k :=k + 1;
end; O

IIpuBeAEHHBIN AJITOPUTM HA3LIBAIOT AJTOPUTMOM AUHAMUYIECKOTO TTPO-
rpaMmupoBanusa, wim aaroputmom Dopaa—Berivana.

9.1.3. [lokasaTb, 94TO MpOrpaMMa OCTAHETCA IPABUILHOU, €CIM HE 3a-
BOAUTH MACCUBA ¥, & IPOU3BOAUTH U3MEHEHUs B CAMOM MAaCCUBe X (3aMeHuB
B IPOT'DaMMe BCe BXOXKIEHUA OYKBEI § HA X U 3aTeM YJAJIUTH CTABIINE JTUIII-
HUMY CTPOKH).

Pemenme. UuBapuanT OyaeT TakoB:
MuaCt(1,i,n) <x[i] <MmeCt(1,i,k). O

OTOT aJrOPUTM MOXKET OLITH YAYYIIEH B ABYX OTHOIIEHUAX: MOXKHO 38
To ke ppema O(n®) HANTH HAUMEHDLIIYIO CTOMMOCTbL TPOE3Aa i — j Aid
Bcex nap i, j (a He ToABKO Hpu 1 = 1), & MOKHO COKPATUTHL BpeMs pabOTLL
10 O(n?). llpapa, B mocaeIHEM CIydIae HaM TOTPeOyeTcs, YTOOH BCE MeHbI
ali] [j] 6pum HEOTpUIATENBLHEI.

9.1.4. HanTu HAMMEHBITYI0 CTOMMOCTE MPOe3aa 1 — j aad Bcex i, j 3a
spema O(n?).
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Pemrenwe. Ik =0...n 49epe3 A(i, j,k) 0603HAYMM HAMMEHBIIYIO CTO-
UMOCTb MApHIPyTa M3 1 B j, €CIM B KAIeCTBe NEePEeCaTOTYHBIX DA3peIIeHo
HCTIONTH30BATh TOILKO MYHKTH ¢ HOMepaMmu He 6ombiie k. Toraa

A(i,j,0) =alil[j],
A(i,j,k+1) =min(A(1,j,k),A(d,k+1,k) + A(k+1,],k))

(1Ba BApMAHTA COOTBETCTBYIOT HEUCIIOIB30BAHUIO U UCTIONb30BAHNUIO TTYHK-

Ta k+1 B KadecTBe MEPEcaoIHOr0; OTMETHM, ITO B HEM HE3AMEM OLIBATH

6oJee OMHOTO pa3a). O
ODTOT AICOPUTM HA3BIBAIOT aaropurmoMm PJaonaa.

9.1.5. Kax nposeputs 3a O(n?) meitcTruit, mmeeT i Tpad ¢ n Bepm-
HAMU TUKJIBI ¢ OTPUNATEIBLHON CyMMOU?

[Ykazanue. Moxuo npumensrs anropur™ daonga, npudém paspemars
i=jBA(i,j,k), 1OKA HE HOABUTCS LEPBLIA OTPULATENLHEIN UKL ] O

9.1.6. Nmeerca n BaawoT U TAOAUIA OOMEHHBIX KyPCOB (CKOJIBKO (JIO-
PUHOB [alOT 3a Taxep u T.1.). KoMMepcanT X04eT HeOrDaHUIeHHO 06Gora-
TUTLCA, OOMEHMBAsA CBOM HAYMAJILHLIN KAIKTAI TYAa-CIOLA [0 3TUM KypPCaM.
Kak npoepuTs, BO3MOXKHO JI DTO?

[Ykazauume. ITocae morapnd>MupoBaHns JeHLTH YHIOAOOMSIOTCA PACCTOS-
HUAM. | O

9.1.7. UsBecTHO, 4TO BCE LEHBI HEOTPULATEILHEL. HalTu HaMMEHBIIYIO
cToMMOCTh TIpoe3fia 1 — i aas Beex i = 1...n 3a Bpemsa O(n?).

Pemrenwe. B npomecce paboTel aqropuTMa HEKOTOPBIE ropoxa OyayT
BbLgeJICHHBIME (B Hadajge — TOALKO ropopn 1, B xkonne — Bee). Ilpu sTom:

® 17 KaXKAOT'O BBLIEIEHHOT'O I'OPOJa i XpaHWTCS HAMMEHBINAs CTOU-
MOCTBH IyTH 1 — i; Opy >TOM M3BECTHO, YTO MEUHAMYM JOCTHUIAETCS
Ha TIYTH, TPOXOAAIIEM TOJBKO Uepe3 BHIIeIeHHBIE ['0POIa;

® I Ka)KJO0T'0 HEBBIAEJIEHHOI'O I'OPOa 1 XPpAHUTCA HAWNMEHBINAA CTOU-
MOCTb IyTu 1 — i, B KOTOPOM B KadeCcTBe IIPOMEXKYTOIYHBIX UCIOIb-
3YIOTCA TONBKO BBLIEJEHHBIE [OPOAA.

MHOXKECTBO BEIIEIEHHBIX FOPONOB PACIIUPAETCA HA OCHOBAHUU CJAEIYIO-
IIIET0 3aMEYaHUA: €CIU CPEIU BCEX HEBBIJEMEHHLIX TOPONOB B3ATL TOT, I
KOTOPOT'O XPAHWMOE YHUCI0 MUHUMAIBHO, TO TO HUNCIO ABIACTCA UCTUH-
HOU HAUMEHBIIEN CTOMMOCTHIO. B caMoM jere, TycTh ecTh 60ee KOPOTKUN
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nyTh. PaccMOTpPUM MEPBEIN HEBEIAEJEHHBIU T'OPO HA STOM IIyTH — YK€ 10
Hero nyTh aauHHee! (37eCh CylecTBeHHA HEOTPULIATEILHOCTD [EH. )

[lo6aBuB BEIODAHHLIA TOPOJA K BHIACICHHBIM, MBI JOMXKHEI CKOPPEKTHU-
pPOBATH MHMOPMAINIO, XPAHUMYIO [JIA HEBHIJEJEHHBIX TOpoaoB. [Ipu sToM
DOCTATOYHO y9IE€CTh JUIIL IIyTH, B KOTOPLIX HOBLIA [OPOI ABIAETCA MOCEL-
HUM [IYHKTOM MEPECAAKH, & 3TO JETKO CHEJATH, TAK KAK MUHAMAILHYIO
CTOMMOCTB TIPOE37[a B HOBLIU MOPOJ MBI YK€ 3HACM.

IIpu camMmoM GeCXUTPOCTHOM CIIOCOGE XPAHEHUA MHOKECTBA, BB ICICHHBIX
ropojoB (B OyJEBCKOM BEKTODE) NOOABJIEHUE OTHOTO TOPOa K YUCIY BhI-
genennsix Tpedyer Bpemenu O(n). |

ODTOT ANCOPUTM HA3BIBAIOT AIropuTMoM [lerkcTpehl.

9.1.8. Nmeerca n TOPOOB, COENMHEHHEIX TOPOraMu (¢ OJHOCTOPOHHUM
aBrzkenueM ). st 1i06BIX TOPOIOB 4, j U3BECTEH MAaKCUMAJIbHLIA BeC IPy3a,
KOTODBI MOXHO Be3Tu u3 i B j (rpysonogbémuocts goporu). Hauru 3a
spema O(n?) mia BCex ropogoB MAKCUMAIBHEIN BEC TPY3a, KOTOPLIN B HUX
MOXHO TIPUBE3THU U3 CTOJUIIHL.

[Ykazanue. [lencTBoBaTh aHAIOrUYIHO aaropuTMmy [JedKcTpel, 3aMeHuB
CYMMY Ha MaKCAMYM.] a

OTbicKaHNE KPATIAUIIETO MyTH UMEET €CTECTBEHHYI) UHTEPIPETAIUIO
B TepMuHAX MarTpuil. IlycTe A — MaTpuma IeH OJHON ABMAKOMIIAHWM,
a B — marpuna nen gpyrou. IlycTh MEI XOTHM JETE€ThL C OQHOU IIEPEeCa-
KO, IPUYEM CHadaIa CaMoaéToM KoMmmaHumu A, a zareM — koMmmaHuum B.
CxOMBKO HAM MPUAETCA 3AIIATUTE, ITOOH TIOTACTh U3 TOPoaa i B ropoa j7

9.1.9. [lokasaTb, 4TO »Ta MATPULA BLIYUCIAETCA IO OOLIYHOU (POpMYJIe
[ IPOUW3BENEHUs MATPHUI], TOJBKO BMECTO CyMMBI HaJ0 OPaTh MUHUMYM,
a BMeCTO YMHOXEHUS — CYMMY. ([l

9.1.10. [JoxaszaThb, 4TO TakuUM OOpa3OM ONpEeIeIEHHOE MPOU3BEIeHUe
MaTPUIl ACCOIMATUBHO. O

9.1.11. [JokazaTh, 9TO 3aJa49a O KPATIAUIINK MY TAX SKBUBATCHTHA, BhI-
amenennio A gaa mMaTpunsl e A: B mocaegoparersrocTm A, A% A ...
BCE DJIEMEHTHI, HAUMHAA C HEKOTOPOr'O, PABHBI UCKOMOU MaTPUIIE CTOUMO-
creu kpardanumx nyred. (Eciu mer orpunarensHsix nukios!) O

9.1.12. Haumuas ¢ KakOro »JIeMEeHTa MOKHO MapaHTUPOBATH PABEHCTBO
B IOpeILIIyIIed 3a1a4€e? O

O6rraaoe (He MOAUDUIUPOBAHHOE) YMHOKEHUE MATDUL TOKE MOKET
0Ka3aThCA TONE3HBIM, TOMBKO MATPUIILI JOMKHEL OBITE apyrue. IIycTs ecTh
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He BCe pelchl (Kak paHblie), a Toabko Hekoropsle, alil [j] pasuo 1, ecau
pemnc ecTh, u 0, ecau penca Het. Bosseném Marpuiy a (O6GBITHBIM 06PA3OM )
B CTENEeHb k 1 mocMoTpuM Ha eé (i-j)-BIi DIeMeHT.

9.1.13. Yewmy ou paBen?

Orser. Ynciay pasawmdHBIX CHOCOOOB MOMACTh W3 i B j 3a k peuncos
(¢ k-1 mepecagkammu). O

Ilpu onmcannm KpaTIannx TyTEN CIy€an, KOTJAa €CTh HE BCE PEUCHI,
MOYKHO CBECTH K UCXOTHOMY, BBEIA (PUKTUBHLIE PEUCH C OECKOHETHO GOMb-
mwoil (Wi AOCTATOYHO GOJNBIION) CTOMMOCTBIO. TeM He MeHee BO3HUKAET
TAKOU BOIPOC. YMCI0 PEATbHLIX PEMCOB MOXKET OLITH CYIIECTBEHHO MEHD-
e n?, I03TOMY MHTEpPECHBL AIIOPUTMEL, KOTOPEIE paboTaoT >(pdeKTuBHO
B Takou curyaruu. UCXoqubie TaHHBIE €CTECTBEHHO MPENCTABIATH TOT/A,
B TaKON (pOpMe: A KaXKJOTO TOPOIa U3BECTHO TUCJAO BHIXOJANNX U3 HETO

PEUCOB, UX MYHKTHI HA3HAYEHUS U [IEHBIL.

9.1.14. [okazarhb, 9T0 aaropuT™M [[enKCTPHE MOXKHO MOIU(pUIAPOBATE
TaK, YTOOLI AJIg 1 [OPOJOB U 1M peucoB (Bcero) o TpeGoBar He Goaee
C(n + m)logn oneparmii.

[Ykazauue. Uro nago caenars Ha kax oM ware? Bribpars neBbrgenen-
HEIA TOPOJ ¢ MUHIMAJILHON CTOMMOCTBIO M CKOPPEKTUPOBATE LEHEI IJIA BCEX
TOPOJOB, B KOTOPBIE W3 HErO €CTh MapIIpyTHL. Eciam 6b1 KTO-TO cOOOIIan
HaM, /I KAKOT0 MOPOJa CTOMMOCTE MUHAMAIbHA, TO XBaTHI0 061 C'(n + m)
JEUCTBUX. A mOmAep:KaHNe CBeJAEHUN O TOM, KAKOU DJIEMEHT B MACCUBE MIU-
HuMaseH (cMm. 3agady "a c. 114) o6xoaures emwé B MHOXKUTEIL logn.] O

9.2. CBsi3Hble KOMMOHEHTHI, MOUCK B rNyOuHY
W LLUMPUHY

Haubosee npocron cayday 3a1adyu O KPATJIAUIIMX MyTAX — €CIH BCE
uennl paBueL 0 uimu +00. JpyruMu croBaMu, MBI HHTEPECYEMCs BO3MOXKHO-
CTHIO MOMACTh U3 | B j, HO 34 IIEHOW HE MOCTOUM. B Apyrux TepMuUHAX: MBI
IMEEM OPUEHTUPOBAHHBLIN rpad (KApTUHKY U3 TOYEK, HEKOTODPHIE U3 KOTO-
PBIX COEIMHEHBI CTPEJKAMHU) ¥ HAC MHTEPECYIOT BEPIINHEBI, JOCTYIIHBIE U3
TAHHOMU.

[t 5Toro caydas 3agadmu O KpATUAMIIUX IYTAX NPUBEAEHHBIE B Ipe-
OBIIVIIEM pasmene aarOpuTMbBI — He Hawryumme. B camom mene, 6omee ObI-
CTpas PeKyPCUBHAA TPOTPAMMA PEIICHUA DTOU 38141 MTPUBEICHA B TIIaBE 7,
a HepekypcuBHasg — B ruase 6. Cenvac HAC MHTEPECYET TaKasl 3a71a49a: HE
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[IPOCTO NEPEINUCINTE BCE BEPIINHEL, JOCTYIHBIE U3 JAHHOU, HO IEPEINCINTD
X B ONPeNeTéHHOM Topsake. /[[Ba TONYIAPHBIX CIydas — HOUCK B IMTUPUHY
U B IVIyOUHY.

Ilouck B nmpuny.

Hapno mepeuncanTs BCe BEPIIMHBL OPUEHTUPOBAHHOIO rpada, ZOCTYI-
HBIE U3 JAHHOMW, B IIOPsALKE yBeaudeHus Aauuel nyTu ot Heé. (Tem cambiM MbL
pernnM 3a1a49y O KpaTJIanlinX Iy TAX, KO/ HeHs pé6ep paBHbL 1 mmm +00.)

9.2.1. TlpuaymaTs AATOPUTM PEIIECHUA 3TOU 3a0a491 C TACIOM TEUCTBUN
He 6osee C - (amcao péGep, BHIXOIANMX U3 MHTEPECYIONNX HAC BEPIIVH).

Pemrenwe. OTa 3agada paccmarpuBatack B riase 6, ¢. 113. 3xecs Mbr
npusBeném moapoduoe pemenne. Ilycts num[i] — xoaumaecTtBo pébep, BbI-
xomsammx w3 i, out[i][1],...,out[i] [num[i]] — Bepmwmuel, Kyzna BemxyT
pébpa. Bor mporpamMa, mpuBenéHHAs paHee:

procedure Joctymume (i: integer);
{HanevaTaTs Bce BepumMHH, HOCTyHHHE M3 1, Bkaw4Yad i}
var X: momMHOXeCTBO 1..n;
P: mommHORecTBO 1..n;
q, v, w: 1..n;
k: integer;
begin
...cmemaTte X, P mycrTenm;
writeln (i);
...nobaBuTte 1 k¥ X, P;
{(1) P = MHOXecTBO HameYaTaHHHX BepUMH; P comepxuT i;
(2) HamevaTaHH TOIBKO LOCTYIHHE M3 1 BEpUMHH;
(3) X - momvHOXecTBO P;
(4) Bce HamevyaTaHHHe BepUMHH, U3 KOTOPHX BHXOIUT
pebpo B HeHalleYaTaHHYl BEepUUHYy, IpUHa#IexaT X}
while X memycTo do begin
...B34Tb KaKOM-HUOGYIL >IeMeHT X B V;
for k := 1 to num [v] do begin
w := out [v][kl;
if w me mpumammexuT P then begin
writeln (w);
no6aBUTE W B P;
nobaBUTE W B X;
end;
end;
end;
end;
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Torga HaM GbLIO GE3DPA3IMIHO, KAKOU MMEHHO DIEMEHT MHOXKECTBA X BbI-
tupaercs. Eciu Me1 OygeM canraTh X odepenbio (MepBEIM MPUIIET — Mep-
BBIM VIIEN), TO 3Ta IPOrpaMMa HATIEYaTaeT BCe BEPIINHEI, TOCTYIIHLIE U3 1,
B IOpsAKe BO3PACTAHUA UX PACCTOSHUA OT i (umcia pébep Ha KpaTdaumeM
nytu u3 i). JokaxeMm sTo.

O6o3nauum yepes V (k) MHOKECTBO BCEX BEPILUH, PACCTOSHUE KOTOPBIX
oT i (B ommcanHOM cMBICTe) paBHO k. IMeeT MecTo Takoe COOTHOIIEHUe:

V(k + 1) = (xonust pébep ¢ magamamu B V (k) \ (V(0) U...UV(k))

Hoxaxem, aTo mus moboro k=0,1,2... B xoxe pabOTHI IPOrpaMMEI Oy 1eT
TAKOU MOMEHT (IOCJ€e OUepeJHOU urTepanuu uukia while), korga

B ouepenu CTOAT Bee aieMeHTH V (k) u TOIbKO OHY;
HanedaTassl Bee anemenTs V(0), ..., V (k).

(das k=0 — »r0 cocrosnue nepes uukiaoM.) Paccyxpas no uagyxouu,
IPEATIONOKIUM, ITO B OU€penn CKOMUWINCH Bee aeMenTs V (k). Omu GyayT
OPOCMATPUBATLCA B IUKJE, TTOKA HE KOHYATCA (MOCKOIBKY HOBBIE DJIEMEH-
THL TOOABIAITCA B KOHEN, OHM HE IEPEMENIaroTCa co cTapbivu). Korub
BEVIIUX U3 HUX PEGEp, €CIU OHU yiKe He HANECYATAHBI, IeYaTAIOTCI U CTa-
BATCA B OYepelb — TO €CTh BCE KAK B 3AMUCAHHOM BBIIIE COOTHOIICHUN
st V(k + 1). Tak uro xorga Bce crapble SJeMEHTHL KOHYATCS, B OYepeiu
GyAyT cTOATH Bce naemenThl V(k + 1). O

Ilouck B riry6uHy.

Paccmarpusas mouck B riydbuHy, yroOHO IPEICTABIATE ce6e OPUeHTH-
poBauHbIl Ipad Kak 06pa3 gepesa. Bosee TOYHO, IyCTh €CTh OPUEHTUPO-
BaHHLIN I'pady, OOHA U3 BEPIIMH KOTOPOrO BhLAeAeHa. Bynem npeamnosaraTs,
YTO BCE BEPIIWHBI TOCTYIHBL U3 BBI,E[G.TIGHHOIU/I IO OPUCHTUPOBAHHBIM ITY TAM.
[ocTpoum mepero, KOTOPOE MOKHO OBLTO OBl HA3BATH «YHUBEDCATHLHBIM Ha-
KpeITHEM» Hamero rpadga. Ero xkopaem 6ygeT BLIIETCHHAS BEPIITHA Ipada.
W3 KOpH BLEIXOAAT TE€ XK€ CTPENKH, ITO U B I'pade — UX KOHIIHI Oy IYT ChI-
HOBbsIMU KOpHs. VI3 HUX B JAepeBe BBIXOIAT T€ XK€ CTPENKH, 9TO U B rpade
un Tak mpagee. Pasuuia Mexay rpadoM ¥ IepeBOM B TOM, UTO OYTH B I'pa-
de, BeayIIME B OMHY M TY e BEPIINHY, B AepeBe «PacKIeeHb. B apyrux
TEPMUHAX: BEPIINHA, TePeBa — DTO MyTh B rpade, BEIXOIANINN U3 KOPHI.
Eé cbiHoBBST — 5TO myTH, IPONOKEHHBIE HA OTHO peGpo. 3aMeTum, ITo
nepeBo HeCKOHEYHO, ecau B rpade eCTh OPUEHTUPOBAHHLBIE KB

Nmeerca ecTecTBeHHOE 0TOOpaXKeHWE nepeBa B Tpad (BEpUIMH B BEp-
mwmasn). [Ipy 5ToM Kaxkaaa BepimHa rpada UMEeT CTOJBKO MPOOODa3OB,
CKOJIBKO TiyTen B Heé Benét. [losToMy 06x01 nepeBa (IOCeIneHre ero BepIiuH
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B TOM WU MHOM IOPSAKE) OAHOBPEMEHHO SBJ/SETCS U 00x0ZoM rpada —
TOJTHLKO KaxXKIasd BEPIINHA TOCEIIAeTCA MHOTOKPATHO.

Bymem mpeamosaraTh, 9TO A KAXKJIOU BEPIUMHE! Tpada BBIXOIAIIE
u3 Heé pébpa ymopag0ueHsl (HaIpUMep, IPOHYMEPOBaHbL). TeM CaMbIM 1J1
KaXK IO BEPIIUHLI JEPEBa BLIXOAAIIME U3 He€ PEGPa TaKKe YIOPAIOYEHEL.
Byaem 06xoquTh gepeBo Tak: cHadala KOPeHb, a IOTOM LOAAePeBbs (B [o-
pAlKe Benymmux B HUX pébep). Taxon 00X0x AepeBa PACCMATPUBAJICA HAMU
B riase 7. Emy coorBeTcTBYeT 06X07 Tpada. Ecaun BHIKMHYTE U3 3TOT0 00-
XO/[a, TIOBTOPHBIE MOCEIIEHNS YiKe MOCEMIEHHBIX BEPIINH, TO MOJIYIYUTCA TO,
YTO HA3BIBAETCA (IIOUCK B VIYOHHY».

Jpyrumu caoBaMu, Ha IIyTsAX, BHIXOIMIIAX W3 BBIAEJACHHOU BEPUIMHEL,
BBEIEM HOPALOK: IIYTh [IPEAIIECTBYET CBOEMY LIPOIOKEHNIO; €CIN [BA, IIy-
TU PACXOAATCA B HEKOTOPOU BEPIIVHE, TO MEHBIIAM CIUTACTCA TOT, KOTO-
PBIA BBIXOAUT U3 HEE MO MEHbINeMY peOpy. Bepmuun Temeps ynopagounsa-
I0TCSL B COOTBETCTBUU C MUHUMAJIBHBIMY MY TAMY, B HUX Begymmmu. O6xon
BepuinH rpadga B yKa3aHHOM IIODAIKE HA3LIBAETCI NOUCKOM 6 24YOUHY.

9.2.2. Hamucarb mporpaMmy IOKCKA B TVIyOUHY.

[Ykasanue. BosbméM nporpammy 06xoga gepesa (KOpeHb — JEBOE O/~
JEPEBO — HPABOE [OAAEPEBO) U3 [VIABLI 7 WIM U3 IVIABBL 8 U UCIOJIL3YEM
€€ PUMEHHUTENIBHO K O0CTOATEALCTBAM. [VIABHOE M3MEHEHVE: HE HAIO0 I10-
CeIaTh BEPIINHBI TOBTOPHO. TaK 9TO €C/iu MBI IONAJIN B YK€ MOCEIIEHHY IO
BEPIINHY, TO MOXHO C Hell Hu4Iero He aenarTsh. (Ecan nyTs He MuHUManeH
Cpeld BeoyIIuX B JAHHYIO BEPIIMHY, TO U BCE €0 IPOJOKEHUA HE MUHU-
MaJIbHBL — UX IPOCMATPUBATH He HAJO).] O

3amedanne. Hamomunm, 4T0 B rviaBe 8 yIOMUHAINCH TBE BO3MOXKHOCTH
yCTpaHeHus pekypcuu B mporpamme obxona gepesa (c. 141). Oba sapuanra
MOXHO UCTIOJB30BATE [ TOUCKA B TIYOWHY.

TTonck B ToIyOUHY J€KUT B OCHOBE MHOTHX aJrOPUTMOB Ha Tpadax, mo-
POU B HECKOJIBKO MOAUMDUIMPOBAHHOM BUJE.

9.2.3. HeopuenTupoBauHBEN Tpad HABHEIBACTCA 06Y004bHbIM, €CIU €0
BEPINUHBI MOXKHO PACKPACUTH B [BA I[BETA TAK, YTO KOHIIHI JI0O0T0 pebpa —
paszuoro neera. COCTABATL AITOPUTM IPOBEPKHU, ABIACTCA U 33 TAHHLIA
rpad ABYLOALHBEIM, B KOTOPOM YUCJIO AedcTBUM He npeBocxoaut C - (qucio
pE6eEp + YUMCIO BEpIINH).

[Ykazaune. (a) Kaxayio CBA3HYI KOMIIOHEHTY MOYXKHO DACKPAINBATD
oTaensHO. (6) Bribpas nBeT OQHON BEPIIMHEL U 06XOAA €€ CBABHYIO KOMIIO-
HEHTY, MbI ONPEIEIAEM €IMHCTBEHHO BO3MOXKHBIA IIBET OCTAMBHBIX. | O
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3amedanue. B 5roi 3agade 6€3pasin<HO, IPOU3BOAUTE [IOUCK B IINPUAHY
WIn B NIyOUHY.

9.2.4. CocTaBuTh HEPEKYPCUBHEIU AJITOPATM TOMOJOTUIECKOU COPTHU-
POBKE OpHeHTUpPOBaHHOrO rpada 6e3 nuxaos. (Pexypcusmbiml aaropurm
cMoTpu Ha c. 127.)

Pemenme. [Ipeanonoxum, 9T0 rpad nMeeT BEpIIUHLI ¢ HOMepamu 1. .. 1,
JUTA KK JOW BEPIMUHE! 1 M3BecTHO umcaio num[i] Bexogammx ua Heé pédep
u uHomepa BepumH dest[i][1],... ,dest[i] [num[i]], B xoTOpBIE DTH PE-
6pa BexyT. Byaem ycaoBHO cauTaTh, ITO pEGPA MEPEINCICHEL «CIEBA HAIPA-
BO»: JIeBee TO pebpo, y KoToporo Homep menbire. Ham Hano Hamevarars Bee
BEPIIMHBI B TAKOM IOPALKE, 4TOOBI KOHeL JI000ro pebpa ObLT HaledaTaH
mepe ero HavajaoM. MuI mpeanogaraem, 4To B rpade HET OPUEHTUPOBAH-
HBIX [IMKJIOB — MHAYe TAKOEe HEBO3MOMKHO.

[ia mavana mobaBuM K rpadgy Bepmmay 0, u3 KOTopou pébpa BemayT
B BepumHel 1,...,n. Eciu eé ygacTes Hamedarars ¢ cobuio eHIeM IPABU,
TO TE€M CAMBIM BCE BEPIINHEL OyIyT HAIIEIATAHHL.

AJropuT™ XpaHUT MyTh, BHEIXOJANINN U3 HYJIEBOW BEPIIVHLI U UYWL
mo pé6pam rpada. [lepemennas 1 0OTBOANTCA MJIA MIWHEL 3TOr0 myTHu. llyTh
obpazoBan BepumHamu vert[1] ...vert[1] u pébpamu, nMEOIIIMU HOME-
pa edgel[1] ...edge[1l]. Homep edgels] orHOCHTCA K Hym™mepamum pEbep,
BBRIXOAAmKX u3 BepmuHel vert [s]. Tem cambiM 11 BCEX S ZOMKHBI BEIIIOJ-
HATHCSA HEPABEHCTBO

edge[s] <num[vert[s]]
7 PAaBEHCTBO
vert[s+1] =dest [vert[s]] [edge[s]].

3amMeruM, 9TO KOHEl [ocaesHero pebpa Hamero nyTu (TO eCTh BepLIUHA
dest[vert[1]] [edge[1l]], me Bxutouaercs B maccuB vert. Kpome Toro,
Ui TIOCTeAHEr0 pebpa MBI AeJaeM MCKIIoUeHNe, paspenias eMy YKa3biBaTh
«B IyCTOTY», T. €. paspemiaeM edge[1] paBuaThcsa num[vert [1]]+1.

B mpouecce patoTer anroputMm OyAeT meYaTaTh HOMEPA BEPIIWH, DU
3TOoM cobmonas TpeGOBaHME «BEPIIMHA, HAEYATAHA TOIBKO IIOCIE TEX BEp-
IIMH, B KOTOPLIe u3 Heé BeayT peébpar. Kpome Toro, OyaeT BBIIOIHATHCSI
Takoe TpeGosanue (1):

BEPIINHEL Ty TH, KpoMme mocaenuen (vert[1] ... vert[1]) e na-
MEeYATAHLI, HO CBEPHYB C MIYTH HAJEBO, MBI HEMEJIEHHO YIIUPa-
€MCsI B HAIEYATAHHYIO BEPIINHY .
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Bor wro nmory4aaercs:

1:=1; vert[1]:=0; edge[1]:=1;

while not( (1=1) and (edge[1]=n+1)) do begin

if edge[l]l=num[vert[1]]+1 then begin

{myTe KoHYaeTcA B HmycTOTe, MODTOMy BCE BEpUMHH,
crnenyoume 3a vert[l], HamewaTaHH — MOXHO
mevyaraTs vert[1]}

writeln (vert[1]);

1:=1-1; edgel[l]:=edgel[1]+1;

end else begin

{edge[1] <= num[vert[1]], myTe komwaerca B
BepumHe}

lastvert:= dest[vert[1]] [edge[1]]; {mocmemuaa}

if lastvert mamewarana then begin

‘ edge[1] :=edge[1]+1;

end else begin

‘ 1:=1+1; vert[l]:=lastvert; edgel[l]:=1;

end;

end;

end;

{myTe cpasy ®e BeméT B NyCTOTy, IO>TOMy BCE BEpIUIMHH

IeBee, TO ecThb 1..n, HameYaTaHH}

9.2.5. [loxazaTh, ITO ecau B Tpade HET IUKIOB, TO DTOT AJTOPUTM
3aKaH4INBaeT PaboTy.

Pemrerne. IIycth 510 He Tak. Kaxgas BepimHa MOXET [I€IaTATHCA TO-
JBKO OIUH Pa3, TaK 9TO ¢ HEKOTOPOI'0 MOMEHTA BEPUINHBL HE I€9aTAIOTCA.
B rpade 6e3 UKIOB JJAMHA Iy TH OrpaHnYIeHa (BEPIINHA HE MOXKET BXOJUTH
B IyTh OBAXK/[BI), MOSTOMY TOLOXKIAB €IIE, MBI MOXKEM JOXKIATHCA MOMEH-
Ta, IOCJEe KOTOPOro IyTh HE yaauHseTcsa. [locme 5TOro MoxkeTr pasBe ITO

yBenuauBaThesa edge[1] — HO u 5T0 He HecrperennbHo. O
Tem caMbIM MBI IOCTPOWIM UCKOMBIM HEPEKYPCUBHBIA aJTOPUTM TOIMO-
JIOTHYIECKOW COPTUPOBKY Tpada. O

9.2.6. /lokasaTh, 9YTO BpeMsa pabOTHI DTOT'0 AJTOPUTMA HE TTPEBOCXOIUT
O(aucao Bepruun + 4uciao pééep). |

9.2.7. Kak MOImpunupoBaTh AITOPUTM TaK, ITOOBI OH OTHICKABAJ
OJWH U3 NUKJOB, €CJIN TAKOBLIE MMEIOTCSA, U TPOU3BOAMI TOTOJOTUIECKYIO
COPTUPOBKY, CJIN IUKJIOB HET? |



10. COMNOCTABJIEHMNE
C OBPA3LUOM

10.1. TpocTenwnn npumep

10.1.1. Nmeercs nocienoBarenbHocTh cuMBoioB x[1] ... x[n]. Oupexne-
JUTh, UMEIOTCs JKU B HEU UAyLme APyl 3a ApyroM cuMBoJwel abed. (Apyru-
MH CJIOBaMU, TPpeOyeTcsa BBIACHATD, €CTh Ju B ciaoBe x[1] ... x[n] moxcaoso
abcd.)

Pewerme. Umeercs npumepro n (ecau ObITH TOYHBIM, N-3) IO3ULUY,
Ha KOTOPBIX MOXKET HAXOAUTLCA NCKOMOE TIOACIOB0 B UCXOTHOM cioBe. s
KK JOU W3 TO3UINNA MOYXKHO TTPOBEPUTD, MEUCTBUTEILHO JU TaM OHO HAXO-
JUTCS, CPABHUB YeThIpe cuMBoia. Oauako ecThb Ootee 3 PEeKTUBHBIA CIO-
c06. Yuras croBo x[1] ...x[n] creBa mampasBo, MbI OXKHIAEM IOABICHUA OY-
KBHL a. Kak TOJIBKO OHA NMOSBWIACKH, MBI MILIEM 3a Hel OykBy b, 3aTeM c, H,
unaxouerl, d. Eciu mamm oxuganua onpasIbIBAIOTCA, TO CIOBO abed 0GHAPY-
xkeHo. Ecnm we kakas-To U3 HYXKHBX OYKB He TTOABIACTCA, MBI OKA3BIBAEMCS
y pa3buTOro KOpHITa U HAYMHAEM BCE CHATAIA. O

OTOT TPOCTOW AJITOPUTM MOXKHO OMUCATH B Pa3HBIX TepMmuHax. Wc-
MOJB3YA TEPMUHOJOTHIO TAK HA3LIBAEMBIX KOMEUHDIT G61MOMGIMO06, MOXK-
HO CKa3aTh, YTO MPU YTEHUM CJIOBA X CJAEBA HANPABO MbI B KAaXKIBIA MO-
MEHT HAXOAUMCs B OLHOM M3 CAEAVIOLMX COCTOAHWME: «Hadaabroes (0),
«cpasy nocte ar (1), «cpasy nocie ab» (2), «cpasy mocie aboyr (3) u «cpa-
3y mocie abcd» (4). Ynrasa ovepenuyro OYKBY, MBI TEPEXOAUM B CJAELY-
IOIee COCTOAHME TIO MPABWIY, YKA3AHHOMY B Tabaune (CM. CIenyolyio
crpanuiy). Kak Toabko MBI momagéMm B cocTosHue 4, paboTa 3aKaHIuBa-
€TCA.

Harumagso BEIONHEHNE aIrOpUTMA MOXKHO IPEACTABUTE cebe Tak: (uri-
Ka IBUTAETCI U3 KPYKKA B KPYXKOK TIO CTPETKaM; CTPENKa BHIOMPAETCS TaK,
4TOOHI HAANKUCH HA HEM COOTBETCTRBOBAJIA OUEPETHON OYKBE BXOTHOTO CJIOBA.
YT06BI 5TOT TPONECC OBLT YCIEMIHBIM, HYKHO, ITOOBI I KaXKI0U OyKBHI
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Tekymee | Odgepennas Hogoe
COCTOSHUE OykKBa COCTOSTHUE

()
=

a
KpoMme a
b
a
KpoMe a,b
C
a
KpoMme a,c
d
a
KpoMme a,d

W W WNNONFE=RF=O
O = kO, WO HHNO

IIpaBnia mepexona masd KOHETHOT'O aBTOMATA,

OBLTa POBHO OJHA MOAXOAANIAA CTPEJKa U3 JI0O0r0 KPYKKA.

Co0TBeTCTBYOIIAA IPOrPAMMA, OIEBUIHA (MBI YKA3LIBAEM HOBOE COCTO-

sHUe, 1a:Ke eI OHO COBHAIAET CO CTAPLIM; DTU CTPOKU MOXKHO OILyCTUTD):

i:=1; state:
{i - mepmasa
while (i <>

if x[il]
‘ state:

| state:
end;

if state =

=0;
HempounTaHHad 6ykBa, state - cocToaHumel}
n+l) and (state <> 4) do begin

0 then begin

= a then begin

=1;

end else begin

= 0;

end else if state = 1 then begin

if x[i] = b then begin

‘ state:= 2;

end else if x[i] = a then begin
‘ state:= 1;
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end else begin

‘ state:= 0;

end;

end else if state = 2 then begin
if x[i] = c then begin

‘ state:= 3;

end else if x[i] = a then begin
‘ state:= 1;

end else begin

‘ state:= 0;

end;

end else if state = 3 then begin

if x[i] = d then begin
‘ state:= 4;
end else if x[i] = a then begin
‘ state:= 1;
end else begin
‘ state:= 0;
end;
end;
end;
answer := (state = 4);

WupiMu cioBaMu, MBL B KaXK LI MOMEHT XPAHUM HH(OPMAIUIO O TOM,
KaKOoe MaKCHMAaJbHOE Ha4daJ0 Hauero o6pasua abed ABAAeTCA KOHIIOM IIPO-
quTagHon dacTu. (Ero mimna u ecTh TO «COCTOAHNE) , 0 KOTOPOM ILTA PEYb. )

TepMuHOMOrUs, HAMHU UCHOIB3yeMast, TakoBa. (1060 — DTO JM00asA TO-
CJIeIOBATECIBHOCTE CMMBOJOB M3 HEKOTOPOI'O df’)I/IKCI/IpOBaHHOFO KOHEYIHOI'O
MHOXK€CTBA. STO MHO2KECTBO Ha3bIBACTCA a/@aeumom, €ero SJeMEHThI —
byxeamu. Ecin or6pocuTh HECKOABLKO OYKB C KOHIIA CJIOBA, OCTAHETCS APY-
o€ CJIOBO, HA3BIBAEMOE HauGA0M IepBOro. JIroboe ciOBO Takke cIuTaeT-
cA CBOUM HadaltoM. Kowey CIOBa — TO, UYTO OCTAHETCA, eClIl OTOPOCUTH
HECKOJIBLKO TEPBLIX OyKkB. Jlio6oe cioBo cuuTaeTcsa cBouM KoHIOM. [odcao-

60 — TO, YTO OCTAHETCA, €CIU OTOPOCUTH OYKBLI U C Hadala, U € KOHIA.
(JpyruMu croBaMu, OACAOBA — 3TO KOHIBI HAYAL, WA, 9TO TO XKe, HAIaIa
KOHLIOB. )

B TepMuHax nHAYKTUBHBIX QYHKIUEN (CM. pasnet 1.3) cuTyanuo MOXHO
OTMCATEH TAaK: PACCMOTPHUM (PYHKIIMIO HA CJIOBAX, KOTOPasA MPUHUMAET MBA
3HAUEHUSA (MCTUHAY U WIOKB» U UCTUHHA HA CJIOBAaX, MMEIOIINX abcd CBOMM
MOACTOBOM. JTa (PYHKIUS HE ABIAETCA UHIYKTUBHOU, HO UMEET UHIYKTUAB-
HOE paCLIupeHne

T — IINHA MAaKCUMAaJbHOI'O HaYaJja CJOBa abcd, ABAAIOIIETOCA KOHIIOM &.
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10.2. lloBTopeHusi B 06pa3ue — UCTOYHUK Npobnem

10.2.1. MoxkHO 17 B IPEABLIYIINX PACCYXK ACHUAX 3aMEHUTH CJIOBO abcd
Ha [IPOU3BOJLHOE CJIOBO?

Pemerne. Het, v mpo6ieMbl CBA3AHEL C TEM, ITO B 06pa3ile MOryT OLITh
moBTopsitonmecs Oykeol. llycTh, HanmpuMep, MBI HIIEM BXOXKIEHUS CJIOBA
ababc. Bor mossunach 6ykBa a, 33 HeM UAET b, 33 HEU UAET a, 3ATEM CHOBA, b.
B sTOoT MOMEHT MBI ¢ HeTepneHueM KM OVKBEI ¢. OTHAKO — K HAIEMY
Pa30vIapOBAHUIO — BMECTO HEE MOABRIAETCA Apyras OyKBa, U HaIl 0Opaselr
ababc ne obmapyxen. OIHAKO HAC MOXET OXUIATH YTENIUTEJbHBIN [PU3:
ecau BMECTO C MOSBUIACH GYKBa &, TO HE BCE MOTEPAHO: 33 HEW MOTYT I0-
CTeOBATH OYKBEI b U ¢, 1 00paseln-Taku OyIeT HauIeH. (]

Bot kxapTuika, mosacHAOMAS CKa3aHHOE:

X y 2z a b ab a b c < BXOJHOE CJIOBO
a b a b c <— MBI XK Jaau 00pa3na 371ecCh
a b a b c < a OH OKa3aJICA 3IeCh
Takum o6paszomM, K MOMEHTY
X y z a b a b < BXOJHOE€ CJIOBO
a b a bjc < MBI X gaJu o0paslia 31eCh
a bjla b c < & OH OKa3aJcs 37eCh

€CTh JBa BO3MOXKHBIX ITOJIOXKECHUA O6p33ua, KaxX10€ N3 KOTOPHEIX IIOMJIEXKUT
nposepke. TeMm He MeHee MO-IPeXXHEMY BO3MOXKEH KOHEYHBIN aBTOMAT, Y-
TAWOMUNA BXOMHOE CJIOBO OYyKBA 34 OYKBOW WM MEPEXONANUUA U3 COCTOSHUA
B COCTOAHUE B 3aBUCUMOCTH OT MPOYUTAHHBIX 6yKB

10.2.2. Yka3aTb COCTOAHHA COOTBETCTBYIOIIEI'O ABTOMATa UM TalIU-
ny nepexoga (HOBOE COCTOAHME B 3aBUCUMOCTH OT CTAPOr0 U UUTAEMOU
OYKBBL).

Pewerme. Ilo-npexuemy cocrosmaus GyiyT COOTBETCTBOBATL HAMOOLb-
meMy Hadaly o0pasiia, ABLIIOMEMYC] KOHIIOM IPOYMTAHHOU HaCTH CJIOBA.
Wx 6ymer mects: 0, 1 (a), 2 (ab), 3 (aba), 4 (abab), 5 (ababc). Tabauna
Iepexoa TaKasd.
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Tekymee Ouepennas | Hosoe
cocTosaHne | OyKBa COCTOSTHUE
0 a 1 (a)

0 KpOME a 0

1(a) b 2 (ab)

1 (a) a 1(a)

1 (a) kpome a,b | 0

2 (ab) a 3 (aba)

2 (ab) KpOMe a 0

3 (aba) b 4 (abab)
3 (aba) a 1 (a)

3 (aba) xpome a,b | 0

4 (abab) c 5 (ababc)
4 (abab) a 3 (aba)

4 (abab) kpome a,c | 0

[l TPOBEPKU TOCMOTPUM, K MPUMEPY, Ha BTOPYIO CHU3Y CTpoky. Ecmm
IPOYNTAHHAA JaCTh KOHIATACH HA abab, a 3aTeM MOABUIACH OYKBa a, TO Te-
nepb IpoYUTaHHAA YaCTh KOHYaeTca Ha ababa. HauGoabiiee Hagano o6pas-
ua (ababc), ABisiomeecs €€ KOHLOM — 3TO aba. O

Duaocop ckui BOIPOC: MBI TOBOPUIA, ITO TPYAHOCTH COCTOUT B TOM,
YTO €CTh HECKOJIBKO BO3MOXHEIX TIOJOXKEHUN 00Pa3la, KaX 10 U3 KOTOPBIX
MOXKET OKA3aThCs UCTUHHBIM. M COOTBETCTBYIOT HECKOJBKO Hadal o6pas-
114, ABJUTIOMIUXCS KOHIIAMEI BXOTHOI'O CJA0BA. HO KOHEYHBIN ABTOMAT IOMHUT
JUIIB CaMOe IMHHOE U3 HuX. Kak ke ocTaibHbie?

dunocopcknit orBeT. [leno B TOM, 9TO CaMOe [IVUHHOE U3 HUX OMpe-
JengeT BCe OCTAIBHBIE — DTO €r0 KOHITHI, OTHOBPEMEHHO ABJIAIOIINECS €0
HaYagIaMIu.

He cocramaser Tpyaa s 106000 KOHKPETHOO 06pasiia HalucaTh IPo-
rpaMMy, OCYIIECTBJIAIOIIYI0 MOUCK DTOr0 00pPa3la OMMCAHHBIM CIOCOOOM.
Opgaako xoTenoch Obl HANKCATH NPOrPAMMY, KOTOPAsS WINET HPOU3BOJIb-
HBIH O0pasel] B IPOU3BOJABHOM CJOBE. DTO MOXHO AEIATh B [IBA 3TAIA:
cHavasma mo o6pasiy CTpOUTCsA TabIWuia TIepexoIoB KOHEYHOIO aBToMaTa,
a 3aTeM IUTAeTCS BXOJHOE CJIOBO U COCTOSHWE MpeobpasyeTcs B COOTBET-
crBuu ¢ >Tou Tabauien. 110g00HBIM METOA YaCTO UCIOIL3YETCA M 0O-
Jiee CHOXKHBIX 3a4ad [OMCKa (CM. Jajee), HO AJsl IIOMCKA IOACAOBA Cyle-
crByeT Gosiee mpocTor U 3(PPEKTUBHEIN AArOPUTM, HA3LIBAEMBIN aJrOPUT-
mom Kuyra—Moppuca—IlparTa. (Paree cxoqubie ugen ObLIN MPEIIOKEHBI
0. B. Matusacesuyem.) Ho mpex e HaM NOHATO6ATCA HEKOTOPHIE BCIOMO-
raTeJbHbIe YTBEPK IEHUS.
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10.3. BcnomoraTenbHble yTBepXaeHUs

s mpoussoabHOro cioBa X PacCMOTPHM BCE €ro Hadala, OJHOBpe-
MEHHO ABJIAIONMECA €r0 KOHIIAMHI, U BhIOepeM u3 Hux camoe mpimauoe. (He
CUNTaA, KOHEYHO, caMoro cioBa X .) Byzem obosuadats ero [(X).

Ilpumepnr: [(aba) = a, {(abab) = ab, [(ababa) = aba, l(abc) = mycroe
CJIOBO.

10.3.1. Jokasats, uTo Bce cioBa I(X), I(I(X)), I(I(I(X))) u T. g. aBas-
I0TCS HadaJIaMu cIoBa X.

Pewenme. Kaxnoe u3 HuX (COrMACHO OIPEIENEHUIO) ABIAETCA HAIAIOM
IPeIBLIYIIErO. O
Ilo Ton xe npuyinHe BCe OHU ABAAIOTCA KOHIIAMU CJAOBA X .

10.3.2. [lokazaTb, 9TO IOCJAENOBATEILHOCTEL IPEALIAYLIIEH 3a1a49u 00-
peBaeTCA (Ha MyCTOM CJIOBE).

Pemenne. Kaxx 1oe c10BO KOpOte IPERBIAYIIETO. O

10.3.3. [lokaszarn, 4TO JI000E CIOBO, OJHOBPEMEHHO ABJIAIOMICECST HAMA-
J0M ¥ KOHLOM cioBa X (kpome camoro X) BXOAUT B HOCJAEZOBATENILHOCTD

1(X), 1((X)), . ..

Pemenue. [IycTs cioBo Y ecTh 0qHOBpeMenHO HAa4Uam0 u KoHer X . CiaoBo
I(X) — camoe AIMHHOE W3 TAKUX CJOB, Tak 9T0 Y He aumuHee [(X). O6a otn
CJI0Ba, ABIAIOTCA HadaitaMu X, TO3TOMY 0ojee KOPOTKOE M3 HUX ABJIAETCA
HadanaoM Gosee guuHHOro: Y ecth Hadado [(X). Axanoru4uo, Y ects KoHer
[(X). Paccyxaas 0 MHAYKIMY, MOXKHO IIPEANOIAraTh, YTO YTBEDK ICHUE
3a,1a9K BEPHO IS BCEX CJIOB Kopoue X, B yacTHOCTH, s cioBa [(X). Tak
9T0 CI0BO Y, ABIAOMIEECA KOHIIOM 1 HadanoM [(X), mubo pasuo [(X), aub0o
BxoauT B nocaenosareabrocTs [(1(X)),[(1(1(X))),. .., 9T0 m Tpebosamock
JOKA3ATh. O

10.4. Anroputm Knyta—Moppuca—IlpaTTa
Amropurm Kayra—Moppuca—IIparta (KMII) moayvaer Ha BXOI CIOBO

X=x[11x[2]...x[n]

U IPOCMATPUBAET €0 CJAeBA HAIPABO OYKBa 3a OyKBOU, 3AII0JHAA IIPU DTOM
MaccuB HaTypaidbHbIX uncen 1[1] ... 1[n], rae

1[i] = maumua caosa [(x[1] ...x[i])
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(pyuxuus | oupegenena B upeapayuen nyukre). Caosamu: 1[1i] ecrs gau-
Ha HanboJbIIero Hadaada ciaosa x[1] ... x[1], oJHOBpeMEHHO ABIAIOMIECTOC
€r0 KOHIIOM.

10.4.1. Kaxkoe oTHOIIEeHNe BCE >TO MMeeT K MOUCKY mojacaoBa? [Ipyru-
MU CJIOBaMU, KaK MCIOAb30BaThH aaroputMm KMII a1s onpenenenus Toro,
ABJIACTCA JU CJIOBO A moacaoBoM ciosa B

Pemenne. [Ipumenum anmroputm KMII ¥ cioBy A#B, rae # — crenunasib-
Has OyKBa, HE BCTpedalomanca uu B A, #u B B. C10BO A ABAAETCA MOACIOBOM
€0Ba B TOr1a M TOJIBKO TOr'AA, KOTAa CPENU TUCe] B Maccuse 1 OyxeT 4uco,
pPaBHOE IIWHE CJOBA A. O

10.4.2. Onwucars aaropurm sanonnenus tabaunsr 1[1] ... 1[n].

Pemenme. IIpennonoxum, 9To mepsele i smavemumy 1[1]...1[1] yxe
naugensl. Mul quraeMm odepeanyio OykBy ciaoBa (T.e. x[i+1]) u gomxubl
BerducanTh 1[i+1].

1 i i+l
‘ YK€ TPOUNTAHHAS YACTh X ‘ ‘

A VA

JlpyruMu croBaMu, HAC MHTEpeCYOT Havata Z ciaoBa x[1]...x[i+1],
OJHOBPEMEHHO SABJMAIONINECA €r0 KOHIAMU — W3 HUX HAM HaIO BBIOpPATH
camoe mamuunoe. Orkyna Gepyrcs sru Hadana? Kaxpoe us nux (ue cuu-
Tas MyCTOro0) MOLYIAETCA U3 HEKOTOPOTO CJ0BA Z' NPUITICHIBAHUEM OyKBBI
x[i+1]. Cuaoso Z' apnaeTca HadaaoM ¥ KOHIOM caoBa x[1]...x[i]. Oxza-
KO He JH000€ CIOBO, ABJIAIOIIEECA HAYAJIOM W KOHIOM caosa x[1]...x[i],
TOQUTCA — HAMO0, YTOOBI 33 HUM caegoBata Oyksa x[i+1].

TTonygaem Takol pemenT OTBLICKAHWUA CIOBa, Z. PaccMoTpum Bce mada-
aa caoa x[1] ...x[i], aBasomumecss OTHOBPEMEHHO ero KOHIamu. M3 Hux
BEIOEPEM TOAXOIANINE — T€, 338 KOTOPHIMU naeéT OykBa x [i+1]. W3 mogxo-
JAIMX BRIOEpeM caMoe mirHHOe. [Ipunucas B ero kowmer x [1+1], momxyyuum
HUCKOMOE CJIOBO Z.

Teneps mopa BOCIOJIBL30BATBHCA CACGAAHHBIMUA HAMU TPUTOTOBICHUAMEI
¥ BCIIOMHUTD, ITO BCE CJIOBA, ABJIAIONINECS OTHOBPEMEHHO HAMAIAMYA U KOH-
IaMu JAHHOT'O CJI0BA, MOXKHO IOJYIATH IOBTOPHLIMY IPUMEHEHUAME K HEMY
dyHKINYN | M3 TPeIBIAYINEro pasaera. BoT 4To nmoaydaercs:

i:=1; 1[1]:= 0;

{ra6muua 1[1]..1[i] 3amomHena mpaBuIBHO}
while i <> n do begin

‘ len := 1[i]
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{len - gmuea Havama cmosa x[1]..x[i], xoTopoe aBmaeTca
ero KOHIIOM; BCe 6olee NIMHHHE Hayaja OKa3alUCh
HeIOLX 0 LAUMMMA }

while (x[len+1] <> x[i+1]) and (len > 0) do begin

{navamo He momxomuT, mpuMeHAeM K HeMy ¢yHKumo 1}

len := 1[len];

end;

{Hamwnmm momxopmAmee unuM y6emuUmNCh B OTCYTCTBUK}

if x[len+1] = x[i+1] do begin

{x[1]..x[len] - camoe maMHHOe HIOAXOIAulEee HAYajo}

1[i+1] := len+i;

end else begin

{nomxomaumx HeT}

1[i+1] := 0;
end;
i = i+1;
end; O

10.4.3. [loxazaTh, 9TO YUCIO JEUCTBUU B TPUBEAEHHOM TOJBKO ITO aJ-
ropurMe He mpeBocxoauT Cn 1as HEKOTOPOU KOHCTAHTHL C.

Pemenue. JT0 He BIOIHE OYEBUIHO: OOPAOOTKA KaXK IO OUEDETHON Oy-
KBBI MOXKET MOTPEe6OBATH MHOTMX UTEPAINY BO BHyTpeHHeM 1ukae. O 1Hako
KaXKJIasd TaKas UTEPAIUsA YMEHbIIaeT len mo KpauHew Mepe Ha 1, U B 3TOM
crygae 1[i+1] okaxercs 3amerno menbire 1[i]. C gpyrou cTopousl, npu
yBeJandeHn 1 Ha equmHMy Beawdmua 1[i] moxer BospacTtu He 6ojee deMm
Ha 1, TaK 9TO Y4CTO W CUIBHO yOLIBATH OHA HE MOXKET — WHAYE YOLIBAHWE
He 6YIeT CKOMITEHCUPOBAHO BO3PACTAHUEM.

Boaee ToOYHO, MOKHO 3aNUCATH HEPABEHCTBO

1[i+1] <1[i] — (umcno mrepanmn Ha i-M mare) + 1

nm
(uuco wrepanuin Ha i-m mare) < 1[1] — 1[i+1] + 1.

OcTagTca CIOXUTE DTU HEPABEHCTBA, MO BCEM 1 M MOMYUUTDH OIEHKY CBEPXY
I OOIIEro 4KMC/aa UTEPALUN. O

10.4.4. Byaem mcmosb30oBaTh TOT AATOPUTM, YTOOB! BHIACHUTD, SBJA-
eTCsA JU CJI0BO X [IMHBL I MOACAOBOM CI0Ba Y mmHbl m. (Kax 510 merars
€ IOMOIIBIO CIENUAIBHOIO pasgeaures #, onucano souue.) [Ipu sroM vu-
cao geucrBun Oyger ne 6oaee C(n + m), U UCHOAB3yeMas LAMATH TOKE.
IMpugymaTs, Kak 0GOUTACH TAMATHIO He Goee C'n (4TO MOXKET GBITH CyIIle-
CTBEHHO MCHBIIIE, €CJAM MCKOMBIM OOpasel, KOPOTKUM, & CIOBO, B KOTOPOM
ero UIyT — IJINHHOE).
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Pemerne. Ilpumensem aaropurym KMII x cioBy A#B. Ilpum sTOM BbItME-
crenvie 3uHadenvn 1[1],...,1[n] mpoBoguM amA ca0Ba X MIVHBI N U 3AT0-
MUHAEM OTHU 3Ha4deHus. /lanpire MBI MOMHUM TOABKO 3Hadenwe 1[i] maa
TeKyImero i — xkpome Hero n kpome tabmmuetr 1[1] ...1[n], vam a1s BoI-
YUCJIEHAU HUYErO HE HYXKHO. |

Ha mpaxTuke ciaoBa X u Y MOTYT He HAXOAUTHCA MOAPSI, TTOITOMY TPO-
cMOTp coBa X u 3aTeM ciaoBa Y yaI0O0HO OpOPMUTH B BU/I€ PA3HBIX IINKJIOB.
OT0 u30aBIAET TAKXKE OT XJIOHOT C PA3ACIUTEIEM.

10.4.5. Hanucars coorBeTCTBYOWUE airopursM (IPOBEPSIIOLIAN, B/
erca au caoso X = x[1] ...x[n] mogcaosom caosa Y =y[1] ...y[m]).

