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Abstract. The notion of random sequence was introduced by Martin-
Lof in [4]. In the same article he defined the so-called randomness de-
ficiency function that shows how close are random sequences to non-
random (in some natural sense). Other deficiency functions can be ob-
tained from the Levin-Schnorr theorem, that describes randomness in
terms of Kolmogorov complexity. The difference between all of these de-
ficiencies is bounded by a logarithmic term (Proposition. In this paper
we show (Theorems [1] and [2)) that the difference between some deficien-
cies can be as large as possible.

1 Introduction

Classical probability theory cannot deal with individual random objects, such as
binary sequences or points on the real line: each sequence or point has measure
zero (with respect to the uniform measure). However, our intuition says that the
sequence of zeros (and any other computable sequence) is not random, while the
result of tossing a coin is. Martin-Lof in [4] tried to formalize this statement. He
used an algorithmic approach to define random binary sequences.

Martin-Lof random sequences have many nice properties: adding, deleting or
changing finitely many bits doesn’t change randomness; random sequences sat-
isfy the law of large numbers; computable permutations preserve randomness.
So if the sequence w is random, the sequence w’ = (10000000004, (hjillion of zeros
concatenated with w) is also random. But intuitively w’ is “less random”. We
can make this argument formal using a randomness deficiency function d: this
function is finite on random sequences and infinite on non-random sequences. If
d(w") > d(w) we say that o’ is less random than w. It turns out that there are
some natural types of deficiency functions that have similar properties to the
so-called finite deficiency (the difference between the length of the string and its
Kolmogorov complexity). For example, adding n zeros to the sequence increases
randomness deficiency by n+O(logn). Using this fact one can reformulate state-
ments about random sequences in terms of the deficiency functions to look for
the connections between algorithmic randomness and Kolmogorov complexity
theories.

In this paper we consider several deficiency functions: the first was introduced
by Martin-Lof (deﬁnition, the others appear from the Levin-Schnorr’s criterion
of randomness in terms of different types of Kolmogorov complexity: the prefix-
free complexity and the a priori complexity. The difference between all of the
deficiencies is not greater than (1 + €)logd (up to a constant, for all ¢ > 0)



(Proposition , where d is one of the deficiency functions. We show that the
difference between some of the deficiencies can be greater than log d. For example,
some of the deficiency functions (given in exponential scale) are integrable, while
the others are not and that is the reason of the difference (Theorem [T). To differ
the non-integrable deficiencies we construct a special rarefied set of intervals in
the Cantor space (Theorem [2)).

1.1 Notation

The set of all infinite binary sequences is called the Cantor space and is denoted
by 2. An interval in the Cantor space is a set of extensions of some string z, it
is denoted by [z].

The set of all binary strings is denoted by B*. The length of the string z is
denoted by |z|. We write y < x if y is a prefix of x.

Is is the indicator function of the set S.

In this paper, log means binary logarithm.

Notation f <t g (f <* g) means that there exists a constant ¢ such that
for all z, f(z) <c+g(z) (f(x) < cg(z)).

2 Preliminaries

One can find all of the notions and statements of this section in [I] and [2].

Definition 1. A measure p over (2 is called computable, if there exists a Turing
machine that from each string x and rational € > 0 returns an e-approzimation
of the value u([x]).

The collection of intervals in the Cantor space forms a base for its standard
topology. We will talk about closed and open sets relative to this topology.

Definition 2. Let pu be a computable measure. A nested sequence of open sets
{Vn} is called a Martin-Lof test with respect to p if:

1) {V,,} is uniformly effectively open, that is there exists a Turing machine
that for each input k enumerates the set V.

2) u(Vy,) <27 for each n.

Definition 3. Let {V,,} be a Martin-Lof test with respect to a computable mea-
sure ju. Function d,. (v, (w) = max{k : w € Vi, } is called a randomness deficiency
of w with respect to the test {V,}.

Lemma 1. For every computable measure p there exists a Martin-Lof test {U,}
with respect to p such that for any Martin-Léf test {V,,} with respect to u there
exist a constant ¢ such that for all sequences w

d,u;{Un}(w> > d,u;{Vn}(w) —cC (1>



The deficiency function d,, was defined by Martin-Lof in [4]. In the same article
he introduced the following notion of randomness:

Definition 4. Let p be a computable measure. A sequence w € (2 is called
Martin-Lof random with respect to p if dy,(w) < co.

There are some other types of deficiency functions. To show the relations between
them, we need to reformulate the definition of d,,. First we define the so-called
lower semicomputable functions.

