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1. Ilpocrbie BOIIPOCH M OTBETHI

— Umo maxkoe cunyc yena 6 1 paouan?

— Hazo B3site yros B 1 paauan, 10 €Crb yroJj, st
KOTOPOI'O JUIMHA JlyI' OKDY’)KHOCTM paBHa paauycy. 3a-
TEM HY>KHO IIOCTPOMUTL IPSAMOYTOJIbHBIA TPEYTOJIBHUK C
TaKUM YIJIOM U HAlTH OTHOIICHUE IIPOTUBOJIEXKAIIETO Ka-
TeTa K TUIIOTEHY3E.

— UYmo maxkoe cunyc yena 6 2 paouana?

— OTOT yroJ Tymoil, U CHHYC JJIi HEro ompefie-
Jisiercs uHave. IlocTpouM eMHUYHYIO OKPYXKHOCTD Ha
KOOPJMHATHO# 110ckoct. O1ioxkum ot ocu OX 1po-
THUB 4ACOBOM CTPEJIKM yroJl B jiBa paguaHa. Koopauna-
THI HIOJTyYCHHOM TOYKHM OyayT (cos2,sin 2).

Jpyrumu cjioBaMu, IOBEPHEM IUIOCKOCTh (BOKPYI Hadajla KOODJMHAT) IIPO-
TUB YaCOBOH CTpeJIKM Ha yroJs B 2 pajguana. Touka (1,0) mpu 5T0M 1IOBOPOTE
nepeiIeT B Touky (cos 2, sin 2).

— Umo maxkoe cunyc yena 8 4 paouana?

— OTOT yroJ OoJiblle Pa3BEPHYTOro (KOTOPHIA COCTaBJseT 7 paauaH). Ho
B OCTAJIBHOM BCE Tak sxe. Hasio OTJIOKUTE MPOTHUB YacOBOU CTPEJIKM Yroi B 4 pa-
JuaHa (OXBATHIBAIOIMIA YTy OKPY>KHOCTU B 4 pasza JJIMHHEE Pajguyca) WM 110-
BepHYTh TOuky (1,0) Ha ocu OX Ha 3TOT yroJj, MOJy4utcs Touka (cos4,sin4).

(cos 8,sin 8)
Ve mHa 4

(cos4,sin4)

— UYmo makoe cunyc yena 6 8 paouan?

— O ayre uuHO# 8 TOBOPUTb HEXOPOILO, IIOCKOJIBKY OHA IHOJIy4YaeTcs OoJIblie
okpy>xHocT. Ho moBopoT Ha 8 paaman paccMOTpeTh MOKHO. OH COCTOMT W3
[IOJIHOTO 000poTa (27 pajuaH) U 1OBOpOTa Ha § — 27 pajuan. [losTomy cumyc
yIja B 8 paJuaH paBeH CUMHYCYy yIJla B 8§ — 27 pajuaH.



— Umo maxkoe cumnyc yena 6 —8 paduan?

— To ke camoe, TOJIbKO 110BOPAYMBaTh HAJIO 110 YACOBOM CTPEJIKE, a HE IIPOTUB.
Ilo cummerpuu sin(—8) = —sin 8.

2. Bompochl 0e3 0TBETOB

«YT0 *e TYyT MHTEPEeCHOro? — CKaXeT XOPOIIO 3HAKOMBIN C KypCOM MaTeMa-
THKJ IIKOJIBHUK. — Ha mpocThie BOIPOCH! /TaHBI MPABIJIBHBIE OTBETHIY.
Ho BOT HECKOJIBKO KaBEP3HBIX BOIIPOCOB.

B reomerprm yroJt onpezensieTcs Kak mapa Jydeit, ACX0o/s-
X 13 oduiero Havasua. Hapucyem yroa B 4w /3 = 240°. [lpy-
TOIf YesIOBEK, IS/ HA Ty K€ Iapy JIydel, MOXET CUeCTh €€

2m/3 yriom B 27 /3 = 120°. Berxoaur, uto yrasl B 47 /3 u 2w /3 —
9TO OJIHO ¥ TO ke. Kak *e y 3THX YIJIOB MOTYT OBITh pasHbie
4m/3 cuHych? Beb He MOKET e y OTHOTO U TOTO e yriia ObITh

JIBa Pa3HBIX CHHYCA?

[Noxoxas mpodaema ¢ moBoporamu. [ToBopoTr Ha 90 rpagycoB u MOBOPOT Ha
450 = 360 + 90 rpagycoB — 5TO OIMH WU TOT K€ ITOBOPOT WJIM JIBAa Pa3HBIX?
Bpone Ob1 1Ba pasHBIX: YTOOBI MOBEPHYTH KpaH Ha 450°, MaJio OBEpHYTH €0 Ha
90°, HagO cAeaTh eme mesblit 06opoT. [TompocuB OTBEpHYTH BEeHTWIh HA 360° 1
00HApYXXMB, 4TO HUYETO HE CAEIAHO, MBI OyJeM yausjicHbl. C pyroit CTOPOHBI,
BpO/ie OBl IOBOPOT — 3TO F'€OMETPHUYECKOE IIPEOOPA30BAHUE, TIPY KOTOPOM TOYKHU
[epexoAT B aApyrue Todukd. Jliobas Touka A mpu moBoportax Ha 90° u Ha 450°
[EPEXOIUT B OJIHY U Ty ke TOUKYy A’. BBIXOIUT, 5TO OHO U TO 3Ke Mpeodpaso-
BaHue?

Hakoner, 0 Harpas/ieHUM BpalleHuUsI. 33/1aBasi I0OBOPOT, HY>KHO YKa3blBaTh HE
TOJIbKO BEJIMYMHY [10BOPOTA, HO U HAIIPABJICHUE BpalleHUs (110 YACOBOW CTPEJIKE
WIM IPOTUB), UHade OyzeT myraHuia. Ho B akcmoMax reoMeTpUd O HallpaBJie-
HMY BpalieHus: (M O YacOBBIX CTpeJIKAaX) HUYEro He roBopurcs. M xak Obl MoIJn
BBIIVISIZIETh COOTBETCTBYIOIME aKCUOMBI, HEIIOHSTHO.

3. O Oeanbix aBTOpaAX

Maremartika CIaBATCS TEM, YTO JTAET YETKHUE ONpe/C/ICHIs] U CTPOTUe JJoKa3a-
tenpcTBa. Hemapom JlocTOEBCKUMI M €70 T€POX HUCIIOJIB3YIOT CIIOBO «MaTeMaTHIe-
CKHIt» JJ151 BBICIIEH CTEMEHU SICHOCTH ¥ HEOIIPOBEPXKUMOCTH. JKerast COOTBETCTBO-
BaTh DTOM PEIMyTallMH, aBTOPHl y4eOHMKOB UYBCTBYIOT CeOsi OOS3aHHBIMU [aBaTh

10 BO3MOXHOCTH OTYET/IMBBIE OIPE/ICJICHUS] BCEM HCIIOJIb3YEMbIM IIOHSTUSIM (KPO-
Me OCHOBHBIX — HE OIpEJeJISIeMbIX, HO (purypupymomux B akcuomax). Kak xe
OHM TIOCTYIIAIOT C yIVIAMU U TPUTOHOMETPUUYCCKMMU (DYHKLIMSIMU DTHUX YIJIOB?

Vribl 1 nJI0CKHe yriibl

Uro0bI pa3o0paThesl ¢ HAIIMM IIEPBBIM HEJIOPA3yMEHHUEM,
MOYHO Pa3/IMyaTh /IBa NOHATUS: NPOCMO y20.1 (apa Jiydei)
U naockuil y2on (mapa Jydeil ¥ 9acThb IUIOCKOCTH, MEX/y HU- 27/3
MU 3akouéHHas). «[IpocTo yros» paspes3aeT IIOCKOCTh Ha
JIBa IUTOCKUX YIJIa, KOTOPBHIE B CyMME COCTABJISIOT ITOJIHBII 4r/3

yros (KOTOPBI MOXKHO CUMTATh INIOCKAM YIJIOM CO CJIABLIH-
Mucst Kpasimu) B 360°.

Hy xoporo, a korja B Kakoii-T0 TeopeMe peub UIET 00 yIiiax, UMEIOTCS B BULY
IIPOCTO YTJIBI YUTH TUIOCKKE YIJIbI? OOBIYHO STO BCE PABHO, HO MHOI/IA CTAHOBUTCS
BKHBIM.

Ecji1 Mbl rOBOpUM, YTO CyMMa YIJIOB TPEYI'OJIbHUKA PaB-
HA Pa3BEPHYTOMY YTy, BCE MOHATHO 0€3 /TOMOJHUATEILHBIX
yTouneHunit. Ho 94T00bI cyMMa yIJIOB HEBHIITYKJIOTO YETHIPEX-
yroJjisirika ABCD 6buta paBHa ripuBbidHbiM 360 rpajycam,
yrojt BCD wnyxuo 6patb 60sb1mmm 180°.

B
! <
D
Iloxoxas cutyanus ¢ TEOPEMOiA 0 BIIMCaHHOM yriie. Tpa-
JMLIMOHHO OHA YMTAJIACh TAK: GNUCAHHbII Y20/l PAGEH NOJIO-
8UHE UYEeHMPANbHO20, ONUPAWE20cs Ha my dce dy2y. B ta-

Kol ()OPMYJIMPOBKE BAKHO, YTO LICHTPAJIBHBIA yTOJl MOXKET

ObITh 1 OoJible 180°, TO €CTh HAZO PACCMATPHUBATH ILIOCKUE
YTJIBL.

NmenHO Takas (OpMyJMpOBKa ObUIA B y4eOHMKE MJIAHUMETPUM M3BECTHOTO TEOMETPA
n3 XapekoBa A. B. IloropeJioa nipu niepsoM usfannu yyeOHuka B 1972 rogy. (Tounee, 510
Torja emg He ObUI0 y4eOHUKOM, a ObLIO0 KHIKKON JeMeHMapHas 2e0Mempusi, BbIILyILCH-
HOIt M3/1aTeJIbecTBOM «Haykay; 10 3TOro BBIXOUJIM OT/AEJIbHO ABe Opounopsl [Inanumempus
u Cmepeomempus. Onpe/eseHne NEHTPAILHOTO YIJIa U T€OPEeMY O BIIMCAHHOM YTJIe MOX-
HO HaiTH Ha C. 73 —74 DTON KHUI'U.)

B usnanum 1985 roga (Jeomempusi 6 — 10, w3natessetBo «[IPOCBENICHHE») HUKAKAX
LIEHTPAJIbHBIX YIJIOB YK€ HeT, a (JOpMyJIMpOBKa TeopeMsl (C. 57) 3By4uT Tak: Bnucanmuiil
8 OKDYJICHOCIb Y2011, CMOPOHbBI KOMOPO20 Npoxoosim uepe3 08e OaHHbvle MOUKU OKPYIC-
HOCMU, PaseH NoNoSUHE Yena Meducoy paouycamil, NPOGEOEHHbIMU 6 MU MOYKU, Ulu



dononusiem e€ 0o 180° («e€» — 3HAUUT «IOJIOBUHY YrjIa»). COOTBETCTBEHHO M3MEHEHO
M JI0Ka3aTeJIbCTBO.

B usmanun 2003 rospa (Bbuuemwiem yxe nocie cmepru [loropesioBa — oH ymep
B 2002 rofly) CHOBa FOBOPHUTCS O TNIOCKMX M LEHTPAJILHBIX YIJIAX, XOTA U 0oJiee pacIlIbIB-
4aTo, YeM B NEPBOM M3JaHWH, U TeopeMa (POPMYJIMPYETCs MO-CTapOMy: 8NMUCAHHDBLU Y20l
paseH nonogure yeHmpanbHo2o yena (c. 153). OnHako, BOCCTaHOBUB 3Ty (POPMYJIUPOBKY,
JIOKA3aTeJILCTBO IS 9TOTO CJIydasi (HaJo MPOBEPUTH, YTO TUIOCKHMIA yroJi, 6osbmmit 180°,
PaBeH CyMME CBOMX 4acTeil) aBTOp (a CKOpEe PEeJaKTOp) BOCCTAHABJIMBATH HE CTaJl, U CJIy-
yail 1yru, OOJIbILIEH M0JIyOKPYKHOCTH, HMOMPOCTY MPOIYyIIEH 0e3 KaKX-1u00 HOsSICHEHUIA.
3aTo /10Ka3aTEeJILCTBO TENEPh KOHYAETCs CJI0BaMK « TeopeMa /IoKazaHa IOJHOCTBIO» BMECTO
Oosiee ckpoMHOro « Teopema oka3aHa» B u3aHusAX 1979 u 1985 romos.

Moxxer Jin yroJi obiTh 00Jibmie 360°?

Kcratn, o cymme yrmoB. Korma Mel roBopmM, 4to cyMm-
Ma YIJIOB TPEYTrOJIbHMKA paBHA Pa3BEPHYTOMY YIJIy, BCE
oueHb HaIAHO. Ecim pa3spe3ars TpEyrojpHUK Ha TPH 4a-
CTU ¥ IIPUCTABUTh UX JIPYT K JAPYTY YIJIAMHU, TO 0Opa3syercs
Pa3BEPHYTHII YToJI. 37eCh CJI0KEHUE YIJIOB TOHUMAETCST KaK

y‘v JieficTBYE HAl TeOMETPIYECCKUMU (DUTYPaMH, ¥ CyMMa TOXE

reoMeTpuydeckast (purypa — pasBEPHYTHIA yIoJl.

Cityyait 4eTpIpEXYTroJIbHUKA MOYKHO TOJIKOBAaTh aHAJIOrMYHbIM o0pasoM. Ho ec-
JI aBTOP Y4YeOHMKA HANUIIET, YTO CyMMa YIJIOB, CKaXXeM, HICCTUYTOJIbHIKA PaBHA
yriay B 720°, To OAUTEIbHBINA MIKOJBHUK (VUTH HEZOOPOXKEIATEIIbHBIN PEIICH3EHT)
CIPOCHUT: a YTO % DTO 3a Takoi yroJ B 720°? DrTo ye He IUIOCKUIA yroJi, a He-
W3BECTHO YTO TAaKOE. . .

Yro Ha 310 OTBEYaTh aBTOPY? MOXKHO BBIKPYTUTHCSI, UCIIOJIb30BAB OoJIee aK-
KyparHy1o (hOpMYJIMPOBKY: CyMMa @enuyuH yrijioB pasHa 720°. Beyrunna yria —
DTO YUCJIO, DTU YKUCJIA MOXKHO CJIOXKHUTh U HOJIY4YUTh yuciao 720 (a 3HaK rpaayca
y 720 — 3TO YCJOBHOCTb, HAIIOMUHAIOIASI, YTO MBI U3MEPSIEM YIJIbI).

[TpaBna, BrocjaeACTBUM YIJIBI OyAyT W3MEPATh B pajuaHax, M 9eMy JKe CTa-
HET paBHA BEJIMYMHA 1IpsMOro yrjia: /2 wi 90? Beap 510 *ke, 4TO HU IOBOPH,
JIBa pasHbIX yuciia. [Ipuxoaurcst pasielisith 2padycHyo Mepy yrjia u paouanHyro
Mmepy yria. Jlydie Ob10 OBl MMETh HEKOTOPYIO €IMHYIO aOCTPAKTHYIO 8e1uduU-
Hy yIJa, KOTOPYI0O MOXXHO W3MEPSTh B PasHBIX €AMHHUIAX (TpagycaxX, MHHYTax,
panuanax). Ho kak 3t0 BI)IpaSI/ITb?l

[Noxoxas mpodseMa eCTh U C JUIMHOM 0TPE3KOB. MOXHO JI TOBOPUTD O JIJIMHE
OTpe3Ka KaK HEKOTOPOI UKCJIOBOI XapaKTepUCTHKe oTpeska? Vim jmHa 3aBUCUT

! ABTOP-DKCTPEMUCT HAMCas Obl, 4TO IPYINA YIJIOB U30MOP(HA IPyIIIe JAHCTBUTEJBHBIX YMCE
0 CJIOXKEHMIO, HO 0€3 KaHOHMYECKOTO C Heil m3oMopduima.

0T BBIOOPA €AVHMI] U3MEPEHMUS, U CICAYET OT/ICIbHO TOBOPUTH O JIIOMMOBOIT Mepe
OTpe3Ka, METPOBOI Mepe, CAHTUMETPOBOM, apIIMHHOM, BEPCTOBON M T.II.?

IloBopoTbl

Ilepeitném k moBopoTaMm. XodeTcs pasiM4ars oBopoThl Ha 90° u 450°. Ho
0CTaBasiCh B paMkax (IyCTh J@XKE HICAIM3MPOBAHHON) IIKOJBHON PEaJbHOCTH,
STOr0 C/IEJIATh HEJIb3s: KaK [IPe00pa3oBaHusl IVIOCKOCTU 3TO OHO U TO XK€, U IIpU-
XOJUTCSI TO MPHU3HATE.

Koryma MBI MHTYWTHBHO WX Pa3M4aeM, TO MOJPA3yMEBAEM, 4TO MOBOPOT —
9TO HE TOJIBKO PE3YyJIbTaT (Ky/a MBI ITONAJIH), HO U Ipolecc (KaK MBI IBUTJIHCH).
Ho xak oT0 BBIpa3suTh?

B mxosbHBIX y4eOHMKAX /1€J1al0TCs (0 MPaB/e TOBOPSI, TOBOJIBHO OECIIOMOII-
HBIE) TOMBITKU PA3IMYaTh «yIJIb» M HEKOTOPBIE OCOOBIC CYIIHOCTH, HA3BIBAEMBIE
«yTJIaM TIOBOpOTa». BOT kak 00 3TOM munyT:

B reomerpuu yroJi onpeziesiéH Kak 4acThb IJIOCKOCTH, OIPAaHMYEHHAs!
JBYMs Jydamd. [Ipy TakoM oIlpeJesIcHUH TOJIyYaloTCsl JIUIIb YIJIbI
ot 0° g0 180°. Ho yroy MOXXHO paccMaTpuBaTh U KaKk Mepy I1OBO-
pota. Ilpu 3ToM OH MoOXeT okazaThcs M Oojiee 180°, u Oosiee 360°.
Bynem naOmozars, HaupuMep, 3a KOJIECOM, BPALIAIOLMMCS BOKPYT
HEno/BKHON ocH (...) IlycTh B Hayaje BpALICHUS OJHA W3 CIIUIL
KoJieca OblIa rOpU3OHTAJIbHA. (. . .) EC/M KOJECO COBEPILUT [IOJIHbIA
000pOT, TO CHHIIA, 33 KOTOPOU Mbl HAOJIIOJIaeM, BEPHETCS Ha CTapoe
MECTO, TO €CTh CHOBA OKXETCS TOpu3oHTa bHON. Ho Mepa moBopo-
Ta OyjieT paBHa He HyJi0, a 360° (...) PacCMOTPEHHBIE HAMM YIJIbl
HasbiBaOT 00001E€HHbIMU yriiamu (H. S1. Bustenkun u jp., Ancebpa
st 9 kiacca. M.: Ilpocsemenne, MockoBckue yueOHuku, 1996.)

HavasibHbIN pajinyC MOXKHO IIOBEPHYTh OK0JIO TOYKM O Ha CKOJIHKO
YIOJIHO I'pa/lyCOB KaK I10 YaCOBOW, TaK M IIPOTHUB YACOBOM CTPEJIKU.
INoBepuéM, Hampumep, €ro NpOTUB 4YacOBOW crpejiku Ha 180°, mo-
ToM emé Ha 180° m em@ Ha 60°. B pesynbTaTe HAYAJIBHBIN PajIIyC
noBepHéTcs Ha 420° (...) ToBOpAT, UTO Y20/ NOGOPOMA HAYAIb-
HOTO pajuyca paBeH 420°. YroJl IOBOPOTa CUUTACTCS TIOJIOKUTEITh-
HBIM, €CJIM HAYQJIbHBIN PA/INYyC BPAIACTCS IPOTUB YACOBOM CTPEJIKH,
¥ OTPHULIATEJIbHBIM, €CJIA BPAICHUE IPOUCXOUT 0 YaCOBOU CTPEJI-
ke. (FO. H. Makapeorues u 1p., Aneebpa, 9 xkinacc. Y4eOHUK TS TIKOJT
7 KJTaCCOB C yIUTyOJIEHHBIM M3ydeHreM MaTeMaTuki. M.: MHeMosuHa,
2004.)



Haryisignast kKapTiHa 13 9TUX OIMCAHMIA SICHA, HO CUMTATh 3TO MATEMATUYECKUM
OIIPE/ICJICHUEM «YIJIa TIOBOPOTa» HUKAK HEJb3sl. [lesaHThl 00s3aTE/IbBHO YKAXYT
HaM HA TO, YTO «YI'OJI OBOPOTa» — HE YI'oJI, IIOCKOJIbKY ObiBaeT Oosbiie 360°,
U HE SBJISETCS XapaKTEPUCTUKON IOBOPOTA, ITOCKOJIbKY ONMH U TOT € IOBOPOT
COOTBETCTBYET «yIJIaM IoBopora» B 90° u 270°. U 4T0 %€ 3TO Takoe — yrosa
noBopota?!?

CMUpHBIIMCH C HEBOBMOXXHOCTBIO TOCTHYDb KEJIAEMOI0, MBI MOXXEM (KaK 3TO
JeJIaeTcs B y4eOHMKaX aJreOpsl [JIsl CTapimx Kjaccos nox pexakuueit A. H. KoJ-
MOrOpoBa) He FOBOPUTH BOBCE 00 YIJIaX IOBOPOTA, a OMNPEJCJIHMTh MOBOPOT Ha
moboe 9uciIo paguaH (B TOM 4YHMCIe OOJIBLIOE) KaK I'eOMETpUYecKoe Ipeodpa-
30BaHMe. [lJI 5TOro Halo BBIYECTh M3 JAHHOTO HAM 4YHMCJIA TaKoe KpaTHoe 2T,
YTOOBI OCTAJICS T€OMETPUUYECKHUIA YT0JI, ¥ BHIIOJHUTH HOBOPOT HA 3TOT yroj. Ho
HAJ0 OMUTEJIBHO CJICAUTDb 3a COOOM, YTOOBI HE HAIMCATh, CKAKEM, «IIOBOPOT HA
YToJ1 B 57», IIOCKOJIbKY HAC MOTI'YT IOMMATh HA CJIOBE M €XUIHO CIIPOCHUTB: @ 4TO
o910 3a yroa? U orBetuth Oynmer Hewero. [Ipmaércs cMyméHHO OOBSACHATH, UTO
«TIOBOPOT HA YIroJI B 5T» — 5TO, MOJI, Takas HUIMOMA, B KOTOPOIl 00OPOT «yroi
B 57» CaMOCTOSITEJIbHOIO CMBIC/A He uMmeer. (Bpoze «MuiioCcTuBOro rocynaps»,
KOTOPBIA OTHIO[b HE «I'OCY/aph, KOTOPbIA MUJIOCTUBY.)

Ta ke camast Oea C TPUrOHOMETPUYECKUMHU (DYHKLIMSIMA — CTPOrO I'OBOPSI,
HeJIb3s TOBOPUTb «CHUHYC YyIJIa B § paJuaH», IIOCKOJIbKY TaKOro yria (Kak Ieo-
METPUYECKOTO 00BeKTa) HeT. MOXKHO JIMIIb TOBOPUTH CHUHYC duciaa 8» (3T0 op-
JIMHATa TOYKU, B KOTOPYIO nepexoaut Todka (1, 0) npu noBopore Ha 8 paauaH).
[ToBopoT, KaK Mbl BUZAE/M, OLPEC/ISCTCs (POPMAJIBHO, C MOMOIIBIO BBIYATAHMS
KpaTtHbIX 27r. JlJIsl CHHYCa 3TO 03HAYAET, YTO OH OHPEEJIETCs /ISl FeOMETpUYe-
CKHX YIJIOB, A ITOTOM (POPMAJIBHO IIPOAOJIKAETCS NIEPUOTUYECKU C TIEPUOAOM 27 .

BepéBoukn B 4acoBbie CTPEJIKH

YacTo aBTOPHI HE BHICPXKMUBAIOT PTHX MOMBITOK HABECTU U COOIIOCTHA CTPO-
TrOCTh — W JIEMOHCTPATUBHO IOPHIBAIOT C Heil. Bossmure BepéBOUKy MMHHL 8,
rOBOPSIT OHU, U HAMOTaiiTe € Ha OKPYyXHOCTb. E€ KoHell nomanér B HEKOTOPYIO
TOYKY, U DTa TOYKA MMeeT KoopauHartbl (cos8,sin8). Jlus —8 Hamo Hamarhl-
BaTh BEPEBOUKY B JPYyrylo cTopoHy. IIpo BepEBOUKy y>K TOYHO SICHO, YTO STO
HEMaTEeMaTUIeCKOEe TOHSATHE: TPY/AHO MPEACTABUThH cede, YTO B MATEMATHKE €CTh
«OTIpE/IC/ICHNE BEPEBOYKIAY UM AKCHOMA O BEPEBOUKEY.

Emé HeckosIbKO CJIOB MO HAIPABJICHUE MOBOPOTA (K10 YACOBOIM CTPEIIKEY).
OcraBasich B paMKaxX aKCHOMaTHIECKON T€OMETPHH, BRIPAKEHHE TIOBOPOT HA YTOJI

2 ABTOp-DKCTPEMIICT, HABEPHO, CKa3aJI O PO TOMOTOIMYECKHIA KJIacc TyTeii B rpyrme SO(2) wm
PO IPyHIly, OCTPOEHHYIO U3 JIOKAJbHOM IPYIIIBl MAJIBIX IIOBOPOTOB.

AOB 10 4acoBoi1 CTpeJIKe» OlIpe/IeJiuTh HeJib3st. Jle1o B TOM, 4TO B TPa/IMIIMOH-
HBIX aKCHOMAX T€OMETPUM HET HUYETO, (DMKCUPYIONETO OPUCHTAIMIO [IOCKOCTH.
Ecsm Ml pucyem reomeTpuaeckue GuUryphl Ha CTEKJIE, TO ¢ TOUKU 3PCHUS «3aCTe-
KOJIbsI» BCE aKCHOMBI BHITOJTHEHBL. HO TO, 4TO [1J1s1 HAC IPOTHB YacOBOIl CTPEJIKH,
aJ1s Hux OyzseT — 1o0. (BO3MOKHBIA BBIXOJ] COCTOUT B TOM, YTOOBI PACCMATPHU-
BATh OPUCHTHPOBAHHBIC YIJIbl U CUMTATH, YTO HOBOPOT Ha yroa AOB u moBopot
Ha yros BOA — 910 He 0/IHO U TO e 1IPeo0pa30BaHKe, a B3aUMHO OOpaTHbIC
npeoOpasoBanusi. Ho 1 9T0 c/ie1aTh aKKypaTHO /IOBOJIBHO CJIOXKHO. )

W3 Bcex 3THUX TPYJHOCTEH aBTOPBI YUeOHUKOB IIBITAIOTCS KAK-TO BBIKPYTUTHCS,
IIpUYEM He BCEr/Ia OJJMHAKOBO. [leJIo OCJIOKHAETCS TeM, 9TO TPUTOHOMETPHYECKUE
(yHKIMM eCTh U B ajiredpe, 1 B reoMeTpuy, a yueOHuKY passeie. ([la u 1o ogqaomy
IIPEIMETY €CTh HECKOJIBKO yUCOHUKOB. )

B CJICAYIOUIUX PA3/JCJIaX Mbl PACCKAXKEM O JIPDYTUX «TOHKUX MECTAX» B IIKOJIb-
HOM KYpCC MAaTCMATUKU U 00 ux HUCTOPUU, a TAKIKE ITOCMOTPUM, YTO O HUX HAIIU-
CaHO B IIKOJIBHBIX y‘{€6HI/IKaX.

4. AKCHOMBI CBA3H

FCOMeTpH}I KaK aKCHOMAaTH4Y€CKas HayKa

Y10 Takoe 1psiMast C TOUKY 3PEHUsI AKCUOMATUYECKH U3JI0KEHHOU IeOMeTpUY,
IIOHATHO. BepHee, HCIIOHATHO, HO IIOHSATHO, YTO WM HC JOJI)KHO OBITh IIOHSITHO —
mpsiMasi CIUTAETCS HeonpeoensieMblM NOHsMueM, a HEKOTophle e€ CBOMCTBA —
axcuomamu. Ilpy TakoM TO/IXOJE, YCITOBHO TOBOPSI, HA BOIPOC 9TO TaKoe Ipsi-
Masi?» MBI IMEeM IIPAaBO OTBEYATH «ITO MEHSI HE KAcaeTcs, S 3HAI0 TOJIBKO, 9TO. . . »
U HEPEUCIISITh AKCUOMBI.

Hanpumep, ectb akcuoma 0 TOM, 4TO Ojist Jil0ObIX i
0BYX pasiuuHblX MOYEK UMeemcs. pO6HO 00Ha nps- ~ A B m
Masi, uepe3 Hux npoxodsiuyasi. VI3 5Toi1 akcroMsl (cpa-
3y Ke) clieflyeT TeopeMa: dge npsimble umelom He Gonee 00HOlU obwell mouKu.
B camom zieste, ecyi pasHble psmble [ 1 m uMeroT oouue Touku A u B (pasHbie),
1O uepe3 A u B npoxoaut OoJjiee OAHOIM MPSMOIA, B IIPOTUBOPEYUU C AKCHOMOM.

B sTom PACCYyXKACHNN HEBAYKHO, YTO ITOHUMACTCS IIOJ TOYKAMU U IIPSIMBIMU.
Ecm moHMMaTh TOJ TOYKAMM JIOZIEH, a TOJ IPSIMBIMH TIOJATHYECKIE HapThH,
U TIPH 5TOM aKCHOMa OKaXKETCsI BEPHO# (/151 JIIOOBIX ABYX PA3JIIHBIX JIIOZICH €CTh
POBHO OfIHA TIAPTHS, B KOTOPYIO OHM BXOJAT), TO HAIE PACCyx/JCHUE JOKAXKET,
YTO J[BE Pa3HBIC IIAPTUM MOI'YT MMETh HE OoJiee oHOro obmero wieHa. Muoraa



TOBOPAT, YTO CWJIA AKCMOMAaTUUYECKOIO IOJX0/Ia B TOM U COCTOUT, YTO Mbl MOKEM
paccy 1aTh IIPABUJIBHO, HO TaK M HE Y3HATh, O YEM MBI PacCy’KIaJIM.

Ho B kypce reoMeTpun o4eHb OBICTPO PACCYX/IEHHsI CTAaHOBSTCS CJIOXKHEEe —
HOABJISIOTCS HOBble HOHATHA. Cpasy ske HOcJie TOYeK U IPSAMBIX B I€OMETpUM
PaccMaTpUBAIOT OMpPe3KuU, O KOTOPBIX Mbl HEMHOT'O U IOT'OBODHM.

Yro Takoe orpe3ok? Jro vactb npsmoil. CkaxeM, orpe3ok AB cocrour u3
mouek npsimoii AB, nexcaujux mexucdy A u B. Yro 3zech Henousitroro? Ipsimast
AB — »o10 npsimast, npoxogsimast uyepes A u B. (Yske U3BeCTHAsi HaM AKCHOMa
rapaHTHpYeT, YTO Takas IpsiMast eCTh U 9TO UM «psiMast AB» He OyzeT Ho He-
J0pa3yMEeHUIO IIPUCBOEHO JIBYM Pa3sHBIM IIPSAMbIM — TaKasi IIpsAMas eJMHCTBEHHA. )

Jlexkath Mexay

Ecm BB «BCE moHsUm», TO 3ps. B ompenenennu oTpeska e€CTh €lEé OfHO
CJIOBO: «MEXKIY». OHO HACTOJIBKO HE3aMETHO, 4YTO [ABa TBICAYCJICTUS, C EBKJ'[I/I,Z[a
u 10 koHua XIX Beka, MAJUIMOHBI IIKOJIBHUKOB y4WIM reomerpuio no EBkimny
(4 ero mepeckasam), Iie 00 STOM HIYETO He CKa3aHO, U HUKTO HAYEro He 3aMedall.
(He cxazano 00 sToM u B KjlaccmueckoM ydeOHuke Kucenésa.)

B konue XIX Beka, ¢ pocToM TpeOOBaHMII K Ma-
TEMATHUYECKOM CTPOroCTH, MaTEeMATHUKM HAYaIM 3a/ia-
BaTh ceOe BOIPOC: a YTO 3HAYUT «Mexay»? Bot, cka-
’KEM, eCTh TaKoe CBOICTBO: eciu moyxka C npsmoil nesjcum mexncoy moukamu A
u B, a mouka D nexcum mencoy A u C, mo D nezcum mexncdy A u B. Bpone
OYEBH/IHO, HO KaK 3TO JI0Ka3arh? Hukak, 10oKa HET ONPEIE/ICHUs CJIOBA KMEXKITY»
(mJ1st TOYEK HA HIPSIMOIL).

Bputo pelieHo, 4To 3TO CJI0BO U HE HAJI0 ONPEAEIATh — HAJ0 CYATATh IIOHS-
e A Haxodumcsi Ha npamou mexcdy B u C HeomnpenenaseMbM, a chopMyu-
POBAaHHOE CBOWICTBO — aKCHOMOI1. EcTb M Jipyrue cpasy HPHXOLIUE B TOJIOBY
akcuomsl: eciiu A nesgcum mexncoy B u C, mo A nexcum meacoy C u B; uz mpex
PA3MUYHBIX MOYEK HA NPSIMOLl POBHO OOHA JIeJCUM MedHcOy 08YMsi Opy2UMU.

Ho ony akcromy 3ameriiiv He cpasy; e€ Haszsasm akcuomoil [ldwa (110 umenu
3aMeTUBLIETO ¢€ MaTeMaTuka 1o pamusmu [Taur). OHa ritacur, uro eciu npsamas [
nepecekaem 0OHY U3 CIOPOH MPEY2OIbHUKA U HE NPOXOOUIM Uepe3 e20 6ePUlLHYL,
mo oHa nepecexaem Opy2ylo €20 CMOpPOHy U He nepecexkaem mpemuyio.

Tyt roBopurcst 0 TPEYroJIbHUKax M MX CTOPOHAX, HO DTO JIMIb CIIOCOD BbI-
paxenusi. [lojpasymesaercst takoe yrsepkjenue: eciu moyku A, B u C ne
niexcam Ha 00HOU NPAMOUl U ecnu Ha npsamoil |, He npoxoodsyeil Hu uepes3 00HY
U3 IMux mouek, ecmv mouka, nexcawjas Ha npamoi AB mexncdy mouxamu A
u B, mo evinonneno posno ooHo u3 08yx ymeepoicoenuii: (1) na npsamoit | ecms

A D C B
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mouka, nexcawasi Ha npsimoit BC meacdy moukamu B u C; (2) na npsmoii |
ecmy mouka, jsexcawas Ha npsmoii AC meacdy moukamu A u C. JlumHHO, 3210
HUKAKUX TPEYTOJIbHUKOB, OTPE3KOB U T.II. HE YIIOMHUHACTCSI.
HaupHble 00 yauMBWINCH ObL: a 4ero TyT He-
MOHATHOTO? TpsiMast | HAYMHAETCS Y KOHYACTCS BHE
Tpeyroibauka ABC, 3HauuT, pas BoiasA B Hero (Ie-
pecekum orpe3ok AB), oHa JJOJDKHA U BBIATH (4epes
BC wm AC). Vum Bot jpyroe paccyxjenue: ec- [ C
i AB mepecekaer I, To Touku A u B jexar mo
pasele croponbl oT /. lna touku C, Takum oOpa- A
30M, €CTh [JBa BAPUAHTA PACIIOJIOXKCHUS OTHOCHUTEIb-
HO npsiMoit | (Ha IPsIMOIL OHA JIeXKaTb HE MOXET IO HpeanoJiokenwo). Ecim C
JISKUT 110 Ty e cropony ot [, uro u A, to BC nepecekaer [; ecsiu 110 ipyryio,
10 AC nepecekaer /.
VBBL, 9TU PACCYKACHUS UCHOJIB3YIOT (OPMAJIbHO HE OIpe/Ie/IEHHBIC TTOHSTHS
«BHYTPU TPEYTOJIbHUKA», 10 OJHY CTOPOHY OT IPSMOI», TaK Y4TO B CTPOrOM
AKCHOMATUYECKOM CMBICJIC JIOKA3aTC/IbCTBAMU UX CUMTATH HEJIB3SL.