Pemenue. Crauana serauciasem tabauiry 1[1] ... 1[n] xak panbue. 3a-
TeM [HIIeM TaKylO IPOrpaMMy:
j:=0; len:=0;
{len - mmmHa MakcMMamBHOrO Hadama cioBa X, OZHOBPEMEHHO
ABnAwmerocAa Koxuom cmosa y[1]..y[jl}
while (len <> n) and (j <> m) do begin
while (x[len+1] <> y[j+1]) and (len > 0) do begin
{Havamo He momXoOWT, IpuMeHAeM K HeMy ¢yHKumMo 1}
len := 1[len];
end;

{Hawmm momxomAmee waM y6emMIMCH B OTCYTCTBUH}

if x[len+1] = y[j+1] do begin

{x[1]..x[len] - caMoe mIMHHOe HOLXOIAIlEEe HAYalO}
len := len+l;

end else begin

{nomxopaumx umet}

len := 0;

end;

j o= 3

end;

{ecnu len=n, cmomo X BCcTpeTHNOCH; MHaye MH IOWIK LO KOHIA

cmoBa Y, Tak u He BCTpeTuB X} |

10.5. AnropuTtm Bonepa—Mypa

ODTOT aACOPUTM AEIAET TO, YTO HA NEPBBIA B3VIAL KAXKETCA HEBO3MOK-
HBIM: B TUINIAYHOU CAUTYAIUU OH YATAET JUIIb HEGOJABIIYIO 9aCcTh BCexX OyKB
CJTOBa, B KOTOPOM WINETCA 3aAaHHET o6paserl. Kax Tak MmoxeT ObTh? Unes
npocta. [lycTs, HampumMep, MBI uiieM obpasetr abed. [locMoTpuM Ha, TeTBED-
Tyi0 OYKBY CJOBA: €CJIHU, K MPUMEPY, 3TO OYKBa €, TO HET HUKAKOU HEOOXO-
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QUMOCTH 9UTaTh IepBble Tpu Oyksol. (B camom gexe, B o6pasue GykBbl e
HET, TOSTOMY OH MOXKET HAYATHCA He PAHBINE TATON OyKBHL.)

Mui mpuBeiéM CaMBbIT TPOCTON BAPUAHT DTOTO AITOPUTMA, KOTOPHIA HE
rapasTupyer ObICTPOUM paboTHI BO Beex caydaax. [lycrs x[1]...x[n] —
obpaselr, KOTOPBIA HATO UCKATDH. [/ KaxIOro CUMBOJAA S HALAEM CaMOe
[IpaBoe ero BXOxKAeHue B CJI0BO X, TO ecTh Haubojbliee kK, Ipu KOTOPOM
x[k] = s. OTu cBenenus 6yeM XpaHUThL B MaccuBe pos[s]; ecau cuMBOI 8
BOBCE HE BCTPEYAECTCA, TO HAM OyleT yAOOHO MOJOXKUTH pos[s] =0 (Mo
YBUIUM JAJIBIIE, TOIEMY ).

10.5.1. Kaxk sanomuurh Maccus pos?
Pemenne.

MONOXUTL Bce pos[s] pasurnm 0
for i:=1 to n do begin
pos[x[il]:=1i;
end; O

B nponecce noucka Mbl GygeM XpaHUTb B EpEeMeHHOU last Homep Gy-
KBEL B CJIOBE, IPOTUB KOTOPOU CTOUT MOCAeHssA OykBa oOpasuma. Brawane
last =n (guuna 06pasua), 3aTeM last MOCTENEHHO YBETNINBACTCA.

last:=n;

{Bce mpepumyume momoxeHua obpasua yXe IpPOBEpEHH}

while last <= m do begin {cmoBo He koHuMmOCH}

if x[n] <> y[last] then begin {mocmemume 6ykBH pas3HHe}

last := last + (n - posl[yl[last]ll);

{n - pos[yl[last]] - »To vumHMMambHEHEN cIZBMT o6pasua,
mpux KoTopoM HampoTuB y[last] BcTaHeT Takas xe
6ykBa B obpasue. Eciam Tako¥ 6YKBH HeT Booblue,

TO CHEBUTCAaeM Ha BCh IIUHYy obpasmal

end else begin

eCIM HHHellHee [OIOXeHWe MOLXOSUT, T.e. eCIH

x[1]..x[n] = y[last-n+1]..y[last],

TO COOBWMTH O COBIAIEHUN;

last := last+1;

end;

end;

3HATOKI PEKOMEHAYIOT IPOBEPKY COBHANEHUS OPOBOAUTHL CIPABA HAJIEBO,
T. €. HA4UHAA C I0oCIesHel OyKBbl 00pasua (B KOTOPOU COBIALIEHUE 3aBEA0MO
ecThb). MOXKHO TakKe HEMHOT'O COKOHOMUTE, TPOU3BEA BEITUTAHUE 3aPAHEE
un xpans He pos[s], a n-pos[s], T.e. uncimo OyxB B 006pasiie CmpaBa OT
MOC/ETHEr0 BXOXK I€HUA OYKBHI S.
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Bosmoxubr pasaeie Mmoaundukannn >Toro aaropurma. Hanpumep, moxuHo
cTpoKy last:=last+1 samenuTh Ha last:=last+(n-u), rie u — KoOpaU-
HATa BTOPOr'O CIPaBa BXOXAeHUsA OyKBH x [n] B 0Opaserr.

10.5.2. Kaxk mpore Bcero y4ects 5TO B iporpaMmme?
Pemenne. [Ipu mocTpoeHun TabIUIL pos HATIMCATD

for i:=1 to n-1 do...

(manee Kak paHblie), a B OCHOBHOU IporpaMme BMecTo last:=last+1 Ha-
nMCcaThb

last:= last+n-pos[y[last]]; U

IpuBeaéHHBIN HAMY YIPOIEHHBIN BapuaHT airoputMma bouepa—Mypa
B HEKOTODBIX CAy4asX TpeGyeT CyLeCTBEHHO GOJbILIEe N JeUCTBUN (IUCIO
JEUCTBUK [IOPSAKA mn), IPOUrpeBasi atropurMy Kuyra—Moppuca—IIpar-
Ta.

10.5.3. IlpuBectu mpumep CUTyauuu, B KOTOPOU 0Opasel He BXOIUT
B CJOBO, HO AITOPUTMY TPEOYeTCA TMOPATKA MmN JeUCTBUU, YTOOLI 3TO yCTA~
HOBUTD.

Pemenne. [IycTsh o6paserr umeeT B baaa...aa, a caMO CIOBO COCTOUT
TOMbKO u3 OykB a. Torga Ha KaxAOM IIare HECOOTBETCTBUE BBLACHAETCA
JIAIIb B TOCJEIHAN MOMEHT. |

Hacroamuit (we ynpowénnsir) aaropur™ Bourepa—Mypa rapanrupy-
er, 4T0 4ucao geucrsuil ge upesocxosur C'(m+ n) B xyagwen ciaygae. Ou
UCTIONB3yeT uaen, ouuskue K maesm aaroputma Kuyra—Moppuca—Ilpat-
Ta. IIpegcTaBum cebe, 9TO MBI CpaBHHUBAIM OOpa3ell CO BXOJTHBIM CIOBOM,
U5 CUpaBa HAJIEBO. [Ipu 5TOM HEKOTODBIA KYCOK Z (ABIAIOIMACA KOHIOM
o6pasna) coBmal, a 3aTeM OOHAPYXKWIOCH pasiudue: nepes Z B oOpasue
CTOUT HE TO, YTO BO BXOJZHOM CJIOBE. ITO MOXHO CKAa3aTh B 3TOT MOMEHT
o BxoaHOM cJoBe? B méMm obmHapywxkeH ¢pparMeHT, paBHBIM 7, a TIepel HuM
cronT He Ta OYKBa, ITO B 0Opasie. ITa MHGOPMAIUI MOXKET MTO3BOJUTH
CABUHYTH 00pa3el] Ha HECKOJBLKO MOBUINU BIPABO 03 PUCKA MPOMYCTUTH
€ro BXOXKJEHUE. DTU CABUTHU CJAEIYET BLIYUCIUTL 3apaHee LA KaxKA0rO
KOHLA Z Hawero obpasua. Kak roeopar 3HaToku, BCE 5T0 (BBIYUCACHLE Ta-
GUIMLIBL CABUIOB U €€ HCIOIb30BaHue) MOXKHO yaoxuTh B C'(m + n) gedcTBui.

10.6. AnropuTtm PabuHa

DTOT ATrOPUTM OCHOBAH HA, TTPOCTON ujee. [IpeacraBum cebe, 9TO B CJIO-
Be JJIVHBL 177 MBI UIIeM O0Opasel] AIWHBL 7. BhIpexeM OKOIIeTKko pasmepa n
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u O6ygeMm aBUraTh ero mo BxoxuoMmy ciaoBy. Hac uarepecyer, He coBnazgaer
JIU CJIOBO B OKOITIEYKE C 3aMaHHBIM 00pasiioM. CpaBHUBATE IO OYKBAM JOITO.
BwMecTo sTor0 hukcupyeMm HEKOTOPYIO (PYHKIINIO, OTPEICTEHHYIO HA CIOBAX
JIuHLL 1. Eeau 3HavMenns 3Ton GyHKIUY Ha CIOBE B OKOINEYKe U HA 00pa3Ie
PAa3JUYHEL, TO COBIAAEHUS HeT. TOJBKO €CIN 3HAYEHUs OAUHAKOBEL, HYKHO
[IPOBEPATH COBHAJEHUE 10 OyKBaM.

Yo Ml BHIMrpeIBaeM mpu TaxkoMm moaxone? Kasamock Obl, HUYEro —
Belh ITOORI BEIYUCIUTE 3HAMEHME (PYHKITUN Ha CIOBE B OKOIIIEYKE, BCE PaB-
HO HYXXHO IPOYECTb BCEe OYKBEBI DTOT'0 CJIOBA. Tak yX JyHIIe UX CPasy CpaB-
HUTH ¢ 06pasmoM. Tem He MeHee BHIMIDHIINI BO3MOXKEH, U BOT 33 CIET 9ero.
IIpu caBure okoIeYKa CJIOBO HE MEHSAETCS IIOJHOCTLIO, & JUIIL 100ABAIETCA
OyKBa B KOHIIE U yOUPAETCA B HAYAJAE. XOPOIIO ObI, ITOOBI IO 3TUM TAHHBIM
MOXHO OBLIO PACCUNTATH, KAK MEHAEeTCI PYHKITUA.

10.6.1. IIpusecTu mpumep yA0OHOW A BHIYUCACHUA (DYHKITAN.

Pemenue. 3amenum Bce GYKBBL B (JIOBE U 00pasiie uX HOMEPAMU, MPEe-
CTABIAIOMUME COOOHN Lejble ducaa. Torga ymnoOHOM (PYHKUIMEH SBAAETCA
cymma tuedp. (IIpu casure okommedxka HYXKHO JOGABUTH HOBOE THUCJO W BEI-
eCThb MPOMABIIEe. ) O

[ kaxnou GyHKIUM CYIECTBYIOT CIOBA, K KOTOPBEIM OHA IIPHMEHH-
Ma IIOXO. 3aTO0 Apyrag GYHKINA B HTOM CIydae MOXeT PaboTaTh XOPOLIO.
Bosuukaer nges: HATO 3amacTH MHOIO QYHKIMU 1 B Hadane paGOTHL aaro-
pUTMa BHIOMpATh M3 HuX cayvanHyio. (Torga Bpar, JKemarmomui moArafuTh
HAIIIEMY aJITOPUTMY, He OyAeT 3HATb, C KAKOM UMEHHO (DYHKIMEN eMy 00-
POTHCAL. )

10.6.2. IIpupecTu npumep ceMeUCTBa yIOOHBIX (DYHKIIAM.

Pewenue. BribepeM HEKOTOPOE IUCIO P (KETATEABHO TIPOCTOE, CMOTPH
JaJee) U HEKOTOPHIU BEIYET ¥ TO MOAYyar0 p. Kaxknoe c1oBo qaunbl 1 6y1em
PacCMaTPUBATH KAK MOCAEI0BATEILHOCTD LEIbIX IUCE (3aMEHUB OYKBBI KO-
gaMu). DTU ducaa OygeM pacCMaTPUBATH KAK KOD(MOUIUEHTH MHOIOYIe-
HA CTemeH: N — | ¥ BBIMUCANM 3HAYEHUE HTO0 MHOLOWIEHA 110 MOLYJIIO P
B TOYKE . DTO U OyAeT OIHA U3 (PYHKIUN CeMEUCTBA (114 KaXKIOU Taphl P
U X MOJyYaeTCA, TaKuM 00pasoM, cBos ¢yukima). Casur okomka Ha 1 co-
OTBETCTBYET BEIYMTAHWIO CTAPIIEro wieHa (r" ! clegyeT BLIMMCIATEH 3a-
paHee), YMHOXKEHUIO Ha & U ZOOABIEHUIO CBOGOJHOIO “LICHA. O

Caenyromiee cooGpaXkeHne rOBOPUT B MOJAB3Y TOrO, YTO COBIAICHUS HE
CIUIMKOM BePOATHHL. [IycTh “MCa0 p PUKCUPOBAHO M K TOMY K€ MPOCTOE,
a X mY — 1Ba pasamvHBIX CIOBA MIWHHI 1. TOrma mM COOTBETCTBYIOT pPa3-
JUHBIE MHOTOWICHH! (MBI IPE/TOIAraeM, 9TO KOIBI BCEX OYKB PABINTHBL —
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2TO BO3MOXKHO, ecau p 6oabiue 4uciaa Oyks aadasura). CoBnaneHue 3Hade-
HUU (DYHKIIAU O3HAYAET, 9TO B TOYUKE I OTU [BA PABTUIHBIX MHOTOWICHA,
COBTIATAIOT, TO €CTh WX pasHoCcThb obparaerca B 0. PasHocTs ecTh MHOTO-
WIeH CTereHu 1 — 1 u umeer He 6omaee n — 1 xkopuen. Takum 00pas3oM, eciu
7 MHOI'O MEHLIIE P, TO CAYyIadHOMY T MaJo IIAHCOB IIONACTL B HEYIAYHYIO
TOYKY.

10.7. Bonee cnoxHble 06pa3ubl U aBTOMAThI

Mzr MmOKeM MCKAThL He KOHKPETHOE CJIOBO, & IIOACIOBA 3aJaHHOI'O BUAA.
Hampumep, MOXKHO MCKATH CIOBa BHAA a?hb, rie BMECTO 7 MOXKET CTOATH
aoban OykBa (MHEIMU CJIOBAMY, HAC WHTEpPECyeT OYKBa b Ha PACCTOAHUU 2
nocie OYKBHL a).

10.7.1. YkasaThb KOHEUYHBIN ABTOMAT, IIPOBEPAMOIIAN, €CTh JU BO BXOI-
HOM CJOB€ (pparMeHT BUAa a?b.

Pemenne. YuTas cI0BO, CleAyeT MOMHUTD, €CTh J1 OYKBA a Ha MOCTIET-
HEM MECT€ ¥ Ha, TMPEAMOCACIHEM — TMOKA HE BCTPETUM UCKOMBIA (PPATMEHT.
Asromar umeer cocrosuus 00, 01, 10, 11, ux cMbica Takos:

00 wa mpeamocTemHEM U MOCJAETHEM MECTAX HET a
01 =Ha npeamociIeIHeM HET, HA MOCJAEIHEM €CThb
10 He mpexmociegHeM €CTh, HA IOCAETHEM HET

11  ecTb m TaM, ¥ TaM

Tabuuira mepexog0B aBTOMATA:

Texymee | Oduepennas Hosoe
COCTOSTHUE OykBa COCTOSHUE
00 a 01
00 HeE a 00
01 a 11
01 HE a 10
10 a 01
10 b HAal JEHO
10 He auHe b 00
11 a 11
11 b HAUIEHO
11 He a X HE b 10 0
[Ipyroi cTaHAAPTHBIM 3HAK B 00pAa3lle — DTO 3BE3NOYKA (*), HA Me-

CTO KOTOPOHU MOXKET OBITH IOACTABICHO JI000€e ¢I0B0. Hampumep, oGpasern
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ab*cd o3Ha4aeT, YTO MBI HUIIEM IHOJCJOBO ab, 3a KOTOPBIM CJAEAYeT YTO
YTOHO, a 3aTeM (Ha JI60M PACCTOAHUM) UAET cd.

10.7.2. YkazaThb KOHEYHBIN ABTOMAT, IIPOBEPAMOILIAN, €CTh JU BO BXOI-

HOM CJOBe 06paser abxcd (B ONUCAHHOM TOJBKO YTO CMBICTE).

Pemenme.

Tekymee | Ouepennas Hogoe
COCTOSTHUE OyKBa COCTOSTHUE
HadaJIbHOE a a
HadaJIbHOE HE a HavdaJIbHOE

a b ab
a a a
a He a ¥ He b | HaYaJIbHOE
ab c abc
ab HE C ab
abc d HalJeHO
abc c abc
abc He c m He d ab =

Emé onun Bu I moncka — 3TO TOUCK JI000T'0 U3 CIOB HEKOTOPOT'O CIUCKA.

10.7.3. [lau coucok ciaoB X1, ..., Xg u cioo Y. OupeneauTs, BXOIUT JU
XOTs GBI OJHO 13 ¢JI0B X; B ¢10BO Y (Kak moacaoBo). KoanvecTso gercTsun
HE MOJKHO IIPEBOCXOANTH KOHCTAHTEI, yMHOXEHHON HA CYyMMAPHYIO JIJIAHY
BCEX CJIOB (M3 CHUCKA U TOO, B KOTOPOM HPOMCXOAUT [OUCK).

Pemrerme. OueBranpii criocob COCTOMT B TOM, YTOOLI KaxKIOE CJIOBO
U3 CIUCKA [IPOBEPATH OTAEJIBHO (€ HOMOLIBIO OJHOIO U3 PACCMOTPEHHBIX
arropuT™oB). OHAKO TIPU 3TOM MBI HE YKJIAJBIBAEMCA B 3aJaHHOE TUCIO
NeuCTBUN (M3-3a YMHOXKEHUA k Ha IJUHY cJoBa Y ).

TTocmoTpum Ha 4em0 ¢ APYyrou CTOPOHBL Kaxkmzomy oO6pasily U3 CIHCKA
COOTBETCTBYET KOHEYHLIN aBTOMAT C HEKOTOPBEIM MHOXKECTBOM COCTOSHUM.
OTH aBTOMATHI MOXHO OOBEIMHATH B ONUH, MHOXKECTBOM COCTOSHUU KO-
TOPOro OyIeT MPOU3BENEHUE MHOXKECTB COCTOAHUU BCEX TEX ABTOMATOB.
310 — o¥eHb HosbIoe MHOXKecTBO. OIHAKO HA caMOM jeje GOJLITTHCTBO
€ro BJIEMEHTOB HEJOCTYIHBI (He MOIYT IOABUTLCA MPU GTEHUUM BXOTHOTO
CJI0Ba) W 33 CYET HTOrO moaydaercsa sxoHomus. [Ipumepno sty mzeio (HO
B UBMEHEHHOM BUJE) MBL U OyAeM UCIIOAL30BATD.

Bemomuum amroputm Kuyra—Moppuca—IIparTa. B #éMm, unTas BXomI-
HOE CJOBO, MBI XPAHWIN HAMOOJBIIEe HAYAI0 00PA3Ila, ABJIIIOINICECT KOH-
IIOM TPOYUTAHHOU dacTu. Temepb HAM CleAyeT XpaHUTH [ KaXIOTO U3
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00pa3noB HaubOIIbIIEE er0 HAYAJO, ABJIAIOIIEECS KOHIIOM [IPOYUTAHHON da-
cTu. PemammmM OKa3BBAETCA TAKOE 3aMeYaHue: TOCTATOYHO XPAHUTE Ca-
MO€ OJUHHOE U3 HUX — BCE OCTAJBHBIC IO HECMY BOCCTAHABJINBAIOTCA (KaK
HauOOIbIINe HAYaLa 00PA3I0B, ABIAIIINECA eI0 KOHIIAMM).

CxuienM Bce 06pa3ibl B 1€PEBO, OOBEIUHUB X COBIALAIONINE HAIAILHBIE
yaacTku. Hampumep, Habopy 00pasion

{aaa, aab, abab}

COOTBETCTBYET AEPEBO

Y

a b -
DdopmanbHO rOBOPs, BEPIIKHAMY IEPEBA ABAIOTCI BCE HAYALA BCEX 0Opa3-
LIOB, & CBIHOBbSI BEPIUKHEL IOy 9aI0TCSA IPUINCHIBAHAEM OYKBEHI.

Yuras BXOLHOE CJIOBO, MBI TBATAEMCS 10 3TOMY [OEPEBY: TEKYIIAS BED-
MIKHA — 3TO HAUGOJbINAA (CaMas IPABAd) U3 BEPIINH, ABIAKIINXCA KOHIIOM
NPOYUTAHHON YacTH ( = HAUOOJBIINN KOHEIl MPOINTAHHON TaCTH, ABJLAKO-
MIUNCA HAYAJIOM OJHOrO U3 06Pa3IoB).

Onpeaemum GyHKIMO [, ApryMEHTAMEI U 3HAYEHUAMY KOTOPOU SBJLAIOT-
cs1 Bepuimuel gepesa. Umenno, [(P) = Hauboubluas BEpLIMHA A€DeBa, sABJ-
romasaca kounoM P. (HamomuuM, Bepumner gepesa — 570 ciosa.) Ham mo-
HaJZOOUTCA TAKOe YTBEDKIEHUE:

10.7.4. Ilycts P — Bepmmua mepesa. [l0kKa3aTh, YTO MHOXKECTBO BCEX
BepIIH, ABmtIommuxca kounaMu P, pasuo {I(P),I(I(P)),...}

Pemerme. CyM. 10Ka3aTEABCTBO AHANOIUYHOIO YTBEPIKACHUA NI aAr0-
purma Kayra—Moppuca—IIparra. O

Tenepnb ACHO, YTO HYXKHO HEIATh, HAXOAACH B Bepiuuue P u uuras Gy-
KBy Z BXOJHOI'O (jI0Ba. Hamo mpocMaTprBaTh HOCIENOBATENLHO BEpIIM-
uet P, I(P), l(I(P)),. .., noka He OOHAPYKUTCS TAKAs, U3 KOTOPOU BEIXOLUT
cTpenka ¢ 6yksou z. Ta BepImuHA, B KOTOPYIO 3Ta CTPEJKa BeAET, u OyaeT
HAIIIM CJIEAYIOIINM MMOJOKEHNEM.

OcCTaéTcsa NOHATD, KAK [/ KaXK JOU BEPIIUHLL [€PEBA BEIUUCIUTE YKA3a-
Teab Ha 3HadeHue PYHKIUY [ B 3TOU BEPIIUHE. DTO ASIACTCA KAK PAHBIIE,
[IpU >TOM 3HAYEHUs | 1711 60J1e€ KOPOTKUX CJIOB UCIOIBL3YIOTCS [IPU BBIMUCIE-
HUU OYEPETHOrO 3HAYeHUs GYHKIUA [. DTO O3HAYALT, ITO BEPIIUHLI JePEBA
CAeAyeT MTPOCMATPUBATE B MOPAIKE BO3PACTAHUA UX AJuHbI. HeTpyaHo mo-
HATH, 9TO BCE DTO MOXKHO YJOXKHUTH B TpelyeMoe YuCI0 JeUCTBUH (XOTa
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KOHCTAHTa 3aBUCAT OT 4ucia Oyks B axdasure). OTHOCALIMECS K DTOMY
TOAPOOHOCTH CM. B TviaBe 9. ([l

MoXHO OMHTEPECOBATHCS, KAKUE CBOUCTBA CJAOB PACIO3HAIOTCA C IIO-
MOIITHIO KOHEYHBIX aBTOMATOB. OKa3BIBAETCA, UTO CYMIECTBYET MTPOCTO OTU-
CHIBAEMBIN KJIACC OOPA3IIOB, 3aJAI0IINNA BCe TAKUE CBOUCTBA — KJIACC Pery-
JAPHBIX BBIDAKCHUH.

Ompegenenne. IlycTe Qpuxcupopan kKoHedHnnin aapasuT I, HEe comepxa-
vt cuMBooB A, £, (, ), * u | (oHu 6yayT UCIIOIB30BATHCS LA TOCTPOEHMUs
PEryJspHBIX BLIDAXKEHUN U HE JOJIKHBL [IePEMEIIUBATHCA ¢ Oyksamu). Pe-
TYJAPHBIE BEIPAXKEHUA CTPOATCA TIO TAKUM TPABUIAM:

(a) 6ykea andasnra I' — perynapHoe BHIpaXKeHwUe;
(6) cumBOmBI A, € — pEryJIsApHEIE BEIPAKEHNST;

(B) ecim A, B,C, ..., E — peryaspHLE BEIDaKEHUs, TO
(ABC ... E) — peryiapHOe BHIPAKECHIE;

(r) ecim A, B,C, ..., E — peryaspHbE BEIDaKeHUsA, TO
(AIBIC]|...|E) — peryaapHoe BLIPAXKEHUE;

(x) ecim A — peryispHOe BEIpayKeHUe, TO A% — PeryJspHOe BHIDAKEHHUE.

Kaxgoe peryniapHoe BeIpaKeHUe 331a6T MHOXKECTBO CJIOB B aadasutTe 1’ o
TaKUM TIPABIIAM:

(a) GyxBe COOTBETCTBYET OZHODIEMEHTHOE MHOMXKECTBO, COCTOSIIEE U3 Of-
HOOYKBEHHOI'O CJIOBA, COCTOAIIE0 U3 3TOU OYKBLI;

(6) cumBOAy € COOTBETCTBYET [IyCTOE MHOXKECTBO, & CUMBOLY A — OfHOBIE-
MEHTHO€ MHOXKECTBO, ¢IMHCTBEHHBIM JIEMEHTOM KOTOPOI'O ABJIAETCA
IIyCTOe CJIOBO;

(8) peryaspuoMy Beipaxkenuino (ABC...E) COOTBETCTByeT MHOXKECTBO
BCEX CJOB, KOTOPBIE MOXKHO TIOMYIUTh, €CIU K CJIOBY U3 A MpUNUCATH
caoBo u3 B, zatem u3 C,. .., 3arem u3 E (Konkamenayus MHOXKECTB);

(r) peryaspuomy Bripaxkenuio (A|B|C|...|E) coorBercreyer 00ben-
HEHWE MHOXECTB, COOTBeTCTByIoumx Buipaxenusm A, B, C, ... E;

(x) peryaspHOMy BBIpaKeHUIO A% COOTBETCTBYET UMEPAUYUAL MHOKECTBA,
COOTBETCTBYIOIIErO BHIPAXKEHUIO A, TO €CTh MHOXECTBO BCEX CJOB,
KOTOPBIE MOXKHO TaK Paspe3aTh HA KYCKW, YTO KAXKILIN KYCOK TIPHU-
HA/IEKUT MHOXKECTBY, COOTBETCTBYIOEMY Bhipaxkennio A. (B wact-
HOCTH, IyCTOE CJIOBO BCETWA COAEPKUTCA B Ax*.)
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MuoxkecTBa, COOTBETCTBYIOIINE PErYIAPHBIM BEIPAKEHUAM, HA3BIBAIOT-
ca pe2ysaprvimy. BoT HECKOTBKO IPUMEDPOB:

Bripaxenne MuoxecTBO
(alb)* BCe CJIOBA U3 OYKB a 1 b
(aa)* CJIOBa M3 YETHOTO 4YuCIa OyKB a

(Alalblaalablbalbb) Bce cioBa aiuHEL He Goaee 2 u3 OyKB a, b

10.7.5. HammcaTh peryaapHOe BBIpaXKeHUe, KOTOPOMY COOTBETCTBYET
MHOXKECTBO BCEX CJOB 13 OYKB a U b, B KOTOPHIX YUCIO OYKB @ IETHO.

Pemenne. Bripaxkenne bx 3a1aéT Bce CI0Ba 6e3 OYKBHI @, & BRIPAKEHUE
(b*ab*xab*) — Bce ci0Ba poBHO ¢ nByMa OykBamu a. Ocrtaéres obbenn-
HUTH DTU MHOXECTBA, & IOTOM IPUMEHUTH UTEPALNIO:

( (b*abxab*) |b* )*

dpyrou BapuauT oTBeTA:
(b*x ab* a)*bx* ]

10.7.6. Hamucars peryaapHOe BLIpaxKeHne, KOTOPOe 33 1aéT MHOXKECTBO
BCex CJIOB u3 OYKB &, b, ¢, B KOTOPBIX CJIOBO bac ABIAETCS MOICIOBOM.

Pemenwne. ((alblc)*bac (alblc)*) 0

10.7.7. HamucaTh peryaapHOe BLIpaXKeHrne, KOTOPOe 33 1aéT MHOXKECTBO
Bcex cJI0OB u3 OYKB a, b, ¢, B KOTOPBIX CJIOBO bac He SB/SIETCS MOACIOBOM.

[Ykazanue. Dra 3a1a4a CJI0KHEE IPEALIAYIIEH; BUAUMO, CAMBIA IPOCTOU
cr10co0 e€ pelmTh — MNePeUTH K KOHEYHBIM aBTOMAaTaM U BEPHYThCA 00paT-
HO (cM. Hmxe 3anady 10.7.14).] O

Temeps 3azady o noucke o6pasua B CJIOBE MOXKHO [1€peOpPMYyInPOBATH
TakK: TPOBEPUTH, MPUHAMIEKHUT JU CIOBO MHOXKECTBY, COOTBETCTBYIOUIEMY
MTAHHOMY PeryJIPHOMY BHEIPAXKEHUIO.

10.7.8. Kaxkme BEIpaXeHUs1 COOTBETCTBYIOT oOpasiaM a?b u abxcd, pac-
cMoTpeHHBIM panee? (B 006pasiie CMMBOM * MCIOJIB3YETCA HE B TOM CMBICIE,
9TO B peryJsapHbX Beipaxenusx!) IIpenmosaraercs, 9To andasuT copep-
xkuT OYKBHI @, b, c,d,e.

Pemenme.

((alblcldle)*a (alblcldle) b(alblcldle)*)
((alblcldle)*ab (alblcldle)*cd (alblcldle)*) ]
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10.7.9. [lokasarb, ITO MIA BCIKOIO PErYAAPHOIO BHIPAXKEHMSI MOMXKHO
MOCTPOUTHL KOHEUHBIN aBTOMAT, KOTODPHIA PACTO3HAET COOTBETCTBYIOIIEE
DTOMY BBIPAKEHUIO MHOXKECTBO CJIOB.

Pemienme. Ham morpebyeTcss HOBOE MOHATHE — IIOHATHUE UCTOUHU-
K@, WIL HeJemepMURUPOSAHHO20 KOHEeUH020 asmomama. Ilpeacrasum ce-
6e OPUEHTUPOBAHHBLIA T'Pad — KAPTUHKY U3 HECKOJIBKUX TOYEK (BEPIINH )
U HEKOTOPHIX CTPEIOK, Coefuusomux >tu Touku (pébep). Ilyers na neko-
TOpEIX pé6pax Hanucanbl OykBbl (He 0Os3aTenbHo Ha Beex). Ilycrs raxxe
cpenn BepmrH BeIOpaHbl aBe — HadaabHasd H u xomewynas K. Taxas xap-
TUHKA HA3BIBAETCA UCTROYHUKOM.

Bynem mBuraTthcsa pasanuaabiMu cniocotamu u3 H B K, untas 6ykebr 110
gopore (Ha TeX CTpeakax, rae ouu ecth). Kaxgomy nytu uz H 8 K, Takum
06pa3zoM, COOTBETCTBYET HEKOTOPOE CJAOBO. A MCTOYHUKY B IIEJOM COOTBET-
CTByeT MHOXECTBO CJIOB — T€X CJIOB, KOTOPBIE MOXKHO IIPOYECTh HA IIy TAX
n3 H B K.

3ameqanne. Fcan HAPUCOBATH COCTOAHUSA KOHEYHOT'O ABTOMATA B BU-
e TOYEK, & MEePexobl NMPU YTEeHuU OYKB m306pas3uTh B BUE CTPEIOK, TO
CTAHeT ACHO, YTO KOHEYHBIM aBTOMAT — 3TO YACTHBIM CJAYyYall UCTOIHUKA.
(C ponmonHuTensHEIME TpeOOBaHMAMU: (4) HA BCEX CTPEIKAX, 33 HCKIIOUe-
uueM Beayuwmx B K, ecrs Oykser; (6) nas ar060M TOYKY HA BBEIXOISIIMX U3
Heé CTperKax Kaxaad OyKBa BCTPEYAETCA POBHO OIUH Pa3.)

Mui GygeM CTPOUTH KOHETHBIA aBTOMAT MO PEryIAPHOMY BHIPAKEHUIO
B gBa npuéma. CHavYama MbI MOCTPOUM UCTOYHUK, KOTOPOMY COOTBETCTBY-
€T TO XK€ CaMOe MHOXECTBO CJOB. 3aTEM s IPOU3BOILHOIO UCTOYHUKA
OCTPOUM ABTOMAT, KOTOPBIA MPOBEPSET, NPUHAMIEKUT JU CAOBO COOT-
BETCTBYIOIIEMY MHOXKECTBY.

10.7.10. IIo peryaspHOMY BBIPAKEHHUIO MOCTPOUTH MCTOTHUK, 34,13I0-
MUY TO K€ MHOXKECTBO.

Pemerme. Mugykiusa 1mo MOCTPOEHUIO PEryJAPHOTO BHIPpAXKeHUsA. by-
KBaM COOTBETCTBYIOT rpadsbl u3 oguon crpeaku. Obbequuenve peanusy-
eTCs TaK:

L Hi Ki e

—NHQ Kg'—

™, K; o«
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HapucoBana xaprunka n1s o6beuHEHNs TPEX MHOXKECTB, IPAMOYI OJIbHUI-

KM — 3TO MUCTOYHUKW, UM COOTBETCTBYIOIINE; YKA3aHBI HAYAJbHBIE U KO-

HevHBIE BepimnHbl. Ha HOBBIX cTpenkax (ux 6) 6ykB He HAMCAHO.
Koukarenanuu COOTBETCTBYET KApTUHKA,

H’_—POHl K1 >vH2 KQ »e H

HaKOHeH, UTEpanuu COOTBETCTBYCT KapTUHKA

H K

TN

O

10.7.11. Jan ucrouuuk. I[oCTPOUTL KOHEYHLIM ABTOMAT, IPOBEPSAIO-
MY, TPUHALIEIKUT JU BXOAHOE CJIOBO COOTBETCTBYIOLIEMY MHOXECTBY (TO
€CTh MOXHO JHU MPOYECTh dTO ¢J0Bo, una us H B K).

Pemerme. CocTosanusamu aBToMaTa OYIyT MHOXKECTBA BEPIINH UCTOY-
HrKa. UMEeHHO, MPOUTSA HEKOTOpOoe HAadato X BXOTHOTO CJIOBA, MBI OyaeM
MOMHUTB MHOXKECTBO BCEX BEPIIUH UCTOYHUKA, B KOTOPHIE MOXKHO TPOUTH
13 HAYAJILHOM, IPOYMTAB Ha IIYTU CJIOBO X . O

Tem cameim 3aza4da 10.7.9 perrena. ]

OKa3bIBAETCsA, YTO PEryAsApHBIE BHIPAXKEHUA, ABTOMATHI U MCTOYHUKA
PACHO3HAIT OJHU K T€ XK€ MHOXKECTBA. 1T0OOBI yOEAWTHCA B DTOM, HAM
OCTaJIOCh PEIIUTh TAKYI0 3a1a9y:

10.7.12. [Mam wmcrounuk. IlocTpouTh perymrsapHOE BBIPAKEHHE, 33,1a10-
1IIee TO K€ MHOXECTBO, YTO U DTOT UCTOYHUK.

Pemenwe. [lycTs uctounuk mMeer Bepmwusl 1, ..., k. Bymem cumrars,
910 1 — 5TO Havamo, a k — xoHern. Yepes D; ; ; 0003HAIMM MHOXKECTBO BCEX
CJIOB, KOTOPBIE MOXKHO IIPOYECTDb HA IIYTH U3 4 B J, €CIM B KAYECTBE IIPOMe-
JYTOYHBIX IyHKTOB Pa3pPeIaeTcs NCIOAB30BATh TOJIBKO BEPIINHEL 1, . .., S.
CoracHoO OIpeneneHno, ICTOIHUKY COOTBETCTBYET MHOXKECTBO Di j k.

Nugyxnueit mo s 6y geM JOKa3HRBATEH PETY.IAPHOCTE BCEX MHOXKeCTB D; j
npu Beex ¢ 1 j. Ipu s =0 5T0 09eBUAHO (MTPOMEKYTOIHBIE BEPIIUHBL 3a-
MPEIIEHBI, TIO3TOMY KaXK0€ U3 MHOXECTB COCTOUT TOJBKO U3 OYKB).
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U3 «ero cocrour muoxecrso Dj ;117 OTMeTuM HA IIyTH MOMEHTHI,
B KOTODBIX OH 3aX0uT B (s + 1)-yto Bepmmny. [Ipu 5T0M 1y Th paséusaeTca
Ha JaCTH, Kaxaad U3 KOTOPHIX ykKe He 3axonuT B Heé. [losTomy aerko
€c000pa3uTh, ITO

Dijst1=Dijs| (Dist1,s Dsy1,s+1,% Dsiijs)

(BOJBHOCTE 3aIUCH: MBI UCIIONB3YEM JIJIA OMEPAIUN HAZl MHOXKECTBAMEU 060~
3HAYEHUA KaK /A PEryJapHbIX Bhipaxenuh). OcTaéTcsa BOCIOIB30BATHCA
IPEeAIIONOXKEeHNeM WHIYKIUN. ]

10.7.13. T'me emé ucnoabp3yeTcs TO xKe caMoe paccyxKaeHue?

Oreer. B arropntvme dnonga BEMMACACHUA NEHB KPATIAWIICrO MTyTH,
cm. raBy 9 (Pasubie anropurMer Ha rpadax). |

10.7.14. Toka3aThb, YTO KJIACC MHOXKECTB, 33,1aBA€MBIX PEry/APHBIMI
BRIDAXKEHUAMHA, HE UBMEHUICA ObI, €CIU ObI MBI PA3PENININ NCTONB30BATE HE
TONBKO OOBEIUHEHNE, HO U OTPULAHUE (& CJICIOBATEABHO, U TIEPECETCHIE —
OHO BHIPAXKAETCA d€pe3 OOBENUHEHNE U OTPULAHUE).

Pemenne. /[ aBTOMATOB IEpexoq K OTPUIIAHUIO OIE€BUICH. O

3ameganue. Ha npakTuke BaxXHYIO POIb UTCPACT IUCAO COCTOSHUN ABTO-
maTa. OKasbIBAETCS, ITO TYT BCE HE TAK IPOCTO, U IEPEXO] OT UCTOUYHUKA
K aBTOMaTy TpebyeT DKCIOHEHIMAILHOIO POCTA YU CIa cOCTOAHuM. [lonpoob-
HOE€ paCCMOTpEeHHUE CBA3AHHBIX C OTUM TEOPETUYICCKNX 1 MPAKTUICCKUX BO-
MPOCOB — [0 0c060e (cM. Kaury Axo, Yapmana u CeTu 0 KOMIUIATOPAX).

10.8. CydduKkcHble aepeBbs

o cux PO HAIM TPOTPAMMEBI CHAYAA, TTOIYTaau 00pasell, KOTOPLIU Ha-
IO UCKATh, & TOTOM TEKCT, B KOTOPOM HaI0 UCKaTh. B creayrommx 3anatax
BCE HAOOOPOT.

10.8.1. IIporpamma moIydaeT HA BXO[I CJAOBO Y MIJIMHBL M B MOXET €ro
obpabarbiBarh (110ka 6e3 OrDAHUYEHUU HA BPEMs U HAMATH). 3aTeM OHa
TONYHIaeT CI0BO X AJUHBI N M MOMKHA COOOITUTD, ABIAETCSA JU OHO TIOICTO-
BoM caoBa Y. Ilpu sToM Um0 onepamnuu npu oo6paboTke cioBa X JTOLKHO
OBITH TOPSAAKA 71 (HE MPEBOCXOAUTH (I, M€ KOHCTAHTA ¢ MOXKET 3aBUCETH
ot pasmepa andasura). Kak manucars Taxyio nporpammy?

Pemenue. [loka He HAKTAIRBAETCA HUKAKUX OTPAHUYCHUN HA BPEMS
1 TaMATH Opu 00paboTke Y, 5To He mpeacTaBaseT Tpyaa. UMeHHO, HATO
CKJEUTH BCE MOJCAOBA CJIOBA Y B MepeBO, OOBEINHUB CI0OBA C OOMIMMY HAYaA-
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JgaMy (Kax MBI DTO e1a/ll, DACIO3HABASL BXOXK I€HUs HECKOJILKUX 00pa3LoB).
Hanpuwmep, mia Y = ababe noayaurca Takoe gepeso moacios (Ha pebpe Ha-
nucana OyKBa, KOTOpas 100aBIAeTCA IPU ABMKEHUN 10 DTOMY Pedpy; Bep-
OIMHBI HAXOOATCA BO B3aMMHO OJHO3HAYHOM COOTBETCTBUM C IIOOC/IOBAMU
caosa Y):

IIycte Takoe mepeBo moctpoeno. Ilocae sToro, wmras cioBo X caeBa Ha-
TIPaBO, MBI MPOCAEXKUBaEM X B MepeBe, HAUAB ¢ KOPHA; CTOBO X OymeT mOo-
CJIOBOM CJIOBA, Y, €CJAM TIPU DTOM MBI HE BBEIUJEM 33 TPENETbl TePEeBa. O

3aMeTnM, YTO AHAJOTMYHAA KOHCTPYKIUA TOAUTCA MJIA JEOOOT0 MHOXKE-
cTBa cjaoB U, a He TOMBKO AJIA MHOXKECTBA BCEX TOACAOB TAHHOT'O CJIOBA: TO-
CJIe TOI'0 KaK COOTBETCTBYIOIIEE NEPEBO IIOCTPOEHO, MBI MOXKEM IIPO JI000€
caoBo X OLpEeNennTh ero IPUHALIEKHOCTE K U 3a BpeMs, IPOIOPIIOHAIb-
uoe muuue X. (Hago TOJBLKO AOMOJIHUTENBHO XPAHWUTH B BEPIINHE TE€PeBa
UHDOPMAIINIO, TPUHAICKAT JU COOTBETCTBYIOIIEE €l CAOBO MHOKECTBY U/
WY JIUIIb ABIACTCA HAYAIOM APYTOrO (JIOBa, mpuHamiexamero U.)

10.8.2. PemmThb mpeabIAVIIYIO 3343y € TOTOJHATEILHEIM OTDAHUIeHN-
eM: 00BbEM UCHOMB3YEeMOU MAMATHU MPOIMOPIUOHAIEH [IUHE CIOBA Y .

Pemerme. IIpexnnin cnocob He COAUTCA: YUCIO BEPIIMH IEPEBA PABHO
YUCAY TOICAOB CJIOBa Y, & Y CIOBA [IIMHEL 1 YHCAO MOACIOB MOXET ObITh
nopaaka m?, a ze m. OIHAKO MbI MOXKEM (CKATHY HAIIE JepPeBO, OCTABUB
BEPIIMHAMH JUIIb TOYKA BETBAeHUA (TIe Gombine 0qHOro chiHa). Toraa Ha
pébpax gepeBa HATO HAMMCATDL yiKe He OYKBBI, a KYCKU CIOBa Y .

BoT 4T0 moayuuTCsa Ipu CKATUM HALIETO TPUMEPA:

¢
b abc

ab
abc

Byaem caurars (3zeck u gajnee), 4To nociequss Oyksa caosa Y Goblie
B HEM He BCTpeYaeTCa. (DTOro BCerga MOXKHO JOCTUYL, MOMUCAB JOMOJ-
HUTEIBHBIN (PUKTUBHBIA CUMBOI.) TOrIa JUCThA CKATOTO NEePEBa COOTBET-
CTBYIOT KOHIAM CJOBa Y, & BHYTPEHHUE BEPUIMHBL (TOYKYM BETBICHUA) —
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TAKUM IIOACIOBAM § CIOBA Y, KOTOPBIE BCTPEYAIOTCA B Y HECKOJIBKO a3,
U IPUTOM ¢ PABHBIMU GYKBAMU TIOCIE §.

Y Kax[oU BHYTPEHHEN BEPIIMHEI (He JHCTA) CKATOTO AEPEBA €CTh HE
MEHEe IBYX CHIHOBed. B nepeBbAx ¢ TAKMMU CBOMCTBAMY YMCJIO BHY TPEHHUX
BEpLIKH He IPEBOCXOAUT IKcaa ucThes. (B camom gere, npu gsuxkenuu cue-
Ba HAIIPABO B KAXKJOU TOYKE BETBACHUs A400ABILIETCS HOBBIY IIy Th K JIUCTY. )
TocKOMBKY JUCTHEB 1M, BCErO BEPIIUH HE 6oaee 21, U MBI YIOKAMCA B JIU-
HETHYIO 110 1 TaMATb, €CJu 0y 1eM SKOHOMHO XPAHUThL MOMETKY Ha PEGpax.
Kaxnas Takas moMeTKa ABIAETCA IMOACJAOBOM CJIOBA Y, U MOTOMY TOCTa-
TOYHO YKA3BEIBATH KOOPIUHATY €€ HAYATa U KOHIA B Y. DTO HE MOMEIIAET
BIIOCIEACTBHAN IIPOCJIEKUBATEH MPOU3BOIBHOE CJIOBO X B DTOM nepeBe OyKBa
3a GYKBOW, IPOCTO B HEKOTOPBHIE MOMEHTBI MBI Oye€M HAXOMUTHCA BHYTPHU
pébep (1 TOKHBI TIOMHUTD, BHYTPU KAKOTO Pedpa U B KAKOU MTO3UIINY MBI
HaxonuMmcsa). [Ipu mosBaeHNU HOBOW OYKBHI CIOBa X €€ HYXKHO CPaBHUTH
€ COOTBETCTBYIOIIEN GYKBOU IIOMETKHU 3TOr0 pebpa (ITO MOXKHO CAeIaTh 34
O(1) pencrTBuil, Tak KaK KOOPAUHATY HTOU GYKBEL Mbl 3HAEM. ) a

IlocTpoeHHOE HAMU CKATOE NEPEBO HABLIBAIOT CHCAMBIM CYPPUKCHBIM
depesom caoBa Y (KOHLEBL CIOBA HABBIBAIOT «Cy(ppuKcaMu ).

10.8.3. IlokasaTh, UTO TOCTPOEHME CKATOTO CYPHEPUKCHOTO TePEBa
MOXKHO BBIIOJIHUTH 3a Bpema O(m?) ¢ ucnonpaopanuem O(m) namarTu.

Pemenne. Byaem 106aBaaTs B CypPUKCHOE AepeBO CyDOUKCH O 0Uepe-
nu. JlobaBrerue 04epeaHoro cyp@ukca IemnaeTcs TaK XKe, KaK U IPOBEPKa
[NPUHAIIEXKHOCTH: MBI YUTaeM ero OyKBa 3a OyKBOH U MPOK/IAJLIBAEM Iy ThH
B xepese. B mekoropuil MoMeHT gobaBiseMbll Cy(hQPUKC BEILIET 33 IIpe-
JeTbl nepeBa (HAOMHUM, 9TO MBI CUATAEM, UTO TOCJICIHUN CUMBOJ CJAOBA
YHUKAJEH).

Ecan sTo mpomsongér mocepeguue pebpa, TO pebpo HpUAETCA B 3TOM
MecTe paspesarb. Pe6po mpeBpaTuTCsa B IBA, €r'0 IOMETKA PA3PEKRETCA Ha
ABe, HOABUTCS HOBas BepIIMHA (TOYKA BETBJACHUs) U €€ HOBBLU CLIH-JIUCT.
Ecar TOYka BeTBICHWA COBHANET C YK€ HMEBIICHCA B AEPEBe, TO y Heé
TMOABUTCA HOBBIU CHIH-IUCT. B M0000M Caydae TOCae OOHAPYKEHUA MECTa
BeTBaeHuA Tpebyerca O(1) omepauuit 1Js IepecTPOUKA Nepesa (B 9aCTHO-
CTH, pa3pe3aHne IMOMETKHN Ha [OABE€ BBIIIOJIHACTCA JEI'KO, TaK KaK IIOMETKH
XPaHATCA B BUE KOODAMHAT HA4Mala U KOHUA B cioBe Y). O

T'opazno Gosee CIOKHOU 3aJaMEU ABIAETCA TOCTPOEHUE CEKATOTO Cy(d-
(PUKCHOIO OepeBa 3a JUHEHHOe BpeMs (BMeCTO KBaIPATUYHOI'O, KAK B Ipe-
ABLayLen 3agade). Yrobol usmoxurs atropurm MakKpenra, koTopei pe-
IMAeT BTy 3a4a9y, HAM TOHAL00ATCA HEKOTOPHIE TPUTOTOBICHUS.

s madana onwmineM GoJee TTOAPOGHO CTPYKTYPY AE€PEBa, KOTOPOE MBI
ACTIOIB3YEM, U OTIEPAIAU C HUM.
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Mer paccmMaTpuBaeM [gepeBbs C KODHEM, HA PEOPAX KOTOPHIX HAIXCAHEBL
CJI0Ba, (MOMETKY); BCE TOMETKY ABJIAKTCA MTONCIOBAMU HEKOTOPOTO 3apAHEe
duxcuposannoro caosa Y. [Ipu 5TOM BHITIOIHEHBI TAKUE CBOUCTBA:

® KaXK[asi BHYTPEHHsS BEPIIMHA UMEET XOTs Obl JBYX CHIHOBEH;

® OMETKN Ha PEOpAax, BLIXOIAIMINX U3 AAHHOU BEPIIMHBI, HATHHAIOTCA
Ha pas3Hble OYKBHI.

Kax 10l BepivHe v TAKOIO AEpeBa COOTBETCTBYET CJIOBO, KOTOPOE 3a-
MUCAHO HA My TH OT KOPHA I K BepiiuHe v. ByreM 0603Ha9aTh 3TO CJI0BO (V).
O603HaMMM MOMETKY Ha pebpe, BeymeMm K v, depes [(v), a OTma Bepim-
uer v — qgepes f(v). Torga s(r) = A (mycroe caoro), a

s(v) = s(f(v)) +1(v),

I IOOG0U BEPIMAHEL ¥ 7 7 (3HAK «+» 0603HAMAET COEAUHEHUE CTPOK).

IloMmumo BepIue gepeBa, MBI Oy 1eM PACCMATPUBATE NO3UYUL B HEM, KO-
TOPBIE MOTYT OBITH PACTIONOKEHBI B BEPIIMHAX, & TAKKE (BHYTPH PEOEp»
(pasmensaa mOMETKY >TOro pebpa Ha ase JacTw). PopMalbHO TOBOPS, TO-
3unua npegcrasigeT cobou mapy (v, k), rae v — BepuHa (OTIXYHAA OT
KopHs), a k — nenoe uucao B upomexytke [0,]l(v)|), ykaspiBaowee, Ha
CKOJIBKO OyKB HAI0 BEPHYTHCA OT ¥ K KOPHIO. 3zech |l(v)| — mamHa no-
MeTKH [(v); 3Hadenne k = [(v) COOTBETCTBOBATO ObI IPEABIAYIEN BEPIINHE
U MOTOMY He AomyckaeTca. K 9uciy mosuiuy Mbl 100ABIAEM TAKXKe Ma-
py (r,0), coorBeTcTBYyMWOIIYIO KOPHIO gepeBa. Kaxmon mosumuu p = (v, k)
COOTBETCTBYET CJIOBO S$(p), KOTOPOE MOIYydaeTCsA yAaJeHUEM k IIOC/IeHUX
cuMBOJIOB U3 5(v).

Ilycres p — npousBoJbHAS MO3UIUA B AepeBe, a w — CIOBO. [IpouTu
BJOJb W, HAUAHAA C P, O3HAYACT HAUTHU APYTYIO TO3UIUK ¢, 1A KOTOPOU
s(¢) = s(p) + w. Ecan rakas mosuuma ecTb, TO (IpU OMUCAHHOM CIIOCOOE
XPAHEHUA IOMETOK, KO YKA3BIBAIOTCA KOOPANHATEL UX HAYANA U KOHIIA
BHYTpY Y) €€ MOXHO HAUTHU 33 BpeMsd, IPOLOPUUOHAILHOE LJIKHE CIOBA W.
Ecmu Takou moswnum HET, TO B KAKOU-TO MOMEHT MBI «CBEPHEM C IIyTHY;
B DTOT MOMEHT MOXHO TIONOJHUTEL [EPEBO, CALIAB OTCYTCTBYIOIIYIO B 1e-
peBe YacTh CIOBA W MOMETKOW Ha MyTH K HOBOMY JuCTy. Hano TOJBKO,
9TOGBL 5Ta IMOMETKA OBLIA MOACIOBOM CI0BA Y (Ipu HAIIEM CIOCO6e XpaHe-
HUS [OMETOK); 5T0 OyAeT IrapaHTUPOBAHO, €C/IU IPOCIEIKUBAEMOE CJAOBO W
ABAAETCA MOACAOBOM CIOBa Y.

3aMeTuM, UTO TpPHU B3TOM MOXET O0pA30BATHLCA HOBAA BEPIIMHA (eCau
Pa3BUIIKA OKA3AMACHh BHYTPHU pedpa), & MOXKET U He 00pa30BaAThCA (€Cau pas-
BUJIKA, OKA3aJaCh B BepiimHe). uciao AeUCTBUN MPU TAKOU MOIW(UKAINY
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[IPONOPUMOHAILHO [IJIMHE [IPOUIEHHOU YacT JI0Ba (IJMHA HEIPOUJEHHOU
He BaXKHA).

OKa3BIBAETCA, ITO HABUTAIINIO B IEPEBE MOXKHO YCKOPUTD, €CIN 3apaHee
M3BECTHO, YTO OHA OyAET YCIEIIHON.

10.8.4. IlycTes mia JAaHHOW MO3MIMU p U CIOBA W 3aPAHEE U3BECTHO,
YTO B JepeBe ecThb mosuuus ¢, aas koropou s(g) = s(p) + w. Ilokasars,
9TO NOBUIUIO ¢ MOXKHO HAUTH 33 BPEMs, IPOMOPIUOHAILHOE IUCTy PEGep
J€PEBa HA MyTH OT P K ¢. (DTO YUCIO MOXKET OBITH 3HAYATEILHO MEHBINE
[UIMHBL CJIOBA W, €CJAU TIOMETKHA Ha PEOpax JIJIVHHEIE. )

Pemenne. B camom mese, Ipu HABUTAIINY HYKHO OPUEHTUPOBATHCA JUIIH
B BepuHAaX (BLIOMPATH MCXOAsLIee PEeOPO B 3ABUCUMOCTU OT OYEPELHOU
OYKBBL); B OCTAJAbHLIX MECTaX IIyTh OJAHO3HAYHBIM U IOTOMY MOXHO CIBU-
raThbCA Cpa3y K KOHILY pebpa. ]

TMoaseném uroru. PaccMOTpEHHBIN CITOCOO XPAHEHUA A€DEBHEB TTO3BOJA-
er (411 PUKCUPOBAHHOTO CJIOBA Y)

e co31aTh nepeBo u3 ogHOro kopHsa [O(1)];
e HanTy OoTHA JH0O0K BepumHbL (Kpome KopHsa) [O(1)];

® Y3HATHL MOMETKY 000K BepPIUHEL (KPOME KOPH), TO €CTh IOMETKY
Benyiero k Heir peGpa [O(1)];

® IIPOUTH U3 JIOOOU MOZULUKA P BIOJIL JOOOrO CIOBA W, €CAU 3apaHee
U3BECTHO, YTO MBI HE BLIAAEM U3 AEPEBA; PE3YILTATOM ABIACTCA 03U~
M ¢ B Aepese, 1t kotopon s(q)=s(p)+w [O(uucno pé6ep Ha myTn)];

e N00ABUTEH CJIOBO W, HAYAB € HOBUIUHA P; €CIH IIPU DTOM CJIOBO W ABJIACT-
ca moacaosoM Y, a B epere HOT TO3UINH ¢, 111 KoTopoln s(q) = s(p) +
+ w, TO IePEeBO MEHAECTCA W TAKaA MO3UIMA ¢ co3naérca (oHa GyneT
auctoM) [O(uucao 6yke B w, He Bomeamux B {(q)];

® HAKOHEII, 14 JI000ro ¢1oBa X MOXKHO BBEIACHUTH, HAUAETCS JU B JC-
pese mosunus ¢, 411 koropon s(¢) = X [O(|X])].

B kBagpaTHBX CKOGKAX YKA3AHO YUCAO NEUCTBUYU TPU BLIMOJHEHUN CO-
OTBETCTBYIOIINX OTEPAIINN.

Emé mer 6ygeM XpaHWTb B BepIIMHAX AepeBa «Cy(HEdUKCHBIE CCHLIKNY
(B Kaxgou BepimHe OygeT He 60Jee OQHOU CCHLIKU HA APYTYIO BEPLIAHY ),
HO CHAYaJId HaL0 OOBACHUTD, YTO 3TO TAKOE.