Definition 5. A function t : 2 — R is called lower semicomputable if there
exists a machine that that given a rational r enumerates the set of intervals
{w : t(w) > r} (so this set should be open).

Let’s note the following property of d,: the function t, = 24x is probability
bounded, that is
1

= 2)
for rational numbers c. Moreover, t,, is the largest (up to a multiplicative con-
stant) among all lower semicomputable probability bounded functions (the sets
Vo, = {t(w) > 2"} form a Martin-Lof test). Therefore we can define the func-
tion d,, as logarithm of the largest lower semicomputable probability bounded
function and from now we denote this function as dfj (and t, as tf ).

To define other deficiency functions we need the following notion:

ultu(w) > ¢} <

Definition 6. Function f: 2 — Q is called basic if its value on every sequence
w is determined by some finite prefiz of w.

By compactness of {2 there exist finitely many intervals where basic function
is constant, and the union of these intervals is 2. Therefore basic functions
are constructive objects and we can consider computable sequences of basic
functions.

The following lemma gives the equivalent definition of lower semicomputable
functions.

Lemma 2. Function t : 2 — R is lower semicomputable iff it is a limit of
increasing computable sequence of basic functions.

If the function is integrable and its integral is less than 1 it is probability bounded
(by Markov’s inequality). We call these functions expectation bounded. There
exists maximal (up to a multiplicative constant) lower semicomputable expecta-
tion bounded function tf: we can enumerate all probability bounded functions
(with respect to w); the integral of such function is a limit of integrals of basic
functions, so if it is greater than 1 we always know it after finitely many steps
of computation. If the integral is greater than 1, we decrease the values of basic
functions to make it less than 1. The sum of these new functions with weights
27" is the maximal lower semicomputable expectation bounded function.



Definition 7. Let u be a computable measure. The expectation bounded defi-
ciency is the function

df (w) =log tf(w) (3)

The following proposition shows that the difference between dﬁ and df is not
large.

Proposition 1. Let u be a computable measure and € > 0. Then
E 4+ P + 4B E
d, <"d, <"d;+ (1+¢)log d, (4)

Proof. The first part follows from Markov’s inequality. To prove the second part,
let’s consider a function tfj log™'7¢ tfj . Its integral does not exceed

2 /A ) (@) log™"“ ¢ (w)dp(w) < 3 27 (5)

where 4, = {2" < tf < 271} 5o this integral is finite. Therefore
P _+ 4E P 4 4E E
d, <"d, +(1+¢)logd, <" d, +(1+¢)logd, (6)
O

The deficiency function df can be described in terms of prefix-free Kolmogorov
complexity (see, for example, [2]). We will briefly describe this construction.
At first we define the discrete analogues of basic and lower semicomputable
functions.

Definition 8. Function f : B* — Q is called basic if its support is finite.

Definition 9. Function f : B* — R is called lower semicomputable if it is a
limit of a computable sequence of increasing basic functions.

Definition 10. A lower semicomputable function m : B* — [0,00) such that
Yo.m(x) < 1is called a discrete lower semicomputable semimeasure.

Let’s denote the prefix-free Kolmogorov complexity of a string = as K(z). The
function m(z) = 27K (*) is called the discrete a priori probability. The famous
coding theorem (see, for example, [2]) states that this function is the largest (up
to a multiplicative constant) among all discrete lower semicomputable semimea-
sures.

It can be shown (see, for example, [I]) that

E o m(wl-un) —* 5 m(wlmn)
)= D ol = " alln ) @)

n

In logarithmic scale:

ﬂwrﬁgMA%mmﬂmfmmm» (8)



This result is due to Gacs (see [5]). The value in the right part of [§] is finite iff
the sequence is random. It was first shown by Schnorr and Levin independently
in [6] and [7]. Informally, the sequence is random iff its initial segments are
incompressible. The equation[§|also shows that if one adds n zeros to the sequence
then the randomness deficiency (probability or expectation bounded) increases
by at most n + O(logn).

The Schnorr-Levin theorem can be formulated in terms of the so-called a pri-
ori complexity. To define it we need the notion of continuous a priori probability.

Definition 11. A lower semicomputable function a : B* — [0,00) such that
Y wes a(x) <1 for every prefiz-free set S is called a continuous lower semicom-
putable semimeasure.

We can enumerate all continuous lower semicomputable semimeasures and con-
sider a semimeasure a(z) = 3, a;(x)277. This semimeasure is also continuous
and lower semicomputable, and it is the largest (up to a multiplicative con-
stant) in this class of semimeasures. We will call a(z) the continuous a priori

probability.
Definition 12. The value KM (x) = —log a(x) is called the a priori complexity
of x.