B

OcHoBanus reoMerpud no Inanoepry

AKKYypaTHO aKCHOMATHYECKOE ITOCTPOEHME Te€OMETPUM OBLIO BIEPBBIEC IIPOJC-
JIAHO BEJIMKUAM HeMeLIKMM MaTeMaTukoM JlaBuiom [wisGeproM B ero kaure OcHo-
eaHnus eeomempuu, nosiBuslieiicss B koHle XIX —navyase XX Beka. Tounee cie-
JI0BaJIO OBl CKa3aTh — B IOCJCHUAX HM3JAHUSX DTOM KHWIW, TAaK KAK UMTATEIIN
3amevaJii 1e(PEKThl B M3JI0KeHNH, a [M1p0epT ux ucrpasisul. OTa KHATA IepeBe-
jeHa Ha pycckuii (/1. I'mimbepr, OcHosanust 2eomempui, 11€peBoji ¢ 7-ro HeMell-
xoro wganus W. C. Ipaamireiina, noJ peJakldeil U cO BCTYNUTEJIBHON CTaThEN
I1. K. PameBckoro, M. —JI.: TocyapcTBeHHOE U3aTEJILCTBO TEXHUKO-TEOPETAYEC-
ckoit surepatypsl). IlepeBos cHaOkEH npuMedaHusMy (TIEPEBOTIMKA U PEAAKTO-
Pa), B KOTOPHIX IOAPOOHO OOBSICHSIOTCS HEKOTOPBIE PACCYKICHHUS, JIUIIL KOPOTKO
HamedeHHble y [wisOepra. Ho maske u mocjie STMX KOMMEHTApHEB UUTATh KHUTY
JIaJIeKo He TPOCTO.

3arto Tam Bc€ cTporo. CKaKeM, aKCHOMBI /IS TIOHSTHS KMEX/Ty» (TI0 CYIECTBY
yKe yIOMHHaBIIMECS) (HOPMYJIUPYIOTCS TaK:

II;. Ecim touka B siesxxur mexjy 1oukoil A u toukoit C, 1o A, B, C cyrp
TPU Pa3jIMYHbIE TOYKU IPsIMOH, U B Jyiexur taroke mexay C u A.

II,. Just mo6six aByx Touek A u C Ha npsamoit AC cyiecTByeT 1o KpaiHeit
Mepe oJHa Touka B Takas, uro Touka C jiexur mexay A u B.

II;. Cpenn moOBIX TPEX TOYEK MPSMOI CyLIECTByeT He 0oJiee OHON TOUKH,
JIeKAIEH MEXTy AByMs APYTHMHU.
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Axcuoma Il — yxe npuseaéHnast Hamu Bbiue akcuoma [lamra.

3a TUMHM aKCHOMaMH CJICAYIOT Teopembl. Bor mepsast u3 Hux (reopema 3,
c. 60): Jlus nobvix 08yx mouek A u C Ha npsimoii cywecmsyem no kpaiiHetl
mepe oona mouka D, nexcawas mexcoy A u C.

; E€ nokasarenbcTBO HAUMHAETCS C IPUMEHEHHUS
/ .- QaKCHOMBI O TOUKaxX U IPSIMBIX, TOBOPSIICH, 9TO BHE
\ /’J/F JI0OO¥ TIPSIMOI €CTh XOTsI OBI O/IHA TOYKA: «COTJIAC-
o HO akcuoMe I3 BHe npsimoit AC cyuecTByeT HEKo-
Ty Topas Touka E, a B cuty akcuoMmsl I, Ha mpsiMoit
e T AE cymecrByer takas touka F, uro E sBiser-
A e csl Toukoit oTpeska AF. B cuity Toit ke akCHOMBI,
¥ a rtakxe akcuomsbl 1l3, Ha npsamoit FC cymecrBy-
Gt er rouka G, He Jexaias Ha orpeske FC. Takum
x obpaszom, 110 akcuome 1y npsimass EG j1ojpkHa nie-
pecedb orpe3ok AC B HEKOTOPOU ToUke Dy.

He Tak mpocro 3a stuM npocaenurs, npasaa? (Ilpu sTom momoraer pucy-
HOK, HO HA/I0 IIOMHUTb, YTO DTO JIMIIb WITIOCTPALMS U JOKA3ATEJIbCTBO HUKAK HE
JIOJDKHO OMMPAThCS HAa TOT PUCYHOK!) A MexX/Ty TeM 3TO caMoe IEPBOE U CaMoe
[IPOCTOE U3 cepuu JloKazaTesbcrB y [mibdepra. CkaxkeM, Jajblie CIPOro orpe-
JCTISICTCS. TTOHSTHE «BHYTPH MHOTOYTOJIBHHKA». JIJIs1 9TOro JOKa3bIBacTCsl Takas
TEOpeMa: 6Ce MOUKU, He Nedcaujue HAd CMOPOHAX MHO20y20lbHuKa (HecaMmorle-
PECeKaloIerocs, He 00s3aTeNIbHO BBITYKJIOT0), MOJICHO pa3bume Ha 08a Kadccd
makum oépasom, 4mo

e n100ble dge mouKku, nexcawjue 8 OOHOM Kidacce,
MOJCHO COeouHumov Opy2 ¢ Opy2oM JNOMAHOl, He nepe-
ceKarweil MHO20y20lIbHUK;

® HuKakue 0g8e MOUKU, NeXcaujue 8 PA3HLIX KIACCax,
Helb3si coeduHUmMb Opye ¢ Opy20M JIOMAHOl, He nepece-
Karoweii MHO20y20/TbHUK

® POGHO 00uH U3 Knaccoé ozpanuyer (cywecmay-
em yucio, Oonvulee pacCmosiHusi MeNcOy NH0ObIMU 08YMsl
mouKkamu 3mo20 Knacca).

HedopmabHo roBopsi, Ta TEOpPEMa YTBEPYK/IACT, YTO MHOTOYTOJIbHUK JICITAT
IUIOCKOCTh HA JIBE YACTH, OJHA M3 KOTOPHIX OTPAHMYCHA, a Jpyras — Her. EE
00bIYHO Ha3bIBAIOT meopemoil Kopoaua Onsi MHO20y20/1bHUKOE (KHACTOSIIAS»,
oOuras Teopema JKopaana yTBEPXKIAET TO K CaMoe ISl IPOU3BOJIBHBIX HeIpe-
PBIBHBIX HECAMOIIEPECEKAIOIXCS 3AMKHY THIX KPHBBIX).

Jlokxazas teopemy JKopaana /uist MHOrOYIOJIBHUKOB, MBI MOXXEM C YHCTOI CO-
BECTBIO /IaTh OIIPEC/ICHIE GHYMPeHHell MOYKYU MHOIOyrOJIbHUKA (JICXKAIIEH B TOM
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U3 IByX KJIACCOB, KOTOPBIN OIPAHUYEH).

Jaxe ecji He CTaBUTH LIEJIM IIPOBECTH AKKYPATHOE J10-
Ka3aTeJIbCTBO ITOU TEOPEMBI K13 IIEPBBIX IIPUHLIMIIOBY (aK-
CHOM T€OMETPHUH), A IIPOCTO CTapaThCs IPUIYMaThb XOTh
KaKoe-TO paccy’kKJeHre, KOTOpoe He CBOJWJIOCH OBl K BO3- /
IJ1acy «Hy Be/lb OTO OYEBHIHO», TO STO JAJIEKO HE TaK
Jerko czenats. (OauH M3 BO3MOXHBIX BAPHUAHTOB: BBIOE-
PeM Kakoi-HUOYIb JIyd, HE MApaJUICJIBHBII HU OJHON M3
CTOPOH MHOTOYTOJIBHHKA; YTOOBI OIPEEJIUTh, SBJSCTCS JIM TOYKA BHYTPEHHEH,
BBIIYCTHM W3 He€ JIyd, Mapayljie/IbHBI BHIOPAHHOMY, M IIOCYMTAEM, YETHOE JIM
4KCJIO Pa3 OH IIEPECEeKaeT CTOPOHBI MHOTOYTOJIBHMKA — IIPUA STOM II€PECEYCHUs
B BepLMHAX TpeOyloT orAesibHOro yuéra.) M rakoe B kuure ImipOepra — Ha
KaX/IOM 1ary u 6€3 0COOBIX MOSICHEHMIA!

a

AKCHOMBI CBSI3H B IIKOJIE

Bceeps€s oTHeCMCh K Wiee CTPOTOro MBJIOKEHHS T€OMETPUM B IIKOJIE [BA
aBTOpa YYeOHMKOB — BEJIMKWMIA pycckuii (coBeTckuii) yuéHbiii A. H. Kosmmoropos
n yxe ynomuHasimiics A. B.Iloropesos. YueOnuk Kosmmoroposa ceifuac yxe
PEaKO BCTpPEYAeTCs B IIKOJIAX, TAK YTO MBI OyjeM rosoputs o [loropeiose.

Unest ero xHWKKUA InemeHmapuas 2eomempusi, 0 KOTOPOIl MBI YK€ TOBOPH-
Jig, OBUIA B TOM, YTOOBI M3JIOXKUTh T€OMETPHIO CTPOTo, HO JToXoquuBo. CTporo —
YTOOBI TOTOIIHBIN YUTATEIh MOT MCTOJIKOBATh TEKCT KaK IOJIHOE (VUM JIETKO BOC-
IIOJIHSIEMOE) JIOKA3aTEJILCTBO. JlOXO/UMBO — 4YTOOBI JUISI HE CTOJIb JIOTOLIHBIX
yuTaTesIe BCe OTH CKydYHbIE OOOCHOBAHMS OBLIM HE3AMETHBI M HE OTBJICKATIM OT
TeOMETPUIECKO CyTH. BOT Kak chOopMyIMPOBAHBI AKCHOMBI CBSI3U B DTOI KHIDKKE:

II;. M3 Tpéx Touek Ha MPSAMOI OTHA U TOJBKO OJHA JICKUT MEKIY IABYyMs
JpYr'MU.

II,. Touka, siexaljas Ha IPSAMOM, pa3OUBaeT IPSAMYIO HA [IBe IOJIYIPSMBIE.
Toduky Ha OJHOI MOJIYIIPSMOM HE Pa3/IeJIAIOTCSA TOYKOM, IIPOM3BOSILEH JICJICHHE.
Touky pasHBIX MOJIYIPSAMBIX Pa3ENIIOTCS TOW TOYKOM.

I1;. Ipsimast pa3OuBaeT IJIOCKOCTh HA JBE HOJIYILIOCKOCTH. ECJIM KOHIIBI KaKo-
rO-HUOY/Ib OTPE3Ka IIPUHAJIEKAT OJHON IOJIYIUIOCKOCTH, TO OTPE30K HE Iepece-
KaeTcs ¢ npAMOM. EcCiv KOHIIBI OTpe3Ka IPUHA/JIEKAT PA3HBIM IOJIYIUIOCKOCTSIM,
TO OTPE30K IIEPECEKAETCA C IPSMOIA.

Hazo oraars nosxHOe Macrepersy TloropesioBa — JeiCTBUTEIIBHO TU YTBEP-
JK/ICHUS BBITJISIASIT IIPOCTO M €CTECTBEHHO, @ OJJHOBPEMEHHO MIM MO)KHO IIPH/aTh
TOYHBIA cMbIC. HampuMep, BTOpoe M3 HUX O3HadYaeT, YTO €CJM Ha NpsMoit [
BhIOpaHa Touyka A, TO BCe OCTaJbHbIC TOYKU NPSIMOIl /| MOXHO pasJe/IUTh Ha
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JBa KJIACCAa TaKUM 00pa30M, YTO TOYKM OJHOTO KJIacCa HE PA3/eJISIOTCS TOYKON
A (rouka A He JIOKUT MEX/ly HUMHU), 2 TOYKM PA3HBIX KJIACCOB Pa3JIeJISIOTCSI
TOYKON A (TOuKa A JISKUT MEX/y HUMH).

B kadecTBe mpuMepa BBIBE/IEM M3 OTHX AKCHOM BTOPYIO aKCHOMY CBSI3H IO
Twisbepry: mis mobbix nByx Touek A m C Ha npsamoit AC cymecTByeT 10
KpaiiHeil Mepe ofiHa Touka B Takas, uro Touka C yiexur Mexay A u B. B camom
jeiie, Touka C pazduBaer HPsIMYIO Ha /IBE LIOJIyIPsIMbIC; TOUKa A 10majaer Ha
onHy w3 HuX. Bo3pMéM B kauectBe B TOUKy HA Jpyroi noJynpsimoii. Toraa Touku
A u B pasgensiorcs Toukoin C (ITOCKOJIbKY MOJIYIPSIMbIC PasHBIE).

Tpetps akcroma [oropesioBa /1151 HAYMHAIONINX BBIIVISIIAT IPOCTO KaK OIKCA-
HHE PACYHKA. A [UISI TeX, KTO IIOHUMAET, OHA MO3BOJISIET JIETKO JIOKa3aTh AaKCHOMY
[Mama (xoTOpas Temeps CTAHOBHUTCS, TaK CKa3aTh, «Teopemoit [lamma»): npusenén-
HOE HAMU HAIJISITHOE OOBsICHeHMe akchoMel [lama (BTopoe w3 HMX) CTAaHOBUTCS
CTPOrUM €€ JI0Ka3aTeabCcTBOM!

[ToropesioB, BUMMO, HA/IESUICS, YTO IIPU IEPBOM YTECHUM OOJIBIIMHCTBO IIKO-
JIBHUKOB TIPOIYCTSIT pa3Hble OOOCHOBAHWS T'€OMETPUYECKH OYCBH/TIHBIX BEILEH,
a TIpU MOBTOPHOM YTEHHWM HEKOTOPHIE M3 MOB3POC/ICBIIMX M YMYIPEHHBIX IIKO-
JIBHUKOB UX OLICHSIT.

K coxasennio, HUUEro XOpouero Ha MPAKTUKE U3 TOIO HE IIOJIy4YUJIOCh —
[ToropeioB EpPEOLICHIIT U yYUTEJIe, U IIKOJIbHMKOB. Hu Te, HU pyrue Tak u He
IIPOHUKJICh TOHKOCTSIMA OODOCHOBAHMIA, B JIydllleM CJIydae IpoIryckas ux. B pe-
3yJIbTaTe OT W3SIITHOM IEMM PAacCy/ICHMIA, KoTopas ObuTa B IepBoil KHmKke [To-
rOpeJIoBa, B COBPEMEHHBIX M3/IAHUSIX OCTAJIMCh OJHU Pa3BaJIMHBL.

BoT omuH u3 npuMepoB Takoil aerpagaimy. Bo3smém
onpe/eseHue: Jyd ¢ HadainoM B Touke O [=Touka O u
O/IHAa U3 TIOJIYIPSIMBIX, HAa KOTOpble Touka O JeJUT He-
KOTOPYIO HIpsIMYIO] npoxodum Mmedicdy CTOPOHAMH YTJIa
¢ Bepumuoit O [=durypsl u3 JIByX Jiydeil ¢ oOImMM Ha-
vajiom O], eciu OH IepecekaeT Kakoi-1moo orpesok AB
C KOHI[AMM HA CTOPOHAX yIJIa. DTO OIPE/IEJICHUE COXpa-

B B'  munoch memsmeHHbIM BO BeexX m3ammsax. HapepHoe, BBI
C HUM BCTPEYQJINCh — HO 33/lyMbIBUINCH JIX O TOM, 4TO CJIOBA «KaKOW-JHOO»
TYT BechbMa CyliecTBeHHbI? OOpaTuTe BHUMAHKE: B OIPEIECJICHUA MBI HE TPEOyeM,
4TOOBI JIyY IIEPECEKal BCE OTPE3KH C KOHLIAMU HA CTOPOHAX yIJia.

DTOro M He HYXHO TPeOOBaTh, IIOCKOJIBKY 2TO MOXHO J0Ka3aTh. M3 axkcrom
clleqyeT, 4To ecyi Jiyd | mepecekaeT oTpe3ok AB ¢ KOHIIaMH Ha CTOPOHAX yIJia,
OH 00A3aTEJILHO MEPECeYET J1o00i Takoit otpe3ok A’ B’. Kak 310 0Kkazars? B mep-
BoM m3anuu [loropestoBa cHavyasa JTOKa3bIBACTCS JIEMMA: eClu HAYano ayda m
Haxooumcst Ha npsmoill 1, a iy He nedjcum Ha >moil nNpsiMoll, mo éce MmouKu
Jiyya m Haxoosimcst no 00Hy cmopouy om | (B OJHO¥M U3 JIBYX IIOJIYIUIOCKOCTEH,

)
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Ha KOTOpbIe | JIeJIUT ILJIOCKOCTD).
INouemy BepHa oTa Jiemma? Bo3pMEM aBE TOUKM Ha

m
Jiydye m. Ecy Obl OHUM JIeXKa/M B PA3HBIX IIOJIYILIOC- //
KOCTSIX, TO COCAMHSIONINI MX OTPE30K IepeceKa OBl I
npsmyto /. Ho mpsimas, Ha KOTOpOIt JIKUT m, U Npsi- )

Masi | mepecekaloTcsl B eIMHCTBEHHON Touke (. 3HAUUT, COCAMHSIOUIVIL 3TU JIBE
TOYKM OTPE30K Ipoxoaut 4yepe3d O, ¥ HOTOMY OHM HE MOI'YT JIEKATh HA OHOM
Jyye!

Terepb MPUMEHUM 5Ty JieMMy: pa3 Toukn A U A’ Jiexar Ha OfHOM Jiyde
(OHOM M3 CTOPOH YIJIa) ¢ HAyajoM Ha NpPsIMOil /, TO MO JIeMMe OHH JIeXKaT I10
OJIHY CTOPOHY OT TIpsMOii . AHanorn4so Touku B u B’ niexar mo ojiHy CTOpoHy
or npsmoii /. Ho orpesok AB nepecekaer /, tak uto A u B jiexar 10 pasHble
CTOPOHBI OT IpstMoit . 3Haunt, u Toukn A’ u B’ siesxar 1o pasHele CTOPOHHI 0T [,
u noromy A’B’ nepecexaer .

Ho 510 €e1mé He BCE: MBI JOKa3aM, YTO OTPE30K eI
A’B’ nepecekaer npamyio | (teopema 2.3, c. 27), ,
HO el Ha/lo JI0Ka3aTh, YTO OHA Iepecekaet Jyy [ J/
(3amaua 18, c. 28). Pentenus »T0# 3a1aum B kaure A !
HE IPUBOJUTCS, HO MOXKHO PAcCy>KAaTb «OT IpPO- X
TUBHOTO». IlycTh 9TO He Tak, TO €CcTh TOYKA Ie-
peceuenus Z orpeska A'B’ (mokasanHoro B BHIE B B
IYHKTUPHOI1 yTY HA PUCYHKE) C MPsMON [ JIeKUT /
10 JpYrylo cropoHy orT To4ku O (110 CpaBHEHUIO N .
¢ Toukoit X nepeceuenns syua | u orpeska AB). R
Torma otpesok XZ coxepskur touky O, u noromy X u Z Jiexar MO pasHble
cropons! ot npsmMoit OA. Ho X JIexuT 1o Ty e CTOPOHY OT 3TOM IPAMOii, 4TO
u B (mockosibKy oTpe3ok XB He mepecekaeT yKa3aHHOU IMPSIMON); aHAJTOTUIHO Z
JIKHT T10 Ty K€ CTOPOHY OT 3TOM IPsMOit, yro 1 B’. TIprxomm K NPOTHBOPEUHIO
¢ TeM, 4t0 B u B’ siexar 110 ojiHy cropoHy ot npsimoit OA (siemma).

JI0BOJILHO 3a1lyTaHHbIE paccyxcaeﬂmﬁ, He npasja Jin? He yauBuTessHO, 9TO
yxe B m3gaHiu 1986 rosia OT HOMBITOK CTPOrOro 0OOCHOBAHMS CBOWCTB B3aMMHO-
TO PACIIOJIOKEHHUST TOYEK OCTAJICH JIMIIb POXKKA J1a HOXXKU. CBoiicTBo 1l BooOmIe
OIyIICHO, a OT cBoicrBa ll3 ocrajocs Jimup 3akymHanue «lIpsimasi paszOuBaer
IUIOCKOCTb Ha JIB€ IHOJIYIIOCKOCTHY, 0€3 KaKOIr0-JIM0O yTOYHEHUSI CMBICJIA DTOIO
yrBepxaenus. Jlanee Harmcano: «[1oJiynpsiMoii Wiy JIy4oM Ha3bIBAIOT YacThb IIpsi-

3TlepByIo 9acTh paccy /IeHUs MOKHO M3JIOKHUTH HHAYE: 3AMETHT, UTO 10 akcrome IMama mpsvast
nepecekaer orpe3ok AB’ s mo6oi Touku B’ Ha nyue AB, a 3aTeM IPUMEHUTDH TO e PACCYKACHHUE
em¢ pa3 u nepeitta ot AB’ x A’B’. Takoe paccyxenue HamMedeHo B m3aanmn 2003 roga (3anada 49 Ha
¢. 20, oTMeueHHAasl KaK «32/1a4a IOBBILIEHHON TPYAHOCTU»), HO BTOPasi 4acTh pacCyxkaeHus (mepexos
OT IPSIMOii K JIydy) BCE PaBHO HEOOXOJHUMA.
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MO#1, KOTOpasi COCTOUT M3 BCEX TOYEK DTOM IPAMOM, JICKAIIMX 10 OJHY CTOPOHY
OT JaHHOW €€ TOUYKM» — CTPOr0 rOBOPS, DTO ONpEJE/ICHAE HE MMEET CMBICTIA,
TaK KaK IOHATHE «OJHOM CTOPOHBI» MMEET CMBICJI JIMIIDL B ITPEANOJIONKEHUM AKCU-
OMBI, KOTOpast Terepb BbIOpomieHa. [IpuMepHO Tak jke 0OCTOUT /1eJI0 U B W3/TaHIA
2003 ropa.

CaoxuaBmascs NpakKTHKa U Hen30eKHbIe OMaCHOCTH

Cka3aHHOE HE CJIeAyeT BOCIPHHMMATH KaK MOXKEJIAHUE BEPHYTHCS K MCXOTHO-
My BapuaHTy y4eOHMKA: BM/IMMO, IIAHCOB PAcTOJIKOBATh CTPOIME U JICJMKATHBIC
PacCy>K/IeHISI Ha OCHOBE aKCHOM BCE PaBHO HET.

Ho B pesynbprate [loropesoBy, Kak 1 IpyruM aBTOpaM y4eOHUKOB, ITPUXO/IUT-
cs1 (PAaKTHYECKH OIYCKATh BCE PACCYKIACHUSI, KOTOPBIE OOOCHOBBIBAIOT PACIIOJIOXKE-
HHUE I'€OMETPUYECKUX OOBEKTOB HA YEPTEXKE: Mbl PUCYEM KApPTHHKY, HAJIESICh, YTO
OHA TIPaBWJIbHA, M 3aTE€M HESBHO ormpaeMmcs Ha He€. CkakeM, eC/ii Ha PUCYHKe
Hekas Touka M Ha mpsMoii okasasiach MexxJay Toukamu K u L, To MBI OOBIYHO
CUMTaeM BOSMOXKHBIM MoJT4a 3armcath ypaBHeHne MK + ML = KL (mnsa pms
OTPE3KOB), XOTS BOOOIIIE-TO KTO €r0 3HACT, BCEIr/Aa JM (B YCJIOBHSX 33/1a4M) TOUYKA
M wue Bbiizier 3a npeesisl orpeska KL . Jlvib B peikux ciiydasix, Korja cpasy
BU/IHO HECKOJIbKO BO3MOXXHBIX BApPUAaHTOB PACIIOJIOKEHHsI TOYEK, Mbl pa3Oupaem
STH BapUaHTHI 10 OYEPENH.

B UYecTHO TOBOps, Takoe JITKOMBICIWE BOBCE HE 0e€30-

ouHo. CyIecTByeT MHOXECTBO I'€OMETPUYCCKHX ITapa-

JIOKCOB, B KOTOPBIX «JIOKa3bIBACTCS» KaKOE-HUOY/Ib SIBHO

abcyp/iHoe yTBepXk/eHue. Bor oiuH M3 HUX, KOTOPBII

MOXXHO HAWTW, HAlPUMEp, B JICKLMSIX HEMELIKOI'O Mare-

matuka Qesmukca Kieitna, n3ganneix B 1908 rogy (pyc-

ckmit niepeso: ®@. Knein, Inemenmapnas mamemamu-

Ka ¢ mouku 3peHus gvicweil, Tom 2, [eomerpus, nepesos

K L . A. Kpsokanosckoro noz pemakuumeit B. I'. Bosrrsickoro,

A Bropoe m3manue, M.: Haykxa, 1987) wm B Opormope

3. C. IyonoBa Owubku 8 2eomempuyeckux OOKa3ameib-

cmgax (M.: Ousmarrus, 1955, cepust «llomyJisipHple JIEKIIAM 0 MaTEMATHKEY,

BemI. 11). JlokaxkeM, 9TO 8ce mpeyeonvHuku — pagHobedpeHHble (iprMep 6 Ha

c. 14-17 opounops [lyonoBa, pa3dop oumook Ha c. 30—31; cm. Takxke c. 311
kunru Kireiina).

Paccmorpum nipousBosibHbI Tpeyronbiuk ABC u nokaxem, uro AB = BC.
JUIst 5TOrO MPOBEAEM OMCCEKTPUCY yIIa B M cepe/TMHHbIIN IEPIEHANKYJISP K CTO-
pore AC. Ilycts M — Ttouka ux nepecedeHus. OmyctuM w3 Touku M meprieH-
aukyssipel MK u ML na croponst BA u BC. Touka M, néxa Ha cepeauHHOM
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HepIEeH/UKYJIsipe, oauHakoBo orcrout or A u ot C, 10 ectb MA = MC. Haxo-
Jsich Ha OMCCEKTpUce yIjla B, oHa paBHOyJaJieHAa OT CTOPOH DTOIO YIJIA, TO €CTb
MK = ML. Ilo>romy npsimoyroJisubie TpeyroJisiuku MKA u MLC pasubl 110
KaTety u runotedyse. 3uaunt, yriisl KAM u LCM, nexaime OpOTUB PaBHBIX
KATeToB, TOXe paBHbl. CKJIa/bIBast 9TU yIJjbl ¢ paBHbiMEU yritamu MAC u MCA
(TIpy OCHOBaHMHU paBHOOEJPEHHOTO TpeyrojbHuka AMC), momydaeM, 94T0O YIJIbI
BAC u BCA paBHbl, U TPEYTOJIbHUK PAaBHOOEIPEHHBIIL.

JlaBaiire 4eCTHO NpU3HAEMCS CaMM Ce0E€, 4TO DTO PACCYKJCHUE Hy HUYEM
He XyXe€ /IOKa3aTeJbCTB TEOPEM M3 LIKOJBHOTO ydeOHHKa reoMerpudl. Ecimm Obl
pe3yJIbTaT He OBUT a0CYpP/AHBIM, TO MBI OBl HUYETO TaK U HE 3aIl0/J03PWIIN.

Yaanoce M BaM MOHSTH, OTYErO IMOJIydaeTcsl Takas epyHJa? MoxeT OBITh,
Mbl HE3aKOHHO PAacCMOTpeJIU TOYKy M, KOTOPOIi He CyLIECTBYET, IIOCKOJIbKY IIpsi-
Mble napauiesbHel? Ho ecii OUCCEeKTpUCa M CepeIMHHBIN 1IePHEH/UKYJISP Hapal-
JIEJIBHBI, TO OMCCEKTPHCA SIBJISETCS. BBICOTOHM, TaK YTO TPEYI'OJIBHUK BCE PAaBHO
paBHOOe/IpeHHBI. (DTO ke OTHOCHUTCS M K CJIydYalo, KOorja OMCCEKTpHCca | Iep-
MIEHAVKYJISIP COBIAJAIOT. )

Moxket ObITb, TOIJa J€JIO B TOM, 4TO TOYKa M MOXKET HAXOAUTBCS BHE Tpe-
YIOJIBHUKA — @ MBI CUMTAJIM, YTO OHA BHYTpH? B

JefCTBUTEJIBHO, DTOT CJIyYail 3ac/ly>KUBAET OT/EJIb-
Horo paccMoTpenus. Hy 4ro x, pazdoepém m ero. Ha-
PHICOBAaB KapTHHKY, MBI BH/IAM, 9TO U BIPSIMb CHTYalUs
mensiercst. [lo-mpexxuemy MK = ML u MA = MC
(110 TeM K€ NpUuYMHAM, 4TO M PaHblIE), TaK YTO Ips-
moyrosibhbie Tpeyrosibhuku MAK u MCL pasubl 110
TUIOTEHy3€ U KaTeTy. [lo-TipesxHeMy ecTh Iapsl PaBHBIX
yrioB: MAK pasen MCL, a MAC pasen MCA. Ho
CKJIA/IBIBAsI UX, MBI ITOJIy9acM 6HEUlHUE YIJIbl TPEYTOJIb-
Huka ABC. Yto %, 2TO HE CTpPAIIHO — €CJIA PABHBIL
BHEIIHKE YIJIbl, TO PABHBI U CMEXHbIC C HUMM BHYTPEH-
HY€E YIJIbl, ¥ MBI CHOBA I10JIy4aeM, 4TO TPEYIOJIbHUK PaB-
HOOEJPEHHBII.

[Ipu 5TOM J0Ka3aTEIBCTBO JaXke Oosiee CTPOroe, YeM IPUHSTO B LIKOJIBHBIX
y4eOHMKAX: Mbl PACCMOTPEJ/IA PA3HBIC BO3MOXHBIE 10JI0KEHUS TOukU M, 4T0 Ya-
CTO mporyckaercs. Tem He MeHee pe3ysbTar adcypaen! UTo *k 3TO Takoe BBIXO-
aut-10?! Kyna cMOTpsIT MMHUCTEPCTBO 00pa30BaHUsI M aKaIeMusl HayK?

MB51 He OyaeM JIMIIATh YATATEJIs YJOBOJIBCTBHS pasrajaTh 3Ty 3arajky M Hail-
TH WCTOYHMK ommoOku. Ecim »To He OyJeT HosydaThes, IONPOOYMTEe C/iesaTh
TOYHBIA YepTEX, NPUUEM IS CJIydasi, KOIZa TPEYTOJIbHUK JOCTaTOYHO CHUIBHO
oT/I4YaeTcsi 0T paBHOOeApeHHoro. (Ecim m 2T0 He MOMOXET, HAWAUTE KHIDKKY
JlyOHOBa — OHA M3/JaBaJIach JOBOJIBHO JABHO, HO JOCTYIIHA B DJICKTPOHHOM BHJE
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B MHTEPHETE. 3a0/lHO y3HACTE W JPYI'Me MHTEPECHBIC BEIM — CKAXKEM, II0UeMYy
IIPSAMOM YTIOJ1 PaBEH» TYIIOMY.)

5. HU3mepeHnune orpe3KoB

B IKOJIbHBIX YYeOHHKaX

ABTOPBI MHOTHIX COBPEMEHHBIX YUEOHUKOB T€OMETPUM CPa3y e TOBOPST O pac-
CTOSIHMM MEXY TOYKaMH (I, YTO IOYTH TO XK€ CaMoe, O JJIMHE OTPe3Ka) Kak
0 HEOoIpe/IeJIAEMOM HOHATUY, U (POPMYJIUPYIOT Pa3IMYHbIC CBOMCTBA PACCTOSHUSA
B KauecTBe akcuoM. Ilpumep rakoit akcuMoMbl: eciu moyka B nesjcum medcdy A
u C, mo paccmosinue AC pasno cymme paccmosinuii AB u BC.

B takom oaAxoA¢ €CTh DJIEMECHT JKYJIbHUYCCTBA. (KCTaTI/I, KTO-TO U3 BCJIMKUX
MAaTEMATUKOB B IIIYTKY 3aMETWJI, YTO aKCMOMATHYCCKII METO] UMEET Te Ke Ipe-
HMYIIECTBA [epe/] IOCTPOCHUEM UHTEPECYIONMX HAC 0OBEKTOB, YTO M BOPOBCTBO
epesi YeCTHBIM TPYIOM. )

KynpHM49ecTBO ATO /IBOSIKOE — U IO CyLIECTBY, U ucropmuecku. [lo cymre-
CTBy: B I'€OMCTPUU MBI IIBITACMCS q)OpMyJ'[I/IpOBaTb AKCUOMbI, HO B IIKOJIBHOM
Kypce apu(MeTHKy 1 ajareOpsl 00 akcromMax He roopsr. Hac cHavasa yuar ckia-
JIbIBATh HATYPAIbHBIC YKC/IA, 3aT€M BBOJAT JAPOOM M OTPULIATCJIBHBIC YKC/IA —
U BCE 3T0 6e30 BCAKUX akchoM. (Majio Toro, motoM K HUM J00aBJISIOTCS KOP-
HU U BCSIKME JIOTapU(MBI, HO-IIPEKHEMY O€30 BCSKUX aKCHMOM.) EcTh jm cMbICi
3a00TUTHCSI 00 AKCMOMAax B IIKOJIBHOM KYpPCE I'€OMETPHM, €CJIM BCE PABHO 4YacTb
(M OYEHB CyLIECTBEHHASI YaCTh) IMOHSTHN OCTaéTcs 0€3 KaKOro-imdo CTPOroro
0bocHOBaHWA?

Y EBxksmaa

Hcropuuecku (y EBkimza 1 BooOLIe JPEeBHUX IPEKOB) OTPE3KU U YMCJIAa ObLIM
paszeseHbl. Yncsia y HUX ObUIM TOJIBKO LIEJIbIMU. VIppalioHa/IbHBEIX 9MCesI HE Obl-
JIO ¥ B IOMUHE. [OBOPUTH, YTO JMaroHajb KBajpara Co CTOPOHOH 1 umeer 1iMHy
/2, TPeKH He OCMEMBATHACH — HHUKAKOTO YHC/Ta v/2 y HUX He ObUTo. KoHeuHo,
OHU TTOHMMAJIY, 9TO 03HAYAIOT CJI0BAa «Touka B memt orpesok AC B OTHOMICHNM
2 : 3» — DTO 3HAYMUT, YTO MOXKHO B3STb OTPE30K (00uyr0 mepy), koropslii B AB
yKJia/ipiBaercst JiBa pasa, a B BC tpu pa3a. Ho rosopurb 00 oTHOIIEHMU jiMaro-
HAJIM KBA/[PATA K CTOPOHE KAK O umciie \/2 B 3TOM CMBIC/IE HeJbdsi. [Pekn 3Hajm
(1 yMeJI KpacUBO I'€OMETPUYECKU JOKA3bIBATh), 4TO JUArOHAIb U CTOPOHA KBa-
Jpara He UMeIOT OOIIeil Mepsl — HET OTPe3Ka, KOTOPBI Obl YKJIaIbIBAJICA LIEJIOe
4UCJIO Pa3 U TaM, U TaM.
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(B COBPEMEHHBIX TEPMUHAX TO O3HAYAET, YTO YMCJIO \/2 UPPAIMOHAILHO, TO
€CTh HE IIPE/ICTABUMO KaK OTHOIICHUE M/ N C LeJbiMu m U 1. Jlpyrumu cjioBamu,
5TO O3HAYAET, 4TO ypaBHeHME M2 = 2n? He MMeET PEleHHI B IEJbIX YMCIIAX,
kpome Kak m = n = 0.)

KcraTta, 910 He Melaso rpekaM paccMaTpuBaTh Tporiopiwio a : b = ¢ @ d
JUISL YeTHIPEX OTPE3KOB a, b, ¢, d. Mbl ceiiuac MOHMMaeM 3Ty MPOIOPIHUIO TaK:
YacTHOE OT JICJICHUS! JUIMHBI @ HA JUIMHY b PaBHO 4aCTHOMY OT JI€JICHUSI [UIMHBI C
Ha JUIMHY d. Y IpeKoB He ObLJIO HU JIJIMH KaK YMCEJI, HU YaCTHHIX. TeM He MeHee
STy MPOHOPIIMIO OHU ONPEC/UTh MOrU. BoT uro Hammicano y Ekimina (Hauana
EBkimza B nepesoae 1. 1. Mopayxait-bosiroBckoro, kauru [ - VI, M. —JL.: OTU3
TUTTIJI, 1948) B Knure Ilaroii:

ToBopAT, YTO BEJIMUUHBI HAXOOSIMCSl 8 MOM Jic€ OMHOWEHUU:
TiepBas KO BTOPOM U TPEThs K YETBEPTOM, €CJIM PABHOKPATHEIE IIEP-
BOIl ¥ TPETbell OJHOBPEMEHHO OOJIblIE, OJHOBPEMEHHO PABHBI, WJIH
OJJHOBPEMEHHO MEHBIIE PABHOKPATHBIX BTOPOHM M 4ETBEPTOM KakIast
1py Kakoi Obl TO HY OBLIIO KPaTHOCTH, €CJIM B3SITb UX B COOTBET-
CTBEHHOM IIOPSIJIKE.