Hauném ¢ moanoro (He cxkaToro) cypPpuUKCHOrO mepeBa 1 CIoBa, Y.
Kaxnon ero Bepummbe (KpoMe KOPHA) OTBEYAET HEKOTOPOE HEMyCTOe TOI-
cnoBo cnoBa Y. Ecam MBI OTpexeM y dTOr0 IOACJIOBA, NMOCTEIHION OYKBY,
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TO B IepeBe CIyCTUMCA Ha OauH Imar K kKopHio. Ho 4ro GymeT, ecaum MbI
oTpexeM mepByio O0ykBy? CHOBa MOMYyYUTCS MOACTIOBO, HO OHO y¥XkKe Oyaer
COBCEM B JPYT'OM MECTE TEPEBA.

BoT Kak BHINIAAAT 5TU HEPEXOALL B HAIEM IpuMepe (0Tpe3aHue mepBou
GYKBbL COOTBETCTBYET IYHKTUPHOU CTPEIKE):

OTHU cTpeIKn MBI GyIeM HA3BIBATL CYPPUKCHBIMU CCBLAKAMU, TOCKOIb-
Ky OHW COOTBETCTBYIOT TEPEXONy OT CIOBA K €ro Cy(pOUKCy Ha eJUHUILY
MeHbmen AauHbL. OHY OmpefeaeHbl I BCEX BEpIIMH, KpOME KOPHA.

DdopMasbLHO MOXKHO CKa3aTh Tak. IlycTh w' o3HadaeT 10O w 6e3 mep-
Bou Oyksel (w' ompegesneHo mis Jawo6oro Hemycroro caosa w). Torpa cyd-
(PUKCHAA CCBITKA BEAET W3 BEPIIMHLL p B Bepumuy ¢, ecan s(q) = s(p)’ (ma-
NOMHEM, 9TO §(U) — CJIOBO, COOTBETCTBYIONMIEE BEPIIAHE ).

10.8.5. Kax cBsa3anbl CypPUKCHBIE CCBUIKK IBYX COCENHUX BepUIMH (OT-
Ua U CuiHa)?

OrBer. OHU YKA3LIBAIOT HA COCEIHNE BEPIIWHEL, U OYKBA HA COETUHSIO-
meM ux pebpe Ta XKe caMas. O

10.8.6. [lokasaTh, ITO IpH HEPEXOIe K CKATOMY CyPPUKCHOMY IAePEBY
CCBUTKU TIO-TIPEKHEMY UIYT U3 BEPUIMHEI B BEPIIUHY (& HE BHYTPb PEGED).

Pemerue. B camom rmene, mo HaIeMy MPEANOIOXKEHUIO MOCTETHAT Oy-
KBa CJOBa OOJIbIIE B HEM HE BCTPEYAETCS, MODTOMY U3 JUCTA CCHLIKA, BEIET
B JAUCT. A ecau BepmvHa (OTJINYHAA OT KODHA) ABIACTCA TOYKOU BETBIE-
HUA, TO COOTBETCTBYIOIIEE €U CIOBO § BCTPEUACTCA C PABIUIHBIMA GYKBAMHA
mocye Hero. [lpyrumu ciaoBamu, M HEKOTOPHIX OykB @ u b cioBa sa u sb
SBJIAIOTCA MOACTAOBAaME ¢I0Ba Y. OTpe3aB OT HUX MEPBYIO OYKBY, MOJLYHUUM
c0Ba, 8'a 1 s'b, KOTOPEIE TAKXKe ABIAITCA MOACAOBAMHE CIOBa Y, MOSTOMY
u s’ ABAACTCA TOYKOU BETBJICHUA. ]

Bot 4o momyuwmTcs mis Hamero npuMmepa:
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Tenepb MBI y:ke TOTOBHI K m3aoxkenuto anropurma MaxKpenra. Cxa-
TO€E Cy(pPUKCHOE TEPEBO CTPOUM ITOCTENMEHHO, TOOARMAA K HEMY CY(DDUKCH
Mo Mepe yMeHbienusa ux jaauusl. O6o3uadum depes Y; cyddukce, HaunHa-
roumucs ¢ i-on Oyksel cioBa Y. (Takum obpasom, Y1 =Y, a Y, cocTour
u3 oguon Oykeol.) Iocue ¢ waros nocrpoenus Haie gepeso OyAeT XPaHUTh

Yi,.... Y

10.8.7. Ilokasarhb, 4TO Cy(PPUKCHBIE CCLLIKM B TAKOM IEPEeBe OIpeae/ie-
HBL KOPPEKTHO (BeayT B OPYI'YIO BEPLIMHY TOI'O XK€ AEPeBa) LJsg BCeX Bep-
MITH, KPOME, BO3MOXKHO, MTOCAETHETO JOOABIEHHOTO JUCTa (COOTBETCTBYIO-
IIETO CJIOBY Y;) M €ro OTIA.

Pemwerme. B camom pgerne, cypduUKCHAA CCBUIKA U3 JHUCTa Y; BEAET
B MUCT Y41, U TOTOMY €H ecTh KyJa BecTH. PaccMoTpuM Temeps BHyTpeH-
HIOK BEPINUHY ¥, He ABIAKNIIYIOCA OTIIOM MOCICTHErO aucTa. IlycTs B Hen
PA3BETBIAIOTCA JBa IIyTH B JUCTBA Y; U Yj. Bes orpannmdenna o6mHEOCTH
MOXKHO CHUTaTh, 9T0 j, k < i (ecau ogun u3 wyTer Beaér B Y;, TO €10 MOKHO
3aMEHUTH APYIUM, BEIb BEPILINHA ¥ IO IPEINOIOKEHUIO HE MOCIEIHAA Pa3-
BUIKA HA 5TOM TiyTu). OTPE3aB OT DTUX MyTeH MEePBEIU CAMBOJ, MOJYIUM
OYyTH B JUCTbA Y41 U Yj11; 9TH OYTH OPUCYTCTBYIOT B AepeBe (MOCKOJIb-
Ky j+ 1 u k + 1 He npeBOCXOAAT %), & TOYKA UX PA3BUIKEA OyAeT KOHIOM
Cy(PUKCHOU CCBLIKYM BEPLIMHEL U. O

CyddukcHbre CCBUIKU [ JUCTHEB HAM HE MOHAI00ATCA, U BHIYUCIATH
MBI UX He OyJeM, a IJIf BCEX OCTAJLHLIX BEPIINH nepeBa MBI UX OyIeM BbI-
YUCAITH M XPAHUTH. Bosee TOYHO, nOChe ¢ MAaroB aIropurMa

e B JepeBe XpaHATCA cIoBa Y1, ...Y; (u Bce ux mHadana);

® aJpeC JUCTa, COOTBETCTBYIOMErO MOCICTHEMY JOOABACHHOMY CyQ-
¢dukcy (Y;) XpasuTca B mepeMeHHOn last;

® [l BCEX BHYTPEHHUX BepIINH IePEBA, KPOME, OBITH MOXKET, OTIIA BEDP-
IUHLL [ast, XPAHUTCS TPABUILHAA CYy(DPUKCHAA CCBLTKA.

Hapno momsaTs, xak mogzep:uBaTh 3TO Ipu JOOABIEHHN OYEPETHOIO
cybdukca. MoxHO, He MYyAPCTBYA JIYKaBO, TOOABIATL Y;y; OykBa 3a Oy-
KBOU, HAYUHAA C KOPHA nepeBa. (MMeHHO Tak MBI DaHbBINE U JEIATH, U 3TO
TPe6GOBATIO KBAPATUIHOTO BPEMEHU. )

Kakue TyT BO3MO)HBI onTuMusanuu! [lepBas cBs3ana ¢ TeM, YTO MBI
MOXKEM IBUIATHLCA IO AEPeBy OBICTPEe, eCIK 3HAEM, ITO 3aBEIOMO U3 HEro
He BEIIAeM. BTopas cBA3aHa ¢ UCTONBL30OBAHUEM CY(hDPUKCHBIX CCHLTOK.

O6a BapuaHTa TPEINOIATAIOT, YTO OTEI U JUCTA last He COBHIATAET
¢ xopuem. (Ecan comagaer, Ham NpugéTca nO00ABIATH Yjiq OT KODHA.)
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IIycre tail — nomerka aucra last, a head = s(u); Apyrumu caoBaMu, CJIOBO
head coorBeTCcTBYET Bepimue u. Torma
Y; = head + tasil.
Orpesan mepByo GyKBY, IOLYI4€M
Yit1 = head’ + tail.

SameTuM, 9T0 head’ 3aBeIOMO He BLHIXOAWT 34 Ipejersl gepesa. B ca-
MOM jefie, U OBLI0 TOYKOW BETBJICHUA, MOITOMY TOMHUMO JUCTa Y; depe3
TOYKY U IIpoxoaw1 u mcT Y; ¢ j < ¢. Torga Y; naunnaerca Ha head, a Y1
HaamHAeTCAa Ha head’ m yxKe ecTh B JAepeBe.

TosToMy MBI MOXeM CHAYAMA OIPOCAENUTE head’ (HAUTH MO3UIWIO U, AJIA
koTopon s(v) = head’), a moToM yxe 106aBUTH tail, HAMUHASA C V.

w0l o ggst [Yi]
\[le

Ilepsbm cnoco6 onTuMmmsanuu: head’ 3aBegoMo ecTh B gepese.

head

OTa ONTUMU3ANNA HUKAK He UCIOAb3YeT Cy(MOPUKCHBIX CCHLUIOK. BTopon
cocol ONTMMU3ALUYM UX UCIOAL3YyeT W IIO3BOJIAET (B TOM CAydae, KOIaa
OpUMeHUM) OOOUTHUCH (€3 MPOCACKUBAHUA Y;y1 OT KOPHA (KaK yCKOPEH-
HOT'O, TaK U OOBIYHOrO). IlycThb HA myTH K JucTy last, TPEICTABIAIIIEMY
cydoduxc Y;, nmeeTca BepumHa v, y KOTOPou Cy(PUKCHAA CCHUTKA YKa3hI-
BaeT Ha BepmuHy w, Tak ITo s(w) = s(v)’. IlycTs p — caoBo HA LyTH OT ¥
K last. Torga

Yi=s)+p, Yip =Y/ =s() +p=s(w)+p,

un nasa nobaBreHuA Y1 B AepeBO AOCTATOYHO A00ABUTH CIOBO P, HAMUHAA
C BEPUINHEBL W.

Bropou crioco6 onTUMU3ALNKN COYETAETCA C IEPBLIM: OTPE3OK CJIOBa P
OT ¥ IO OTIA JUCTA last MOXKHO MPOXOMUTEH C YBEPEHHOCTHIO, ITO MBI HE
BEIIEM 33 TPENETbl IePEBA.

WTax, MBI MOXEM OMUCATH JEUCTBUA, BHITIOIHAGMEIC TPU T0OABICHUE
odepenHOro cyddurca Y;1; B AepeBO, CAEAVIOMNM 00pa3oM.
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%’L’ [Yit1]

last [Y;]

|

Bropon cnoco6 onTuMuzanmu: moab3yeMcsa cydhOUKCHON CCBLIKON
BEpPIIUHLI HA OyTH K last.

Ilycts 4 — oren aucta last, COOTBETCTBYIOIIETO MMOCIETHEMY YXKE IT0-
b6aBjeHHOMY cyddukcy Y.

Cay4dan 1: v ecTh KOpeHb AepeBa. Torjga HE OHA U3 ONTUMU3AIUN HE
OPUMEHIMA, U MBI 100ABIAEM Y41, HAYAHAS OT KOPHA.

Cayuann 2: u He eCTb KOPEHb NepeBa, HO OTeIl U e€CThb KOPEHb [epe-
Ba (sucr last maxogures na seicore 2). Torma Y; = head + tail, roe head
u tail — momeTku BepuuH u u last. MBI TpUMeHseM NEePBYIO ONMTUMUBAIINIO
u mpocraexusaeM head’ ¢ TapaHTHEH 0 HEKOTOPOU HO3UINK Z, & TOTOM
mobasaseM tail oT z.

Caydanm 3: u He eCTb KOPEeHb JepeBa M ero OTell U TAKXKe He eCThb
KopeHb gepeBa. Torma mid v uMmeeTcsa CydpPUKCHAA CCBLIKA HA HEKOTO-
pymo BepumHy w, u s(w) = s(v)’. lycts pretail — moMeTKa BEPIIUHLI W,
a tail — nometka gucta last, mpu stom Y; = s(v) + pretail + tail m moTomy
Yit1 =Y/ = s(w) + pretail + tail. Ocraérca npocrenuts pretail oT BepIu-
HBL W C TAPAHTHUEH, IOy IUB HEKOTOPYIO MO3UIKIO 2, & IOTOM A00aBUTH tail
OT BEPIIUHEL Z.

Ocraéres emé MOHATDH, KAK [OAIEPKUBATE CTPYKTYPY CyDPUKCHBIX
CCBUIOK (a1PeC HOBOTO JUCTA Y HAC TOIYIae€TCA TIPU OOABIEHUN caM COOO,
TaK 9TO ¢ HUM MPOGJIEM HET) U OLEHUTDb YUCIO ACMCTBUN NPU BHIIOJHEHUN
3TUX OPOLEAYyP HOCAETOBATENBHO AJAA BCEX CY(P@PUKCOB.

Hauuéum ¢ cydpdurcupix cesuiok. 1o npaBuiaM OHU JOKHBI ObITL ¥ BCEX
BHYTPEHHUX BEPLIMH, KPOME OTLA TOJBKO 9TO J06aBaeHHOro aucta. [loaTo-
MY HaM HaJO 3a00TUTLCA 06 oTIe Jucta last, CooTBeTCTByImEro Y; (amor
JIUCT TIEPECTAN OBITE «TOMBKO 9TO JOOABICHHBIMY; HATTPOTUR, TNHCTBEHHAA
HOBas BEPIINHA KAK Pa3 ABISIETCA OTIOM TOMBKO YTO JA0OABIEHHOrO JUCTA
u B Hell Cy(pPUKCHAS CCBHUIKA He HyXKHAa). JTO aKTyaJbHO B CIydasx 2 u 3,
HO B 9THUX CIy4asix IO XOLy Aeta ObLIa HAUACHA HyXKHAS BEPUIMHA 2, KYIa
u OymeT HampamieHa cyddukcHas cculika u3 u. CTpoOro roBops, z MOTJIA
OBITHL HE BEPINWHOW, & TIO3UIMEN, HO TOT/a TOCAe JOOABIEHUA OHA CTAHET
BEPIIUHON (OTIOM TOJBKO 9TO MOGABJIEHHOTO JUCTA) — BEIb B HOBOM [e-
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PEBE ¥ yXKe He ABAAETCA OTLOM MHOCJETHErO JUCTA, U IIOTOMY CydpUuKCHAS
CCBUTKA W3 U, KaK OBUIO NOKA3AHO, NOMKHA BeCTH B Bepiuuny. (/pyrumu
CIOBAMU, B CAydasx 2 u 3, ecau TO3UNMA 2z ObLia BHYTpH pebpa, TO B HEU
pe6po paspesaeTcs.)

BCé CKa3aHHOE€ MOXKHO YCJIOBHO 3aIlIMCAaTh B BUAE TAaKOI'O aJl'OPUTMa O4O-
6aBaenus cydpduxca Yii1:

{ nepero conepxknt cydpdukcs Yi,...,Y;
s(last) =Y;
UMEIOTCS KOPPEKTHBIE CY(OPUKCHBIE CCHUTKU JJIA BCEX
BHYTPEHHUX BepLIMH, KpoMe oTua aucta last }
u := orer Jucta last;
tail := momeTka aucta last;
{Y; =s(u) + tail }
if u = kopeHp mepeBa then begin
{Yig1 =tail’ }
nobasuTh tail', HaUMHAS C KOPHS,
TIOTYIEeHHBIN JUCT TTOMECTUTE B last
end else begin
U := OTeI] BepUINHEL U;
pretail := IOMETKAa BEPIIVHLL U]
{ Y = s(v) + pretail + tail }
if v = xKopeHs gepeBa then begin
{ Yip1 = pretail’ + tail }
npocaeauTh pretail’ w3 kOpHA B Z
end else begin
w := cydPUKCHAS CCBUIKA BEPIIUHEL U;
{ s(w) =s(v), Y11 = s(w) + pretail + tail }
npocaeanuTh pretail uz w B 2
end;
{ ocranocs no6aBuTh tail U3 z M CCHUIKY U3 U B 2 }
if mosumus z ABIAETCA BEPIIMHON then begin
[IOMECTUTD B % CCBUIKY HA Z;
T00aBUTL tail, HAMMHAA C 2,
TIOJIYYEHHBIN JUCT MOMECTUTD B [ast;
end else begin

n06aBuUThH tail, HAavIMHAS C 2,

[OJIY Y€HHBIN JUCT HOMECTUTH B last;
MOMECTUTH B % CCBUIKY HA OTIA, JUCTA last;
end
end;
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Ocranock OUEHUTH YUCI0 AEUCTBUR, KOTOPBIE BBITOJIHIIOTCS IPU MOCTe-
TOBATETHLHOM M0o0aBiaeHnn CyhdUKCoB Yy, ..., Y,,. [Ipu nobaprennu Kax mo-
T'0 CIENYIOMIETO CY(OMUKCA BEITIOIHACTCA KOHEYHOE YNCIO0 TeUCTBUN, €CIU HE
CYUTATH MEUCTBUU MPHU «IPOCICKUBAHUNY U «TfoOaBIeHUMy. Ham Hano ycra-
HOBUTb, 4TO obwee uucao geucrBun ects O(m); pas 3TOr0 AOCTATOYHO
OTIEJBHO JOKA3AThb, 9TO CYMMAPHOE IUCIO MEUCTBUU IIPU BCEX IPOCIEKIU-
BaHuAX ecTb O(m) U cyMMapHOE YuCJA0 ACUCTBAN TIPU BCEX AOOABICHUAX
ects O(m). (3aMeTnM, YTO HEKOTOPHIE MPOCACKUBAHUA WIA TOOABICHUA
MOTYT OBITH TOJATUMA — HO TO KOMIEHCUPYETCA APYTUMU.)

IpocrexuBamma. [JIuTeIbHOCT TPOCACKUBAHAA TP ONOPINOHATBHA, U1~
cay k 3aIeMCTBOBAaHHLIX B HEM pE&GEp, HO NIPH 3TOM BBLICOTA IMOCIEIHErO
106aBaeHHOro Jaucra (uucao pébep Ha MyTH K HEMY) YBEJAMYUBACTCS HA
k — O(1) (mo cpaBHEHHIO C IPEABIAYIAM AOOABICHHBIM JUCTOM). 1TOOBI
yOENUTHCA B DTOM, TOCTATOTHO 3AMETUTD, 9YTO B TPETHEM CIy4ae BEICOTA
BEPIIUHEL $(1W) MOXKET OBITH MEHBIIE BHICOTH BEPUIMHLL $(v) pasBe 4TO Ha
eIUHULLY, TIOCKOIBKY Cy(Q(UKCHBIE CCHUIKU U3 BCEX BEPIIMH HA [IyTH K v (HE
cuUTasg KOPHs, Mae HeT CyQ@QUKCHOU CCHLIKK) BeAyT B BEPLIMHBLL HA IyTH
K w. [TockounpKy BrICOTA 10600 JAUCTA OrPAHIHYEHA YUCIOM 17, 3AK/II0IAEM,
9TO O0IIAs AINTETILHOCTE BCEX MpociekuBanui ectb O(m).

[MoGarnenua. PaccyxgaeM aHAJIOTHYHO, HO CIEAUM HE 33 BBLICOTOU TO-
CJIEIHErO JUCTA, & 33 JJIMHOU ero moMeTku. [Ipu 1o6asiennn caoBa tail (niu
tail’) “uCa0 TENCTBUN TPOMOPIMOHATBLHO YUCAY TPOCMOTPEHHBIX OYKB, HO
Kax1as NPOCMOTpPeHHas OykBa (Kpome, OBITh MOXKET, OJHOU) YMEHBIIAET
[JUIAHY IOMETKN XOTs OB HA €IVHULY: B IIOMETKE OCTA0TCS JUIIb HEIIPOCMO-
Tpennble OykBel (He cuuras nepson). [losromy Ha Bce goCaBieHUs yXOAUT
B o0mien croxkuoctn O(m) AencTBum.

TeM CaMbIM MBI JOKa3aJdu, ITO OHHC&HHBIﬁ AJITOPUTM CTPOUT CXKaToe
cyddukcHoe nepeso caosa Y maumubt m 3a O(m) geuctsuir. [locre sToro aus
mo6oro caosa X AIMHBL 1 MOXKHO 3a O(n) NeNCTBUN BBUICHUTDH, SBIAETCS
au X MOJCJOBOM CJIOBa Y.

10.8.8. Kak MoauduImpoBaTh aIrOPUTM MOCTPOEHU CyhIUKCHOTO Je-
peBa, 9TOOBI HE TOIBKO Y3HABATH, ABJIACTCA JU JAHHOE CJIOBO X IOLCIOBOM
caoBa Y, HO u (ecau sIBASETCS) yKasblBaTb MECTO, Ie OHO BCTPEYaeTCs
(0AHO M3 TAKMX MECT, eClu UX HeCKOIbKO)? Bpems mocrpoenus moKHO
ocrasaties O(|Y|), Bpemsa nomcka nogcaosa — O(] X]).

Pemenme. Kaxnas Bepmwuna c:kKaToro cyhp@pUKCHOrO XE€PEBa COOTBET-
CTBYET HEKOTOPOMY TIOICIOBY CJAOBA Y ; B MOMEHT, KOT'Ta DTA BEPIINHA OBLIA
T00aBIEHA B TEPEBO, U3BECTHO, B KAKOM MECTE €CTh TaKOe MOMCIOBO, M MOXK-
HO 3aIMCaTh B BEPIINHE, '€ COOTBETCTBYIONIEE MOACIOBO KOHIaeTca. [
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10.8.9. Kak mMoampumupoBaTh 3TOT AJCOPUTM, ITOOBI MIA KAXKIO[O
MO/ICTOBA MOXKHO OBLIO ObI YKA3LIBATH €r0 MEPBOE (CaMoe JeBOe) BXOXK fe-
une?

[Ykazanue. IIpu BO3HUKHOBEHUU HOBOY BEPIIUHEL HA peOpe HyKHO 6paTh
e€ neppoe Bxox genue (MHMOPMALUI 0 KOTOPOM €CTh Ha KOHLE pefpa), a He
BTOPOE, TOIBKO 4TO OOHAPYKEHHOE. ] ]

10.8.10. Kax MomuduimpoBaTh DTOT AITOPUTM, ITOOBI MJIA KA IOTO
MO/ICTOBA MOXKHO OBLIO GBI YKA3BIBATH €r0 MOCJAeIHEe (CaMoe TpaBoe) BXO-
xaerne?

[Ykazanue. Eciu npu kaxaoMm npoxoge KOppeKTUpPOBaTh UHGOPMALKIO
BZIOJb IYTH, 3TO OyAeT 10AT0; OBICTPEE TOCTPOUTD TePEBO, 3aTEM BHOBB €10
OBOUTY U IS KAK JOU BEPITUHEI BEIYUCIUTE MOMEHT MOCIEIHETO MOABICHUA
COOTBETCTBYIOIIErO TOACIOBA. | ([

10.8.11. Kax ucmoab3oBath cxkaroe cypPUKCHOE XePEeBO, ITOOLI I
gaHHOro c1oBa Y 3a Bpema O(|Y|) maiitu camoe IIMHHOE HOACJIOBO, KOTOPOE
BXOIUT B Y 6ojee 0gHOTO pasa?

Pemenue. Takoe TONCIOBO ABIACTCA BHYTPEHHEN BepIIMHOU CyhdUKc-
HOT'O [EPEBA, TO3TOMY AOCTATOYHO U3 BCEX €r0 BEPIIUH B3ATH TY, KOTOPOU
COOTBETCTBYET CaMoOe AAUHHOE CJI0BO. [l 3TOro gocTaTodHo 060UTH BCe
ero BepUIMHEBL (IUHY MOXKHO BBIMUCJIATH 10 Mepe 06X04a, CKIAALIBASL 1JK-

HEI MOMETOK Ha PEOPax). O
Ha mpaxTuke MOXHO UCTOAB30BATH TAKKE U APYTOU CIOCOO HAXOXK 16~
HHUA CAMOTO [IUHHOTO MOACIOBA, BXOMAIIETO IBAXK LI, — TAaK HA3LIBAEMBIN

maccus cyddurcos. A nvenno, OygeM pacCMATPUBATL YUCIO | KAK «KOI»
KOHIIA, CJIOBA, HAYUHAIOLIErO C -0k OyKBLI. BBeméM Ha KOgax mOpAgOK, CO-
OTBETCTBYIOLMH JEKCUKOIPADUIECKOMY (CIOBAPHOMY) HOPSAKY Ha CJAOBAX:
KO 4 TIPEANIECTBYET KOAY J, €CJIU KOHEI] CJI0BA, HAUWHAIOIIAUCA C 1, B JEKCU-
KOTpadUIecKOM TOPAIKe UAET PAHbBINE KOHIIA CJIOBA, HAUMHAIOUIETOCT C j.
Ilocne aToro orcopTuUpyeM KOABI B COOTBETCTBHAU C 3TUM IMOPSAKOM, IIO-
Jy9UB HEKOTODYIO lepecTaHoBky Maccusa 1,2,3, ..., m (rze m — mauna
ucxoguoro caosa Y). Eciu kakoe-1o cioBo X BXOAUT B CJI0BO Y ABAXIEL
TO OHO SABAAETCA HAYATOM MBYX KOHIIOB caoBa Y. Ilpm 5ToM 5T KOHIIBI
MOXHO BBIOPATH COCETHUMM B JEKCUKOTPADHUIECKOM TOPATKE, MOCKOJBLKY
BCE IIPOMEXKYTOYHEBIE CJIOBA TOXKE HAYMHAIOTCA HA X . SHAYUT, JOCTATOIHO
Ui BCEX COCETHUX KOHIIOB IIOCMOTPETH, CKOJABKO HAYAIBHEIX OyKB y HUX
COBIIQJAET, U B3ITh MAaKCHMYM.

DTOT €crnocob TpeOyeT MEHBIIE TAMATH (HAM HYKEH JUIIbL OJUH MACCUB
U3 LEMBIX 9MCe] TOUM YK€ [JIUHBI, 9TO MCXOIHOE CJIOBO), HO MOXKET Tpe6o-
BaTh OOJBIIOIO BPEMEHU: BO-IIEPBBIX, COPTUPOBKA caMa I0 cebe TpebyeT
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nopsaaka m logm cpaBHEHUN, BO-BTOPBIX, KAXK JO€ CDABHEHUE MOXKET NJIATh-
€A JIONTO, €CAUN COBMAIAIOIINN KycoK Ooabimon. Ho B caydasx, KOTIa mAauH-
HBIX COBITAIAIOIIAX KYCKOB MAJ0, TAKOU AJTOPUTM PadoTaeT HETLIOXO.

10.8.12. IlpumenwuTs OgUH M3 TAKUX AITOPUTMOB K JIOOHMOU KHULE
¥ OOBACHUTHL PE3YAbTAT.

[Ykazaumue. [ITuHHbBIE TOBTOPAIOIMECA KYCKA MOT'YT OBITE XY 10KECTBEH-
HEIM TIpUEMOM (KAK B M3BECTHOM CTUINKE PO OM, KOTOPBIA MOCTPOWI
[kek) wau crencTBUEeM 3a0BLIBIMBOCTU aBTOPA. [lJIA COBPEMEHHBIX aBTO-
POB BO3MOXHO TaKXe HEYMEPEHHOE MCIOAL30BAHME (DYHKIIUM BLIPE3AHUA
U BCTABKU (3AIMBKU TEKCTA B MLIIIL W BLLIABAHWA W3 MBI, €CJANA UCIOMb-
30BaTh rpaduueckuil uHTEP@ENC) B TEKCTOBOM PEeLaKTope. ] |



11. AHAIN3 UTP

11.1. lNpumepsl urp

11.1.1. [Ieoe mrpatoT B TaKyw Urpy: Ha cTOsE JeKUT 20 COUYeK; urpa-
IOIIE 110 OYepPey MOrYT B3ATb OT 1 10 4 cumdex; KTO HE MOXET CLelIaTh
xoza (cuuvex He ocrTajsoch) — npourpoiBaer. Kro BelurpeiBaeT mpu mnpa-
BIILHOU UTpe?

Pemere. Broponr BummrpeiBaer, eciu OygeT AOMOJHATH XOI IEPBOIO
10 5 criwiex (ecau nepBEU 6EPET OJHY, BTOPOK JOKEH B3ATD Y€THIPE U TaK
nanee). Torga mocae 9eTHIPEX PAYHIOB COUYEK HE OCTAHETCA U IEPBHIU
TIIPOUT'DAELT. O

11.1.2. K70 BBIUTpaeT — MEPBBIN WIX BTOPOU — ecau cnudek uHe 20,
a 237

Pemenue. IlepBrin: eciv OH BO3BMET TPU COUYKH, TO CTAHET BTOPHIM
B yXe PasoOpAHHOU UTPE U TIOTOMY CMOXKET BHIUTDATD. (|

AHAIOrMYIHO TOLYIaeTCA OTBET U JIJIA MPOU3BOJIBHONO drcaa cimdek (IV):
ecium N KpaTHO MATH, TO BHIUTPLIBAET BTOPOU, & €CJAU HET, TO MEPBBIN.

11.1.3. Ms3MmenuM yCAOBUS UTPHL: TMYCTh B3ABIIAN MOCKETHION CIUIKY
mpourpeiBaeT. KToO Temeps BEIMTCPLIBAET MPU MPABWILHON Urpe? |

11.1.4. Ilycts Temephb uTpokaM paspenreHo Opath 1, 2 mwim 4 cnuakm,
a KTO HE MOXKET CHeIaTh XOi, TpourpeiBaeT. KTo BuIMrpLIBaeT mpu mpa-
BWILHOU Wrpe, ecan BHadame Ob11o 20 cruiex?

Pemrerme. 3ech yke He TAK MPOCTO CPA3Y YKA3ATH BLIMTPHIITHYIO CTPa-
TEruio s IepBOro win BToporo. HauméMm ¢ HeGOIBIIOro 4Ymciaa CrImyexk,
u306pa3uB pasperénube X046l B Buge crpenok (puc. 11.1): Urpok, oxa-
sapmycs B nosuuuu 0, npourpoBaer (TAKOBEL IPABUIA), LOSTOMY COOT-
BETCTBYIONIN KPYXKOK moMeTuM Oykson II. Irpox, oxkasaBmmucs B mO3u-
mnax 1, 2 mim 4, BEIMTPBIBAET, TTOCKOIBKY OH MOXeT 3a0paTh BCE CIUIKU
U TepeBeCTH MPOTUBHUKA MO cTpeake B nmosunmio 0. [losToMy Mer momeTnm
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Puc. 11.1. Urpa co cnmakamu.

oTu mo3uruu 6ykeou B. Temepn ACHO, YTO MO3NINA 3 ABIAACTCA TIPOUTPHIII-
HOU: M3 Heé MOXKHO TMOUTH TOJBKO B 1 M 2, M TOra NPOTUBHUK (KAK MBI
yxke 3HaeM) Beurpaer. [lomernm eé 6yxsonu II. [lanee samedaem, 4TO mo-
sunuu 4, 5 u 7 6yAyT BHIMIPBHIUHBIMY ([IOCKOIBKY U3 HUX MOXKHO IIONACTH
B IPOUTPBILHYIO LI NIPOTUBHUKA [IO3UIUIO 3; 3aMeTUM, 9TO 13 no3unuu 4
MOXHO BHIUTDATh 1 ObicTpee, nouad B ). Teneps Buano, uTO mosurmsa 6
NPOUrPHIIHAA (BCE CTPEIKN U3 HeE BeAYT B BEIUTDHILIHEIE A TPOTUBHAKA,
NO3UIWN), 8 — BHIUCPHIIHAA, 9 — NPOUTPHIITHAS U TAK JAJEe C IEPUOIOM 3.

Takum 06pazoM, eCciau 9UCJAO CIHUYEK TeJUTCS HA 3, TO MO3ULUSI IPO-
UIPBIIHASA, ECAX HET — TO BRIMIPEIuHAA. llosToMy B urpe ¢ 20 cumukaMu
[EPBBIM UI'POK BHIUTPBIBAECT. ]

11.1.5. Kaxk om musa 5TOro NOMKEH UrPaTh’

Pemerue. CTaBuTh NPOTUBHUKA B MPOUPBILIHYIO MO3UIUIO, TO €CTh
CJEAUTE, YTOOBL IOCAE €r0 XO4a HUCIO CHUYeK OBLIO KPaTHO TPEM (B dact-
HOCTHU, B HAYAJIE UTPH B3ATH 2 CIUYKHU, YTOOBI OCTATOCH 18). ([

11.1.6. Ha crose sexaT nBe KyUKU CIUYEK: B OMHOU M, B IPYTOU 1. 3a
OJVIH XOJ Pa3pelIaeTcs B3ATh J060e (HeHYIeBOE) YUCI0 CHIUIEK, HO TOJBKO
U3 OJHOU KydKU (MOXKHO B3SThL BCEe CHMYKU B HEW); KTO HE MOXET CAelaTh
XO[, IPOUTPHIBACT. KTO BEIMIPEIBACT IPY IPABMIBLHOU UIPe?

OTBET: pU M = N BHIUTPLIBAET BTOPOU, TIPYU M 7# 1 — TEPBLIN. (|

11.1.7. Ha maxMaTHOU JOCKE CTOUT Ja b, KOTOPYIO UI'POKHU II0 OYepe-
QU ABUIAIOT, IPU HTOM Pa3PELIeHO CABUIATH €€ BJAeBO U BHU3 (OCTaBJATD
HA MECTE HeJb3s1); KTO He MOXKET CAeNATH X0k, NpourpuBaeT. KTo BEIArphI-
BAET TIPU MPABWILHOU Urpe?

[Ykazanue. Kax sra urpa cBszana ¢ npegsraymen? | |

11.1.8. (Mrpa «uum») Umeercs k xydex u3 ny, ..., N CIUYEK; 38 OLUH
XOJ MOXHO B3ATH JM060€ (HEHYJIeBOE) YUCIO CIUYEK, HO TOJBKO W3 OTHOU
Ky4uu (MOXKHO B3ATH BCE CIUYKU B HEM); KTO HE MOXET CAEJIATH XOI, MPO-
urpeiBaeT. KTO BEIUTPEIBACT NMPU MPABAILHOU nrpe?
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Pemenue. 3anumem 4ducaa nq,...,Ng B ABOUYHOU CACTEME CIUCICHUS
IPYT MO APYTOM, KaK €CIM OBI MBI COOMPAIUCH UX CKIAIBIBATE. KCIu B Ka-
XK IOM Pas3pA/je PU DTOM 0KA3ATI0Ch IETHOE TUCIO €UHUIL, TO BHIUTPLIBACT
BTOPOU, B OCTAJBHEIX CAydYasX — TMEpBBHIA. B camMom mese, €Cau BO BCEX
paspagax 9€THOE YUCIO €IWHUL], TO MOCIE YMEHBLIIEHUA OTHOT'O U3 THCE]
KAKOU-TO W3 €ro Pa3pAnoB U3MEHUTCA WM B DTOM Pa3pAae MOLyIuTCA He-
98THOE 9MCA0 eAUHUIL. (DTO COOTBETCTBYET TOMY, UTO W3 TPOUTPHIIIHON
MO3UTMHA JIO60U X0 BeNET B BRIMTPHIIHYH.) Fcim ke B HeKOTOPHIX («IL10-
XUX») PA3PAJAX HEIETHOE TUCIO €IUHUI, BO3BMEM CTAPIIUY TIIOXON Pa3PAL
U TO W3 YUCEJI, KOTOPOE COTEPKUT B HTOM Paspsane ermuuiry. lorana, mame-
HUB B TOM 9HCJE BCE ILIOXUE PA3PAIEL, MOLYIUM MEHBIIEE TUCI0, KOTOPOE
HOCTABUT NPOTUBHUKA B HpOUrpbiuHyo nodunuio. (CM. npaBuia aias Bbl-
UTPHINIHBIX W TPOUTPHIIHEX MO3UIAN B CAEIYIONEM pa3aese. ) O

11.1.9. B psag sexar N AMMKOB, B KAXK/IOM U3 HUX IO MOHETE. 3a OJUH
X0 UI'POK MOXKET B3ATH JIO0YI0 MOHETY WM JIOOBIE ABE MOHETHI U3 COCEe/-
HUX SIIAKOB; KTO HE MOXET CIeJATh X0, NPOUrpeBaeT. KTO BEIMIDHIBAET
[IpU IPABWILHOU urpe’

Pemenwe. [lepsoiii: 0H JOKEH B3SATH OJHY WM ABE MOHETHI B LIEHTPE,
a IOTOM CHUMMETPUYHO IOBTOPATH XOABI BTOPOIO. ]

11.2. LleHa wurpsl

ABamm3upys UTpHl B OpeILIAyIIeM pas3gete, Mbl NCTIOMB30BATN CACTYIO-
mue (OYeBUIHBIE) TPABUIIA:

1. Ecatnt 13 HEKOTOPOU TOBUIMA P MOXKHO TOUTH (TI0 CTPEIKAM) B HEKOTO-
PYIO IPOUrPHINHYIO (4JI4 IONABIIErO B HeE UIPOKA) MO3ULIKIO, TO ITO3ULUS P
ABJSETCA BHIMIPBINHON (1JI HONABLIEro B Heé).

2. Eciv 3 HEKOTOPOU HO3UIMK P MOXKHO MOUTH TOABKO B BHIUTI'PHILIHEIE
TIO3UINY, TO TIO3UIUA P ABIACTCSA TPOUTPHIITHON.

11.2.1. /[loxa3aThb, 9TO €CJAU TUCJAO TTOZUIUN B UTPE KOHETHO, HET IUKJIOB
(HEJB3A BEPHYTHCA B OMHAK,IBI TPOUTCHHYIO TO3UINI0) U TIPO BCE 3AKIH T~
TeJIbHbIE TO3UIUK (TI€ HeJIb3A CASJIATH XOa) U3BECTHO, KTO BHIUTDLIBAET,
TO npaBmwia 1 u 2 OAHO3HAYHO Pa3bMBAIOT BCE MO3UIIAYN HA BHIUIPHIIIHBIE
¥ IPOUCDHIIIHLIE.

Pemrenwe. Byxem npuMenaTs 5Ty OpaBuaa, MOKa HTO BO3MOXKHO. flcHO,
YTO HUKAKAs TIO3UIUA He OyAeT OO0BABIEHA OTHOBPEMEHHO BLIUTPHLIITHON
U TpPOUTrpHIIHON (s momasmero B Heé). Hamgo awmes A0KasaTh, 9TO HE
OCTAHETCA (COMHUTEIBHBIXY O3UIUN (He OTHECEHHBIX HU K BHIUTDBIIIHBIM,
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HY K IPOUIDHIIHLIM). 3aMETUM, YTO U3 KAaXKJOU COMHUTEILHOU IIO3ULUY
BEAET CTPETKa XOTA OBl B ONHY COMHUTEIbHYIO mosunumio. (B camom merne,
€CaM BCE CTPEJKN BEIYyT B HECOMHEHHBIE MO3WIINK, TO JUOO BCE OHU BHI-
UIPHIMIHLIE, TU00 €CTh XOTh OfHA MPOUTPHIIIHAA, U MOXHO OBLTO OBI BOC-
HOAB30BATHCA OLHUM M3 ABYX IPABUIL.) SHAYUT, KIS 110 CTPEIKAM B COMHU-
TEeJbHBIE O3UINH, MBI PAHO WIH 103 THO 0Ly IUM LUK, 9T0 IPOTUBOPETUT
TIPEATOI0KEHUIO. (]

11.2.2. ChopMyaupoBaTh U TOKA3ATH AHAJOTUIHOE YTBEPIKIEHUE IS
W'D, JOIYCKAIOMINX HUILU. |

Wrphl ¢ HUYEHHBIM UCXOLOM SABIAIOTCA YACTHBIMU CIYYaAMUA KOHCUHbIL
uep ¢ noanot urnpopmayuel u Hyse601 cymMmot, PACCMATPUBAEMBIX B TEO-
pun urp. YTobbI 331aTh TAKYIO UTPY, HEOOXOTUMO:

1) YKa3aTh KOHETHOEC MHOXKECCTBO, 3JEMEHTHI KOTOPOT'O HA3BIBAIOTCA N0~
3UYUAMU;

2) maa KaxKIOM NMOBUINM YKA3aTh, ABIACTCA MM OHA 3AKANUUMEAbHOU
(urpa 3aKOHYEHA) UIA HET;

3) naA KaXK IO 3aKII0IUTEIBHON NO3UIUY YKA3aTh PE3YIbTAT UrPhI (du-
CJI0); DTO YUCAO IOHUMAETCHI KAK CyMMa, AeHer, KOTOPYIO OQUH UI'DOK
IJIATUT APYIOMY;

4) nas KaxI0U HEe3aKIIOYUTENbHON [IO3ULUY YKA3aTh, KTO U3 UI'DOKOB
TOMKEH JeIaTh X0 B 3TOU MO3UIINYA U KAKAE PA3PEIIEHbI XOH (B Ka-
KUE TIO3UIAN STOT UT'POK MOXKET TEPENTH);

5) ykasaTb HAYAJIBHYIO TTO3UINI UTDHL

ITpw sToM TpebyeTcs, 9TO6H He OBLIO IMKIOB (HEIb3sA OBLIO BEPHYTHCA
B y2Ke IPOUEHHYIO TIO3UIUIO TOCAE HECKOIBLKUX XO0B).

Tosutuu urper y106HO paccMaTpUBaTh KAaK BepUINHLL rpada u u3obpa-
JaTh TOYKAMU; BO3MOXKHBIE XOBI DK DTOM CTAHOBATCA pébpamu rpada
u m3o6paxarca crpeakamu. Urpy MoOxHO paccMaTpuBaTh KaK IEPEIBU-
xkeHne pUIKN, 0603HATAIINIEN TEKYIIYIO TO3UINI0 UTPHI, TIO 3TOMY Tpady.
B kax 01 BepUIMHE HAUCAHO, KTO JOMXKEH NeJaTh X0 (€Cau urpa He KOH-
YUIACh) WIM KTO KM CKOJIBKO BBEIUTpas (ecam urpa KoHUwiach). OnHa u3
BEPLINH yKAa33HA KAK HAYAIBHAS ITO3UINA.

Bynem naseBaTh urpokoB Makc v MuH u cauTarh, ITO pe3yaAbTaT UIPHI
ompenenser, ckoabko Mun miarur Makcy. (Motusuposka: Make xoder,
YTOOBI DTO YUCIO OBLIO MAKCUMAIBHBIM, & MUH — MUHUMAJIBLHBIM — 8, JIy4-
€ BCErO OTPULATENBHBIM, TOCKOABKY TOrAa OH moayuaer neHbru!) Kto
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U3 UCPOKOB [EIAeT MEPBBIU XO[, ONPEIeSeTCS HAYAIBHOU MO3UIUen. 3a-
METHM, 9TO MBI TENEePh HE MPETOJATAEM, YTO UTPOKK XOIAT MO OYEPEn:
OJIVH M TOT K€ UI'POK MOXKET [eJaTh HECKOJbKO XOTOB MOAPSI.

(Tem caMbIM, HAIPUMED, B UI'PE CO CIUYKAMY KaXK B KPYKOK Ha, DU~
cyuke 11.1 Teneps nmpeBpaIaeTcsa B ABE MO3UIUN: ¢ X0MoM Makca 1 ¢ X01oM
Musma.)

Wrpa, B KOTOPOU OJVH W3 UTPOKOB BEIUTPHIBAET, & APYTOU MTPOUTPHIBA-
€T, COOTBETCTBYET 3HATCHUAM +1 B 3aKII0UATEIbHBIX BepumHax (+1 o3Ha-
gaeT Bemurpbin Maxca, —1 osuagaer seurpoint Musa). Urpo ¢ Budenssivu
MCXOAAMY TIOIYIATCA, €CAU MPUIUCATE YUCA0 () HUYeUHBIM TO3UIUAM.

Ounpeznenum Teneps nousrue cmpamezun. Crparerus mast Makca (wiu
Mumna) oupegensieT, KAk OH LOJRKEH XOAUThH B KaX A0 U3 no3unuil (rie xoq
32 HUM); GOPMATBHO 3TO (PYHKIIUA §, OTPENEIEHHAA HA MHOXKECTBE TIO3UIIHN,
Tle XO[ 33 HUM. SHAYEHUAMU DTON (HYHKIIUYN ABIAIOTCA TO3UIUY, TIPA DTOM
XOAbL JOMKHBI OBITH OILyCTUMBIMU, TO €CTb u3 P B $(p) DOMKHA BECTU
CTPeJKa.

Crpareruu TaKOro TUIA HABBIBAIOT B TEOPUU ULD NO3UUUOHHBLMY, TTOI-
IEPKUBAA, ITO BLIGOD XOMA 3aBUCUT JUIIL OT TEKYINEU MO3UIUU, HO HE
OT mcTOpuM Wrphbl (Kak MBI B 5Ty mosuimioo momanun). (/Ipyrme crpare-
IUM HAM HE MOHAJTOOATCS, TAK UTO CJIOBO «IO3UIMOHHAAY MBI OyIeM OILyC-
KaTh.)

Ecau pukcuposats crparerun aist Makca u MuHa, TO BCXOT UTPHI TIPe-
TOMPEIETEH: DT CTPATETUN OTHO3HAYHO ONPEAEIIOT MOCAeJOBATEALHOCTD
MOBUTMA ((IAPTUIOY) U PE3YIBTAT UTPHI.

11.2.3. [doxaszarb, 9T0 aas Ji060r urpsbl (G MOXKHO HAUTH YGUCAO C U
ctpareruu M u m ana Makca u MuHa, Ipu KOTOPBIX:

(1) Maxkc, noasaysce crpareruen M, rapanrtupyer cebe BBIUIDBILL HE
MeHee ¢, Kak Obl Hu urpaa MuH;

(2) Mun, noabsysace crpaTervell m, rapanTupyer ceGe IPOUIDHII HE
OoJee ¢, Kak OB HE mrpaa Maxkc.

Yucno ¢ HA3BIBAIOT yenot urpol G. 3aMeTuM, 9TO LEHA UCPHLI OIpe-
gesercs ogHO3Ha4HO: u3d yeaosull (1) u (2) caeayer, uro y Maxkca ner
CTpATErnu, PAPAHTUPYIONIEN €My BBIUTDHIMI GOMbIIe ¢ (MOCKOMBKY OHA He
MOXKET DTO CAeJaTh MPOTHUB CTPATErnH M), a y MuHa HeT cTpaTernu, ra-
PAHTUPYIOWIEN €My IPOUrPHINI MEHBIIE C.

[t urp ¢ gByMs MCXOZaMU yTBEpXKJeHUE 3a1a4y (Ha3bBaeMOe meo-
pemots Ilepmeno) o3HaaeT, 4TO POBHO ¥ OJHOI'O U3 MUIDOKOB MMEETCA BHI-
UTPHIIHAA CTPATErusA. ECaM paspemuTs W HAYBH, TO JUO0 y ONHOTO U3
UTPOKOB €CTh BEIUTDHINIHAA CTPATET WA, TNO0 ¥ 060UX €CTh CTPATErHUs, Ta-
PAHTHUPYIOWAA HIIBIO.



192 11. Anaaus uep

Pemenue. Ilycte p — npowmsBosbhas nosuuusa urpsl G. Paccmorpum
urpy Gp, kKOTOpas oTandaeTcd oT (G Wb HAYaIbHOU MO3UINEH, X DTa Ha-
“anbHas mo3unuA ecTh p. (Ecan p — sakmounTensnas Bepimsa, To urpa G,
TPUBUAILHA: UT'PA KOHYAETCS, HE HAUABINUCH, U UT'POKAM COOOIIAETCA pe-
syabrar urpol.) Kak Mbr ceiiuac yBuamm, meny urpil G, (kak QyHKIHIO
OT P) MOXKHO OLPEAEJIUTH DEKYPCUBHO, HAYUHAA C 3AKIIOYUTENbHBIX [103U-
IIUN.

Bonee Touno, paccMOTpUM CIeAVIONIEE PEKYPCUBHOE ONPEIETCHNEe HEKO-
TOpOU PYHKIINHU ¢, OMPEICIEHHON Ha BepmuHax rpada:

e ¢(p) pasuo Bourpemay Makca (=npourpeiny Mwuna) B nmosuuum p,
eC/IM MO3UIHUA P ABIACTCA 3AKIHOTUTEILHOMN;

e ¢(p) =max{c(p’)}, ecim B Beprmue p xoaUT Makc; MakcuMyM GepéT-
¢ MO BCeM BepmmHAM p’, B KOTOpEE Makc MOXKeT MOUTH U3 P 1O
[PABUIAM UIPBI

e ¢(p) =min{c(p)}, ecin B Bepumue p xoqutT Mun; MuEUMYM GepéTCs
[0 BCeM BepUIMHAM p', B KOTOpBIE MUH MOXET TIOUTH U3 P O TPABU-
JIAM UTDHL.

JleMMa. ODTO ompemesenune KOPPEKTHO: CYIIECTBYET M €IMHCTBEHHA,
dyukuus ¢ (apryMeHTs — BepLIuHEL rpada, 3HAYEHUs — 9UCIA), YI0BIe-
TBOPAIOIIAA YKA3AHHEIM TPEOOBAHUAM.

JlokazaTenscTBo JemMEl. HazoBéM panzom BEPIIMHET MAKCHUMATILHOE U1~
CJI0 XOI0B, KOTOPOE MOXKHO CAEIATH 13 DTON BepmuHbL. [[0CKOMBKY 10 mpe-
MOJOKEHNIO B UT'PE HET IUKJIOB, TO PAHT JIOOOU BEPIINHEL HE GOJIBIIE TUCIA,
BepmmH. [JokaxkeM MHAYKIuEn 0o k, 9TO CyIECTBYeT U € IMHCTBEHHA (PyHK-
nus ¢, OpeAeNEHHAA Ha BEPIIMHAX PAHTa HE GOJbIIe k U yIOBIETBOPAIOMAL
pexypcuBHOMy onpepeiennto. [as k =0 »To ovesuauo. Hlar uugykiunm uc-
MOMB3YET Takoe (OYEBUIHOE) 3aMEUaHue: €GN U3 BEpPIIUHBL P MOKHO Clie-
JATHL XOA B BEPIIMHY p', TO PAHTI BEPIIMHEL P’ MEHBIIE PAHTA BEPIIUHEL P.
ITosTOMY peKypCUBHOE ONpEIENTeHne OJHOZHATHO 3a4a6T 3HAMECHUA HA, Bep-
MMHAX PAHTra k, €I M3BECTHLI 3HAYEHWA HA BEPIIMHAX MEHBIINX PAHTOB.
Jlemma noxkasama.

Ocranoch N0Ka3aTh, ITO 3HAUCHUE ¢(p) ABIACTCA 1eHONn urpsl (). Pac-
CMOTPUM CIEAVIOULyo (MO3UIUOHHYI0) cTpaTeruto m1a Makca: u3 Bepmwm-
HBEL P XOAWUTH B Ty Bepluuny p', 4jisg KOTopou 3uadeHue ¢(p') MakCUMaIbLHO
(u pasuo ¢(p)). Ecaiu Maxc cregyer »Tol cTpaTeruu, TO HE3ABUCUMO OT
xoxoB Muna sHadenue c¢(g) A4 TEKyIIEHd BEPIIMHEL ¢ HE YOLIBAET B XOJI€
urpsl (mpu xogax MuHa OHO YOBIBATH BOOOIIE He MOXKET, Tpu Xogax Maxk-
Ca OHO HE yOBIBAET IO MOCTPOCHWIO CTpATErun). TeM caMbIM B BEpIIAHE D



11.2. llena uepovi 193

Maxkcy rapasTupoBaH BEIMIDHIL He MeHblie ¢(p). AHaJOruIHEIM 06pa3oM,
ecar Mun xoauT B Ty Bepumuy p’, vae gocturaetca munumyM c(p’) (pas-
BB ¢(p)), TO 3HaYeHUE ¢(¢) HE BO3PACTACT B XOJ€ UTPHI U TOTOMY MuH
npourpeiBaeT He 6oaee ¢(p).

Teopema Ilepmeno moxasana. O

11.2.4. Urpa B KPECTUKU-HOINKN COCTOUT B CJASAVIONIEM: HA OOJBIIIOM
KBaAPATHOM IIOJIE BA UT'POKA IO OUePEaN CTABAT KPECTUKU U HOTUKU B €IIIE
He 3aHATHIE KJACTKU (HAIMHAIOT KPECTUKH). BEIUrphIBaeT TOT, KTO IEPBHIM
HOCTAaBUT NATH CBOMX 3HAKOB IOADAA (IO BEPTUKAIM, MOPU3OHTANA WL
auaronaan). Fciu Bcé moJe 3amofHeHO, a TAKOTO HE CAYIMIOChH, MAPTUL
CYUTAeTCA HUIenHOu. /[0Ka3aTh, 9T0 Y KPECTUKOB €CTh CTPATEr N, TapaH-
TUPYIOUIAA UM HUYBIO WM BHIMTPHIII.

Pemerue. Cornacuo reopeme llepmeno, B IpOTUBHOM Ciiydae y HOIUKOB
€CTb CTPATerus, TapaHTUPYIONAA UM BeMrphinl. [lokaxkeMm, 9TO KpecTu-
KA MOT'YT KCIOJB30BATH IO CYIIECTBY TY XK€ CTPATETHIO0, 3a0BIB O CBOEM
MEPBOM XOJ€. A MMEHHO, mPeACTaBUM cebe, 9TO KPECTUKU OEeMAI0T MPO-
U3BOJIBHBIM IEPBBIN X0 (KapaHAalIoM), a 3aTeM OTBeHalorT (YepHuUIaMu)
HA XOAbl HOIMKOB [10 BBIUI'PHILHON CTPATErUK /i HOLUKOB (CIUTas XOLbI
HOJIMKOB KPECTUKAMU U 3a0BIB O CBOEM TIEPBOM XO7€).

MoxeT Jim mpy 5TOM TEPBBIN X0/ moMmernaTs? Moxer, ecin cTpaTerus
YKa3BIBAET KaK Pa3 Ha TY KJIETKY, TAe yKe CTOUT KAPAHJAITHBIN KPECTUK.
B sToM ciyvae HAZO KapaHIAIIHBIM KPECTUK OOBECTH YEPHUIAMU, & KAPAH-
JAIIOM CAEJATh XOJ B 00y CBOOOMHYIO KIeTKY. Ecaum cBOGOIHBIX KIETOK
HET, TO TO3UNUA COOTBETCTBYET (C TOYHOCTBIO A0 3AMEHBI KPECTUKOB Ha,
HOJIMKM) 3aKIOYATEIBHON TO3UINA B BHIUTPHINIHON TAPTUY A HOJUKOB,
U TIOTOMY ABJAETCA BHIUTPLINTHON.

Kpowme Toro, urpa MoxkeT KOHYUTHCS PAHBIIE BPEMEHN, €C/IA KAPAH JAIll-
HBI KPECTUK 06pa3yeT BBIUIPLIIHBIM DAL € YePHUWIHLHBIME — HO DTO HAM
TOJIBKO JIy 4III€.

Takum 06pa3oM, MBI TOKA3AJIU, YTO €CIM ¥ HOJUKOB €CTh BBIUTDHIII-
HAS CTPATErus, TO U Y KPECTUKOB €CTh BEINT'PHIIIHASA CTPATETUA — U €CJIN
JATh 3TUM CTPATErUsAM UTPATH APYT IPOTUB APYTA, MOMYIUTCSI IPOTUBO-
petue. O

11.2.5. /[loxazaThb, 9TO TeHa JIOOOU UTPHI PABHA BLIUTPHIIIY B OTHOU U3
3aKJIIOYNTENBHBIX BEDIINH. O

11.2.6. Ilokasath, uTO TeopeMa llepMeno BHITEKAET U3 CBOETO IaCTHO-
ro CIy4as Urp € ABYMs UCXO4aMK (BBIAIPLILI IEPBOIO U BTOPOIO).

[Vkazaume. [lns kaxaoro ¢ 6yAeM CIMTATH BHIUTDHII MEHBIIE ¢ TPO-
UTPBIIIEM, a GOJBIIE ¢ — BBLIATPHIIIEM. | (|
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11.2.7. Ilyctb mana mekoropas urpa (. Beibepem ojHy u3 3akio4u-
TEIBLHBIX BEPITMH U Oy1eM MEHATH BRIUTPHIII B 3TOW BEPIIVHE: TOJIOXKUE €70
PaBHBIM ¢, moayuuM urpy G|c]. PaccMoTpum nieHy 5Ton UTPHL Kak (YHKIINO
oT ¢. YTo 5T0 MOXKeT OBITh 3a QyHKIIUAT

Orser. nena urper ([c] paBHa OIMKAMIIEN K ¢ TOUKE HEKOTOPOIO OT-
peska [a,b] (saBucswmero ot urpst G). O

Bot emé oamm mpmmep urpsl, rae Teopema llepMeno mosBoaseT g0-
Ka3aTb CYIIECTBOBAHUE BBIATPLIINIHON CTPATErMM U TIEPBOIO UI'POKA.
Ora wurpa uassana B xuurax M.Tapamepa («Maremarudeckue gocyruy,
M.: Mup, 1972; <Maremaruieckue roI0BOJIOMKY 1 pa3pietdenusy, M.: Mup,
1971) wrpon Temna wam «Gpugxk-uTy. PAacCMOTPUM TPAMOYTOMBHYIO CEThb
U3 TYHKTUPHBLIX JUHUU BBLICOTHI 7, W wupuHEl 1 + 1 (puc. 11.2); Beprunnb

e e ot SIS SRS S
| | | | |

| | | | |
e e ot SIS SRS S

| | | | |

| | | | |
e e ot SIS SRS S

| | | | |

| | | | |
e e ot SIS SRS S

| | | | |

| | | | |
e e T SIS SRS S

Puc. 11.2. Urpa lenna.