The Schnorr-Levin theorem for the a priori complexity states that the sequence w
is random iff sup,,{— log p([w1.. n]) — KM (w1..»)} is finite. Moreover, supremum
can be replaced by limsup or liminf. Using this theorem we can define other
types of deficiency functions.

Definition 13. Let p be a computable measure. We will consider functions

! (w) = sup{—log pu(fw1..n]) = KM(wp.n)} (9)
™M () = limsup{~log p((wr__a]) ~ KM (wr_n)} (10)
dy M () = lim inf{—log p([wy...n]) = KM (wr..n)} (11)

and call them a priori randomness deficiencies.

Each continuous lower semicomputable semimeasure can be represented as a
probability distribution on the initial segments of outputs of some probabilistic
machine that prints bits one after another and does not have to stop (see, for
example, [2]). That is for each a(x) there exists a machine A such that

a(x) = P{the output of A begins on the string =} (12)

Informally, the Schnorr—Levin theorem states that the sequence w is random
iff the probability of getting the initial segments w;. , using a probabilistic
machine cannot be much greater than getting it from a random generator (with
the distribution p). The deficiency functions from the definition show the
difference between logarithms of these probabilities.

One can use supermartingales to define the deficiencies dfy , dgm sup M (w),

diiminfM(w).



Definition 14. Let p be a measure on 2 and let M be a function of binary
strings.

If u([z))M(z) = p([z0]) M (z0) + p([z1])M(x1) the function M is called a
martingale.

If u([z))M(z) > p([z0])) M (20) + p([x1])M (x1) the function M is called a
supermartingale.

If p([z)M(z) < p([z0])M(x0) + p([z1])M(x1) the function M is called a
submartingale.

If martingale (or sub/supermartingale) is not bounded on the initial segments
of the sequence w we say that it wins on w.

If p is computable, the supermartingale M(xz) = :‘(([i])) is the largest (up to

a multiplicative constant) among all lower semicomputable supermartingales.
Supermartingale M(z) wins on all non-random sequences and does not win on
random sequences. )
The deficiency dﬂ/[ (w) is a supremum of M(w; ), the deficiencies dzm sup M ()
and dﬁm inf M (w) are respectively limsup and liminf of M(w;. ).
Now we are going to show the relations between the deficiencies.

Proposition 2. o
df §+ dEmlnfM (13)

Proof. We need to construct some continuous lower semicomputable semimea-
sure a. Once the approximation to m(x) increases by € we do the following;:

1) Increase the value of a by € on prefixes of z

2) Increase the value of a by eu([y])/n([x]) on the extensions y of x.
If df = R there exists a string x such that

—logp([z]) — K(z) =" R (14)
and w is the extension of z. If n > |z|, the logarithm of a is:
loga(wy..n) > —K(z) +log p([wr...n]) — log u([z]) (15)

Therefore

dgmi“fM(w) >t liminf{—log p([w1..n]) + loga(wi. )} >

16
> limint{~ log u((2]) — K ()} = —logu([a]) — K(x) =+ a¥
n
The case df = 0o can be considered in the same way. O
Proposition 3.
M _+ 4P
a, <"d, (17)

Proof. 1t is sufficient to show that /L{2dﬁ/[ (w) > 2¢} < 27¢ for all rational c. Let’s
fix ¢ and consider a set of strings

a)

a(y) .
wlz]) <2 (18)

S={z

>2¢ Vy <z




It is evident that w € Uyega] iff dy(w) > c. The set S is prefix-free, so

p(29 () > 29 = Y p(la)) < 3 A <o (19)
rzes eSS

O
Combining the results of Propositions[} 2] and [3] we can write down the following

chain of inequalities:
E _+ JliminfM _+ 4qlimsupM _+ M _+ P _+ FE E
d, <"d, <'d, <'d, <7d, < du—|—(1+5)logdu (20)
The natural question is about the difference between these deficiencies. To
show the difference between some of them we will need the following lemma, from
calculus:
Lemma 3. Ifc, >0 and Y ;" ¢ <00 and Ry :== Y " cn >0, then
s c
b1 Rk log Re

Proof. At first we will prove that the series > -, }%’; does not converge. Denote
2 = E—’Z. It is evident that

k
Ri_1— Ry Ry 1 1
= % el | SIS
If we take the logarithm from both parts, we get
1 1 k k
log — = log — + log(1 + z,,) <* Zn 23
8, =g ; 8( ) ; (23)

The left part tends to infinity, so the sum Zzozl zp is infinite. To prove the

lemma we need to show that Y2 log% = o0o. Using [23| we get:
R
-z > Z
k k
>y (24)
I = k
i1 log 7y =1 2on—1%n