Ha coBpeMeHHOM si3bIKE ITO MOMKHO lIepecKasarh Tak: npouopuus a : b = ¢ :
d 110 OIIpe/IeJICHUIO O3HAYAET, YTO

e ecii ka > Ib juist HeKOTOpBIX HATYpabHBIX k U [, To u ke > Id;
e eciii ka = Ib juis HeKOTOPBIX HATYypasIbHBIX k u I, o U ke = Id;
e ecii ka < Ib juist HeKoTOpBIX HaTypaibHbIX k U [, To u ke < Id.

Ipu >1ToM ka onpeznensieTcst Kak IPUIOXKEHHBI K pa3 caM K cebe OTpesoK da,
TaK YTO C YMHOXEHUEM LIeJIOTO HOJI0KUTEIBHOIO YKMCIIA HA OTPE3OK BCE B HOPSI-
Ke.

Ecmu oT0 ompezesieHre KaXeTcsl HEOHATHBIM, BOT JIMIIHUIA TIOBO/T TIO/TMBUTD-
CsI MyJJPOCTH JIPEBHUX T'PEKOB. A €CJI HOHATHEIM, HOIPOOYIITe JOKa3aTh, YTO U3
rporiopuuu @ : b = ¢ : d yersipéx orpe3kos ciieiyer npouopuus a: ¢ = b : d
U TOXE MOAUBUTECH UX MYyApOCTU (A TAKKE CBOEH, KOIZA U €CJIU DTO YIACTCs;
BaM IIPUTOJIUTCSI aKCHoMa ApPXHUMe/a, O KOTOPOI HAET pedb Jasiblie).

Emgé 3amMeTnM, 9TO Takoil MOAXOJ K TEOMETPHUM CHJIBHO IIPETISITCTBOBA pa3-
BUTHIO QJITeOphl — B OCHOBHOM PAacCMAaTpPHBAIUCh JIMIb YPaBHCHWS B ILICJIBIX
yucjax (Iae HaC MHTEPECYIOT TOJIBKO LieJIBIE PELICHUsI), IIOCKOJIBKY JPYIMX 4u-
ceJl He ObLJIO, a IIEPEMHOXKATh OTPE3KHM Herpocto. Kpazpar orpeska, J0IyCTHM,
MOXKHO MHTEPIIPETUPOBATh KaK IUIOMIA/b KBAJIpaTa C TAKOH CTOPOHOH, a KyO —
KaKk 00BEM Kyba, HO UTO TAaKoe YeTBEPTas CTeNeHb oTpeska? V 4to memats, eciu
Mbl XOTMM B yPAaBHEHMH CJIOKHTb X € x2?
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(3ameTM B CKOOKax, 4TO 1 OyKBEHHBIX 0003HAYCHUIA, HE TOBOPS yxke 00 000-
3HAYEHUU X2, y IPEKOB HE ObLIO — TaKue 00O3HAYEHUS! HOABUIMCH TOPA3/I0 1103-
Ke. Ipexu BCE 3armChIBa/IM CIIOBAMY, U [IOJIyYAJIOCh JOBOJIBHO /UIMHHO. BoT onHa
U3 eBKJIMIOBCKUX (DOPMYJIMPOBOK: B mynoyeonvHom mpey2onvHuke K8aopam Ha
cmopone, cms2ugaiowetl mynot yeoi, Gomvue (8Mecme @35MblX) K8a0pamos
HA CIMOPOHAX, COOEPAHCAWUX MYNoil y2ol, HA 08aHCObl 83Mblil NPSAMOY20NbHUK,
3aKIIOUEHHbIT MedcOy 0OHOU U3 CMOPOH NpU MYynom yaie, Ha Komopylo nadaem
nepneHouKynsip, u OmceKaeMvlM mumM NepReHOUKYIsipOM CHAPYICU OMPe3Kom
npu mynom yeine. He Tak MpocTo y3HAaTh TeOpeMy KOCHHYCOB, IpaBja?)

Ho ypaBHeHUs B LIeJIBIX YMCJIaX TPEKU pEIIaId; Takue ypaBHEHHUS Terephb Ha-
3BIBAIOT OUOGAHMOBHIMU TIO IMEHHU IPEYecKoro MareMaTtrka Jlnodanra, KoTophlit
3QHMMAJICSI MX PELICHUEM M HAIMCAJI LIPO 10 KHUry Apugmemuxa.

COBPCMCHHaﬂ TOYKa 3peHHsA

AKCHOMBI T¢OMETPHM B TOM BUJE, KaK OHU JiaHbl y [Wip0epTa, Takke He yIo-
MUHAIOT JACTBUTENIbHBIX uncesl. Ho k ToMy Bpemenu, korna [wisOept mucain
cBOIO KHUTY (Hadasmo XX Beka), ObLIa OCTPOCHA CPABHUTEJIBHO CTPOras TeOpUs
JICUCTBUTEJIBHBIX urices. ViMest e€, MOXKHO OIpeae/MTh JUIMHY OTpe3ka (TodHee,
OTHOLICHUEC JIMH IBYX OTPE3KOB: M3MCPACMOI0 M CAVHULIBL I/I3Mep€HI/ISI) KakK Z[eﬁ-
CTBUTEJIBHOE UHCIIO.

Wnero 3T0ro onpeaeseHUss MOXXHO OOBSICHUTH Tak. [lycTh JaHBI 7Ba OTpeska
a u b. ByzneM ropoputhb, 4To palpioHaJbHOE 4ucio k/[ (duciurens U 3HAMEHa-
TeJIb — LIEJIbIC TI0JIOKUTEJIbHBIE Ynciia) MeHbuie a : b, ecim kb < la (orpesok b,
OTJIOKCHHBIN k pa3, OMEeNaeTCcsi BHYTPU OTpe3Ka a, oTJiokeHHoro [ pas). AHa-
JIOTMYHO OIIPE/ICJISITCs, YTO 3HAYMT «PAlMOHAIbHOE YKo m/n GoJbie a/ bx.
A Temepb YKMCIIOBOE 3HAYCHVE OTHOLICHUS OTPE3KOB @/ b ompenesseTcs Kak mo
eoduHcmeenHoe OelicmgumenbHoe 4Yucio, komopoe 6onvwe cex opobeil k/l,
menvwux a : b, u menvute ecex opobeii m/n, 6onvwux a : b.

TyT ecrb HEMaJIO TOHKOCTE#, KOTOpbIE MBI 1IpoityckaeM. [Touemy BooOue Haii-
Jércst ipodb m/ n, xoropast dosibiie orHolieHust a/b? Moxer Obith, OTpE3oK b
HACTOJIBKO MaJI, YTO CKOJIBKO pa3 ero HU OTKJIQ/bIBail, Mbl TaK U HE BBIAJIEM 32
npesiessl oTpeska a? (Jro zanperiaet chopMyJIUPOBAHHAS CIIE PEKaMK aKCUOMa
TeOMCTPUH, HasbiBaeMast axkcuomoil Apxumeoda.) [ToyeMy JEHACTBUTEIBHOE YUCIIO
¢ TpeOyeMbIM CBOMCTBOM HANJETCS ¥ II0YEMY OHO TOJIBKO OAHO? (DTO MOXHO [J0-
Ka3aTh, UCIIOJIb3YysI AKCMOMBI I€OMETPHY, NIPEJIoKeHHbIE [M1b0epTOM, 1 CBOMCTBA
JeICTBUTEJIBHBIX Yuces1.) HakoHel], BCSAKOE JIM MOJIOXKUTEIBHOE JICUCTBUTEIIBHOEC
YUCJI0 MOXKET OBITh OTHOIIICHUEM HEKOTOPBIX 0Tpe3koB? (Beskoe; u1st sToro [wb-
OepT BKJIIOYMJ B YHCJIO aKCHOM I'€OMETPUH CIICLUATIBHYIO aKCHOMY, Ha3hIBACMYIO
aKCuoMoil NoIHOMbL.)
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6. Pasencrso ¢puryp

Yro Taxkoe pasBHbie PHTYpBI?

C HeOOIBIINM IIPEYBEIMICHIEM MOXKHO CKA3aTh, YTO IIKOJIBHAS T€OMETPUS —
9TO HayKa O PaBHBIX TPEYIOJIbHMKAX: AHAJIM3UPYS [JOKA3aTeJIbCTBO KAKOH-M00
TEOPEMBI, a TAKXKE JOKA3aTeJIbCTBA BCEX TEOPEM, Ha KOTOPHIEC OHA CCHLIACTCS, MBI
B KOHEYHOM CYETE IPUEM K IIPM3HAKAM PaBEHCTBA TPEYToJIbHUKOB. Ho 4TO Takoe
pasHvle mpey20nbHuUKu?

Yuebnuk Kucenépa, paszymuHbie BAPHAHTH KOTOPOTO KCIIOJIB30BAINCH B POC-
CHICKMX LIKOJIAX YyTh JIA HE LIEJIBIA BEK, TOBOPUT, YTO PAGHbBIMU MPEY20bHUKA-
MU HA3bI8AIOMCS MAKUe, KOMOpble Npu HANONCEHUU Mo2ym Oblmb coemeuyeHvl.

B sHameHuTOM (paHily3ckoM yueOHuke JKaka Ajamapa,’ HaIlMCAHHOM IIpH-
MEPHO B TOT K€ IIEPHO/], PABEHCTBO (UTYp OOBSCHSICTCS TaK:

3. Besikas purypa MoskeT OBbITh TIepeMeliieHa B IPOCTPAHCTBe Oec-
YUCJICHHBIM MHOXXECTBOM CIIOCOOOB 0€3 W3MEHEHMsI CBOEI'O BUJIA CO-
BEPIICHHO TaK €, KaK 2TO MOXET OBITh CACJAHO C OOBIKHOBCHHBIMU
TBEPABIMU TeJamMu. PasHubimu ¢hucypamu Hasvieaiomcs maxue o0ge
¢uzypul, Komopwvie MONHCHO cosmecmums 00HY ¢ Opy2oil mak, 4moosl
OHU 8 MOYHOCMU COBNAOANU 80 8CEX CEOUX HACMSIX; OOHUM CIIOBOM,
0ae pashvie hucypuvl npedcmasnsiiom coooti 00Hy u my sice ueypy,
PacnonodiceHnyio 8 08YX pasiudHblX Mecmax.

B «Havyasiax» EBKJIM/a IIOHATUE PAaBEHCTBA JJIsl OTPE3KOB U YIJIOB BCTPEYACT-
cs1 6e3 00BSICHEHUIA, a B IPUMEHEHNU K (Urypam (B 4aCTHOCTH, TPEYI'OJIbHUKAM)

*IpuBenEm TIoJTHOE Ha3BaHVe KHHTH, TIO KOTOPO# TIPHBOAATCS TMTATH (B G0JIee TIO3IHIX W3IaHASX
MHOTO€ M3MEHEHO; LMTHPYeMOe W3JaHME MOKHO Haiitu B mHTepHete): A.Kucenés. Inemenmapnas
2eomempus Ons cpeOHux yueOnvix 3agedenuil. C MPHIOKEHNEM OOJBIIOTO KOJIMYECTBA YIIPAKHEHH
¥ cTaThu: [J1aBHeiMe METOAB PelleHUs TeOMeTPHYECKHX 3a]a4 Ha mocrpoenue. W3nanue asaauats
Tpethe. Jdomymena Y4. Kom. M. H. Ilp. B kadecTBe PyKOBOACTBA [UIS CPEJHHUX YYeOHBIX 3aBefie-
HUi, My)ckux u xkeHckux (OKypn. ML.H.II. 1913, anpess), pexkoMeHjoBaHa Y4eOH. Kom. mpu Cs.
Cunozme 1uis ymoTpeOJieHUsI B JyXOBHEIX CEMHHApHUsIX B kadecTBe ydeOHoro mocodous (Llepk. Bex..
1893, Ne32); onmodpena [lem. Topr. m Manyd. A8 KOMMEpPYECKHX yUWJIMIL B KadecTBEe TOCOOMS
(m3pewenue oT 30 mas 1898 r., Noe14128). PexoMeH/0BaHA KaK PYKOBOJCTBO JUJIsi KaJETCKUX KOP-
mycos. M3namme T —Ba mox ¢upmoit ,.B. B. lymHoB — nHaca1. bp. CamaeBrx, Mockpa. Tumorpadus
I1. I1. Ps6ymmnckoro, CrpactHoit OysibBap, coOcTBeHHHBI jgoM, 1914, C. 29).

SluTaTH [aloTCs TIO PyCCKOMY TIepeBOy; BOT ero TiojHoe HasBamme: XK. Anamap. Jnemenmap-
Has 2eomempus. Yacts neppasi. [lnanumerpus. Ilepesox ¢ 11-ro u3jaHus noja pejakuueil npod.
. 1. Hepenénkuna. [locobue juisi BHCIIMX [€JAarOrM¥ecKuX y4yeOHBIX 3aBeJCHUI U IPErojaBaTeseit
cpeaneii mkoJb. Wsnanwe Tpethe. C mpuiioxkenueM cocTabjeHHbIX npod. M. U. [epenénkunbim pe-
LIeHM BCeX NMOMEIIEHHBIX B TEKCTe 3aJad. [ocygapcTBeHHOe yueOHO-IeJarorudeckoe M3AaTesIbCTBO
Munucrepcrsa npocseuienuss PCOCP, Mocksa, 1948. C. 20.
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03HAYACT PABEHCTBO ILIOLIAACH — TO, 4TO MBI Ceiiuac Ha3BamM Obl PABHOBENUKO-
cmpto Guryp. [1o3TOMy HBIHEIIHME «IIPU3HAKK PABEHCTBA» TPEYT'OJIBHUKOB y HETO
YTBEPXKJIAIOT PABEHCTBO MX 2JIEMEHTOB (CTOPOH U yriioB). Harpumep, npensioxe-
nue 4 Kuuru Ilepsoit riacur:

Ecnu 0sa mpeyzonvruka umeiom no 08e CmopoHbl, pasHvle Ka-
acoast Kaxcooll, U No PagHOMY Y2y, COOepHCAWeMycst Mexcoy pas-
HBIMU NPSIMbIMU, MO OHU OyOym umeme u OCHO8AHUE, PABHOE OCHO-
8aHUI0, U 00UH MPEY2oibHUK Oyoem pageH Opy20My, U OCMAjibHble
yelbl, cmsieugaemvle pagHbIMu CMoOpoHamu, Oy0ym pasHsl 0CMaib-
HbLM yenam Kaxncowlll Kaxicoomy.

EcrecTBeHHO, 4TO IIPU CTPOrOM IIOCTPOEHUU T'€OMETPHU IIOHATHE PaBEHCTBA
TpedyeT yTOYHEHHUS, U CJI0BA «COBEPIICHHO TaK K€, KAK 3TO MOMXET OBITb cjie-
JIAHO C OOBIKHOBEHHBIMHM TBEDIBIMU TejamMu» He roasrcs. [lostomy [isbepr
B OcHogaHusix 2eomempuy HAYMHAET C PABEHCTBA OTPE3KOB M YIJIOB, KOTOPOE
OH HA3BIBACT «KOHI'PYDHTHOCTBIO», CUMTACT HEOIPEIC/ISIEMBIM HOHSITUEM U IS
KoToporo opmyspyer akcoMbl. Ilaparpad «Tperbs rpyrmima akCHOM: aKCHOMBI
KOHI'PYSHTHOCTH» COZIEPXKUT TaKOE€ Pa3bsICHEHHE:

OTpesku [B HEKOTOPBIX CJIydasix] HAXOASTCS B ONPEIEIEHHOM CO-
OTHOLICHUH JIPYT C APYTOM; I OOO3HAYEHHS 3TOTO COOTHOLICHUS
CJIy’KaT CJIOBA KKOH2PYIHIMEH» WA KPABEHY.

Hanee ¢popmymmpyrorcs akcromsl. Hanpumep, akcuoma III, y Tunsbepra rima-
cur: Eciu ompesox A'B’ u ompesox A”B" konepysummust 00nomy u momy oice
ompesky AB, mo ompesox A'B' konepysumen maxace u ompesky A" B” ; kopo-
ye 2060ps, eciu 08a OMPE3KA KOHZPYIHMHbL MPEMbeMY, MO OHU KOH2PYIHMHbL
makaice opye opyey.

KOHIpysHTHOCTH (PaBEHCTBO) YIVIOB TAKXKE CUMTAETCSI HEOIPE/E/ISIEMbIM 10~
HsITUEM, U (POPMYJIAPYIOTCSI COOTBETCTBYIOIINE akcuoMbl. Harpumep, akcuoma Ills
riacut: Ecnu ons 0gyx mpeyzonvruxos ABC u A'B'C' umerom mecmo kownzpy-
SHmMHOCMU

AB=A'B", AC=AC', [BAC=/(BAC,
Mo uMeem Mecmo MaKice u KOH2PyIHMHOCITb
[ABC = [A'B'C".

(I'mnpbepT MUCHOMB3YeT 3HAK = /UISL KOHTPYSHTHOCTH). DTa aKCHOMA IIPe/ICTaBIs-
eT coOO¥ 9acTh MPU3HAKA PABEHCTBA TPEYTOJIBHUKOB IO JABYM CTOPOHAM U YIJIy
MEX/ly HAMU; OCTQJIbHBIE €r0 YacTH MOTYT OBITh JIOKA3aHBI C HCIOJIb30BAHHEM
DTON U JIPYIUX aKCHUOM.)
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PapHble (UTypBl B MIKOJIBHBIX Y4eOHHAKAX

N Kosmoropos, u IloropesioB B cBOMX y4eOHUKAX CUMATAIOT IIOHSITUE YUCJIA
3apaHee M3BECTHBIM, a JUJIMHY OTPE3Ka U BEJIMUYMHY YIJa — HEONpEIe/IIEMbIMI
NOHATUAMU. [I09TOMY paBEeHCTBO OTPE3KOB M YIJIOB MOXKHO OIPE/ICJIUTh KaK pa-
BEHCTBO UX JUIMH (BEJIMYMH), O€30 BCAKUX PA3TOBOPOB O HAJIOKEHUSX, JIBIKCHUSX
U T.1L.

HpI/I sroM Kosmmor OPOB BMCCTO «PABECHCTBO» 'OBOPNJI KKOHI'PYDHTHOCTBH», CJIC-
ayst [wis0epTy. MOTHBHL €r0 MOHSTHBI: €CJIM TeoMeTpudecKkas ¢urypa — 3TO
MHOXECTBO TOYEK, TO PABEHCTBO (PUTYp €CTh PAaBEHCTBO STHX MHOXCECTB: PaBHBIC
(burypsl JOJDKHBI OBITH COCTABJICHBI U3 OJTHUX U TeX ke Todek. [losTomy onmna-
KOBBIE TPEYTOJIBHUKY B Pa3sHBIX MECTaxX IUIOCKOCTU HE PaBHBI (BEb OHU COCTOST
13 Pa3sHBIX TOYEK), a TOJIbKO KOHI'DYDHTHBI.

Ho ecom I'mipOepr uCrosib30Baj STOT TEPMUH B KHUIC Il CIICLIUAIACTOB,
T0o KoJIMOropoB ciesiaa 9T0 B MIKOJBHOM yYEOHHMKE — YTO BBI3BAJIO MOHSITHOE
OTTOPXCHUE Yy YUUTEJICH U POAUTEICH, M TaK M He NPIKIWIoch. (JTo OBLIO, BU-
JIIMO, OTHOM M3 TIPUYMH HENPHATHS ydeOHuka KoJMoroposa, B 11€JI0M TPYJHOTO
Y MaJIO IIPUCIIOCOOJIEHHOTO K PEAJIbHOM 1LKOJIE. )

B yueoOnuke IloropesioBa OT/I€bHO ONPEIEISAETCS PABEHCTBO TPEYTOJIBHUKOB
Y PABEHCTBO IPOM3BOJIbHBIX (PUIyp. A MMEHHO, FOBOPHUICS, YTO MPEY20IbHUKU
PasHbl, ecnu y HUX pasHvl COOMEEMCmeEeHHble CIMopoHsl U yenwl. TodHee, Tpe-
yrossuukd ABC u A’B’C' cuntaiotces pasubivu, eciiu AB = A'B’', AC = A'C,
BC = B'C’, araxxe /BAC = /B'A'C’, /ABC = /A'B'C', /BCA = /B'C'A".
910 Hago, no 3ameiciy IloropesioBa, 4ro0Obl M30€XKaTh [BYCMBICJICHHOIO CJIOBA
«COOTBETCTBEHHBIE» — BJPYT, LIS/ HA YEPTEXK, YUIUTEJb CUATACT OfHY Hapy
CTOPOH COOTBETCTBCHHBIMH, A YYCHHK JAPYIyio?

PaBeHCTBO OTPE3KOB U YIJIOB, KaK MBI YK€ TOBOPIJIM, TIOHUMAETCS KaK PaBeH-
CTBO /UIMH OTPE3KOB ¥ BEJIMYMH YIJIOB (KOTOpBIE €CTh HEOIpe/C/IIeMbIe TTOHSITHS
" JJ1s1 KOTOPBIX €CTh aKCI/IOMbI).

B pesyabrare IloropesioB 1ojiy4aer BO3MOXKHOCTb M3JIaraTh T€OMETPHIO Oe3
CCBUIKM HA HAIJIATHOE MOHSATHE HaytoxkeHus: ¢uryp. Ilpu »ToM m3noxenue ocra-
€Tcsl OCTaTOYHO ecTecTBeHHBIM. CKaXeM, 0Ka3aTeIbCTBO MIPU3HAKOB PABEHCTBA
TPEYToJIbHUKOB, KoTophle Y EBkimzia (a taxke Kucenépa, Ajamapa u Apyrux) uc-
T10JIb30BAJIO HAJIOKECHUE TPEYT'OJIBHUKOB, BMECTO DTOIO CCBLIAETCSI HA AaKCUOMY O
CYIIECTBOBAHMM TPEYTOJIbHAKA, PABHOTO JAHHOMY (TPEYTOJIbHHKY), HO OCTAéTCs
TCOMCTPUYCCKU HAIJISI/THBIM.

OrnpesiesieHre paBeHCTBA TPEYTOIPHUKOB B ydeOHuKke [loropesosa nmesto smo-
OonbITHBIA 1T000YHBIA 3ddekt. Tpeyromank ABC Tenepbh paBeH TPEyroJbHU-
Ky BAC smib B TOM cllydae, KOIjla OH PaBHOOEPEHHBII (IIOCKOJIBKY TpelyeT-
Csl PABEHCTBO CTOPOH, HAXO/SIIMXCS HA OJMHAKOBBIX MECTAX B HAUMEHOBAHUSIX
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TPeyrosibHMKOB). K 3TOMY HEIpOCTO IPUBBIKHYTH, HIOCKOJIBKY, YTO HU I'OBOPH,
tpeyrojibaukud ABC u BAC — 510 0AMH U TOT K€ TPEYIOJIbHUK, TOJIbKO 3aIlu-
CaHHBII 1O-pasHOMY. (3aTO TEHEpPb MOXKHO BBIBECTH TEOPEMY O PABEHCTBE YIJIOB
IIpY OCHOBAHMY PABHOOEIPEHHOIO TPEYTOJIbHMKA IIPSIMO W3 TPETHErO IIPU3HAKA
PABEHCTBA TPEYTOJIBHUKOB, IPUMEHUB ero K TpeyrosibHukam ABC u BAC.)

Jlpyroe mocjeacTBue — 4TO PaBEHCTBO IPOM3BOJIBHBIX (Uryp (He TPEyrob-
HHUKOB) HA/I0 ONPENC/ISITh OTACIbHO. Eciim paBeHCTBO 4eTHIPEXYTOJILHUKOB (U BO-
00111e MHOTOYT'OJIbHUKOB) €IIE MOYHO OIIPE/IE/IUTD 110 AHAJIOT UM, YEPE3 PABEHCTBO
CTOPOH | YIJIOB (PaBEHCTBO JMArOHAJIEH, K CYACTBIO, OTCIOAA CJIETYeT), TO IS
IIPOM3BOJIbHBIX (DUT'YP HYy’>KEH JPYTOi ITOAXO.

A nmenHo, rooput [loropesios, (purypsl paghsl, eciy CymecTByeT JBIDKCHHUE,
repeBo/isitiee o/Hy (GUrypy B Jipyryio. A deudicenue — 51O 1peodpazoBaHue,
COXPAHSIOLIEE PACCTOSHUS MEX/Y TOYKAMM: €CJIM A IEPeXOAUT IIPU JBIKECHUU
B A’,a BB B', 10 paccrosmus AB u A’ B’ pasnpl.® Emé, KoHeuHo, Has10 10Ka3aTh,
YTO IS CJTydasl TPEYTOJIbHUAKOB 00a oIpesiesicHusT (9epe3 paBeHCTBO DJIEMEHTOB
Y C TIOMOIIBIO JIBYDKCHUIT) DKBABAJICHTHHL.

B o0uiem, HerrpocTo BCE 3T0. A Be/lb IOMUMO PaBEHCTBA (PUIYp ONpeneJsieT-
cs em€ u nogodue. (B mepBoM m3gaHMM MOAOOME TPEYTOJIBHUKOB OMPEAC/ISIOCH
OT/IEJIBHO KaK PABEHCTBO YIJIOB U IPOIOPLIMOHAIBHOCTh CTOPOH. 3aTeM MoJ00ue
IIPOM3BOJIBHBIX (PUTYP OIPEesISyIoCh C MCIOJIB30BaHUEM IIPeoOpa30BaHMil MO/I0-
Oust — (pUryphl MOOOHEI, €CJIM CYIIECTBYET COOTBETCTBHE MEXIY WX TOUYKAMU,
KOTOpOE M3MEHSIET BCE PACCTOSIHHSI B OJJMHAKOBOE YHCJIO pas. B cregyrommx ms-
JAHUSIX OTJCJIBHOE OIIPEAE/ICHHE MO00usI /LISl TPEYTOJIbHUKOB BBIOPOLIEHO. )

B Gosiee HOBBIX y4eOHMKAX aBTOPHI BO3BPALIAIOTCS K HE(POPMAIBHOMY M3JIO-
*eHuio B yxe Anamapa u Kucenépa. «/IBa reoMeTpudeckux TeJia, /IBe MOBEPX-
HOCTY, JIMHAN WX (DUTYPhI HA3BIBAIOTCSL PAGHbIMU, €CIIA UX MOXHO COBMECTHTh
apyr ¢ apyrom» (V. ©. lapeirun, [eomempus. 7—9 xmaccel. 2-e m3n. M.: [Ipo-
(da, 1998). «B reomerpun aBe (PUrypsl, MMEIOLME OAUHAKOBYIO (DOPMY M OIMHA-
KOBBIE Pa3MEpPbl, HA3BIBAIOT PABHBIMU (. ..) JIBE F€OMETPUYECKUEC (PUIYPBI HA3bI-
BAIOTCS PABHBIMM, €CJIM MX MOKHO COBMeCTUTh Hajiokenuem»’ (JI. C. Aranacsm,

U3 Tekcta yueGHMKa He OYeHb SCHO, MMEETCS JIM B BHAY MpeoOPa3OBAHME, ONPEAEIEHHOE HA
BCEX TOYKAX IUIOCKOCTH, WJIM TOJIBKO B3QUMHO O/HO3HAYHOE COOTBETCTBHE MEXKAy TO4YKamu (uryp,
COXPAHSIIOLIEe PACCTOSIHKE. B mepBoM cirydae Bo3HMKaeT IMpoOJIeMa B JOKAa3aTENbCTBE TOFO, UTO €CIIH
¢urypa F pasna ¢urype F’, 0 u durypa F’, B cBol0 ouepenn, paBHa ¢urype F; mpeasapuresbHo
HA/I0 0Ka3aTh, YTO OTOOPAKEHHE IUIOCKOCTH B Ce0sl, COXPAHSIONIEe PACCTOSHHUS, TMOKPHBACT BCIO
10cKoCTh. [1py BTOPOM HOHMMAHMM CTAHOBHUTCSI HEOYEBU/IHBIM, CKAKEM, YTO €CJIM OJMH W3 PaBHBIX
MHOI'OYTOJIbHUKOB MOJKET ObITh BIIMCAH B OKPY’KHOCTb, TO U BTOPOil TOXKE: BE/(b B3AUMHO O/THOBHAYHOE
COOTBETCTBHE MEXK/y TOUKAMU MHOTOYTOJIBHHKOB, COXDAHSIOLIEe PACCTOSIHUSI, HE OMPEIEeJeHO IJIs
LEHTPA OKPY’KHOCTH.

"MHTepecHo, 9To cka3aum OBl aBTOPH M WX YUTATEJIN TIPO JIEBYIO ¥ MPAByIO TePYaTKy: PABHBI OHK
Wi Het?
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B. ®. byrysos, C.b. Kagomues, 3. I'.Ilosusik, U. U. FOauna, Ieomempus. Yueod-
HUK Uit 7—9 KJIaccoB 00IIC00Pa30BaTEIbHBIX yUpexKIeHmiA. 5-¢ m3a. M.: Ilpo-
csenieHre, MockoBckue yueOHuku. 1995).

IIpu TakoM moX0O/e BOBHMKACT CJIOXHOCTH, KOTJ]a aBTOPHI BBOJASAT IOHSTHE
JBIKeHUS TIockocTd. C OJHOM CTOpPOHBI, Bpoje OBl 3TO TOHATHC CYUTAJIOCH
MHTYUTUBHO SICHBIM, W 9epe3 Hero Oompeaessioch paBeHCTBO uryp. C apyrou
CTOPOHBI, /AETCS ONPE/IeJICHAE ABKEHUS (MEPEMEICHIsI) KaK MpeoOpa3oBaHUs
IJIOCKOCTH, COXPAHSIONIETO PACCTOSHAE MEX/y TOukamu. VM craHoBHUTCS Hero-
HSATHO, UMEIOTCS JIA B BHUJy T€ € CaMble HAJIOXCHUS, YTO C CAMOTO Hayaa,
wm HeuTo apyroe. Lllaperua 310 BooOIe HMKAaK He KOMMEHTUDYET; B YIeOHH-
Ke ke ATaHacsiHa U COABTOPOB MMEETCsl CIELMAIbHBINA ITyHKT (115), KoTOpHBIi
TaKk u HasbiBaercs:: «Hayoxxenust u jiBrkeHusi». B HEM aBTOPHI XOTSIT OOBSICHUTDH
Pa3HUILY MEX/Ty HEOIPEAEIISIEMBIM ITOHSITHEM HAJIOXKEHMSI, CBOMCTBA KOTOPOTO Tie-
pednciieHsl B akcnoMax (c(hopMyJIMPOBAHHBIX B IIPUJIOKEHMH 1 3TOro y4eOHMKA)
7 OIIpe/IeIsIeMBbIM TIOHSTHAEM JBIDKEHIS (TIPeoOpa30BaHus, COXPAHSIONIETO PAcCTOo-
SIHUA), a 3aTeM JI0Ka3aTh, YTO PasHMIIBI-TO W HET: Teopema Ha c. 276 roBopwr,
4YTO JI0OOE JBIKEHME SIBJISIETCS HAJOXKEHMEM (A 3aMEuYaHue Iepe] Heill — dTo
JI000€ HAJIOXKEHUE SIBJISCTCS JBIDKeHUEM). JlyMalo, 9TO Majio KTO U3 4MTaTeseiH
B COCTOSIHMM TIOHSITh, YTO TyT MMEETCS B BUY. 51 OBl HE MOpPYyUYMJICS AaXe U 3a
ABTOPOB, TTOCKOJIbKY HEKOTOpPbIe MxX (DOPMYJIMPOBKH BHIIJISAAT cTpaHHO. CM., Ha-
rpuMep, abzar] Ha ¢. 276, KOTOPHI 3BYYHT KaK OIpe/IesIcHIEe HEOIpeIessieMOro
MIOHATUS HAJIOKEHIS:

OnHako He BCSKOe OTOOPaKEHHE IUIOCKOCTU Ha ceOsl MBI Ha3bIBaeM
HaJIOKeHreM. HajtoxeHust — 910 Takue 0ToOpaKeHUs! IUIOCKOCTH Ha
ce0s, KOTOpbIE O00JIAJJAI0T CBOMCTBAMM, BBIPAKCHHBIMU B aKCHOMAX
(cM. npuwiokenue 1, akcuomer 7 —13).

Kopoue, Bpsig 11 MOXXHO HamucaTh LIKOJIBHBIN YYEOHHK T'€OMETPUH, COXpa-
Hesg (IyCTh JUIS 9YUTATEJICH-3HATOKOB) MaTeMAaTHMUYECKYIO CTporocts. Hambosee
NpuOIM3WICS K 9TOMY, BUAUMO, IloropesioB, IpOSIBUB B ATOM OOJIBIIYI0 H30-
OpeTaTesIbHOCTh M M3SIIECTBO — HO M OH DTOH LIeJIM He AOCTUT (a B IOCJICAHUX
M3IaHMSIX YK€ U HEe 0C000 CTapajics).

7. IlponopuHoOHAJ/IbHBIE OTPE3KH U 000HE

Emé ofiuH [IeJIMKATHBIT MOMEHT B Pa3HBIX Y4eOHUKAX IMOSIBJISICTCS B PasHbIX
00JINYbAX.
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IIpomopuHoHaIbHBIE OTPE3KH

Ilycrh TpU HAPAJUICbHBIE IIPSMBIE [ICPECEKAIOT
CTOpOHBI yrita — ofHy B toukax A, B, C, a npy-
ryio — B Toukax A’, B, C'. Torma coomeemcmeen-
Hbile 0Mpe3KU NPONOPYUOHATbHYL.

!

AB:BC=A'B': B'C’

Iro csoticteo (AB : BC = A'B’' : B'C’) Mo)HO nepenmcarb u 1o-1pyromy,

UCTIOJIb3YSL CBOMCTBA HpOHOp].[PIfI, — CKaXXEM, Tak:
AB _A'B
AC ~—ACT

(B camoM JeJie, MOKHO IIEPEBEPHYTH UCXOJHYIO IPOIOPLMIO U 3aKJIOYUTh, YTO
BC/AB = B'C'/A’B’, 3atem npubaBurh K 00€MM YacCTAM €IMHUILY W I10JTyYUTh
AC/AB = A'C'/A’'B’, a 3arem niepeBepHyTH 0OpPaTHO.)

BakHblit yacTHbI cityvait (touku A u A’ cosra-

0 aaor): ecym B rpeyrosibhuke OCC’ 1poBecTy JIMHUIO
B B BB’, napauensnyo ocoanmo CC’, 10 GOKOBBHIE
C C' CTOPOHBI MEHBIIEr0 U GOJIBIIErO TPEYTOJIBHUKOB IIPO-

nopumonaishs: OB : OC = OB’ : OC'.

Kaxk 10ka3p1BaloT IPOOPIIMOHATIBHOCTS OTPE3KOB?
Cuavajia paccmarpusaercst ciiyvaii, korna AB = BC.
Torya pasercrBo A'B’ = B'C' MoxHO 10Ka3arh, HC-
II0JIB3ysI CBOWICTBA IAPAJUICJIOTPAMMOB U PaBEHCTBO
CEphIX TPEYTOJIbHMKOB Ha PHCYHKE. MOXHO TaKKe co-
CJIaThCSI HA CBOMCTBO CPETHEI JIMHUM TPAIlCIN: Mpsi-
Masi, TIPOBEACHHAS 4Yepe3 CepeuHy OOKOBON CTOPO-
bt AC tpaneimn ACC'A’ napasuiesbHO OCHOBAaHU-
SIM, SIBJISIETCSL €€ CpeJHEN JIMHUE.