CETH COENUHEHBI MYHKTUPHBIMU OTpe3kamu aiavbbl 1. IlepBuii urpok ka-
K IBIM CBOUM XOJOM OOBOAUT (CILIOLIHOU JMHUEN) OAUH U3 OTPEe3KoB. Ero
3a/1a49a — COEJWHUTL CILUIOITHBIMA TUHUAMHE JeBYIO U IPABYIO CTOPOHEI IIPs-
MOYTOJBHUKA. 3313498 BTOPOT'0 UTCPOKA — €My TMOMEIIATh; KAXKIBIM CBOUM
XOMOM OH CTHPAET OJWH U3 OTPE3KOB (JWIIAA MEPBOT'O BO3MOXHOCTHU BIIO-
caencTBUU ero o0BecTn). Urpa 3akaHIuBaeTCsA, KOT1a BCE OTPE3KU 00Bene-
HEL WK CTEPTEL; IEPBLIM BLIMTPAJ, €CIN [IPYU YTOM JIEBAA U [IPABas CTOPOHEL
IPAMOYTOJIbHAKA, COeIUHEHEI.

11.2.8. Hcnoawsys Teopemy llepmeno, nokasaTb, YTO HEPBLIA UI'POK
MMEET BBIMIPBIIIHYIO CTPATETHIO.

[Ykazanue. Urpy MoxHO npescraBuTh B 60J6€ CUMMETPUIHOM BUAE, €C-
Jau 106aBUTH CETKY A/ BTOporo urpoka (puc. 11.3) u caurars, 4T0 BTOpon
XOYeT COENUHUTHL BEPXHIOK W HUKHIOW CTOPOHBI CBOEW CETKW, & JUHUAM
MEepPBOr0 ¥ BTOPOr0 UTPOKOB 3AMPEIIEHO MEPECeKATHCA (TeM CaMBIM TIPOBe-
[ CBOIO JIWHUIO, BTOPOU UTPOK KaK ObI CTUPAET TEPECEKAONIYI0 €6 JUHUO
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nepsoro). Ecau urpa 3akonuunack (B KaxKA0U BO3MOXKHOHI TOYKE Iepecede-
HUA TTPOBEEHA BEP TUKAJIBHAA UM TOPU3OHTATLHAA JUHUA), TO POBHO OJUH
U3 UT'POKOB BHIMTPAJI: MOXKHO TMPOUTH MO JUHUAM WA CIEBA HATPABO, WA
CBEPXY BHU3, HO HE OTHOBPEMEHHO. AKKYPATHOE JOKA3ATEIHCTBO DTOCO WH-
TYUTUBHO ACHOIO TOHOJOIMYECKOro GakTa, BIpodeM, He Tak upocro.] [

T

T

T

T

T

SN TP TP TS SNDSGHN NENPSGT

T

Puc. 11.3. Urpa Detina, cuMMeTPUIHBIA BAPDUAHT.

Kak numer Fapauep, Kaon Hlenunon (cosgarens Teopun uHGOpPMAINH )
OPUAYMAJL [IJ 3TOU UrPEL JIOOONLITHYIO «pU3UIECKYI0» CTPATETUIO, KOTO-
pas jgerko obobmaerca Ha o0y ceThb aunun. [IpeacraBum cebe, 94T0 BCe
CTOPOHBI BCEX KIETOK CeTH ([Jd MEpBOr0 UIPOKA) MPENCTABIAIT COOOU
PE3UCTOPHT OJUHAKOBOT'O COMPOTUBICHUA, KPOME JEBOU W TIPABOU CTOPOH
IPAMOYTOIHHIKA, KOTOPHIE CAEMIaHbI U3 MIPOBOAA HYJIEBOI'O COIPOTHURICHUA.
[MepBBbIt UTPOK CBOMM XOJ0M 3aKOPAYUBAET DTU COMPOTUBIEHUS, & BTOPOU
urpox paspeiBaetr ux (geaaer Geckonednnivu). Crparerus nepsoro urpoxa
COCTOUT B TOM, 9TO HATO IO IKIOYATE HALIPSXKEHUE MEXK Y JEBOU U IPABOU
CTOPOHAMU TPAMOYTOIBHUKA, W 3aKOPAIUBATE (0OBOIUTE) TO COMPOTURIIE-
HUE, 9epe3 KOTOPOe UAET MAKCUMAJbHBIA TOK (MM, 9TO TO XKe camoe, Ha
KOTOPOM IAJAET HAMOOIBIIAA PA3HOCTD IOTEHIMAI0B). Ecau Takux conpo-
TUBJIEHUHN OKA3aJ0Ch HECKOJIBKO, MOXKHO 3aKOPAIUBATDH J1I000€ U3 HUX.

U3 xuwur lapauepa He sCHO, ABISETCA JU 3TA CTPATErUs BHIUTDHIII-
HOU. 3aTO TaM MPUBEIEHA ABHAA BBIUTDHIIHAA CTPATErWA (CO CCHLIKOU
ma O.Tpocca). YTobbr 06BACHUTE €€, OyIeM CIMTATH, ITO IEIBIO MEPBOrO
UTrPOKA ABIAETCA HE JaTh BTOPOMY COCAUHUTH Bepx u Hu3. (Ml yxe ymo-
MUHAIM, ITO 3Ta Lelb PABHOCWILHA UCXOAHOU.) Havampueii xox nepsoro
AI'POKA MOKa3aH Ha puc. 11.4; >ToT X0 3ampemaeT ogH0 13 pébep BTOPOro
urpoka. Pazaennm ocTaabHBIe péOpa BTOPOTO UT'POKA HA TAphl COCETHUX,
KaK TMOKA3aHO HA, TOM Ke PUCYHKe. [[epBLIN UTPOK TPEIATCTBYET BTOPO-
My TpOBECTH 00a pebpa KAKOU-Inb0 Taphl: €CJU BTOPOU MPOBEN OTHO U3
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pébep napbl, HEePBLIU HE 1aéT LPOBECTU BTOPOE PeGpO »Tou napsl (Ipose-
I TepeceKarolee ero ceoé pebpo). Crenymomas 3a1a9a MOKAZBIBAET, ITO

.

e T M

Puc. 11.4. Urpa Ienia: BEIMCPHIIHASA CTPATETAA

5Ta CTPATErusA ABIACTCA BHIUTPHINTHON (MEPBLIM MTCPOK HE Ja8T BTOPOMY
COEIUHUTH BEPX W HU3 U MOTOMY COEIUHAET JEBYIO U MPABYI CTODOHBI).

11.2.9. [lokasaTb, 94TO JO0OU IIyTh MO JUHUAM IYHKTUPHOU CETKH, CO-
eIUHSIONTAN BEPX W Hu3 pucyHka 11.4, 0613aTeabHO TIOKPHIBACT ABa pebpa
OJTHOU TIAPHI.

Pemenne. /71 ACHOCTU OCTaBUM HA, PUCYHKE TOJBKO MYHKTUPHBIE JIT-
HUM ¥ COOTBETCTBYyomue BepmmHsl (puc. 11.5). OrMeTuMm cepyio 06aacTh,
KaK IIOKa3aHO HA PUCYHKE, TEM CaMBEIM PEOpPa AeNATCA Ha Cephle U Oelble.
[Mpeanonoxum, ITO UMEETCS Iy TH CHU3Y BBEPX, KOTOPHIU HE MOKPLIBAET HU
oxuou mapsl pédep. MOXKHO CIUTATH, YTO 3TOT IIyTh HE MPOXOIUT ABAK-

{
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Puc. 11.5. Urpa Teiia: ananus BBIMCPHIMIHOA CTPATEMH.

[BL 9epe3 OHYy BepmuHy (BHIOpOCUM MuKJIBL). Kax 15l mar Ha 3TOM Iy TH
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MO2XKET OTHOCUTBCA K O,E[HOIK/)I 3 BOCbMU KaTeFOpHﬁ: YEeThIPpE HaIIPpAaBJCHUA
(ceBep, BOCTOK, IOT W 3amaj) KOMOMHUDPYHOTCA C ABYMA IBETAMU (CEPHIM
u 6emwim). Kak BUAHO U3 PUCYHKA, TIYTh IOKEH HAYUHATHCA C CEPOrO IIa-
ra Ha CEBEp, a 3aKAHIMBATHCA GEIbIM IIarOM Ha, CEBE.

TlokaxkeMm, 9TO 5TO HEBO3MOXKHO B CUIY HALIAX OUPAHUYEHUM (HENb3s
UCIIOJAL30BATEL IBa, pedpa OQHOU MAPLl U HEAb3S ABAXKILI IPOXOAUThL 9epes3
oy Bepruny). UT0, K IpUMEpy, MOXKET CJACJOBATH 34 CEPHIM IIArOM Ha
cesep? Emé onmu cepwin miar Ha CeBEp, CEPHIM AT HA 3amaJ WM OeIbIn
mar Ha BOCTOK. 33 CEPBIM IIaroM Ha 3amaj MOXKET CJIeI0BATH CEPLIN IIar
HA 3aIIa] WU CepPBIM MAr Ha ceBep. Pazbupas moo9epéIHo BCe BAPMAHTHL,
Jerko yb6enuTbCs, YTO IIyTh, HAYABIIMCH CEPBIM IIAIOM Ha CEBEP, HUKOIA
He BBIIAET (€M He HADYLIMT [IPABWIL) 34 IPELeNbl MHOKECTBA

{cepbi1 mar Ha ceBep, CepHIN AT HA 3aMAT,
GeBIN TMIAr Ha BOCTOK, GENbIN AT Ha T }.

TMosToMy Geanin mar Ha ceBep (KOTOPHIU IOMKEH OBIThH TIOCACIHUM B ITyTH )
HEBO3MOXKEH, U MBI TOKA3aJdH, ITO BepX W HU3 PUCYHKA HEIB3A COETUHUTH
myTéM, He TTPOXOIAIINM TI0 ABYM PEOpaM OJHOU TapHI. (]

11.2.10. [Ipoe urpamT Ha GECKOHEYHOHN KJETYaTOU OyMmare, o odepenu
06BOIs KPACHBIM U CUHUM CTODOHBI KIETOK (32 OQMH XOI MOXHO 00BECTH
OJIHY CTOPOHY JIH0OOU KJICTKU, €CIU OHA eII¢ He o0BeneHa). [okasars, 4To
BTOPOU MOXET BOCTIPEMATCTBOBATE TIEPBOMY MOCTPOUTH 3aMKHYTHIN Ty Th
73 JUHUHI CBOETO IIBETA.

[Ykazanue. O MOXeT OMEMATH [IEPBOMY, HALIPUMED, [IOBEPHYTh C 3a-
[afa Ha CeBep, pa3buB BCe CTOPOHLI KIETOK Ha Maphl U HE JaBas IOKPHITH
062 “LIeHA MapHL.] O

11.2.11. (/11 3HAKOMBIX C Teopuen BepoATHOCTeHN) Ha mome mis urpst
Femna (puc. 11.2) kaxkgas U3 MYHKTUPHBIX JUHUEA OOBEIEHA C BEPOSTHO-
crbio 1/2 HesaBucumo oT Apyrux. JokaszaTh, 9TO MyTh OT JEBOU 10 IPABOU
CTOPOHEL (10 0OBEAEHHBIM JUHUAM) CYyLIECTBYeT € BeposgTHOCThIO 1/2. [

11.3. Bbluucnenune ueHbl: nonHbin obxon

Kak Buguo m3 moxasarenncrBa TeopeMmbl llepmeno, misi HAXOXgEHUs
ONTUMATLHON CTPATETUU AOCTATOYHO YMETHh BLEIUUCAATDL IEHBI BCEX BEP-
mH. B 5ToM pasmese MBI PACCMOTPUM CJIyYdan, KOT/a TIO3UIUYA UT'PEL 00pa-
3YIOT gepeBo (Beayuime BBEpX pEOpa JepeBa COOTBETCTBYIOT BO3MOXKHBIM
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B JAHHOU IIO3ULMYU XO1aM) U IHOKAXKEeM, KaK IPUMEHUTH OporpaMmy o6xona
nepesa (Tuasa 3).

HamomuuMm, 910 MBI paccmaTpuBatun Po6oTa, KOTOPHIU B KAXKIBINA MO-
MEHT HaXOOUTCA B O,I[HOI‘/)I "3 BEPIINH ACPEBa U YMEET BBINOJHATH KOMaH IbL
BBepX_HaleBO, BOPaBO U BHE3. PoOOT HadmHaeT paboOTy B KODHE OepeBa
(pOJIB KOTOPOI'O Teneps UrpaeT HadaibHas no3uuus urpel). Pansme Po6or
yMea elllé 00pabaThIBAThL BEPIIMHBI; Temeph MBI TPEATONAraeM, ITO OH MO-
XET ONPENeJUTh THI TEKYIEeH BepImnHbL (0WH 13 TPéx: max, min u final,
YITO COOTBETCTBYECT BEPIIMHAM MaKC&, MI/IH& n SaK.TIIO‘II/ITe.TIBHBIM) 1 MOXKET
OIIpEOE/INTE CTOMMOCTBH TeKyH.[efI BEPIIMHEBL, €CJIN OHa ABJIACTCA 3aKJIOYIN-
TEJILHOU.

11.3.1. Hammcars mporpaMmy, KoTopad ympasaieT Pob6oToM u BBIMU-
CIIeT LUEHY UTDHL.

Pemrenme. Hanummem pekypcuBHYIO TPOLEAYPY, KOTOPAas, HAYAB ¢ HEKO-
TOPOU BEPIINUHLI, OOXOANT MO IEPEB0O DTOUN BEPIUHEL, BosBpainaeT Podora
HA MECTO U COOOIIAET IeHYy BEPUIMHBL (T/e OHA HAYAJIA U KOHJIWIA,):

procedure find_cost (var c: integer)

‘ var x: integer;

begin

if Tun = final then begin

‘ C:= CTOMMOCTE;

end else if Tum = max then begin

BBEPX_HAJIeBO;

find_cost (c);

{c = MakcUMyM LeH TeKylell BepuMHH ¥ 6paTheB cleBal}
while ecTb_cmpaBa do begin

BIIPaBo;
find_cost (x);
¢ := max (c,x);
end;

{c=uena Bepummn nox Texymeu}

BHH3;

end else begin {Tun = mun}

‘ . ..aHaJOTMYHO C 3aMeHo# max(c,x) Ha min(c,x)
end;

end;

Mer moab3yeMcss TeM, UITO y BEPIIMH THUMA maX M min ecTb XOTsa Obl
OJVH CBIH (BEDIIVHBL 6€3 CHIHOBEU [TOJKHBI OBITh 3aKIIOIATEIbHBIMI, 1 MBI
peanoaraeM, YTO OHM OTHeCeHbl K Tuily final). O

11.3.2. HammcaTh HEPEKYPCUBHYIO MPOTPAMMY S BHIYUCJACHUSA TTEHBI
Urpsl (3aJaHHOU IEPEBOM, TI0 KOTOPOMY XoauT Po6oT).
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Pemenne. Kak 06BIMHO, PEKYPCHIO MOXKHO YCTPAHUTE, UCIOAb3YS CTEK.
B mamHOM caydae KaKABIU DIEMEHT CTEKa OyAeT XPaHUTh WH(DOPMAIIUNIO
06 OMHOM W3 MPENKOB TEKYIIEH BEPIIMHBL (Ie€M [IaJbIle, TeM MIyoke — Ha
aHe creka OyneT mHopManua O KOpHe). Korga Mbl HAXOIMMCS B KODHE,
CTEK IyCT, IPU ABUIKEHUU BBEPX IO JEPEBY OH YIJIWHIETCS, IPU IBUKEHUN
BHU3 — YKOPAIUBAETCA.

Kax 1uim 57eMeHT CTeKa TPeACTaBIAeT COO0U Tapy; MePBLIN IEMEHT —
THI COOTBETCTBYIONIEN BEPIIMHALL (min/max), a BTOPON DIEMEHT — MUHU-
MyM/MaKCIMyM BHAYEHNH BCeX €€ CHIHOBEN JieBee TeKyluero. B mporpaMme
U3 IVIABHL 3 CYIIECTBEHHYIO POJIbL urpanu aBa yreepxkaenus: OJI ozuadano,
4T0 00pabOoTaHbl BCE BEDIUWHEL JeBee TeKyllel (Te, IyTh B KOTODbIE OT-
KJIOHseTCs HaleBo oT nyTu B Tekyuyo); OJIH osrasano, 4ro o6paboranst
BCE BEDINMHEI JEBEE W HAJ TEKYIIEW (3TO OBIBAIO, KOTJA MBI MPOXOIUINA
BEPIIUHY BTOPOU Pa3).

Tlomumo crexa (koTOpBIU Beerga OyAeT XPAHUTDL AAHHBIE, YKA3AHHBIE
BBILIE) [IPOrpaMMa MCIOAB3yeT ew@ nepemennyio c. B curyauuu OJI sra
nepeMeHHas He ucnoabdyercs, a B curyauun OJIH oma xpanuT neny te-
Kymien BepimuHBL. [lokaxkeMm, Kak MOXKHO MO IEPKUBATH DTO, OMUCAB TeU-
CTBUA C TIEPEMEHHON U CTEKOM A KAXKIOTO BapuaHTa asmkenus Pobora
(cp. c. 63):

e {OJI, e ects_cBepxy} obpadorars {OJIH}:
B MIEPEMEHHYIO C BANUCHIBAEM IIEHY TEKYIIETO JUCTA;

e {OJI, ecTe_cBepxy} BBepx Hameso {OJI}:
nepes TeM, KaK MATH BREPX, J0OABIAEM B CTEK THUI TEKYIICH BEPITAHLI
(max/min) m 3HaveHMe —00/+00 COOTBETCTBEHHO, UMES B BUIY, UTO
MAKCHMYM TIyCTOT'O MHOXKECTBA, PABEH —00, & MUHUMYM PaBEH -+ 00;

e {ecTb_cupasa, OJIH} Bupaso {OJI}:
OGHOBJISIEM 3HAYCHUE B BEPLIMHE CTEKA, Oepsi MAKCUMyM WUIA MUHU-
MyM (B 3aBUCUMOCTM OT TUIIA BEPIIUHLI CTEKA) CO 3HAYCHUEM TIepe-
MEHHOU C;

o {ne ects_cmpasa, ects_cuusy, OJIH} Brus {OJIH}:
B IEPEMEHHYIO C [IOMEIIAEM MAKCHMYM/MUHAMYM (B 3aBUCEMOCTH OT
THIA BEPIIMHEL CTEKA) €€ IPEKHEr0 3HAICHNS 1 3HAICHN Ha BEPIIUHE
cTeka (OHO 3a0UPAETCA U3 CTEKA, U CTEK YKOPAUUBACTCH).

Jlerxo BUAETH, UYTO MPU DTOM YTBEPKICHUA O COAEPKAHUN CTEKA U 3HA-
ICHUY TIEPEMEHHON C He HAPYIAITCSA, U IO OKOHIAHUIO PAGOTHI TPOTPAMMET
cTek GymeT MycT, a 3HAYEHNE TIEPEMEHHON ¢ OyIeT PABHO IeHe urpbl. [



200 11. Anaaus uep

11.4. Anbga-6eTa-npouenypa

Mui Bugein, KAK MOKHO BBIMUCAUTD IIEHY UPHI, 000U BCE BEPIIUHEL €8
mepeBa. OIHAKO MHOT A MOXKHO COKOHOMUTD U 9aCTh AE€PEBA HE MOCEIIATh.
IIycTe, HApUMED, UTPA UMEET ABA UCXOa (BHIMTPHIIT U TPOUTPHII) ¥ MBI
o6HapyX)uu (MOCJae TPOCMOTPA YACTH IEPEBA), ITO HEKOTOPHIA X0 ABJA-
€TCsA I/ HAC BRIMTPHIIHBEIM. 10rIa HeT CMBICAA PACCMATPUBATEH OCTAIbLHEBIE
xonbl. Bosee 061110, ecau MBI HAIIUIA X0, PAPAHTUPYIOIIAN HAM MAaKCHAMAIb-
HBIU BBIAIPHIL (IOILyCKAEMBbIA IPABUIAMYU UIDPHI), TO HET CMBICIA UCKATH
TATBIITe.

IMomo6Haa onTMMU3AIIUA BO3MOXKHA HE TOJBKO B TeX CAyYadx, KOTIa
MBI 3HAEM MaKCUMAJIBHO BO3MOXKHBIM BHIUTPHINI. [lycTh, Hampumep, nepe-
BO UIPHI UMEET TAKOU BUA, KAK Ha puc. 11.6, npuuém a > b u MBI 06X01UuM
BEPLINHLI IePeBa CJIEBa HAIPaBo. 1orga mocjae npoCMOTPA BEPLINHEL G MBI

max

Puc. 11.6. OnTuMmnsaimsa BO3MOXKHA TIpK a > b.

3HAEM, 9ITO IIeHA KOPHEBOU BEPIITMHEI He MEHBINE ¢. [lepenna Kk min-sepumae
7 TIPOCMOTPER €€ MEPBOT0 CHIHA b, MBI OMPEAeIAeM, 9TO MEeHA MiN-BepPITUHEBI
He Goubie b u (npu b < a) OHA HE MOXKET NOBJUATH HA LIeHy KOpHs. [TosTomy
caedyomye BepIUMHLL (cepas 001acTh HA PUCYHKE) U UX [OJLEePEBbsI HAM
[IPOCMATPUBATH HE HYXKHO.

Ipumenéuuyo B 000UX CAyYaAX ONTUMU3ANUIO MOXHO OTHUCATH TaK.
[Ipucrymas K OIEHKE HEKOTOPOU BEPIIUHEI, MBI 3HAEM HEKOTOPBIN TTPO-
MeXyTOK [m, M], B mpegenax KOTOPOrO HAC MHTEPECYET LIEHA STOM Bep-
MUHBL — JU60 MOTOMY, YTO OHA 3aBEJOMO HE MOXKET BBIUTH 33 IMIPEeIeJb
npoMexyTKa (KaKk B IEPBOM C/Iydae, KOI'Ja JIy<lle BHIMIDLINIA HUYEro He
ObIBaET), MO0 MOTOMY, 9TO 3TO HAM HUYEro He 1aéT (Kak BO BTOPOM CIy-
9ae, KOr/1a BCE IEHBI MEHbINe b 14 HAC HEOTAUIUMEL OT b).

Bonee popmanbro, BBEIEM 0003HAMEHNUE T[4 5], TAE T — THUCIO, a [a, b] —
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IPOMEKYTOK:
a, ecau x < a;
Tlap) =T, ecma<T<h
b, ecmm b<z.
Jpyrumu crosamu, x[, 5 — OMDKalas K & TOYKa TPOMEKYTKa [a, b], KO-

TOPYIO MOXKHO HA3BATH (MIPUBENEHHLIM K [a, b] 3HaenweM z». Teneps MoxHO
CKa3aThb, 9TO [IOC]Ie IPOCMOTPA BEPIINHEL ¢ HA pucyHke 11.6 Hac uaTepecy-
eT MpUBeAEHHAA K [a, +00] IeHa min-BepiumHsl (BCe 3HAYEHN, MEHLIINE a,
HE3PABMUYIHEL), & MOCTe TPOCMOTPA BEPIIUHLL b 5Ta TIPUBEIEHHAA IEHA, YKe
u3BeCTHA (PaBHA a). AHAIOTMIHBIM 00PA30M [IEHA UT'PHI C IBYMA UCXOJAMU
+1 pasna eé npusenéunon x orpesky [—1, +1] nene, u nocae oGHapyKeHWs
BLIUTPEIIIHOIO XOAA CTAHOBUTCA ACHBIM, ITO HTA IEHA PaBHA +1.

Ncnonssys 5T0 co06paKeHne, HAIMIIEM O TAMU3APOBAHHBIA AJITOPUTM,
B KOTOPOM DPEKYPCUBHO ONPENENAETCs MPUBEISHHAS K MPOMEXKYTKY [a, b
NIeHA UTPHEL B TEKYIIEH BEPIIAHE:

procedure find_reduced_cost (a,b: integer; var c: integer)
‘ var x: integer;
begin
if Tun = final then begin
‘ C:= CTOMMOCTB, NIpMBeI&HHasa k [a,b]
end else if Tum = max then begin
BBEPX_HalleBO;
find_reduced_cost (a,b,c);
{c = MakcuMyM ueHH BepumHH U 6paTBeB ClIeBa,
npuBenéuuny x [a,b]
while ecTn_cmnpaBa and (c<b) do begin
BIIPaBoO;
find_reduced_cost (c,b,x);
c = x;
end;
{c=nena Bepummm mon Texyme#, nmpueBenémHas k [a,bl}
BHUS3;
end else begin {run = munu}

‘ . . . CHMMETPUYIHO
end;
end;

EcTecTBeHHBI BONIPOC: HACKOIBKO TAKOIO PONA ONTUMU3AIMS IOMOIa-
eT yMeHLIUTHL mepebop? Mul paccMoTpuM mpocTentmuu mpumep. IycTs
urpa uMeeT (PUKCUPOBAHHYIO [IWHY, U3 KAXKJAOU TO3UINA BO3MOXKHEI JBA,
XO/Ia, UTPOKU XOJAT MO OUEPenu, KAXK BN AeIAET 1 XOL0B U IEHH JUCThEB
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paBabl 0 wiu 1. [lepeBo TAKOW UIPBI — MOJHOE ABOMYHOE JE€PEBO, Min-
7 MaX-yPOBHU Y€PEAYIOTCSA, B TUCTHAX HAMMMCAHBI HYJIU U TUHUITHI, U HYXKHO
BHIYUCAUTE 3HadeHue B kKopHe. (Ecan camrars, o 1 = ucruna, 0 = 10XKb,
TO MakCUMyYM u MuHUMYM cooTBercTByioT onepauuam OR (MJIN) u AND
(M), nosromy unorga rosopar 06 AND-OR-zepese.)

CKOJIBKO JIMCTHEB HYKHO MOCETUTh, YTOOBI BEIYACIUTD 3HAYEHUE B KOP-
me? HamomamM, 970 Beero mucThen 227 nra gepesa ¢ 2n ypoBHAMY (KasK b
U3 UCPOKOB JIEJAeT 7l XOOB).

11.4.1. [loxkasaTb, 94TO A JOOBIX 3HAYECHUN B JUCTHAX ONUCAHHBLIA Ha-
MU ONTUMU3UPOBAHHLIN AICOPUTM IIPOCMATPUBACT HE MeHee 2" JIMCTheB.

Pemerne. Ha ypoBHe 2 HaXOmaTCsa weThIpe BEPIIMHLL. B xome paboTh
AJCOPUTM [TOJKEH Y3HATH IEHY WIPHI XOTA Obl B ABYX u3 HuUX. B camom
Jese, TyCTh HIDKHAA BEPINMHA €CTh min-sepumua. Eciu B HEH HyJ b, TO
B OJJHOM 13 €€ CLIHOBEU TOXKE HYJb. A pa3 5TO Max-BEPIINHA, TO A yCTa-
HOBJIEHUS 3TOI0 (DAKTa HY2KHO 3HATDH LEeHy 060UX CHIHOBEU (PABHYIO HYJIIO).
Bropou caygan: B kopae eguauia. Torga B 06erX €ro CHIHOBBAX AOMKHA
OBITH €IMHUIA, U ITOOBI OBITH B DTOM YBEPEHHBIM, HYKHO B KAXKJOM U3 HUX
MOCMOTPETH KAK MAUHUMYM OJHOT'O CHIHA.

AHATOrUYHO pagy KaXKJI0TO 3HAYEHWA HA YPOBHE 2 HYXKHBI [BA 3HAYE-
HUA HA ypoBHE 4 U Tak [ajee — B KOHIE KOHIIOB HA YPOBHE 21 HYIKHO
3HaTL 2" 3HAYEHUN. |

[l HAMIATHOCTY MBI TOBOPUIN O KOHKPETHOM QITOPUTME, OMTUCAHHOM
eoite. Ho copasemius u 6onee o6mun (pakT: a000n HAOOp 3HAYEHUN B JIU-
CTBAX, KOTOPBEIA OTHO3HAIHO OIPEIEIAeT 3HAIEHNUE B KOPHE, COAEPKUT HE
MeHee 2" 3HAYCHUN.

11.4.2. IIpoBecTu axkKypaTHOE TOKA3ATEILCTBO TOTO YTBEPXK ICHUS.

[Ykazauume. ITo cymecTBy y:ke BCE IOKa3aHO, HAJO TOIBKO 3TO 0dOp-
MUTb.] O

Toapko 4TO mOMy IeHHASA OIIEHKA OTHOCUIACH K CAMOMY OJarONpUATHOMY
CIy¥alo. YTBEPXKIEHUE CACAYIOMIEH 3a0a¥K, HANPOTUB, TOBOPUT O HAUXY -
meM CaIydae.

11.4.3. Ilycts y mac cupammearoT 3HadeHus B auctbax AND-OR-gepesa
B 3apaHee HEM3BECTHOM HaM HOPAAKE, ¥ MBEL MOXKEM HA3bIBATH 3TU 3HAYEHWUI
no cobcrBeHHOMY ycMoTpenuio. JokazaTh, 94TO MBI MOXEM AEHCTBOBATh
TaK, 9TOOLI 10 TIOCJACIHENO MOMEHTA, (MOKA €CTh XOTh OHO He HA3BAHHOE
3Haqume) IIEHA KOPHS OCTABAIOCHL Obl HEM3BECTHOU (To €CTh MOIIa, OBITH
U HYJEM, U €IUHUIEH B 3aBUCUMOCTH OT €Ié He HA3BAHHBIX 3HAYEHUN).
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DTa 3a0a4a MOKA3BIBAET, YTO JIOOOU AJTMOPUTM OTHICKAHUS IEHBI KOD-
HA B HamOosee HeOIATONPUATHOM CIyYae BBIHYKTeH OOXOIUTH BCE JUCThSI
(B 9ACTHOCTH, HAIIl ONTUMU3NPOBAHHBIA ATTOPATM HUKAKOTO BHINTDHIIIA HE
aaér).

Pemerme. ByneMm 10kas3niBaTh 3TO MHAYKIMER 10 BLICOTE Aepesa. Ilycrn
kopens spasiercs AND-sepmunon. Torga 6ygem orrsrusars (110 LPeIoo-
KEHUIO WHIYKINY) ONPEICNCHIE 3HATEHUN B I€TAX KOPHA, & KOTAa JATbIIE
OTTATMBATE OY1eT Heab3A (MOCJACTHUN JUCT MO IePEBa, CTAHOBUTCS U3BECT-
HBIM), CAEJAEM TaK, 9TOOBI DTO MOAAEPEBO OBLIO UCTUHHBIM. TeM caMbIM
3HAYEHUE B KOPHE COBIIAAAET CO 3HAYEHUEM B APYT'OM IO LEPEBE U MOMKET
OCTABATHCA HEOIPEIEJEHHBIM O IIOCJAELHErO MOMEHTA. ]

Bonee nnTepecHON ABIAETCA OLEHKA CPEIHETO YHCJIA OMPOIIEHHBIX JIU-
cTheB. bymem cumrarn, wro amroputMm find reduced_cost mpuMmeHseT-
cs k uekoropomy dukcuposannomy AND-OR-gepesy (¢ ¢uxcupoBanubl-
MU 3HAYEHUAMY B JUCTHIX), HO A/ KAXK IOM BEPLUIXHBL HOPSIAOK IIPOCMOTPA
IBYX €€ meTen BLIOMpAETCA cIyvdanHo. Toraa oblee Yucao MTpOCMOTDeHHBIX
JMUCTBEB CTAHOBUTCS CAYYANHON BEIUIMHON.

11.4.4. [lokasaTb, 9TO MATEMATUIECKOE OXKUIAHNE DTOU C/LyYallHOU Be-
JUYIUHEBL (CPEJHEee TIO BCEM TOpALKAM TPOCMOTPoB) mia aboro AND-OR-
nepeBa BHICOTHL 20 (¢ 4" BepmmHaMu) He TpeBocxonuT 37.

Pemerme. Paccvmorpum chuadana cayday n = 1, ToO ecTh gepeBo IiyOu-
uwl 2. [lycts ero xopens apmaetca AND-sepimunon. Ecan B kopHe HAX0AUT-
ca 0, To ua mepBoM yporre 0,0 mu 0, 1. B mepBoM cayuae HAM JOCTATOTHO
IPOCMOTPETH [BE BEPIIUHBI (HAWAA MEPBLIM HyJb, MBI HE HIIEM BTODOM).
Bo Bropom cayuae ¢ BepositHOCTBIO 1/2 HAM XBATUT ABYX, & C BEPOSTHO-
croio 1/2 nonagoburca Tpu uian dernipe. Ecau xxe B AND-kopue naxogur-
¢ 1, To B 06enx OR-Bepimaax mepBoro ypoBHS HAXOIUTCA €IAHUNA, U HA
KaKAYI0 U3 HUX HYKHO B CpefHeM He Gomblme 3/2 MPOCMOTPOB JUCTHEB
(¢ BEPOATHOCTHIO HE MeHee 1/2 MBI Cpasy momajaeM B JHCT C eIUHULEH
U BTOPOU JUCT HE CMOTPUM ).

JanabHennee paccyXaeHue Jerko MPOUCXOTUT N0 WMHAYKIuu. IlycThb
cpeJHee 3HAYEHNE YKC/IA 3ANPAMINBAEMEIX JUCTHEB MJI JI0OOI0 1EPEBa, IiIy-
6unst 2k He mpenocxouT 3F. Paccmorpum gepero ruaybunir 2k 4+ 2 ¢ uk-
CUPOBAHHBIMY 3HAYEHUAMU B JUCTBAX. [/ KaXJI0r0 BRIOOPA TOPAAKA HA
MEPBBIX ABYX YPOBHMX M3BECTHO, KAKUE U3 Y€THIPEX BEPIINH BBICOTHI 2 Oy-
OyT paccMoTpentl. 1o npeanonoxenno cpeiHee IUCI0 UCIOIB30BAHHEBIX JIM-
CTBEB [IPU PACCMOTPEHUY KAKI0U BEPLUIXHBL BEICOTHL 2 (yCpejHeHue [0 BCeM
nopagkam 06xoa) He 6ombie 3F. TomoTHITETEHO YepegHAeM TI0 TOPA IKAM
HA [BYX TEPBLIX YPOBHAX U 3aMEYaeM, UTO B CPEIHEM DACCMATPUBACTCA HE
OOJIBIIIE TPEX BEPIINH BEICOTHL 2. ([l
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11.4.5. IlonyunTe Gosee TOYHYIO OINEHKY A THCIA TPOCMOTPEHHBIX
JIMCTHEB B MPEIBIAYINEN 3a1ade. [Ykasaune. Vcoms3ynTe pasHble OLEHKN
B 3aBUCUMOCTH OT 3HAYEHUA B KODHE; DTO TO3BOTAT 3aMEHUTH \/3 B OIEHKe
Ha Menbimee wucao (1 + /33)/4.] O

11.5. PeTpocnekTuBHbIN aHanu3

CyIecTBEHHO U ONMMCAHHOE B MPOMLIOM DPAa3ese yJIydlleHue aaropuT-
ma (mepexon oT moaHoro nepebopa x a-f-upouenype)? C ogHOU CTOPOHEL
ga: B HameM npumepe nepexog or 4" k 3" maér Bemrpeuu B (4/3)" pas,
a (4/3)" skcmoHeHuManBHO pacTéT ¢ pocToM n. C APYrom CTOPOHBI, DKC-
TIOHEHTA OCTAETCSA DKCIOHEHTOW, MAXKE eCJaU €€ MOKA3ATeNb YMEHBIIASTCA
¢ 4 10 3, mMO3TOMY HAJEXK Al IOJHOCTBIO MPOAHAJU3NPOBATE TaXKe He OUeHb
CAOKHYIO U NOACYIO HCPY TAKUM CIIOCOOOM MOYTH HET.

IlosToMy Ha mpakTuke OOGBIMHO BLIGUPAIOT HEKOTOPYIO OUEeHKlY NO3uU-
YUY — JEMKO BBEMMUCIUMYIO (DYHKIWIO, KOTOPAA 10 MHEHWIO TPAKTUKOB
KaK-TO OTPAKAET MPEUMYIIECTBO TOMO WM MHOTO UIPOKA (CKaXKeM, MaTe-
PUAJBHBIA [IEPEBEC B IIAXMATAX). 34TEM BMECTO HACTOAIIEN UTDHI PACCMAa-
TPUBAIOT OTPAHUIEHHYIO UT'PY, B KOTOPOU AEAAETCA CPABHATEIHHO HEOOMb-
moe 9ucao k XOMOB, a 3aTeM Pe3yJIbTATOM HIPHI CIUTAETCA OIEHKA, IIOIy-
YEeHHOU LO3ULMY, U B DTOU UI'DE BHIIOIHAIT Hepebop (pumeHss o-F-onru-
mvuzanuo). KoHedHo, 570 HUYero He rapaHTUPYET B HACTOAIIEH UTDE, HO
YTO MOACTACIE.

BreBanT, 01HAKO, U CATyaIIuyu, KOT 44 YIAETCA ONPENeJUTh IEHY TAHHON
MNO3UINU TOYHO. JTO yIAETCA CAEIATHL MIA NIAXMATHBEIX DHINNAICA C He-
GOMBIIIM 9UCIOM (DUTYP — HAIPUMEDP, MOXKHO PACCIUTATD, 38 KAKOE MU-
HUMATBLHOE YHCAO XOJ0B MOXKHO TIOCTABATH MAT KOPOIEM, CIOHOM W KOHEM
IPOTUB OAMHOKOTO KOPOJS B 3AJAHHLIX HAYANTBLHBIX YCJIOBUAX. SAMETHM,
9YTO MPHU STOM IUCIO XOMOB MOXKET H3MEPATLCA ACCATKAMM, 8 KAXK LI X0
uMeeT AeCATKYM BAPUAHTOB, IODTOMY O HOXHOM Hepebope (Wi gaxe o He-
CKOJIBKO COKPAIIEHHOM) He MOXEeT UATH U Ded.

11.5.1. IIpugymars Apyrod HOAXOI, UCIOAL3YIOIIMKM OrPaHUIEHHOCTDL
00LIero 4uc/ia BO3BMOMXKHBIX IO3ULUN (CKAXKeM, AAd YeTHIPEX YIIOMSAHYTHIX
duryp Ha maxMaTHOH gocke 310 64* = 224 = 16 «eramosunuin; ¢ yaéTom
0UepEIHOCTH X0ma OyaeT 32 Meramo3ulny; MacCUB TAKOTO Pa3Mepa moMe-
MAETCA B TAMATH COBPEMEHHEIX KOMIBIOTEDOB 063 TPYIA).

Pemenue. 3apenéM MaccuB, OTBEAA AUCUKY A KaXK 40U mosuiiuu. [1po-
CMOTDUM €r0 OJUH Pa3 W OTMETHUM BCE MATOBHIE MMO3ULIUU (3AMUCAB TYIA
qncao 0 B 3HAK TOTO, UTO MO3WIUA BHIUTPHINIHAA W A0 BEIUT'DHIINIA OCTa-
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aock (0 x040B). 3aTeM IPOCMOTPUM MACCHUB ewié Pa3 U IOMETHM KaK ILIpO-
UTPHINIHEBIE BCE TIO3UINHA, U3 KOTOPHIX MOXHO TIOUTH JIUIIH B MATOBLIE (HATIN-
meM TaM —1 B 3HAK TOrO, 9T0 MOXHO MPOTAHYThH JUIb emé 1 xox). 3arem
OTMETHUM BC€ IO3UINN, U3 KOTOPHIX €CTh XOJ B MO3WINK ¢ IUCJIOM —1, Ha-
nucaB TaM 2. 3aTeM — MO3ULUK, U3 KOTOPBIX BCE XOALI BeayT B nosuimu 0
wiu 2, HanucaB TaM —3, u T.1. Tak 6ygem gesars 4O Tex Hop, noxa Oy-
IyT TMOABIATBCA HOBBIE IOMETKU. KakK TOJBKO 5TO KOHYUTCA, I KAXK IO
no3unuu GyaeT W3BECTHO, MOXKHO JIM B HEW BHIUTPATH U CKOJIBKO XOMOB JJISA
3TOr'0 HYXKHO. O

daxTudecku >Ta IPOLEAyPA MOBTOPAET TOKA3ATENLCTBO TeopeMsul Llep-
MeJ10 (HO LOIOJHUTEIBHO MBI [0y 4aeM UH(POPMALUIO O TOM, CKOABKO XO10B
[0 BHIMTPHIIIA WX MTPOUTPHINIA TP HAWIY YIIed UTPE).

11.5.2. MoryT am mpu 3TOM OCTATHCA HEOTMEUEHHBIE TTO3UINN U SIEMY
OHM COOTBETCTBYIOT?

OrBer. DTO MO3UIKK, B KOTOPBHIX 004 UI'POKA MOTYT IapaHTUPOBATH
CKOJMIb YTONHO JJWHHYIO WPy 6€3 TPOWrpHIa. Bupoduem, mpaBumio Tpo-
€KPATHOTO TIOBTOPEHNA TO3UINK B MIAXMATAX B DTOM CIyYae MO3BOJACT
CYUTATH MAPTUI0 HUIEUHON. O

A.JI. Bpyguo 3amMeTma, 9TO €CTh CUTyalus, B KOTOPOU TAKOU AHAIU3
TpebyeT coBceM HEOOJBIINX PECYPCOB U MOXKeT ObITH PeaIrn30BaH HA OYEeHDb
HEGOBIION TTAMATH, XOT /I YeJ0BEKa COOTBETCTBYIONIAA 33,1498 HE PO~
CTa: MyCTh Oejble UMEIT KOPOIA Ha TOJe €3, KOTOPOrO MM 3AIPeNeHO
ABUTaTh, U (ep3s (Ha KAKOM-TO ADPYTCOM TOJe) M XOTAT MOCTABATH MAaT
OJMHOKOMY 46pHOMY Kopouo. Orpanudenue (HENOABIKHOCTL KOPOJIA), 3a-
TPYAHSIOUIEE XKU3Hb YeI0BEKY-IIaXMaTUCTY, obaerdaeT aHaiu3 (yMeHbIuas
KOJIMYECTBO HO3ULIKAN MOYTH ITO B 64 pasa 3a c4€éT TOro, 4TO HE HALO PAC-
CMATPUBATEL PA3HBIE TOJOXKEHUA KOpous!)

Wcnonb3oBanme TabIUIBI OMUCAHHOT'O TUIA MOXKHO CUMTATH TPUMEHE-
HUEM MEeTOJa JUHAMUYECKOI'0 IPOrPAMMUPOBAHUSA (MBI HE BHIUUC/AIEM LEHY
UCPLL M OQHOU W TOU YK€ MO3UIUU CHOBA U CHOBA, OOXOIS TEepeBo, a 3a-
nouaHseM TabIuly UeH CUCTEMATHHeCKn ).



12. ONTUMANBHOE
KOANPOBAHUE

12.1. Kogpbl

Nmes 2" cuMBOJIOB, MBI MOXKEM KOIMPOBATL KaXKILIM W3 HUX 7 OUTa-
MU, DOCKOJIBKY CylecTByeT 2" xoMmOuuauuy u3 n 6Guros. Hanpumep, MOx-
1o saxomuposath 4 = 22 cumsoma A, I, T, Il (ucnonbayemele mpu 3amu-
cu TeHOMOB) AByxOuToBbIMU KoMOMHarmaMu 00, 01, 10 u 11. [Tpyrou mnpu-
Mep: MOCIENOBATEIBHOCTAMY U3 8 GUTOB (6auTaMu) MOXKHO 3aKOAUPOBATH
256 cuMBOMOB (M 3TOr0 XBATAET HA JATUHCKUE M PYCCKUE OYyKBBHI, 3HAKU
LIPENVHAHUA U 1D.).

Boaee dpopmanpHO: nycTh HAM DaH Gadaéum, TO €CTh KOHEIHOE MHO-
JKECTBO, DJIEMEHTHI KOTOPOT'O HA3LIBAOTCS CUMBOAAMY I OYKEaMY DTOTO
anpasura. Kodom mia anpasura A HaseiBaeTCA GyHKIUA (TabIUIA) &, KO-
TOpas 1A KaxkJI0rO CUMBOJA ¢ M3 A yKasblBaeT IBOUYHOE CIOBO «(a), Ha-
3BIBAEMOE K0JO8bLM CAOB0M, WIU IPOCTO K0dom dToro cumsoia. (JIsoudnoe
CJIOBO — KOHEYHAs [0CJAe40BATEILHOCTE Hyael u egunul.) He Ttpebyercs,
4TOOBL KOABI BCEX CUMBOJIOB MMEIM PABHLIE NJIAHBI.

Mur gomyckaeM, ITOOBI Pa3HBIE CUMBOJIBI NMEIN OAnHAKOBRIe KOabl. Co-
IIACHO HAIIEMY OINPEIeIeHNIO, Pa3pelaeTcs Bce OYKBHL aadaBuTa 3aKOI1-
posatk cioBoM 0 (1 Jazke MyCThIM CJIOBOM ) — HO, KOHEYHO, TAKOU KO OyAeT
Hecnosezed. Xopomui KOJ LOKEH HO3BOMATL AEKONUpOBaHue (BOCCTaHO-
BJICHUE [IOCIELOBATEIHHOCTY CUMBOJIOB 110 €€ KOA1Y).

DopMaTBHO 3TO OnpefeaseTca Tak. llycTs ¢ukcuposan aabasutr A u
KOZ v 1A 5Toro ampasura. Jaa kaxaoro caosa P B ampasute A (TO ecTh
UL JIEOOOT KOHEIHOU TIOCJAEI0BATENILHOCTHU OYKB andasuTa A) paccMoTpuM
aBoudHoe ca0BO a(P), KoTOpOoe MOLyIaeTCs, eCau 3AIUCATDL TOAPA] KOLbL
Beex Oyks u3 P (Ges kakux-mubo pasgenurenern). Kon o maswiBaercs odno-
3HAUNBIM, €CTTN KOTBI DA3INIHEIX CI0B pasnudssl: o P)# «(P’) npu P# P'.

12.1.1. PaccmoTpum TpéxOykBeHHBIN andasut {a,b,c} u xox ala) =0,
a(b) =01 u a(c) =00. Byger au 3TOT KO OTHO3HAUHBIM?
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Pemerne. Het, mockoabKy CI0Ba aa U ¢ KOJUPYIOTCSI OIMHAKOBO. O

12.1.2. [Jun roro xe anpasura pacemorpum kon afa) =0, a(b) = 10
u ac) = 11. Byger au 5TOT KO OTHO3HAMHEIM?

Pemernme. Byaetr. YTo6b 0Ka3aTh TO, AOCTATOYHO OOBACHUTDL, KaK
MOXKHO BOCCTQHOBUTH C1oBO P 1m0 ero xony «(P). Eciu o P) nauunaeTcs
C HyJas, TO ACHO, 4TO c10BO P mauunaercs ¢ a. Eciu a(P) naumnaercs
€ eIMHUIEL, TO CA0BO P madmuaeTca ¢ b wmu ¢ ¢ — 9TOOLI y3HATDH, C 9€r0
UMEHHO, JOCTATOYHO II0CMOTPeTh Ha BTopou 6ut ciosa aP). Boccranosus
MEPBYI0 OYKBY CI0BA A, MBI 3a0BIBAEGM O HEU U O €€ KOJe, W TPOAOIEKAECM
BCE CHAYAJIA. (|

Bepro u 6osnee obiee yreepxkaenune. HazoBém xon npedurcrvim, ecan
KOAbL OyKB He SIBIAIOTCA HadaJaMy ADYr Apyra (cjaoBo a(p) He sBIsSeTCS
HA4aIoM CA0Ba ¢¢(q), eciu OYKBBL P U ¢ DA3IUHHBL).

12.1.3. [okazaTb, 4T0 060U IPePUKCHBIN KO ABISETCA OTHO3HAY-
HBIM.

Pemenne. /lexonmpoBanme MOXKHO BeCTu cjaeBa Hampano. [lepBaa Oyksa
BOCCTAHABINBAETCA OMHOBHAYHO: €CAW A ABYX OYKB p W ¢ CioBa «(p)
1 «(q) ABIAIOTCA HATAIAMY KOJA, TO OMHO U3 0B «(p) u a(g) ABIAETCA Ha-
4ajoM JPYroro, 9To HeBO3MOXKHO s npedukcuoro koxa. M Tax gamee. [

12.1.4. IlpuBecTy mpuMep OTHO3HATHOIO KOMIA, HE SABJAIOIIETOCA IIPe-
(PUKCHEIM.

[Vkazanue. Ilycte afa) =0, a(b) =01, a(c) = 11. DToT KOA ABIAETCH
«CyHPUKCHEIMY , HO HE TIPEMUKCHBIM. | ([l

12.1.5. Haumrtn Tabaumy nis azoyku Mopse. OO0BACHUTDL, mOYeMy €€
MOYXKHO WCIONB30BATE HA IPAKTUKE, XOTA OHA HE ABJIAETCA HU MPePUKC-
HBIM, HU Ja3Ke OTHO3HAIHBIM KOIOM. O

12.2. HepasencTBo KpadpTa—Makmunnana

3adeM BOOOIIE HYXHBI KOABI ¢ PA3HOW JJWHOW KOJOBHIX caoB? [lero B
TOM, ITO HA MPAKTUKE PA3HBIE CUMBOJLL aadaBUTa BCTPEUAIOTCA C PAZHOU
YACTOTOU, U BBIFOAHO 3aKOJAMPOBATH YACTHIE CUMBOJIBI KOPOTKUME CJAOBA-
Mu. (DT0 coobpakeHue, KCTATH, YIUTHIBAJIOCH DU COCTABICHUU a30yKu
Mopae.)

Mycts mas xaxgou Oykeel @ andasuta A dukcupoBana €€ wacmoma
p(a) — TONOKUTEIBHOE HUCIO, MPUIEM CYMMBI JACTOT BCEX OYKB DABHBI
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enuaune. Toraa nas 0600 KO3 (¢« MOXKHO OINPENEIUTh CPeonion Jauny
3TOTO KOAA KAK CYMMY

E=Y p(a)la(a)|

o BceM OykBaMm a € A, rge |a(a)| — mimea KogoBoro ciosa oa) GYKBEL a.
(Cmplca »TOro onpegeseHus: ecau B caose qiauibl N GyKBa a BCTpEYaerTcs
¢ gacroron p(a), To Takux 6yks 6yaer Np(a) u Ha X KOAUPOBAHUE YUIET
Np(a)|a(a)| 6uTos; obmas ammHa koga 6yaet » . Np(a)|a(a)| u B cpeanem
HA KOJUPOBAHUE KAXK 0N OyKBH yuaéT F GuToB.)

Tenepr Bo3HUKaeT 3a4a9a: AIA TAHHBEIX 9aCTOT MOCTPOUTH OTHO3HAY-
HEIZ KO MAHAMAJILHOU CPeIHeN IIMHLL. 1eOopeTUdeCcKy 3TO MOXKHO CAEIATh
nepe6opoM (€Car B KOJIE €CTh XOTA OB OJHO OYeHb IJIUHHOE KOJIOBOE CJIOBO,
TO €r0 CPeqHAs JINHA BEJINKA, MOITOMY TAKUE KOJbI MOKHO HE PACCMATPU-
BaTh; OCTAETCA KOHEYHOE UUCJIO BApUaHTOB). Ho MOxHO obGouTuch u 6e3
nepe6opa, u B 3TOM Pa3ee MBI HAY9IUMCA 3TO JETATh.

[lna naqana mouMEM, ITO MEIIAET HAM BLIGUPATH KONOBLIE CIOBA KOPOT-
kuMu. OKa3bIBAETCsA, 9TO €CTh POBHO OJHO MPENATCTBUE: IIAHBL 111, . . . , Mg
KOJOBHIX CJIOB JJOJXKHBI Y I0OBICTEOPATH HEPABEHCTBY

27M 27T 4 2T ]

HA3LIBAEMOMY B TEOPUU KOAUPOBAHUA Hepasencmeom Kpadma— Maxmua-
AAHA.

12.2.1. IIpoBepuThb, ITO OHO BBIOJHEHO MJIA PACCMOTPEHHLIX BBIIIE
IpUMEPOB OJHO3HAYHEIX KOIOB. |

12.2.2. [loxazaTb, 9TO AJA BCAKOTO MPEPUKCHOTO KOJA BBHITOJHACTCS
mepaBencTBo Kpadra—MaxkMmuiiana.

Pemenue. Otpesok [0,1] MoxHO pazbuTh Ha ABe monoBUHBEL. HazoséM
aeByio Iy, a mpasyio I;. Kaxayo u3 Hux pasodbém momongam: oTpe3ok Iy
pa3genuTcs Ha JeBYIO HoaoBuHYy lgy u mpasyio lgy, amamoruyno Iy gennt-
caua I1g n I11. I Tak magee: Ji060My TBOUYHOMY CJIOBY & COOTBETCTBYET
oTpesox I,. [lmuma nToro oTpeska ects 2711 rae |z| — mmmma croma z.
Ecan croBo & sBaseTcs HAYATOM CIOBA Y, TO OTPE3OK [, COTEPKUT OTpe-
30K [y; ecm HM OJHO W3 CIOB T M Y He SABIAETCA HAYAIOM APYroro, TO
orpesku I, u I, He mepekpHIBAIOTCA (HA TOM 3HAKe, [le & U Y BIEPBLIE
pacxogarcs, I, u [, monagamoT B pasHbE IIOIOBUHEL).

PaccmoTpum Temeph OTpesku, COOTBETCTBYIOIINE CJIOBAM TPE(PUKCHO-
ro xoga. OHU He TEPEKPHIBAITCA. A 3HAYUT, CyMMa WX [IUH HE GOJBIIE
€UHUIIBEI, 9TO U 1aéT HepaBeHCTBO Kpadra—Maxmuarana. (|



12.2. Hepasencmeo Kpagpma— Maxmuasana 209

12.2.3. Ilyctb maHbl k IEIBIX MOJOKUTEABHBIX GUCET Ni,...,NE, YIO-
BIeTBOpAOIMe HepaBeHCTBY KpadTa—Maxvumrtana. /[loka3aTs, ITO MOX-
HO TIOCTPOUTL TPEMPUKCHBIN KOA Ia k-OYKBEHHOTO aadhaBUTa C IIUHAMEA
KOJOBBIX CJOB N, . .., 7.

Pemrenwe. U 31ecy moae3H0 UCIOJIB30BATH COOTBETCTBUE MEX Iy CJAOBa-
MU ¥ OTPE3KAMU U TIPENCTABIATEL cebe Mem0 Tak: y HAC €CTh eTUHUTHBIN
orpesok [0, 1], n MBI BBIJIEIsIEM €T0 YaCcTH MOTb30BATENIM 10 TPEGOBAHUIO.
Ecan nmoap3oBaTess IPUXOAUT € SIUCIOM T3, TO DTO 3HAUUT, ITO €My HAIO
BBEIJATH B IOJAb30BAHUE OJAUH U3 OTPE3KOB JJIUHOU 27 " COOTBETCTBYIO-
[UX KOAOBBIM cjoBaM Aaufnl 1;. (Tem cambiM rogarcs He ao0ble OTDE3KU
TAKOU [JIUHBL, & JIALIb (IPABWIBHO pacnoaokenusiey.) Kon gomxen GviTh
TPePUKCHBIM, DTO 3HAYAT, ITO OTPE3KN PA3HBLIX MOAL3OBATENCH HE TOTK-
HBI TIEPEKPHIBATLCA. HaMm JaHOo, ITO CyMMapHasA JJIWHA BCEX TPeOOBAHUN HE
6oabuie equuunbl. Kak ux ynoBaerBoputh? MOXHO OTBOAUTEH MECTO CJe-
Ba HAIIPaBO, IIPH DTOM PACCMATPUBATL TPeOOBAHUA B NOPAIKe yOLIBAHUSA
i (Torga Gojee KOPOTKUE OTPE3KU OyayT IPABUILHO PACIOJIOKEHBL [10-
CJIe TIpeABIAYIInX OoJee QINHHBLX ). ([l

12.2.4. TokasaTb, 9TO BHIAEIATH KOJOBHIE CJAOBA (MECTO Ha OTPE3KE)
MOXKHO U B [IOPSIKE NOCTYIIEHNsl TPeOOBAaHUN (KAK MHOL LA TOBOPAT, B «pe-
Kume on-line»): noabL30BaTENL IPUXOAUT C TUCAOM 71; U YXOLUT C IPABUILHO
PACIOIOXKEHHBIM OTPE3KOM JJIUHEL 2~ ™ IpU<I€M €C/Iu BHIIIOJHEHO HEPABEH-
ctBo Kpadra— Maxmuwiana, TO HIKTO HE yUAET OGMKEHHBIM (BCEM XBATUT
MECTa, U MepPEPACIPEIETAT €r0 He TIPUIAETCA).