Denote S, = SF

n=1
>0 | zn does not converge then the series Y~ | b, also does not converge. We
will do it in the same way as the first part of the proof of the lemma:

zyn and by, = g—’z It is sufficient to show that if the series

Sk Sk Sk .
b = O P ) — S =S [+ 25
k S: S, k+1 1 };[1( +bn) (25)

If we take the logarithm from both parts we get
k k

log Sy, =log S1 + Z log(1 4 b,,) <* Z bn (26)

n=1 n=1
The left part tends to infinity, so the sum > 7, b, is infinite. a



3 New results

Now we are going to show the relations between deficiency functions. Proposition
is an effective version of Doob’s martingale convergence theorem (see, for
example, [8]) and can be easily obtained from it. Theorems [I| and [2| require
Lemma [Bl

Definition 15. If the sequence w is random relative to the oracle 0" it is called
2-random.

Proposition 4. Let u be a computable measure. If w is 2-random (with respect
to Iu,); then dﬁmsupM(w) _ dhm 1nfM(w)

Proof. Given rational numbers 8 > « > 0 we can construct a 0’-computable
supermartingale M? that wins on sequences w such that the supermartingale M
infinitely many times becomes smaller than o and greater than S on the initial
segments of w. Using the oracle we compute the values of M and if M(x) < a the
values MZ(z) are equal to M(z) on extensions z of x such that M(z) < 3. When
we find extension y such that M(y) > 8 we just save the capital (MS(yw) =
MP(y)) until we find some new string = with small M(x). On the segments from
x to y the value of M? increases by g times. The sum of all M? with weights
m(a, () is a 0’-lower semicomputable supermartingale, so it is finite on 2-random
sequences. O

Corollary 1. Let i be a computable measure. Then 2% ™"

function with respect to .

is the integrable

Proof. By Fatou’s lemma:

/ lim inf M(w1, p)dp(w) < liminf/ M(w1 .. »)dp(w) = lim inf E a(z) <1
0 n n 0 n
|z|=n
(27)

. . PR limsup M | |
d}jm sup M _ dﬁmmf M 24 is integrable. O

almost everywhere, therefore

The greater deficiencies are not integrable (in exponential scale). To show that

24" is not integrable we need Lemma
Recall the definition of atomic measures.

Definition 16. If the measure p on {2 is positive on some sequence, we will say
that p is an atomic measure.

The following theorems show that the difference between di\f and other defi-
ciencies may be greater then logd, (here we write d,, without index because
difference between logarithms of all of the deficiencies is bounded by some con-
stant).

Theorem 1. Let u be a computable non-atomic measure. For all c there exists

w such that )
diim sup ]W(w) < dﬂ/[(OJ) _ log d’]y(w) —c (28)



Proof. 1t is sufficient to prove that the function g = 9di —log )" ig ot integrable

with respect to . We will construct some deterministic (but formally probabilis-
tic) machine f. At each step, after f has printed the string of bits x of length k,
Jf computes measures of [20] and [z1], and then prints a bit b if p[zb] > fpu[z] (if
the both bits are suitable, let f print 0). Denote the interval [xb] = By, if at the
k-th step f prints a bit b, and Cy = Bg_1 \ Bg. The measure p is non-atomic,

hence
oo

n=k+1
The intervals Cj, are disjoint, so >, Cix < 1. By Lemma

o0

C
Z”*’HWO (30)

Pt uBy log Br

Let’s denote

() = sup P{the output of f begins on the string w;y_,} (31)

The function = is monotone for large enough x, therefore by the universality
g x

t
> S (32)
logtys
It is easy to see that
tf - Hck 1(w)
(W)=) —F/ (33)
logtys ; uBy log u113k

Recall that uByr > puBr41 > %uBk

. ty —  1Cht1 1 o pCrt1
qwde/ w)dw > — > - — T =0
[ itz [ L=y > ;

I
k=1 pBy;log wBg 3 k=1 pBj41log 1Bri1
(34)
O

The following theorem requires some technical constructions in general case, so
at first we will prove it in the case of the uniform measure to show the idea.