Jlajplie MOXKHO pacCMOTPETh CIIydYail, Korja oT-
pesku AB u BC umeor o0uylo Mepy, TO €CTb
OTPE30K, KOTOPBIA YKJIAJBIBACTCS IIEJI0€ YUCJIO Pa3
u B AB, us AC. Ilycrs, ckaxem, AB : BC =3 :2

14 X U 5Ta o0last Mepa yKiaapBaeTcss B AB Tpu pasa, a B
BC — niBa pasa. Torma Ha 0/1HOU U3 CTOPOH YIJIa BO3HHKAeT BEPCHHULIA U3 IISATU
OJIMHAKOBBIX OTPe3KOoB. [IpoBeaéM depes Mx KOHIIBI TapauIesIbHbIC TIPSIMbIC U pac-
CMOTPHM OTPE3KM, BBICEKAEMBIC MMM Ha Jpyroit cropoHe. Ilo nokazanHomy 3T
OTPE3KU PaBHBI, 1I09TOMY HA JIPYI'O¥ CTOPOHE TOXKE BO3BHUKAECT OTHOLUCHUE 3 : 2.
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Jasibliie HAYMHACTCSI camasi TPYy/HAasi 4acTh paccy-
KJeHUs: cJlyyvait, korna orpesku AB u BC nHe umeror
o01eit Mepsl (Kak FOBOPSIT, OHU Hecousmepumet). Pas-
Jesm otpe3ok AC Ha n vacreit. KakoBo Obl HU OBLITO
9ICIIo N1, TOYKa B He momajiaeT B TOUKY AejieHus (MHa-
ye otpesku AB u BC 6butn Obl coU3sMepUMbI). 3HAYHUT,
orpe3ok AB cocrour U3 HECKOJIBKMX IIOJIHBIX YacTeil
¥ OIHOM HEIOJIHOM 4YacTh. EC/M KOJIMYEeCTBO MMOJIHBIX 4YacTedl 0003HA4nTh 3a K,
TO MOXHO 3alFCaTh HEPABEHCTBA, MAIONIAEC BEPXHIOI M HIDKHIOI OICHKH IS
otnourenns AB/AC:

k  AB  k+1

< —<

n AC n
(1pobb  k/n mosyumwsiack Obl, eciu Obl HEMOJHONM YacTH He Obuo, a Jpo0b
(k+1)/n — ecou Obl HemoJiHAsE YacTh ObUTA TOJIHO). Ha kaprumke n = 5

u k = 3, orpesok AB copepxkur tpu 1sathix otpeska AC u emg HemHOro (HeE
JOXO/s 1O YETBIPEX IISITHIX).

Bcé 510 npouncxoaut Ha s1eBoii npsiMoil. Ho 1ockosibKy napasijieJibHble JIMHUAN
COXPAHSAIOT TOPANOK TOYEK, TO W Crpasa oTpe3ok A’B’ Gymer cocrosts w3 k
TIOJIHBIX YacTE€M W OJHOM HEIOJHOM, TaK 4YTO

k AB k+1

n < A'C! < n
3uauur, 00a uuciaa AB/AC u A'B’'/A'C’ nwaxonsrcs mexuy k/n v (k +1)/n
Y IOTOMY OTJIMYAIOTCS IPYT OT APyra MeHee 4eM Ha 1/n. A MOCKOJIbKY 1 MOXKHO
B3ATh CKOJIb YTOJHO OOJIBIIM, TO 3T YKCJIA JOJDKHBI TIOMIPOCTY COBIIAJIAT.

(Cr10BO «IIOTIPOCTY» TIPH AKKYPATHOM H3JIOKEHUM CJIEJOBATIO Obl 3aMEHWThH
CCBUIKOM HA aKCHOMY ApXuMe/a Ui JCACTBUTEBHBIX YHCEN: €CJIA HEKOTOPOe

HEOTPULIATEJIBHOE YUCJI0 MeHblie 1/7 IIpU BeeX LEJIbIX NOJIOXKUTEIBHBIX 71, TO
DTO YMCJIO PABHO HYJIIO.)

IIponopunoHaibHbIEe OTPE3KH B LIKOJIE

W3j100keHHOE HAMU PACCyXk/JCHUE IOYTU II0JHOCTBIO IIOBTOPSIET M3JIOXKEHUE
B yueOHmke Kucenésa (mm Anamapa). Koneuno, paccyx/ieHue 3TO /I0OBOJIBHO
JUIMHHOE U — YTO €IIE BAa)KHEE — HENPUBBIYHOE [JIsI IIKOJIBHOTO Kypca reome-
TPUM: PABEHCTBO OTHOLICHMI BBIBOAUTCS W3 TOTO, YTO OHO CIIPABE/UIMBO C TOY-
HocTBIO 1/n mpm modom n. [TosToMy aBTOpaM Y4eOHHMKOB XOYETCSI €T0 KaK-TO
YIIPOCTUTH WM XOTsI OBl 3aMAaCKUPOBATh, HO IO CYLIECTBY HUYETO HOBOTO TYT HE
npugymaens. (ITo sierenzie oMH U3 BEJIMKMX MaTEMATUKOB CKa3aJl MHTEPECYIOIIE-
MyCsl HayKOH LIapio — IpeJcTaBbTe cee, TaKue BO3MOXKHbBI, — YTO B T€OMETPUU
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HET «I[APCKOT0 Iy TW» M HA/I0 U3ydaTh €€ C HaYaja, KaK 3TO JEJIAl0T OOBIYHEIE JIO-
. Hago mymats, 9TO Laph 1mocjie TOro HEMEAJICHHO yTPATHJI MHTEPEC K Mare-
Mmartuke. Bripouewm, kTo 3HaeT — Beab HaroJieoH sxe BEIyUmUI FeOMETpHIO, IIPaB/a,
3a/10JITO JI0 TOTO, KaK OOBSIBUAT CEOS1 IMIIEPATOPOM. . . )

Uro ke HAIMCAHO TI0 PTOMY IOBOJY B COBPEMEHHBIX yYeOHHKAX?

B nepsom msmanvm kauru Iloropesosa (1972) npuBoguTCs IPUMEPHO TO XK€
paccyxnenue, uro u 'y Kucenésa (moBTOpEHHOE HaMM BBINIE), TIPAB/A, 3a4EM-TO
OTKJI/IbIBAIOTCS OTPE3KM, KOTOPBIE HE YKJIa/[bIBAIOTCS 11€J10€ YMCJIO pa3 HU B AB,
mu B AC.

B m3manvu 1985 roma teopeMa o IpONOPLIAOHAJIBHBIX OTPE3KaX HEMHOIO 3a-
MACKAPOBaHA: PacCMaTpUBACTCSl CIIydail IPSMOYTOJIBHBIX TPEYTOJBHUKOB U TEO-
peMa IJIaCUT, YTO KOCHMHYC YIJIa 3aBUCUT TOJIBKO OT BEJWYMHEL yIja (HO HE OT
IIPSAMOYTOJIBHOTO TPEYT'OJIbHMKA, B KOTOPOM MMEETCs Takoil yroJi). Hemuoro mus-
MEHEHO U PacCy*/IeHHUE, OHO IIPOBOAUTCS «OT TIPOTUBHOIOY.

Haxownerr, B w3annu 2003 ros1a BHOBb pacCMaTPUBAETCS UCXOAHASL (POPMYJIU-
POBKA TEOPEMBI O IIPOHOPIMOHAIBHBIX OTPE3KAX, HO JIOKA3aTeILCTBO IIPOBOAUTCS
oT poTtuBHOTro. YectHo rosopsi, cpaBHMBast TeKCT [loropesosa Bo Bcex BapuaHTax
¢ rekcrom Kucenésa, Buamib, nouemy Kucesiépa 1IKOJIBHUKY NOHUMAJIN JIyYlle.
Henapom B nocineanem m3manvm [oropesnosa cTeiinBo HamvcaHo: «Jlokaxkem Te-
opeMy B o0mieM ciiydae (He ISl 3aIIOMHHAHFS)».

B y4eOnuke Kosamoroposa ¢ coaBTopaMul IIpOM30IILIA COBCEM 3a0aBHAS BElllb.
YTBEpXk/ICHHE TEOPEMBl O IPONOPIMOHAIBHBIX OTPE3KaX OBLIO CIIPSATAHO B [I0-
BOJIBHO HEOXXHITAHHOE MECTO: 3aKOH JUCTPUOYTUBHOCTU ISl YMHOKEHUSI BEKTO-
POB Ha uymcsia. JTOT 3aKOH I'OBOPUT, YTO eciu @ u b — jBa Bekropa, a A —
YHCII0, TO

A(a+b)=A-a+ AX-b.

(Jloka3aTesbCTBO IPU ITOM, €CTECTBEHHO, HE IIPOBOAUIIOC. )

Tekcr LlapeirnHa MOX0X HA COOTBETCTBYIONIMIT TEKCT B MOCICAHMX W3/TAHUSX
[Noropenosa. Hakorer|, ATaHacsH C COaBTOpaMy BBIBOJUT CBOWCTBO IIPOIIOPIIU-
OHAJTPHBIX OTPE3KOB M3 CBOKCTB IUIoma/eil. COOCTBEHHO TOBOPS, aHAJOIMIHBIM
00pasoM MocTymnaeT U EBKIM, W MBI 3aKOHUMM OOCYXK/ICHUE STOM TEMBI JIJIMH-
Hou BBIIepxkKoil m3 EBkmmma (c. 175176 pycckoro nepeBona). TepMuHosmorus
EBKymia HEMHOTO HENPUBBIYHA, HO MOXHO JIOTQ/IaThCSI, YTO MMEETCS B BHIY;
HAIIOMHVM TOJIBKO, YTO PaBHBIMU TpeyrosibHHKamu y EBkimnma cumraiorcst Tpe-
YI'OJIbHUKM PaBHON IUIOLIA/IN.

TpyaHo maxe mpencraButh cede, 9TO BCE 3TO (€CTECTBEHHO, HE IEPEBO,
a OpUTVHAJ) HaIMcaHo Oosiee JBYX Thicsd JjieT Hazal. ([Ipo nmpesHioro Ipermo
Horpsicaiole pacckasaj Muxaui Jleonosuy lacnapos B kuure 3anumamenvhas
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Ipeyusi. Pacckasbl o jipeBHerpeyeckoil kysasrype. M., 1995. Dra kHura rospa-
BUTCSI JIAKE TEM, KTO C OTBPAILICHMEM CKy4aJl HA yPOKAX UCTOPUU U JINTEPATYPHI. )
Wraxk, rosopur EBxima:

Ipeanoxenne 2. Ecau 6 mpeyeonvHuke A
napannenvHo O00HOU U3 CMOPOH npogede-
Ha HeKkomopasi npsiMasi, mo OHA NPOnopyu-
OHAILHO pacceKaem CMOPOHbI MPey2oibHU-
Ka; u ecnu CmoOpOHbl mpey20nbHUKa pacce-
YeHbl NPONOPYUOHANLHO, MO NPSIMAst, coedu-
Hslowas ceveHusl, Oyoem napanneivHa ocma-
roujeiicst Cmopome mpey2onvHUKd. B ¢

Iycts B Tpeyrossauke ABC napajuiesibHO oJHO# w3 cropon BC nposeje-
Ha DE; s yrsepxaato, uro Oyier kak BD k DA, tak u CE x EA.

Jeicteurensio, coequaum BE u CD.

3uaunt, Tpeyroyisiuk BDE pasen tpeyroyibiuky CDE, ub0 OHE HA OJHOM
7 ToM ke ocHoBaHrM DE w1 Mexay ofHUMHU U TeMH Xe napajieasHeiu DE u
BC (upensoxenue 38 xuury 1). PaBHble e K OZHOMY M TOMY K€ UMEIOT TO
e OTHOIICHNE (IIpe/IIoKeHne 7 KHUATU V); 3HAUUT, Oy/JeT, YTO KaK TPEYrOJIbHUK
BDE «x [tpeyrosisiuky] ADE, tak u tpeyrojsuuk CDE x tpeyrojsnuky ADE.
Ho xak tpeyrosisauk BDE x ADE, tak u BD x DA, w00 oHM, HAXO/AIMACCS
10/ OJTHOW U TOI1 JK€ BBICOTO, TOW, KOTOpas MpoBe/icHa U3 E' TepIieHINKYJISIpHO
K AB, (otHOCATCS) MexIy coboil Kak ocHoBanus (mpemsioxenue 1). Besencrsue
toro xe Bor Kak rpeyrosibiuk CDE x ADE, 1axk u CE x EA; u, 3HaunTt, Kak
BD x DA, rak u CE x EA (uipeiokenue 11 kauru V).

(Jasee EBkym mepexomuT K J0KA3aTeIbCTBY OOPATHOIO YTBEPXKACHUS: W3
MIPOTIOPIIMOHATIBHOCTH OTPE3KOB clie/lyeT mapajutessHocts DE u BC; 9Ty 4acTh
JIOKQ3aTEJIhCTBA MBI OITyCKACM. )

8. Il1omaan

He Hy»HO OBITH OTJIMYHMKOM II0 MATEMATHUKE, YTOOBI IIOHMMATh, YTO TAKOE
1JI011a/1b. BCsIKMIA, KTO MEHSIET KBApTUPY, IOHUMAET, YTO IUIOXO, KOI/IA ILIOIA/Ib
HOBOJ1 KBAPTHPHI MEHBLIE IIJIONIAAN CTApOil: BEIM MOTYT He MoMecTuThes. (3aro
MEHBIIIE TI0JIA JITIST MBITHSI.)

[Tnomane ¢GuUrypel orpesessieT, CKOJbKO HYXXHO KPAacKH, YTOOBI €€ ITOKpa-
CHTh; IUIOLIA/(b YYACTKA 3EMJIM — CKOJIBKO HY>KHO 3CPHA, YTOOBI €r0 3acesiTh.
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1/3
2 1/2

(TTocnemnmit npumep ObLT B ydeOHuKe IloropesoBa 1 4acTo BBI3BIBAI HEJOyMe-
HHE IIKOJBHUKOB. Kak Tak, roBopmwiu oHM, y Hac Obl7Ta MaTeMaTHdecKas Hayka,
AKCHOMBI, JIOKa3aTeJIbCTBA, CTPOTOCTh — U BOT TeOe Ha, TOCEBHI 3¢PHOBBIX!)

MOHO U3MEPUTD ILIOWA/b (PUIYPBI C IOMOIIBIO BECOB, BBIPE3aB €€ U3 OIHO-
poxHoro jmcra Oymaru (a Jjryunie (paHepsl) ¥ CPABHUB BEC C BECOM €IMHUYHOIO
KBAJpaTa U3 TOI'O K€ Marepuaja.

Ho Bc€ 5T0, KOHEYHO, He TOAUTCS B KAYECTBE CTPOTOTO OIPE/ICJICHNUS, KOTOPOE
MOXKHO OBLJIO OBI MCIIOJIB30BATh B /IOKA3aTE/IbCTBAX.

AKCHOMBI IIJTIOIIA XA

EcrecTBeHHO MOIIpo0OBaTh ACHCTBOBATH AKCUOMATHYECKU: OOBSIBUTH, YTO BCS-
Kasg Gurypa mMeer naowads. ITo — HEompeaessieMoe MOHATHE, KOTOpoe y/Io-
BJICTBOPSIET HEKOTOPHIM €CTECTBECHHBIM aKCHOMaM:

® IUIOIA/b JIOOO! (PUI'ypel — HEOTPHULIATEILHOE YUCJIO;

® IUTOIA/IY PAaBHBIX (PUI'YD PaBHBI;

e ccim (Urypa paspe3aHa Ha JIBE 4acTH, TO IUIOIIAIb BCeil (pUIyphl paBHA
CyMMe IUIOMIAJICH €€ JacTel.

® ILJIOLIA/Ib KBAJIpara co CTOpoHoi 1 pasHa 1.

Ha HepBbeI B3IJISI/T TAKOM IIO/IXO/T HUYEM HE XYK€ aKCHUOM /UJIA IJIMH OTPE3KOB
Wi JJisi BEJIMYUH yTJIOB.

CJiieacTBusi aKCHOM

W3 5TrX akcOM MO>KHO BBIBECTH pas3HBIE CJie/ICTBUsA. Harpumep, MOXHO /ToKa-
3aTh, YTO eciu GuUrypa paspesaHa Ha Tpu (WM OOJIbIIE) YacTeil, To e€ IJIoNaIh
paBHa cyMMe IUTomaneil 3Tmx dacreit. (B camoM mdesie, MOXHO OTpE3aTh YacTH
O/IHY 3a JPYIOil.)

Otcioa MOXKHO BBIBECTH, YTO IUIOLIAJb MPSMOYTOJbHHMKA 2 X 3 paBHA 0,
IIOCKOJIBKY €r0 MO)KHO pa3pe3arh Ha 6 kBagpatoB 1 X 1, KaxAblil W3 KOTOPBIX
uMeeT Iomaap 1.
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Hemnoro cioxHee J0ka3aTh, Y4TO ILIOIIA/b MPSIMOYTOJIBHAKA CO CTOPOHAMU
1/2 n 1/3 paBna 1/6. D10 jies1aercst Tak: MOXHO pa3pe3arh €JMHUYHbBINA KBA/[paT
HA IIECTh TAKUX MPSIMOYTOJIFHUKOB. BCe OHM PaBHBI X IOTOMY MIMEIOT O/IMHAKOBYIO
wiomajp (akcruomal), a B CyMMe UX ILTOLIA/Ib paBHa 1. 3HAUUT, IJIOIA/Ab KaX/10T0
pasHa 1/6.

[Nocste »TOTO SICHO, KaK HANTHU ILIOIIA/IH JTIOOOTO IPSIMOYTOJIb-

HUKA C PAlOHAJBHBIMU CTOpPOHaMu. Hampumep, npsiMOyro/IbHUK

co croponamu 4/3 1 5/2 MOXHO pa3pesaTh HA IPSIMOYIOJIBHUKM — 5/2
co croporamu 1/3 u 1/2. Ilmomans xaxxaoro oyzaet 1/6, a Bce-

ro mx oyzmetr 4 x 5 = 20, moATOMYy CyMMapHas IUIONIaJb PaBHA X
20/6 =10/3. 4/3

Takum 00pa3zoM, Mbl BbIBEJIM U3 aKCMOM M3BECTHYIO (popMyJly: niowade npsi-
MOy2onvHUKa pasHa npousgedenuto (Onun) e2o cmopon. Ilpaaa, He coBceM —
HAIIl METO/] BBIYMCJICHUS TUIOMIAAN TOUTCS TOJIBKO /Ul IIPSIMOYTOJIBHUKOB C pa-
LIHOHAJIBHBIMU CTOPOHAMH.

Kak noxaszate o1y QopMyJs1y [UJIsi IPOU3BOJIBHBIX IIPSIMOYTOJIbHUKOB? Hauném
¢ oduero 3amevanust: eciu gueypa Fy sensemcs wacmoio ¢ueypot F>, mo nno-
waoe Fy; ne npesocxooum ninowaou F, (monoroHHOCTh I1utOM). B camom
JeJjie, BoipeskeM ¢urypy Fi n3 F, u 3amerum, uro 1uromas F, paBHa 1uiomam
F umoc (HeoTpuaTeIpHAS) VIO OOPE3KOB.

IosToMy 11pu ymeHbIeHI (YBEJIMYEHNN) CTOPOH IPSMOYTOJIBHIKA ILTOIIA/Th
MOXXET TOJIBKO YMEHBUIUTHCS (COOTBETCTBEHHO YBEJMYUTHCS). 3HAYWT, ILTOIIA/IH
[IPOM3BOJILHOI'O IIPSIMOYI'OJIbHAKA CO CTOPOHAMU & M 3 HE MEHbIIE FS, €CJHU ¥
Y § — PALMOHAJIbHBIE YMCJIA, MEHbIIME ¢ U 3 COOTBETCTBEHHO, U HE OOJIbIIE UV,
€CJI U W V — PalMOHAJIBHBIC YKCiIa, OoJble o U B COOTBETCTBEHHO.

Mo>XHO /1 3aKJTIOYMTH OTCIO/IA, YTO IUIONIA/Ib HAIIETO IPSIMOYTOJIFHUKA PaB-
Ha af}, IOCKOJIBKY YHCJIO o3 Kak pa3 00JIaJacT yKa3aHHBIMH CBOWCTBaMH (He
MEHbIIIE BCEX 'S U He OoJiblie Bcex uv)? He cpasy — Hajo crepsa JOKa3arh,
YTO YKMCJIO C TAKVMH CBOIMCTBAMH €IMHCTBEHHO. DTO MOXHO C/AEJIATh, WCHOJb3YS
akcuoMy ApxmMmena, ¥ 3TO pacCyaeHre (KOTOPOE MBI IOIPOOHO MPOBOIUTH HE
OyJeM) HAllOMUHAET MIPUBEACHHOE HAMH JI0KA3aTEIbCTBO TEOPEMBI O IPOIIOPIIMO-
HAJIBHBIX OTPE3KaX.

Jasiee 0T NpsSIMOYTOJIFHUKOB MOXHO NEPEHTH K mapajijiejiorpaMmamM (paspe-
’KEM I1apaJUICJIOrPaMM HA YacTU M COOEPEM M3 HUX IIPSIMOYTI'OJIBHUK C TEMH XK€
OCHOBAHMEM W BBICOTOI), OT MApaJUIEJIOrPaMMOB K TPEYTOJIbHAKAM (I1apasuIesio-
TPaMM pa3pe3acTcsl Ha /[Ba PABHBIX TPEYTOJIBHHKA, TI0O3TOMY €TO IIJIOLIA/b BJBOE
00JIBIIIE TLTOMIA/IN KKIOTO U3 TPEYTOJBHUKOB), OT TPEYTOJBHIKOB K MHOTOYTOJIb-
HHUKaM (KOTOPBIE MO>KHO pa3pe3aTh Ha TPEYTOJIBHUKU) U TaK Jlajee.
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YeM IJIOXH aKCHOMBI IJTOIIAAA?

MOXHO JI4 CUMTaTh HAMEUCHHBI HAMUA aKCMOMATUYECKUIA I10/1X0/ K Olpe/e-
JICHHIO IIJIOLIA/IM HOJHOCTHIO yI0BJIeTBOpUTEIbHBIM? He coscem.

Bo-niepBbix, uTo Takoe (urypa? TpeyroJbHUK WA KBaIpaT — 5TO, KOHEYHO,
(purypa. TpeyrosibHUK C JIBIPKOI, HABEPHOE, TOXE. A MOXET JI (PUTypa COCTOSITh
W3 JIByX TPEYTrOJIbHUKOB, PACIOJIOKEHHBIX B PasHbIX Mecrax? M 4To o3Hauvaer
PaBEHCTBO Takux (puryp?

MoxHO OBUTIO OBI ONpPEAETUTh (PUTypPy KaK IPOM3BOJBHOE MHOXECTBO TOUCK
Ha IuTockocTd. [IpaBaa, mocie STOro BO3HMKAET IpoOJieMa — OOBSICHUTH, UTO
Takoe MHOXeCTBO. (Teoprio MHOXKECTB TO)K€ MOXHO CTPOUTh aKCMOMATAYECKH,
HO BPsJ JIM 3TO BO3MOXKHO B IIKOJIBHOM Kypce. K cuacTpio, HUKTO Bpoae He
mrrascs!)®

Ho nmaske ecam cuntarh MOHSTHBIM CJIOBO «MHOXECTBOY», BO3HMKAIOT HETIPUSIT-
HBIE BOIPOCH. YUTO 3HAUMT «pa3pe3ars (pUIypy Ha /IBE€ YaCTH» HA DTOM sI3bIKe?
Bumumo, npencraBute €€ B BHJAC OOBETMHEHUS /IBYX HEIEPECEKAIONAXCS MHO-
xectB. (Kaxaas Touka oOBEIMHEHUS MPUHAICKUAT JIMOO OJHOMY MHOMKECTBY,
JO0 BTOPOMY, HO HE 000oUM Cpa3sy.)

K coxajiennio, 3HaTOK TEOPUM MHOXECTB HE MOXKET C UMCTOM COBECTBIO paspe-
3aTh MPSMOYTOJIBHIK HA /IBE YaCTU IO MPSIMOA — OH €IIE 00s3aH OTHECTU TOYKU
DTOM MPSAMON K TOW WK Apyroil dactu. (Korzga Mbl peskeM TOPT HOXOM, B KaKylo
YacTh IIOMNAJAIOT 3JIEMEHTHl TOPTa, JiexKalide Ha JuHUM paspesa? Ckopee Bcero,
OHU OCTAIOTCS Ha HOXKE, HO C Pa3pe3aHreM (PUI'yp TaK HE CKaXelllb.) AHAJIOTMYHO
¢ orpeskamu: paspesas [0, 2] Ha ase nojiosunsl [0, 1] u [1, 2], MBI BUIUM, 4TO OHU
[IEPECEKAIOTCS. U UMEIOT OOLIYI0 TOYKY 1; 4TOOBI IOJIyYMTh HETIEPECEKAIOLINECs
MHOXXECTBA, HA/I0 HAPYIIMTh CUMMETPHIO U, CKaxkeM, B3sTh [0, 1] u (1, 2].

(Ota mpobiremMa 3HaKOMa IIpOrpaMMUCTaM: paspes3as MaccuB all..n] Ha ;1Be
YacT B TOYKE K, HAm0 B3ATh 0o MaccwBHl all..k-1] um alk..n], oo
all..k] ualk+1..n].)

Takum 00pasoM, IPUXOAUTCS CJAECAUATH 3a IPAHMLIAMU. JTO He (PaTajbHO: Ha-
JI0 TOJIBKO JIOKa3aTh, YTO IIOLIA/b JIOOOIO OTPE3Ka paBHA HYJIIO (B CaMOM JieJie,
Jo0OE YHCIIO HEMEPECEKAIOMMXCSI OTPE3KOB MOXKHO IIOMECTHTh BHYTPb IIPSMO-

8TTon MHOXeECTBOM, TUUIET CO3/IATENb TEOPUM MHOKECTB, HeMelkuit Matematuk XIX Beka Teopr
Kanrop, «s noHumaio BooOLie BCSAKOE MHOrO€, KOTOPOE MOXHO MBICJUTh KaK €IHHOE, T.e. BCAKYIO
COBOKYIIHOCTb OIpEEJEHHBIX 3JIEMEHTOB, KOTOPasi MOKET OBITh CBS3aHA B OJHO LIEJIOE C IOMOILBIO
HEKOTOPOTO 3aKOHA, W TakWM 00pa3oM s AyMaio OMpEeJUTh HEYTO, POJACTBEHHOE IJTATOHOBCKOMY
eldoc mwim Weu, a Takke Tomy, uro [lnmaron B cBoém mmanore ,Owre6 miu Beicodaiiee 6Jaro”
Ha3bBaeT ULxt0¢. OH MPOTHUBOMOCTABJIACT €TI0 ATELPOV’Y, T. €. De3srpaHNYHOMY, HEONpeaeJEHHOMY,
HA3BHIBAEMOMY MHOIO HECOOCTBEHHO OECKOHEYHBIM, PAaBHO KaK M TEPAC’y, T.€. IPAHMIEC, U HA3bIBA-
eT ero YHOpsIIOYeHHOU ,.cMechio” oboux mociemuuxy. (I'. Kararop. Tpyoer no meopuu mmoscecms.
M.: Hayka, 1985. C. 101.) Hy kak, noHsTHO?
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YIOJIbHUKA, @ €CJIM Obl ILJIOIA/b OTPE3Ka OblJa 110JI0KUTEJIbHA, TO DTO HIPUBEJIO
OBl K IIPOTUBOPEYMIO C MOHOTOHHOCTBIO).

Ectb ewé oana HeOOJIbLIAS TPY/HOCTD: ILIOLIA/(bL BCEH IJIOCKOCTHU, WK JIa-
ke IOJIYIUIOCKOCTH, I0JTydaeTcss OeCKOHEUHOM!, II03TOMY JIMOO HAJ0 PaspelMTh
OeckOHEYHblE IO (Y4TO TOXKe TpeOyeT aKKypaTHOCTH), JuOO paccMaTpu-
BaTh TOJIBKO OI'PAaHUYECHHBIE (PUI'YPHI (IIOMENIAIOIECs] BHYTPA HEKOTOPOTrO IIpsi-
MOYTOJIbHUKA).

A BBINOJHEMBI JIH AKCHOMBI?

CepbésHas npoOjieMa Ha caMOM Jiesie JIpyras: a MOXHO JId BOoOLIe oIlpe-
JeUTh IJIOWAIb [l BCeX OrPAHMYCHHBIX MHOXKECTB HA IUIOCKOCTH TaK, YTOOBI
BBITIOJIHSIJIACH YKa3aHHBIE AKCUOMBI? Mo)keT ObITh, HalmM TpeOOBaHUS (QKCUOMBI)
[IPOTUBOPEYAT JIPYyT JIpyTry?

(BameT™M, 4TO peup UAET 00 ONpEeICHAM IUIOIAAM /IS BCEX MHOXECTB,
CKOJIb YTOJIHO IPUYY/UIMBBIX, I/le HAIld MHTYMLUSA C 3¢PHOM WJIA BECOM YXe He
padoraet. CkaxkeM, Mbl XOTUM OIPEIE/IATD IIJIOIA/Ib MHOXKECTBA BeeX ToueK (X, y)
B €IMHUYHOM KBa/IpaTe, y KOTOPBIX 00€ KOOPJAUHATH! PALliOHAJIbHBL. Mu MHOMe-
CTBA TOYEK, Y KOTOPBIX O7IHA KOOPJMHATA PALIMOHAJIbHA, a APYIasi UPPALIMOHAJIBHA.
Bpsit Ji1 MHTYWUTUBHOE IIPECTABJICHUE O ILJIOIIAJAMA TYT IIOMOXKET. )

BBIOJHUMOCTD AKCHOM IUIOLIAJU — CJIOXKHBIA BOIIPOC, U CIIELUAIUCTHI Ja-
10T TAKOH yJAUBUTEJIBbHBIA OoTBeT. OKasblBaeTCs, YTO HA IUIOCKOCTA MOXHO (XOTs
9TO COBCEM HE IIPOCTO) ONPEAEIUTh ILIOWAAb JIJIS BCEX MHOXECTB TOYEK C CO-
O/mozieHneM akcuoM. Ho aHajiornuHyio Teopuio 00bEMOB JJ1sl IPOCTPAHCTBEHHBIX
MHOXCECTB IIOCTPOUTH HeEJb3sl. (A XOTesoCh Obl, YTOOBI TEOPHsI ILIOMIAJCH Ha
IIJIOCKOCTH OblI1a ObI QHAJIOTMYHA TEOPUU OOBEMOB B IIPOCTPAHCTBE. )

Ilapagokc banaxa — Tapckoro

INowemy 5TOrO Hesp3sl cAesaTh B MpocTpaHcTBe? OKasbIBACTCS, MOXKHO pas-
pes3ats map (0e3 1eHTpa, €cjau OBITh TOYHBIM) HAa KOHEYHOE YMCJIO 4YacTed, u3
KOTOPBIX MOKHO CJIOXKWTH [BAa TaKUX e IIapa. A 3TO HEBO3MOXHO, €CJIM MBI Be-
PVM B COXpaHEHHE 00BEMA IIPU JIBIDKCHUSX (paBHBIC YAaCTH MMEIOT PaBHBIC 00B-
€MBI) U B TIPABIUIO CJIOKEHISI 0OBEMOB TIPY CKJIAIBIBAHUM (PUTYPHI M3 YacTeld. JT1a
KOHCTPYKLIMS HasbIBaeTcs napadokcom banaxa — Tapckozo.

(He csieyer mymarhb, 9TO 9TO OTKPHIBAET BO3MOXKHOCTH IIPAKTHYECKOTO IIPH-
MCHEHUSI MAaTEMATHKA U B TOJIO/IHBIC TOJBI 3HATOKU TEOPUM MHOXECTB CMOTYT
BBDKWTH, pa3pe3ast KapTodesIMHy HA YaCTWA U MpEBpamiasl €€ B /B TOYHO TAKUX
xe. Ckopee Ha000POT — STO MOKA3BIBACT, YTO MATEMATHIECKOE MOHITHEC MHOXE-
CTBA PAJMIKAIPHO OTOPBAHO OT HAIIETO HAIJISAHOTO IIPE/ICTABJICHUS O (purypax.)
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Yro e mesaars? MOXHO JIM M3JI0KUTH TEOPHIO ILIOIA/IEH B PaMKax DJIEMEH-
TapHOI T€OMETPHHU, HE YIJIyOJIsisiCh B COMHUTEJIBHBIE JeOPU TEOPHM MHOXKECTB?
[lorbiTaTbCst MOXKHO.

Ils101aAM MHOTOYTOJIbHUKOB

Takas nomeITKa ce/IaHa, HAIpUMeEp, B ydeOHuke Amamapa. OH TOBOPHT IIpU-
MepHO craeayomee. Kakue guryps! Hac mHTEpeCyIoT B IepByIo odepeas? Muoro-
yrojpHuKE. Kak ompenesnuts miomaas MHOroyrossHuka? Paspesats ero Ha tpe-
YI'OJIbHUKM, A IUIOLIA/Ib TPEYIOJIbHUKA €CTh 110JIOBUHA IIPOM3BEICHUS OCHOBAHUSI
HA BBHICOTY.

KoneuHno, Hy»HO €IlIE 10Ka3aTh KOPPEKMHOCMb STOTO ONPENEIeHUA. A UMEH-
HO — 4r0 (1) TI0Ma b TPEYTOJILHAKA HE 3aBUCUT OT TOI'O, KaKyIO U3 €r0 CTOPOH
MBI BEIOEPEM 32 OCHOBAHHME, U (2) IUIOLIAAb MHOTOYTOJIBHUKA HE 3aBHCHUT OT TOTO,
KaK MBI €T0 pa3peskeM Ha TPEYToJIbHUKH. [IepBoe HECI0KHO BBIBECTU U3 MOI00US
TPEYTOJIbHUAKOB, BTOpoe AJlaMap TOXe JTOKa3bIBACT, HO 3TO JI0KA3aTEJILCTBO TPY/I-
HO CUUTATh BIIOJIHE CTPOTUM (ke U TOT (DAKT, YTO HEBBITYKJIbII MHOTOYTOJIbHUK
MOXKHO Pa3pe3aTh Ha TPEYTOJIbHUKHM, HE TaK IIPOCTO CTPOrO JIOKA3aTh).

O0BEMBI MHOTOrDAaHHHKOB

AHQJIOrMYHAS TEOPUs BO3MOXHA U B IIPOCTPAHCTBE, HO BO3HUKAET OJHO IIPUH-
LMIHATIbHOE OT/dye. [1JIsi HaX0X/IeH)S TUIOMA I MHOTOYT OJIBHIKOB JIOCTATOYHO
OBIJIO pa3pe3aHyil M MepeKIaabBaHmii. MOXHO /10Ka3aTh, YTO JIOOBIE /IBA PaBHO-
BEJIMKMX MHOI'OYI'OJIbHUKA PaBHOCOCTaBJICHBL. (PagHogenukue — uMeromme onu-
HAKOBBIE IJIOLIA/IN; PABHOCOCMABNIEHbl — OIMH U3 HUX MOXKHO Pa3pe3arb Ha Tpe-
YTOJIbHBIC 4aCTH, M3 KOTOPBIX COCTABUTH JIPYIOi.) DTO yTBEP)KICHUE HA3BIBAIOT
meopemot boiiau —Iepsuna. Ero He Tak CJIOXHO /I0Ka3aTh, €CJIM HE YIJIyOJIsTh-
Csl B TOYHOE OIIPE/ICJICHUE Pa3pPE3aHus M MIOBEPUTH, YTO BCSKHI MHOTOYTOJIBHUK
MOXKHO pa3pe3aTh Ha TPEYTOJbHUKH.

B npocrpancrse BcE ciiokHee. Ecim BbI morrpo0yeTe paspesarb, CKaXeM, I1pa-
BWJIBHBIA TeTpa’Ap Ha (MHOIOIPAaHHBIC) YACTH U CJOXKHUTb DTU 4YaCTU B KyO, TO
9TO He yaacTces. M He m3-3a HEJOCTAaTKa FeOMETPAIECKON M300pPETATEIPHOCTH —
KaK BBISICHWJIOCH B Hadajle XX Beka Oyaromapst HEMeELKOMY MaTeMaruky ey,
9TO HEBO3MOXKHO. (JlokasaresbcTBO 9TOi meopemul /lena — Tema OTAEIBHOTO
pacckasa.)

[Mosromy fu1st BbIBO#A (DOPMYJIBI OOBEMA TETPad/pa HMPUXOIUTCS IPUMEHSITH
Memoo ucyepnvigaHusi (M3BECTHBIN eé Apxume/ty): OLEHUBATh OOBbEM CBEPXY U
CHU3Y, BIIMCBHIBASI B TETPAd/IP COCTABJICHHBIC U3 MTApAJIICIICIINIIE/JOB MHOTOT DPAHHH-
KU ¥ OICHIBAsI UX OKOJIO HEero. Mbl BOCIIPOM3BO/IUM COOTBETCTBYIONIMI PUCYHOK
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(uepréx, kKak Torga ropopmm) m3 yueonunka Kucenésa (c. 329); no cymecTsy 1o
Ke paccy/ieHue MOXXHO Haiitu B yueOHuke [loropeJiosa.