[Ykasanue. Hyxuo nogaepxusars cBOGOIHOE IPOCTPAHCTBO KAaK 00h-
eIMHEHNE PABIIBLHO PACIOIOKEHHBIX OTPE3KOB MOMAPHO PABINIHBIX IIUH,
BEIJEIAA KAK AOMY TOAL30BATENI0 KYCOK U3 KPATIAUIIETO TIOIXOIAIIETO OT-
peska M fopa3tuBas OCTATOK.] O

12.2.5. Ilokasarnb, uTo HepaBencTBo KpadrTa—MaxMuiiana BBIIOIHS-
€TCA He TOJBbKO [ JI0O0ro npedukCHOro Koaa, HO u BOOOIe a1 Jboro
oauo3HadHoro kona. (Mmenno sro gokazan Maxmwian; Kpadr moxasan
HEPABEHCTBO [JA TPEePUKCHEX KOIOB.)

Pemenme. EcTb pasHbe CIOCOOLI PEHIUTH DTY 33Aady; MBI IDPUBEIEM
IPOCTOE U KPACUBOE, XOTs M HECKOJIBKO 3arago4Hoe, pemenue. llycTs nme-
eTCA OJHO3HAYHEBIN KOI ¢ k KomoBoiMu cioBamu Py, ..., Py. Ham mano goka-
3aThb, 9TO WX IIVHEL n; = |P;| ynosreTsopsioT HepasencTsy KpadTa—Max-
Muaaasa. [IpegcrasuM cefe, 9TO BMECTO HYJEW W €IUHUI] UCIOIB3YIOTCA
CUMBOJBI ¢ U b (Kakasd PasHUIA, W3 Y€r0 COCTABIATH KOABI?). Samuiinem
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(GOpMATBEHO CYMMY BCEX KOJOBEIX CJOB KaK aIreOpamdeckoe BhIpaKeHue
PP+P+...+F

(MHOFO"IJIQH OT a n b, B KOTOPOM OJHOWICHBI 3aIllICaHBI KaK IIPOU3BEOC-
HUsA TIEPEMEHHBIX a U b, 6e3 BO3BeleHHA B cTeneHb). Temeps (emé Goaee
CTPAaHHOE HA NIEPBHIU B3IVIAJ JEMCTBUE) BO3BEAEM 3TO BLIPAKEHUE B CTe-
nenb N (IpOU3BOIBLHOE HATYPALLHOE YUCIO) U PACKPOEM CKOOKU, COXPAHIL
HOPSLAOK IIePEeMEHHBIX (He cobupas BMeCTe OQMHAKOBEIE IEDEMEHHEIE) B O4-
HOYJIEHAX:

(Pi 4+ Py + ...+ Pp)N = cymma ogmotmeros.

Hanpuwmep, a1 xona co caoBamu 0, 10,11 (koTOpBIE TEHEPH 3aNUCHIBAIOTC
Kak a,ba,bb) u pua N = 2 nonyuaem

(a4 ba + bb)* = (a + ba + bb)(a + ba + bb) =
= aa + aba + abb + baa + baba + babb + bba + bbba + bbbb.

B sToM mpuMepe Bce OHOWIEHBL B IPABOU YaCTH PA3IUYIHEL (€CJaU He Tepe-
CTaBJATH EPEMEHHBIE), U DTO He CAYIaMHO: TaK OyAeT I JH00r0 OIHO-
3HAMHOI'O KOJa. B camMoM gene, 1o OIpeeJeHUI0 OJHO3HAMHOCTU HUKAKOe
CJIOBO He MOXeT OLIThL MOIYYeHO ABYMs CIOoco6aMy IpU COCIUHEHUN KOZO-
BBLIX CJIOB.

Teneps moacTaBuM @ = b = 1/2 B Hallle pPABEHCTBO (€CAN OHO BEPHO A
OYKB, TO OHO BEDHO U [UIA JIOOBIX UX YNCJIOBHIX 3HadeHun ). CeBa monyauTces

(7™ 4272 4 427N

(B ckoOke Kak pa3 BhIpaxKeHwe u3 HepaBeHcTBa Kpadra—Maxmuiana).
[MpaByio 9acTh MBI OIEHUM CBEPXY, CCPYIOUPOBAB CJIOBA MO JJIMHAM: HMEe-
eTcs He Goree 2! craraeMerx ATMHBI [, KaxJoe M3 KOTOPHIX paBHO 27,
7 TOTOMY CJIATaeMble MAHHOW [UIMHBI B CYMME HE TPEBOCXOJAT €IUMHUIIH,
a paBas IacTh HE TPEBOCXONUT MAKCAMAILHON [IAHBL CIATA€MBIX, TO €CTh
N max n;. Utak, noaygaem, 9T0

@ 27 27 < Nmaxn,

u 370 BepHO npu Jo6om N. Ecin ocHoBaHue cTenenu B J1eBOU 4acTu GOJIBIIE
EIUHULIEL, TO TP GOJIBIEX N 3TO HEPABEHCTBO HAPYIIUTCA (TTIOKA3ATETLHAA
dhyHKIEA pacTéT ObicTpee auHenHON). [[03TOMY MIA OJHOBHATHOTO KOMA
BBITOJHAECTCA HepaBeHCTBO KpadTa—Maxmuarana. (|
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12.3. Koa XadpdpmeHa

Teneps 3ama4a 0 KOge MUHUMAILHON CPEIHEN MJUHLI npuobpeTaer Ta-
Kyio (pOpMY: IJIST TAHHBIX MTOJOXKUATEABHBIX D1, . . . , Pk, PABHBIX B CyMM€ €11-
HUIE, HAUTHU LEJILIC HOJOKATEABHEIE N,. . ., Nk, A1 KOTOPLIX BBITOJHEHO
HepaBeHCTBO Kpadra—MakMmminrana, a cyMmma

k
E Dim;
i=1

ABJSETCS MUHUMAIBHO BO3MOXKHOU (Ccpeau HaGOPOB Ny, ..., N, YAOBIETBO-
PAIOIINX HEPABEHCTBY ). 3agada 12.2.5 moKasbBaeT MOKA3LIBAET, YTO CPE-
HAA IIMHA OTHO3HATHOT'O KOTa HE MEHBIIIE 9 TOT0 MUHUMYMA, a 3aaa4a 12.2.3
TOBOPUT, 9TO 3TOT MUHAMYM TOCTUTAETCS, IPUIEM TaKe NI NPEPUKCHOrO
kona. Kak xe HauTW 4ucia ny, ..., Nk, JOCTABIAIOIIAE 3TOT MAHUMYM?

12.3.1. [loxazaTh, 9TO AAA ABYX OYKB ONTUMAILHBIM KOJ COCTOUT U3
IBYX CJIOB MIWHBI 1, HE3aBUCUMO OT JaCTOT OYKB. |

YTo6B! penmuTh 3312y B OOIIEM CIyUae, HAMTHEM ¢ HECKOMBKUX TPOCTHIX
3aMeIAHUN.

12.3.2. IlycTth 9aCTOTHI PACIOIOXKEHBI B yOLIBAIOMIEM MOPSIIKE: P >
> pg > ... > pr. loxazaTh, YTO TOrma AJUHBI CIOB OMTUMAILHOTO KOMA,
UAYT B HEyOBIBAIOIIEM TIOPAAKE: N < Ny < ... < Nk

Pemenne. Ecau 61 601ee penkas 6ykBa umena 061 601ee KOPOTKOE KOI0-
BOE€ CJIOBO, TO, OOMEHAB KOIOBBIE CJIOBA, MBI COKPATUIN ObI CPEIHION [INHY
KO[a. (|

12.3.3. Ocranercs au yTBepXKJeHUE OPEABIAYIIEH 3aJa49d B CHIE, €CAN
YaCTOTHL PACIOJIOKEHBI B HEBO3PACTAIOLIEM HOPsAKe (BO3MOXKHBEL DABHLLE)?

Pewenue. Her: ecan, ckaxem, umerorcsa Tpu OyKBHI ¢ 9acToTon 1/3, T0
OLTUMANBHBIN KO OygeT uMeTh LauHbL cI0B 1,2,2 (ecau OBl ABA KOLOBBIX
CJ0Ba UMeau LIMHY 1, TO HAa TpeTbe yxKe He OCTANOCHh Obl MeCTa), U OHU
MOTYT UATHU B JTI0OOM TIOPSIKE. ([l

3aMeTuM, OTHAKO, YTO IPU [OUCKE ONTUMAIBLHOIO KOAa (g HEBO3-
PACTAIOMMX 9aCTOT) MBI BIPABE OIPDAHMYIMBATHCA JULL KOAAMU, B KOTO-
PBIX IIMHBI KOJOBHIX CJIOB HEYOHIBAIOT (MOCKOMBKY KOJOBHIE CIOBA IS OYKB
OJVHAKOBBEIX JaCTOT MOXKHO TI€PECTABIATH 063 M3MEHEHUS CPEJHEN [IMHED
KOZa).
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12.3.4. IlycTh €acTOTBI PACIOJOKEHBI B HEBO3DACTAIOIIEM IIOPAIKE
(pr = p2 > ... 2 Dr), & JIVHEL CIOB B ONMTUMAIBHOM KOJ€ PACIOIOKEHBL B HE-
yOBIBAIOLIEM TIOPAAKE Ty < N2 < ... < ng. JlokazaTsb, 9T0 Ng_1 = ny (npn
k>2).

Pemerue. ITpeamonoxum, 9TO 3TO HE TAK, U ITO €CTh EIUHCTBEHHOE Ca-
MO€ IJIUHHOE KOJOBOE CJIOBO IJIWHEL Nny. Torma mepasenctso Kpagpra—Mak-
MILIAHA HE MOXKeT 0OpallaThCs B PABEHCTBO, IIOCKOJILKY BCE CIAraeMble,
KPOME€ HAUMEHBINEro (MOCAEHEr0), KPATHLL VABOCHHOMY MOCIENHEMY CJIa-
raeMoMy. SHAYUT, B DTOM HEPABEHCTBE €CTh 3amac, MPUYIEM He MEeHBIITNN
MOCJAEHETO CIaraeMoro. A Torjga MOXKHO YMEHBIIUTD 7 HA €IUHUILY, HE
HapPYIIas HEPABEHCTBA, 9YTO IPOTUBOPEYIUT IPEANOJOKEHNIO 00 ONTUMA/IbL-
HOCTH UCXOJTHOI'O KOJIA. O

DTa 3a1ada NOKA3BIBAET, YTO IIPU [IOUCKE ONTUMAIBHOTO KOJA MOXKHO
paccMaTpUBATEL JUIIL KOMBI, B KOTOPHIX IBE CAMBIE peaKue OYKBHI MMEIOT
KOJIBI OJIMHAKOBOU JJIVHEIL.

12.3.5. Kak cBecTu 3a1a4y OTBICKAHUA MIUH KOTOBHIX CJOB OMTUMAIb-
HOI'O KOAa M k 4acToT

PLZ2P22> ... 2 Pp—2 2 DPk—1 =Dk

K 33Ja%e IOUCKA [IJIWH ONTUMAJILHOIO KOaa 411 k — 1 qacToT

DP1,D2;s -+, Pk—2,Pk—1 + Dk
(4aCTOTHI IBYX CAMBIX PEAKUX OYKB OOBEIUHEHH ) !

Pemenme. Mu1 yxe 3HaeM, 9TO MOXHO PAaCCMATPUBATDL JUIIL KOIHI C
ni_1 = ng. HepaBerctBo Kpadra—MaxkMmuarana Toraa 3anuieTcsa Kak
27 4272 4 427 Mkm2 4 2T 4 DT =

=27™M 42772 4 4272 4 27 L],
€CJIU TOMOXKUTD N1 = Ny = n + 1. Takum obpasom, qucaa ny,...,Ng_2,n

JOKHEL YIOBJETBOPATL HepaBeHcTBY Kpadpra—Makvmmmmana mis k — 1
OykB. CpeHsas IIVHBL DTUX IBYX KOJOB OVAYT CBA33HBI:

piny + ...+ Pr—oNg—2 + Pr—1Mg—1 + PN =
=pini + ...+ pr—2np—2 + (Pr—1 + D)1 + [Pr—1 + Dr)-

IMocaennee craraemoe (kBagparHas CKOOKa) HE 3aBUCUT OT BLIOMPAEMOIO
KOJa, IIO3TOMY MUHUMU3UPOBATHL HAJ0 OCTANLHOE, TO €CTh KAaK Pa3 Cpel-
HIOIO [IUHY KOAA C AJUHAMU CIOB N, ...,MNg_2,7 IIA 9aCTOT Pi,P2,-- -

-, Pr—2,Pk—1 + pr- llocae DTOro HAMO TOTOXKUTE Ng_1 =N =N + 1, u DTO
JACT OMTUMATBLHBIN KOJ JJIA UCXOHON 3aJA4N. O
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Wcnoab3ys oTy 3a1ady, HECAOKHO COCTABUTH PEKYPCUBHYIO IPOTPAMMY
[UIA OTBICKAHUA [JIVH KOJOBHIX CI0B. C KayKIBIM BBEI3OBOM UHUCIO OYKB Oy-
JeT YMEHBIATHCA, TIOKA, MBI HE CBEIEM 3aa9y K CAYYIar ABYX OYKB, KOTJa
ONTUMAIBHBIN KON cocTouT u3 ¢ioB 0 u 1. 3areM MOXKHO HAUTH U CAMU
KozoBLIe ¢10Ba (coracHo 3agade 12.2.3). Ho upowe o6begunurs sTu geu-
CTBUS U CPa3y MCKATH KONOBBIE CJIOBA: BEIb 3aMEHA MUCJAA 7 HA TBA IUCIA
n + 1 cooTBeTCTBYEeT 3aMeHe KOMoBOro cioBa P Ha aBa cmosa PO m Pl ma
eMUHUIY OOMBIIeN IIUHBI (M DTa TOCACIHAA 3aMEHa COXPAHAET TPeQUKC-
HOCTB KOJA).

Koa, nmocTpoeHHBII TakuM METOAOM, HaswiBaercsa kodom Xaddmena.
M gokasanm, YTO OH UMEET MUHAMAJILHYIO CPENHIOI IJIMHY CPEIN BCEX
KOZOB (aJsi JaHHBEIX 4acTOT OykB). B cuegyiomwen sagade ouneHuBaeTcs 4u-
CJIO OTIEPAITNN, HEOOXOAUMBIX [ TOCTPOEHNA Kona XahhMeHa.

12.3.6. IlokazaTw, 9TO MOXKHO 00pabOTATL YACTOTHI P1, . . . , Pk, CACIAB
O(klogk) omepauun, mocae 9ero i-oe KOZOBOE CJIOBO MOXKHO YKa3aTh 3a
BpeMs, IPONOPLIUOHAILHOE €0 IJINHE.

[Ykazanue. 3amerum, 4TO OLEHKA BPEMEHU LOBOJILHO CHILHASL: TOJb-
KO Ha coprupoBky umcen p; yxe yxogur O(klogk) meucrsun. Ilosromy,
NPUMEHAA TPEIBIIYIIYIO 33,19y, HYKHO UCTIOIb30BATE PE3YIbTATHl COPTH-
POBKU k <IMCEJ TIPU COPTUPOBKE MEHBIIET0 KOINIECTBA, IUCET. DTO MOKHO
CAEMATH C MOMOIIBIO OYepesy ¢ IPUOPUTETAMY, BHIHUMAS JBA MUHUMAJb-
HBIX 4qucia u goGasiss ux cymmy 3a O(logk) medicrBuil. D10 nO3BOLAET
olLpeeIuTh, Kakue aBe OYyKBbL HAN0 COEQUHATH B OQHY HA KAaXIOM Luare.
Mapanxtensro ¢ coeanHenneM GYKB MOXKHO CTPOUTH TEPEBO KOMOB, MPOBOIA
pébpa (momedenure 0 u 1) 0T coeAVHEHHON OYKBHI K KaxXJIOW U3 €6 Io-
aoBuHOK. IIpm sTom Tpebyerca O(1) mencTsum Ha xaxgoMm mare. Hlocre
3aBEpIIEHUs] IOCTPOEHUE IPOCACKUBATE KO JIO00U OYKBBL MOKHO CUMBOJ
338 CHMBOJIOM. | O

12.4. Kop LLenHHoHa —dPaHo

Mebr Bufean, Kak MOXKHO MOCTPOUTH ONTUMAIBHBIN KO (MMEIOIIn Mu-
HUMAILHYIO CPEIHION IJAWHY) s JaHHOro HabGopa dacror. QgHako sra
KOHCTPYKIUA He 1aéT HUKAKOU OLEHKY IS CPEJHEN MIJIMHLI ONTUMAJILHOO
koza (kax ¢pyHkuuy oT dacror p;). Creayiomue 331241 yKA3LIBAET TAKYIO
O1eHKY (¢ aOCOMIOTHON MOTPENHOCTEIO He 6omee 1).

12.4.1. IlokasaThb, YTO AN JIOOLIX TOTOKUTEIBLHBIX SACTOT Pi, - .., Pk
(B cyMMe PaBHBIX €IMHWIE) CYIIECTBYEeT KOJ CpeNHed [IMHOU He Oomee
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H(pr,...,pr) + 1, rae dynxuus H (uaseiBaemas awmponuet lennona)
onpenenseTca GopMyIon

H(py,...,pn) =p1(—logyp1) + ... + pr(—log, pi)

Pewenue. Ecan 9acToTh p; npeacTaBasior co6on edsie (OTpUIaTe b
HBIE) CTENEHU ABOUKU, TO DTO YTBEPKIECHUE HOYTH OYeBUAHO. Ilon0KuM
n; = —logp; (3ecy u ganee Bce orapudmer gsowunsie). Torga 27 = p;
X IOTOMY AJIsA 9HCEJN N; BBIIOIHEHO HepaBeHcTBO Kpadra—Makmuiiasa.
Mo 3agade 12.2.3 MOXHO TOCTPOUTE MPE(UKCHBIN KO C JIAHAMU KOJOBBIX
CJOB T, ...,Nk, X CPEIHAA IINHA DTOTO Kona Oyner pasHa H(pi,...,pg)
(u maxe enuHULY NOOABJIATL HE HAZO).

OTa eIUHULA TPUrOaUTC, ecau log p; He nenvie. B aToMm caydae nano
B3ATH HANMEHBIIEE N, Ipu KOTopoM 2~ < p;. Has Takux n; BHIIOIHAETCS
mepaBercTBo Kpadra—Makmuinana, u onu Ooabine — log p; e Gosee dem
Ha eAuHUIYY (OTOMY W TIOCTE YCPEeNHEHUA YXyAleHne OyneT e 6onee aem
HA eVHALY ). O

TTocTpoeHHbI HA OCHOBE DTOU 33434 KOJ HasbiBaeTcsa xodom Ilenno-
16 — Pano. ITO TOCTPOEHUE JETKO UBBJIEKASTCA U3 perreHus 3anayun 12.2.3:
paccMarpnsas uucaa n; = —|logp;| (HanMmeHbMe menBIe YUCAA, I KO-
TOpBIX 27" < p;) B NOpAAKE YOBIBAHUA, Mbl OTBOAUM A KAXKIOI'O U3
HUX KOJOBOE CJIOBO M COOTBETCTBYIOIMU y4acTok orpeska [0, 1] ciesa na-
npaso.

TIpu 5TOM MBI IPOUTPHIBAEM B [UTHHE KOJAA (MO CPDABHEHUIO C OMTUMATE-
HEIM KOJOM) He 60Jee €VHWILL: KaK Mbl CeMYac YBUIUM, CDEIHAS JINHA
A000r0 (B TOM 9HMCIE W ONTUMAJIBHONO) KOAa He MeHbiune H(pi, ..., pg)-

12.4.2. ([nsa 3HaKOMBIX ¢ MaTeMaTUdeckuM aHaausoMm) [Jokazars, 4To
(TIpM TAHHBIX MONOKATENBHBIX YaCTOTAX, B CyMMe TalolINX eJUHUILY) CPeJ-
HAA IUHA TH60r0 (0THO3HATHOrNO) KOoAa He MeHbiune H (pi, ..., pg)-

Pemerne. Nmes B Buny nepapercTBo Kpadgpra—MaxMuiiana, MBI JOJI-
JKHBI TOKA3aTh TAaKOU (paKT: ecan

27 427
TO

pima+ ... +peng = H(pr, ... k)

OTO BEPHO 1A JIOOBIX N;, HE 00A3ATEILHO EABX. YI00HO TIEPEUTH OT 1
K BelMuWHAM ¢; = 27 ; mHTepecyllee HAaC YTBEPXKACHUE TOrAa TIACHT,
UTO €CIU Pi,...,Pk U Q1,-..,qr — [ABa HaAOOPa TOJOKUTENBHBIX THCET,
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1 CyMMa 9HCeJT B KaXK/I0M PaBHA €QUHHUIIE, TO

pi(—logq) + ...+ pr(—logqr) = pi(—logpi) + ... + pr(—logpy).

JpyruMu cioBaMu, BEIPAXKEHUE

pi(—logqi) + ...+ pe(—logqr)

(paccMaTpuBaemoe npu PUKCHPOBAHHLIX P; KaK (QYHKIWA HA MHOKECTBE
BCEX MOJNOKUTENBHBIX (1, - . -, {, B CYMMe DABHBIX €IWHWIE) TOCTUTAET MU-
HUMyMa Tipu g; = p;. O61acTh onpenenerna >Ton GyHKIMKA €CTh BHYTPEH-
HOCTB CHUMILIEKCA (TPEYrOMbHUKA P 1 = 3, TeTpasapa npu n =4 u 1. 1.)
U TIpu TpUOIVKEHNN K TPAHUIIE OMHO U3 ¢; CTAHOBUTCA MAJIBIM, 8 €0 MUHYC
JA0TapUdM YXOAUT B GECKOHEIHOCTD. SHAIUT, MUHIMYM (PYHKITMK TOCTHUTa-
ercs BHyTpu obaactu. B Touke munumyma rpaguent (—p1/qi, ..., —DPn/qn)
QOMKEH OBITH MEPIEHAUKYJIAPEH TOCKOCTU, HA KOTOPOU (GYHKIMS OTpe-
neneHa (MHAYE CABUT BJOJb DTOW MIOCKOCTH YMEHBIIAT Obl (QYHKIUK), TO
ecTh Bce p;/q; paBHBL IlocKOIBKY » . p; = Y. ¢; = 1, TO BTO O3HAYAET, ITO
bi =4;.

[dpyroe o6bacuenne: GpyHKINA log BEITYKIA BBEPX, TOSTOMY AJIA JEOOLIX
HEOTPUIATEILHEIX KO3((PUIMEHTOB (vj, B CYMM€ DABHBIX CIUHHIE, W /A
JMIOOBIX TOYEK T; W3 OOJACTH OMPEIeJCHAA JOTapudgMa, BEITOTHACTCA HEPA-

BEHCTBO
log (Z aim,-) > Z a;logx;.

Ocraéres noMOKUTL @ = P;, T; = ¢;/Pi; B JeBOU 4actu Oyier Jorapudm
eNVHUIE, TO €CThb Hyqab, & » p;log(g;/p;) ecTh Kak pa3 Pa3sHOCTH MEXKIY
JEBOU U TIPABOU JACTAMU JOKAZKIBAEMOTO HEPABEHCTBA. O

Benuka nm 5KOHOMUA OT UCTOAB3OBAHUA KOMOB, OMMNCAHHBIX B DTOM Pa3-
geqe? ITO, KOHEYHO, 3aBUCHAT OT HUacTOT OYKB: €CIM OHU BCE OJWHAKO-
BBIE, TO HUKAKOU DKOHOMUU He Oyner. Jlerko 3aMeTUTb, 9TO B PYCCKOM
SI3BIKE PasHble OYKBHI UMEIOT PA3HYIO 4acTOTy. Fciam, ckaxeMm, B TEKCTaX
(TEX-daiiax) >TOM KHUKKYK (HA MOMEHT DKCIEDUMEHTA) OCTABUTL TOJb-
KO 33 CTPOUHBIE pycCcKrMe OYKBBI OT «a» M0 «I», & BCE OCTATHLHBIE CUMBOJBI
He YYNTHIBATh, TO CAMOM 4acTon OykBom OyaeT Oykea «o» (dacTtora 0,105),
a caMou peakon — TBEpabm 3HaK (vactora 0,00019). 3Hadenue sHTpONUU
Tennona npu sTom Gyger pasuo 4,454 (cpaBuure ¢ 5 Guramu, HEOGXO-
OUMBIMU 11 KogupoBauusa 32 Oyks). Bomwrpeun ne rax sBeauk. Ou Gyzer
OOJIBINE, €CIU YIUTHLIBATH TAKXKE U IPYTHUE CUMBOJBL (IPOMUCHBE GYKBHI,
3HAKU TPEMUHAHUA U JIP.), KOTOPHIE BCTPEIAIOTCA B TEKCTE TOPA3I0 PEXKe.
Haxoner, MOKHO KOIUPOBATH HE OYKBHI, & TBYXOyKBEHHBIE KOMOMHAIINN UIN
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emé 9To-HuOy 1b. UMEHHO TaK HOCTYNIAIOT MOMYJSIPHBIE IPOrPAMMBI CKATHS
uadopManuy (TUNa zip), KOTOPHIE MO3BOMAIT COKPATATEL MHOTHE TEKCTHI
B IIOJTOPA-IBa pasa (& HEKOTOPHIE APYTHe (PAMIbl TAHHBIX — U B GOJBIIEE
TUCIO Pa3).

12.4.3. Kowmmnamua M. yTBepxmaeT, 9TO €€ HOBasg IPOrpaMMa CyIep-
cxKaTusg PANIOB MO3BOJAET CKATH 0601 (ant pnuaon 6oasire 100 000 Han-
ToB Mo Kpauuen Mepe Ha 10% 6e3 moTepu wHGOpMaAUU (MOKHO BOCCTA-
HOBUTB MCXOJHBIN (alli IO €ro CKaToMy BapuanTy). /lokazaTh, 9TO OHA
BpPET. O



13. NMPEACTABJIEHUE
MHOXECTB.
XELWLNPOBAHWE

13.1. XelwwmpoBaHue C OTKPbLITOW aapecaumnen

B rmaBe 6 66110 yKa3aHO HECKONBKO NPENCTABICHUN I MHOXKECTB, DJIe-
MEHTAMHU KOTOPHIX ABJIAIOTC IETbIE TUCIA TPON3BOMLHON BeanIuHbl. O 1Ha-
KO B TIOOOM U3 HUX XOTsA ObI OJHA U3 OMEPAIUYA MTPOBEPKY MTPUHAIIEKHOCTH,
JOOABJICHUA U yAANCHUS DICMEHTa TPeOOBAIa KOIMIECTBA JEUCTBUU, TIPO-
IOPIUOHAIBLHOI'O YUCIY DJIeMeHTOB MHOXkecTBa. Ha mpakTuke 510 GbiBaeT
caumkoM MHOrO. CyIecTByIOT CiocOGhL, IO3BO/IAIOIINE IOXYIUTh [/ BCEX
Tpéx ynoMsaayThix onepanuit onenky C'logn. Oxue u3 Takux cnocob0B MBI
PACCMOTPUM B CJIEAYIONEN TIase. B 3Tou miase MBI pazbepéM Crmocos, KOTo-
pBie XO0TA u TPpUBOAUT K C'n TeUCTBUAM B XYAIIEM CIYYIae, HO 3ATO «B CPEI-
HeM» TpeGyeT 3HAYUTENBHO MeHbInero ux duciaa. (Mer He 6ygeM yTOUYHATH
CJIOB (B CPEIHEM», XOTsA DTO U MOXKHO CIel1aThb.) DTOT CHOCO0 HABLIBAETCS
TEULUP OB AHUEM.

IlycTs HaM HEOOXOAMMO TIPEACTARIATH MHOXKECTBA 3JeMEHTOBR Tuma T,
TPUTIEM YHUCAO DJEMEHTOB B HUX 3aBEIOMO MeHbITe n. BeiOepeM HEKOTO-
pyio GyHKIUIO h, OmpemeIéHHYI0 HA 3HAMEHUAX TUNA T U IPUHUMAIOIIYIO
auadenus O...n-1. Beuio 661 Xoporno, 9To6b! »Ta GYHKINA IPUHIMAIA Ha,
ajeMeHTax OyIyIIero MHOXKECTBA II0 BO3MOXKHOCTU Oo0jee pasHoOOpa3HbIE
spadenust. (Xyquuy ciydall — 5TO KOIJa €€ 3HAYeHUsl HA BCEX DJIEMEH-
Tax XPAHUMOIO MHOKECTBA ONUHAKOBEL) DTy (DyHKIHK OyAeM HA3HBATH
rew-Pynryuetd, WK, KaK el TOBOPAT, Pynkyuel paccmanosru.

Breaém nBa maccusa

val: array [0..n-1] of T;
used: array [0..n-1] of boolean;

(MBI O3BOAsIEM Cce0€ MUCATH n-1 B KAYECTBE MPAHUIILL B ONPEIETCHUN THTIA,
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XOTs B [ACKaJe dTO He paspewmaercs). B sTux maccuBax 06yayT XpaHUTHCs
DIEMEHTHI MHOXECTBA: OHO PABHO MHOXKeCTBY Bcex val [i] mams Tex i, aas
xoTopwiX used [i], mpuvém Bce dTm val [i] pasawuner. [lo Bo3MOXKHOCTH
MBI 6yJeM XpaHUTh DJeMeHT t Ha MecTe h(t), cunTas 3TO MECTO «HUCKOH-
HBIM» s aaeMenTa t. O IHAKO MOXET CIyIUThCS TAK, ITO HOBBIU DJIEMEHT,
KOTODBIM MBI XOTUM 100aBUTH, IPETEHAYET HA YK€ 3aHATOE MecTO (/s
KOTOpOro used UCTUHHO). B 5TOM caydae MBI OTHIIEM OIMKANIIEE CIIPABA,
CBOGOIHOE MECTO U 3amuineM sieMeHT TyAa. («Cmpasay 3HAYUT «B CTOPO-
HY VBEJIWYEHUs WHIEKCOBY; TOMAA 10 KPas, MBI IEPECKAKUBAEM B HAYAO.)
Ilo mpeanonox)eHuro, YUCIO JIEMEHTOB BCEr A MEHBIIE N, TAK YTO [IYCTHIE
MEeCTa 3aBegoMO OyIyT.

DopmaibHO rOBOPs, B JIOOOU MOMEHT NOJKHO COOIIOAATHCA TAKOE TPe-
OoBaHMe: 1A JI0O0T0 JIEMEeHTa MHOXKECTBA, YIACTOK CIPAaBA OT €r'0 MCKOH-
HOT'O M€eCTa /0 €ro (PaKTUIECKOIO MECTa HOJHOCTHIO 3AIIOTHEH.

Brarogapsa sTomy mpoBepka NPUHANIEKHOCTU 33JAHHOIO JIEMEHTa t
OCYIIECTBISAETCA JIerKo: BeTaB Ha h(t), ABuraeMcs HApPaBo, IOKA HE JOU-
OéM 10 IyCTOrOo MecTa mid 10 »iaemeHTa t. B mepeom ciyuae sremeHT t
OTCYTCTBYeT B MHOXKECTBE, BO BTOPOM — IpUCYTCTBYeT. Ecmu saeMmeHT
OTCYTCTBYET, TO €r0 MOXKHO NOCABUTHL HA HAWIEHHOE MyCcToe MecTo. Ecam
OPUCYTCTBYET, TO MOXKHO €ro yaaauThb (monoxus used = false).

13.1.1. B mpegnigymem ad3ane ecth omubka. Hautu €€ 1 ucupaBuTh.

Pemerme. eqo B TOM, 4TO npu yaajueHnn TpebyeMoe CBOUCTBO «OTCYyT-
CTBUSA MYyCTOT» MOXKET HAPYMUTHCA. [lopToMy Oyaem merars Tak. Cosnas
OBIPY, OyeM TBUTATBLCS HAMPABO, MOKA HE HATOJKHEMCA HA, DJIEMEHT, CTO-
AIAU HE HA UCKOHHOM MeCTe, WIN Ha, €IIé ONHO MyCToe MecTOo. Bo BTOpoM
CIydae Ha DTOM MOXHO YCIOKOUTHLCA. B IepBOM ciaydae MmOCMOTDPUM, HE
HYZKHO JII HAMACHHBIM 3JIeMEHT MOCTABATH HA MECTO AbIpbl. Ecau Her, TO
MpPOJOMIKAEM TIOUCK, eCAU Ia, TO 3aTHIKAEM UM CTapyio auipy. llpu sTom
o6pasyeTrca HOBasA IbIPa, C KOTOPOU MEIAaeM BCE TO Ke CaMOe. (Il

13.1.2. HammcaThs mpOrpaMMbI TPOBEPKU NPUHAIICKHOCTH, T0OaBJIE-
HUA U YIAJEHU.

Pemrenme.

function mpunagmexut (t: T): boolean;
‘ var i: integer;

begin
i :=h (t);
while used [i] and (val [i] <> t) do begin
‘ i := (i + 1) mod n;

end; {not used [i] or (val [i] = t)}
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‘ npuHagmexuTr := used [i] and (val [i] = t);
end;

procedure mo6asute (t: T);
‘ var i: integer;

begin
i :=h (t);
while used [i] and (val [i] <> t) do begin
‘ i := (i + 1) mod n;

end; {not used [i] or (val [i] = t)}
if not used [i] then begin

used [i] := true;
val [i] := t;
end;

end;

procedure mckmouuthk (t: T);
‘ var i, gap: integer;

begin
i:=h (t);
while used [i] and (val [i] <> t) do begin
‘ i := (i + 1) mod n;

end; {not used [i] or (val [i] = t)}

if used [i] and (val [i] = t) then begin

used [i] := false;

gap := i;

i := (i + 1) mod n;

{gap - mEpa, kKoTOpad MOXET 3akKpHTLCA ONHMM 3 i,i+l,...}
while used [i] do begin

if i = h (val[il) then begin

‘ {Ha cB0OéM MecTe, HMYEro He melaTh}

end else if dist(h(vall[il),i) < dist(gap,i) then begin
‘ {gap...h(vall[il)...i, Hu4ero He memaTn}

end else begin

used [gap] := true;
val [gap] := val [i];
used [i] := false;
gap := i;

end;

i := (i + 1) mod n;

end;
end;

end;

3necs dist (a,b) — m3aMepeHHOe IO YaCOBOU CTpeike (CJIeBa HAIPABO)
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paccrosHue OT a 40 b, TO eCTh
dist (a,b) = (b-a+n) modn.

(Mer npubasuim n, Tak Kak GyHKOIua mod IPABUIBHO PabOTAET IPU IOJI0-
KUTEILHOM [1eJUMOM. ) O

13.1.3. CymecTByeT MHOrO BapuanTOB xemupoBanusa. OIuH U3 HUX Ta-
KOB: OGHADYKUB, 9TO UCKOHHOE MECTO (0G03HAMNM €T'0 ¢) 3aHATO, OyAeM UC-
KaTh cBoGoaHOE He cpenu i + 1,1 + 2,...,acpean r(i),r(r(i)), r(r(r(i))),. ..,
rjie r — HekoTopoe oTobpaxenue {0,...,n — 1} B ceba. Kakue mpu sTom
OyayT TpyAHOCTHU?

OrBer. (1) He rapanTupyercs, 4TO €Cau IMyCTHIE MECTA €CTh, TO MBI
ux nangém. (2) IIpu ynanenuu mesicno, kax 3anonusars aupel. (Ha npaxru-
K€ BO MHOT'HX CIy9asAX yJaJeHue He HyXKHO, TAK 9TO TAKOHU CIOCOD TaKXKe
npuMensieTcss. CanuTaeTes, YTO YIATYHLIA TOA00P (PYHKIUU T MOXKET TIpe-
JTOTBPATUTE OOPA3OBAHUE «CKOILIEHUN» 3AHATHIX AIEEK.) ([l

13.1.4. IlycTts ama XpaHeHWsS MHOXKECTBA BCEX TPABUILHBIX PYCCKUX
CJOB B IporpaMme IpoBepku Opdorpadpuu HCIOIb3YEeTCA XelIPOBAaHUE.
YTo HyX)HO A06ABUTH, 9TOOLI K TOMY K€ YMETb HAXONUTH AHTIUUCKUU
nepeBos J60ro IPaBUWILHOIO CIOBAT

Pemrenwe. [loMmumo maccrBa val, 31eMEHTHL KOTOPOL'O SIBJAIOTCA PYCCKU-
MU CJIOBAMU, HYXKEH MaPAJLICIbHBIN MACCUB UX AHIVIMACKUX MEePEeBOAOB. [J

13.2. XelwmpoBaHue co CnUCKamu

Ha xem-¢yuxiuio ¢ k 3HaMEHNAMY MOXKHO CMOTPETh KaK Ha CIocob cBe-
CTH BOIIPOC O XPAaHEHUU OLHOI'O OOJBIION0 MHOXECTBA K BOIIPOCY O XpaHe-
HUM HECKOJLKUX MEHLIINX. IMEHHO, eCiu Y HaC €CTh Xel-(PyHKINA ¢ k 3Ha-
YEeHUAMHU, TO J000e MHOXECTBO pa30uBaercs HA k I0AMHOXKeCTB (BO3MOXK-
HO, l'IyCTbIX)7 COOTBCTCTBYWOIIINX BO3MOXHBIM 3HAYCHUAM XeHI—df’)yHKHI/II/I.
Bonpoc o mpoBepke NIpUHAAICKHOCTH, JOOABJCHUN UM VIAJCHUN MJIA OOMb-
IITOT'O MHOXKECTBA CBOAUTCA K TAKOMY 2K€ BOIIDOCY Mg OJHOTO U3 MEHBIITNX
(4TO6LL y3HATD, A/ KAKOI'0, HAA0 IOCMOTPETH Ha BHAYEHNUE XeIl-(DyHKIIK).

OTU MEHbIIEe MHOXECTBA YA00HO XPAHUTD € IOMOIIBIO CCBLIOK; UX CyM-
MapHLIU Pa3Mep PABEH IUCTY DIEMEHTOB XeIupyeMoro MuoxkecTsa. Caeny-
I0IIAA 3342493 IpefIaraeT Pealn30BaTh 3TOT ILIAH.

13.2.1. IlycTe xem-(yHKIUA TpUHUMAET 3HadveHus 1...k. Jaa xaxmo-
'O 3HaUYEHUs XeHm-PYHKIIUU PACCMOTPUM CIUCOK BCEX DJIEMEHTOB MHOXKe-



13.2. Xewuposanue co cnuckamu 221

CTBa C DAHHBIM 3HadeHumeM xeur-QyHKIuu. Byrem xpaHuts 3Ty kK CIICKOB
C TIOMOIIIBIO TTEPEMEHHBIX

Conmepxanue: array [1..n] of T;
Cnenmyoumu: array [1..n] of 1..n;
llepBCBO6: 1..n;

Bepumra: array [1..k] of 1..n;

TaK XK€, KAK MBI DTO JMeJAIN 1A K CTEKOB OMPAHUYEHHOUN CyMMAapHOU /M-
uel. Hanucars coorBercrByioume nporpaMMbl. (Y1ajgeHue 0O CPABHEHUIO
C OTKDBLITOU aJpecanuel YIpOoLaeTcsL. )

Pemenue. [lepea navanom paGoTH HAXO TONOXKNTE Bepumua [i] = 0 mas
BCcex 1 =1...k, m CBA3ATH BCE MECTA B CIKUCOK CBOOOMHOTO MPOCTPAHCTBA,
nonoxuB lepeCBo6 = 1 u Crenywumi[i] = i+1 qua i =1...n-1, a Takxe
Crenywoumu[n] = 0.

function mpumagmexut (t: T): boolean;
‘ var i: integer;
begin
i := Bepumualh(t)];
{ocramocer mckaThb B cmmcke, HaumHag c i}
while (i <> 0) and (Comepxamme[i] <> t) do begin

‘ i := Cmemywumul[i];
end; {(i=0) or (Comepxamme [i] = t)}
npuHamnexur := (i<>0) and (Comepxamme[i]=t);

end;

procedure po6aButes (t: T);
var i: integer;

begin

if not mpumapgmexut(t) then begin
i := IlepsCB06;
{llepeCB06 <> 0 - cumTaeM, 4YTO He IEPENONHAETCA}
MepeCro6 := Cmexywoumi[llepeCro6]
Comepxanue [i] :=t;
Crenmywonmit[i] : =Bepumua[h (t)];
Bepumna [h(t)]:=1i;

end;

end;

procedure uckmouutb (t: T);

‘ var i, pred: integer;

begin

‘ i := Bepumral[h(t)]; pred := 0;
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{ocTramoces mckarp B cmucke, HauMHag ¢ i; pred -
IpenHoyuM#, eCIM OH ecTh, u O, ecaum HeT}
while (i <> 0) and (Comepxamme[i] <> t) do begin
‘ pred := i; i := Cuemywumu[i];
end; {(i=0) or (Comepxamme [i] = t)}
if i <> 0 then begin
{Comepxanue [i]=t, >meMeHT ecTh, HaLo yHAIUTB}
if pred = 0 then begin
{>meMeHT oka3samca mepBHM B cIuMCKe}

Bepumual[h(t)] := Cmemywumu[i];

end else begin

‘ Cnenywumi[pred] := Cmermymommu[i]

end;

{ocTamocs BepHyTH i B cmumcok cBo6OZHEX}

Cnenywumu[i] := NlepsCBo06;

IlepBCBO6:=1;

end;
end; O

13.2.2. ([lna 3makoMbrx ¢ Teopuen BeposaTHocren.) IlycTs xem-gynk-
mus ¢ k 3HAMEHWAME HCIIOAL3YETCA IS XPAHEHUA MHOXKECTBA, B KOTOPOM
B JAHHBIA MOMEHT 71 21eMeHTOB. [[0Kka3aTh, 9TO MaTEMAaTUIECKOE OXKUAA-
HVe YnCia IeNCTBUU B Tpeasiayiien sagade He npeocxoaut C(1 + n/k),
ecan 106ABIACMBIN (yAAMAEMBIN, UCKOMBIN) BJIEMEHT  BRIODAH CJIY<IalHO,
npuaéM Bce 3HaueHUs h(t) uMmeroT paBHBIE BepoATHOCTH (pasHble 1/k).

Pewenwe. Ecau [(i) — pauna coucka, COOTBETCTBYIOMIETO XEILI-3HAME-
HUIO 4, TO 4ucao onepanui ue upesocxosur C'(1+ I(h(1))); yepeguss, no-
Jy4aeM HCKOMBII OTBET, TaK Kak y , (i) =n.

OTa OLIEHKa OCHOBAHA HA, MPENOJOKEHUN O PABHBIX BEPOATHOCTAX. O -
HAKO B KOHKPETHOU CUTYAIINU BCE MOXKET OLITH COBCEM HE TaK, W 3HAYCHUA
Xem-(pyHKIUA MOIYT (CKYIUBATHCAY: A KAXKIOU KOHKPETHOU Xem-(pyHK-
UM €CTH «HEeyJAYHBIE» CATYANWUU, KOTAA YUCIO AEHCTBAU OKA3BIBAETCA
GombmmM. [Tpuém, HABEIBAEMBIN YHUEEPCAADHbIM LEUUDOBAHUEM, TTO3BOILA-
eT oboutu >ry mpobaemy. Uaes cocTouT B TOM, UTO OEpETCA CEMEUCTBO
XeI-(PYHKITNN, TPUIEM TI00asa CUTYAITUA OKA3BIBACTCA HEYIATHON JUIITh A
HEOOIBIION IACTH STOTO CEMEUCTBA.

Ilycre H — cemencTBo (PYHKINN, KAXAad U3 KOTOPLIX 0TOGpaxKaeT
muO)ecTBo T’ B MHOXecTBO U3 k snementoB (Hanpumep, 0...k — 1). T'oso-
par, uto H — ynusepcaavnoe cemeticmao rew-Gynrkyutd, ecam Aasa JOOBIX
IBYX DA3JUIHLIX 3HAYECHUU § U t W3 MHOXKECTBa, 1 BEPOATHOCTH COOLITUA
h(s) = h(t) pas cayvanson ¢yukmun h us cemencrsa H pasna 1/k. (Ipy-
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rumu caoBamu, ve ¢pyuxuuu u3 H, nas xoropex h(s) = h(t), cocrasusaor
1/k-y10 wacts BCex pyuxumi B H.)

3ameuanue. Bonee cuibHoe TpeGoBaume K cemenctBy H mormio GwI co-
CTOATH B TOM, 9TOOBI [J JHOOBIX IBYX PA3JAMYIHBIX DJIEMEHTOB § U  MHO-
xkecrBa T suadenus h(s) u h(l) caysannon dyHxkuuu h SBASIOTCS HE3a-
BUCUMBIME CIy9aUHLIMYA BEIMIMHAME, PDABHOMEPHO PaCIPENeNEHHBIMU HA

0...k—1.

13.2.3. Ilycts ty,...,t, — TPOU3BOILHAS MOCACIOBATEILHOCTD PABIMY-
HBIX DJEMEHTOB MHOXKECTBA T'. PaccMOTpUM KOIMYECTBO JEUCTBUN, TPOUC-
XOMSIINX TIPY TOMEIIEHUN JJEMEHTOB 1, . .., 1, B MHOXECTBO, XEIINPYEMOE
¢ TIOMOIIBIO PyHKIMKM h w3 yHuUBepcaabHOro cemeucrsa H. Jokasarn, 94To
cpegHee koaudecTBo gencrBunt (ycpeguenue — 1o sceM h u3 H) He npesoc-
xoput Cn(l+n/k).

Pemerme. O603HaMMM Yepes mM; KOJUIECTBO DJIEMEHTOB MOCJIEI0BATENb-
HOCTH, AIA KOTOPHIX Xem-pyHKIMA pasHa i. (Hucma mo, ..., mg_1 3aBU-
CAT, KOHEIHO, OT BBHIOOpA Xem-pyHKumu.) KoawdecTBo AEUCTBUU, KOTO-
poe MBI XOTMM OLOEHUTH, C TOYHOCTBIO OO IIOCTOSHHOI'O MHOXHUTEIA paB-
Ho m3 +mi + ...+ mi_;. (Ecaiu s dmucen nonagaioT B OAHY XeLI-f19elKy,
TO A BTOrO Tpebyerca mpuMepHo 1 + 2 + ... + § JeUCTBUR.) DTy XKe
CYMMY KBaJpPATOB MOXKHO 3alCATh KaK IMCAO map (p,q), AI1 KOTOPHIX
h(ty,) = h(ty). ocaeaHee paBeHCTBO, €CIN €MO PACCMATPUBATH KAK COOBI-
THe npu GUKCUPOBAHHLIX P U ¢, UMeeT BepOosATHOCTH 1/k npu p # ¢, mosToMy
CpejHee 3HaYeHUe COOTBETCTBYIOLIEro wWieHa CyMMEL pasuo 1/k, a nus Bcent
CYMMBI TIOIy9aeM OIeHKY mopanka n’/k, a Tounee n + n’/k, eciu yaecTsb
9JIEHHL C P = ¢. (|

DTa 334394 TOKA3BIBAET, ITO HA KAXKABIU JOOABIACMBIN DIEMEHT MPU-
xogurea B cpegaeM C(1 + n/k) onepamnuit. B sTon onetxe 1po6s n/k nmeer
CMBICT «KO3(MPUIIMEHTA 3AMOJHEHU XeIl-TaOJUITH.

13.2.4. [lokazaTh aHAJIOTUYIHOE YTBEPIKICHNE 1A [IPOU3BOJILHON IOC/Ie-
JOBATEILHOCTH OepalLull J0OABICHNUS, IOMCKA U Y 1aMeHus (a He TOABKO A/
TOGABIEHUA, KAK B TIPEALIAYIIEN 3a1a4€).

[Ykazaume. Bygem mpencrapiaTs cefe, 9TO B XOfe TONCKA, NOOABTE-
HUA U yJAJEHUSA DIEMEHT MPOTATKUBACTCA TO CIIUCKY CBOMX KOJUET C TEM
K€ XeI-3HAYEHNEM, TTOKa, He HAUAET CBOErO JABOUHUKA WIM HE AOUIET 10
KOHIIA crucka. Bynem Ha3BIBATH 4-j-CTOJKHOBEHHEM CTOJIKHOBEHHE ; C tj.
(Ono 6o nmpomsoniér, mmbo Her — B 3aBucumocTu 0T h.) Obmee wu-
CJI0 MEUCTBUU TIPUMEPHO PABHO YUCIY BCEX TPOUCIIEANNX CTOJIKHOBEHUN
ILTIOC HCIO DaeMeHTOB. 1Ipn ¢; # t; BEpOATHOCTS 4-j-CTOIKHOBEHHA HE TIpe-
BocxoauT 1/k. OcTanoch IpocienTh 3a CTOIKHOBEHUAME MeX 1y PABHBIMI
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anemenTamu. PukcupyeM HEKOTOPOEe 3HAYEHUE T U3 MHOXKeCTBa 1 u ocMo-
TPUM HA CBA3AHHBIE ¢ HUM oneparun. OHU UAYT MO MUKIY: 10OABICHTE —
TIPOBEPKN — yaajeHne — mn0o0aBJeHNe — IPOBEPKW — VAaJIeHue — ...
CTONKHOBEHUA MPOUCXOMAT MEXKIY NOCABIACMBIM DJAEMEHTOM U CJIEIYIOIIN-
MU 32 HUM IpoBepkaMu (40 YAAICHUS BKIIOYUTENBHO), I03TOMY Oofluee ux
YUCAO He IPEBOCXOAUT YUCIA 3/IEMEHTOB, DABHBIX . (]

Teneps npuBeaéM NpUMEphbl YHUBEPCATLHBIX ceMencTB. O4eBuanHo, misa
JIOOBLIX KOHEYHLIX MHOXKECTE A u B cemencTBo BCex (PYHKIUU, 0TOOpaxKa-
omwx A B B, sBasiercs yHuBepcaibHbiM. QIHAKO DTOT OpUMED ¢ IPAKTH-
YECKOW TOYKHU 3DEHUA OECMOMe3eH: M1 3AMOMUHAHUA CIYIANHON (HYHKIIAN
M3 DTOTO CEMENCTBA HYKeH MACCUB, Y0 DJIEMEHTOB B KOTOPOM PABHO Y-
clIy 5aeMeHTOB B MHOXecTBe A. (A ecim MBI MOXeM cebe MO3BOINTL TAKON
MAacCUB, TO HUKAKOI'0 XEIIUPOBaHUsA He Tpebyercs!)

Bosee npaxTuvHbe NpUMEPBl YHUBEPCAIBHBIX CEMEUCTB MOLYT OBIThH
TMOCTPOEHBI ¢ TOMOIILI0 HECAMKHBIX aTreOpandecknx KOHCTpyKiuu. e-
pe3 Z, MbI 0003HAMaeM MHOXKECTBO BBIYETOB IO IPOCTOMY MOZYJIO P, T.e€.
{0,1,...,p — 1}; apudmMeTnvecKkne OmepaIl B DTOM MHOXKECTBE BBINOJ-
HAIOTCA 1O MOAYA p. YHUBEPCAILHOE CEMEMCTBO OGpa3yioT BCE JUHEH-
Hble PYHKIMOHAIEL HA Z, €O 3navenuamu B Z,. Boaee mogpo6ro, mycro
@1, ...,Q, — IPOU3BOJbHLIE JIEMEHTH Zp; PACCMOTPUM OTOOpaXKeHne

hi{zy...xp)—a1x + ...+ apty.

Mgt monyaem cemMencTBo u3 p" oToGpaxkenui Z; — Z, mapaMeTPU30BaH-
HOE Ha0OpaMu (aq ...ap).

13.2.5. [loxasaThb, 9TO 3TO CEMEUCTRO ABIACTCA YHUBED CATHHBIM.

[Ykazanme. IlycTs 2 1 y — pasamaabie TOIKE TPOCTPaHCTBa Z,) . Kakosa
BEPOATHOCTEL TOT'O, UTO CAYIAUHBIN (HDYHKIMOHAT TPUHUMAELT HA HUX OJU-
HAKOBLIE 3HAYEHUA! [[pyruMu croBaMu, KAKOBA BEPOATHOCTEL TOT'Q, YTO OH
paBeH HyJIO Ha uxX pazHocTu & — y? OTBeT AAETCA TAKUM yTBEPIKJICHUEM:
IyCTh U — HEHYJEBOU BEKTOP; TOrIa BCE 3HAYEHUS CIYyIAUHOrO (PyHKIIAO-
HaJa HA HEM DABHOBEPOSTHEL | a

B caenyomen 3agate maoxkectso B = {0, 1} paccmarpusaeTcs kak MHO-
KECTBO BEIIETOB IO MOILYJIIO 2.

13.2.6. CemencTBO BCEX JUHEUHBIX 0TOOpaxkenuu us B” B B™ asasercsa

VHUBEP CATLHBIM. O

PoOACTBEHHLIC XEIMMPOBAHUIO WAL HEOKUIAHHO OKA3ZBLIBAIOTCS TOJC3HbI-
Mu B caegywomen curyanun (pacckasan [I. Bapcanodwes). Ilycts MBI x0-
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TUM HAIKUCATH IPOrPaMMYy, KOTOpas 00HapyKuBala (OONBILMHCTEO) OLeta-
TOK B TEKCTE, HO HE XOTUM XPAHUTH CIIUCOK BCEX MPABUIBHBIX CJIOBOMOPM.
[MpeamaraeTca TOCTYNUTL TakK: BHIGPATh HeKOTOpoe N u HAOOp PYHKIIUN
fi,---, fx, oTOOpaxkawmmx pycckue cioBa B 1,..., N. B maccuse uz N 6u-
TOB IOJIOXKUM BCE OUTHL PABHBIME HYJII0, KPOME TeX, KOTOPHIE ABJIAITCS 3HA-
YeHneM KaKOU-TO (PYyHKIMKM HabOpa Ha KAKOU-TO IIPABUJILHOU CJAOBO(OpPME.
Temepb NPpUOINKEHHBIN TECT HA TPABILIBLHOCTE (JIOBOMOPMBI TAKOB: TPOBE-
PATH, 9TO 3HAYEHUA BCEX PYHKIMYN HAGODA HA DTOU CIOBOGOPME MOMATAI0T
HA MECTa, 3aHATHIE eAuHUIAMA. (DTOT TECT MOXKET HE 3AMETUTH HEKOTO-
PBIX OIKUOOK, HO BCE NPABUILHEIE CJIOBOMOPMEL Oy 1y T 040ODEHEL.)



14. NMPEACTABJIEHUNE
MHOXECTB. IEPEBbA.
CBEAJIAHCNPOBAHHBIE
ANEPEBbLA

14.1. lpeacTaBneHne MHOXECTB
C MOMOLLbIO [EPEBLER

MNonHoe aBouyHOe Aepero. T-aepeBbs

Hapucyem Touky. U3 Heé mposenéM nBe cTpeakn (BIEBO BBEPX U BIPABO
BBEPX) B [BE Apyrue TOYKU. V3 KaKAOU M3 DTUX TOYEK MPOBENEM IO JBE
crpeiku u Tak ganee. lloaydennyoo xapTurKy (B n-om cioe Gymer 271
TOYEK) HAa3BIBAIOT IOJHBIM ABOUYHEIM depesom. HukHiOw TOUKyY HasbiBalOT
KopreM. Y KaxkKIOU BEPIIUHLI €CTh BA Cbika (IBE BEPIIVHBI, B KOTOPHIE
UAYT CTPEIKU) — 4e6bili U npaswiti. Y BCAKOU BEPIIUMHBI, KPOMe KODHA,
€CTh eIUHCTBEHHBIN 01Mel.

IlycTe BEIGpAHO HEKOTOPOE KOHEYHOE MHOXKECTBO BEPIIKH IIOJIHOI'O TBO-
UYHOLO JepPeBa, COAepKAIlee BMECTE ¢ KAXKIOU BEPIIMHOU U BCEX €€ mpej-
kOB. IlycTh Ha KaX 10U BEPUIKHE 3TOI'0 MHOXECTBA HAUCAHO 3HAYEHUE (PUK-
cupoBaHHOTO TUna 7' (TO €CTh 3a7aH0 OTOOPAKEHNE MHOKECTBA BEPIIUH
B MHOXK€eCTBO 3Hadenun Tuna T'). To, 9T0 moayuaurcs, 6yaeM HaseBaThL T - ne-
peBoM. MuoxkecTBo Beex T-gepesbes oGozuaum Tree(T).