Theorem 2. Let u be a computable non-atomic measure. For all ¢ there exists
w such that
M P P
d, (w) <d,(w)—logd, (w) —c (35)

Proof (Uniform case). The main idea is that one cannot win 50$ after 5 tosses of
a coin if he starts with 18. Let’s consider a function g = 3, 2%~ jgi1x) (w). It is
a lower semicomputable probability bounded function. Let’s prove the theorem
by contradiction. Assume that there exists a constant ¢ such that for all w

M )
/(@) 2 27 (w) (36)



That means that there exists a prefix-free set of binary strings w’ such that
Urlwf] D 0%1% and

o] 2k—1
2 wl > 2—07
auf)2l 2 27— (37)
For k large enough
\wl|>—c—log(2k—1)+2k—1+KM(wl)>k+1 (38)

So [wF] C [0¥1]. Hence the set {w}; is prefix-free. Consider the following chain
of inequalities:

2 3 Fatut) 2 S 3
l

k
> Zzﬂo’“lklil oy
= < 2%k —1 £=2(2%k 1)
This contradiction proves the theorem. a

Proof (General case). Now we replace the intervals [0¥1] and [0¥1%] by C} and
Dy, (see below) respectively. We cannot make the measures of Dy very small,
because it decreases g, but they also cannot be large, because g should be prob-
ability bounded. We will find suitable sets {C}} and {D}} that satisfy all of the
conditions.

Let’s consider the intervals By and Cj, from Theorem [} The series > u(Ck)
computably converges, hence for every computable sequence of positive rational
numbers ¢ that tends to 0, the one-to-one function 7 : N — N such that
w(Crky) > (1 —ex)u(Cry) for all m ¢ {r(1),...,7(k — 1)} is also computable.
We will choose suitable sequence ¢ later. Denote Cr) = Cj and consider

2L = _ﬁ, The sequence S =1+ ngk z; is computable. Let’s show that
Sy — 00:
Recall that o
Z & = 00 (40)
k pBy log MBk

The function = is monotone for large enough x, therefore
g

puCl pCri1
Z k_zlog 27>327u3k10g =00 (41)

#Ck k /”LC log uCp k nBj

If 41(C) # 0, then k = 7(j) for some j, so >, 2z =

For all Cj, we can construct an interval Dy C Cy with such property:

1
3 (HCx) ™ < pDy, < (nCr)™ (42)

Let zp be a string such that [z;] = Ck. We compute p([zx0]) and u([zx1])
and choose the next bit b if pfzkb] > $ulz] (if the both bits are suitable, let’s

10



choose 0). After that we repeat this procedure with a string x;b and so on. We
stop when the condition [42| holds for the interval Dy (the set of the extensions
of the latest string). It always happens, because the measure is non-atomic (so
plziby ... by tends to 0), and ulxgby ... bym—1] < 3ulxgdby ... bn].

Consider a function I, ()
D \W
= _— 4
9 = P (13)

It is lower semicomputable. To prove that it is probability bounded it is sufficient
to show that

pDj; > Z uD; (44)
iuD;<pDj

Indeed, consider the set {g(w) > C}:

1
>C) = D; <2 D;,:uD;, < —} < —= 45
mow)>Ch=" > pD; <2max{uD;:pDi < 55t < 5 (4)
i:uDi<%
The sequence MC? is exponentially decreasing:
S.
nC;’ L 5,-5; %, =%
SiH >(1— 5j)SJNCj+1 = (gt pC AT =
KCji (46)
2(1 o Ej)Mj2*Zj+1]Ong+l > %8 =6
Where M = ——2, > max z;,. Here one can see how to choose the sequence ey

) log 5
(1 — ;)M should be not less than 2. This inequality shows that

1.
Y. mDi=) uDi <Y (5)" uD; < pD; (47)
iipuD;<pDj i>j k>1

Therefore the function g is probability bounded.
Assume that there exists a constant ¢ such that for all w

—_ 9
6w 2 2w (48)

Where tff =24 Tfw e Dy, then for this k there exists a prefix-free set of
strings w such that U;[wF] D Dy and

k
a(wlk) Z 9—¢ 1 - (49)
u([wr]) 2Dy log Dy

Using the property [42| for large enough k we get:

1
p([wi]) < 27 a(w]’)pDy log Dy =V pDy < pCy (50)

11



Therefore wf C Cy and the set {wF};; is prefix-free.
Consider the following chain of inequalities:

1>Z a(wf >Zu ([wkp2=—¢ "t — 44— >~

,UDk IOg HDk (51)
>* = - -
Z nD uDk log Z log uDk Ek: Sk log —=—

In the proof of Lemma |3[ we showed that if the series ) z, does not converge,
then the series gn where S, = 3", <n 2k does not converge either, so the right
part of the chain ‘of inequalities is oo. a

Now we can rewrite the chain of inequalities as follows:
E liminf M a.. limsup M M P E E
d, <tda,""" = 4P M <« d) < d] <td;+ (1+e)logd, (52)
where the symbol <« means that the difference may be greater than logd,,.
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