Omno Bpewmsi, korga Kosimoropos
TIBITAJICS BBECTHU B IIKOJIBHBIN KypC 2JIe-
MEHTEI MATEMATHYECKOTO AaHAIN3A, O0B- 433 Tonma. Tpeyronswbn nupamwnger b passosennknun
€MBI MOYKHO OBLTO BBIUVIC/IATH C TIOMO-  CCHOSHIAMK W RasHbiMA Bbicoaun pasHosenuka.

I[HI0 MHTEI'PUPOBAHUS, KaK HMHTErpall
oT mwiomaau cedeHmit. K coxkasenmo,
MOCTEIEHHO OT MAaTEMAaTHYECKOro aHa-
JI3a B IIKOJIBHOM Kypce MaJIo 9TO OCTa-
JIoch (€c/I He CYUTATh MEXAHWYECKUX
ynpakHeHmiI Ha ¢ depeHIIIpOBaHIE
" ITIOUCK MAKCMMYMOB 1 MI/IHI/IMyMOB). Yepr. 380.

00beMs IHPAMHBL.

Teopusa mepbt

B 3akmoveHne cKaxkeM elé HECKOJIBKO CJIOB O TOM, KaK OIPEAESIETCS ILIO-
ma/1b 1 00BEM B COBPEMEHHOM MaTeMaTuKe (COOTBETCTBYIONIMIA pa3/iesl Ha3hIBaeT-
cst meopueii mepst). Mepa (1utomma s, 00bEM) ONpeaessieTCs He 1J1sl Beex uryp,
a TOJIbKO [JIsi HEKOTOPBIX (OHM HA3bIBAIOTCS usmepumvimu). Ho kiacc usmepu-
MBIX (pUTYp HACTOJIBKO LIMPOK, 4YTO Jo0asi (purypa, KOTOPYIO MOXHO OIHCATh
CJIOBAMH, Ha TIPaKTHUKE OKasbiBacTcs mMepumoit. ([locTpouts siBHO mpumep He-
M3MEPUMOI1 (pUTYpBl He YAAETCS, XOTSI MOXKHO JIOKa3aTh CYIIECTBOBAHHME TAKWX
¢uryp.) B wactHOCTH, BCE (DPUIYpHl U3 MIKOJIBHOTO KypCa I€OMETPUM M3MEPUMBI.
Jlist m3mMepuMbIX (DUTYp BBIIIOJIHEHBI NEPEUYNCJICHHBIC BBILIE CBOWCTBA ILIOLIA/IM.
Bouiee Toro, ecsm ¢gurypa A pazdura Ha GeckoHeuHoe 4ucio vacreit Aq, As, . . .
(a He TOJIPKO Ha KOHEYHOE, KaK OBUIO B aKCHOMax IUIOIIA/H), TO €€ Mepa paBHA
cymme Mep vacteit A; (HaJo TOJIBKO OMpPEAesUTh, YTO O3HAYaeT CyMMa psjia U3
OECKOHEYHOI'0 YMCJIA CJIATAEMBIX).

9. JliiMHa OKpY»KHOCTH W IJIOLIAJb Kpyra

Emé oHO fe/mKaTHOE MECTO B LIKOJIBHOM KYPCE F€OMETPUM — JIJIMHA OKPYX-
HOCTH ¥ IUIOIIAJIb Kpyra (a B CTEPeOMETPUH — IUIOMAb chepsl M 00BEM 1Iapa).

JJIMHa OKPY»KHOCTH

JUnHa oTpeska — 3TO PACCTOSHUE MEX/Y €ro KOHLIAMH, JIJIMHA JIOMAHOH —
CyMMa JUIMH €€ 3BEHbEB, 3TO NOHATHO. HO 4TO Takoe /ymHa OKpyXHOCTU?
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MOXHO BMECTO OKPY>KHOCTM HAapHCOBAaTh BIIMCAHHBIA B HEE MHOIOYI'OJIbHUK
C HACTOJIbKO MAJICHBKUMU CTODOHAMM, UYTO Ha IJIa3 OmIMuMe Oy/IeT Hezamer-
HO, ¥ U3MEPUTH nepuMeTp (CyMMy JUIMH CTOPOH) STOI'0 MHOTOYroJibHuKa. Ecte-
CTBEHHO OXWJAaTh, YTO IIEPAMETP STOI'0 MHOTOYTOJIbHHKA (CKaXKeM, IIPaBUJIBHOTO
N-yroJIbHUKA, BIIMCAHHOI'O B OKPYXHOCTb, [P OYEHDb OOJIBLIOM 1) OyJeT MOYTH
TAKOU ke, KaK y OKPY>KHOCTH.

Ho kak BCE-Taku onpene/mrh JUIMHY OKPYKHOCTH? MOXHO Ji B3sITh Oec-
KOHEYHOE N1 U PACCMOTPETh JIJIMHY IIPABUJILHOIO BIIMCAHHOI'O 71-yIOJIbHUKA IIPU
TakoM n? He cTOUT — XOTSA MAaTeMATUKU ¥ HAyYUJIUCh PACCMATPUBATh OECKOHEY-
HBIEe 1, He MOCTYIAsCh CTPOTOCTBIO (9TO HA3BIBAETCA HECMAHOAPMHbLIM AHAJIU-
30M), HO JIMILb CPAaBHUTEJIBHO HEJABHO, U 3TO TPeOyeT OOJIBLION OCTOPOXHOCTH
(1 3HAHUSI MATEMATUYECKOM JIOTHKH, JTAJIEKO BBIXO/SIIEIO 3 MPE/IEIIbl MIKOJIbHON
IIPOIPaMMBI ).

Kaxue apyrue BapuaHTh! orpeziesieHust OKpY>KHOCTU MOKHO ITpuiyMats? Moxk-
HO CKa3aTb, YTO /IJIMHA OKPY’KHOCTH — 3TO TO 4HCJIO, K KOTOPOMY CIMpemMumcst
HEPUMETP IIPABUJIBHOIO BIIMCAHHOTO N-YIOJIbHMKA, KOIZA N CTPEMUTCS K OeckKo-
HeyHocT. KOHEYHO, HYXHO OOBSCHUTDB, YTO 3HAYUAT CJIOBO «CTPEMUTCS», WJIM,
KaK TOBOPAT B KypCE MAaTEMaTHYECKOTO aHAJIM3A, /IaTh ONPENEJICHNE npeodend.

IIpeaennt

OTo ompe/esieHHe COBCEM HE IPOCTO I MOHUMAHHMS; JOCTAaTOYHO CKa3aTh,
YTO OHO BIIEPBBIE OBUIO OTYETINBO chopMynrpoBaHo b B XIX Beke (dpaHirys-
cknm marematukoM O. Komm), x0Tsi K 9TOMy MOMEHTY MAaTEMATHYECKUI aHAJIM3
CYILIECTBOBAJI HECKOJIBKO BEKOB U ObLIIM JIOKA3aHbI BEChbMA TPY/IHbIE U BXHbIC Te-
opembl. Ho, j10Ka3biBasi DT TEOPEMbI, MATEMATVKK Y/IOBJICTBOPSUIMCH UHTYUTHUB-
HBIM [TOHSITHAEM O Ipefesie ¥ CMyTHBIMU PAacCy/ICHUSMU PO OECKOHEYHO MaJIble
BEJIMYMHBI (M TIO3TOMY COBPEMEHHBIE MEAAHTHL MOTYT U HE CYECTh TH PacCyK/e-
HUS J10KA3aTCJIbCTBAMU).

Jlarb onrpeesieHUE IIPEE/Ia HECJI0KHO (XOTsI HIOHATh CJIoKHee). B Hawewm ciry-
yae OHO MOKeT ObITh CHOPMYJIMPOBAHO TaK: uucio L siensiemcs Onunoil okpydic-
HOCmu, ecnu Ofisl GCSIKO20 NOMONCUMENTbHO20 € MOJCHO YKA3AMb HAMYPANbHOE
yucno N ¢ makum ceoilicmeom: nepumemp npasuibHO20 BNUCAHHO20 MHO20-
YeOonvbHUKA € N00bIM yucinom cmopoH, onvwum N, omnuyaemcs om L He 6onee
Yyem Ha €.

Pazymeercsi, 11ocjie 3Toro emé Ha/io /JoKka3arh, 4To Takoe ynciio L cymecrsyer
¥ 9TO OHO €JUHCTBEHHO; 9TO COBCEM HE TaK IPOCTO (OCOOECHHO IEPBOE).

MOXHO 3aMEHMTH BIMCAHHBIC MHOTOYTOJIPHUKM Ha OIFICAHHBIC, HO IEpedH-
CJICHHBIC CJIO)KHOCTU HE MPOIATyT.
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l'[epHMeprl BIIMCAHHBIX H ONMMCAHHBIX MHOI'OYI'OJIbHUKOB

B onpenesieHnM 7IMHBI OKPYXHOCTH MOXXHO OOOUTHCH M O€3 TIPEAEIIOB, U 3TO
yMeJ Jejath yke Apxumesn B ApeBHell Ipermm. MoskHO ckasath Tak: OnuHa
OKDYIICHOCIMU — MO HUCNO, He MeHbulee NepuMempos 6cex 8NUCAHHbIX MHO-
20y207IbHUKOG U He DOonbuiee nepumempog ecex onucanmvix. (Koneuno, HyXHO
(hpUKCHPOBATh €IVHUIY M3MEPEHUS WM TOBOPHUTH, KaK ATO JeJIa/IU I'PEKH, 00 OT-
pe3Ke, JIMHA KOTOPOI'0 PaBHA HIEPUMETPY OKDPYXHOCTH.)

JT0 onpeneseHue OyaeT CTPOTUM, €CIM MBI c/ieiaeM Tpu Berm. Hamo:

® [I0Ka3aTh, YTO EPUMETP JIOOOI0 BIMCAHHOIO MHOI'OYI'OJIbHUKA MEHBIIE I1e-
puMeTpa JIoOOro OIMCAHHOIO;

® 3aKJTIOYHTH OTCIONA, YTO CYIIECTBYET pasfielisioliee UX UKcIo (He MEHbIIee
OJTHUX W He GoJiblliee IPYTUX);

® JIOKa3aTh, YTO TAKOE Pa3feJisIolNlee YHCJI0 eUHCTBEHHO.

IlepBoe coBceM HecnoxHO. Eciim MBI OTpe3aeM IIpSIMBI-
MU HOXHHIIAMU KYCOK OT OYMa)KHOTO MHOTOYTOJIbHHKA, TO
ero nepumeTp ymeninaercst (rpsimoit paspes MN 3amensier
JIOMaHYI0 TPAHMIly IPEXHETO MHOTOYIOJIBHMKA HA YYacCTKe
ot M no N). 3HaumT, Ipy BHIpE3aHWM BHYTPEHHETO MHOTO-
VTOJIbHAKA W3 BHEIHETO C ITOMOIIBIO0 HECKOJIBKHUX pa3pe3oB
MBI YMEHBIIIAEM €T0 TMepuMeTp (Ha KaX/IOM Iare, a IOTOMY
M B 1IEJIOM).

Bropoe yTBepx/ieHHE (CyHIECTBOBAHWE Pa3/IEJISIOLIETO
4nCiIa) SIBJISIETCS. OJHONM W3 aKCHOM IIPH CTPOIOM HOCTPOE-
HUW TCOPUU JICUCTBUTEJIFHBIX UHCEJI.

HaxoHer, TpeTbe yTBEpXKACHHE TOXXE MOXHO JIOKa3aTh, WCIOJIB3YS aKCUOMY
Apxumena (AOCTATOYHO PACCMATPUBATH IIPABWJILHBIC BIMCAHHBIC U OIMCAHHBIE
Nn-yroJIbHUKNU).

Kcratn, nmenno 3T0T MeTO (CpaBHEHME C BIMICAHHBIMU U ONMCAHHBIMUA MHO-
TOYTOJIPHUKAMI) ApXVMe/]] ICIIOIb30BaJl, YTOOBI TOKA3aTh, YTO YUCJIO M 3aKJII0Ye-
HO MEX]y 27—2 = 3% u 3%.

Ilnomaas Kpyra

Iepeitném Teneps K mioma u kpyra. E€ Toxe MOXHO OIpeesIuTh KaK 4ucJio,
pasaessioniee IUTOMAIN BIFICAHHBIX M ONFCAHHBIX MHOTOYTOJIBHHKOB (A Takke
KaK TIpeJiesT TUIOMA I BITMCAHHBIX IIPABWIBHBIX 71-YTOJIBHUKOB IIPA CTPEMJICHUN
n X OCCKOHEYHOCTH, WU €IIE 4TO-HUOY/b B TAKOM pOJE).

Yrto en¢ — moMMUMO OIpPEAEICHNUI, KOTOPBIE MBI OOCYIMJIN, — TOBOPHUTCS
B IIIKOJIE O JUIMHE OKPYXXHOCTU W IUIOLIAAX Kpyra?
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CsoiicTBa

Jlnuna oxpyscnocmu paduyca v pagua 2wr .

Yro 310 — ompenesicHUE YMCIA T WIA TEOPEMA, KOTOPYIO MOXKHO JIOKA3bl-
Bats? Ha camom fesie u To, U ipyroe — 5TO onpe/eJieHHe uciaa @ (Kak I0JIo-
BHHBI OTHOLICHUS [JIMHBI OKPYXXHOCTH K €€ paJuycy) BMECTe C yTBEpP)KICHHEM
0 KOPPEKTHOCTH 3TOTO OIpe/iesIeHUsT (OTHOLIECHNE JITIMHBI OKPYXXHOCTH K PaJIyCy
HE 3aBUCHUT OT pa3Mepa OKPY>KHOCTH).

OTO yTBEpkKACHHE O KOPPEKTHOCTA MOXKHO JIOKA3BIBATh (IIPU TOM WJIA MHOM
OIIPE/ICJICHUN JITIMHBL); IIPH DTOM KCIIOJIB3YETCS TOT (DaKT, 9TO OTHOLICHUE IIEpU-
METPOB MOJOOHBIX MHOTOYTOJBHUKOB PAaBHO KOX(PDHUIIEHTY TOJ00uSI.

IInowaow kpyza paduyca r pasna Tr?.

3nech aBa yrBepxkaeHuUs: (1) 4TO ILIONIA B Kpyra IpOHNOPLIU-
OHAJIbHA KBa/IpaTy pajauyca 1 (2) 4ro Kod(P(UIMEHT IPONOpIHO-
HAJIBHOCTU HE a0bl KaKOM, a TO CaMOE 4UCJIO 7, KOTOPOE BOZHUKACT
B JUIMHAX OKPY>KHOCTEL.

[TepBoe MOXXHO OKa3bIBaTh, UCHOJIB3YSI TOT (PAaKT, YTO OTHO-
HICHVE IUTONIAEH MOMOOHBIX MHOTOYTOJIBHMKOB PaBHO KBAa/JpaTy
[ kod(purrenTa mogoousi.

! Bropoe MOXXHO OOBSICHUTH HAIJISIAHO Tak. Byjaem cunrars, 4To

: OKPY’>KHOCTh — 3TO IPABIJIBHBII MHOTOYTOJIBHUK C OE€CKOHEYHBIM

! 9ncyIoM CTOPOH. Toraa Kpyr pasoObETcs Ha OECKOHEYHOE YHCIIO

Al TPEYTOJIBHMKOB. BpicoTa Kax0ro m3 Hux (OmyIIeHHas Ha Oec-

Al ~KOHCUHO MAJIyIO CTOPOHY) PaBHA PajMyCy, a JUIMHBL OCHOBAHA

AS =55 (Al) B cymMe JaI0T [UIMHY OKPY>KHOCTH, II09TOMY CyMMa ILJIOLIA-

aeit (AS) TpeyroJIbHUKOB PaBHA IMOJIOBUHE IIPOM3BE/ICHUS BBHICOTH (pajinyca) Ha
CYMMY OCHOBaHMI1 (JIJIMHY OKPY>KHOCTH).

DTO K€ PacCyk/IeHHE MOXKHO IPHUCIIOCOOUTH K (POPMATIbHBIM ONpee/ICHISIM
JUIAHBI OKPY>KHOCTH ¥ IO/ KpyTa (C OOJIBIIMMY MJIM MEHBUIMMU XJIOIIOTAMH,
B 3aBHCHMOCTH OT TOTO, KaKO€ OIPEIECICHUE BHIOPAHO).

10. Ilnomwanb NOBEPXHOCTH U 00BEM
[lepexoass K HPOCTPAaHCTBY, BMECTO OKPYXKHOCTEI M KPyroB Ha/I0 paccMma-

TpuBaTh C(epel U IIApPHl W ONpPEAe/SITh IUTomaas chepsl U 00bEM mapa. Tyt
MOSIBJISIIOTCSI TOTIOJTHUTEJIBHBIE CIIOXHOCTH.

38

MHOFOFP&HHHKH CJIO’KHEE€ MHOI'OYI'OJIbHUKOB

Ha miockocts B OKPY»HOCTh MOXHO OBLIO BIVICHIBATH (WUIA OKOJIO HEE OMM-
CBIBATh) ITPABWJIBHBIE N-yTOJIbHUKU IIPY IPOU3BOJIBHOM 1 (KOTOPOE 3aTeM He-
OIPaHMYEHHO YBEJIMYMBAJIOCH). B IpocTpaHCTBE 3TOr0 He cAesaelib. Bo-TepBbiX,
NIpaBWJIbHBIC MHOTOTDAaHHUKY HAZO CIIE ONPE/IE/INTh; BO-BTOPHIX, IIPA Pa3yMHOM
Olpe/Ie/IeHUH UX OKasblBaeTCs BCETro IATh (KyO, OKTasp, TeTpadzp, AOAEKadap
1 MKOCAd/IP) U HEOTPAHMYEHHO YBEJIMYMBATH TYT HEYETO.

BooO1ie ¢ MHOTOrpaHHUKaM# CJIOXKHEE UMETD JIEJI0, YeM C MHOIOYI'OJIbHUKA-
mu. Bce 3Ha0OT, 4TO B n-yrojbHuke n yriioB («CKOJIBKO CTOUT IIATHKOIIECYHAS
OyJixa?»). HerpysHOo co0Opasutb, 4TO B n-yrojbHUKE 71 CTOPOH (XOTs U3 Ha3Ba-
HMSI 9TOr'0 HE BUJIHO): 00XO/ €ro 10 KPYIy, MBI Ha KK/IOM Luare 0OHAapy:KUBaeM
HOBYIO CTOPOHY Y HOBBIN yroJ1 (BEpLIMHY).

A CKOJIBKO Oy/IeT BEpIIMH B MHOTOTPaHHUKE C 1 TpaHsaMu? OKa3bIBaeTCs, 4TO
O/JJHO3HAYHO OTBETUTH HA DTOT BOIPOC HEJIL3s — B PA3HBIX N-TPAHHUKAX MOKET
OBITH pasHoe yKcIIo BeplH. Hampumep, kyO uMeeT LIeCTh I'DaHEN U BOCEMb Bep-
umH. CTOJIBKO K€ TpaHeil NMeeT IMPaMU/ia, B OCHOBAHMA KOTOPOM IIATHYTOJIbHUK
(ocHOBaHME ¥ 1ISITh OOKOBBIX I'PaHEl), HO BEPIUMH y HeE BCero mectb. Keratu cka-
3aTh, momMuMo BepuH (B) u rpaneit (I') y MHOrorpaHHmka eme MOXXHO CYMTATh
péopa (P), 1 BMECTO TPUBUAJIBHOIO COOTHOIICHUSI JIJIsI MHOT'OYTOJIbHUKOB (4KCIIO
YIJIOB PaBHO YHCJY CTOPOH) JJIsi MHOTOTPAaHHHKOB e€CTh (hopmyna Jiinepa:

B-P+T=2.

(Ecsz BB He BCTPEYAIUCH € ITOM (hOPMYJIOi, IIPOBEPhTE €€ Ha PA3HBIX IIPIMEPaX.
BooOuie-To TyT emé Ha/j0 yTOYHATH, YTO TAKOE MHOTOIPAHHMK U YTO CUHMTACT-
Csl €ro BepUIMHAMHM, IpaHsMu U péopamu. CkakeM, €CjM B MHOTOTDAaHHUKE €CTh
CKBO3HOI «TyHHEJIb», TO 9Ta (hopMysa Oy/ieT HEBEpHA.)

Emgé omxo ormmrume. UToOBI BIIEICAaTh MHOTOYTOJIBHHUK B OKPYXHOCTB, JOCTa-
TOYHO OBIJIO BBHIOPATh Ha OKPY>KHOCTH HECKOJIBKO TOYEK W IIOTOM COETMHHUTH WX
CTOpPOHaMM (B TOM IIOPS/IKE, KaK OHM CJIEAYIOT BJIOJIb OKpYskHOCTH). Jlpyroro
MHOTOYI'OJIbHMKA C TEMH K€ BEpLIMHAMU HE cyuectByeT. Ho ecim Mbl BO3bMEM
HECKOJIBKO TOUYEK Ha c(epe, TO COBCEM HE TAK SICHO, KaK C/EJaTh UX BEPIIMHA-
MM MHOTOTPAHHHKA; U JIEMCTBUTEIFHO, MOXKET OBITh HECKOJIBKO MHOI'OTDAHHMKOB
C OJTHUMH ¥ TE€MH )K€ BEPIIHAMH.

Tak uro ke Takoe miomas nosepxaoctu? IlonpoOyem onpenennTs €€ Kak TO
YUCJIO, K KOTOPOMY CTPEMSITCSI IIJIOLIA/IU IIOBEPXHOCTH BIIMCAHHBIX MHOT'OI DAHHU-
KOB, KOI'ZIa BCE UX I'DAaHM CTAHOBSITCSI OYEHb MAJIBIMU. YBBI, 9TO HE T'OJMUTCS, KaK
TIOKa3bIBACT CJICAYIONIHI IIPIMEp.
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Camnor IIsapna

B 5>roM npumepe (Ha3BaHHOM 110 MMEHM HEMEL-
xoro maremaruka I'. IlIBapua, sxusniero B XIX Beke)
BIIMCAHHBII MHOTOTDAaHHUK KakK OBl CJIOKEH B rap-
MOLIKY, U IIOTOMY €ro IIOBEPXHOCTb MOXET OBbITh
OYeHb OOJIBILIOM.

OOBSICHUTH €ro MOCTPOCHIUE TPOllle Ha IpUMEpe
mwmmHapa (a "He cdepsl). PacceyéM LMIMHID ABYMS IUIOCKOCTSIMUA Ha PaccTosl-
Huu d (NMeprieHAUKYJISPHO ero ock). [losyuurcs /iBe OKpYKHOCTH. BrmiieM B HUX
TIPABMWJIbHBIE 11-YTOJIBHUKA, HO CO CABUTOM: BEPILFHA OJHOT0 HAXOJUTCS OKOJIO CE-
PeavHBI CTOPOHHI Ipyroro. COeMHUM 3TU N-YTOJBHUKY TPEYTOJIbHBIMU I'PAHIMHI
U TI0JIyYMM MHOTOTPAHHUK, Y KOTOPOTO JIB€ I'PAaHM — IIPABUJIBHBIC 71-YTOJIBHU-
K{, 2 OCTAJIbHBIC — TPEYTOJIbHUKHU. TaKve «IUTAIIKI» MOXHO IIPUJIOXKUTH JAPYT K
Jpyry (COBMECTHB n-yroJibHbIC TPAHW) W ITOJIyYUTh MHOTOT' DAHHVK, BIIFICAHHBI B

LIVTAH/IP.

B oroM mocrpoeHuu ecrh [Ba IIapaMerpa: 4u-
CJIO CTOPOH n U TosMHA IvTamky . CHavajia Mbl
BBIOMpaEM /TOCTAaTOYHO OoJiblIOE n1. DTO TapaHTH-
pyeT, 4TO BIWCAHHBI MHOTOIPDAaHHWK OyZJeT Ipo-
XOUTh OJIM3KO OT IWUIMHApA. 3aTeM — IIpU JIaH-
HOM 7 — Mbl yMeHblaeM d. TpeyroJibHble rpanu,
KOTOPBIC IIPY OOJIbIIMX ¢ ObLIM IIOYTU YTO IApal-
JICJIPHBL OCH LIWJIMH/IPA, OTKJIOHSIIOTCSI BCE OOJIbILIE U
oonpure. Y ecin BHIOpath d MaJlbIM, TO TPEYroJib-
HBIE TPAHM CTaHYT MOYTH NAPAJUICIbHEl OCHOBAHHIO
wwimHipa. [1pu 9ToM MX cymMmapHasi ILIONIa/h Cra-
HET ropaszo OoJIblie ILIOWAIM [UIMHIPA (KaK 3Ha-
IOT MOPTHBIE, IJIAThE CO COOpKaMu TpedyeT OOoJIblie
TKaHW, 9eM IJIaJIKOE).

Takoil «camor» HETPYJHO CJIOXWTh U3 OyMaru:
Ha/I0 HAPHUCOBATh LMIAPHKOBOIN PYYKO# CETKy W3 IIps-
MBIX Ha JIACT€ OyMarw, a 3aTe€M CJIOXHUTh STOT JIACT B TapMOIIKy, Crudas Io
JmHusM cetku (cM. dororpaduio, r1e 0Ch LIMIMHIPA TOPU3OHTAJIbHA, A TPAHU HE
TaKUe MEJIKUE, KaK Ha IPEeIBITYIIEM PHCYHKE).

OnpejesieHne MJIOIAAH OBEPXHOCTH

K cuacteio, mnomaas chepsl BCE-Tak MOXHO OIPEIEIUTh C MOMOIIBIO BIU-
CAHHBIX M OIIMCAHHBIX MHOI'OI'DAHHMKOB, TOJIbKO HY)KHO 110TPebOBaTh, YTOObI OHU
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ObuTH BhITyKJIble. Hauném ¢ Takoro 3amedanusi (aHAJOTMYHOE YTBEPKACHUE IS
MHOTOYTOJIbHUKOB HaM Y€ BCTPEUYAJIOCh): €CJIM O/IVH BBITYKJIBIII MHOTOT DAHHUK
COZIEPXKUTCS B APYrOM, TO ILIOIIA/(b TIOBEPXHOCTH BHYTPEHHETO HE OOJIBIIE, YeM
y BHeIHero. B camom sesie, ecim oTpe3aTs OT MHOTOT'PAHHHUKA IIAMOYKY» (TLI0C-
KM pa3pe3oM), TO IUIONIA/Ih ITOBEPXHOCTH YMEHBIINTCS: BBHIIYKJIas IIAIOYKA 3a-
MEHUTCSI Ha IUIOCKOE CEYCHHE, MMEIOIIee MEHBIIYIO ILIONA/Th.

ITosTOMY MOXXHO ONpPEAEUTD TUIOMAAb CEePhl KK YMCJIO, HAXOASIIEEC MEX-
Jly ILIOIIA/ISIMH TIOBEPXHOCTEI BIMCAHHBIX M OIMCAHHBIX 8bIMYK/IbIX MHOTOTDAH-
HuKoB. (Takoe 94nC/I0 €IMHCTBEHHO, XOTS J0KAa3aTh 3TO HE TaK MPOCTO.) A 00BEM
1apa MOXKHO OTIPE/ICJIUTh KaK 9MCJIO, 3aKII0UEHHOE MEXAY 00hEMaMU BIIFICAHHBIX
¥ ONVICAHHBIX MHOTOTPAHHUKOB (YK€ HE 00S3aTEJIHHO BBITYKJIBIX).

K coxanenmo, 710 onpenesenne romuTcs i cepsl, HO HE TOTUTCS, CKa-
5KEeM, /IS TOBEPXHOCTH IIApa CO BMSITMHOI: B TaKylO0 IOBEPXHOCTh IPH BCEM
SKEJIAHUY BBIMTYKJIBII MHOTOIPAHHUK HE BIMIIEIIb (2 BBITYKJIOCTh BAXHA, KaK MBI
BUJIEJIN).

Ho rimaBHOE — Kak HailTé 0OBEM IIapa ¥ IJIONIA/h OBEPXHOCTU?

11. Apxumen

Ota ciesian Besimkuil Apxume. B Hauanax Eskimyia Bbunciisiercss 00bEM
KOHYCa, HO HET HMYEIo 1IPO IIOBEPXHOCTh KOHYCA, a TAKKE 1IPO 0OBEM U IIOBEPX-
HOCTh 1napa. [Ipo Hux HarmcaHo B counHeHny Apxumena O wape u yunuHope,
KOTOPOE HAYMHACTCS TaK:

Apxumed Jlocugpero scenaem padosamucs!

Sl yxe mocian Tebe 3alUCh HAMMX OTKPHITHII BMECTE C JIOKa-
3aTEJIbCTBOM, YTO BCSKUIL CETMEHT, 3aKJIOYCHHBIA MEXKIY IIPAMOIl
¥ 1apadoJIoi, COCTABISACT YETHIPE TPETH TPEYTOJbHUKA, MMEIOIETO
C CErMEHTOM OJIHO U TO K€ OCHOBAHUE U O/JMHAKOBYIO BBICOTY; IIO3/I-
HEC, KOrjga HaM IIpUIIJIM Ha YM JPYI'HC CTOSAIINMEC BHUMAHUSA TCOPCMBI,
MBI TIOTPYAWINCH HAJl MX JI0KA3aTEIbCTBAMU. TEOPEMBI OTU TAKOBBL:

BO-TIEPBBIX, NOBEPXHOCNb GCAKO20 WAPA 6 uemvipe pasa bonvuie
€20 bonbulo2o Kpyaa;

3aTeM, NOBEPXHOCMb BCSKO20 WIAPOBO20 Ce2MEHMA pagHa Kpy-
2y, paouyc Komopo2o pageH NpsiMoil, nNpoeedéHHOl U3 8epuuuHbl
ce2MeHma K OKPYICHOCMU Kpy2d, COCMAGsIOWe20 0CHO8AHUE Ce2-

Menma;
KpOME TOTO, 075l GCSIKO20 Wapa YUAuHoOp, uMewuil OCHO8aHU-
em bonvwuil Kpy2 3mo20 wapa, a 8blCOmoU — NpsiMylo, PasHyio
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Juamempy wapa, u cam 6yoem @ nonmopa pasza 00/buie 3MO20
wapa, u nogepXHOCMy e20 modce 8 NOMopa pasa Oonvuie nogepx-
HOCMU 2IM020 Wapa.

(Lurarsr w3 Apxumena npusoasrcs 1o kuure: Apxumen. Couunenus. Ilepeson,
BCTyIHUTeNbHAsI cTaThsd M KomMeHTapru U. H. BecesnoBckoro. IlepeBos apadckux
tekcToB b. A. Pozendenbaa. [ocygapcTBeHHOE M3AATEIbCTBO (PU3BUKO-MATEMATU-
4ecKoil mTeparypbl. Mocksa, 1962.) lanee y ApxumMeaa uaeT Takoil ¢uocod-
CKMIA KOMMEHTAPHIA:

KoneuHo, 311 cBOiiCTBA OBLJIM M PAHBILE 110 CAMON IIPUPOIE IPUCYILA
YIOMSIHYTEIM (PUrypaM, HO BCE € OHM OCTABAIACHh HEU3BECTHBHIMHU
TEM, KTO /IO HAC 3aHUMAJICS I'€OMETPUCH, U HUKOMY W3 HUX HE IPU-
IIJI0 HA YM, 9TO BCE OTU (PUI'YPHI SIBJSIIOTCS COM3MEPHUMBIMU JIPYT
C IpyroM; MO3TOMY 51 HE IOKOJeOajcs Obl CPaBHUTH DTH TEOPEMBI
C TEMH, KOTOPBIC OBLIA OTKPBITBHI JPYIMMUA I€OMETPAMU, U B YACTHO-
CTU ¢ Haubosiee BBIJAIOLIMMUCS TEOPEMAaMU, KOTOPBIE ObLIM OTKPbI-

e€ mouxu, 6y0ym wiu 6ce HAXOOUMbCsi NO OOHy CMOPOHY SMOll
JIUHUU, UWIU JiIce HeKomopuvle no 00Hy e€ CMmOpOHy, Opyaue dice Ha
camoil TuHUU, HO HUKAKasl makasi npsimasi He Oydem Haxo0umvcs
no Opy2yi eé cmopoHy.

3. Ilo0obHbIM dHce obpaszom cyujecmayrom HeKomopble 02paHu-
YeHHble NOBEPXHOCMU, KOMOPbIe He JIeHCam camu Ha NIOCKOCMuU, HO
UMem HA NIOCKOCMU C80U 2PAHUYb], NPUYEM MU NO8EPXHOCMU
6yoym wiu yeiukom Haxo0UumsCst N0 0OHY CMOPOHY OM NIOCKOCMU,
codeparcayeil ux 2paHulybl, unu HuYe20 He OyOym umems no opyzyro
CIMOpPOHY om Heé.

4. Buinyknvimu 6 00Hy u my Jce CMOpPOHY 51 HA3bI8AI0 MaKue no-
8epxHocmu, Onst KOMOPBIX nNpsiMble, COCOUHsIowUe 08€ NpouU380.s-
Hble ux mouku, Oyoym uju 8ce Haxo0Uumucsi o 00Hy CMOpPOHy dmoil
noeepxHocmu, Uil Jce HeKomopsvle no 0OHy CMOPOHY, Opyaue ice
Ha camoil NO8epXHOCMU, HO HUKAKASl U3 HUX He Oyoem Haxooumycs
c Opyeoii e€ cmopoHwi.

ThI JUIst Tes1 EBJIOKCOM, @ MIMEHHO, YTO BCSIKasl IIMPaMK/a COCTaBJISIET
TPETHIO YaCTh IIPU3MBI, UMEIOIIEH ¢ MMPAMU/I0i1 OJHO U TO K€ OCHOBA-
HUE U O/IMHAKOBYIO BBICOTHI, U UTO BCSIKUII KOHYC COCTAaBJISICT TPETHIO
YacTh LWIMH/PA, UMEIOIIET0 ¢ KOHYCOM OJHO M TO ¢ OCHOBAaHHUE
" OIMHAKOBYIO BBICOTY; [[eﬁCTBHTCJILHO, XOTSI DT CBOMCTBA 110 npu-
poze Bceraa ObLIM MPUCYILH YKA3aHHBIM TEJIaM, HO BCE e 0Ka3aJI0Ch,
YTO OHU OCTAJIFICh HEU3BECTHBIMI MHOTMM >KMBIIMM 10 EBrokca 3Ha-

Hajo umeTh B BUY, 9TO IIPSMBIMA» 37¢Ch UMEHYETCSI TO, YTO MBI Ha3hIBACM
«orpeskamMuy. OnpesiesieHre BBITYKJIOCTH TOYTH COBPEMEHHOE; PasHHIA B TOM,
YTO Ceityac Mbl Ob TOBOPUJIM O BBILYKJIOCTH TeJI, & He UX MOBEPXHOCTEN (YTOOBI
n30€KaTh MOHSTUS «II0 OJHY CTOPOHY OT IIOBEPXHOCTIY).

Hanee y Apxumena roBopurcs:

HonymeHus
MCEHHUTHIM T'€OMETpaM ¥ HU OJJHOMY M3 HHX He IIPULIUIA Ha yM. Ternepp
K€ UX MOTYT YCMOTPETh BCE, UMEIOIIE K TOMY CHUJIBL. S npuHMMAIO Clie/tylolee:
1. U3 ecex nuHuil, umerowjux 0OHU u me dJice KOHYbl, NpsMas
Busvo, nepBoHAYTbHO ApPXUMEN MPULIET K OTUM pe3yJIbTaTaM, MUCHOIb3Ys sensiemes: kpamuaiiweil.

MEXaHMUYECKUE CooOpaxkeHust. Ho n3/10uTh OH MX CTapaercst Crporo, 03 CChUIOK
HA MEXaHUKY, ¥ (DOPMYJIMPYeT JOIYIIEeHNUsI, HA KOTOPHIE OH CCBHIJIACTCS:

2. Jlee Opyeue nunuu, pacnonojicerHvlie Ha NJIOCKOCMi U UMe-
Iowue me Jce camvle KOHYbl, OYOym 8ce20a HEpABHbIMU, eCcliu 0be
OHU BbINYKIbI 8 O0HY U MY Jice CMOPOHY, U OOHA U3 HUX UIU ye-
JIUKoM 00vemjiemcst Opy2oil iuHuell U COeOUHsowell ux KOHYbl npsi-
MOTl, unu e yacme €€ 0bvemuemces: Opy2oil, Hacme Jice AGAACMCs
AKCHOMBI 0bweil obeum TUHUSM; NPU IMOM MeHblell bydem obvemnemas: nu-
Husl.