Pekypcusnoe onpenenenune. Beakoe menycroe T-aepeBo pasbuBaeTcs Ha
TPU 4acTU: KOpeHb (Hecymuil nomerky us 1), JeBoe U IpaBoe [0 1epPeBbs
(KOTOpBIE MOTYT OBITH MYCTHIME). JTO PA3OUEHUE YCTAHABINBAET B3AUM-
HO OJIHO3HAYHOE COOTBETCTBUE MEXKIY MHOXECTBOM HENMYCTHIX T-mepeBhen
u npoussegenueM T x Tree(T) x Tree(T). O603Ha4uB Yepes empty mycToe
JEPEBO, MOXKHO HANUCATH

Tree(T) = {empty} + T x Tree(T) x Tree(T).
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MNoanepesbs. BricoTa

dukcupyem mHekoTopoe T-mepeno. [laa Kaxmou ero BEpIMHBL L OMpe-
aeneHo eé sesoe noddepeso (JEBHIN CHIH BEPIIUHBL I U BCE €r0 MOTOMKH),
npasoe noddepeso (IPABLIM CHIH BEPLIKHBL & U BCE €I'0 IOTOMKU) U nodde-
peso ¢ Koprem 6 T (BeplIUHA T U BCe €6 IOTOMKH).

JeBOe IIpaBoe

KODEHb

JleBoe u mpaBoe HOXAePEBbs BEPIIMHBEL £ MOLYT OBITH IIyCTBHIME, & IIO[ J€-
PEBO C KOpHEM B Z BCerja HelycTo (COogepXuT 0 KpanHed Mmepe z). Bui-
comoft mogrepeBa Oy JeM CINTATH MAKCUMAJIBHYIO AIUHY HENU Y . . . Yy €ro
BEPINUH, B KOTOPOR Y; 11 — CHIH ¥; 1ud Beex 4. (BricoTa nepesa us 0qHOTNO
KODHSA DABHA €IUHUIE, BHICOTA IYCTOrO A€PEBa — HYJIIO. )

YnopsaoueHHble T-aepeBbs

IlycTs Ha MEHOXKECTBE 3HavMenun Tuna 1 pukcuposan mopaaok. Hazosém
T-nepeso ynopadouennblm, €CJAu BBITOJIHEHO TAKOe CBOUCTBO: [ JIO00H
BEPLINHLI £ BCE IOMETKH B €€ JIEBOM IO/ JEPEBE MEHbIIE [IOMETKH B T, & BCE
IIOMETKU B €€ IMPaBoOM IO gepeBe OOJbIIE IOMETKHA B Z.

T
14.1.1. [ToxaszaThb, YTO B YIOPAIOTECHHOM IEPEBE BCE IMOMETKU Pa3IMt-
HEL

[Ykazaume. HAYKIMA 1O BHICOTE Aepena.] ([l

[NpeacTaBneHne MHOXECTB C MOMOLLbLIO [EPEBLER

Kaxmoe mepero OymeM CIMTATH MpPEACTABICHMEM MHOXECTBA BCEX TO-
MeTOK Ha ero BepimHax. [Ipu 5ToM 0THO 1 TO Ke MHOXKECTBO MOXKET UMEThH
PABIUYHBIE TTPEICTABICHUS.
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Baarogapsa ynopsago4eHHOCTH KaXXIBIU 3JIEMEHT MOXKET JErKO (HAUTH
CBOE MeCTO» B MepeBe: MPUIid B KaKyIO-TO BEPIINHY W CPABHUB CeOs C TeM,
KTO TaM HaXOIWUTCA, JEMEHT pelllaeT, UATH eMy HaJeBO WIM HAIPaBO.

|

Y
HaduaB ¢ KOpHA U ABUraschb MO TOMY NPABUIY, OH JuUOO OGHAPYKUT, ITO
TAKOU DJEMEHT YK€ eCTh, Au00 HalIET MECTO, B KOTOPOM OH JOJIKEH OLITh.

Bcerony masnee MBI mpenmosiaraeM, YTO Ha 3HAMEHUAX TUma 1 3a1aH MO-
PANOK, U PaCCMAaTPUBAEM TOJBKO YVIIOPAMOYEHHBIE MTEPERBA.

XpaHeHue fepeBbER B Nporpamme

MoxHO OBLIO OBI CONOCTABUTBL BEPIIMHLI MOJTHOT'O TBOMYHOT'O JePeEBA
cuaucaamu 1,2, 3, ... (cauTad, 9TO JEBBIU CHIH 1) €CTh 27, MPABHIA CHIH 7l €CTh
2n + 1) u xpauuTs nomerku B Maccuse val [1...]. Oguaxo sToT cnocoG
HE3KOHOMEH, MOCKOJBbKY TPATUTCA MECTO Ha XPAHEHUE IIYCTHIX BAKAHCUU
B I[IOJIHOM [JBOUYHOM A€DEBE.

Bonee sxomomen Takou crocob. Breaém Tpu mMaccusa

val: array [1..n] of T;
left, right: array [1..n] of O..n;

(n — MakcHMaJbHOE BO3MOXKHOE HHCIO BEPIIMH [1€PEBa) W IMEPEMEHHYIO
root:0. .n. Kaxgas Bepummua xparumoro 1-gepesa 6y1eT UMeTh HOMEp —
qucao oT 1 1o n. Pasursre Bepuimnst 6yayT nMeTh pasHuele Homepa. [lomerka
B BepimmHe ¢ HOMepoM X paBHa vall[x]. Kopenn mmeer momep root. Ec-
JIU BEPINUHA C HOMEPOM i MMEET CHLIHOBEW, TO WX HOMepa paBHbl left [i]
n right[i]. OTCyTCTBYIOMMM CHIHOBBAM COOTBETCTBYET 4uCao 0. AHaT0-
TUYHBIM 00pa3oM 3HateHue root=0 COOTBETCTBYET IIyCTOMY [TEepPeBy.

s xpaHeHUs gepPeBa MUCIOJIL3YeTCs JUIIb YaCTh MAaCCUBA; MJA TeX i,
KOTOpble CBOGOAHEL (He SAB/SIOTCA HOMEPAMK BepIuuH), 3Hadenus vall[i]
6espasananael. Ham OygeT ymo6HO, ITOOBI BCe CBOGOTHBIE TUCIA OBLIN «CBsI-
3aHBI B CTIMCOK»: MEPBOE XPAHUTCA B CIENUATLHON mepeMenHon free:0. .n,
a crenyromee 3a 1 ¢cB060AHOE Yncyao XxpauuTcea B left [1], Tax uTo cBoHO-
HBL 9HCJIA

free, left[free], left[left[freell,...
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s mocrenrero ceobomuoro «uuciaa i 3madenme left[i] pasuo 0. PaBen-
¢TBO free=0 03Ha4aeT, YTO CBOOOAHBIX MUCEN OOJBIIE HET.

3ameganne. M b1 UCTIONB30BAIN I8 CBA3BIBAHUSA CBOOOMHBIX BEPIITNH MaC-
cuB left, HO, KOHEYHO, C TEM XK€ YCIEXOM MOXKHO OBLIO HCIONB30BATH MaC-
cuB right.

Buecro 3nadenus 0 (0603HAMAIOWIEr0 OTCYTCTBUAE BEPIIUHEL) MOXKHO Obl-
JI0 OBI BOCTIONB30BATHCA JIOOBIM IPYTUM YUCJAOM BHE 1. .n. YTOOBI MO IepK-
HYTB 2TO, OyaeM BMecTO 0 UCIONB30BATHL KOHCTAHTY null=0.

14.1.2. CocTaBuThb OPOrpPaAMMY, OIPEIEIAIONYI0, COAEPKUTCA JU DJe-
MeHT t:T B ynopsgoueHHOM jgepeBe (XpAaHUMOM TaK, KAK TOABKO YTO OIU-
CaHO).

Pemenme.

if root = null then begin
‘ . .He IpHMHALIEKUT
end else begin
X := root;
{unBapmaHT: ocTaéTCA NPOBEpUTH HAIM4YME t B HENMyCTOM
HmonepeBe C KOpHeM X}
while ((t < val [x]) and (left [x] <> null)) or
((t > val [x]) and (right [x] <> null)) do begin
if t < val [x] then begin {left [x] <> null}
‘ x := left [x];
end else begin {t > val [x], right [x] <> null}
‘ x := right [x];

end;
end;
{mu6o t = val [x], mumbo t orcyrcTByeT B gmepemel}
..otBeT = (t = val [x])
end; O

14.1.3. YupocTuTh perieHue, uCIoab3ys CISAYIOMUN TPIOK. Pacumpum
00JaCThb OIpeneNeHns MaccuBa val, 1obaBuB s4erKy ¢ HoMepom null u mo-
JoxuM val [null]=t.

Perrerme.

val [null] := t;
X := root;
while t <> val [x] do begin
if t < val [x] then begin
x := left [x];
end else begin
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‘ x := right [x];
end;
end;
..orBeT: (x <> null). O

14.1.4. CocraBuTh IporpaMmy IOOABICHUA BJEMEHTA t B MHOXKECTBO,
[IPECTABIEHHOE YIIOPSIOYEHHBIM AePEeBOM (eCiu BJIeMEHT t yiKe eCTh, Hu-
9ero genaTh He Halo).

Pemenue. Onpenemum mnporeaypy get_free (var i:integer), naio-
iy cBo60AHOE (HE AB/IOUIEECS HOMEPOM) YMCIO i ¥ COOTBETCTBYIOLIUM
06pa3oM KOPPEKTHUPYIOUIYIO CIUCOK CBOOOIHBIX YHUCE.

procedure get_free (var i: integer);

begin

{free <> null}

i := free;

free := left [free];
end;

C eé ucnonp3oBaHreM IpoOrpaMMa npuobpeTaeT TAKOW BUL:

if root = null then begin

get_free (root);

left [root] := null; right [root] := null;

val [root] := t;

end else begin

X := root;

{unBapmanT: ocTamock H06aBMTH t K HENYCTOMy IOLIEPEBY C

KOpHEeM B X}

while ((t < val [x]) and (left [x] <> null)) or
((t > val [x]) and (right [x] <> null)) do begin

if t < val [x] then begin

‘ x := left [x];

end else begin {t > val [x]}

‘ x := right [x];

end;

end;

if t <> val [x] then begin {t HeT B mepeme}

get_free (i);

left [i] := null; right [i] := null;

val [i] := t;

if t < val [x] then begin

‘ left [x] := i;

end else begin {t > val [x]}
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‘ right [x] := i;
end;
end;
end; O

14.1.5. CocTaBuThb TPOrpaMMmy VIAJEHUS DJIEMEHTA t M3 MHOXECTBA,
[PEICTABIEHHOrO YIOPAIOIEHHBIM 1ePEBOM (eCJaM ero TaM HeT, HUYEro [e-
JaTh He Haj0).

Permenme.

if root = null then begin
‘ {mepeBo mycTo, HuMuero memaTk He Hagmo}

end else begin

X := root;

{ocTanmocs ymamuTe t 3 moxmepeBa C KOPHEM B X; IOCKOIBKY
3TO MOXeT moTpe60oBaTh M3MEHeHMH B OTIE X, BBeL&M
nepeMernne father: 1..n u directiom: (1, r);
IoLLepX¥BaeM TakoM MHBAapMaHT: €CIM X He KOpeHb, To father
- ero oreu, a direction paBHO 1 WIM r B 3aBUCHMOCTE OT
TOro, JEBHM WM IPaBHM CHHOM ABIAETCA X}

while ((t < val [x]) and (left [x] <> null)) or

((t > val [x]) and (right [x] <> null)) do begin
if t < val [x] then begin

father := x; direction := 1;

x := left [x];

end else begin {t > val [x]}

father := x; direction := r;
x := right [x];
end;

end;

{t = val [x] wmu t HeT B mepeme}

if t = val [x] then begin

. .yOameHue BepumHH X C oTuoM father =
HampaBieHueM direction

end;
end;

Y naneHue BepUINHBL UCIIONB3YET IPOLELYPY

procedure make_free (i: integer);
begin

left [i] := free;

free := 1i;
end;
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Omna BKaIOYaeT 4uciio i B coucok ¢Boboaubx. [lpu yaaneHun pazamdaorcs
4 crydas B 3aBUCHMOCTHY OT HAJIUYUA WU OTCYTCTBUA CHIHOBEH Y Y JAIAEMON
BEPIIVHEI.

if (left [x] = null) and (right [x] = null) then begin
{x - mucT, T.e. He MMeeT cHHOBeH}

make_free (x);

if x = root then begin

‘ root := null;

end else if direction = 1 then begin

‘ left [father] := null;

end else begin {direction = r}

‘ right [father] := null;

end;

end else if (left[x]=null) and (right[x] <> null) then begin
{x ymamserca, a right [x] samumaeTr mecTo x}
make_free (x);

if x = root then begin

‘ root := right [x];

end else if direction = 1 then begin

‘ left [father] := right [x];

end else begin {direction = r}

‘ right [father] := right [x];

end;

end else if (left[x] <> null) and (right[x]=null) then begin
‘ . . CHMMETPHUYHO

end else begin {left [x] <> null, right [x] <> null}

‘ . .yOAIUTH BEPUMHY C LBYMA CHHOBBAMI

end;

Y nasenue BEPIIMHEL C IBYMS CHLIHOBLAMHU HEIBL3S CAEMATH [IPOCTO TAK, HO €
MOXKHO MPEIBAPUTEILHO IOMEHATE ¢ BEPIIMHON, IOMETKA, Ha, KOTOPOU ABJISA-
@TCA HEIMOCPEACTBEHHO CISAYIONMM (B MOPAIKE BO3PACTAHUA) DIEMEHTOM 34
IIOMETKON Ha X.

y := right [x];

father := x; direction := r;

{Teneps father m direction oTHocATca kK BepumHe y}
while left [y] <> null do begin

father := y; direction := 1;
y := left [y]l;
end;

{val [y] - mMunumaneHas u3 moMeTok, Gomeumx val [x],
y He MMeeT JIeBOro CHHal}
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val [x] := val [yl;
..ymamuTe Bepumry y (Xak yoamATh BepUMHY, y KOTOpOW HeT
JIeBOTO CHHA, MH yXe 3HaeM) [l

14.1.6. YmpocTuTb TpOrpamMMy VIaJeHWs, 3aMeTHUB, UTO HEKOTOPHIE
caydan (HADUMED, IEPBHIE IBA U3 YETHIPEX) MOXKHO OOBETUHUTS. ([

14.1.7. HUcmonb3oBaTh YHOPSIIOUEHHBIE A€PEBbA IS IIPENCTABICHUS
yHKIUN, O6JACTH ONPEseNeHns KOTOPHIX — KOHEYHBIE MHOXKECTBA, 3HAME-
uun Tuna T, a 3HAYEHUA UMEIOT HeKOTOphi Tun U. Omnepannn: BEYUCTIEHTE
3HAMEHWA Ha TAHHOM apryMeHTe, M3MeHEHUe 3HAYMeHNA Ha JaHHOM apryMeH-
Te, JooIpeneaeHne MYHKINYA Ha, TaHHOM apTyMeHTe, NCKIIOUEHNE DIEMEHTa
u3 obracTu ompeneneHrs (PyHKIUN.

Pemenne. /leraeM xkax paHbllie, T00aBUB EIIE OTUH MACCUB
func_val: array [1..n] of U;

ecmm vallx] = t, func_vallx] = u, To 3HaYeHNE XPAHUMON PYHKINYA HA t
PAaBHO u. O

14.1.8. Ilpemnonoxum, ITO HEOOXOAMMO yMETh TaKkKe OTBICKMBATH
k-BIU DJIEMEHT MHOXKECTBA (B MOPANKE BO3PACTAHUA), IPUIEM KOIXIECTBO
JQEeUCTBUN JOKHO ObITh He Gostee C' - (Boicora gepeBa). Kaxyio gonomxu-
TEABbHYI0 UH(DOPMAINIO HALO XPAHUTHL B BEPIIMHAX gepeBa’

Pemenue. B kaxgoun Bepiimae Oy1eM XPaHUTh YUCIO BCEX €€ TOTOMKOB.
[loGaBrenne U UCKIIOUEHUE BEPIIUHBI TPEOyeT KOPPEKIWY JUIMIbL Ha Iy TH
OT KOpHsA K DTOM BepIiMHe. B mpolecce mOMCKa k-OM BEPIIMHLI IIOJ Jep-
KUBAETCA TAKOM UHBAPUAHT: MCKOMAasA BEPIINHA, ABJIAETCA S-OU BEPIIUHOU
HOJepeBa ¢ KOPHEM B X (314€Chb S U X — [IeDEMEHHBIE). |

OueHka Konn4ecTBa AEUCTBUN

[lst kax on u3 onepannit (IPOBEPKY, TOGABIEHUA U NCKIIOTEHIA ) KOJIU-
gecTBO geuctBun He npesocxonut C - (BeicoTa gepesa). [luas «poBHO mOA-
CTPIDKEHHOIO» AepeBa (KOrga BCe JUCThs HA OLHOU BBICOTE) BBICOTA IO
NOPAIKY BEJIMYUHBEL PABHA Jorapudmy ducaa BepmmH. OIHAKO 111 KpUBO-
OOKOTO IepeRa BCE MOXKET OLITH FOPAa3l0 XyXKe: B HAMXYAIICM CIydac BCe
BEPIWHLI 00pa3yloT Helb W BHEICOTA PABHA YUCIYy BEpIMH. Tak CayduT-
Cs, €CJU DIEMEHTHl MHOXECTBA NOOABAAIOTCA B BO3PACTAOIIEM WU YOBI-
BaromeM mnopsagke. MOXHO NOKa3aThk, OHAKO, 9TO IPU LOOABJICHUHU SJe-
MEHTOB «B CIyIadHOM IOPALKE» CPEIHASA BLICOTA nepeBa OyaeT He GOJbIIe
C'log(aucao sepmmn). Ecan 5T0U OLEHKE «B CPEIHEM» MAJTO, HEOOXOMUMBI
JOTIOMHUTEALHBIE JEUCTBUA MO MO IEPKAHNIO «COATAHCUPOBAHHOCTHY Jepe-
Ba. O6 >TOM CMOTpPH B CJACIYIONEM IIYHKTE.
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14.2. CHanaHCMpOBaHHbIE AEPEBbS

lepero HasbiBaeTca cOaaancuposanubin (mau ABJI-nepesom B decTh
uzobpetaTenen >3Toro Merona ['. M. A rerscona-Benbckoro u E. M. Jlanau-
ca), eCaIU I JI0OOK €r0 BEPIINHBL BHICOTHL JEBOT'O U TIPABOTO IO IEPEBLEB
STOU BEPLIMHBI OTAMIAOTCA He Gonee deM Ha 1. (B wacTtHOCTH, KOrga O-
HOI'O U3 CHIHOBEU HeT, APYI'OU — eC/JIU OH eCTh — 00s3aH ObIThb JIUCTOM. )

14.2.1. HauTu MUHUMAJIBLHOE U MAKCIMAJIBLHOE BO3MOXKHOE KOIMIECTBO
BEPIIVH B cOATAHCUPOBAHHOM M€PEBE BHICOTHI 1.

Pemrenwe. Makcumanbroe qncio Bepma pasuo 2" — 1. Ecan m,, — mu-
HEMAaJbHOE HHCJIO BEPLINH, TO, KaK JIeI'KO BUAETh, Mpyt2 = 1 + My + My,
orkyaa m, = @40 — 1 (&, — n-oe uucio Pudonayuu, &; =1, & =1,
D=, +P,11). ]

14.2.2. [loxazaThb, YTO COATAHCUPOBAHHOE MEPEBO C N BEPIIMHAMY MMe-
et BeIcOTy He Gosbine C'logn m1ia HeKOTOPOU KOHCTAHTHL C, HE 3aBUCAIIEN
OT 7M.

Pemterme. Nnaykumen mo 7 Jerko nokas3arhk, 910 P,io > a”, roe

a — GOTBIMHE KOpeHb KBAAPATHOTO ypaBHeHHs a’ = 1 + a, TO ecTh a =
= (v/5 + 1)/2. OcraéTcs BOCTIOTB30BATLCS TPEABITYIICH 3a,JateH. O
BpaluieHus

M&u1 xoTuM BOCCTAHABAWBATE COATAHCUPOBAHHOCTE I€PEBa MOCTE BKJIIO-
YEHUs U yAAJEHUS 2JaeMeHTOB. [ 5Toro Heo6xo muMbl Kakue-TO Ipeobpa-
30BAHUSA IEPEBA, HE MEHAIOMINE MHOKECTBA IIOMETOK HA €r'0 BEPIINHAX U He
HAPYIIAOIIKE YIOPAJOI€HHOCTH, HO CIOCOOCTBYIOIIME JIy4len COaJaHCu-
posagHocTH. ONUIeM HECKOALKO TAKUX IPEOOPaA3OBAHUM.

[ycTe Bepmmua a uMmeet mpasoro coHa b. O6o3uayvum wepes P meBoe mog-
epEBO BEePIINHKI a, Tepes () u R — JeBoe u IpaBoe Mo/ IePeBbA BEPIINHE b.
YnopsagoueHHoCcTs aepesa Tpedyet, 9Tobsl P < a < @ < b < R (Tounee cie-
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JOBAJIO OBL CKA3aTh «II00asg HOMETKA Ha, P MEHbIIIe TOMETKHY HA, 4, (IIOMETKA,
HA @ MEHBINE JI000UW TTOMETKN Ha (J» U T. ., HO MBI TIO3BOJIUM cebe DTOTO
He geqaaTh). TOIHO TOro ke TpebyeT yIopAAOIeHHOCTE NePEBa C KOPHEM b,
€ro JIEBBIM CHIHOM @, B KOTOpOM P u () — 71eBoe U mpaBoe MO IEePEBbs «,
R — mpasoe nozgepeso b. Ilosromy mepBoe zepeBo MOXHO npeofpaso-
BaTh BO BTOpOE, HE Hapylas ymoopsgodeHHocTd. Takoe nmpeobpaszoBaHue
HAB0BEM MaablM NPGELIM 6pauenuem (MPABEIM — MOCKOJBKY CYIIECTBYET
CUMMETPUYIHOE, JEBOE, MAIBIM — MOCKOJBKY €CTh U GOJBITOE, KOTOPOE MBI
Cervac ONMUIIEM).

Ilycrs b — npaBobiu CoIH @, ¢ — JeBLIM CHIH b, P — j1eBOe 1o aepeso a,
(Q u R — neBoe u mpaBoe mogaepeBbs ¢, S — npasoe nogaepeso b. Toraa
P<a<@Q<c<R<b<S.

S P\ |Q
c —
b a b
a ¢

Taxon ke MOPALOK COOTBETCTBYET AEPEBY C KOPHEM ¢, MMEIIAM JEBOTO
CBIHA @ U TPABOTO CHIHA b, M7 KOTOPOro P u () — MOAAepeBb BEPIIUHEL
a R u S — nonggepesbs Bepmuusl b. CooTBeTcTByIOIIEe NPeOOPa3OBAHUE
OyeM Ha3bIBATH 604bUUM NPABbLM 8pauenuem. (AHAIOIMIHO OnpeseLsieT-
€A CUMMETPHUYIHOE €My 604bU0E AL60E 8PAU,CHUE. )

14.2.3. [lano mepeBo, cOATAHCUPOBAHHOE BCIOAY, KPOME KODHS, B KO-
TOPOM Pa3HULIA BBICOT paBHa 2 (T.€. jJeBoe ¥ LPaBOe IOAAEDEBbi KODHI
cOANAHCUPOBAHEL M MX BBICOTHL OTANYAOTCA Ha 2). lokazaTh, 9T0 OHO MO-
XKeT OBITh TPEBPAIIEHO B COATAHCUPOBAHHOE OTHUM M3 € THIPEX OMUCAHHBIX
Ipeo6pPA3OBAHUN, TPUIEM BHICOTA €I'0 OCTAHETCA MTPEXKHEN WAU YMEHbIITT-
caua l.

Pemenne. [IycTs 607€€ HU3KUM SABIAETCA, HAIIPUMED, JEBOE IO AEPERO,
¥ ero BLICOTA paBHa k. Torga BLICOTa MPABOr0 MOLAEPEBa paBHa k + 2.
O6o3Ha4UM KOPEHb 4epe3 a, a ero HpaBoro ChiHa (OH 00A3aTeNLHO eCTh)
gepes b. PaccmoTpuM JeBoe u ipaBoe moaepeBbsa Bepuuusl b. O 1HO U3 HUX
00a3aTEIRPHO UMeeT BHICOTY k + 1, a Apyroe MOXKeT MMETH BBICOTY k WiIn
k+ 1 (Menbuie k 6BITH HE MOXKET, TaK KaK MOJAEPEBbA COAIAHCUPOBAHEI).
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Ecau BpIcOTA J€BOTO IO AepeBa paBHa k + 1, a mpaBoro — k, To moTpeby-
eTCA OOJBINoE MPABOE BPAIIECHUE; B OCTATBHBIX CJIYYAgX MOMOTAET MaJoe.
Bot kxak BRIMIALAT TpU caydas OATAHCUPOBKY TEPEBA!

14.2.4. B cbamaHCMpPOBAHHOE MePEBO MTOOABUIN WIM M3 HETO YAATUIN
auct. /lokasaTh, ITO MOXKHO BOCCTAHOBUTH COAMTAHCUPOBAHHOCTL C TIOMO-
B0 HECKOJIBKUX BPALIEHUN, MPUIEM UX IUCJIO HE OOMBIIE BHICOTHI IEPEBA.

Pemerme. Bynem nokaswBaTh Gosee oOmmu GpaxT:

Jlemma. Ecaun B cbamancupoBamnoMm gepese X ONHO W3 €ro momaepe-
BbeB Y 3aMeHWIM Ha COAJAHCHPOBAHHOE NEPEBO Z, MPUIEM BBICOTA £ OT-
JUYALTCA OT BRICOTH Y He Gosee 4eM Ha, 1, TO MOTy9IeHHOe TAKOU «(ITPUBUB-
KOI» NIEPEBO MOXKHO MPEBPATUTHL B COATAHCUPOBAHHOE BPAIICHUAMY (TIPU-
“EM KOAUYIECTBO BPALIEHUN HE TPEBOCXOJAUT BHICOTHI, HA KOTOPOU IEAAETCA
[PUBUBKA).

YacTHBIM CIydaeM NPUBUBKY SBAAETCSA 3aMEHA IIYCTOrO IO IEPEBa Ha
JUCT wiau HA0O0POT, TAK YTO JOCTATOYHO NOKA3ATH 3TY JEMMY.

JoxazarenscTBo JeMMbl. UHAYKIINA TO BEICOTE, HA KOTOPOU AEAACTCA
npuBUBKa. KCin OHA TPOUCXONUT B KOPHE (3aMEHAETCA BCE MEPEBO IeJu-
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KOM), TO BCE 04eBuaHO («apuBoiy cOanancupoBad 1o yeaosuio). Ilycrs 3a-
MEHAETCA HEKOTOPOE TOMAAEPEBO, HATIPUMED, JEBOE MO AEPEBO HEKOTOPOU
BePIIWHBI . BO3MOXHEI 1Ba CAyad.

1) Iocae npusuBkYu cOATAHCUPOBAHHOCTL B BEPLIMHE I HE HADYLIMIACH
(x0Ts1, BO3BMOXKHO, HAPYIUWJIACH COAJAHCUPOBAHHOCTH B HPEIKAX I:
BLICOTA TOIAEPEBA C KOPHEM B I MOTJIA U3MEHWTHLCA). Toraa MOXHO
COCJIATBHCA HA TPEANONOKEHNE NHAYKINYT, CINTAaA, ITO MBI TIPUBUBAIN
[IEJUKOM IO TePEBO C KOPHEM B &.

C6amaHCUpPOBAHHOCTL B T HAPYUIMIACH. [IpM 3TOM pasHULA BBICOT
pasHa 2 (GosbIne OHA OBITH HE MOKET, TAK KaK BHICOTA Z OTIAIAETCA
oT BHICOTHL Y He Gosee deM Ha 1). Pazbepém nsa BapuanTa.

a)

Z

Brime mpagoe (He 3aMeHABINEECs) TIOA1ePeB0 BepiuHs . [lycTs
BBICOTA J€BOrO (T. €. Z) pasHa k, npasoro — k + 2. Bricora cra-
poro aesoro nogaepesa sepmunsl  (T.e. Y') 6ouia pasua k + 1.
IloxgnepeBo ¢ KOpHEM T MMENO B UCXOQHOM epeBe BEICOTY k + 3,
7 DTa BLICOTA, HE M3MEHWIACH MOCJE TPUBUBKHA.

ITo mpenbrayimen 3apgade BpaineHue npeobpasyeT MOJIepeBo ¢
KOPHEM B & B COATAHCHPOBAHHOE MOMIIEPEBO BLICOTHL k + 2 win
k 4+ 3. To ecTs BHICOTA TIOAAEPEBA C KOPHEM & — B CPABHEHUNU
¢ ero mpeXHEN BEICOTOM — He M3MEHWJIACh WU YMEHBIMIACh
Ha 1, ¥ MBI MOXKEM BOCIOJB30BATHCA IPEANOIOKEHNEM WHIVK-
1.

Broime JseBoe moamepeBO BepIIUHLL %. llyCTh BBICOTA JIEBOI'O
(r.e. Z) pasra k + 2, upasoro — k. Bricora craporo aesoro
nogaepena (T.e. V) 6buta pasua k + 1. Ilognepeso ¢ kKopHeMm x
B UCXOMHOM fepeBe X MMeJo BHICOTY k + 2, TOCJe TPUBUBKYU OHA,
craua pasHa k + 3. Ilocae moaxoasmero Bpamenus (CM. IPeIbI-
OYILYIO 331a4y) IOAAEPEBO C KOPHEM B & CTaHeT COATAHCHPO-
BAHHBIM, €ro BBICOTA Oyaer paBHa k + 2 mwmm k + 3, Tak uTO0
U3MEHEHUE BEICOTHI TI0 CPABHEHUIO € BHICOTOU MO AEPEBA C KOP-
HeM x B mepeBe X He TPEBOCXOAUT 1 UM MOKHO COCAATHCA HA
MPEITIONOXKEHNE UHIYKIINA. |
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14.2.5. CocraBuTh IpOrpaMMbl JOOABICHUS U yIAJEHAS SIEMEHTOB, CO-
XpaHAIE COATAHCUPOBAHHOCTE. UMCI0 TEUCTBUU HE JOMKHO MPEBOCXO-
autek C' - (BBICOTA nepena). Paspemaerca XpaHUTh B BEPIIMHAX NEPEBa 10-
TOMHUTENbHYIO NH(POPMAIINIO, HEOOXOAUMYIO Ipu OATaHCUPOBKE.

Pemenue. Bymem XpauHuTh 1A KaXKIOU BEPIIUHE! PDASHUITY MEXKIY BbI-
COTOU €€ MPABOr0 U JIEBOI'O MO/ IePEBhEB:

diff [i] = (BblcoTa MPaBOro WO AEPEBA BEPIIUHBL 1) —

— (BBICOTA JIEBOT'O IO IEPEBA BEPIIUHEL 1 ).

Ham morpebyrorcesa deTspe npomesypel, COOTBETCTBYOMmTE GOMBIIIM U Ma-
JIBIM [IPABBIM U J€BLIM BpaineHusmu. Ho BHagane gsa 3amedanus. (1) Ham
HYXHO, YTOOBI P BPAILlEHUM TOJATepeEBA HOMED €r0 KODHA He MeHAJICA.
(B mpoTuBHOM Ciy€ae MOTPEGOBAIOCH OBl KOPPEKTUPOBATH MH(MOPMAIMIO
B OTIE KODHS, YTO HEXKEJIATEIbHO.) DTOr0 MOXHO AOCTUYb, TAK KaK HO-
Mepa BepLIUH JepeBa MOXKHO BBIOMpaTh HezaBucuMo OT ux suadenun. (Ha

KapTUHKAX HOMEpP yKa3aH COOKY OT BEPLIKHBL, & 3HAYEHUE — BHYTDU.)

N N

[a]e b]e

(2) Tlocae npeoGpa3oBaHUll MBI JOKHBL TAKKE UBMEHUTH COOTBETCTBEHHO
aHadeHus B Maccuie diff. /[asa 5TOTo 1OCTATOYHO 3HATH BHICOTH JEPEBHEB
P,Q,... ¢ TOYHOCTBIO 0 KOHCTAHTHI, IOITOMY MOXKHO MPEANOIATATE, ITO
OJHA U3 BBICOT PaBHA HYJIO.
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Bor nponenypur Bpaniesuin:

procedure SR (a:integer); {Mamoe mpaBoe BpameHme c KopHeM a}
‘ var b: 1..n; val_a,val_b: T; h_P,h_Q,h_R: integer;

begin

b := right [al; {b <> null}

val_a := val [al]; val_b := val [b];

h_Q := 0; h_R := diff[b]; h_P := (max(h_Q,h_R)+1)-diff[a];
val [a] := val_b; val [b] := val_a;

right [a] := right [b] {mommepeso R}

right [b] := left [b] {mommepeso Q}

left [b] := left [a] {mommepeso P}

left [a] := b;

diff [b] := h_Q - h_P;

diff [a] := h_R - (max (h_P, h_Q) + 1);
end;

procedure BR(a:integer);{6ombumoe mpaBoe BpameHme c KopHeM a}t
var b,c: 1..n; val_a,val_b,val_c: T;
h_P,h_Q,h_R,h_S: integer;
begin
b := right [al; c := left [bl; {,c <> null}
val_a := val [al; val_b := val [b]l; val_c := val [c];
h_Q := 0; h_R := diff[c]; h_S := (max(h_Q,h_R)+1)+diff[b];
h P :=1 + max (h_S, h_S-diff[b]) - diff [al;
val [a] := val_c; val [c] := val_a;
left [b] right [c] {mommepeso R}
right [c] := left [c] {mommepemo Q}

left [c] := left [a] {mommepeso P}

left [a] := c;

diff [b] := h_S - h_R;

diff [c] := h_Q - h_P;

diff [a] := max (h_S, h_R) - max (h_P, h_Q);
end;

JleBbie Bpamierusa (60IBIIOE W MATOE) 3ATMCHIBAIOTCA CAMMETPUIHO.

Tlpouenypsl 106aBACHUSA W YAAJEHUA SJEMEHTOB MUITYTCA KaK PAHBIIE,
HO TOJBKO JO0ABICHUE W YAAJCHUE MOMKHO COMPOBOXKAATHCA KOPPEKIMEN
MaccuBa diff u BoccTaHOBIEHMEM COATAHCUPOBAHHOCTH.

IIpu sTOM MCHOAB3yETCA MPOLEAYPA ¢ TAKUMU CBOUCTBAMU:

JaHO: JeBOe U IIpaBO€ II0JAePeBbs BEPIIVHLI C HOMEPOM a
COATAHCUPOBAHEI, B CAMOU BEPIINHE DPA3HUIA BBICOT HE GOJIb-
me 2, B mNoAepeBe ¢ KOpHeM a MaccuB diff s3amogaHeH mpa-
BUJIBHO;
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HaJo: IOAJEPERO C KOpHEM a cbamaHcupoBaHo 1 MaccuB diff
COOTBETCTBEHHO U3MEHEH, d — U3MEHEHUE €r0 BEICOTHI (PABHO O
wi -1); B OCTAIBHON 9aCTH BCE OCTATOCH KAK OBLIO — B 9aCT-
HOCTH, 3Ha4YeHua diff

procedure balance (a: integer; var d: integer);
begin {-2 <= diff[a] <= 2}

if diff [a] = 2 then begin

b := right [al;

if diff [b] = -1 then begin

‘ BR (a); d := -1;

end else if diff [b] = O then begin
| SR (a); d := 0;

end else begin {diff [b] = 1}

| SR (a); d := - 1;

end;

end else if diff [a] = -2 then begin
b := left [al;

if diff [b] = 1 then begin

‘ BL (a); d := -1;

end else if diff [b] = O then begin
‘ SL (a); d := 0;

end else begin {diff [b] = -1}

‘ SL (a); d := - 1;
end;
end else begin {-2 < diff [a] < 2, Huuero memaTe He Hamol}
‘ d := 0;
end;
end;

Boccranopnenue cO6aIaHCUPOBAHHOCTH TPEOYET IBUKEHUA OT JUCTHEB
K KOPHIO, TOTOMY OyAeM XPaHUThL B CTEKE Iy Th OT KOPHA K PacCMaTpUBae-
MOY B JAHHBIM MOMEHT BepIIuHe. DJAeMeHTaMU CTeKa 6y 4y T Haphl (BepIIuHA,
HANPABJICHUE IBVKEHWA U3 HEE), T.e. 3HAYCHWS TUIA

record
vert: 1..n; {Bepumnal

direction : (1, r); {1 - meBoe, r - mpasoe}
end;

ITporpamma mo6aBIEHUS DIEMEHTA t TeNephb BLITVIAIUT TaK:

if root = null then begin
get_free (root);
left[root] := null; right[root] := null; diff[root] := 0;
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‘ val[root] := t;
end else begin
X := root; ..cHmemaTh CTeK IIyCTHM

{unBapmanT: ocTamock H06aBMTE t K HENYCTOMy IOLIEPEBY C
KOpPHEM B X; CTeK COLEpPXAT IyTh K X}

while ((t < val [x]) and (left [x] <> null)) or

((t > val [x]) and (right [x] <> null)) do begin
if t < val [x] then begin

. .006aBUTE B CTeK mapy <x, 1>

x = left [x];

end else begin {t > val [x]}

. .006aBUTE B CTeK mapy <x, r>

x := right [x];

end;

end;

if t <> val [x] then begin {t Her B gmepeme}

get_free (i); val [i] := t;

left [i] := null; right [i] := null; diff [i] := O;

if t < val [x] then begin

. .0o6aBUTE B CTeK mapy <x, 1>

left [x] := i;

end else begin {t > val [x]}

. .0o6aBUTE B CTeK mapy <x, r>

right [x] := i;

end;

d := 1;

{uHBapMaHT: CTEK CONEPXMT IyTH K W3MEHUBIIEMYCA
TIOALepeBy, BHCOTAa KOTOPOLO YBEIWYMIACE IO
CPaBHEHHMI C BHCOTOM B HCXOLHOM [epeBe
Ha d (=0 mmm 1); >To mommepeBo c6amaHCHPOBAHO;
3Havenusa diff pmma ero BepumH NpaBUIBHH; B
OCTaIBHOM JepeBe BCE OCTaloCh KakK G6HIO —

B YacCTHOCTH,3HadeHuma diff}

while (d <> 0) and ..crtex HemycT do begin {d = 1}
..B3ATh M3 CcTeKa mapy B <v, direct>

if direct = 1 then begin

if diff [v] = 1 then begin

‘ c := 0;

end else begin
‘ c :=1;

end;

diff [v] := diff [v] - 1;
end else begin
{direct = r}
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if diff [v] = -1 then begin

‘ c := 0;

end else begin

‘ c := 1;

end;

diff [v] := diff [v] + 1;

end;

{c = u3MeHeHMe BHCOTH HOLfepeBa C KOPHEM B V IIO
CPaBHEHMO C MCXONHHM JNepeBoM; MaccuB diff
COIepPXUT IpaBUIbHHE 3HAYEHUA IJIA ITOrO IONNepeBa;
BO3MOKHO HapylleHUMe Cc6alaHCUPOBAHHOCTH B V}

balance (v, d1); d := ¢ + di;

end;

end;

end;

Jlerxo nposepurs, 4ro 3uadeHue d MOKeT ObITH PABHO TOALKO O wau 1 (HO
He -1): ecan ¢=0, To diff [v]=0 u GanaHCUPOBKA HE IPOU3BOLUTCA.

IporpaMMa, ymaseHus CTPOUTCA AHAMOTWYIHO. K€ OCHOBHOU (hpparMeHT
TaKOB:

{MHBapMaHT: CTeK CONEPXUT NIyTH K N3MEHMBUIEMYCA IOLILEPEBY,
BHCOTa KOTOPOI'O M3MEHWIAch II0 CPAaBHEHMW C BEHCOTOH B
MCXONHOM HepeBe Ha d (=0 mwm -1); >To TonLepeBso
c6amaHcupoBaHo; 3HaveHnma diff mma ero BepuwH NpaBMIBHH;
B OCTAIBHOM JlepeBe BCE OCTANOCh KakK OO —

B YacTHOCTHM, 3HademHma diff}

while (d <> 0) and ..crek HemycT do begin

{d = -1}

..B3ATH U3 CTeKa mapy B <v, direct>

if direct = 1 then begin

if diff [v] = -1 then begin

‘ c := -1;

end else begin
‘ c := 0;

end;

diff [v] := diff [v] + 1;
end else begin {direct = r}
if diff [v] = 1 then begin

‘ c := -1;

end else begin
‘ c := 0;

end;

diff [v] := diff [v] - 1;
end;
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{c = u3MeHeHUe BHCOTH IOLZepeBa C KOPHEM B V IO
CpaBHEHMH C MCXONHHM JgepeBoM; MaccuB diff comepxuT
NpaBMIbLHHE 3HAYEeHUA LA DTOLO IOLLEpPeBa;

BO3MOXHO HapylleHNe COalaHCUPOBAHHOCTUA B V)

balance (v, di);

d := c + di;

end;

Jlerko mpoBepuTh, 9TO 3HAYCHNE d MOXKET ObITH PABHO TOJIBLKO O wim -1 (HO

He -2): ecmu ¢=-1, To diff[v]=0 u GasaHCUPOBKA HE HPOU3BOLUTCAL.
OTMeTHM TaKXKe, 9TO HAINYIAE CTEKA AEIACT W3IUIIHAMYU II€PEMEHHLIE

father u direction (X poOJb Telepb UIPAET BEPILMHA CTEKA). |

14.2.6. /[loxazaThb, ITO Ipu TOOABJCHUN DIEMEHTA

(a) Bropon u3 TPEx ciaydaeB GATAHCUPOBKY (CM. PDHCYHOK Ha c. 236)
HEBO3MOXKEH;

(6) nonmas GanancupoBka TpebyerT He Gosee OZHOIO BpawueHus (1ocse
9ero BCE JEPeBO CTAHOBUTCA COATAHCUPOBAHHEIM), B TO BPEMsd KaK IIPH
YIAJEHUN 2JIEMEHTA MOXKET TOHAJOOUTHCA MHOTO BPAIICHUN. O

3amedanue. Mbl cTapaluch 3amIucaTh MPOrPaMMEBI JOOABJCHUA U Y-
JIEHUs TaK, YTOObI OHM ObLIM KaK MOXKHO 00jiee MOXOXKUMU APYT HA ApyTa.
Ncnonn3ysa cnenuduky Kaxgou U3 HUX, MOXHO MHOTOE€ YIPOCTUTh.

CymwecTByIOT U Apyrue CIOCOOBI MPEACTABIEHNs MHOXECTB, TaPAHTH-
pyolre YucJa0 TeUCTBUM MOpAAKA logn Ha Kaxayo onepanuio. Qmuirem
oauH U3 HUX (HasoiBaeMblll B-depesvamu).

[lo cux mOp KaxK 1as BEPIIMHA COMEPIKAJIA ONNH DIEMEHT XPAHUMOTIO MHO-
HKECTBA. DTOT DJIEMEHT CIYKUI TPAHUIEN MEXK Y JEBLIM U MPABLIM TIOJ 1e-
pesoM. Bynem Temepb xpaHuThb B BepimHe k > 1 DJ€MEHTOB MHOXKECTBA
(qaucao k MOXKET MEHATHCA OT BEPIIMHBL K BEPLIVHE, a TaKXKe IPU T06aBIe-
HUM ¥ YAAQJICHUU HOBBIX DJIEMEHTOB, CM. Aajee). DTU k DIEMEHTOB CAyKaT
pasgemmreasvu naa k + 1 nognepesa. IlycTb pukCupoBaHO HEKOTOPOE HH-
cmo t > 1. Bygem paccMaTpuBaTh AepeBbs, 061aAI0IINe TAKUMU CBOUCT-
BaMU:

1) Kaxgas BepumHa COAEPXKUT OT ¢ A0 2t DIEMEHTOB (33 MCK/IIOYEHU-
€M KOPHs, KOTOPBII MOXKET COAEPKATH JI000e Fucao 3aeMeHToB oT (
10 2t).

2) Bepuwuna ¢ k saemenramu jaub0 umeer k + 1 cbia, aubo He umeer
CBIHOBEN BOOOIIE (ABIACTCA AUCTILOM).

3) Bce JUCTBA HAXOAATCA HA OJHOU U TOU XKE BHICOTE.
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Jobapaenne 21eMeHTa TPOUCXOAUT Tak. Ecau aucT, B KOTOPBIN OH MO-
NagaeT, HermoJoH (T.€. COMEPXKUT MeHee 2f BIEMEHTOB), TO HET MPOGIEeM.
Ecau on momon, 1o 2t + 1 saemMeHT (BCe 3AeMEHTHI JUCTA ¥ HOBBIM DJIEMEHT )
pasbuBaeM Ha [IBA JUCTA TO ¢ DIEMEHTOB U PA3AEIAINN UX CEPEIUHHBIN
BJEMEHT. JTOT CEePEeIUHHBIA 3JEMEHT HAA0 JOOABUTH B BEPIIMHY MPEIBLILY-
1Eero ypoBHA. JTO BO3MOXKHO, €C/I B HEU MeHee 2t 3ieMeHTOB. Ecau u oHa
TOJTHA, TO €€ PAa3OUBAIOT HA IBE, BHIICIAIOT CEPEINHHBIA BIEMEHT U T. 1. Kc-
JIX B KOHIIE KOHIIOB MBI 3aXOTUM T00ABUTE DIEMEHT B KOPEHbB, & OH OKAXET-
€A TOJIHBIM, TO KOPEHBb PACIIEIUISIETCS Ha JBE BEPIIUHBI, 3 BBICOTA JePeBa
yBeIuuuBaeTca Ha 1.

YaajneHre 2MeMEHTa, HAXOIAMErocsa He B JINCTE, CBOLUTCS K yIAJEHUIO
HEIOCPEACTBEHHO (JIEAVIOMIEr0 34 HUM, KOTOPBIU HaxonuTcs B jucte. [lo-
DTOMY JAOCTATOYHO HAYYUTHCA YIAMATH DJIEMEHT U3 JUCTA. Ecau Juct npu
5TOM CTAHOBUTCS CJAUIIKOM MAJEHBKHUM, TO €0 MOMXKHO IOMOJHUTE 33 CHET
COCEHEro JIUCTA — €CJIU TOILKO U OH HE UMEET MUHUMAILHO BO3MOXKHBIU
pasmep t. Ecau xe o6a gucTa uMeoT pasmep t, TO HA HUX BMecTe 2t 3Je-
MEHTOB, BMecTe ¢ pasgeanteneM — 2t + 1. Ilocre ymanenms omHOTO 3ie-
MEHTa OCTaETCA 2t DIEMEHTOB — KakK pa3 Ha oAuH JucT. Ecim mpu sToM
BEPIINHA MPEABIAYIIEr0 YPOBHS CTAHOBUTCA MEHBINE HOPMBI, IIPOIECC MO~
BTOPAETCA U T. 1.

14.2.7. Peanm30BaTh ONMCAHHYIO CXEMY XPAHEHWSI MHOXKECTB, yOeauB-
LIKCh, 9TO OHA TAKXKe no3BosieT oboutuck C'logn nelcTBUR NJist OIepanui
BKJIFOYEHUS, UCKIIOUEHNS U TPOBEPKU TPUHAIICKHOCTH. O

14.2.8. Moxu0 onpenesaiTsh c6aIaHCuPOBAHHOCTD AePEeBa NHAYE: TPeOo-
BaTh, YTOOBI NI KAXIOU BEPIUIMHEL €€ JEBOE U MPABOE IO IePEeBbs UMEIN
He CJUINKOM CUABHO OTiu4aomuecs koaudecrsa Bepuus. ([Ipeuvymecrso
TAKOT'O OMPEAETeHUA COCTOUT B TOM, UTO TIPU BPAINCHUAX HE HAPYIIACTCA
cOANTAHCHPOBAHHOCTE B BEPIIUHAX, HAXONAINXCA HUKE TOIKYM BDAIICHUA. )
PeanuzoBaTh Ha OCHOBE >TOU UM CHOCOO XPAHEHUA MHOXKECTB, TapaHTH-
pytoumu orienky B C'logn nencTBull I BKAIOYEHWUS, YIAJICHUSA U TPOBEPKI
[PUHA ATEXKHOCTH.

[Ykazaume. OH Taxke WCHOIBL3yeT GONBIIME W Madble BpameHus. Ilo-
apobHoCcTH cM. B KHuTe Pennroasna, Husepremsa u /leo «KombunaTopHbe
aICOPUTMBED .| |



15. KOHTEKCTHO-CBOBO/IHbIE
[PAMMATWKH

15.1. O6wun anroputm pasbopa

TT06bl ONPEREMUTD TO, 9TO HABBIBAIOT KOWMEKCMHO-c6060010t epam-
mamukot, (KC-rpaMmarukon), Hazo:

® YKAa3aThb KOHEYHOE MHOXECTBO A, HA3BIBAEMOE aAfia8umMOM; €ro die-
MEHTHI HAa3LIBAIOT CUME04GMY; KOHETHBIE TTOCTEIOBATEILHOCTH CUM-
BOJIOB HA3BIBAIOT CA406aMU (B TAHHOM aadaBuTe);

® Da3IeINTDb BCE CUMBOJEL AJPaBuTa A Ha IBE TPYIIBL 1MEPMUHAALHBLE
(¢OKOHYATEJNBHLIEY) U HeMePMUuKaIbHbie ((IPOMEKYTOUHBIE) );

e BLIOPATH CPeNu HETEPMUHAILHBIX CHMBOJOB OWH, HA3LIBAEMBIN Ha-
YAALHDIM;

® YKa3aTb KOHEYHOE HUUCIO NPasiud IPAMMATHUKN, KaXJ0€ U3 KOTOPHIX
nomkuo uMmeTh g K — X, rae K — HEKOTODPHIN HETEPMUHATLHBIN
CUMBOJ, 8 X — CJOBO (B HEI'O MOI'YT BXOAUTL U TEPMUHAILHBIE, U HE-
TEPMUHAILHLIE CUMBOJIEL).

IIycre ¢puxcuposana KC-rpammaruka (MBL 9acTo OygeM OLyCKaTh Ipe-
dukc «KC-», Tak Kak Apyrux rpaMMaTUK y Hac He Oyzer). Brigodom B sTou
rpaMMaTUKe Ha3bIBAETCSA MOCIENOBATENBLHOCTEL ClI0B Xg, X1,..., Xy, B KO-
Topou Xg COCTOUT W3 OJHOTO CUMBOJA, W DTOT CUMBOJI — HAYAILHBIN,
a X, monywaercsa w3 X; 3aMEHOUM HEKOTOPOI'0 HETEPMUHAIBLHOIO CHM-
Bona K ma cmoo X mo ogHomy u3 mpasua rpammaruku. CiIoBo, cocTta-
BJEHHOE U3 TEPMUHAIBHBIX CUMBOJIOB, HA3BIBACTCS 68b1600UMbLM, ECIUA CYIIE-
CTBYET BHIBOJ, KOTOPHIU UM KOHYIAETCA. MHOXKECTBO BCEX BLIBOJAUMEIX CJOB
(M3 TEPMUHATBLHBEIX CUMBOJIOB) HABBIBACTCA A3bBIKOM, NOPOHCOGEMBIM JaHHOT
2P AMMaAMUKOT.
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B oron u caenyromen ruase Hac OyaeT MHTEPECOBATH TAKOU BOIPOC:
nana KC-rpaMMaTuka; MOCTPOUTE AITOPUTM, KOTOPHIA TIO JIO0OMY CJIOBY
TMPOBEPAET, BHIBOANMO JU OHO B DTOU MPAMMATHUKE.

Mpumep 1. Andasur:

()YIL]1E

(4eThIpe TEPMUHAIBLHLIX CUMBOJIA U OAUH HeTepMUHAALHLI cumBoa E). Ha-
vaubHb cuMBog: E. IlpaBuna:

E— (E)
E— [E]
E —EE
E—

(B mocsesHeM IpaBuWie CIPABA CTOUT IIyCTOE CJAOBO).
ITprMepsl BEIBOAUMEIX CJIOB:

(mycroe caoBo)
O
QD)
OLDH]
[OLIOILI]

IIprmMepsr HEBBIBOJUMMEIX CJIOB:

(

) (
a
(D]

DTa rpaMMaTUKa BCTpedasach B pasgere 6.1 (rge BBIBOAUMOCTD B HEU IIPO-
BEPSIACH C IIOMOIIBLIO CTEKA).
Ilpumep 2. /Ipyras rpamMMaTuKa, IOPOXKIAIONAA TOT XKE A3BIK:
Anpasut: ( ) [ I TE
IIpaBura:

E—

E—TE
T— (E)
T — [E]
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HaganpeBIM CHMBOIOM BO BCEX NPUBOAUMBIX Aaj€e IpuMepax OyieMm cuu-
TaTh CUMBOJ, CTOAMMA B JEBOU YACTH TEPBOTO MPABWIA (B JAHHOM CIydIae
5TO cuMBOI E), He OroBapmBas HTOr0 0COGO.

Jlna KaK 010 HeTepMUHAJILHOI'O CHMBOJIA MOXKHO PACCMOTPETH MHOXKE-
CTBO BCEX CJIOB M3 TEPMUHAIBHBIX CHMBOJIOB, KOTOPHIE U3 HEI'O BHIBOISTCSA
(aHAJIOIUYHO TOMY, KAK 3TO CIEIAHO ML HAYAILHOIO CUMBOJA B OLIpenese-
HUM BEIBOAUMOCTH B TpammaTuke). Kaxmoe npaBmio rpaMMaTuKe MOXKHO
PACCMaTPUBATL KAK CBOMCTBO 3TUX MHOXKeCTB. [lokaxkeM DTO Ha mpuMepe
TOJBKO YITO TpuBeféHHOn rpaMMaTuku. [lycts T u £ — MHOXKECTBa CJIOB
(u3 ck06OK), BEIBOAUMBIX 13 HeTepMunaaoB T u E coorsercrsenno. Torga
[IpaBUIAM I'PAMMATHUKNA COOTBETCTBYIOT TaKWE CBOUCTBA!

E— FE comepxuT mycToe CJIOBO

E—-TE ecu ca0Bo A mpunamaexur T,
a caopo B mpunamiexut F, To
ci10B0 AB npunamiexur E

T— [E] ecin A nmpunamiexut FE, To c10BO
[A] npunagnexur T

T— (E) ecan A npunagiexut E, To cioBO
(A) npunamiexur T

CdopMyaupoBaHHBIE CBOUCTBA MHOXKECTB [, T' He OpeeaaoT 3T MHO-
KECTBA ONHO3HAYHO (HAIPUMED, OHU OCTAIOTCS BEPHBIMU, €CIU B Kade-
crBe E u T Basre MHOXeCTBO Beex Cja0B). OZHAKO MOXKHO JOKA3aTh, YTO
MHOXECTBA, 33aBAEMBIE IPAMMATUKON, ABMAIOTCSI MUHAMAJIBHBIMU CPeIu
V/IOBJETBOPAIONINX DTUM YCAOBUIM.

15.1.1. C¢opmyaupoBaTh TOYHO U JO0KA3ATH DTO YTBEPXKICHUE N7
TPOM3BOMBHON KOHTEKCTHO-CBOOOTHON MPAMMATHUK. O

15.1.2. TMocTpouTh MPaMMATHUKY, B KOTOPOW BHIBOAUMEI CJIOBA,
(a) 00..0011. .11 (YMCIO HyJEN PABHO TUCTY €IUHWL);
(6) 00..0011. .11 (qucao HyJen BABOE GOJBIIE YUCIA €IUHNALL);
(8) 00..0011. .11 (qucao Hyen GOJbLIE YUCAA €IUHUL);
(4 TOIBLKO OHM). O

15.1.3. [oxasatn, uro He cymecTeyer KC-rpaMMaTuku, B KOTOPOU ObI-
Jau OBl BBIBOAUMEL CJI0Ba Buga 00..0011..1122. .22, B KOTOPBIX YUCJIA HY-
JIeW, eUHUI U JBOEK PABHBI, M TOJBKO OHHU.