[Ipexne BCEro M3J1araloTCsi aKCUOMBL M1 HEOOXOZIUMBIC [IJIsI [JOKa-
3aTCJIBCTBA MX JOITYyIICHMS.

1. Ha ninockocmu cywecmeyrom HeKomopble 02paHuieHHble Kpu-
gble JIUHUU, KOMOpble Ul YeNUKOM HAXOO0SIMCsi N0 OOHY CMOPOHY JUIs. MHOTOYTOJIBHUKOB, KaK MBI BHJICJIM, 3TO MOXHO JOKa3aTb; JJI KPUBBIX
Om NpsAMbIX, COCOUHSIOWUX UX KOHYbI, UIU HUYe20 He umeiom no 9TO YTBEPXK/CHHAEC MOXHO PACCMATPUBATD KaK aKCHOMY WJIU KaK OIpe/iesIeHue [TU-
Opy2yl0 Ux CMOpPOHY. HbI KPHBO#l. AHAJIOTMYHbIE YTBEPXK/eHUA Apxume]] HOPMYJIUpYeET U JJIs TIOBEPX-
2. Toe0a ebinyknoii @ 0OHY U my dice CIMOPOHY 51 HA3LIBAID MAKYIO HOCTEIA:
JIUHUIO, Onlsl KOMOPOUl npsiMble, COeOUHsIOwUe 08€ NPOoU3BOIbHbIC
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3. IloOobHvim dice obpaszom u3 nogepxHocmetl, UMEOWUX 00-
Wy 2panuyy, pacnosiojiceHHyl0 HA NIOCKOCMuU, HaumeHbuwel 0y-
0em niocKocme.

4. Jlee Opyeue nosepxHocmu, umeroujue o0wyio 2paHuyy, pac-
NoJOJCEHHYI0 Ha niaockocmu, 6ydym ece20a HepasHuiMu, eciu obe
OHU BbINYKJIbL 8 OOHY U MY e CMOPOHY U OOHA U3 HUX WU YeTUKOM
obvemnemesi Opy2oil NOBEPXHOCMbIO U NIOCKOCMbIO, cooepicawyeil
UX 00WyIo 2paHuyy, WU Jice Yacmb eé¢ obvemiemcs: Opy2o0il, 4acme
Jce sensiemcst 00well 0b6eumM NOBEpXHOCMAM; NPU 3MOM MeHbllell
b6ydem oOvemnemasi noBePXHOCMb.

Hasiee ciieyer Ta camas «akcMoMa Apxumejia», 0 KOTOPO Mbl I'OBOPUJIK:

5. Jlanee, 60nvwas u3 08yX HepasHvlx NUHUL, nogepxHocmell
UAU men npegocxooum MeHbUlylo HA MAKylo GeuyuHy, Komopas,
6yoyuu ckiaovieaema cama ¢ coboil, Modcem npegsoumu Ji06yio
300aHHYI0 8ENUYUHY U3 MeX, KOmopyle Mo2ym Opy2 ¢ OpyeoM Ha-
X00umbvcsi 8 onpedenéHHOM OMHOWEHUU.

[IpuBeast >TH aKCMOMBI M JOMYIICHUS, ApPXUMe] HAXOJUT CHA4Yasa ILIONIA/h
MTOBEPXHOCTH IWIMH/PA U KOHyCa. [IJIsl 3TOr0 OH CPaBHUBAET MX C HOBEPXHOCTSIMI
BIIMCAHHBIX W OINKCAHHBIX IPW3M ([JIs1 IUIMH/APA) U mApaMuA (JJ1sl KOHyca).

3areM ApxuMme[ NEPEXOJUT K IUIOIAAM MOBEPXHOCTH Liapa. [ljist 3Toro o
CPaBHHMBACT €I'0 C BIIMCAHHOW 1 OIMCAHHOM (PUI'ypamMu, COCTOSILMU U3 YCEUEHHBIX
konycos. (Illap momywaercs BpameHreM Kpyra; 3T (PUTYpPBI HOIYYalOTCsI, €CJIN
BpalaTh He KPYT, 4 BIMCAHHBIA B HETO WJIM ONKCAHHBIA OKOJIO HETO MHOTOYTOJIb-
HuK.) CHavajla OH JIOKas3bIBAacT, YTO NOBEPXHOCMb BNUCAHHOU 8 wap ueypul,
02pPaHUYeHHOU KOHUYeCKUMU NOBEPXHOCMSIMU, MEHbUE YYemeepEeHH020 DOnbuo-
20 Kkpyea wapa (pazgea XXV). 3areM — 4TO NOBEPXHOCMb ONUCAHHOU OKONO
wapa ¢pueypol Gonvute yyemaepénHo2o 6ovuloeo Kpyea 8 wape (pasaea XXX).
Hakoner, ucrionp3ys fomymeHue 5, OH YCTaHABIMBACT, YTO NOGEPXHOCMb Wapd
pasHa e20 yuemgepérHoMy Oonvwomy kpyey (pazmen XXXIII).

AmHasornyHble paccyxaeHus (C OIEHKaMU CHH3Y U CBEpPXY) IIPOBOSTCS M TSI
00BEMOB.

B Tpynax Apxumena 3amMedaTeSIbHBI HE TOJIBKO CaMU PE3YJIbTaThl (HACHHbBIC
UM IUIOIAJA ¥ OOBEMBI), HO U TOT YPOBEHb CTPOIOCTH, C KOTOPHIM OHU M3JIara-
1otcs. C nosiBinenreM B XVII Beke «aHamI3a OECKOHEYHO MAJTBIX» (MHTETPAJIBHOTO
u audPepeHIIATIPHOTO UCUHCICHNSI) caMy (DOPMYJTHL 1Sl 00BEMa [Iapa ¥ IUIoIa-
Jw chephl CTaIM IPOCTBIM YIPAXKHEHNEM B MHTETPUPOBAHAY, HO JIOTHIECKYIO OT-
YETJIMBOCTD, C KOTOPOI ApPXUME BBIIC/ISIET UCIIOJIb3YEMBIE UM IIPE/IIOI0KCHNSI,
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U CTPOrOCThb €0 PacCy>KJEHUI 110 JIOCTOMHCTBY CMOIVIA OueHuTh Jimiib B XIX Be-
ke. Bor uro on mmmer B kuure [locranue k Ipamocgheny. O mexaruueckux
meopemax:

JeCTBUTEIIBHO, KOE-4TO U3 TOr0, YTO paHee ObLJI0 MHOKIO YCMO-
TPEHO C MOMOIIBI0 MEXAHUKY, T03/JHEe ObLJIO TAKXKE JTOKA3aHO U Teo-
METPUYECKH, TAK KAK PAaCCMOTPEHUE C IOMOIIBIO TOr0 METoAA elé
HE SIBJISICTCSI JIOKA3aTEJIbCTBOM; O/[HAKO I10JIyYUTh 1P [IOMOIIM YTOI'0
METO/1a IIPEICTABJICHUAE 00 UCCIIElyeMOM, a 3aTeM HATH U CaMO JJOKa-
3aTEJIbCTBO, TOPa30 yJao0Hee, YeM MPOU3BOJUTD MU3BICKAHUS HITYETO
He 3Hast. [109TOMy U OTHOCHTEJIBHO TEX TEOPeM O KOHYCE U NApaMI-
Jie, JUIst KoTopbix EBJIOKC 11epBblil HaIEI JI0Ka3aTeIbCTBO, @ UMEHHO,
YTO BCSKUI KOHYC COCTAaBJISIET TPETBIO YacCTh LIMJIMHJIPA, A IMPaMu-
Ja — TPETHIO YACTh IIPU3MBI C TEM K€ CaMbIM OCHOBAHMEM U paBHOfI
BBICOTO#, HEMAJIYIO JOJIIO 3aCJIyTU s yAemo U JIeMOKpUTY, KOTOPBIit
TIEPBBI BBICKA3Jl TO IOJIOKEHHE OTHOCHTEJIBHO YIOMSHYTBIX (DH-
I'yp, XOTs U 0e3 JIOKa3aTeabCcTBa. Y HaM J0BeJIOCh HAWTU ITyOJIuKYye-
MBIC TCIICPh TCOPEMBI TEM KC CaMbIM METOJOM, KaK W IPCABIAYIINE,
TI0TOMY 51 M PEIMJI HAIMCATh 00 9TOM METOJe ¥ OOHAPOJOBATE €TO0,
C OJTHOH CTOPOHBI, JUISl TOTO, YTOOBI HE OCTABAJIACH ITYCTHIM 3BYKOM
MIPE)XHUE MOM YIIOMUAHAHIS O HEM, a C JIPYTOil, IOCKOJIbKY 51 YOSKAEH,
YTO OH MOXET IIPUHECTA MAaTEMATUKE HEMAJIYIO T0JIb3Y; s Ipe/Iioa-
Tal, 4TO HEKOTOPHIC COBPECMCHHBIC HAM WJIN 6yz[yume MaTCMAaTUKA
CMOr'yT IIpY IIOMOIIM YKa3aHHOI'O METOAA HANTU 1 APyIrue T€OpPEMHI,
KOTOpBIE HAM €IIE HE IPUXOAUINA B T'OJIOBY.

(c. 299 pycckoro us3ianusi TpyaoB Apxumena). Jlajee OH U3JIaraeT BBIYUACIICHUE
IUTONAIV CETMEHTA MapaboJIbl ¢ TIOMOIIBIO OHATHS IIEHTPa TSHDKECTH U 3aMeYacT:

XOTS1 PTO BCEM BHIIETIPUBE/IEHHBIM PACCYK/ICHAEM HE JI0KA3aHO,
HO BCE K€ OHO MPOM3BOAWT BIIEUYATJIICHHE, YTO OKOHYATEJIBLHBIA BBI-
BOJI TIPABIJICH; TIO3TOMY MBI, BU/ISI HEJJOKA3aHHOCTD BBIBE/ICHHOTO, HO
TI0/T03PEBast €ro MPABIJIBHOCTD, MPEJIOKAM HAWACHHOE HAMU U OITy-
OJIMKOBAaHHOE paHee TeOMETPHUYECKOE JOKA3aTEJIBCTBO.

B o100t padoTe MEXAaHUKA MCIOJIb3YETCSl KaK MHCTPYMEHT IIPEJBAPUTEIILHOIO
AQHA/IN3a MATEMATUYECKUX BOHpPocoB. EcTh y Apxmmesna u COOCTBEHHO MEXaHU-
geckue paboTel. B pabote O nnasarowux menax copMyIMpOBaH 3HAMEHHTHIN
3aKOH ApXHMesa:

Tena 6onee nézkue, uem JHCUOKOCMb, ONYWEHHbIE 8 MY IHCUO-
KOCIb HACUNbHO, OYOym GblMAKUBAMbCSl 88ePX C CUMOL, PABHOI
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momy 8ecy, Ha Komopulil HcuoKoCmy, UMeWds paeHvlit 00bEM C
meiiom, 6y0em msidiceiiee 2mo2o meid.

Ho 510 — ymmums mpocrast yacTh paboTB: B HEM HCCIeayeTcs ropasao 0o-
JIee CJIOKHBII BOIIPOC O PABHOBECUH ILIABAIOMINX Tej1. [1puBei€HHbI HAMU 3aKOH
ApxuMe/ia 1103BOJISIET BBIYMCJIMTH, KaKasi 4acTh ILIABAIONIEH JIOCKU OyJ/ieT 110Ipy-
KCHA B BOAY — HAZAO TOJIBKO 3HATh e€ mwIotHocTh. Ho O6’L$[CHI/ITI), II04YEeMy J0CKa
IUTaBaeT IUIAlIMS, a ITOCTABJICHHASA Ha OOK — HEYCTOMYMBA, TOPA3J0 CJIOXKHEE.
Apxume] pazdupaeT 3TOT BOIPOC JUIS TeJa BPALICHUS, 0OPA30BAHHOTO YaCThIO
r1apaloJIBL.

12. A HeJb3st i1 npoiue?

Paccyxnennst Apxumenia py BCei CBOEI CTPOTOCTU CJIMIIKOM CJIOXKHBI IS
COBPEMEHHBIX IIKOJIFHUKOB, IIO3TOMY aBTOPH! YYCOHUKOB CTAPAIOTCS 3aMEHUTH UX
4eM-HUOY/Ib 00Jiee HATJISIAHBIM, IyCTh M HE CTPOTHM.

Hampumep, Iloropesnos B cBoéM ydeOHMKE HCXOAUT He U3 (hOPMAIHHOTO OIpe-
JeJIeHUsT TUIomaau c(epel, a U3 HAIJISIAHOIO IIPEICTABJICHUS: €CJIM MOBEPXHOCTD
wiowaay S BBIKPACUTD C OIHOM CTOPOHBI CJIOEM KPACKH TOJIUUHOMI A, TO 00LIuit
00BEM M3PACXOIOBAHHOIN Kpacku Oyzer puMepHo Sh npu Maibix h.

Ci10BO «TIpEMEpHO» TYT HE CIIyYailHO: HA CAaMOM [eJie TOYHOE KOJMIECTBO
KPAacK{ 3aBUCHT HE TOJIBKO OT IUIONIAX, HO M OT (hopMbl moBepxHoct. Ha BBI-
IyKJIbIC HOBEPXHOCTU (II0 CPABHEHMIO C BOIHYTBIMH) KPAaCKU YXOJUT HEMHOIO
Oosbiie. YTOOBI OKPACHUTh LIAp CHAPYKU, HYXKHO HEMHOT'O OOJIBLIE KPACKH, 9EM
4TOOBI OKPACUTh KPYIJIYIO IIOJIOCTh TOT'O K€ pa3sMepa M3HyTpu (IIpH TOM K€ TOJI-
IIMHE CJIOST KPAcKH). JTO 0COOCHHO SICHO, €CJIM IIPE/ICTABUTh ceOe TOJICTHINA CII0H
Kpacku (CKaxeM, B TIOJIOBUHY pajuyca mapa). Ho 3To cymecTBeHHO TOJBKO IIpy
0oJbIIMX A; TIpU MasbIX A 3((EKT MOUYTH HEe3aMETEH, M eCJIM B XO3SMCTBEHHOM
MaraspHe BaC IPEeIyIPEeKAAIOT, YTO PAcXo/l KPAacKu JIJIsl HAPYXKHBIX M BHY TPEHHUX
padoT pasHbIA, TO 3TO HE U3-3a TOHKUX I'€OMETPUUCCKUX D(PQPEKTOB, a MOTOMY,
YTO JIJIs1 HAPY>KHBIX paboT yrmoTpedsieTcsl Apyrast Kpacka U TOJIIIMHA CJIos Oy/ieT
JIpyroim.

Tenepp MO>XHO HOHSATH, KaK BBIYKACIUTH IUTOIIA/TH C(hephl, 3HAs (HopMyITy /UL

00BEMa 1mapa
4
V= _zr.
3

Jloka3areascTBO ATOM (HOPMYJIBI MBI €IIE OOCY/IMM, a ceifuac OOBSICHUM, Kak U3
Heé noJjiyvaercs (popmysaa s Iiomaau cgepsl.
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INoxpacum 1map pajuyca » CJI0eM KPacKu TOJIUMHON A. Kpaiuenslit map umeer
00BbEM

V' = gﬂ'(r + h)* = gw[ﬁ +3r*h+ 3rh* + k%],

7 9TOOBI HANTH OOBEM CJIOS KPACKH, HAJO BBHIYECTh OOBEM HEKPAIICHOTO IIapa.
IepBoe cyaraeMoe COKpaTUTCS, OCTAaHyTCS TPH:

V-V = gn[srzh +3rh? + K3].

UroOBl HAMTH IUIOMAb, HATO PA3IC/UTh 00BEM HA TOJIIMHY CJIOS KPACcKW; II0-
JIy9uTCs

S~ —— = i71'[3}”2 +3rh+ h?) = 47r? + 47rh + i71'h2.
h 3 3

Mb1 yxe OOBSICHSIIM, 4TO 3Ta (POpMyJia HETOYHASI; HOI'PEHIHOCTh YMEHBIIACTCS

¢ yMeHbliieHueM h. Ilpu Manbix A B 1paBoil YacTu OOHYJISIOTCSL BCE WIEHBI, CO-

JiepsKale MHOKUTETb A, U OCTaéTcst 4772, 4To U TPeGOBAJIOCH.

OT0 00BsICHEHME, IIPAB/IA, HE MO3BOJISICT HAMTH ILUIOMA/Ib C(HEPUUCCKOIO Cer-
MEHTA U [J0Ka3aTh TAKOI 3aMEYaTEJIbHBIA pe3yJibTaT ApxuMmena: niowads yacmu
chepul, @biceueHHOll O8YMst NAPANNETbHBIMU NIOCKOCMAMU, NPONOPYUOHATLHA
PAcCmosiHuI0 Medcoy IMuMu NAOCKOCMSIMU U He 3a8UCUm Om Mmoz2o, Kakasl
yacmov cghepvl Mexcdy HuMU nonand.

(OT0 MOXHO Ha3BaTh TEOPEMON 00 aTleJIbCHHE B SIMLIEPE3KE» — €CJIU paspe-
3aTh TOHKOKOXUI1 c(heprIeCKIii anleJIbCUH HA JIOMTUKH O/IMHAKOBOU TOJIIMHBI, TO
KOXYPBI BO BCEX JIOMTHUKAaX Oy/eT IIOPOBHY.)

[Ipunnun Kapabsepn

A xak HailTh 00BEM Imapa, IMyCTh W HE OYCHb CTPOro? MOXKHO BOCIIOJIB30-
BaThCSl PACCyk/I€HUEM ApPXMMENA, OCHOBAHHBIM HA NPHHIMIIAX MEXAHUIECKOTO
pasHoBecust. Ho, moxasyii, Tipolie HOHSITh HAIJISTHOE OOBSCHEHNE, OCHOBAHHOE
Ha npunyune Kaganvepu.

OTOT NPUHLMIT YTBEP>KJACT, YTO €CJIM ABA TeJla, TIOJIOKECHHBIE HA CTOJ, Ta-
KOBBI, 4TO J1I00asi TOPM3OHTAJIbHAS IUTIOCKOCTh PAcCeKaeT MX II0 PABHOBEJIMKAM
¢urypam, To 0OBEMBI TEJT OAMHAKOBHL. A €CJIHM IUIOMAM CECYCHMI OTJIMYAIOTCS
B IIOCTOSIHHOE 4uCJI0 (A) pa3, TO ¥ 00BEMBI OTJIMYAIOTCS. B A Pas.

Hamnpumep, ecy nocraBjieHHBIE HA CTOJI KOHYC M TETPAd/Ip UMEIOT PABHBIE BBI-
COTHI ¥ OIMHAKOBHIE TI0 TIJIONIA/ M OCHOBAHMS (KPYT M TPEYTOJIBHUK), TO B JIIOOOM
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CEUCHNH TIOJIyYaTCsl PABHOBEJIMKHE KPYT M TPEYTrOJIbHUK (OHM MOJO0OHBI OCHOBA-
HUSIM C OJMHAKOBBIM KOX()(PULIMEHTOM I0/100MsI, KOTOPBIA IIPOIIOPLIMOHAJIEH BbI-
core). Orciona — mo npunnmny Kasansepn — cieyer, 9To 0ObEMBL UX O/IMHA-
KOBHI.

(To ke camoe paccyIeHHE TIOKA3BbIBACT, UTO /IBE IIMPAMU/IBI C PABHBIMH BBICO-
TaMH ¥ PaBHOBEJIVKVIMH OCHOBAHHSIMH MMEIOT PaBHbIC OOBEMBI — YTBEPXK/ICHHE,
KOTOPOE MBI YK€ YIIOMUHAJIN. )

VHTYUTHBHO 3TOT MPUHLMAI KAXETCS IOCTATOYHO IPABJONOIO00HBIM: pa3pe-
XeM 00a Tesla Ha TOHKUE «TTOMTHKI», IIPOBE/SI MHOXKECTBO TOPA30HTATBHBIX Cede-
it Toraa coOTBETCTBYIONIME JJOMTHKH ABYX TEJ UMEIOT OJMHAKOBYIO ILIOIIA/b.
3HaunT, 1 cCyMMapHble 00BEMBI oMHAKOBHL. (Ecim 1Ba 0aToHA MOIOKWIN PSIOM
U MOpe3aJI Ha JIOMTH, ¥ IUIOLIAY OTPE3AHHBIX BMECTE JIOMTEI OIMHAKOBEI, TO
1 UX 00BEMBI OJIMHAKOBHI, BEIb TOJIIMHA JIOMTEHM OIMHAKOBA. A 3HAYUT, U O0LME
00BEMBI IByX OATOHOB O/IFTHAKOBBI. )

KoneuHo, 510 paccy/ieHue CoAEpKUAT MOTPEIIHOCTh: 00BEM JIOMTS. HE B TOY-
HOCTY PaBeH IIPOM3BEACHMIO IUTOMA/IM CCUCHMS, YMHOXXEHHOIM Ha TOJIIMHY. Pas-
HUIIA BO3HUKACT M3-32 «KPAEBHIX 2(P(PEKTOB» — HO JIOMTU MOXKHO C/IETIAaTh OYCHb
TOHKHAMU U 3TOU Pa3HULIEH ITpeHeOpedb.

Beruncienne o0bémMa mapa

Kak npuxiun Kapasisepu 1omoraer B city-
vae mapa? Jljist y100cTBa Mbl pa3pexxeM Hap Ha
ZIBE PaBHBIEC IIOJIOBUHBI U OyJEeM HUCKaTh 00BEM
110J1y11apa, [10JI0KEHHOI'O Ha CTOJI ILIAIIMSI.

[lycts ¥ — paauyc (mosty)uiapa, a cekylas
IJIOCKOCTh 1IPOXOMT Ha BbicoTe h. Toria B CEUEHMH 110JIy4YaeTcst Kpyr, pajiyc
KOTOPOI'0 MOXHO Haiiru 110 reopeme [Mudaropa. Ou pasen v/ r? — h?. Coorser-
CTBEHHO IIJIOLIA/b CEYCHUSI PABHA

7(r? — h?) =7r? — ©h.

YMenbinaemoe (712) He 3aBUCAT OT BBICOTHI, 2 BHYATAEMOE TIPOIIOPIMOHAID-
HO KBaJIpaTy BBICOTHI, Ha KOTOPOI1 IIPOXOJUT cedeHue. Jlerko coodpasuTh, 9TO BHI-
YUTAEMOE €CTb ILIOWAb Kpyra paguyca A, KOTOpBI MOXXHO PacCMATpPUBATh KAk
CEYCHME IIPSMOI0 KPYTOBOI'O KOHYCA, IIOCTABJICHHOIO OCTPUEM BHU3, 4 YMEHbIIIAe-
MO€ — CEYeHMe LIMH/pa. BHU3Y KOHYC 1a€T HyJIeBOE CEYEeHHUE, a Iap COBIAIAET
C IWINH/POM; BBEpXy — HA00O0pOT.
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(I'msas Ha STOT BUJ COOKY, HA/I0 UMETh B
BUJIY, YTO Mbl CKJIQ/IbIBACM ILIOLIA/AU KDY-
I'0B, BO3HMKAIONIMX [IPY CEYEHUH 111apa U KO-
HyCa, a HE JUIVMHBI OTPE3KOB, M300PaKEHHBIX
HA PUCYHKE.)

Taxum o6paszom, o npunnmny Kasasse-
P¥ CyMMapHBI 00BEM KOHYCA U IlIapa PaBeH
00béMy 1mHpa. OOBEM IIIUIMH/IPA PAaBEH IPOM3BE/ICHMIO OCHOBAHVS HA BHICO-
Ty, TO ecThb 7r2 X r = mr>, 00BbEM KOHyca PaBeH TPETH OOBEMA IWIHHIIpA.
3HaunT, 00BEM MOJIyIIapa PaBeH %7‘”"3, a 00BEM BCETO 11apa, KaK MBI U TOBOPU-

Jm, pasen 1.

O0béM mupaMusl 1 npuHOHD KaBajsepn

O1MeTrM 32071HO, 94TO IpUHLMIT KaBanbepyr MOXXHO MCHOJIB30BaTh, YTOOBI Hali-
TH 00BEM IIMpaMUIbl. MBI y)ke TOBOPIIIM, YTO M3 DTOTO IPHHIMIA CJIEyeT, 9TO
00BEM IMUPaMU/IBI OIIPE/ICJIIETCST BHICOTOM ¥ IUTOIIA/BI0 OCHOBAHMS M HE 3aBHCHUT
ot (popmbl mmpamusisl. bojiee Toro, s IMpaMuz JAHHOM BBICOTHL A OH IIPOIIOP-
LIMOHAJIEH IUIOLIA/Y OCHOBAHUS S, TO €CTb PaBeH chS J1U1s1 HEKOTOPOM KOHCTaHTBI
€, KOTOPYIO OCTaJIOCh HAMTH.

Urto0Obl HAlTH €, 3aMETUM, YTO Ky0 CO CTOPOHOI A MOXHO paspesaTh Ha 6
[IpaMKJ, B OCHOBAHMY KOTOPBIX JIGKUAT PABHOOEIPEHHBII MPSIMOYTOJIBHBIN Tpe-
YIOJIBHUK C Kareramu 110 A, a BbicoTa paBHa A. DTO paspe3aHue POl BCEIo
OOBSICHUTD C TIOMOLIBIO METO/A KOOpAMHAT. BeriomMHmM, 4ro TOuka KyOa 3a1aét-
Csi TpeMsl KOOp/IMHaTaMu X, y, Z, Kotopble 1poderaior orpesok [0, A]. Jliis 31ux
KOOP/AMHAT €CTh IIECTh BO3MOXXHOCTEH B3aFIMHOTO PACIHOJIOXKCHHUS:

x<y<z y<z<y, ZS XK,
xX<z<)y, ISYySX, ys<x<z

CoOTBETCTBEHHO Ky0 MENHUTCS HA IIECTh YacTeil (PaBHBIX, IOCKOJBKY OHH OTJIU-
YalOTCsl JIMIIG IMCHAMY TIEPEMEHHBIX). A OJTHA Takasl 4acTh IIPECTaBIIsICT coOoil
MMpaMy/Ty olHcaHHoro Bua. Hampumep, gacTs y < x < z UMeeT B CEYCHUH BEICO-
Thl k TPEYroJIbHUK Ha IUIOCKOCTH (X, y), 3a1aBaeMblit HepaseHcTBamMu 0 < x < k&,
0 <y <k, x <y. Eciim ri1yOoKo B310XHYTb, 3aKPBITh IJIa3a U IIPEICTAaBUTDL ceOe
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TAaKUe TPEYIOJIbHUKY, IIOCTABJICHHBIE JIPYT HaJ JPYIOM, TO IEPE/L BAIMM MBICJICH-
HBIM B30poM nosiButcs rmpamuja. (Ecim ve nostBuTcsi, OPOOyHTE B3JOXHYThH
mIy0Xe WM HOPELaTh 3aa49d [0 CTEPEOMETPUHN. )

Bosppamasich k KyOy, Mbl BUUM, 4YTO €ro o0bEM h’ B
IIecTh pa3 OoJtbliIe 00BEMA KOK/O0M U3 IECTH IIMPAMUJL, TaK
! YTO KOHCTAaHTa ¢ B (popMyJie /U 00BEMA MPaMUIbl PaBHA

z
! 1/3 (turomaznp ocuosauusi h?/2, Beicora h).
|
k ; .
g7 _ CoBpeMeHHbIi TOAX0
!/
Y 9 B saksmioueHue pasjiesia 0 TeOMETPUN CKaXeM, KaK Orpe-

JeJIsIoTCs O0BEM Tesla M IUIOMAb IOBEPXHOCTU «C TOY-

K/ 3PCHUSI COBPEMEHHOM Haykm». O0BEM, Kak ¥ ILIOMA/b,
OLIpEJE/ISICTCS B TEOPUU MEPhL. TaMm ke JIOKa3hIBACTCS COBPEMEHHOE YTOUHEHHE
npuHuuna Kasaisepu: 00véM mena pasen unmezpany niowaou cedeHus Kax
¢ynkyuu om gvicomsi, Ha Komopoil npogedeno ceuerue. Jlajgee oCTaéTCs JUIIb
BBIUUCJIATD STU UHTErpajIbl. JIJId IapoB, KOHYCOB, IMPAaMU/ U T. . 3TO HECJIOXKHO,
JOCTaTOYHO YMEThb MHTerpupoBars MHorowieHel. (Mmenno Tak gemaer IMorope-
JIOB — BOT TOJIBKO OIIPEJE/ICHUE MHTErpaja U Bce OOOCHOBAHUS OCTAIOTCS 3a
Ka/JpoM.)

[Ly1onaap NOBEPXHOCTH HAYYHO OIPENEIUTH HEMHOTO CJIoxKHee. MoxHO Opath
00BEM €€ £-OKPECTHOCTU, TO €CTh MHOXKECTBA BCEX TOYEK, JISi KOTOPBIX PaccTo-
SHYE [0 OJIDKAHIIEH TOYKU IIOBEPXHOCTH MEHBLIE €, 3aTeM AEJIUTh 3TOT 00BEM
HA € ¥ YCTPeMJIATh € K HyJI0. B mpezesie moJry4urcst yiBoeHHAs! ILIOWA/b I10-
BEPXHOCTH (IIOCKOJIbKY OKpAaLIMBAIOTCsI 00€ cTopoHsl). (BooOiie rosops, He aiist
JII0OOr0 MHOMKECTBA TAKOU IIPEJEJI CYIIECTBYET, TaK YTO HAJo eIé JOoKa3aTbh ero
CyLIECTBOBAHME Il MHTEPECYIOIMX HAC [IOBEPXHOCTEN. )

JIpyroii BapuaHT COCTOUT B TOM, YTOOBI UHTEIPUPOBaTh (PopMy 00LEMA IIO
ITOBEPXHOCTH», YTO HATJISTHO COOTBETCTBYET PA30MEHUIO IOBEPXHOCTU HA OECKO-
HEYHO MaJIBIC YaCcTH, KOTOPBIE MO>KHO CUMTATh IJIOCKUMU, U CJIOKECHUIO ILIOAIN
OECKOHEUHOI'0 YMCJIa ODECKOHEYHO MAJIBIX YacTel (II0JPOOHO CMBICII DTOTO 00BsIC-
HAETCS B Kypce MAaTeMAaTUYECKOIO aHaJIn3a).

13. A uro mo aareope?

Jlo cHx Iop MBI TOBOPUJIM B OCHOBHOM O Kypce reomerpuul. MIMeHHO TaM ecTb
AKCHOMBI, TEOPEMBI, JI0Ka3aTesbCTBa. LIIKOJIBbHBI Kypc aiareOpsl B 3TOM OTHOLIE-
HUM OoJIee 3arajloueH — TEOPEM TaM MAJjIo, AKCMOMBI BOOOIIEC HE YIIOMHUHAIOTCS,
a 33/1a44 B OCHOBHOM II0YEMY-TO CBOZASATCS K PEHICHUIO YPABHEHMI 1 HEPABEHCTB,
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1 OOJIbIIYIO MX 4aCTh MOXKHO PEIIaTh II0 FOTOBBIM oOpasLaM (Tak 4YToO 4ecTHee
ObLI0 OBl HA3BaTh MX HE 33/1a4aMU, a YIPAKHECHUSIMU).

Kagep3Hbie Bonpochl

Ho Bcé-Takm, kak e OnpeesIsIoTCs OCHOBHBIE TIOHATHS anreOper? Uto o3Ha-
YaeT HepaBeHCTBO a < b? U moyeMy, CKaxeM, Mbl IMEEM IIPaBO YMHOXKATh 00¢
YaCTH PTOTO HEPABEHCTBA HA MOJIOKUTEJIFHOE YUCJIO C, A TIPA YMHOXEHUU HA OT-
pULaTesIbHOE JI0JDKHBI M3MeHsITh 3Hak? M nouemy m3 Hepasencis a < bu b < ¢
MOXKHO 3aKJIIOUMTh, 9T0 a < ¢? Jlaxke 1 0€3 HEPaBEHCTB BOIIPOCOB MACCA: TIOYEMY
IIpY IIEPEHOCE CJIaraeMoro B JIPYIryl0 YacTh PaBEeHCTBA HAJ0 MEHATH 3HaK? Mm
JXe: TToYeMy IIpU IepeMeHe MECT cJIaraeMbIX cymMMa He MeHseTcs? Wi coBcem
CTpaumHeli (1Mo cBoeit GrIocodCKoil IiIy0nHe) BOIPOC — a YTO O3HAYAET, 4TO
JIBA YMCJIa PaBHEI?!

B oOuiem, ecim 10OpONOPSIOYHBINA IIKOJIBHUK, IIPUJICKHO M3YYaBIIMI MaTte-
MaTHKY, IIEPE/ BBILYCKHBIM WJIA BCTYITUTEIBHBIM DK3aMEHOM IPUAET B (rutocod-
CKOE HACTPOCHHUE U 33[yMacTCsl, Ha 9E€M OCHOBAHBI BCE DT CTOJIb IIPUBBIYHBIC EMY
TIpY PELICHNN 337129 TIPABIJIA U JICUCTBHS, €My OyAeT HeTIPOCTO YTO-HUOY/Ab OTBE-
TiTh. (BOOOIIIE MpMBHIYHAS )KW3HB, €CJIA HAYATh 33 TyMBIBATECS O HE — CTpPaHHAS
mryka. O0 3ToM 3aMevaressHO HamvicaHo B «Vcrosenm» JlbBa Tosictoro. Ho mbt
OTBJICKJINCH.) Bce IIKOJIBHBIE TO/IBI OH YECTHO MEHSUT 3HaK (110 KpaiiHeil Mepe
cTapajcs He 3a0bITh OTO C/eJIaTh) MPH IEPEHOCE CJIAraeMoro B JIPYTYIO 4YacTb
PpaBeHCTBa, HO No4eMy? OTO YTO, NPUXOTh yudTess1? YKazaHWe MUHHUCTEPCTBA
MpOCBeIeHus? MUpOBOi1 3ar0BOP BJIACTh UMYIINX, KOTOPHIE BHYIIVUIA BCEM, UTO
HA/10 JIEMCTBOBATH TAK, U MOAABJISIIOT BCE MOMBITKY HAPYUIUTH TOT 3ampet? A mMo-
KeT, BCE-TaK¥ PUCKHYTh U IIOITPo0OBaTh HapyumTs? Bor, rosopsr, JlodaueBckuii
MIOCTPOMJT HEEBKJIAIOBY T€OMETPHIO, B KOTOPOI aKCHOMA O TIapaJuIeIbHBIX HEBEP-
Ha Y MApaJulesIbHBIE MIPSIMBIE TIEPECEKAIOTCSI — MOXKET, MOXKHO TTIOCTPOUTDH U He-
TPAAULIIOHHYIO alaredpy, B KOTOPOU MpaBWIIa JIEHCTBUIL JPyTue, ¥ MPOCJIABUTECS
BCJIE/L 32 HUM?

OrcrymiieHue o JlooaueBCcKoM

Kcraru, o JlobaueckoM. Ecym BB Ipowin HpeaplayIMii ads3al 1 He oOpa-
TWIA BHUMAHUE HA IJIYIOCTh, B HEM COAEpXallylocs, TO IepeunTaiTe eme pas.
Teneps 3ametnm? Koneuno, B reomerpuy Jl06aueBCKOro napajijic/IbHbIC IIPSIMbIE
HE TIEPECEKAIOTCST — TOCKOJIBKY 3TO MPOCTO OnpeoesieHue TapajIeJbHOCTA U HU
OT KAaKUX AKCHOM HE 3aBHCHUT.

A pasHulia B IpyroM — B reomerpun JloGaueBCkoro yepes JaHHYIO TOYKY
BHE JIaHHOW IPSAMOI MOXKHO IIPOBECTH HECKOJIBKO IIPSMBIX, NAPaJIIEJIbHBIX JIaH-
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Hoit! IaTepecHo, uTo 310 3a0s1ykieHue (0 TOM, B YEM COCTOUT HOBATOPCKAsl U/ES
JloGaueBCKOro) OYeHb PacHPOCTPAHEHO, KaK BBl MOXKETE yOEIUTHCS, IIOPACCIIPO-
CHB OKPYXaIOIIMX — TEX, KOTOPHIE BOOOIIE 4TO-TO CJIbMIagu o JlodaueBckom!

Uctopus Borpoca Tyt TakoBa. [lareiii mocrysiar EBkmina (dHOrza Hasbl-
BAEMBIl TAKXKE ONMHHA/IATON akchoMoil) (opmyaupyercs tak: M ecnu nps-
Mmas, naoarowas Ha 0ée npsimvie, 0Opasyem GHympeHHue u no 00HY CMOPOHY
yenbl, MEeHbUiUe O8YX NPSIMbIX, MO NPOOONICCHHbIE MU NPSIMbIE HE02PAHUYEHHO
ecmpemsimesi ¢ moil CMOPOHbl, 20e yeilbl MeHbule 08YX NpsiMblx. ITO — Iepe-
Boz Becemosckoro; Gosee coBpeMeHHBIH nepeckas (PamreBckoro B mpeaucsioBun
K nepeBonty OcHosaHuil 2eomempuu [nnpbepTa) 3BYUHT Tak: 6CSIKUL pa3, KO20d
npsimMast npu nepeceyeHul ¢ 08yMst Opy2uMu npsiMblMu obpasyem C HUMu 6Hy-
mpeHHue 00HOCMOPOHHUE Y2iibl, cymMma Komopwlx meHvuwie 2d [ro ecrp 180°],
Smu npsimble NEPeceKaiomcest U NPUMoM ¢ moii CMopoHbl, C KOMOPou ma cymma
Mmenvue 2d .

B coBpeMeHHBIX y4eOHMKAaX 3Ty (POPMYJMPOBKY OOBIYHO 3aMEHSIOT DKBHBA-
JICHTHOI: uepe3 nio0yl0 mouKy @He OaHHOU NpsiMOll MOJICHO npogecmu He 00-
jiee 00Holl npsiMoil, napaiienvHoli 0anHoil. (OTMeTM, KCTaTh, YTO BO3MOKHOCTh
TIPOBE/ICHUS [TAPAJUICIIBHOI MPSIMO Yepe3 JII00YI0 TOUKY BHE JJAHHOM MIPSIMOI Cie-
AYET U3 APYI'MX aKCHMOM, TaK YTO B aKCMOMY O ITAPAJIJIC/IBHBIX MOXXHO BKJIIOYATh
JIIIb €ITMHCTBEHHOCTh TAKOW IIPSIMOIA. )

Kommenraropsl EBkimia mpITanuck A0KaszaTh MATHIL HOCTYJIAT, HO C COBpeE-
MEHHO# TOYKH 3PEHHSI OTH /I0KA3aTeIbCTBA IIPOCTO 3aMEHSUIN €ro Ha SKBUBAJICHT-
HOE YTBEpK/CHHUE (HAIIpUMeEp, O CYIECTBOBAHMH HEPABHBIX MOJTOOHBIX TPEYTOJIb-
HUKOB). [IpeosnoxKuB, 4TO NATHIA ITOCTYJIAT HEBEPEH, MOKHO BBIBECTU U3 DTOI'O
TIPE/IIIOIOXKEHISI MHOTO ITAapaJOKCAJIBHBIX CJICACTBUI, B OE3yCICIIHON HaJexK/Ie
HAWTHA CPey HUX NPsMOE IPOTHBOPEYME (M TEM CaMbIM JI0KA3aTh ITATHIA MOCTY-
sar). [TocrenenHo cramm noo3peBars (M IEPBEIM Oy OJIMKOBAJ 3TO IPE/IIOJIOXKE-
Hue JloOaueBCKuii), 4TO0 IPOTUBOPEYNST HET BOBCE, U IOJIyYeHHAsl reomerpust (He-
€6KNU008a, T NSATHIA IOCTYJIAT 3AMEHEH HA IIPOTUBOIIOJIOKHOE YTBEP:KACHUE:
yepe3 HeKOmopylo MOYKY npoxodsim 08e npsiMvie, NnapaijieibHvie HeKomopoi
npsiMOUl) XOTSI ¥ BBIIVISIIUT CTPAHHO, HO JIOTMYECKM HUYEM HE Xy’Ke eBKJIMIOBOIA.

Brocirencrerm nofospenust JlodaueBCckoro MOATBEPANIIACH — OBIIM HOCTPO-
€HbI MOJIC/I HEEBKJIMIOBOI T€OMETPHUM, KOTOPHIC MOKA3aJIM, 9TO B HEH HET IpO-
THBOpEYMs (€C/IM €ro HET B €BKJIM/IOBOIM I'E€OMETPUHM).

HMccieioBaHust 110 HEEBKJIMIOBOM IeOMETPUM MHOI'O€ IIPOSICHIIIA B OCHOBAHU-
SIX TEOMETPUM M CHIOCOOCTBOBJIM 3AITOJHEHMIO JIOTMIECKHAX IIpodesioB y EBkmu-
na. Kax mamer PamreBckuii B yHOMSIHYTOM IIPEIVICIOBAN, IIOJJIMHHOE Pa3BUTHE
BOIIPOCa 00 OCHOBAHMSX I'€OMETPUH IOIUIO HE IO MPSIMOMY IIyTH JIOTHIECKOTO
YTOUHEHUSI aKCMOMATHKU M 10Ka3aresbeTB EBKJIMIA, a OCyLIECTBUIIOCH IPUYY/I-
JIMBBIM 00pa30M 4Yepe3 JUIMHHBIA PsiJ] IMOMBITOK MCIIPaBUTh EBK/MAA Tam, rae oH
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OBLJT COBEPLICHHO IPaB. MBI UMeeM B BUJy MCTOPHIO V mocrtyJiara EBkimgar.

CraTyc nmpaBuJ ajareopst

BepréMcs k anredpe — MOXKHO JIM U3MEHUTH IIPABIUIA JICUCTBUI M TIOTYIUTh
apyryio Teoputo? GopMasbHO TOBOPS, MOXKHO, HO TIPH 3TOM IIPUMEHSTH 3Ty Te-
OpHIO CJIEAyeT C OCTOPOXHOCTBhIO. VI3MEHMB TpaBMiIa MepeHoca B JIPYTyI0 9acTh
B OyXraJTepcKux KHUrax (TaM, KCTaTu, ACHCTBUTEJIBHO OBIBAIOT [BE YaCTH —
IIPUXOJ] U PACcX0[, AeOeT ¥ KPeAUT, NPUObUIM U YOBITKU U T.11.), MOXKHO BIIOJIHE
KOHKPETHO TIOIACTh BIIPOCAK.

Ho ¢ Toukm 3peHus 4ncTol MaTeMaTHKU ajiredpa TOXKe MMeeT Heompe/easie-
MBbIe TIOHSTHS, aKCHOMBI, TIPUHIMAaeMble 0e3 0OOCHOBAHUS, W TCOPEMBI, JOKa3bl-
BaeMBIe Ha OCHOBE akcHOM. IIpo 3TO B IMIKOJBHOM Kypce HE PacCKa3bIBACTCS —
WM, 9TO €IIE Xy’Ke, PACCKA3BIBACTCS YPHIBKAMU.

CkaxxeM, B oqHOM 13 yaeOHmkoB aareopst (FO. H. Makapsrues, H. I'. Munmiok,
K. U. Hemko, C.B. CyBopoBa, Anecebpa, YueOuuk st 9 kiacca obieo0paso-
BaTeJIBHBIX yupexaeHumit, M.: [Ipocsemenne, AO MockoBckue ydeOHMKH, 1997,
c. 248) roBOpUTCS TaK: «4UCJI0 a OoJjbiie uucia b, eciu pasHocts @ — b —
TIOJIOXKUTE/IbHOE 4ncJio» (c. 148). Ho pasaiite CripocuM y INKOJIbHMKA WINA y4UM-
TEJIs1 MATEMATHKH, 9TO TAKOE MOJIOKUTEIbHOE uncio. CKopee BCEro OHMU OTBETSIT,
YTO TIOJIOKUTEJFHOE UHCJIO — DTO UHCJIO, OOJjbllee HyJsA. SIBHBIA «ITOPOYHBIN
KPyr» — KOIJIa OJHO TOHSTHE OMpeNessieTcs 4epes ApYyroe, a 3TO JIpyroe —
gepes IepBoe.

Ha camom jfieste akKypaTHOE M3JI0KEHNE TEOPHH JICUCTBUTEIIBHBIX YHCEJT MOTJIO
OBbI TIPOUCXO/TUTD TaK.

AKCHOMBI YNOPSIA0YEHHOTI'O 10J1s1

CHavasa (pOpMyJIMPYIOTCSI aKCHOMBI JUJISI HEOIIPEJEISIEMbIX TIOHSATUI CJIOXKe-
HUSI ¥ YMHOXEHUS (9TU aKCUOMBI Ha3bIBAIOT akcuomamu nonst). Haripumep, cpeiu
HUX €CTh aKCUOMa accoyuamugHocmu cioxenust a+(b+c¢) = (a+ b) + ¢ n ak-
cuoma oucmpubymusHocmu a(b + c¢) = ab + ac. Axkcuom 10Jis JIOCTaTOYHO,
YTOOBI OIpeIesuTh apudMeTUdecKue onepaiyu (CKkakeM, a — b ompesensercs
KaK TO YHCJIO X, Ui KOTOpPOro b + x = a; U3 akcuoM ciie/iyeT eTMHCTBEHHOCTb
TaKOTO YMCJIA) U 0DOCHOBAThH IPaBIUIA IIPe0OPa30OBaHUil B apu(METHUCCKUAX BbI-
PaKEHUSIX.

Jlasilee 0T paBEHCTB MOXHO NEPEHTHA K HEPABEHCTBAM U J0OABUTH HOBOE HE-
onpe;[enﬂeMoe IIOHSTUC «6bITI) MCHBIIIEC». COOTBCTCTBCHHO TIOSIBJISIFOTCSI 1 HOBBIC
akcuombl. CKaxkeM, OJIHA U3 HUX TOBOPUT, 4To U3 a < b crenyer a + ¢ < b+ c,
JpyTu€ MO3BOJISIIOT YMHOXKAaTh HEPABEHCTBO HA YMCJIO U T.JA. Bce 9TH akCHOMBI
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BMECTE HA3bIBAIOTCSI AKCUOMAMU YNOPSiOOYEHHO20 NOiisl, a CTPYKTYPbl, UM Y/I0-
BJIETBOPSIIOLINE, HA3BIBAIOTCSI YNOPSIOOUEHHbIMU NOASIMU. YTIOPS/IOUCHHBIX 110JICH
OBIBACT MHOTO (¥ TOJIE JACHCTBUTEIIBHBIX YKCEJ BBICISACTCS CPEI HUX JTajIbHEN-
IIMMH aKCHOMAaMU).

H3Beyenne KopHei

AKCHOM yHOPSITOYEHHOT0 TOJISl IOCTATOYHO, YTOOB! PELIaTh JIMHEMHBIE ypaB-
HEHUSI 1 HEPABEHCTBA (A TAKXKe CHUCTEMBI JIMHCHHBIX YPABHEHWII U HEPABCHCTB).
JUJ1st KBaIpaTHBIX YPABHEHUI MX YK€ MAJI0, M JaXKe CPasy MOHSTHO, modemy. Jlesro
B TOM, YTO E€CJIA MBI OT'PAHUYMMCS TOJIBKO PALMOHAJIBHBIMU YHACJIaMA (OTHOLICHHU-
SIMU 1LIEJIBIX), TO aKCHOMBI YIIOPSIOYCHHOTO IOJIST OY/TyT BBIIOJIHATHCS. A MEXTY
TeM B PALMOHAJILHBIX YMC/IAX KBAJpaTHOE ypaBHeHue x> — 2 = 0 He UMeeT pelle-
HUSI, XOTSI €70 JUCKPUMUHAHT TOJIOKUTEJICH, TAK YTO OOBIYHBIC ITPABIUIA PEILICHUS
KBAQIPATHBIX yPABHEHUI HE ICHCTBYIOT.

[TooToMy HEOOXOMMO /OOABUTH HOBYIO aKCHOMY, KOTOpas TOBOPHT, UTO W3
JI00OT0 HEOTPHLIATEIFHOTO YKC/Ia @ MOXKHO M3BJICYb KBAPaTHBIN KOPEHb (a Tak-
Xe KyOudeckuil 1 BooOuLIe JMo0Ooi crermeHn). JpyruMu ciioBamMu, 3Ta akCHOMa
yrBepx/aer, uyro npu a > 0 ypasuenue x" = a (npu nmobom n = 2,3,4,...)
umeem peuteHue. IT0O PEIICHAE €IMHCTBEHHO (YTO CJICAYET U3 aKCHOM YHOPSII0-
YEHHOI'O IIOJIsl; U3 HUX MOMKHO BBIBECTH, 4TO X' < Xy IpU X1 < Xz, U IIOTOMY
HEe MOXET OBITh /IByX PasHBIX pelreHwit). I103ToMy MOXHO BBECTH 00O3HAYCHHUE
V/a — Kopemnv n-ii cmenenu us a.

Iloka3aTespbHas (l)yHK]III}I PadHOHAJIBHOI'0 apryMmeHTa

Hajee y4eOHMK aireOpsl OHpee/isieT MOKa3aTebHYIo (DYyHKLUMIO g is HO-
JIOKUTEJIbHBIX 3HAYCHUN d U IS PanrOHAJIbHBIX 3HAQUCHUM X, MOJIarasi, CKaXxem,

YTto0BI 5TO OmpesiesieHre OBUIO 3aKOHHO, HAI0 MPOBEPUTH, YTO PE3YJIbTAT HE Me-
HSIETCSI, €CJIM MICPEeTH K paBHO# Tpodu. HampmMep, Hamo yOeauThes, 94To

Vas =valo,

OTO HECJI0XKHO. 3aTeM HaJ0 PACCMOTPETh CJIy4ail OTPULIATEIbHOIO IOKa3aTelId,
JOKa3aTh CBOIMCTBA IOKa3aTeIbHOM (PyHKLMU U T. . Bc€ 3T0 ckopee 3aHyHO, 4eM
TPYZHO.

(B cBsi3u ¢ mokasaresibHOM (DyHKILMEH €CTh HeJierasi JioBylnka. Kak Bbl 1y-
MAaeTe, CKOJIBKO PEIICHUI MMEET ypaBHEHME x> =12 Orser na >ror BOIIPOC
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3aBUCAT OT TOIO, CUMTAaTh Jii peuieHneM umcio —1. Ha sk3amene oOa orsera
JIETKO MOTYT OOBSIBUTH HEBEPHBIMU. B camom jesie, ecii He CUMTaTh, TO DK3aMe-
HATOP MOXKET 3asBUTDH, YTO BBl HE 3HACTE, 4TO (=1)? = 1, u nocrasurs JIBOVKY.
A eciM cudTaTh, TO DK3AMEHATOP MOXET CKa3aTh, YTO BBl HE 3HAETE, YTO IIO-
KaszareJipHast (PYHKLMS OIpeAesieHa TOJIBKO IIPU IIOJIOKUTEJBHOM OCHOBaHUU (U
JlaKe COULIETCS HA CTPAHMIly YYeOHMKA, T/i¢ DTO HAIMCAHO), W TOXE ITOCTaBUThH
JBOMKY. W moiiy 9To-HUOY/Ib KOMY-HHAOY/Ib JOKaXKu!)

14. AareOpa u HauaJ1Ia aHAJIM3A

AKCHOMA TIOJTHOTHI

Ha »Tom Mecre onpeze/ieHus I0Ka3aTe/IbHON (DYHKLIMM KypC aJreOphl IJIaBHO
MEPETEKACT B «HAYAJIa QHAJIN3a» — JICHCTBUTEJIBHO, JUIS ONpPEICJICHUS MOKa3a-
TEJIbHOI (DYHKIMM IIPU BCeX JEHCTBUTEJIBHBIX 3HAYCHUSAX apryMEHTa HY)KHBI HO-
BbIC aKCHOMBI. A MMECHHO, HY>KHO JOOABUTb GKCUOMY NONHOMbI, Y KOTOPOil €CTh
pazHbie BapuaHThl (GOPMYJIMPOBKM (DKBUBAJICHTHBIE JPYT JIPYIY).

Ogana w3 (popMy/IMPOBOK 2TOI akcuoMbl TakoBa. [lycmy L u R — Oga ne-
nycmulx MHOJCECmaa OelicmeumenvHylx qucesn, npuyém niodoe yucno I € L ne
bonve nwbo2o yucna v € R. Toeda Hailoémcs pasdensioujee yucno o, 0ns
xomopoeo | < a < v npu mobvix | € L ur € R.

MBblI yKe BU/ICJIM HECKOJIBKO CUTYAIIMiA, B KOTOPBIX TAKOE YTBEPXK/ICHUE MOIJIO
Ob1 ObITH TIOJIE3HO. Hampumep, Tak ObLIO IIPU ONPE/IEJICHNN [UIMHBL OTPe3Ka (11pu
noaxonie [wisbepra) u OnpeseseHNN JJIMHBI OKPY>KHOCTH (KaK 9WCJIA, pas3jesis-
OLIETO NEPUMETPH! BIIMCAHHBIX M ONMCAHHBIX MHOTOYTOJIBHUKOB). Ta e camast
CHTYalHs ¥ C OIPE/IC/ICHUEM TIOKA3aTeIbHOM (DYHKLIMHM JJIs1 IPOU3BOJIBHOTO apry-
MenTa. CkakeM, 2V2 MOXKHO ONPEICIIUTD KaK YHCJIO, PasAessioniee MHOXKECTBO L
BeeX umce1 2P/ TIpU 1eIBIX TOMOKUTENBHBIX p U ¢, U1 KOTOPHIX p/q < \/2, 1
MHOXeCTBO R Beex umcet Bujia 2'/° TIpY EJIBIX 7, § > O, JJ1s1 KOTOPBIX ¥/ s > V2.

AKCHOMA NOJHOTH H aKCHOMA Apnge,z[a

EIJ_IC MOXXHO 3aMCTUTH, YTO W3 AKCUOMBI ITOJIHOTHI U 06bI'-IHbIX CBOMCTB HeE-
PaBEeHCTB (CTPOrO I'OBOPsI, U3 AKCHMOM YHOPSAOYEHHOIO IIOJIS) MOXKHO BBIBECTH
akcuoMy ApxuMena. A UMEHHO, MOXHO JI0Ka3aTb, 4T0 eciu a, b > 0, mo oono
u3 yucen

a,at+a,a+a+a,a+a+a+ta....

oonvwe b.
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Bor 510 10Ka3aTENILCTBO (C HENIPUBBIYKM OHO MOMKET IIOKA3aThCS TPY/HBIM).
B kauecrse L paccMoTpUM MHOXECTBO BCEX CYMM BUJa @, d+a,a+a—+a u r. J.
Eci B L ecrb uucio, 6ojbiiee b, To BcE pokazano. Ilycrs 310 He Tak. Torma

b>a+a+...+a

(s MOOOTO KOHEYHOTO YFCJIa ClaracMbIX B IPaBOil YacTh). PaccMoTpmM MHO-
KeCTBO K BCeX YMCeJI C TaKUM CBOICTBOM (KOTOPbIE OOJIBILE UJIA PABHBI JIFOOBIX
Takux cymm). MHoxxecrso R cojepxur b, 1103ToMy 00a MHOXXECTBA HEILYCThI,
¥ MOXXHO PacCMOTPETh Pa3ZesIsIoliee Iico «.

Torma a +a+ ...+ a < o (mpu JHOOOM KOJMYECTBE CJIAraeMbIX), TaK YTO
o TIPUHAICKUT MHOXecTBY K. Bojiee Toro, MOXXHO BBIYECTh MO a W3 O0EHX
4acTe HTOr0 HEPABEHCTBA U 3AK/IIOYUTh, 4TO d+a+...+ta < a—a (oTO TOXKE
BEPHO MpU JIOOOM KOJIMYECTBE CJIAraeMbIX — HAJA0 MPOCTO W3HAYAIBHO B3SITh
OJIHO JIMIHEe ). 3HAYUT, ¢ — @ TOXE IIPUHAICKUT K, 4TO IPOTUBOPEUUT TOMY,
yro o < ¥ i Joboro v € R.

OTO paccy’kJcHUe Ha IEPBbIil B3IJISAA BBIIJIAIWUT MEPEJMBAHUEM U3 IIyCTOrO
B IIOPOXKHEE, HEOXKMUTAHHO IIPUBOSIINAM K LI — HO OHO HA CAMOM [ICJIE BITOJIHE
CTpPOIoe, XOTsI K HE OYCHb HarJIsi/IHOE.

Emé ormetnm (HO y»e 0€3 10Ka3aTeIbCTBA), YTO U3 AKCHOMBI TOJTHOTH MOYKHO
BBIBECTH CYIIICCTBOBAHME KOpPHEW, TaK YTO COOTBETCTBYIOUIYIO AKCHOMY MOYKHO
OITyCTHUTH (€CJIM €CTh AaKCHOMA ITOJTHOTHI).

beckoneunrie ACCATHYHBIC I[pOGH

Mo>KHO OBLJIO OBI IIBITATBCS ONPEAETATh JCHCTBUTEJIBHBIC YMCIA HE aKCHOMa-
THYECKH, @ C IIOMOIIIBIO DECKOHEYHBIX JIECATHYHBIX /Ipodeit. Ho oTo TOXKe He Tak
IPOCTO.

Kcrarn, xak BB 1ymaere, 9uciio

0,99999. ..

(OECKOHEYHOE YHCIIO JICBATOK IOCHIEC 3AISATOM) MEHBIIE ¢IMHHULIBI WIN PABHO €/TU-
Hue? 3aaB 3TOT BOIPOC LIKOJIBHUKAM, MOXHO IOJTYYUTh PasHbe OTBeTH. OnHU
I'OBOPSIT, YTO MEHBIIIE — BE/Ib TaM BCE-TAaKM HEMHOI'O HEIOCTA&T /10 II0JIHOM e/u-
HULIBL. A CKOJIBKO HestocTaét? HaBepHoe, O€CKOHEYHO Majio, a UMEHHO,

0,00000...1

(OeckoHEUHOE YMCIIO HYyJICH W [OTOM ellé eIMHUIA). A MOXHO JII PacCMOTPETh
Takoe «0EeCKOHEYHO MaJioe» umciio? Ha kakom mecre B HEM crour equumia? Bu-
JIIMO, HA OECKOHEYHOM — HO €CTb JIM TAKOE MECTO? M DTO KAKOE-TO OJHO MECTO
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WM MOTYT OBITh B PA3HOU CTENEHM OECKOHEYHO YAAJICHHBIE MECTa? U YTO UAET
3a 3TOH equHULEen?

MOoXHO HAJESTHCS, YTO CUTyallusl MPOSICHUTCS, €CIM M300paXaTh YMC/Ia HA
npsivoit. Ho 1 TyT He BcE sicHo. Bo3pméM, ckakem, oTpesok [0, 1] 1 BEIOpocHM u3
Hero Touky 1. [Toxyuutcs mpomexxytok [0, 1). EcTs s B HEM HanOoIbIIIEe IMCTO?
Bpozie 1o/mKHO OBITH — €CJIM JIBUIAThCsl CIPaBa HAJIEBO 10 YMCJIOBOM OCH, IIOKA
MBI HE yNPEMCSI B TOTO MPOMEXYTOK, TO JOJDKHBI %K€ MBI YIIEPETLCS BO YTO-TO
KOHKpeTHOe? MoxkeT ObIThb, 3T0 U ecTb yncyio 0,99999 .. .2 C npyroit CropoHsl,
Bpojie OBl MOXXHO pacCyX/JaTh TaK: e€Cid X — HamooJsbinee wucio B [0, 1), To
gicio (1 + x)/2 (cpennee apudmeTmdeckoe umces 1 M X, cepeyiHA OTpe3Ka
oT X /0 1) mo 3akoHaM ajreOpsl OOJIBLIE X W MEHbUIE 1, 3HAUWT, X He OBLIO
HAMOOJIBILVM. . .

Bcé€ T0 mOKa3bIBaeT, YTO HAlIA UHTYHLIUS YHCET (M TOUEK HA MIPSIMOI) JTOBOJIb-
HO cMyTHasi. COBPEMEHHBIE MATEMATHUKY ITyTEM JIJTUTEJIBHOM TPEHUPOBKYU yOe1/Iu
ceOs1 B TOM, 9TO UM BCE SICHO — W JCHCTBUTEJIBHO, OHH IIPUIUIA K HEKOTOPBHIM
€IMHBIM ITIPaBAJIAaM U COIJIAIIEHUSM, KOTOPBIE KOKYTCS MM «MCTHHHBIMI». (Ho
«4TO €CTh UucTHHA?y») Ecim ke BCIIOMHUTH UCTOPHIO, TO OBUIO MHOTO CIIOPOB —
€CTh JI1 HEHNOCPECTBEHHO CJICAYIONAst TOUKA? HEIIOCPEACTBEHHO CJIETYIOLINIA MO-
MeHT BpemeHu? IIpo 3t cnopsl (I1apagoKchl 3€HOHA U JIp.) MOXKHO IIPOYECTb
B yXe YIIOMHUHABLICIHCS KHIDKKE «3aHMMaTeJibHas [perys» 3aMedaresibHoOro Gu-
Jonora M. JI. lacniapoBa, HegaBHo yMepuiero. (OH TaM HEMHOIO TOBOPUT M IIPO
JPEBHETPEYECKYI0 MATEMATHKY, IIPUA STOM — YHMKAJIBHBII JUUIS1 TIOILJISIPHBIX KHU-
JKEK cirydait! — 0e3 MaTeMaTUIeCKUX OumoOOK.)

CoBpeMeHHasi TOYKa 3PEHMsI Ha DTU BOIPOCH TakoBa. llpexkae Bcero, HuKa-
KUX OCCKOHEYHO yJAJIEHHBIX MECT B OCCKOHEYHON JECSITUYHON JPOOH M HUKAKWX
OECKOHEYHO MaJIbIX JApodeit HeT. (PopMaIbHO TOBOPs, OECKOHEYHAs ACCSITUIHAS
Jpo0b — To4Hee, €€ 9acTh MOCJIE 3aMATON — €CTh MOCJIE/I0BATEIbHOCTD (P,
TO €CTh OTOOPAXKCHIEC MHOXECTBA HaTypaibubix uncet {0,1,2,3, ...} B gecsitu-
ssiemeHTHOEe MHOXecTBo 1mdp {0,1,2,3,4,5,6,7,8,9}.)

JlecsaiTHYHBbIE POOH B MHOMKECTBE JIefICTBHUTEJIbHBIX YHCeJI

Jlaree MOXKHO [IiCTBOBATh ABYMsI CITIOCOOaMI. MOXKHO CUMTATh 3apaHee 3a-
JJAHHBIM HEKOTOPOE YHOPSJOYECHHOE II0JI€, I/1€ BBIIOJIHSETCSI AKCHOMA IIOJIHOTBI.
Torpa xax/10i OCCKOHEUHOW JECSTUYHOM JpOOM MOXHO IOCTaBUTh B COOTBET-
cTBYE (€IMHCTBEHHBII) DJIEMEHT DTOTO IOJIL. A MMEHHO, CKaXeM, 1poou

0,314159265358 . . .
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CTaBUATCS B COOTBETCTBUC YMCJIO, PA3ACJISAIOUICC HPU6ﬂu0IC€Huﬂ Cc Hedocmamxom,
TO €CTh 4mncCJjia

0,3 0,31 0,314 0,3141 0,31415 0,314159...,
U npubnudicenusi ¢ u3bbIMKOM, TO €CTh YUCIIA
0,4 0,32 0,315 0,3142 0,31416 0,314160...

Takoe pazzaeJistioliee YUCJIO CyLIECTBYET 110 aKCUOME IIOJHOTBL, A €ro €IMHCTBEH-
HOCTh MOXXHO JI0KA3aTh C MOMOIIBIO AKCHOMBI ApxuMesa.

Hanee yxe MOXHO (pOPMAJIBHO CIPOCHUTH, OyaeT mu apodsim 0,1999999 . ..
u 0,2000000. .. cOOTBETCTBOBATh OJHO M TO K€ UYMCJIO WM pasHele. OTBeT:
MOXHO [T0Ka3aTh, YTO OJHO U TO K€ (a Takke 4YTO JIPYTHMX COBIIQ/ICHUII — KpPOME
CydJas ApoOU C JeBITKAMU B IIEpUO/ie — HET).

DTO OJIMH MOJXO/, B KOTOPOM JIECSTUIHBIM JIPOOSIM CTaBATCS B COOTBETCTBHE
DJIEMEHTH! YHOPS/IOYEHHOT'0 TIOJIsI C AKCHOMOI MOJTHOTHI.

HeﬁCTBHTeJIbeIe 9HCcja KaKk 0eCKOHEeYHbIe ACCATHYHBIC Z[pOﬁH

Jlpyroit MOaX0 COCTOUT B TOM, YTOOBI BOOOIIE OTKA3aThCS OT AaKCUOM U Onpe-
Oensimp ACACTBUTEIIBHBIC UMCJIA KaK OECKOHEUHBIC IECATUYHBIE Tpodu. PasymeeT-
s, HAJIO eNIE pa3peldTh KOHEYHOE YHCIO (P 10 3aIATON U 3HAK MUHYC TIEepen
BCEl JTpoObI0 (MHAYE MOTyYUTCS JIh oTpesok [0, 1], a He Bce JeiCTBUTEIbHBIC
qurcsia).

Jlasiee Hy>HO M30aBUTHCSI OT HEOJHO3HAUHOCTU, OTOX/IECTBUB, B YACTHOCTH,
0,199999 ... u 0,200000.. ., a takke 0,000... u —0,000. .. (W 3arpeTUB
OJIVH W3 JIByX BapHaHTOB 3aIlVICH).

[Tocse 3TOro MOXXHO yiKe OIpeneuTh apuMETHIEeCKIE OIepallvn U T0Ka3aTh,
YTO BHIMOJIHSIOTCSI BCE AKCHOMBI YIIOPSIIOUEHHOT O TIOJISI ¥ aKCMOMa MOyTHOTHL. (Tak
4TO 2TO OyIyT yXKe HE aKCHOMBI, a TEOpPEeMBI!)

Ho omnpenesiennst n goka3aresibcTBa DTU COBCEM HE Tak MpocTel. Hampmmep,
JUTISL HadaJla HaJI0 ONPE/C/IUTh CJIOXKEHHUE APo0eil, B KOTOPHIX IOCJIe 3aIsAToi O/I-
HU HYJIA, TO €CTh IO CYIICCTBY CJIOKEHWE HATYpaJbHBIX drcesi. Jyis Hac, mpaB-
Jla, OTO HE YMCJA, a MOCJIETOBATEIBHOCTU LU(P, TaK YTO AJTOPUTM CJIOKCHUS
B CTOJIOMK CTaHOBHUTCsI onpeoeiieHuemM cymmbl. W Hajo, cpejy 1poyero, Crporo
JIOKa3aTh, CKaXXEM, accolmMaTuBHOCTh. (UTO COBCEM HE TaK JICTKO C/IejIaTh, €CJIU
paccMaTpuBaTh CyMMY Kak pe3ysbTaT (pOpPMaIbHBIX ONepaliii HaJ OeCCMBICICH-
HBIMH CHMBOJIaMH.) Jlasibliie Xyske — YMHOXCHHUE €lIE CIOKHEe CIOKCHUS, IS
OCCKOHEYHBIX JIPOOCil MOABISAIOTCS CBOM TPYJHOCTH, TaK KaK aJTOPUTMEI CJIO-
KEHUSI 1 YMHOXCHUSI B CTOJIOMK HAUMHAIOT C MPABOr0 KOHIIA YKCJIA, KOTOPOTO
Terneps HeT, U T. 1L
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B o01em, eciii HAYaTh W3YUYCHHE MATEMATHYECCKOrO aHAIN3A CO CTPOIOro Io-
CTPOCHMSI TECOPHHN [[ef[CTBHTCJIbeIX 4ricesI Ha OCHOBE OECKOHEUYHBIX JCCATUYHBIX
Apobeit (1 100POCOBECTHO CJICAUTH 32 CTPOIOCTHIO), TO CKOPEE BCEIO MBI 3aBsi3-
HEM IOCepe/IMHE WM JaKe OJIVbKe K Hadauy. . .

HemHoro ucropuu

Boo0u1ie €o «CTPOroCThIO» B MATEMATMYECKOM AHAJIM3E J1€J1a OOCTOSUIN [JOBOJIb-
HO cJIOKHO. Ha 3ape MaTeMaTr4ecKoro aHajm3a IPOM3BOIHYIO 4aCTO «OIpe/eis-
JIN» KaK OTHOLICHAE OECKOHEUHO MAJIOTO MIPUPAICHUS (DYHKIIMM K OECKOHEYHO Ma-
JIOMy TIpHpALICHUIO €€ apryMeHTa, a MHTErpajl — KaK CYMMY OECKOHEYHO YHCiIa
OECKOHEYHO MaJIBIX CJIaracMbIX. B TeyeHMe HECKOJIBKUX BEKOB OJJHM MATEMATHKH
JIOKA3bIBAJI 3aMEUYATEIbHBIC TEOPEMBI C TIOMOIIBIO ONPE/IEIEHHBIX TAKUM 00pa30M
MIPOM3BO/THOM M MHTEIPajia, a Jpyrue (BO3MOXHO, MEHEE 3aMedaTesIbHBIC, HO 00-
Jiee TIEAAHTUYHBIE) WX CIIPABE/JIMBO KPUTUKOBAIY 32 SIBHYIO JIOTMYECKYIO Ty TaHH-
11y, KOI/Ia HEKOTOPBIC BEJIMIMHBI CHAYasIa CIUTAIOTCS HE PABHBIMU HYJIIO, 2 IOTOM
BCE-TaKW NPUPABHUBAIOTCS K HymmO. (JTO JlayKe MCHOJIB30BAJIOCh KaK apIyMEHT B
dunocodekux cnopax. Teosor JIx. Bepkim counnmn namduter Ananumuk, uiu
Paccyscoenue, adpecosantoe nesepyrowemy mamemamuxy, 20e ucciedyemcs,
SIGNISIIOMCs 1U npeoMem, NPUHYUNbL U 3aKAIOUEHUs] COBPEMEHHO020 aHanusa bonee
OMYEMAUBo NO3HABACMBIMU U C 04€8UCHOCTIbLIO 8bIGOOUMBIMU, YEM PENUSUO3HbIC
maurncmea u nonoscerus: gepvl. Cm. ero Couunenus. M.: Moicib, 2000.)

Bc€ 310 «yCTakaHWIOChY JIMILb HEJABHO (II0 MUCTOPUYECKUM MEpPKaM): ollpe-
JejieHue npejesia ob110 gaHo Konm s B nepsoit nostopune XIX Beka, crporast
TeopHsl JIeHCTBATENIBHBIX 4mcesl Oblia co3gana (Mlenexkunaom, Beitepurrpaccom,
KanTtopoM — B HECKOJIbKO OT/IMYAIOMIMXCS BapuaHTax) B koHue XIX Beka, a 00-
1mee (hOpMATPHO-aKCHOMATHIECKOE TIOCTPOCHIE MATEMATHKH YK€ OTHOCHTCS K Ha-
gaiy XX Beka. Ero ¢ pasHbIX TOYeK 3peHMs] MHOTO KPHTHKOBAJIM, HO IO KpaifHei
Mepe HEKOTOpas SICHOCTb B TO, KaKWAE PACCYk/ICHUAS B MAaTEMATHUKE MPUHSITO Pa3-
peuiaTh, a Kakue HeT, ObUIa BHECCHA.

BosBpamasice 0T MCTOPMM K ILIKOJIBHOMY KypCy aJreOpel M Hadaj aHaIM3a,
3aMETUM B 3AKJIIOYEHHE, YTO IOCJIE HEKOTOPHIX IOIBITOK BBECTH TyJa XOTS OBI
DJIEMEHTHl CTPOTOTO M3JIOKEHMS (CKaXeM, OIpesesIcHUe IIpesiesia) BeE DTO Obl-
JI0 3a0pOIIEHO, ¥ TaM OCTAJIVCH JIVII OOLIME PasTOBOPH O TOM, YTO DTO KaK-TO
MOXKHO 00OCHOBaTh, Jla IpocTefiime npaswia Aup(HEepeHIMPOBAHUS U UHTETPU-
POBaHUSI, TIPUTOTHBIE IS MEXAaHMIECKOTO MCTIOJHEHUSI.

Ho Boo011e-To nocJie OCTPOeH!Us] TEOPHH BEIECTBEHHBIX YFICEST MOXHO CTPO-
TO OIIPE/ICJINTD TOKA3aTeJIbHYIO (DYHKIMIO. 3aTeM MOXKHO JJOKa3aTh, YTO OHA IIpH-
HUMAeT BCE TOJIOKUTEIIBHBIC 3HAYCHNUSI, ¥ OIPE/ICJIUTh JIOTapr(MBL.
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Jlajiee MOXXHO CTPOro (M HE3aBUCUMMO OT KypCa I'€OMETPUM) ONPEIEJIATh CUHYC
Y KOCHHYC, HO TaKMX IIOIBITOK B IIIKOJIBHOM KypcCe, KaXeTcsl, He ObuIo (M JeiCTBY-
TEJILHO, DTO UMEET CMBICJI JIeJIaTh B XO/I€ W3YyUCHUs] MATEMATUUECKOIO aHa/IU3a, C
MOMOIIBIO OECKOHEYHBIX PS/IOB).