[Ykazaume. [JoxkazaTs cregymollyo JeMmy o npoussoabHOn KC-rpamma-
TUKe: A JI000T0 MOCTATOYHO JIWHHOTO CIOBA F', BHIBOAUMOTO B DTOU
rpaMMaTHUKe, CYIIECTBYET Takoe ero mpenacrasierue B suge ABCDE, 1To
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Jao60e caoBo Buga AB...BCD ... DE, ruie B u D noBTOpeHbl 01MHAKOBOE
YUCI0 Pa3, TAKXKE BHIBOAAMO B DTOM I'paMMaTHKe. (DTO MOXKHO YCTaHO-
BUTDb, HAWA HETEPMUHATLHEIN CUMBOJI, OKA3BIBAIOIINUCA CBOUM COOCTBEH-
HBIM (HACJHEJHUKOM» B IIPOIECCE BEIBOJA. )] |

HeTepMuHANLHEIN CHMBOI MOXKHO DPACCMATPHUBATL KAK «POAOBOE MM
I BEIBOAMMBIX M3 HErO CJIOB. B CaemymomeMm mpumepe s HANIATHOCTH
B Ka4eCTBE HETEPMUHAILHEIX CUMBOJOB WCIOIL30BAHEI (DPATMEHTHI PYC-
CKUX CJIOB, 3aKIOUEHHBIE B yTVIOBBIE CKOOKHU. (C TOYKM 3PEHUA IPAMMATUKY
KaXK B Takou (PPArMEHT — OJUH CUMBOJ!)

IIpumep 3. Anpapur:

TepMuHaTH:  + * () X

)
HeTepMuHaJB:  (BLIp) (ocTBBIP) (caar) (ocTcaar) (MHOXK)
Iparuna:

(BBID) — {(caar) (OCTBHID)

(ocTBBEIP) — + (BBHID)

—
(ocTBBIP) —
—

(cnar) — (muOXK) (OcTCHar)

(ocreaar

(MHOXK

)
)
)
)
(ocremar) — * (caar)
> —
) —x
) —

( (BBID) )

CorsacHo »TOU TpaMMaTHKe, BHIpAKeHHe (BBID) — DTO TOCTENOBATENb-
HOCTB CITAraeMBIX (CIar), pa3JeJéHHBIX TUIECAME, CIAraeMoe — DTO MOCJIe-
JOBATEILHOCTDL MHOXKUTEIEH (MHOK), Pa31eI€HHBIX 3BE3 10UKaMu (3HAKAMU
YMHOXKEHU ), & MHOXKUTENb — 3T0 Jubo GyKBa X, 1160 BBIPAKEHUE B CKOO-
Kax.

(MHOXK

15.1.4. TlpusecTn mpuMep IPYTOUN MPAMMATHUKHA, 33, AF0IIEN TOT Ke A3BIK.

OrBer. Bor oaun nz BapuasToB:

BeIp) — ( (BHID) ) O

ODTa TPaMMATUKa XOTH U MPOIIE, HO B HEKOTOPHIX OTHOIIEHUAX XYKE,
0 1éM MHI emé OyaeM TOBOPUTh.
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15.1.5. [Mana npomspoabuas KC-rpammaruka. [locTpours amropurm
TMPOBEPKY TPUHAIICKHOCTA 33JaBAEMOMY €U ABLIKY, PAOOTAIOIIAN MTOIN-
HOMMAJIBHOE BpeMA (T.e. YUCI0 AeUCTBAM He TPEBOCXONUT TOJMHOMA OT
[UIMHBL IIPOBEPSEMOrO CJIOBA; MOJIXHOM MOXKET 3aBUCETH OT IPAMMATHUKHA).

Pemremme. 3ameTnM, 9TO TPeGOBAHUE TOIMHOMUATLHOCTH HCKIIOIACT
BO3MOXKHOCTE PEIEHUsA, OCHOBAHHOM HA ITI€peOOpe BCEX BO3MOKHBIX BEI-
Bo#oB. TeM He MeHee MOIMHOMUAJIBHBIM aJTOPUTM CymecTsyeT. IoCkoIb-
Ky NPAKTWYIECKOTO 3HAYEHWsA OH HE MMeeT (MCIOMb3yeMEBIE HA IPAKTUKE
KC-rpamMmmaTukm 061a1a10T TOMOMHATEABHEIMU CBOUCTBAMIE, [TO3BOJIAIONIN-
MU CTPOUTH Gojee 2(pPEKTUBHBIE AITOPUTMEL), MBI U3JI0KUM JHUIIL OOIILYIO
CXEMY DEITICHUS.

(1) Iycte B rpammaruke ects HeTepMuHaisl K, . .., K,. ocrpoum #o-
BYIO rpaMMaTuxy ¢ Herepmuuasamu K7, ..., K] Tak, 9T06B BBIIOJIHAIOCH
Taxoe cBOUCTBO: u3 K BEIBOAATCA (B HOBOM I'PAMMATHKE) TE XK€ CI0BA, ITO
n3 K; B cTapou, 3a MCKIIOYICHUEM ITyCTOrO (JIOBA, KOTOPOE HE BHLIBOAUTCA.

YTo6EI BEIIOIHUTL TAKOE TMPEOOPA3OBAHUE TDAMMATUKY, HAAO BHIAC-
HUTb, N3 KAKAX HETEPMUHAIOB UCXOJHOU TPAMMATHUKH BLIBOIUTCA IIYCTOE
CJIOBO, & 3aTeM KaxKI0€ IPABIIO 3aMEHUTE Ha, COBOKYIIHOCTD IPABWLI, IOLY-
YAIOMUXCA, €CAH B IPABOM IaCTHU OMYCTUTH KAKME-TNOO0 U3 HETEPMUHAJIOB,
13 KOTOPHIX BLIBOJAUTCS MyCTOE CIOBO, & Y OCTATLHLIX MOCTABATE MITPUXH.
Hanmpumep, ecam B MCXOAHON TPAMMATHKE OBLIO TIPABUIO

K — L MU,

npuiéM 3 L 1 N BEIBOTUTCS MyCTOE CIOBO, & U3 M HET, TO DTO MPABUIO HATO
3aMCHUTH HaA IIPABUAIA

K —L'WN
K —MN
K —L'M
K — M
(2) Wrak, MBI CBEJIU €710 K TPAMMATHKE, [I€ HU U3 OJHOI'0 HETEPMUHAIA,
HE BBIBOJUTCA MIYCTOE CJIOBO. Ternepb yCTPAHUM (UKL BHIA
K—1L
L—M
M—N
N—K
(B TMPABOU YACTU KaXKJOTO TIPABUIA OJWH CHMBOJ, W DTHU CAMBOJLI 00pa-

3YIOT IWKJ MPOM3BOJBHOU [UIMHBL): DTO JETKO CIeIaTh, OTOXIECTBUB BCE
BXOJAIINE B IIUKJ HETE€PMUHAJIEI.
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(3) Teneps npoOBEpKa NPUHALIEIKHOCTH KAKOIO-IUOO CJIOBA A3BIKY, L10-
POXAEHHOMY TPAMMATUKOW, MOXKET BHIMOMHATHLCA TaK: IIA KayKAOTO TIOI-
CJIOBa TIPOBEPSIEMOT0 CJIOBA M I KAXKT0T0 HETEPMUHAA BBIACHSIEM, TIOPO-
XK JTAETCSA 1M DTO MOACAOBO >TuM HerepMmuuaaoM. [Ipu sTom noacmioa npose-
PAIOTCA B TIOPAAKE BO3PACTAHUA [INH, 8 HETEPMUHAILI — B TAKOM ITOPSIIKE,
9T00b mpu HaMW4Iuu npasmia K — L HerepMunan L mpOBEpsICS PaHbBIIE
meTepmuHata K. (JTO BOZBMOXKHO B CHTYy OTCYTCTBUA IUKIOB.) IlogcHuUM
ATOT TPOIIECC HA MPHUMepe.

IlycTes B rpamMmaTuke eCTh IPABWIA

K— L
K—MNL

U APYTUX NpPaBUI, comepxkamux K B JeBou dacTu, HeT. MBI XOTUM y3HATD,
BBIBOJWUTCSA JIU TAaHHOE CI0BO A m3 Herepmuuana K. 1o GygeT Tak B OJHOM
73 CJIyYaeB:

e ccm A BHIBOAUTCA U3 L;

e ccm A MOXKHO PazbuTh Ha HemycThe ¢ioBa B, C, D, 111 KOTOpBIX
B euBoguTca u3 M, C BeiBoguTcs us N, a D BoiBoguTcs u3 L.

Bces sTa nadopmanus yxke ects (caosa B, C, D xopoue A, a L paccmoTpen
10 K).

JIerko BUAETDH, YTO 9UCA0 JEUCTBUU DTOrO AJTOPUTMA HOIAHOMUAIBHO.
Crernens MOIMHOMA 3ABUCUT OT YUCJIA HETEPMUHAIOB B MPABLIX YACTAX MPa-
BIJI 1 MOXKeT OBITH TIOHIKEHA, €CIN TPAMMATHUKY MIpeobpa3oBaTh K hopMe,
B KOTOPOU NPAaBas 9aCTh KAXK OO MPABKIA HE 60Jee 2 HETEPMUHAIOB (3T0
JETKO CAeNIaTh, BBOAA HOBBIE HETEPMUHAJIBL: HaIpuMep, npasumio K — LMK
MOXKHO 3aMeHuTb Ha K — LNu N — MK, rae N — noBeil nerepMunan). [

15.1.6. PaccMoTpuM TpaMMaTHUKy C €IMHCTBEHHBIM HETEPMHUHAIOM K,
HeTepMuHauaaMu O, 1, 2, 3 u npaBuramMu

K—0
K—1K
K—2 KK
K—3 KKK

Kaxk npoBepuTh BEIBOAUMOCTE CJIOBA, B 3TON TPAMMATHUKE, IATAA CIOBO CJe-
Ba Hanpaso? (Yucio nencTBUR P TPOYTEHUA OTHON GYKBEI NOMKHO OBITH
OTpPAHUYIEHO. )
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Pemrenwe. Xpaunnrcsa nenas mepeMeHHAs I, HHBAPUAHT: CJIOBO BEIBOIU-
MO < HENPOYUTAHHAA IACTh MPEICTABIAET COOOU KOHKATEHAWO (coenu-
HEHNE) N BBIBOUMBIX CJIOB. (|

15.1.7. Tot xe BOTIPOC A TPAMMATHUKHI
K—0
K—K 1
K—K K 2
K—KKK3 O

15.2. MeToa peKkypCUBHOIro crycka

B oraudue or anropurMa mpeablayliero pasgeta (IpencTaBisole-
0 YUCTO TEOPETUYECKUN WHTEPEC), AJTOPUTMEL Ha OCHOBE PEKYDCUBHOTO
CITyCKa, 9aCTO UCTIONB3YIOTCS HA MPAKTUKE. DTOT METO IPUMEHUM, OTHAKO,
JAJIEKO He KO BCeM IpaMMaTukaM. MuI 00Cy1uM HeOOX0 IUMBIE OT'DAHUICHUS
O3 JHee.

U nes meToga pekypCcuBHOrO ciycka Takosa. [lis xaxgoro HeTepMuHa-
Jqa K MBI cTpouM nporenypy ReadK, xkoTopas — B IpUMeHEHWHN K JTIOOOMY
BXOIHOMY CJOBY & — J€JaeT ABE Bellu:

® HAXOMUT HAMOOJBINEE HAYAIO 2 CJIOBA I, KOTOPOE MOXKeT OLITH Hava-
JIOM BBIBOAUMOTO 13 K cioBa;

e COO0IIAeT, ABIACTCA JU HAUJEHHOE CJIOBO 2 BEIBOAUMBIM u3 K.

IIpex e dWeM OmMCHIBATL DTOT METOA Oojee TOAPOOHO, TOTOBOPUMCS
0 TOM, KaK MPOIEIyPHI MOJIYIAIOT CBEICHUSA O BXOTHOM CJIOBE M KaK CO00-
AT O PE3yAbTATax CBoer paboThl. MEI mpeanoiaraeM, 9T0 OYKBEL BXO-
HOI'0 CJIOBA IOCTYIAXT K HUM II0 OJHOW, T.€. UMEeTCA IPAHUIA, OTIe/Id-
IOIAsA (IPOYUTAHHYIO» 9aCTh OT (HENPOYUTAHHOW». Bymem cuumTarh, 4TO
ecTb QyHKIua (63 IapaMeTpoB)

Next: Symbol

JATOIIAA TIEPBBIN HEIPOUNTAHHBIN CUMBOJ. [é 3HaMeHuAMET MOTY T OBITH TEp-
MUHAJIBLHBIE CUMBOJBL, & Takxke crenuanbuei cumboa E0I (End Of Input —
KOHEIl BXOJa), O3HAYAIOLIMY, ITO BCE CJAOBO yKe IPOYUTAHO. BBI30B 3TOU
(yHKIMU, pasyMeeTCs, HEe COBUCAET I'PAHUIBL MEXKAY MPOUMUTAHHOU U He-
TPOYUTAHHON YaCThIO — [ DTOCO €CTh TPOoIenypa Move, KOTOpas CIBU-
raeT rpaHully Ha oguH cuMBoaI. (OHa npumenuMa, ecau Next<>EQL.) IlycTs,
HaKOHeII, UMeeTcs OyJeBCKasa IepeMeHHad b.
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Teneps MBI MOXeM CHOPMYIMPOBATEH HALM TPeOOBAHWUA K LIPOLELYDE
ReadK. OHM COCTOST B ClEAYIONUIEM:

ReadK

® NPOYUTHIBAET U3 OCTABIIENCSA YACTH CJIOBI MAKCAMAJIBHOE HAYaI0 A,
ABJIAIOIIEECS HAYAIOM HEKOTOPOTO CJIOBA, BRIBOANMOIO U3 K;

e 3HAUYEeHNWE b CTAHOBUTCS WCTUHHBIM WX JOXKHBEIM B 3aBUCHMOCTH OT
TOrO0, ABIACTCA U A BEIBOZUMBIM W3 K WV JMIIL HEBEIBOAWMEIM HA-
9gajaoM BeiBoguMoro (u3 XK) cuaosa.

Mna yno6cTBa BBEIEM TAKyI0 TEPMUHOJOTHIO: BHIBOAUMOE 13 K c10BO Gy-
JeM Ha3BIBATH K-CI0BOM, a J1060€e Hadaso J000ro BEIBOAuMOro u3 K cioBa —
K-nagamom. JBa cpopmynupoBanaerx TpeboBaHus BMecTe Oy 1eM BBIPAXKATH
caoBaMu «ReadK koppekTHa mia K».

Haxuém ¢ mpumepa. Ilycts mpaBmio
K—LM

ABAAETCA €IUHCTBEHHBIM MPABUIOM T'PDAMMATUKU, COAECPKAIMIM K B JI€BOU
gacTu, nycrh L, M — merepMmunannl u Readl, ReadM — xoppekrubie (/s
HUX) [IPOLEAYDHL.

PaccmoTpum Taxyio mpoueaypy:

procedure ReadK;
begin
ReadL;
if b then begin
ReadM;
end;
end;

15.2.1. [IpusecTu mpuMmep, KOTAa 3Ta TPONEAypa OyIeT HEKOPPEKTHON
nasa K.

Omser. [IycTs u3 L BuiBoauTCA Jt060€e ¢a0BO Buaa 00. .00, a u3 M BLIBO-
auTcsa aumb caoBo 01. Toraa u3 K BeiBoauTcsa oo 00001, Ho mporenypa
ReadK »Toro me 3amerut. ]

YkaxkeM IOCTATOYHBIE YCIOBUA KOPpPeKTHOCTH npoueaypsl ReadK. s
3TOr0 HAM TOHAMOOATCSA HEKOTOpHIE 00O03HadeHUA. IlycTh (pUKCUPOBAHBI
KC-rpamMaTnka u HekoTopsn HeTepMuHaa N sToun rpamMaTuku. Pacemo-
TpuMm N-C10BO A, KOTOpOEe MMeeT COOCTBEHHOE HAYAI0 B, Takke ABIAI0-
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weecs N-caoBoMm (ecau rakue ects). Jus mobou naper rakux cios A u B
PACCMOTPUM TEPMUHATLHBIN CUMBOJ, UAYIIUYA B A HemocpeacTeeHHo 3a B.
MHoecTBO Beex Takux TepMuHAN0B 0003HaMuM [loca(N). (Ecan Hukakoe
N-CJ0BO HE ABIAETCA COOCTBEHHBIM HAYAJIOM APYroro N-cioBa, TO MHOXE-
crBo Ioca(N) nycro.)

15.2.2. Ykasare (a) Iloca(E) mia mpumepa 1 (c. 246); (6) Iloca(E) u
Moca(T) aas mpumepa 2 (c. 246); (B) Hoca({crar)) n Hoca((MHOXK)) A15
npumepa 3 (c. 248);

Otrser. (a) IToca(E) = {[, (}. (6) Hoca(E) = {[, (}; lloca(T) nycro (uu-
kakoe T-cI0BO He sBasercs HadagoMm apyroro). (B) Hoca((caar)) = {*};
Moca((MHOXK)) mycTO. O

Kpowme Toro, aas xaxaoro serepmunana N oboznadum vepes Haw(N)
MHOXKECTBO BCE€X TEPMUHAJOB, ABIAIONINXCA IEPBEIMU OYKBAMU HEIIYCTHIX
N-croB. IT0 0603HAYEHNE — BMECTE C HPEALIIYIIUM — IO3BOJUT IaTh
JOCTATOYHOE yCJIOBLAE KOPPEKTHOCTH Hporenypel ReadK B ONUCAHHOU BLIIIE
CUTYaINN.

15.2.3. Mokasate, uro ecan [loca(L) me mepecekaerca ¢ Haw(M) u muO-
xKecTBO Bcex M-cioB HenmycTo, TO ReadK xoppekTHa.

Pemenne. PaccvoTpum aBa cay«as.

(1) Oycts mocne Readl 3HaveHme mepeMeHHOU b JoxkHO. B sTOM Ciy-
qae Readl yuTaeT €O BXOJa MaKCUMaJbHOE L-Havaga0 A, He ABRJAIOIIECECS
L-croBoM. OHo sBseTcsa K-HadamoM (31ech BaXKHO, 9TO MHOXKECTBO M-CJI0B
HemycTo.). Byger au oHO MakcuMaabHBIM K-HAa9aq0M cpegu Hadax BXoza?
Ecau mer, To A asusercsa maganom caosa BC, rae B ects L-cioro, C ecTb
M-naganio u BC — 6onee mauuHOe Ha4a 0 Bxoaa, veM A. Ecaun B niunnee A,
TO A — He MaKCHMATIBHOE HAYAIO BXOMA, ABJAIONIEECA L-HAYAIOM, 9TO PO~
TuBOpeunT KOoppekTHocTu Readl. Ecim B = A, 1o A 6buto Gui L-c10BOM,
a »To He Tak. 3HauuT, B kopoue A, C' HemycTo U mEepBLIU CUMBOJ CI0BA C'
caenyer B A 3a nocieguum cuMsojoM ciaosa B, 1. e. Iloca(L) nepecekaercs
¢ Haua(M). IIporusopeune. Urak, A maxcumansno. U3 ckazannoro caegy-
eT Takxke, 9T0 A He apagerca K-crosoMm. KoppexkTHocTs mporeaypsl ReadkK
B DTOM CJIydae MPOBEpeHa.

(2) IIycTe nocae ReadL 3uaveHue nepemenuon b ucrunso. Torga npouu-
Tannoe npouenypou ReadK nauaso sxoga umeer sug AB, roe A ects L-cio-
BO, a B ectb M-nagano. Tem cambim AB ectb K-magano. [Iposepum ero mak-
cuMantbHOCTE. Ilycts C' ecth Gosbiee K-uadano. Torga aubo C' ects L-Ha-
9a70 (4TO HEBO3MOXKHO, TaK KaK A OBLI0 MAKCUMAIBHBIM L-HadaI0M ), JuO0
C=A'B',rne A’ — L-cnmoso, B’ — M-maqano. Ecim A’ kopowe A, To B’ me-
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LyCTO ¥ HA4YUHAETCS € CUMBOJA, npunamzexamero u Haa(M), u Iloca(L),
9T0 HeBO3MOXHO. Ecmm A’ pammmee A, To A — HE MakcnMalIbHOE L-Havamo.

Urak, A’ = A. Ho B aTom crygae B’ ectes mpogomkenue B, 9To npotuso-
peunt koppekTHocTu ReadM. Utak, AB — makcumanbuoe K-wagamno. Octa-
éTCA IPOBEPUTDH MIPABUILHOCTE BELIABAEMOro npoueaypor ReadK snavenus
nepemennon b. Ecau ono mcrtmuHO, TO 5TO 0veBuano. Ecau oo s10:xKHO, TO
B me ecth M-ca0BO, U HAJA0 TPOBEPUTH, 9T0 AB — me K-ciaoso. B camom
nene, ecan 661 BemmoaHsTocs AB = A'B’, rae A’ — L-cioro, B’ — M-cioro,
10 A’ He moxer ObiTh giuHHee A (Readl umTaeT MaKCUMATBHOE CJIOBO),
A’ we moxetr Gt paBuo A (torga B’ pasuo B u e sasercsa M-cioBom)
u A’ me moxer 6urTh KOpoue A (Torga mepsb cuMmBoa B’ npumHagmexwuT
u Haua(M), u Ioca(L)). Sagaga perueHa. O

TMepenaém Temeps K ApyTroMy dacTHOMY caydawo. Ilycrs B KC-rpamma-
TUKE eCTh IPABUIA

K—L
K—M
K—N
U APYTUX TIPABUI C JEBOU JacThio K HeT.

15.2.4. Cuwras, uro Readl, ReadM u ReadN xoppekTHbl (aasa L, M u N)
u urto MHOxecrBa Hau(L), Hau(M) n Hau(N) He mepecexaroTcs, HAIUCATh
OPOIEIyPY, KOPPEKTHYIO Mg K.

Pemerue. Cxema nporenypsl TaKOBa:

procedure ReadK;

begin
if (Next mpmuapmmexut Hau(L)) then begin
‘ ReadL;
end else if (Next mpumammexut Hau(M)) then begin
‘ ReadM;
end else if (Next mpumazmexut Hau(N)) then begin
‘ ReadN;
end else begin
b := true unu false B 3aBUCUMOCTH OT TOTO,
BHBOJUMO M IYCTO€ CIOBO M3 K Mmm HeT
end;
end;

MokaxeMm, ¥To ReadK koppexkTHO peanusyeT K. Fcan Next He mpuHaIIeKNT
H1 ogHoMY u3 MHOKecTB Hau(L), Haa(M), Haua(N), o mycToe c1oBO sABASETCA
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HamOOJIBIINM HATAJIOM BXOIa, ABAIOMUMCI K-Hadamsom. Ecan Next npunai-
JEKUT OJHOMY (U, CIEIOBATEIBLHO, TOJIBKO ONHOMY ) U3 3TUX MHOXKECTB, TO
MAKCAMAIBHOE HAYAIO BXOAA, ABIAIONICECA K-HATAIOM, HEYCTO U IUTACTCA
COOTBETCTBYIOUIEN TTPOIEIYPOU. |

15.2.5. Hcmonb3ys ckasaHHOEe, COCTABATL HPOIEIYPY PACIO3HABAHUS
BLIDAKEHUN 1A TpamMMaTuku (mpumep 3, ¢. 248):

(cnar) (ocTBBIp)

+ (oup)

(BLIp) —
(0CTBBHID) —

(OCTBEID) —

)
)
)
(caar) — (mmox) (ocTcmar)
(ocreaar) — * (caar)
(ocTcaar) —

(MHOXK) —

)

x
(muOXK) — ( (BBIP) )

Pemrenue. Jra rpaMMaTrKa HE OJHOCTHIO HOAIALAET N0 PACCMOTPEH-
HBIE 9aCTHBIE CJIYy9aH: B IPABBIX YaCTAX €CTh KOMOMHAIINY TEPMUHAIOB U He-
TEePMUHAIOB

+ (BHID)

W TPYNIEL U3 TPEX CUMBOJIOB
( (BRID) )

B rpaMMaTuke ecTh Takke HECKOJIBKO TMPABUI ¢ OJHOU JEBOU YaCTBIO U C
IPaBBIMU YaCTAME PA3HOT'O POJa, HaIpUMep

(ocTBHID) — + (BHID)

(ocTBBIP) —

OTHU OIPAHUYEHUS HE SABIAIOTCA MPUHIANUAILHBIMUA. Tak, MPABUIO TUIA
K— L M N MOXHO ObLIO OB 3aMeHUTH HA ABa npaBuia K—L Qu Q —M N,
TEPMUHAIBHLIE CUMBOJLI B TIPABOM YaCTH — HA HETEPMUHANLL (C €IUH-
CTBEHHBIM MPABWIOM 3aMEHBI HA COOTBETCTBYIONME TepMuHaIk). Heckomrn-
KO TIPABUJ C OJTHOU JIEBOU YACTBHIO U PA3HOPOHBIMY MPABEIMU TAKKE MOKHO
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CBECTHU K YK€ Pa300pPaHHOMY C/Iydaio: HAIIPUMED,

K—LMN
K—PQ

K—
MO2XHO 3aMEHUATH Ha IIPpABUJIA

K — K
K— Ky
K—Ksg
Ki—LMN
Ko —P Q

K3—>

Ho wmpr #e 6y1eM 5TOT0 geraTh — a cpa3y XKe 3aIuIleM TO, UTO MOTYIUTCA,
€CJI TIOJICTAaBUTh ONUCAHUA IIPOLEAYD A1 HOBBIX TEPMUHATHLHBIX CUMBOJIOB
B MeCTa WX HCHoab3oBanwus. Hampumep, mis npasmna

K—LMN

5TO 1a€T TPOUEeaAYPY

procedure ReadK;
begin

ReadL;

if b then begin
‘ ReadM;

end;

if b then begin
‘ Readl;

end;

end;

Jast eé xoppexrnocru Hago, 4robsl loca(L) me nepecekanocs ¢ Haua(MN)
(xoropoe pasuo Hau(M), ecoiu u3 M He BHIBOAUTCA MYCTOE CJIOBO, M PABHO
obobeanuennto Hax(M) u Hau(N), ecin BeiBOAUTCA), 8 Takke 4TOGH Hoca(M)
He mepecekanocsk ¢ Hau(N).

Apanoruaabiv 06pasom npasmuia

K—LMN
K—PQ

K—
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IIPUBOJAAT K IIpoLerype

procedure ReadK;

begin

if (Next mpuuapmmexut Hau(LMN)) then begin
ReadL;
if b then begin ReadM; end;
if b then begin ReadN; end;

end else if (Next npwmammexur Hau(PQ)) then begin
ReadP;
if b then begin ReadQ; end;

end else begin

‘ b := true;

end;

end;

KOPPEKTHOCTh KOTOpou tpebyer, urober Hawu(LMN) He nepecexanocb ¢

Hau(PQ).

Yuras npuBeiéHHYO Tajgee IPOrPAMMY, [IOJE3HO MMETH B BHAY COOT-
BETCTBUE MEXKIY PYCCKUMU U AHTIUUCKUMU CIOBAMU:

BBIP AYKEHUE EXPRESSION

OCTATOoK BBIPAKEHMA REST or EXPRESSION
CJIATAEMOE ADDITIVE TERM
OCTATok CJATAEMOro REST oF ADDITIVE TERM
MHO?KuTEJB FACToRr

procedure ReadSymb (c: Symbol);
b := (Next = ¢);
if b then begin
‘ Move;
end;
end;

procedure ReadExpr;

ReadAdd;

if b then begin ReadRestExpr; end;
end;

procedure ReadRestExpr;

if Next = ’+’ then begin
ReadSymb (°+’);
if b then begin ReadExpr; end;
end else begin
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Ocranoct 06CyAUTL TPOOJIEMBI, CBA3AHHEIEC C B3AWUMHON PEKYPCHBHOCTHIO
oTEX mponeayp (OAHA WCIOJAB3YeT APYLYyH u HAao60poT). B mackane 5To
TOILYCKAETCsA, TOALKO TPEOyeTCA MaTh NPEIBAPUTEILHOE ONUCAHNE IIPOIe-
ayp (dorwardy). Kak Bcerga mist peKypCUBHBIX IPOLEYD, IOMUMO LOKA3a-
TEALCTBA, TOTO, YTO KAXKAAsA MPOLEIypa paboTaeT IPABUIBHO B IIPEAIONO0-
JKEHUU, ITO UCTOIB3YEMBIE B HEU BLI3OBHI MPOLEAYD paboTaiOT MPABUILHO,
HAM0 MOKA3aTh OTAEILHO, ITO padOTa 3aBEpHIAeTCA. (DTO HE OYEBUIHO:
ecau B rpaMMaTuKe ecTh npasuao K — KK, To u3 K HUYero He BBIBOAUTCA,
IMoca(K) u Hau(K) mycTel, HO HanucaHHAA O HAIIMM KAHOHAM IIPOLELYDA

15. Konmexcmmo-c60000ubie 2pammamuki

‘ b := true;
end;
end;

procedure ReadAdd;

ReadFact;

if b then begin ReadRestAdd; end;
end;

procedure ReadRestAdd;
if Next = ’*’ then begin
ReadSymb (’*’);
if b then begin ReadAdd; end;
end else begin
‘ b := true;

end;
end;

procedure ReadFact;

if Next = ’x’ then begin
ReadSymb (’x’);
end else if Next = ’(’ then begin

ReadSymb (*(’);
if b then begin ReadExpr; end;
if b then begin ReadSymb (’)’); end;
end else begin
‘ b := false;
end;
end;

procedure ReadK;
begin

ReadK;

if b then begin
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‘ ReadK;
end;
end;

He 3aKaH4uBaeT pabOTEHL)

B mammom caydae mpoueaypsel ReadRestExpr, ReadRestAdd, ReadFact
MO0 3aBEPIIAIOTCA, NGO YMEHBIIAIOT IJIUHY HEMPOIUTAHHON YaCTH BXOA.
[MockoabKy MH060U UK BEI30BOB BKIKYAET OJHY U3 HUX, TO 3AIUKIABAHUE
HEBO3MOXKHO. |

15.2.6. IlycTe B rpaMMaTHUKe NMEIOTCA IBA IPABUIA C HETEPMUHATOM K
B JIEBOM YaCTHU, NMEIOIINX BU

K—LK

K—

[0 KOTOPBIM K-CJIOBO MPECTABIACT COOOM KOHETHYIO MOCIENOBATEIBHOCTh
L-cros, mpuuém muOxectBa Iloca(L) m Hau(K) (B mamHOM ciydae pas-
noe Hau(L)) ue nepecekarorca. Ucnoabsysa koppekTuyio pasa L npouenypy
Readl, manucars xkoppektrayoo 414 K npouenypy ReadK, e ucnonesys pe-
KypCHM.

Pemenne. [lo mammM mpaBuiaM caeIoBajao ObI HATUCATH

procedure ReadK;
begin
if (Next mpumuapgmexut Hau(L)) then begin
ReadL;
if b then begin ReadK; end;
end else begin
‘ b := true;
end;
end;

3aBepienne PaboTHL FAPAHTUPYETCA TEM, 9TO IIepPe] PEKYPCUBHLIM BBI30-
BOM JIMHA HEIPOIUTAHHON IACTH YMEHBIIACTCA.
OTa PEeKypPCUBHAA MPOIEAYPa SKBUBAJTCHTHA HEPEKYPCUBHOM:

procedure ReadK;
begin
b := true;
while b and (Next mpumagmexut Hau(L)) do begin
ReadL;
end;
end;
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DopMaNIbHO MOKHO IIPOBEPUTE OTY SKBUBAJIEHTHOCTD TaK. 3ABEPLUIAEMOCTD
B 0060UX CIydasx scHa. /[l0CTAaTOYHO TPOBEPUTE MODITOMY, UTO TEIO PEKYP-
CUBHOU TIPOTEAYPHI DKBUBAJCHTHO HEPEKYPCUBHOU B MPEATIOIOKEHUHU, ITO
€€ PEKYPCUBHBLIN BLI30B DKBUBAJEHTEH BLHI30BY HEPEKYPCUBHOU MPOLEIYPHI.
IlogcraBum:

if (Next mpumuammexut Hau(L)) then begin
ReadL;
if b then begin
b := true;
while b and (Next mpumammexutr Hau(L)) do begin
‘ ReadL;
end;
end;
end else begin
‘ b := true;
end;

Iepsyo kKoMaHAy b:=true MOXHO BHIKHHYTH (B 3TOM MECTE U TaK b uc-
TUHHO). BTOPYI0 KOMaHIy MOXKHO TIEPEHECTH B HAYAIO:

b := true;
if (Next mpuuammexut Hau(L) then begin
ReadL;

if b then begin
while b and (Next mpumammexutr Hau(L)) do begin
ReadL;
end;
end;
end;

Teneps BHyTpeHHUN 1f MOXHO BLIKUHYTH (ecau b a0KHO, nuki while Bcé
PABHO HE BHIMIOJHAETCA) W NOOABUTL B yCJIOBUE BHEMHEro if yciosue b
(koTOpOE BCE PABHO MCTUHHO).

b := true;

if b and (Next mnpumammexut Hau(L)) then begin
ReadL;
while b and (Next mpumagmexut Hau(L)) do begin
‘ ReadL;
end;

end;

9TO DKBUBAJIEHTHO MPUBEIEHHON BHIIE HEPEKYPCUBHON mponenype (13 Ko-
TOPOU BBIHECEHA MEPBasA UTEPAIWs IUKJIA). (|
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15.2.7. [lokasaTb KOPPEKTHOCTb IPUBEAEHHOHN BBIIIE HEPEKYPCUBHOU
MPOTPAMMBI HETIOCPEACTBEHHO, 663 CCHLIOK HA PEKYPCHABHYIO.

Pemeane. PaccvoTpuM HambobIllee HAYANA0 BXOAa, ABAAOIIEECA K-Ha-
gamoM. OHO TPEICTABIACTCA B BUJE KOHKATEHAINHU (IOCIEIOBATEIBHOTNO
NPUMKUCHIBAHUSA) HECKOIBKUX HEYCTHIX L-CJIOB ¥, BO3MOXKHO, OJHOrO HEILy-
croro L-navyana, He AB/IAiomerocs L-ciosoM. MHBapuanT nuKIa: IpOInTaHO
HECKOJBKO U3 HUX; b < (LOoc/aeHee IPOYUTAHHOE ABISAeTCA L-CIoBoM).

Coxpauenne HHBAPUAHTA: €CIU OCTAJIOCH TOCTIEIHEE CIOBO, DTO OUEBUI-
HO; €CJU OCTAJI0CH HECKOJIBKO, TO 38 MEPBHIM L-CI0BOM (M3 YUCIa OCTABIINX-
ca) uaér cumsoa u3 Haw(L), 1 moToMy 3TO CI0BO — MaKCHMAIBHOE HAYAIO
BXO/1a, ABAIOMIEECS L-HAYMAIOM. O

Ha npakTuke npu 3anucu rpaMMaTUKE UCIOAB3YIOT COKpameHusa. Eciu
IpaBUIa LI KaKOI'O-TO HeTepMuHaJIa K uMeoT BU[

K—LK

K—

(T.e. K-ca0Ba, — 5TO LOCIEAOBATEALHOCTH L-CJIOB), TO DTUX IIPABUIL HE IV~
uryT, a BMecTo K nuinyT L B purypabix ckobkax. Heckoabko npasmi ¢ oguon
JIEBOU YACTHIO W PA3HBIMHU TIPABLIMU 3AMUCHBAIOT KaK OJHO TPABUIO, Pa3-
JeJAA AThTEePHATUBHEIE MPABBIE YACTU BEPTUKATLHOU UePTON.

Hanpumep, pacCMOTpEHHAA BHILIE MPAMMATHKA, 1A (BBIP) MOXKET OBITh
3alIMCaHa TaK:

(BEIp) — (cmar) { + (cmar) }
(caar) — (vmox) { * (MmOX) }

(ssiox) — x | ( (ssip) )

15.2.8. HammcaTh mporeiypy, KOPPEKTHYIO A1 (BBID), CAEAYsS DTOU
FPAMMATHUKE W UCTIONB3YA MUK BMECTO PEKYPCHM, TJIE MOXKHO.

Permrerme.

procedure ReadSymb (c: Symbol) ;
b := (Next = c);
if b then begin Move; end;
end;

procedure ReadExpr;
begin
ReadAdd;
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while b and (Next = ’+’) do begin
Move; ReadAdd;
end;
end;

procedure ReadAdd;
begin
ReadFact;
while b and (Next = ’*’) do begin
Move; ReadFact;
end;
end;

procedure ReadFact;

begin
if Next = ’x’ do begin
‘ Move; b := true;
end else if Next = ’(° then begin

Move; ReadExpr;
if b then begin ReadSymb (’)’); end;
end else begin
‘ b := false;
end;
end; O

15.2.9. B nmocregmen mpouegype KoMaHay b:=true MOXKHO ONYCTHUTH.
[Mouemy?

Pemenne. MoxHO peAnoIaraTh, ITO BCE TPOIETYPHI BRI3BIBAIOTCA IPHU
b=true. O

15.3. AnropuTm pasbopa ans LL(1)-rpammaTuk

B sTOM pazzene MBI pACCMOTPHM €IIE ONUH METOI IPOBEPKHU BEIBO THMO-
cru B KC-rpammaruxe, Hazesaembir 1o rpagunuu LL(1)-paz6opom. Bor
ero maesa B OOHOW (pasze: MOXKHO CIATATb, YTO B MPONECCE BHIBOAA MBI
BCErIa 3aMCHAEM CAMBIN JEBLIM HCTEPMUHAT W HYKHO JHIIbL BLIOPATH OTHO
U3 OPaBUI; €CIM HAM MOBE3ET ¢ PPAMMATHUKON, TO BEIOPATDH IMPABUIO MOXK-
HO, TVIAAA Ha IIE€PBBEIA CUMBOJ BHEIBOAUMOI'O U3 3TOr0 HETEPMHUHAIA CIOBA.
ToBopsa Gomee GOpMAIBHO, TaIUM TAKOE

Ompegenenue. Jleabim 6616000Mm (CIOBA B IPAMMATUKE) HA3BLIBACTCA BHI-
ROJ, B KOTOPOM HAa KaXK/IOM IIMare 3aMEeHe TIOABEPTAaeTCsA CAMBIN JEBLIA U3
HETEPMUHAJIOB.
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15.3.1. [ Kax 100 BEIBOAUMOIO CJI0Ba (U3 TEPMUHAJIOB) CYLIECTBYET
€r0 JEBLIU BEIBO/.

Pemenue. Pasnuanble HeTEpMUHAMLI 3AMEHIOTCA HE3ABUCHMO; €CIN B
TIPOIIeCCe BLIBOIA TMOABUIOCH CIoBO ... K ... L... rae K, L — HeTepMuHa-
Jael, TO 3aMenbl K u L MOXHO mpomsBoauTh B Jo6oM mopsanke. [losTomy
MOXKHO IIEPECTPOUTH BBIBOJI TAK, YTOOLI CTOAINIMA JEBee HETEPMUHAT 3aMe-
msacst paubiie. (PopManbHO IMOBOPS, HALO JOKA3LIBATEH UHIYKUUEN 1O 1JIK-
He BBIBOJAA TAKOU (HAKT: €CIM U3 HEKOTOPOTro HeTepMuHaaa K BRIBOAUTCA
HEKOTOpoe cI0B0 A, TO cymecTByeT JaeBbilt BeBon A us K.) O

15.3.2. B rpammaruxe ¢ 4 npaBuiaMu

(1) E—

(2) E—TE
(3) T— (B
(4) T— [E]

manTu Jepbinn BeiBog ciaoa A = [() ([]1)] u noka3ars, 9TO OH €IMHCTBEH.
Pewerme. Ha nepBoM mare MOXXHO HPUMEHUTH TOIBKO HPABUIO (2):
E—TE

Yro Oyaer maawiie ¢ T? Tak kak caoBo A HauuHaerca Ha [, TO MoxeT
IPUMEHUTBCA TOABKO MPABWIO (4):

E - TE — [EIE

Ilepsoe E gomkuo 3amenuTnhes Ha TE (MHAME BTOPHIM CUMBOJIOM OBLIA OLI
ckobOka ]):
E —TE — [E]E — [TE]E

u T DO/KHO BaMEHATHCI 10 (3):

Hanee nmepsoe E TOMKHO 3aMEHUTLCS Ha IMICTOE CJIOBO (MHAYE TPEThen GyK-
BoM ciioBa OygeT ( mmm [ — TOJBKO Ha DTW CUMBOJIBI MOMKET HAYUHATHCS
CJIOBO, BeIBOAUMOE U3 T):

E — TE — [E]E — [TE]JE — [(E)E]JE — [OE]E

u majee

...— [OTEIE — [O(E)EIE — [O (TE)EIE — [ ([E]IE)E]E —
— [OIBEIE— [ODEIE— [ODIE—-[OUD] U
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Yro TpebyeTca OT rpaMMATHKU, 9TOOBI TAKOH METOJ MOMCKA JEBOIO
BEIBOJAA ObLT mpuMenum? IlycTh, HampuMep, Ha OYEPEIHOM IAre CaMBIM
JEBLIM HETEePMUHAIOM OKA3aJICA HeTepMuHAI K, T.e. MBI IMEeM CJIOBO BU-
na AKU, rie A — CI0BO M3 TepMUHAJIOB, & U — CIOBO U3 TEPMUHAIOB
n HeTepMuHAJOB. IIycTh B rpaMMaTHKe €CTh IPABMAIA,

K —-LMN
K — PQ
K—-R

Hawm ma o Beibparsh 0480 u3 HuX. MBI Oy1eM OEITATHCA CAEIATEH STOT BEIOOD,
DJISA/IST HA, IEPBBIN CUMBOJ TOU 9aCTHU BXOTHOIO CJIOBA, KOTOPAs BBIBOAUTCS
n3 KU.

Paccmorpum muoxkecTBo Hau(LM N) Tex TepMUHATOB, C KOTOPHIX Ha-
YMHAIOTCA HEMYCTHIE (I0Ba, BeBoAuMBIE n3 LM N. (9T0 MHOXKECTBO PABHO
Hau(L), oobegunénnomy ¢ Haa(M), ecan us L BBIBOAUTCA IyCTOE CJIOBO,
a rakxke ¢ Haa(N), eciu w3 L u us M BeiBogurcs mycroe cioso.) Hro-
OBl OMMUCAHHEIA METO OBLT TpUMeHuM, Ha 1o, 9To0b Hau(LM N), Hau(PQ)
un Haa(R) me mepecekaanck. Ho sToro mamo. Begs mMoxeT 6vITH Tak, Ha-
npumep, 410 u3 LM N 6yaeT BHIBEIEHO IyCTOE CJIOBO, & u3 ci1oBa U OyageT
BBIBEIEHO CJOBO, HauuHawomeecs ua O6yksy us Hau(PQ). Creagyiouwme onpe-
[OENeHNs YIUTHIBAIOT STy Ipobiemy.

Hamovuum, uTo onpenenenne suisogumocTu B KC-rpaMMmaTuke OBLIO 13-
HO TOJBKO M8 CI0Ba 13 TepMuHAIoB. OHO OYEBUIHBIM 00Pa3oM 00006IIaeTCA
Ha CAyYall CJIOB M3 TEPMWHAJIOB U HETEPMUHAJIOB. MOXHO TaKkiKe TOBOPUTH
0 BBIBOAUMOCTH OJHOI'O CJOBA (COLEPKAILErO TEPMUHALLL U HETEPMUHAIEL )
u3 gpyroro. (Eciu ropopurcs 0 BEIBOAMMOCTH CAOBA 6€3 yKa3aHUs TOIO,
OTKYJa OHO BEIBOJUTCS, TO BCErAA [I0APA3YMEBAETCA BEIBOAUMOCTE B IDAM-
MATUKE, T.€. BHIBOAUMOCTD U3 HAYAJLHOTO HETEDMUHAJIA. )

s xax noro cioBa X M3 TEPMUHAIOB U HeTepMUHAIOB depes Haw(X)
0003HAYMAaeM MHOXKECTBO BCEX TEPMUHAJIOB, C KOTOPBIX HAYMHAIOTCS HEITy-
CThbIe CJI0BA U3 TepMUHAIOB, BoiBoguMbe u3 X. (B cayuae, ecau us moboro
HETEPMUHAJIA BEIBOAUTCA XOThH OLHO CJIOBO U3 TEPMUHAJIOB, HE UT'PAET POJIH,
paccmaTpuBaeM Jau MbI npu onpegesernu Haa(X) cioBa TOAbKO U3 TepMu-
HaJOB UK JI00BIe c10Ba. MBI 6y1eM mpeAnonaraTh auee, ITo DTO YCIOBUe
BBINIOJIHEHO. )

st kax noro nerepmunana K uepes [locaen(K) 0603naumM MHOXKECTBO
TEPMUHAJIOB, KOTOPBIE BCTPEYAIOTCsl B BEIBOAUMBLX (B PDAMMATUKE) CJIOBAX
cpasy xe 3a K. (He cmemusars ¢ Hoca(K) npeasiaymero pasaenal) Kpome
toro, B [Tocaen( K) Bkatodaerca cumBoa EQL, ecau CyIIECTBYeT BBIBOAUMOE
CJIOBO, OKaHYmBaIieecsa Ha K.
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M xaxa0ro mpaBmiIa

K-V

(rge K — merepmunan, V — ca0BO, cogepxaliee TePMUHANLL U HETEPMU-
HAJIbL) OLPELENMM MHOKECTBO HANPASAMOUUT MEPMURAA06, ODO3HATAEMOE
Hanp(K — V). Ilo onpeaenenuto ouo pasao Ha4a(V), k koTopomy mobase-
Ho Tlocnea(K), ecin u3 V' BEIBOAUTCA IyCTOE CJIOBO.

Ompegenenne. 'pamvaTuka vaswiBaerca LL(1)-epammamuroti, ecan s
ao0u1X mpaBut K — V n K — W ¢ 0AnHAKOBBIMHU JEBBIMU aCTAMU MHO-
xecra Hanp(K — V) u Hanp(K — W) me nepecekatoTcs.

15.3.3. flpasercs au rpamMMaTuKa

K—K #
K—

(BLIBOAVMBIME CIOBAMHU ABIAIOTCA MOCAefoBaTenbHOCTH Aue3on) LIL(1)-
rpaMMaTUKON?

Pemenue. Her: cuvmBoa # TpMHANIEKUT MHOXKECTBAM HATPABIAIOIINX
CUMBOJIOB [JIs1 OOOMX MPABWI (I BTOPOT'O — MOCKONBKY # TMPUHAJIEKAT
Hocren(K)). O

15.3.4. Hammcars LL(1)-rpaMMaTUKy AJs TOTO XKe A3BIKA.

Pemenme.

K—# K
K— O

Kak roBopsAT, «wIieBOPEKYPCUBHOE» IIPABUIO 3aMEHEHO HA «IPABOPEKYP-
CUBHOE».

Caenyromas 3agada mokasweiBaer, 9To mid LL(1)-rpammatuku cyie-
CTBYeT He 60Jee OJHOTO BO3MOXKHOIO MPONOIKEHNA JEBOTO BEIBOA.

15.3.5. Hycrs nawo BwBogumoe B LL(1)-rpammaruxe ciaoBo X, B KO-
TOPOM BHIJeJeH caMbil JeBbin HeTepMuuan K: X = AKS, rie A — cioBo
13 TEPMUHAJIOB, S — CJIOBO U3 TEPMUHAJIOB U HETEPMUHAIOB. [lycTh cyme-
CTBYIOT IBA PA3JUIHEIX IPABIIA IPAMMATHUKA C HETepMUHAIOM K B J€BOK
9aCTH, U MBI IPUMEHWIN WX K BeIZeJeHHOMY B X meTepmmuary K, zatem
OPOJOKAINA BEIBOA ¥ B KOHIIE KOHIIOB TMOJYYIWIA ABA CIOBA W3 TEPMUHAIOR,
HauuMHAomuxcsa Ha A. JlokasaTs, 9TO B DTUX CJIOBAX 3a HadaaoM A miyT
pasubie OyKBHL. (31ech K ucity 6yKB Mbl oTHOCHM EOI.)
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Pemrenue. DTu OyKBBI IPUHALIEKAT HAIPABLAOMIMM MHOXKECTBAM Pa3-
JWYIHBIX TTPaBUIL. (|

15.3.6. okazaTh, uTo ecau caoBo BhiBoaumo B LL(1)-rpammaruke, To
€T0 JICBBIN BHIBOJ CAMHCTBEH.

Pemenne. [Ipennraymas 3anata MOKa3bIBAET, ITO HA KaXJIOM IIare Je-
BBIU BBIBOJ MPOJOMKACTCA OTHO3HATHO. |

15.3.7. ['paMMaTUKa HA3BIBAETCA A4€80PEKYPCUBHOU, €CIN U3 HEKOTOPO-
ro HeTepMuHAAa, K BBIBOAUTCA CIOBO, HAUMHAIOIIEECA ¢ K, HO He COBIaga-
omee ¢ HuM. [JoKa3aTh, YTO JEBOPEKYPCUBHAA MPAMMATUKA, B KOTOPOU 13
KaxX o0 HeTEPMHIHAaJa BBIBOAUTCA XOTSA ObL OOHO HEIIyCTO€ CJI0BO M3 TEp-
MUHAJIOB U IO KaXK TOI'0 HETEPMUHAJIA CYIIECTBYET BEIBOT (HaHI/IHaIOIHIflﬁ—
€A ¢ HAYAIBHOTO HETEPMUHANA), B KOTOPOM OH BCTPEUIAETCA, HE ABIASTCA
LL(1)-rpammaTuxon.

Pemenne. [Iycts n3 K BuiBoguTca KU, rae K — nerepmunan, a U —
HEILyCTOe CJIOBO. MOXKHO CIUTaTh, 9YTO 3TO JEBBIU BLIBOJ (Apyrue HeTepMu-
HaJbL MOXKHO HE 3aMeHATh). PaccMoTpum BeIBOL

K~ KU ~~ KUU ~ ...

(3HAaK ~~ 060O3HAYAET HECKOJBKO IIATOB BBIBONA) W JEBBIM BHIBOT K ~ A,
rae A — memycToe CI0BO 13 TepMUHAIOB. Ha KaxoM-TO mare BTOpOU BEI-
BOJ OTKJIOHAETCA OT IIEPBOrO, & MEXKAY TEM IO OOOMM IIyTAM MOXKET OLITH
LOLYYEHO CJI0BO, HaMMHAIeecsa HA A (B IepBOM Ciydae 5T0 BOBMOKHO, TAK
KaK COXPAHAETCA HeTEPMUHAT K, KOTODBIM MOXKET BIOCIEACTBUN OBITH 3a-
MeHEH Ha A). DTO IPOTUBOPEYUT BO3MOKHOCTHU OJHO3HATHOTO OIPEIeTe-
HUS IPABIIA, IPUMEHAEMOr0 HA OYEPEIHOM IIare MOUCKA JEBOI'O BBHIBOIA.
(O BHO3HAMHOCTD BLINOJHAETCA ML BHIBOJOB M3 HAYAIBLHOIO HETEPMUHA-
JI8, ¥ HAJO BOCIIOIB30BATLCA TEM, 9TO K IO IPEAIIOIOKEeHIIO BCTPEIAeTCA
B TAKOM BBHIBOJE.) O

Taxum 06pazsoM, K JEBOPEKYPCUBHLIM IPAMMATUKAM (KPOME TPUBHATL-
uerx cay4aes) LL(1)-meros menpumenum. Wx npuxogurcs npeobpaszoBbl-
BaTh K 5kBUBaTeHTHEIM LL(1)-rpaMMaTukamM — WM MOTB30BATHCA ADYTHU-
MU METONAMY PACTIO3HABAHMA.

15.3.8. Ucmonb3ys cka3zaHHOE, MOCTPOUTH AJITOPUTM TPOBEPKU BBIBO-
AUMOCTH CoBa 3 TepmuHaaoB B LL(1)-rpammaTuxe.

Pemerme. Mur caeayeM ONMUCAHHOMY BBIIMIE METONY TOUCKa JEeBOT'O BhI-
BOJa, XpaHA JUIb YaCTh CJIO0BA, HAXOIAIIYIOCA IIpaBee yXKe HpO‘{I/ITaHHOfl
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4aCcTU BXOJHOI'O CJOBA. Jpyrumu cioBamu, MBI XPAHUM CJIOBO S U3 T€pMU-
HAJIOB ¥ HETEPMUHAJIOB, OOMANAIONIEE TAKUMA CBOUCTBAMHA (TPOIUTAHHYIO
9aCcTh BXOJa 0003HATaeM depes A):

1) cioBO AS BBIBOAMMO B IDaMMAaTUKE;
2) 11060U JIEBBIU BBIBOJA BXOQHOI'O CJOBA IPOXOLUT U9€pe3 CTaauio AS

ATm cBoucTBa BMecTe OyaeM o6o3HadaTh «(M)».

Bnawane A mycTo, a S COCTOUT U3 €IUHCTBEHHOT'O CHUMBOJA — HAaYalb-
HOT'O HeTEPMUHAJIA.

Eciu B HEKOTODBEIM MOMEHT S HAYMHAETCA Ha TepMuHal t u t = Next,
TO MOXKHO BBIIOJHUTH KOMAHIY Move W yIaiuThb CHMBOJ t, SBJSIOIIAUCS
HAQYAJIbHBEIM B S, MOCKOJLKY IpU 3TOM AS He mMeHsaeTcCA.

Ecau S mauymnaeTcsa Ha TepMuHAT t ¥ t ;é Next, TO BXOIHOE CJIOBO He-
BBIBOAUMO — MO0 MO YCJIOBUIO JIOGOU €0 BHIBOA NOJKEH MPOXOAUTH Yepes
AS. (9To ke cupaBeiIuBo u B ciaydae Next = EOI.)

Ecau S nycro, o us ycaosus (1) ciegyer, 4T0 BXOAHOE CJIOBO BHIBOAUMO
TOr'Ja U TOJBKO Torja, korga Next = EOI.

Ocraéres caydan, Korja S HAYMHAETCA ¢ HEKOTOPOrO HeTepMuHAIA K.
Mo nokazaHHOMY BBINIE BCE JEBBHIE BHIBOJLI U3 S CJIOB, HAMWHAIOIINXCI Ha
cuMBOJI Next, HAUMHAIOTCA C IPUMEHEHUA K S OJHOI'O U TOr'0 XKe MPaBuIa —
TOTO0, M1 KOTOPOro Next npuHa LUIeKUT HALPABIAIOIEMY MHOXKecTBY. Eciam
TaKUX IPABWI HET, TO BXOJHOE CJOBO HEBBHIBOAWMO. Ecium Takoe IpaBmio
€CTh, TO HyKHO IIPUMEHUTH €r0 K IMIEPBOMY CHMBOJY CJIOBA S — IIPU 2TOM
ceorcTBo (M) e mapymmrea. [Ipuxoanm K TAKOMY alrOPUTMY:

S = IyCTOEe CIIOBO;
error := false;

{error => BxomHOe CIOBO HEBHBOIMMO;}

{not error => (M}

while (not error) and not ((Next=EOI) and (S mycTo))

‘ do begin

if (S nauuHaeTca Ha TepwuHam, pamHuM Next) then begin
‘ Move; ymamuTp ¥3 S IepBHM CHMBOI;

end else if (S HaumHaeTca Ha TepMMHanm, He paBHEM Next)

then begin
error := true;
end else if (S mycTto) and (Next <> EOI) then begin
‘ error := true;

end else if (S maumHaeTca Ha HeTepMuHan u Next BxomuT B
HalpaBldollee MHOXKECTBO OJHOTO M3 IPaBWI IIA 3TOLO
HeTepMuHanma) then begin

IPMMEHUTE 3TO IIPaBUIIO
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end else if (S HaumHaeTca Ha HeTepMuHan ¥ Next He BXOZUT
B HampaBiAllee MHOXECTBO HM OIHOT'O W3 IIPABUI LIA 3TOTO
HeTepMuHanma) then begin
error := true;

end else begin

‘ {rak He 6mBaeTr}

end;

end;

{BxomHoe cmoBo BHBOZMMO <=> not error}

AaroputM 3akamuuBaeT paboOTy, TOCKOJBKY TPU TOABJEHUN TEPMUHAIA,
B Ha™aJIe CJI0BA S MPOUCXOAUT ITEHUE CO BXOJa WIN OCTAHOBKA, a O€CKOHE-
HBIA [UKJI CMEHAIOMUX APYT APYra HETEPMUHAJIOB B Hadaxe S 03HAYAT OB,
YTO IPAMMATUKA JIEBOPEKYpPCUBHA. (A MBI MOXEM IPEANOIAraTh, COIVIACHO
OPEeabIAYINEN 3a1a49€, 9TO 3TO He TAK: HETEPMUHAILL, HE BCTPEIAIOMINEC
B BBEIBO/IaX, & TAaKXe HETeDPMUHAJBI, 13 KOTOPBIX HE BHIBOAUTCSA HEMYCTOT'O
CJI0BA, HECIOXKHO YAAIATH U3 TDAMMATHUKHA. ) (|

3amedanus.

o IIpuBeEHHEBIN AITOPAUTM UCHOAB3YET S KaK CTEK (BCE NEUCTBUA MPO-
U3BOAATCA C JEBOI'O KOHIA).

e JlencTBUA ABYX TOCAEIHUX BAPUAHTOB BHYTPHU IUKJIA HE MPUBOIAT
K YTEHWI) 0YEPENHOrO CUMBOJIA CO BXOMA, TOITOMY MX MOXKHO 3apa-
Hee OPEABLMUCIATE MIA KAXKIOTO HETEPMUHAIA U KAXK OO CHUMBOJIA
Next. Ilocre aToro Ha KaxaoM IIare MuUKIa OyAeT 9MTATBCA OIepe[-
HOU CHMBOJ BXOJA.

e [Ipy mpaxTUYIecKON peaau3anuy yJI00HO COCTABUTL TAOMUIY, B KO-
TOPOU 3alMCAHLI BADUAHTLL IEUCTBUU B 3aBUCUMOCTHA OT BXOTHOI'O
CHMBOJIA ¥ [EPBOTO CHMBOJIA, S, 1 HEGOIBIIYIO MTPOrPAMMY, BBEIIOJIHA-
IOILYI0 OEUCTBUS B COOTBETCTBUM C DTOU TabIUIIEN.

15.3.9. IIpm npoBepke TOrO, OTHOCUTCA U AAHHAS TPAMMATHUKA K TUIY
LL(1), neotxoaumo erancants [ocren(T) n Hau(T') ans Bcex HeTepMuHA-
qaoB T. Kax 1o caenats?

Pemenne. IlycTh, HampuMmep, B TpaMMaTuKe ecTh mpasuao K — L M N.
Toraa
Hau (L) C Hau (K),
Haa (M) C Hau (K), ecay u3 L BEIBOOUMO IIyCTOE CIOBO,

Hawx (N) C Hau (K), eci u3 L w M BBIBOZUMO IyCTOE CJIOBO,
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ocnen (K) C Mocren (N),
Mocnen (K) C Mocnen (M), ecan ua N BBEIBOAUMO IIyCTOE CJIOBO,
Iocnen (K) C Mocnen (L), ecmm u3 M n N BHIBOAUMO IIYCTOE CJIOBO,
Haw (N) C Tocren (M),
Hau (M) C locaen (L),
Hau (N) C Tlocre (L), ecam uz M BBIBOZMMO IyCTOE CJOBO.

[omo6HLIe TpaBUIa MO3BOMIIOT IAr 3a IIATOM TOPOXKIATH MHOXKECTBA
Hax(T), a sarem u Ilocaen(T'), 11 Bcex TePMUHANOB U HETEpMUHAIOB 1.
IIpu »TOM HAYAIOM CIyKAT

EOI € Hocren (K)
I/ HAYaIbHOTO HeTepMuHana K u
z € Hau (2)

QA JgIo00ro TepMuHaTa z. llopoxaeHwe 3akaHYMBaeTCA, KOIJA IIPUMe-
HEHPe MpPaBWJI IepecTaéT naBaTh HOBbIE diaeMeHTHl MHOxecTs Hau(T)

u Iocaen(T). O



16. CUHTAKCUYECKWIA PA3BOP
CNEBA HAMPABO (LR)

Cenvac MBI PACCMOTPHUM €IE OMUH METOJ CHHTAKCUIECKOTO pasbopa,
masbiBaeMbin LR(1)-pas6opoM, a Takxke HEKOTOPBIE YIPOIIEHHBIE €ro Ba-
PUAHTEHL.

16.1. LR-npoueccsi

[Ba oramans LR(1)-pas6opa ot LL(1)-pasbopa: BO-IEPBLIX, CTPOUTCA
HE JIEBBII BBEIBOI, a IIPABLIM, BO-BTOPBLIX, OH CTPOUTCA HE ¢ HAYaId, & C
kouua. (Besog B KC-rpaMmaTuke Ha3BIBAETCA NPABbLM, €CIU HA KAXKIOM
mare 3aMeHe TIOIBEPraeTCa CAMBIA TPABLIM HETEPMUHAI. )

16.1.1. [loxazaThb, UTO €CaIM CJAOBO, COCTOSAIIEE M3 TEPMUHAJIOB, BBHIBO-
IUMO, TO OHO UMEET IPABLI BBHIBOJI. ]

Hawm 6yzeT ya06HO CMOTPETEL Ha TIPABLIA BEIBOJ «3a00M Hamepémy. Ompe-
gemuM nouaTue LR-npoyecca nad caosom A. B aToM mpomecce, momumMo A,
OymeT y9aCTBOBATL U APYTOE CIOBO S, KOTOPOE MOXKET CONEPKATH KAK Tep-
MUHAJBL, TAK U HeTepMUHAILL. Buagase cioso S mycro. B xone LR-niponecca
pPa3peLIeHsl 1Ba BUAA IeUCTBUL:

(1) moxHO nepenecTu nepBbU cuMBOI Ca0Ba A (ero Ha3BIBAIOT ouepedubim
CUMBOJIOM U 0603HavanT Next) B KOHel cioBa S, ymamue ero ms A
(5TO nencTBUE HABHIBAIOT ¢J6U2OM);

(2) ecsu mpaBas 4aCcThH OQHOTO U3 IPABUI IPAMMATHAKYA OKA3AJIACh KOHIIOM
cJI0Ba, S, TO PA3PEIIAeTCsA 3aMEHUTD €6 Ha HETePMUHA, CTOAIIMN B Jie-
BOU 4aCTy HTOr0O IPABUIA; IPU 3TOM ¢10BO A He Mmensercs. (Do nen-
CTBUE HA3LIBAIOT C8EPMKOU, WA NPUBEIEHUEM.

OrMerum, yTo LR-mpomuece He ABIAeTCA JeTepMUHAPOBAHHLIM: B OJTHON
U TOU K€ CUTYAIUU MOTYT OBITH PA3PEIIEHBl Pa3HLIe NTeUCTBUA.
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ToBopsar, uro LR-mpouecc Ha cioBe A yeneuwno 3a6eputaemcs, eCIu CJao-
BO A CTAHOBUTCA MYCTHIM, a B CJIOBE S OCTAETCA €IUHCTBEHHBIN HETEPMU-
HAJI — HAYATBHBIN HETEPMUHAI TPAMMATUKH.

16.1.2. [Jokasatb, uro muas aoboro cioBa A (u3 TepMuHAaIOB) ycmem-
Ho 3aBeprraronmuca LR-nponece cymecTeyeT Torga u TOILKO TOrIa, KOraa,
CJI0BO A BHIBOAMMO B rpaMMaTHKE. B X0 1€ 10Ka3aTeIbCTBA YCTAHOBATE B3a-
IMHO OJHO3HAYHOE COOTBETCTBUE MEXKIY MPABLIMU BEIBOJAMU M YCIICITHO
3apepmatonmMucsa LR-poneccamu.

Pemenwue. IIpu casure cioso SA me mensercs, npu cBépTKe ¢I0BO SA
OABEPraeTCa NPeodpa3oBaHuIio, OOPATHOMY INALY BBIBOAA. DTOT BBIBO
OymeT mpaBbIM, TaK KAK CBOpadmBaeTcs KoHen S, a B A Bce cuMBOIBI —
TepMuHAIbHBIE. TakuMm oOpasoM, KaxaoMy LR-mporeccy cooTBeTCTByeT
mpasbii BEIBOA. OGpaTHOE COOTBETCTBHUE: MYyCTh MAH MPABHIN BEIBOA. [Ipesn-
craBuM cebe, ITO 3a MOCJAEIHAM HETEPMUHAIOM B CJIOBE CTOUT IIEPEropo[-
ka. [IpumenuB K >TOMYy HETEPMUHALY [IPABUAIO [PAMMATUKY, MBI JOJIKHEL
CABUHYTH LEPErOPOAKY BJAEBO (€Ciu IpaBas 4acTh IPABU/IA KOHYAETCs Ha
TepMuHAT). PazbuBad 3TOT CABUT HA OTAEMLHBIE IIATH, TIOLYIUM TIPOIIECE,
B TOoYHOCTH 0OpaTHem LR-mpormeccy. ]

TMockoarky B x01e LR-mpouecca Bce uaMeHeHus: B cJao0Be S MPOUCXOAAT
¢ MPaBOro KOHIA, cA0BO S HaswBaioT cmexom LR-tnpouecca.

3agada MOCTPOEHUsT IPABOrO BBIBOIA VIS JAHHOI'O CJIOBA CBOIUTCS, Ta-
KM 00pa3oM, K MPaBUWILHOMY BBIOODY odepenHoro miara LR-mpomecca.
Ham myx)HO pemmnthb, OymeM Ju MBI A€IaTh CABUT WX CBEPTKY, W €CIU
CBEPTKY, TO MO KAKOMY MPABUIY — BeIb MOJAXOAAIIMX MTPABUI MOXKET OBITH
seckoabko. B LR(1)-amropurMe 310 pelieHue nNpuHuMaeTcs Ha OCHOBE S
U [EPBOIO CUMBOJIA CJI0BA A; €C/M UCIOIL3YeTCs TOJABKO S, TO TOBOPAT
o LR(0)-amropurme. (Tounsie onpeaeneHus cMOTPY HUXKE. )

IIycts ukcupopana rpaMMaTHKa, B KOTOPOUR U3 JHOOOT0 HETEPMUHAIA
MOYKHO BBIBECTHU KAKOE-IM00 (JOBO U3 TEPMUHAIOB. (DTO OrPAHUYIEHUE MBI
6y geT BCerja Nperopararhb BhIIOIHEHHBIM. )

IIycre K — U — opguo u3 upasui rpamMaruku (K — nervepmunan, U —
CJIOBO M3 TEPMUHATOB U HeTepMuHaIOB). OUpenensuM MHOXKECTBO CJIOB (U3
TEPMUHAJOB 1 HETEPMUHAJOB), HABBIBAEMOE AE€6bIM KOHIMEKCINOM TPABILIA
K — U. (O6osnagenue: JleeKour(K — U).) Ilo onpenesenuo B HETO BXOAAT
BCE CJIOBA, KOTOPHIE ABIAIOTCA COAEPKUMBIM CTEKA HEIIOCPEACTBEHHO TIepes
ceéprkon U B K B X01e HEKOTOpPOro ycmemuo 3asepuatomerocs LR-mpo-
ecca.

16.1.3. IlepedopMyampoBaTh DTO ONpEAeJeHNe Ha A3BIKE MPABBIX BhI-
BOIOB.
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Pemerne. PaccmoTpum Bce mpaBble BHIBOILI BUIA,
(HaMATBHBIN HeTepMUHAT) ~> XKA — XUA,

rge A — CcI0BO U3 TepMUHAIOB, X — CJI0OBO U3 TEPMUHAJIOB U HETEPMUHAJIOB.
Bce Bozuukaromme npu sroMm cioBa XU u 06pa3yioT JeBbIA KOHTEKCT [IPABU-
aa K — U. YTo0Ow1 yOeIuThCs B DTOM, CIEAYET BCTIOMHUTH, ITO MBI TIPEATIO-
JaraeM, 4TO M3 JIOOOTO HETEPMMHAIA MOKHO BBIBECTH KaKOe-TO CJIOBO U3
TEPMUHAIOB, TAK YTO MPABHIA BHIBOJ CI0Ba XUA MOXET OBLITH MPOJIOMKEH
IO IIPABOI'O BBEIBOJA KAKOI'O-TO CJIOBA U3 TEPMUHAJIOB. ]

16.1.4. Bce cnosa us JlesKonr(K — U) xon4arorcs, oueBugno, Ha U. Jo-
Ka3aTbh, 9TO €CAM y BCEX HUX TOT KOHen U OTOPOCHTH, TO MOLYyYEHHOE
MHOKECTBO CJIOB HE 3ABUCUT OT TOIO, KAKOE U3 IPABWI A HeTepMuHaxa K
BBIOpaHo. (DTO MHOXKECTBO 0603HadaeTca Jles(K).)

Pewenue. U3 mpensiaymen sagaan sacHo, 910 Jes(K) — 510 BCE, 91O
MOXKET TOSBATLCA B MPABBIX BEIBOJAX JEBEE CAMOTO TPABOTO HETEPMUHA-
aa K. O

16.1.5. [loxasaTnb, 9T0 B mpeabiayinen ¢ppase MOXKHO OTOPOCUTDH CJIOBA
«caMoro npasoro»: Jles(K) — 510 BCé TO, 4TO MOXKET HOBIATHCA B IPABBIX
BBIBOJAX JeBee 10000 BXOXK AeHus HeTepMuHaia K.

Pewerme. I1ponomxus nocTpoeHEE IPABOrO BEIBOAA, BCE HETEPMUHAILL
crpaBa oT K MOXKHO 3aMEHUTH HA TEPMUHATHL (& C1eBa OT K Ipu 5TOM HUYero
He M3MEHUTCS). O

16.1.6. IlocTpomThb TpPaMMaTHKY, COMEPKAIIYIO MIII KaxXIOTO HETep-
MuHaga K mexogHOWM rpaMMaTuku HeTepMmuHaa (JIeK), mpuwuém cregyro-
IIee CBOMCTBO NOJIKHO BEIIOJIHATBCA 1JIA JIOG0r0 HeTepMuHaIa K 1CX0IHOH
IpaMMaTHKA: B HOBOU IpaMmaruke u3 (JleeK) BEIBOAUMBI BCE HJEMEHTEL
Jle(K) n rompko omu. (IIpm 5TOM TepMEUHAJBL B HETEPMUHAILI MCXOIHOH
FPAMMATHKMN ABIAIOTCSI TEPMUHAIAMHI HOBOH. )

Pemenwue. [lycts P — HavaqbHBIM HETEPMUHAI TpaMMaTuku. Torga B
HOBOU TDAMMATHUKE OYIeT MPABUIO

(JTeBP) — (mycToe c10BO)
[t KaXK 10T0 TpaBU/Ia UCXOTHON PAMMATHUKY, HATIPUMED, TTPABIIA

K— LtMN (L, M, N — HETEPMUHAJLI, t — TEPMUHAT),
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B HOBYIO I'DAMMATHUKY MBI 100OABUM IPABUIA

(JIesL) — (JIeBK)
(JlesM) — (JIeBK) L t
(JTeN) — (JleK) Lt M

U AHAJOTUYHO TOCTYNUM C APYruMu mpaBmiaMu. CMBICA HOBBIX MPABUI
TaKOB: IIyCTOE CIOBO MOXKET MOABUTHCA CJeBa OT P; ecam caoBo X MOXeT
MOABUTBLCA CJIEBa OT K, TO X MOXeET NOABUTBLCA CJIeBa 0T L, XLt MoxkeT 1o-
aBuThLCA caeBa orT M, XLtM — caea ot N. Muayknuen mo miuHe mpaBoro
BBIBOJA JIETKO IIPOBEPUTDH, ITO BCE, YTO MOXKET MOABUATLCA CJIEBA OT KAKO-
I'O-TO HETEPMUHAIA, IMOABIAETCA B COOTBETCTBUH C DTUMH NpaBWiIaMu. L[]

16.1.7. Tlouemy B mpeaBIAYIIEN 3aa9€ BAXKHO, UYTO MBI PACCMATPUBAEM
TOJBKO MPABLIE BHIBOIBI!

OtBer. B mpoTuBHOM caydae creqoBato OBl YIUTHIBATL TPEOOPABOBA-
HUSA, TPOUCXOMANINE BHYTPHU CIOBA, CTOAMIETO CIeBa OT K. (|

16.1.8. [I1a mamHOM IpaMMAaTUKU IOCTPOUTL AICOPUTM, KOTOPBIA IIO
JI000MY CJAOBY BBLACHAET, KAKUM U3 MHOxkecTB JleB(K) OHO IpuHA 1IeKUT.

(3amevanne nua 3HaTOKOB. CyIIeCTBOBAHME TAKOTO aJTOPUTMA — U Ja-
K€ KOHETHOT'O aBTOMATA, TO €CTh MHIYKTUBHOIO PACIIUPEHUA ¢ KOHETHBIM
YUCAOM 3HAYEHUU, CM. pasgea 1.3, — BBITEKAaeT U3 IPEeBLLIYINEeN 3a1a4u,
TaK KaK [IOCTPOCHHAA B HEM IPAMMATHUKA HMEET CIHENMAJLHEIN BUI: B IIPa-
BEIX 9aCTAX BCETO OAUH HETEPMUHA, TPUIEM OH CTOUT Y JEeBOTO Kpad. Tem
He MEHEe MBI TIPUBEEM ABHOE MOCTPOEHHE. )

Pemenue. Bynem HasbBaTh cumyayueti [AHHOW TPAMMATUKYA OJHO U3 €8
[PaBUI, B IIPABOU YaCTH KOTOPOI'O OTMEYEHa O4HA U3 HO3UIui (10 HepBoOu
OYKBBI, MEX[Y TIE€PBOA U BTOPOU OYKBOU, ... , TOCTE TOCACTHEN OYKBEHI).
Hampuwmep, mpasuio

K — LtMN

(K, L, M, N — HETEepPMUHAJEL, t — TEPMUHAI) MOPOXKIACT TATH CUTYAIAN
K—_LtMN K—L_tMN K—Lt_MN K—LtM_N K-—-LtMN_

(IO3ULMSA YKA3BIBAETCS 3HAKOM [I0TIEPKUBAHIL).

Bymem roBopuTh, 9TO CI0BO S cozdacosano ¢ curyaruen K — U _V, ecan
S xorvaeTrca Ha U, To ects S = TU pu HekoTOpoM T, n, Kpome Toro, T npu-
uagexut Jles(K). (CMBICT HTOrO OMpeIeNeHns IPUMEPHO TaKOB: B CTEKe S



274 16. Cunmaxcuveckut pazbop caesa nanpaso (LR)

noarorosaeHa dacrb U mis Gyaywen ceéprku UV B K.) B sTux repmunax
JleeKouT(K — X) — 5T0 MHOKECTBO BCEX (JIOB, COTVIACOBAHHBIX C CUTYallnen
K — X _, aJleB(K) — 5T0 MHOXK€ECTBO BCEX CIOB, CONTACOBAHHBIX C CUTYAIeNn
K— _X (rge K — X — mo60e npaBuio Aas HeTepMuHaaa K).

DKBUBAJIEHTHOE onpepenenue B Tepmunax LR-npouecca: S cormacoBaso
¢ curyaruen K — U _V, ecim cymecrByer yenemssn LR-npouece, B KoTopom
COOBITHS PA3BUBAIOTCSA TaK:

® B XOJ€e IPOIECCA B CTEKE MOABIAETCSA CJIOBO S, U OHO OKAHYMBAETCS
Ha U;

® HEKOTOPOE BpeMA S He 3aTParuBaeTcCsA, a CIPaBa OT HEI'O IIOABJIAET-
ca V;

e UV cBopauuBaeTcsa B K;

® TIPOIECC MPOAOIKAETCA U YCIEITHO 3aBEPIIASTCA.

16.1.9. /loxasaTh HKBUBAJEHTHOCTD STUX OMPEICICHUN.

[Vkazanue. Eciu S = TU u T npunagiexut Jle(K), T0 MOXHO HOLy4UTH
B cTeke cHadasa T, norom U, morom V, nmorom cBepryThb UV B K u 3arem
YCIEITHO 3aBepumTh npotecc. (MBI MCIONTBE3yeM HECKOTBKO Pa3 TOT (akKT,
9TO W3 MH0O0TO HETEPMUHAIA ITO-TO Ja BHIBOAUTCA: OJIATOAAPS DTOMY MBI
MOXKeM TO00ABUTB B CTEK JI000€ CJIOBO. )] O

Hama nens — IOCTPOEHME alrOpUTMa, PACHO3HAIOWIErO MPUHAIICK-
HOCTb TPOU3BOIBHOTO cioBa K Jles(K). PaccMoTpuM (QyHKIWIO, COMOCTa-
BISIOIIYEO C KAXKIBIM CIOBOM S (M3 TEPMUHAJIOB U HETEPMUHAIOB) MHOXKE-
CTBO BCEX COTVIACOBAHHBLIX C HUM CHATYaIud. JTO MHOXECTBO HA30BEM CO-
cmoanuem, coomeememeyowum caosy S. Byaem obosnauars ero Coct(8).
Hocrarouno nokasars, uro Gyukuus Cocr(S) MHIYKTUBHA, TO €CTh YTO
suadenne Coct(SJ), e J — TepMUHAT WIN HETEPMUHAT, MOKET ObIThH BhI-
qucsaeno, ecan ussectHo Cocr(S) u cumsoa J. (Mbl Bugeau panee, Kak mpu-
HAIEKHOCTD K JleB(K) BEIpaKkaeTCA B TEPMUHAX DTON (PYHKIWH. ) SHATCHNE
Cocr(SJ) BEIYMCAAETCA IO TAKUAM IIPABUIAM:

(1) Ecau caoso S corumacosano ¢ curyanuen K — U_V, npuduém
ciaoBo V HaumHaeTcsa Ha OykBY J, To ectb V= JW, TOo SJ corna-
coBaHo ¢ cuTyaimen K — UJ _W.
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DTO NPABWIO HOJHOCTBIO ONPEIESIET BCE CUTYALUU € HEILYyCTOU JEBOU
MOJOBUHON (TO €CTh He HAYMHAIOIINECA ¢ TIOTIEPKUBAHNAA), COTVIACOBAHHEIE
¢ 8J. OcTanock OnpeneInTh, 1A KAaKuX HeTepMUHAIOB K cii0Bo SJ npuHai-
aexut Jles(K). To AenaeTCa MO ABYM NPABUIAM:

(2) Ecom curyanus L — U _V cornacoBaa ¢ SJ (COVIaCHO npasu-
ay (1)), a V HauunaeTca Ha HeTepMuHAL K, TO SJ MpuHALIEKUT
Jles(K).

(3) Ecim SJ Bxoaut B Jle(L) mia mexkoroporo L, mpuuém L —
— V — mpaBuiIo rpaMMaTUKA U V HAUMHACTCA Ha HeTepMUHaI K,
To SJ npunamexur Jes(K).

SaMeTuM, 9T0 TPaBWIO (3) MOXKHO PACCMATPUBATD KAK AHAJIOT MPABUIA
(2): B ykasauHeIX B (3) mpenmonokeHmsx cmryauma L — _V coryacoBaHa
¢ SJ, a V HaunHaeTCA Ha HeTepMuHATI K.

KoppekTHOCTL »TUX mpaBul B OOMIEM-TO OYEBHIHA, ECAM XOPOIIECHb-
KO IOAyMaTh. EIMHCTBEHHOE, 9TO TPEGYET HEKOTOPHIX MOACHEHUU — DTO
TO, TTOYEMy C TOMOLIBIo Tipasut (2) u (3) o6HapyXaTca Bee TepMuHATET K,
s KoTopbix SJ mpunapmexut Jes(K). [onerraemcs 310 06bacHUTb. Pac-
CMOTPUM TPAaBBEIA BHIBOJA, B KOTOpoM SJ cromT caeBa oT K. OTkyma mor
B3ATLCA B HEM HeTepMuHAaT K? Ecau mpasmino, koTopoe ero mopoaumio, mo-
poamIo Takxke u KoHen cjosa SJ, To npunamiexunocrs SJ x Jles(K) Gyazer
o6uapyxena 10 upasuiry (2). Ecau xe K 6bu10 nepsont 6yKBOH €J10Ba, 10PO-
KIEHHOTO KAKUM-TO APYTMM HETEPMUHAIOM L, TO — Gaaromaps MpaBuIy
(3) — mocraTouno ycTaHOBUTH npuHALEXRHOCTH SJ K Jen(L). Ocramocs
IPUMEHUTDL T€ KE PACCYKICHUA K L M Tak majee.

B repuumuax LR-npomecca To xe camoe MOXHO ckazaTh Tak. CHadana
HeTepMUHAI K MOKET y4aCTBOBATH B HECKOALKMX CBEPTKAX, HE 3aTPAru-
Barommx SJ (OHU COOTBETCTBYIOT NMPUMEHEHUIO paBWIa (3) ), HO 3aTeM OH
00s3aH TOJBEPIHYTHCA CBEPTKE, 3aTparuBamomen SJ (ITO COOTBETCTBYET
IPUMEHeHNIo npasuia (2) ).

OcTanochk BBLICHUTD, KAKUE CUTYAIIMN COMMIACOBAHEL C IMyCTHIM CJAOBOM,
TO eCcTh A Kakux HerepMunHaioB K mycroe cioso npunagiexur Jles(K).
ITO ONPETENAETCA TIO CACTYIOIIAM MTPABUIAM:

(1) HAYATBLHBIN HETEPMUHAT TAKOB;

(2) ecim K TakoB u K — V — mpaBWIO TPAMMATUKY, TPAIEM
¢JI0BO V HAUMHAETCA ¢ HeTepMUHAIa L, To 1 L Takos. (|
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16.1.10. IIpogenaThb ONUCAHHBIA AHAMU3 MJAA IPAMMATUKA

E—E+T
E—-T
T—-TxF
T—F
F—x

F— (E)

(3anar0Ien TOT XKe A3LIK, 9TO U IPAMMATHKA TpuMepa 3, c. 248).

Pemenue. Muo:kecrsa Coct(S) 1 pasInydHBIX S NPUBEIEHL B Ta0JMIE
Ha ¢. 277. 3HaK PaBEHCTBA O3HAYAET, YTO MHOXECTBA CUTYALUN, ABIAIONIM-
ecs 3HadenuaMu pyuxnuu Cocr(S) Ha CI0Bax, CTOAILMX CJAEBA U CIPABA OT
3HAKA, PABCHCTBA, OJUHAKOBLI.

Ipaswio onpegeaeana Cocr(SJ), ecam masectast Coct(S) u J (3mecs S —
CJIOBO 13 TEPMUHAJIOB U HETEPMUHAJIOB, J — TEPMUHAJA WIA HETEPMUHAI),
TaKOBO:

uano Hauty Cocr(S) B IPaBOK KOJIOHKE, B3ATH COOTBETCTBYIO-
iee emy cJaoBO T B IEBOM KOJOHKE, IPUIUCATEL K HEMY J U B3ATh
MHOXKECTBO, CTOAIIee HanpoTuB caosa TJ (ecau caoso TJ B Ta-
6mune orcytereyet, To Coct(8J) mycTo). O

16.2. LR(0)-rpammaTukm

HanmomuuM, 9T0 HAIa OCHOBHAA [EJb — 3TO MOUCK BBIBOA 33 JAHHOIO
CJIOBA, WK, PYTAMU CI0BaMu, mouck ycuemnoro LR-nporecca vag aumv. Bo
BCEX PACCMATPUBAEMBIX HAMHU I'paMMaTuKax ycmemmbin LR-nporece (Han
JaHHBIM CJIOBOM) €IMHCTBEH. MICKATh 3TOT €MHCTBEHHBIN YCIEIHBIN IPO-
1Iecc MBI OyA€M IMOCTENEeHHO: B KaX /B MOMEHT MBI CMOTPUM, KAKOW IIar
BO3MOXKEH caenyommm. [[Jd 3Toro Ha rpaMMaTUKy HALO HAJIOXKUTH TOMOJ-
HUTEILHLIE TPeOOBAaHUA, U CEMYaC MEL PACCMOTPHUM IIPOCTEUIIUN CJIy4an
Tak HasdbBaeMbx LR(0)-rpammaruk. Mer yxe 3Haem:

(1) B ycmemmuom LR-mporecce BO3MOKHA CBEPTKA 1O MPABIILY
K — U 1Ipu cOAepKUMOM CT€Ka S TOTJa U TOIBKO TOrAa, KOTIa
S mpunagiexkut JlesBKour(K — U) niu, ApyruMu clioBaMu, KOT1a
c10BO S coruacoBano ¢ cuTyauumen K — U_.
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Caoso S | Coct(8S)

ILycToe E— _E+T E—_T T— _T*F
T—-F F—_x F— _(E)

E E—E_+T

T E—-T. T—TxF

F T—F_

X F—x_

( F—(LE) E— _E+T E— T
T— T«F T—_.F F—x F— _(E)

E+ E—E+T T— _TxF T— _F
F—_x F— _(E)

T* T—-T*F F—_x F— _(E)

(E F—(E.)) E—E_T

(T =T

(F =F

(x =x

q¢ = (

E+T E—E+T. T—TxF

E+F =F

E+x =X

E+( =(

T*F T — T*F_

Txx =X

T ( =

(E) F— (E)_

(E+ = E+

E+Tx* = Tx*

K zagade 16.1.10
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AHAJIOrUYHOE yTBEPKIEHNUE PO CABUAD DIACKT:

(2) B ycnemnom LR-mpomecce mpu coiepKuMoM CTeKa S BO3-
MOXKEH CIBUT C O9€PEIHBIM CHUMBOJIOM a TOT'Ja W TOJBLKO TOrA,
Korja S COrVIaCOBAaHO ¢ HEKOTOpou curyanuen K — U_aV.

16.2.1. [okazarn »TO.

[Ykazanue. Ilycrs npousowmwén casur u x creky S gobasuiack Oyksa a.
Pacemorpure nepsyio CBEPTKY, 3aTParuBaouLyo oTy OyKBy.] O

PacemoTpuM HEKOTOPYIO MPAMMATHUKY U MPOU3BOJBHOE CJIOBO S U3 Tep-
MUHAJIOB U HETePMUHAIOB. Ecan MuoX)ecTBo CoCcT(S) COAEPXKUT CUTYAIHIO,
B KOTOPOU CIpaBa OT TOAYEPKUBAHUA CTOUT TEPMUHAT, TO TOBOPAT, ITO
das caosa S sozmosncen cdsuz. Eciu B Coct(S) ects cuTyanus, B KOTOPOU
COpaBa OT NONYEPKUBAHUSI HUYErO HET, TO DOBOPAT, IYTO J44 ca08a S 603-
MOYCHA, c8€EpmKa (110 cOOTBeTCTBYOWEMY npasuiy ). [osopsr, 4ro aus cio-
Ba S BO3HUKAET KOHPAUKM Muna cdsuz/ceépmra, eCIu BOSMOXKHEL U CIBUT,
n cBEpTKA. ['OBOPAT, UTO MIs CIOBA S BOBHUKAET KOWPAUKM MUNG c8EPM-
Ka/c6€EpmKa, eCIu eCTh HECKOJIBKO [IPABII, 10 KOTOPEIM BO3MOIKHA CBEPTKA.

I'pammaruka uaswBaerca LR(0)-epammamurot, eciu B HEM HET KOH-
K TOB THIA cABUl/CcBEPTKA U CBEPTKA/CBEPTKA HU s OQHOIO CJI0Ba S.

16.2.2. flsasercs ju npuseséunas poime rpammaruka LR(0)-rpamma-
?
TUKOU?

Pemernune. Het, ne spasercs. [aa croB T u E+T uMmeroTcsa KOH(PIMKTHI
THma cABUT/CBEPTKA. |

16.2.3. feasorcsa m LR(0)-rpamMmvaTuxamu Takne:

(a) T—O (6) T—O0
T—T1 T— 1T
T— TT2 T — 2TT
T — TTT3 T — 3TTT

Pemenue. fIBnaorcs, M. Tabauner Ha . 279 - 280 (korduuxros zer). [

Dra 3agada nokaseisaer, 4ro LR(0)-rpaMmmaruku MoryT OBITEH KaK Je-
BOPEKYPCUBHBIMU, TaK U MPaBOPEKYPCUBHBIMU.

16.2.4. Tycrs gama LR(0)-rpamvaTuka. JokazaTh, 9T0 y JH0OG0OTO CI0-
Ba CyHIECTBYeT He 60Jee OJHOTO MPABOT'O BHIBOAA. [loCcTpouTh aaroputm
nposepku BeiBoAUMOCTH B LR(0)-rpaMmmaruxe.
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Cmxoeo 8 | Cocr(S)

IIyCTOe T—-0 T—_T1 T— _TT2 T-— _TTT3
0 T— 0.

T T—-T1 T—-TT2 T—T.TT3

T—-0 T—T1 T— _TT2 T— _TTT3

T1 T—T1_
TT T—TT2 T—TT.T3

T—-T1 T—TT2 T-—T.TT3

T—- 0 T—_T1 T— _TT2 T— _TTT3
TT2 T — TT2_
TTT T—TIT3 T—TT2 T—TT.T3

T—-T1 T—TT2 T-—T.TT3

T—- 0 T—_T1 T— _TT2 T— _TTT3
TTO =0
TTT3 T — TTT3._
TTT2 =TT2
TTTT =TTT
TTTO =0

(a)

Caoso S | Coct(S)
ILycroe T—0 T—_ 1T T— 2TT T — _3TTT
0 T—0_
1 T—1T

T— 0 T— _1T T— 2TT T — _3TTT
2 T— 2_TT

T—- 0 T—_1T T— 2TT T — _3TTT
3 T — 3_TTT

T— 0 T— _ 1T T— 2TT T — _3TTT

(6), masamo

K zagaue 16.2.3.
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Caoso S | Coct(S)

1T T—1T_

10 =

11 =

12 =

13 =3

2T T— 2T.T
T— 0 T—_ 1T T— 2TT T — _3TIT

20 =0

21 =1

22 =2

23 =3

3T T— 3T_TT
T—0 T—_ 1T T— 2TT T — _3TIT

30 =0

31 =1

32 =2

33 =3

2TT T— 2TT_

2TO =0

2T1 =

2T2 =2

2T3 =

3TT T— 3TT_T
T—0 T— 1T T— 2TT T — _3TTT

3TO =0

3T1 =1

3T2 =2

3T3 =3

3TTT T — 3TTT.

3TTO =0

3TT1 =1

3TT2 =2

3TT3 =3

(6), okouvanue
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Pemrenwe. I[Iycte mano npowumssoisroe cioBo. Byxem crpouts LR-mpo-
1mecc Ham HuUM 1o maraMm. IlycTs Tekyiee coctosume cTeka LR-mporecca
pasao S. Ham Hano pemmTs, mesaTh CABAT WM CBEPTKY (U €cam CBEPT-
Ky, To mo kKakomy mnpasuiay). Coruacuo omnpegenenuio LR(0)-rpammaru-
K{, B HAaIlEM COCTOSHUK S BO3MOXeEH Jub0 TOJABKO CABUL, JuOO TOJIb-
KO cBéprra (mpu4yéM Jumb 0o oaHoMy npaBuiy). Takum oGpazom, HOMCK
BO3MOXHEIX TpoAoKeHun LR-mporiecca mpoucxoguT AeTepMUHAPOBAHHO
(Ha KaXIOM Iare MOXHO ONPEIEIATb, KAKOE JEUCTBUE TOJIBKO W BO3-
MOJKHO). O

16.2.5. YTo mpom3onaéT, eCau AHATA3UPYEMOE (JIOBO HE UMEET BBIBOJA
B JaHHOU I'paMMaTHKe?

OtBet. Jlubo HA HexOoTOpPOM IMare He OyeT BO3MOXKEH HU COBUL, HU
cBEpTKa, Jub0 BCEe BO3MOXKHEIE CABUrM OyIeT MMETH HENOAXOAALINN Ove-
PEOHON CUMBO.L. |

3amevanusa. 1. [Ipu peammsamnuu >TOr0 aJropuTMa HET HEOOXOIUMOCTH
KaXK B Pa3 3aHOBO BEIMUCIATE MHOXKeCTBO CocT(S) AJas TeKyIero suatde-
HUA S. DTU MHOKECTBA MOKHO TAKKE XPAHUTH B CTEKE (B KK B MOMCHT
xpanarca muaoxecTsa Cocr(T) nas Bcex Hadan T TeKyIIero ciosa S).

2. Ha camoMm meme camo CJIOBO S MOXKHO He XPaHUTH — TOCTATOYHO
xpaunTh MHOXecTBa curyannin Coct(T) mms Bcex ero Havan T (Brmogas
caMo S).

B amropurme mposepku BeiBOguMocTH B LR(0)-rpamMmmaruke Mbl uc-
OJB3yeM He BCIO MHMOPMAIU0, KOTOPYo Morin 6vl. B sToM asropur-
Me i KaX[JOr'0 COCTOAHWS W3BECTHO 3apaHee, YTO B HEM BO3MOXKEH TO-
JABKO CABUD WK TOJBKO CBEpTKA (HpudéM B HOCCAHEM CILydae U3BECT-
HO, MO0 KAaKOMY MpaBuiy). Bosee M3OMIPEHHBIN aJrOpuTM MOT ObI TIPU-
HAMATL PEIEHNe O BBIOOPE MEXKAY CABUTOM ¥ CBEPTKOU, MOCMOTPEB
Ha odepenuon cumBoa (Next). [uags Ha cocrosHmMe, MOXHO CKa3aTh,
Opu KakuxX 3HadeHusX Next BO3MOXKEH CABUI (9TO Te TEPMUHAIBL, KO-
TOpBbIE B CUTYALUAX DTOI'O COCTOSHUA CTOAT HEIOCPEICTBEHHO 33 IMO[-
uépkuBanueM). CloxHee BOCIOIb30BATLCA UHGOPManuen o cuMpoge Next
A PelIeHuss BOMPOCA O TOM, BO3MOXKHa Ju cBépTka. [laa nToro ecthb
YIPOIIEHHBIN MeTOA (FpaMMaTUKA, K KOTODPBIM OH IIPUMEHVM, HA3BIBa-
for SLR(1)-rpammarukamu [cokpamenue ot Simple LR(1)]) u nonnbm
meTog (6Gosee CAOKHEBIM, HO UCIOAB3YIOLIMU BCIO BO3MOXKHYIO MHMOPMAa-
[WI0; TPAMMATHUKA, K KOTOPHIM OH TpUMEHUM, HaskiBaioT LR(1)-rpaM-
MaTUKaM#). KCTh W NPOMEXKYTOUHBIN KJIACC T'PAMMATHUK, HA3BIBACMBIU

LALR(1).
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16.3. SLR(1)-rpammaTuku

Hanomuum, uro gisa aroboro nerepmuHana K mel onpegeasaun (c. 264)
muOX)ecTBO [Tocaen(K) Tex TepMUHAIOB, KOTOPHE MOTYT CTOATH HETIOCPEI-
CTBEHHO 32 K B BRIBOAUMOM (13 HAYAIBHOT'O HETEPMUHAIA) CJIOBE; B 9TO MHO-
XKeCTBO J0OaBIAIOT Takxke cuMBoJI EQI, eciu HeTepMuHAI K MOXKET CTOATH
B KOHIIE BEIBOJAVMOI'O CJOBA.

16.3.1. [okazaTb, 9TO ecau B ganubin MomeHT LR-mporecca mocaen-
HUJ CHMBOJ CT€Ka S paBeH K, IpmIéM IPOIECC 3TOT MOXKET B JaJbLHEUIIEM
YCIIEITHO 3aBepIIuThCA, To Next npuraaiexut Ilocaen(K).

Pemerue. TOT paKT ABIACTCA HEMOCPEACTBEHHBIM CJICACTBUEM OIPE-
JCJCHUA (BCHOMHI/IM COOTBETCTBUEC MCXKNY TPABBIMU BBIBOTAMU N LR—HpO—
[eccaMu). O

PaceMOTpuM HEKOTOPYIO TPAMMATHUKY , TPOU3BOJIBHOE CJIOBO S U3 TepMu-
HAJIOB ¥ HETEPMUHAIOB U TepmuHan x. Ecan muoxectso Coct(S) comepxur
CATYanuio, B KOTOPOU CIPAaBa OT NOIIEPKUBAHUSA CTOUT TEPMUHAL X, TO
TOBOPAT, 4TO das napbi (S,x) eozmosxcen cdsue. Ecim B Cocr(S) ects cu-
ryaua K — U_, npuuém x npuramgrexut Hocren(K), To roopar, 9To das
napvr (S,x) SLR(1)-603moncna ceépmuxa (mo npasuny K — U). Tosopar, 4To
g napsl (S, x) osuukaer SLR(1)-koudawkm muna cdsue/ceépmra, eciu
BO3MOXHBI U COBWT, W CBEPTKA. [0BOPAT, 9T0 mad mapwl (S,X) BO3HUKAET
SLR(1)-xongauwkm muna ceépmxa/ceépmxa, €CIM €CTh HECKOTBKO TIPABII,
MO KOTOPHIM BO3MOXKHA CBEPTKA.

I'pammaTtuka HasweBaerca SLR(1)-epammamurot, ecim B HeA HET
SLR(1)-xouduauxros Tuna cisur/ceéprka u cBEpTKA/CBEPTKA HU LI Of-
HOU napsl (S, x).

16.3.2. Ilycrs gama SLR(1)-rpammaruka. Jokaszars, 410 y J106000 CI0-
Ba CyIIECTBYeT He GOJee OJHOrO IPABOrO BHIBOAA. IIOCTPOMTH aaropuTM
nposepku BeiBogUMOCTH B SLR(1)-rpamMmmaruke.

Pewenue. Ananorunuano caydaio LR(0)-rpaMMaTuk, TOIBKO TpU BEHGOPE
MEXIY CIBUTOM U CBEPTKOU YyIAUTHIBAETCA ouepennon cumbon (Next). [

16.3.3. IIpoBeputs, ABAACTCA U IPUBEACHHAA BHIIE Ha €. 276 rpaMMa-
tuka (c merepmunanamu E, T u F) SLR(1)-rpammaruxon.

Pemerme. [la, apisercs, Tak Kak 00a KOH(IUKTA, MEMIAONIe el OLITh
LR(0)-rpaMMaTukoit, paspermainrcs ¢ yI6TOM 04epeIHOr0 CUMBOJIA: U 1/
caoBa T, n 14 caosa E+T caABUT BO3MOXKEH TOJBKO Ipu Next = *, a CUMBOJ *
He npuHagnexut HA [Hocnea(E) = {EQL, +,) }, um Hocren(T) = {EOT, +, *,) },
7 mo3ToMy npu Next = * CBEPTKA HEBO3MOXKHA. (|
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16.4. LR(1)-rpammaTukm, LALR(1)-rpammaTuku

Onucamnbm Beime SLR(1)-nogxon nuenons3yor He BCIO BO3MOXKHYIO WH-
(bopMaIo Ipy BBLICHEHUM TOr'O, BO3MOXHA U CBEpTKA. VIMeHHO, OH OT-
J6TBHO MPOBEPAET, BO3MOXKHA M CBEPTKA PN JAHHOM COCTOSHUM CTEKA 3
U OTJETbHO — BO3MOXKHA JM CBEPTKA [0 JAHHOMY OPABUIY IIPU JAHHOM
cumBose Next. Mexgy TeMm 5TU DPOBEPKH HE ABIATCA HE3ABUCUMBIMU
0obe MOIyT AaTh IOJOKUTEILHBIM OTBET, HO TeM He MeHee CBEPTKa Ipu
cTexe S u odepenHoMm cuMmBoie Next mesosmoxkua. B LR(1)-mogxome sToT
HEJOCTATOK YCTPAHAETCH.

LR(1)-moaxo cOCTONT BOT B UéM: BCE HAIIU ONPEIETICHUA U YTBEDXK [e-
HUA MOAMMUUUPYIOTCA TAK, YTOOBI yIeCTb, KAKOU CHMBOJ CTOUT CIPABA
OT pa3BOpaYMBAaEMOro HeTepMuHaIa (IPYruMu cIoBaMu, 4eMy paBeH Next
upu cBEPTKE).

IIycts K — U — 0HO M3 NpaBMI IPAMMATUKI, & t — HEKOTOPHIN Tep-
MuHaI uin cnencuMBoa EOI (KOTOPBIM MBI JOMBICAMBAEM B KOHIIE BXOI-
soro ciosa). Onpegennm mMuoxkecTBO JleBKonT(K — U,t) Kak MHOXeCTBO
BCEX CJIOB, KOTOPBIE ABJAIOTCA COREPKUMBIM CTEKa HEIOCPEACTBEHHO Iie-
pex ceéprrou U B K B xoxe ycnemnoro LR-niporecca, npu ycaosuu Next =t
(B MOMEHT CBEDPTKM).

Ecan ot6pocnts y Beex caos nz JlesKont(K — U) ux xower U, To moy-
IUTCS MHOXKECTBO BCEX CJIOB, KOTOPEIE MOI'YT IOABATHCA B IIPABBIX BHIBOLAX
nepen HeTepMUHAIOM K, 33 KOTOPEIM CTOMT CHMBOJ t. DTO MHOXECTBO (He
3aBUCALIEE OT TOro, Kakoe u3 upasut K — U gus HerepMmuHana K BeIOGpaHo)
MBI 6y 1em o6o3HavaTh Jlen(K, t).

16.4.1. HamucaTh rpaMMaTHKy I1A TOPOXaeHus MHOXKeCTB Jle(K, t).

Pewenue. E€ merepmunanavu GyayT cumsossl (JleBK t) mis Kaxgoro
HeTepMuHaia K U aus Kaxgoro repmuHana t (a takxke mas t = E0I). Eé
npasmaa TakoBeL IlycTe P — HavalbHBIN HETEPMUHAJL MCXOLHOU IDAaMMa-
Tuku. Torga B HOBOU rpaMMmaTuke OygeT IPABUIO

(JleBP EOI) — (mycroe ¢a0B0).

Kax noe npaBuio uCXoqHOU MPaMMATHAKA IOPOK JAET HECKOJIBKO IPABWI HO-
sou. Hampuwmep, a7s mpasuia,

K— LuMN

(L, M, N — HeTepMUHAIEL, U — TEPMUHAI) B HOBYIO MPAMMATUKY MBI 400a-
BUM IIPDABUIA
(TeBL u) — (JleBK x)



284 16. Cunmaxcuveckut pazbop caesa nanpaso (LR)

(Bas1 BCEX TEPMUHAJIOB X);
(JleBM s) — (NleBK y) Lu

(1A BCeX S, KOTOPBIE MOI'YyT HAYMHATH CJAOBA, BHIBOAMMBIE u3 N, u s
BCEX ¥, & TaKXe Ml BCeX Iap S =y, ecau U3 N BBIBOZUMO IIyCTOE CJIOBO);

(MleBN s) — (JleBK s) LuM

(114 BCEX TEPMUHAJIOB S ). O
16.4.2. Kaxk meHseTcs onpeeneHne CUTYAIIUN !

Pemerue. Curyanuen Ha3LIBAETCS Tapa

[cuTyauus B cTapoM CMBICIE, TepMUHATL 1in EOI] O

16.4.3. Kak usmMenurcs onpeneieHre COrVIACOBAHHOCTHU !

Pemenue. Ci0BO S U3 TEpMHUHAJIOB ¥ HETEPMUHAJIOB COIVIACOBAHO C CU-
ryauuen K — UV, t] (3gecs t — repmunan umu E0I), ecau S KoHUaeTcCs
Ha U, To ectb S = TU, u, kpome toro, T npunagiexur Jes(K,t). |

16.4.4. KakoBbl mpaBmia i WHIYKTABHOT'O BBIMUCACHUA MHOXECTBA
Cocr(S) curyarui, COIVIACOBAHHEIX C JAHHBIM CJIOBOM S7

OTBer.

(1) Ecim croo S coracoBano ¢ curyanuen [K — UV, t], npudém
caopo V mHaumHaeTcs Ha O6ykBy J, To ectb V= JW, TO cioBo SJ
coruacoBaHo ¢ curyauuen K — UJW, t].

DTO NPABWIO HOJHOCTBIO ONPEIEJseT BCE CUTYALMU € HEILyCTOU JEBOU
HOJOBUHOU (TO €CTh HE HAYMHAIOIIMECS € IHOAYEPKUBAHU), COIVIACOBAHHBIE
¢ 8J. Ocranoch onmpefeInThb, IIA KaKUX HeTePMUHATOB K U TepMUHAIOB t
caoBo SJ npurasaexuT Jles(K, t). DTo mesaeTca Mo ABYM MpABUIAM:

(2) Ecim curyarms [L — U_V, t] cornacosana ¢ SJ (coryacHo mpasu-
ay (1)), a V HaunnaeTca Ha HeTepMuHATL K, TO SJ MpUHALIEKUT
JleB(K,s) mua BCeX TEPMUHAIOB S, KOTOPHIE MOI'YT HAIUHATH
CJI0Ba, BBIBOAuMbIe u3 caoBa V \ K (caoBo V 6e3 nepsoit 6ykseL K),
a Takxe Lt s =t, ecau u3 V \ K BBIBOAUTCS MyCTOE CJIOBO.

(3) Ecau SJ Bxogur B Jles(L,t) gua mexkoropeix L u t, mpuuém
L — V — npaBwio rpaMmarukyu 1 V HAYUMHACTCA HA HETEPMHU-
max K, 7o 8J npunagrexut Jlen(K, s) m1a BCEX TEPMUHAIOB S,
KOTOPBIE MOT'YT HAYMHATE (JIOBa, BRIBoAUMEIE u3 V \ K, a Takxe
s s =t, ecau u3 V \ K BBEIBOIUTCA IIYCTOE CJIOBO. (Il
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16.4.5. Jats oupegenenus LR(1)-kouduauxros casur/ceéprka u cBépT-
Ka,/CBEPTKA IO AHAJOTHN C JAHHBLIMU BHIIIE.

Pemenne. [IycTs naHa HekoTOpas rpaMMaTuka. IIycTs S — mpousBOIh-
HOE (JIOBO M3 TEPMUHAJIOB W HETEPpMUHAIOB. Kcanm muoxkecTBo Cocr(S) co-
IEePXKAT CATYAIMIO, B KOTOPOHU CIPaBa OT MONIEPKUBAHUA CTOUT TEPMU-
HaJ t, TO COBOPAT, 4TO A/ Haphl (S, t) Bo3MOXeH caBur. (DTo onpejeaeHue
He u3MeHunoch 10 cpasaenuto ¢ SLR(1)-cayuaem — BTOpbIE KOMIOHEHTHI
nap n3 CocT(S) He yINTHIBAIOTCA.)

Ecau B Cocr(S) ecTh cuTyauma, B KOTOPOU CIPABa OT TOAIEPKUBAHUA
HUYErO HET, & BTOPHIM “WIEHOM Maphl ABIAETCA TEPMUHAJ t, TO COBODAT,
yTo g mapel (S,t) LR(1)-603moacna ceépmxa (IO COOTBETCTBYOIIEMY
upasuiy ). Fosopsr, uro gus napst (S, t) Bosuukaer LR(1)-konpauxm muna
cdeue/ceépmia, €CIM BO3MOXKHEBI W CABUT, U CBEPTKA. [OBODAT, 9TO A/
napel (S,t) BosHukaeTr LR(1)-xondauxm muna ceépmia/ceépmxa, ecim
€CTb HECKOIBKO TIPABWI, IO KOTOPHIM BO3MOXKHA CBEPTKA. O

I'pammaruka HazwBaercs LR(1)-epammamurot, ecin B Heit HeT LR(1)-
KOH(MJIMKTOB THUIA CABUL/CBEPTKA U CBEPTKA/CBEPTKA HU A/ OLHOU IAPLI
(S, %).

16.4.6. Ilocrpours anropurm nposepku BoBogumocty ciaosa B LR(1)-
rpaMMaTHKE.

Pemernme. Kak m panbire, Ha kKaxaoMm mare LR-mporecca MOXHO 0m1HO-
BHATHO OMPEAEINTD, KAKOU IIAT TOJIBKO U MOXKET OBITH CJAEAYIONIM. ([l

Tonesuo (B wacTrocTH, mia LALR(1)-pas6opa, cMOTpU HUKE) MOHATH,
kak cBas3anel noHATHa LR(0) u LR(1)-cormacosarroctu.

16.4.7. CdopmyaupoBaTs U JOKA3ATH COOTBETCTBYIOIIEE YTBEPK ICHUE.

Orger. IIycrs QpukcupoBana nekoropas rpammaTuka. Ciaoso S us Tep-
MUHAIOB ¥ HerepMuHaaoB ssiserca LR(0)-cornacoBanubiv c© curyauuen
K — UV rorga u Tompko Torga, xorga ouo LR(1)-cormacoamo ¢ mapon
[K — U_V,t] mms HekoToporo TepMmuHana t (uwim aas t = E0I). To xe camoe
apyrumu ciosamu: JleB(K) ects o6beannenne Jle(K, t) mo Bcem t. B mo-
crenHen GopMe BTO COBCEM ACHO. O

3ameduanue. Taxum obpazom, dyukiua Cocr(S) B LR(1)-cMmbicie ABia-
erca pacrmmpenuem yukima Coct(S) B LR(0)-cumpicae: Coctyg(o)(S) momy-
qaerca u3 CocTyp(1)(S), ecmm BO Beex mapax BEIOPOCHTH BTOPBIE WICHEL.

Temeps Mb1 MOxkeM gaTh onpenetenue LALR(1)-rpammvaruxu. Hycrs
¢duKcupoBaHa HEKOTOpAasS IPaMMaTHKa, S — CJIOBO U3 HETEPMUHAJIOB U Tep-
MUHAJIOB, t — HeKOTOpbi Tepmunai (win EQI). Bygem roBopuTs, 4TO 11
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napet (S, t) LALR(1)-Bo3moxHA CBEPTKA 110 HEKOTOPOMY LIPABUILY, €CJU CY-
mecTsyeT apyroe cioBo Sy ¢ CocTr () (So) = CocTrr(o)(S1), mpuaém g
napsl (Sq,t) LR(1)-Bo3MOxkHA CBEPTKA MO PACCMATPUBAEMOMY IPABUILY.
[anee ompeneasorca KOHQIUKTEL (€CTECTBEHHBIM 06Pa30M), U MPaMMaTH-
ka Haszweaercs LALR(1)-rpaMmmarukon, ecau KOHMIUKTOB HET.

16.4.8. [okasats, uTo Beakas SLR(1)-rpamMmmarnka seasercs LALR(1)-
rpaMmaTukon, a Beskast LALR(1)-rpammaTuxa asasercsa LR (1)-rpammarn-
KO

[Ykazaune. IT0 — TPOCTOE CIEACTBUE ONpeIeTeHn . ] O

16.4.9. Iocrpours amropurm nposepku soiBogumoctu B LALR(1)-
rpaMMAaTUKE, KOTOPLIM XPAHUT B CTEKE MEHbIIe MH(MOPMAIMU, IeM COOT-
sercrByommi LR(1)-aaropurm.

[Ykazanme. [locTarodso xpaHuTh B cTeke MHOxecTBa CocTg(g)(S),
nockoibky corsacuo onpegenennio LALR(1)-BoamoxHOCTH CBEPTKEH MMU
onpegenserca. (Tak 4To cam anropuT™ HudeMm He orimgaerca or SLR(1)-
CIydasd, KpoMe TabInIbl BOBMOXKHEIX CBEPTOK. )] O

16.4.10. Ipusectu npumep LALR(1)-rpammaruku, koTopas He ABJI-
erca SLR(1)-rpammaTukon. O

16.4.11. Tpusectu mpumep LR(1)-rpaMmaTuxu, KOTOpas HE ABIACTCA
LALR(1)-rpaMMaTHKON. O

16.5. O6uwue 3ameyaHuns o0 pa3Hbix MeToAax pa3bopa

ITpumenenne >TuX METOMOB HA MPAKTUKE UMEET CBOM XUTPOCTH M TOH-
KOCTH, KOTOPHIX MBI He Kacamuch. (Hampumep, TabauIbl caeqyeT XpaHuTh
O BO3MOXKHOCTH SKOHOMHO.) HacToO OKa3bIBAETCsA TaKkKe, ITO [JsA HEKO-
TOPOr'0 BXOLHOI'O A3BIKA HAMOO/Ie€ eCTECTBEHHAS IPAMMATHUKA, HE SIBJAETCSA
LL(1)-rpammaruxon, uo asigercs LR(1)-rpammaTukon, a Takxke MOXKeT
OuITh 3ameneHa Ha LL(1)-rpaMMaTuky 6e3 m3MeHeHWs s3bIKa. Kakon u3
DTUX BAPUAHTOB BLIOPATH, HE BCerga AcHO. /ImretanTckun coeT: ecan Ber
CaMU IPOEKTUPYETE BXOTHON S3BIK, TO HE CJAEIYET BBHIIEHIPUBATHCI U YIIO-
TPe6IATH OJHU U TE XK€ CUMBOJbBL J/I PA3HBIX LI — U TOrAA OOLITHO He-
ca0xkHo HanucaTs LL(1)-rpaMMaTuky wiu pekypCUBHBII aHaiu3aTop. Ecau
e BXOJHOU A3BIK 3a0aH 3apaHee ¢ momombio LR(1)-rpaMMaTuku, e apia-
romencs LL(1)-rpaMMaTuKon, TO Aydiie e€ He TPoraTh, a pasbuparb Kak
ecThb. [Ipu »TOM MOT'YyT OKa3aThCsS IOJE3HBIE CPEICTBA ABTOMATHUIECKOIO
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LOPOXK JEHI AHAIU3ATOPOB, HAUOOMEE M3BECTHBIMY U3 KOTOPEHIX SABIAIOTCH
yacc (UNIX) u bison (GNU).

BobInoe KOMMYECTBO TOJE3HOM M XOPOIIO M3JI0KEHHON WHGOPMAIIAY
0 TEOPUH U IPAKTHUKE CUHTAKCHYECKOrO pasfopa uMmeercs B KHure Axo,
Ceru u YapMana (CM. CIECOK KHUD /I 9TEHUA).
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