15. Ot aBTOpa

He 3na10, OBepAT 11 MHE YUTATE/N, HE 3aCTABIINE COBETCKO BIACTH, HO OBLI
TAKOU CTPaHHBIN >KaHp: npu3bigsl. [lepen npasaHukaMu (1epBoe Masi, CeJbMOE HO-
sI0pst, HE TIOMHIO, OBLJIO JIA 3TO HEpe/ JPYTUMU MPA3JHAKAMH, CKA’KEM, BOCBMBIM
Mapra) O(pUIMAIBHO yTBEPXKIAJICS U IIyOIMKOBAJICS B Ia3eTax TEKCT II0J Ha3Ba-
nueM «IIpuspBbl LIK KITCC x coBerckum Tpyasummcs».’ JIIOGOIBITHEE MOTYT
HAWTA TOYHBIC TEKCTHI B apXWBaX, HO IIPUMEPHO OHH BBITJIS/ICNIN TaK:

e Tpyxenuku cemal bopurech 3a IMOBBIICHHE MTPOU3BOIUTEIBHOCTH TPy
B CEJIbCKOM XO3SIHCTBE U 3a BbIiosiHeHUE [IpogoBosibcTBeHHO# niporpammel CCCP!

o Jlestern KyJibTypell BceMepHO yKperuistiiTe MHOTOHAIIIOHAJIBHYIO COBET-
CKYIO KyJIbTYPY — HALMOHAJIbHYIO 110 (POPME ¥ COLIMAMCTUYECKYIO 10 COZlepPrKa-
HUIO!

W Tak gajiee — IOMHIO, YTO TaKUX IIPU3BIBOB OBIBAJIO J0BOJIBHO MHOTO, Yy Tb
JI1 HE HECKOJIBKO JIECSITKOB, HO CTOJIBKO MHE II0 IAMSITU HE COUYMHUTb.

B nmoppaxanue — HECKOJIbKO HPU3bIBOB K PA3HBIM KaTErOPUsIM H3YYalOLIMX
U IPENoJIAlONIUX MAaTeMATHKY.

YBaxkaeMble aBTOPbI y4eOHHKOB!

B cBoém keslaHMM OBITH TOYHBIMM M CcTpormmu coOsmonaiite mepy! He 3a-
OBIBAliTE, YTO MOMHMO CTPOTHIX OIIPEIECJICHWII Y Belleil eCTh HAIJISTHBIA CMBICT,
a [TOMUIMO M3YYCHHSI OIIPE/IC/ICHUI ¥ TEOPEM €CTh PELICHUE COJCP)KATEIBHBIX 3a-
maa!

9A MOXeT, «K COBETCKOMY Hapojy», 3T0 Obulo 00Jjiee Wi MeHee OfHO M TO *ke. Herpyasiuue-
Cs1 IMEHOBAJIMCh TYHESIIUAMH, U CJIOBO MyHesOey He OBLIO HeOZOOPUTENHEIM BOPYAHHEM, a MMEJIO
opuauyeckuit cMbicja. OHO OBUIO B YrOJIOBHOM KOJEKCE U 3a 3TO (OTCyTCTBHME MCTOYHHKOB JOXOAA,
TIPU3HAHHEIX JOITYCTHMBIME COBETCKOM BJIACTBIO) MOTJIM CyIUTh. VIMEHHO Tak OBUI CyIUM M COCJIaH HO-
oT Nocud Bpoackuit, 1 06 mauTeIbHAS Ta3e THAS CTaThsl Ha3hIBaIach « TyHes Iy Bo3Aa€TCs JOJDKHOE.
BriocsiescrBum, Korna Bpoickomy (yxe SMUIpaHTy) HPHUCYAMJIM HOOEJIEBCKYIO IPEMMIO IO JIMTEpa-
Type, OBLI caesmaH 3¢ QEeKTHHI ILTaKaT-KOJUIaX: 3Ta CTaThs MOMeIleHa psaoM c (ororpadueit, rae
kopoJb LlIBemun Bpydyaer bpoackoMy mou€THble 3HAKH HOOEJIEBCKOro JiaypeaTa. [Ipu 3ToM 3arosioBok
CTaTBU CTaJl Kak OBl MOAMHCHIO K (hoTorpadum.
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YBakaemMble yquTeJis!

Bynpre peaymcramm! He mbITaiftech HayduTh CTPOIMM PACCYKIACHUSIM «KaK
cilelyeT» 1 «C camoro Hagasay! He 3aObiBaiite, 4TO pElLICHME IOHSITHBIX 3371ad,
IIyCTh C HEOCO3HAHHBIMH IIPOOEJIaMU, BaKHEE 3ayUMBAHUSA HEIOHATHBIX OIpese-
JIEHMII ¥ I0Ka3aTeJIbCTB!

YBakaeMble JK3aMEeHaTOpbI!

He cyaure cTporo MKOJIBHUKOB, ITyTAIOIMXCA B TOHKOCTSIX OIIPE/IEJICHUNA, HO
MOHMMAIOIMX HATJISHBIA CMBICJ MOHATHI M YMEIOWMX pelars 3agadu. Ilycts
TOT U3 BaC, KTO CHOCOOEH IOJTHOCTBIO CTPOTO M3JIOXKHUTh MAaTEMAaTHKy B OOBEME
IIKOJIBHOI'O KypCa, IEPBBIA IIOCTABUAT JBOMKY 3aIlyTABIIEMYCsl B OIIPEACICHUSAX
IIKOJIbHUKY!

Wi yx, ecii Bbl PEIIMINA IIPUKOIATHCSI» K orpejescHusM (He pait bor!),
TO XOTsI OBl M3y4MTE BCE MMEIONIMECS MOCOOUS IS IIKOJIPHUKOB M YYTHTE, 4TO
LIKOJIbHAK MOXET BOCIIDMHMMATL JaHHBIE B HUX OIpeZesieHus (IIyCThb U IIPOTH-
BOpEyAllMe JIPYr JIpyry) KaK UCTHHY B IocjieaHel mHcraHimm! (Brnpouem, 3tmx
OCOOMIA CTOJIBKO M B HUX TaKOW Pa3HOOOH, YTO STOT MPU3BIB CBOAUTCS K MPEAbI-
Aywemy.)

YBakaeMble IIKOJIbHUKH!

Ec/m Bbl He BO3BMETE B TOJIK, B 4€M TYT IpoOJieMa U MOYEMY IIPOCTBIX OT-
BETOB HA IPOCTBIC BOIIPOCHI HEIOCTATOYHO, HE BOJHYHTECh! CIIOKOMHO periaiite
sagaun! (Ecyim BB Oy/ieTe IPO/IOJHKATh 3aHUMAThCS. MATEMATHUKOM, IIOCTEIIEHHO BCE
craHeT ficHO.) Ecyii BaM KakeTcsl, 4TO BBI IIOHSUIM, B 4éM TyT IpoOsieMa, U BU-
JuTe MPOOEIbl B PACCy’KJCHUSIX CTApLIMX TOBApULICH, HE 3a3HaBaiirecs! Byabpre
CHUCXO/IUTEJIbHBI ¥ TEPIIUMBI K CBOMM (IIyCTb U HEJOIIPOCBETJIEHHBIM) KoJiieram!
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16. IIpuGasjieHue: Apxume] U OafiKH 0 HEM

[TomMumo Tpyz10B ApXrMesa, COXPAaHMJIMCh U PACCKA3BI IPYTUX AHTHMYHBIX ABTO-
po o HéM. Hajo uMeTh B BUIYy, 9TO STU PAacCKasbl — CKopee OalKu, 4eM CBUJle-
TeJIbCKUE MOKA3aHKsl, U OLIEHKA CTEIIeHU KX IIPaBJIOION00Us — OHA U3 CJIOXKHBIX
3a/1ad UCTOPUYECKON Hayku. (3aTo MareMaTH4ecKue TPYAbl ApxuMmeqa — Belllb
OeccriopHasi, BbIIyMaTh TaKOe HUKTO HE MOI' — IIPOCTO Obl HE XBAaTUJIO KBAJIM(U-
Karn!)

Bot uro numer ucropuk Iliryrapx B sku3HEONMCaHMM T0JIKOBOALA Mapuesuia,
KOTOPBI ocaxaa Cupakyssl (ropof, Ize Uil ApxuMes U IPaxkAaHe KOTOPOro
ObLIM BO3MYILEHBI JIOXKHBIMU, 110 olmcaHuio IliyTapxa, BecTamu):

(...) Torma MapueJsul coO BCeM CBOMM BOWCKOM jiBuHyJIcsi K CUpaKy3am, pas-
Ouy1 Jlareps HEMOAAJIEKY M OTIIPABUJI IOCJIOB, YTOOBI T€ PACCKA3AIM I'PaXK/TaHAM
mpaszy o coobitusix B Jleontunax. Ho 310 0ka3anoch O€CIIoIe3HbIM — CHpPaKy-
3sHE, CPEAM KOTOPBIX HAMOOJIBIIMM BJIFSTHEEM IT0JIb30BAJIMCH CTOPOHHUKH [wrmo-
KpaTa, UM HE BEPWIM, U MapIe/ul IpUCTYIXI K 0CaJe OJHOBPEMEHHO U C CYLIA
U C MOPSI: CYXOIyTHOE BOWCKO IOBeJ AMIuii, 1Mo KOMaHJOI0 e Mapresia Obl-
JI HIECTHACCAT IICHTCP, HAIrPY>KCHHBIX BCEBO3MOKHBIM OPY>XXHEM 1 METATC/IbHBIMUA
cHapsitamy. Ha orpoMHbIi 1IOILJIABOK U3 BOCBMU CBSI3aHHBIX JPYI' C APYI'OM CYyOB
OH IOCTaBHJI OCA/JHYIO MAIIFHY U CTaJl HOJXOTUTh K CTEHE, TBEP/O I0JIarasich Ha
KOJITYECTBO U IIPEBOCXOJCTBO CBOETO CHAPSDKEHHSI, PAaBHO KaK W Ha CJIAaBy COO-
cTBeHHOro MMeHu. Ho BcE 3To OBIJIO COBEpIIEHHO OECCHIIBHO Iepe]] APXUMEIOM
U €ro MAallHAMU.

Cam ApxuMesn cuMTajl COOPYXKECHME MAIIMH 3aHSTHEM, HE 3aCIIy KMBAIOIIM
HU TPY/IOB, H BHUMAHWSI; OOJIBIIMHCTBO KX IOSIBUIOCH HAa CBET KaK ObI ITOIyTHO,
B BH/c 3a0aB TeOMETpUM, U TO JIMIIb IIOTOMY, 4TO I[aph [MepoH U3 decTosmo-
Oust yOemwr ApxuMe/a XOTh HEHA/I0JIT0 OTBJIEYh CBOE MCKYCCTBO OT YMO3PEHHIA
Y, 0OpaTUB €ro Ha BEIM OCSA3aeMble, B KAKOI-TO MEpEe BOILIOTUTbH CBOIO MBICIIb,
COEJMHUTH €€ C MOBCEIHEBHBIMU HY’KIAMU M TaKUM OOpa3oM czesaTh OoJiee sc-
HOW U 3pUMOIt [UIs1 OOJIBIIMHCTBA JIIOJEH. 3HAMEHIUTOMY M MHOTHIMH JIIOOMMOMY
WCKYCCTBY IOCTPOCHHSI MEXAHMYECKUX OPYAW HOJIOXWIM Hadauto EBgokc [Tor
CaMblil, KOTOPOTO YIIOMUHAeT ApPXUAMEN B CBSI3W ¢ 00BEMOM KoHyca — A.I11.]
1 ApXUT, CTPEMUBLIMECS C/IeJIaTh T€OMETPUIO 00JIee KPACUBON U IIPUBJICKATEIb-
HOM1, a TAaKKe C IIOMOLIBIO YyBCTBEHHBIX, OCS3AEMBIX IIPUMEPOB DPa3peILUTh T
BOIIPOCHI, JIOKA3aT€/IbCTBO KOTOPBIX IIOCPEACTBOM OJHUX JIUIIb PACCY>KACHUN U
YepTeKel 3aTPYAHUTEIBHO; TAKOBA MPOOJIEMa JIBYX CPEAHHX ITPOIIOPIIMOHATBHBIX
[B COBpEMEHHBIX TepMUHAX: TpeOyeTcs JJIA JaHHBIX OTPE3KOB @ M b HaillTH Ta-
KMe OTPE3KA X U y, UTO @ : X = X : ¥y = y : b; 3TO CBOOUTCSA K OTHICKAaHHUIO
KyOMUYECKOro KOPHSI M HE MOXET OBITh CEJIaHO LIUPKYJIEM U JIMHEHKOM, KaK TOro
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TpeboBaJia Tpedeckast TpaLus 3a7a4 Ha noctpoenue. — A. I11.], HeoOxoaumas
COCTaBHAsl 4aCTh MHOTMX 3a/a4, /ISl Pa3peleHus] KOTOPOi 00a IIPUMEHUIA MEXa-
HUYECKOE IIPUCHOCOOICHNE, CTPOsI MICKOMBIEC JIMHAM HA OCHOBE YT U CETMEHTOB.
Ho Tak xak IlnaTon HeromoBas, ympekass UX B TOM, YTO OHH T'yOST JOCTOWH-
CTBO T€OMETPUH, KOTOPAasi OT OECTEJIECHOTO M YMOIIOCTUTAEMOTO OITyCKAaeTCs /10
YyBCTBEHHOTO ¥ BHOBH CONIPATACTCS C TEJIaMU, TPEOYIOIMMHA UUIsI CBOCTO H3TO-
TOBJICHUSI JITUTEJIBHOTO M TSDKEJIOTO TPY/Ja PEMECICHHMKA, MEXAHUKA TI0JIHOCTBIO
OT/IEJIMIIACh OT T€OMETPUU U, CICJIABIIMCH O/IHOIO M3 BOCHHBIX HAYK, /10JIT0€ BPEMsi
BOBCE HE IpUBJICKaJIa BHUMaHUS (hri1ocopuu.

Mexny TeM ApXuMes Kak-TO pa3 HAaIMcaI 11apio [MepoHy, ¢ KOTOpPBIM ObLI B
Jpyx0e 1 POJCTBE, YTO JIAHHOIO CHJIOI0 MOXKHO CABUHYTH JIIOOOH JTAaHHBIN TPY3;
KaK COOOIIAIOT, YBJICYEHHBIN yOEIUTEIBHOCTBIO COOCTBEHHBIX JIOKA3ATEJIbCTB, OH
J00aBWI Cropsiya, 4ro Oy/b B €0 PACHOPSDKEHMU JIpyrasi 3eMJis, Ha KOTOPYIO
MOHO OBLIO OBl BCTaTh, OH C/IBMHYJI OBl C MeCTa Hauly. [MepoH m3yMmics U 1mo-
IIPOCHJT TIPETBOPHUTH OTY MBIC/Ib B JICUCTBHE W IOKA3aTh KaKyIO-JIMOO TSKECTD,
repeMeIaeMyio MajblM YCWIMEM, W TOTJja ApXUMe BeJiesl HAllOJTHUTh OOBIYHOM
KJIAJ[I0 LIAPCKOE TPEXMAYTOBOE I'PY30BOE CY/IHO, HEJABHO C OIPOMHBIM TPYOM
BBITAILICHHOE HA OEper LEJIOI0 TOJIIO0 JIO/EH, 0Ca /I HA HETO 00JIBLIYI0 KOMaH-
Jly MaTpocoB, a CaM CeJI I00/aJIb U, 0€3 BCSIKOI'O HAIIPSKEHUS! BBITSIMBAsT KOHELl
KaHaTa, MPOIYIIEHHOTO Yepe3 COCTABHOM OJIOK, IIPU/IBHHYJ K ceOe KOopalip Tak
ME/JIEHHO ¥ POBHO, TOYHO TOT IUTBLT IO Mopio. Llaps ObUT IOpakéH M, OCO3HAB
BCE MOTYIIECTBO DTOIO MCKYCCTBa, yOeamn Apxumesia HOCTPOUTH €My HECKOJIb-
KO MalvH JUIs 3al0UThl U JJISI HAIIA/ICHWS, KOTOPBIC MOIJIN Obl IpUroguThCS BO
BCSIKOM ocajzie; camoMmy [uepoHy, mposejiieMy OOJIBIIYIO YaCTb SKM3HU B MHpE
Y TIpa3/HECTBAX, HE IPHIIJIOCH BOCIIOJIB30BATHCS] IMH, HO TETIEPh M MALIMHBL ¥ UIX
M300peTaTesb COCIY)XWINA CUPAKy3sIHAM BEPHYIO CITy)XOy.

WTak pumiIsiHE HaraIym € ABYX CTOPOH, ¥ CUPAKy3sHE PacTEpsUIUCh U IIPUTHX-
JI1 OT CTpaxa, IoJjiarasi, YTO UM HEYEM CIEPKaTh CTOJIb IPO3HyI0 cuity. Ho Tyt
Apxumen myCTUJI B XO7 CBOM MAIIMHBI, U B HEMIPUSTEJISI, HACTYIIAIONIETO C CYIIN,
IIOHECJIACH BCEBO3MOKHBIX PA3MEPOB CTPEJIbI M OIPOMHBIE KAMEHHBIE IJIBIOBI, JIe-
TEBIIME C HEBEPOSTHBIM IIIyMOM U Yy/IOBHIIHOM CKOPOCTBIO, OHH COKPYIIAJIN BCE
Y BCEX HA CBOEM ITyTH M IPUBOJWIN B PACCTPOWCTBO OOEBBHIE PS/IBI, a HA Bpa-
KECKUE Cy/la BAPYI CTaJI OIyCKAThCsl YKPEIUIEHHBIE HA CTEHAX OpYyChbsi M JIMOO
TONWJIA X CWJIOIO TOJIYKA, JIMOO, CXBATUB KEJIE3HBIMU PyKaMM WJIU KJIOBAMHU BPO-
Ji¢ KyPaBJIMHBIX, BRITACKMBAJIA HOCOM BBEPX M3 BOJIBI, a TIOTOM, KOPMOIO BIIEPE,
IIyCKAJIA KO JIHY, JIMOO, HAKOHEII, IPUBEAEHHBIC B KPYTOBOE JIBYDKCHUE CKPBITHIMU
BHYTPH OTTSDKHBIMM KaHATAMH, YBJICKQJIU 32 COOOI0 KOpaOJsib M, PACKPYTHB €ro,
IIBBIPSITIA HA CKAJIBl M YTECHI y TOJHOXHUS CTEHBI, 2 MOPSKH ITOTAOATN My4H-
TEJIHOU cMepThIO. Hepeako B3Opy OTKPHIBAJIOCH Y’KACHOE 3PEJIMILE: ITOJHSTHINA
BBICOKO HAa/l MOPEM KOpalJ/Ib PACKAuMBAJICSI B PA3HBIC CTOPOHBI JIO TEX 110D, II0KA
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BCE /10 MOCJIC/THEI0 Y€JI0BEKA HE OKA3bIBAJIMCh COPOIICHHBIMU 33 OOPT WJIM pa3He-
CEHHBIMU B KJIOUbSI, A OITyCTEBILEE CY/IHO pa30MBaIOCh O CTEHY MJIM CHOBA MAJaJI0
Ha BO/ly, KOI/Ia YKEJIC3HbIC YEJIIOCTH Pa3KUMAJINCh.

Manmna, kotopyio Mapiiesut ocTaBi/I Ha OIUIABOK U3 BOCHMU CY/IOB, Ha3bI-
BaJIaCh CaMOyKa, ITOTOMY 9YTO OYEPTAHISIMHM HECKOJIBKO HAIIOMUHATIA TOT MY3bI-
KaJIbHBII MHCTPYMEHT; HE YCIIeJIa OHA MPUOJIM3UTHCS K CTEHE, KaK B He€ MoseTest
KaMEHb BECOM B JIECSATh TAJIAHTOB, 3aTEM — Jpyroi u Tpetuit. C orpoMHON CHIOi
Y OTJIYLINATEIBHBIM JISI3TOM OHU OOPYLIMJIMCH HAa MAIINHY, Pa30MIi €€ OCHOBAHUE,
PACHIATAIA CKPEIIBL(. . .)

Mapuies1, He BU/ISL MHOTO BBIXO/A, M CaM IOCIEIIHO OTIUIBL, U CYXOILyTHBIM
BOJICKaM IIPUKa3aJ1 OTCTYIMTh. Ha coBeTe OBUIO PELIEHO HOYBIO, €CJIU YAAcTCH,
IIO/IOUTU BIUIOTHYIO K CTCHE: CHJIA HATSDKEHHUsI KAHATOB, KOTOPBIMHU I10JIb3YETCS
Apxume];, pacCy’Kaaj PUMJISIHE, TaKOBA, YTO IPUAACT CTPesIaM OOJIBILYIO [ajIb-
HOCTH IIOJIETA, U, CTAJIO OBITH, HEKOTOPOE MPOCTPAHCTBO BOJIM3M MOJHOCTBHIO 3a-
myeHo ot ymaapo. Ho Apxwmern, mo-BHIEMOMY, 3apaHee BCE IIPETyCMOTPEB,
MIPUTOTOBIJI MAIIIMHBI, Pa3siliye Ha JI00OE PacCTOSIHUE, U KOPOTKUE CTPEJIB; MO/~
Jie HeOOJIBLIIMX, HO YacTO IPOOUTHIX OTBEPCTUIl B CTEHAX OBLIA PACCTABJICHBI HE-
BU/MIMbIC BpPary CKOPIIMOHBI C MJIBIM HATSDKEHUEM, OBIOLIME COBCEM OJIM3KO.

WM BoT, KOrZja pUMJISIHE MOZOLLIA K CTEHE, KaK OHH II0JIArajiv, COBEPLICHHO
HE3aMETHO, VX CHOBA BCTPETWJI TPaj CTPEJI, Ha TOJOBBI MM IMOYTH OTBECHO IIO-
CHIITAJIUCh KaMHH, 2 CBEPXY OTOBCIOAY IOJICTECJM JPOTUKHA; U OHHU OTCTYIIVUIM.
Korna >xe oHM okaszaich B HEKOTOPOM OTJAJICHHM, CHPAKy3sIHE OISTh 3aCHITAIN
UX CTpEJIaMH, MOpakast OErylx; MHOTME IOrMOJIM, MHOTME KOPAO/M CTOJIKHY-
JIICh, MEX TEM KaK OTILIATUTh BPAry PUMJISIHE ObUIM HE B CHUIAX: BEIb OOJIblast
9acTh APXMMETOBBIX MAalIMH OBUTA CKPBITAa 32 CTCHAMU, W PUMJISTHAM Ka3ajloch,
9TO OHM OOpPIOTCS C DOraMH — CTOJIBKO Oef 0oOpyHIMBAIOCh HA HUX HEBEIOMO
OTKYy/1a.

Bripouem, Mapuesun Beies1 U3 Jejia HEBPEIUM U, IIOCMEMBAsCh HAJl CBOM-
MU MacTepaMy M MEXaHUKamu, cKasajl: «He 10BOJIBHO /i1 HAM BOEBATb C STUM
bpuapeem or reomerpuu, KOTOPBIN BBIYEPIIBIBACT U3 MOPSI HAIM Cy/d, a IIOTOM
C TI030POM IIBBIPSIET MX IIPOYb, ¥ IIPEB3OMIES CKa30IHBIX CTOPYKHX BETMKAHOB —
CTOJIBKO CHapsiioB OH B Hac MedeT! M B camoM Jiefie, IIpoure CHUpaKy3sHe ObuA
Kak OBl TEJIOM ADPXUMEIOBHIX YCTPOUCTB, IYIIOIO K€, IMPHUBOJSIICIO BCE B IBU-
’KEHME, OblJI OH OJIMH: JIMIIb €0 MAIIMHBI OOOPOHSUIM FOPOJ, M OTPAXAJIA HATUCK
HETIPYSITEJISI, TOr/Ia KaK BCE OCTAJIBHOE OpYXKHE Jiexkasio 0e3 ABKeHus. B koHie
KOHIIOB, BH/SI, YTO PHMJISIHE 3aITyTaHbl O KPAWHOCTH M 4TO, €/[Ba 3aMETHB Ha
CTEHE BEPEBKY WX KyCOK /IepeBa, OHM MOTHAMAIOT OTYASHHBIN KPUK M IIyCKAIOT-
Csl HAyTEK B IIOJIHOM YBEPEHHOCTH, OyATO ApXWMMeZ HABOIUT HA HHUX KaKylO-TO
MalmHy, Mapuesijl 0TKa3aJICsl OT JAJbHENIINX CTHIYCK M IIPUCTYIIOB, PELIUB IO-
JIO)KUTBCSI HA BPEMSI.
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Apxumes ObLIT 4€JI0BEKOM TAaKOT'O BO3BBIIIEHHOTO 00pa3a MBICJIEH, TaKOH TuTy-
OVHBI JTyIIN 1 OOraTCTBA MO3HAHMIA, YTO O BEIIAX, TOCTABUBILINX €My CJIaBy yMa He
CMEPTHOTO, a O0XECTBEHHOTO [TO €CTh BOCHHBIX M MHBEIX MexaHmMax — A.111.],
He T0XKeJIaJl HaIlucaTh HU9eTo, HO, CYATAsT COOPYIKEHME MALIMH U BOOOIIE BCSIKOE
WCKYCCTBO, COIPHYACTHOE IIOBCETHEBHBIM HY’KJaM, HI3MEHHBIM M I'PyOBIM, BCE
CBOC PBEHHC OOpAaTWJI Ha TAKWE 3aHSATUS, B KOTOPBHIX KPAacoTa M COBEPIICHCTBO
HpCGLIBaIOT HC CMCILIAHHBIMU C HOTpe6HOCTﬂMI/I KU3HU, — 3aHATUA, HC CPAaBHU-
MbIC HU C KAaKUMU JIDYTUMH, IIPEICTaBJISIONIME COOOI0 CBOEr0 pojia COCTS3AHUE
MEX/Ty MaTepHUeil U JOKa3aTeJIbCTBOM, M B TOM COCTSI3aHWM TIepBast SIBJISIET BEJIH-
9re U KpacoTy, a BTOPOE€ — TOYHOCTh M HEBH/IAHHYIO CHUTY: BO BCEil T€OMETPUH
He HAlTH OoJiee TPYIHBIX U CJIOXKHBIX 33/1a4, OOBSICHEHHBIX IIOCPEJCTBOM OoJiee
TPOCTBIX U HPO3PAYHBIX OCHOBHBIX TIOJIOKCHUIA. HeKOTOpLIC TIPUITMCBIBAIOT 3TO
MIPUPOTHOMY AAPOBAHMIO ADXMMEZA, APYTHE e CUATAIOT, 4YTO JIMIIb OJlaroja-
Ps OTPOMHOMY TPY/y BCE JJO MAJICHIIMX YaCTHOCTEH y HErO KaXeTCsl BOZHUKILIM
Jierko ¥ 6e3 Besikoro TpyAa. CoOCTBEHHBIMH CHUIAMH BPSIZL JIM KTO HAW/IET Ipe/iya-
raeMoe ApXyMe/IOM J0Ka3aTeIbCTBO, HO CTOUT YIUTyOWTHCSI B HETO — W TOSIBJISI-
€TCsI YBEPEHHOCTh, YTO THI 1 CaM MOT OBl €T0 OTKPBITh: TAKUM JIETKUM U OBICTPBIM
myTeM BeAET K 1esm Apxumen. VM Hep3st HE BEpHUTH pacckazaM, OyJATO OH OBLI
TalHO OYAapPOBAH HEKOCH CUPEHOM, HE ITOKMAABLICH €r0 HM HA MWI, 2 IIOTOMY 3a-
OBbIBAJI O TIHILIIE U 00 YXOZIE 3a TEJIOM, ¥ €T0 HEPE/KO CHJION IIPUXO/IJIOCH TAlllUTh
MBITBCS ¥ YMAI[aThesl, HO U B OaHe OH IPOJOJDKA YePTUTh TeoMeTprudeckue ¢u-
TypHl Ha 30JI¢ OYara ¥ JIake Ha COOCTBEHHOM TeJjie, HATEPTOM MacJIOM, IIPOBOJIT
IIAJIBIIEM KAaKUC-TO JIMHUM — IIOMCTHUHC B[[OXHOBJ'IéHHbeI MySaMI/I, BECbh BO BJIACTU
BEJIMKOr0 HacjakaeHus. OH COBEpLIMJI MHOXECTBO 3aMEYATEJIBHBIX OTKDPBITHIA,
HO TIPOCWJI JIPYy3€il U POJICTBCHHUKOB IIOCTABUTh HA €r0 MOTWJIC JIMIIb ITAIAH/IP
C IIApOM BHYTPH M HAJIIHCATh PacdeT COOTHOIICHUS MX OOBEMOB.

TakoB ObUT ApxuMe[; caM HEO/I0JIMMBIi, OH, B TOI Mepe, B KaKOI DTO 3aBHCEJIO
OT HEro, CJIeJIaJI TAKUM K€ U CBOM I'OpO.I.

Cilyuns1och OHKABI, YTO B ILIEH K PUMJISIHAM IIOIAJ1 criaprasen Jlamurii,
mbIBIMi 13 CUPaKy3; CUPAKy3siHE XOTEJIA €0 BBIKYIIUTD, U B XO/IC IEPETrOBOPOB,
MOTPEOOBABIIMX YaCTBIX BCTped, Mapliesul oOpaTil BHUMaHWE HA O/IHY OAQllHIO,
OXPAHSBILYIOCS HETOCTATOYHO OJUTEIFHO M CIIOCOOHYIO HE3aMETHO YKDBITH He-
CKOJIPKO Y€JIOBEK, TAaK KaK I10/JI¢ He€ HETPYIHO ObLIO B300paThCs Ha creny. Ilo-
CKOJIPKY HEPErOBOPBI BEJIMCh HEBJAJIEKE OT OallHM, YJaJIOCh JOCTATOYHO TOYHO
OIIPEAC/INTH eé BBICOTY, 1 BOT, IIPUTI'OTOBUB JICCTHULLY 1 JOXXJAABIIMCh JHS, B KO-
TOPBIN CHPAKy3sHE, CIPABJIsis Mpa3THUK J{MaHbl, NIPeaBaIVCh NMBSHCTBY M Pas-
BJICYCHUSIM, Mapliesul He3aMETHO /Uil HEINPUATENS HE TOJIBKO OBJIAJIE OallHei,
HO emé JI0 PaccBeTa 3alloJIHIJI CBOMMHM BOMHAMY BCIO CTEHY IO 00€ CTOPOHBI OT
Heé¢ 1 npoOwicst ckBo3b 'ekcarmibl. Korga ke cupakyssiHe HAKOHEL] 3aMETHJIN
Bpara 4 Cpeav HUX IOJHSJIACH TPEBOra, OH IIPUKA3aj IOBCIOY TPyOUTh B TPYOHI
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U 5TUM OOpaTW/l IIPOTUBHHUKA B OCCHOPSIIOUHOE OErCTBO: OCAX/JICHHBIE B yXKace
PEIIMJIM, YTO BECh FOPOJ YK€ B pyKax pumiisiH. Ho oHu emé Biagesim cambIM Kpa-
CHUBBIM, OOLIMPHBIM U JIydllle JIPYTMX YKPEIUICHHBIM KBapTajaoM — AXpajuHOM,
IIOTOMY 4TO 3TOT KBapTaJl ObLI OOHECEH 0CO00I0 CTEHOM, IIPUMBIKABILIEN K CTEHAM
BHELIHel yacTu ropoja (0[Ha 4acTh ero HasbiBajgachk Hearnosp, apyrasg — Tuxo).

C pacceroM Maplie/ul, COIPOBOX/IA€MBIN II03[PABICHUAMYA CBOUX BOCHHBIX
TpuOYHOB, 4epe3 lekcammibl cryctuiics B ropox. ToBopsit, uTo, misiast cBepxy
Ha Cupaxy3bl ¥ BUJSL UX KPacoTy U BEJIMYME, OH JOJIIO ILIaKaJl, COCTpajasi Ipsi-
Oylieit UxX cyabde: oH JyMasl 0 TOM, KaK Hey3HAaBaeMO HeIPUATEJIbCKUI IPabéx
U3MEHUT BCKOpe UX 00JiMK. Beab He ObUIO HU OHOTO HayaJIbHUKA, KOTOPBI Obl
OCMEJIIJICS. BO3PA3sUTh COJIIaTaM, TPeOOBABLIUM OTJAaTh MM TOPOJ Ha pasrpabiie-
HME, 2 MHOTME U CaMH IIPUKA3bIBAJIM Xe4b U paspyliars Bce moapsy. Ho rakue
peunr MapLiesij1 peluTesIbHO IPEeCcEK U JIMILIb C BEIMKOIO0 HEOXOTOM JlaJl paspeLie-
HHUE CBOMM JIOISIM IIOKMBUTHCSI UMYIIECTBOM M pa0aMy CHUPAKy3siH, CBOOOIHBIX
e He BeJieJI TPOraTh U HajIblieM — HU yOUBaTh UX, HU O€CYeCTUTh, HU 0OpalaTh
B pabcrBo. U1 BCE xe, 0OHApYKUB, Ka3aJ0Ch OB, TaKyI0 yMEPEHHOCTb, OH CUUTAJI
Cyap0y ropoja *ajKoi M IUIAYeBHOM U JaKe B TOT MHI BEJMKON PalOCTH HE
CMOI' CKDBITh CBOEH CKOPOM M COCTPAJIaHMsl, IIPEIBU/s, YTO B CKOPOM BPEMEHU
BECh ITOT OJIECK U IIPOLIBETAHUE UCUE3HYT Oe3 ciena. Toopsit, 4ro B Cupakysax
J00bIYM HaOpaJIoCh He MEHbIIE, YeM BIIOCJIEACTBUY Nociie paspylieHus Kapdare-
Ha, 10O COJIZAThI HACTOSIA Ha TOM, YTOOBI U OCTaBIIASCA 9ACTh FOPOAA, KOTOpas
BCKOPE ITaJIa 110 BUHE U3MEHHHUKOB, OblJIa pasrpadJ/icHa, U JIMIIb OOraTCTBa LAPCKOH
COKPOBHUIIHUIIBI ITIOCTYIIMJIN B Ka3HY.

Ho 0oJiee Bcero oropumia Mapuesuia rubesib Apxumesa. B ror yac Apxumen
BHUMATEJIPHO PAsIJIs/IbIBAJI KAKOH-TO 4ePTEX U, TYLIO U B30POM IOIDY>KECHHBIN
B CO3EpLIAHHE, HE 3aMETHI HU BTOPXKEHMs PUMJISH, HHM 3aXBaTa ropoja: Koraa
BJApPYT Iepel HUM BBIPOC KAaKOW-TO BOMH U OOBABWJI €My, 4YTO ero 30BET Map-
Le/ul, ApxuMe[| OTKA3aJICs CJICIOBATh 33 HUM J0 TeX II0p, IIOKA HE JOBEAET [0
KOHLIA 3224y ¥ HE OTBILIET J0KA3aTe/bCTBA. BOMH paccepaAwics u, BIXBATUB MeY,
yOui1 ero. [lpyrue pacckasbIBalOT, 4TO HA HErO Cpasy OPOCHJICS PUMJISIHUH C Me-
4yoM, ApxuMme[ *Ke, BUAA, YTO TOT XOUET JIMIUMUTD €r0 >KU3HHU, MOJIAI HEMHOIO
HOJOKAATh, YTOOBI HE IPULLJIOCH OPOCUTH IIOCTABJIEHHBI BOIIPOC HEpaspelléH-
HBIM M HEUCCJICOBAHHBIM; HO PUMJISSHUH YOWJI €ro, He OOpaTMB HM MaJICHIIEro
BHMMaHUS Ha TU IpockObL. EcTh emé Tpermit pacckas o cmeptu Apxumena: OyaTo
oH HEc k Mapuesuly CBOUM MaTeMaTH4eCKue IIPUOOPHL — COJIHEYHBIE YaChl, LIAPH,
YI'OJIHUKH, C IIOMOIIBIO KOTOPBIX U3MEPsUI BEJIMYMHY COJIHIIA, a BCTPETHUBLIMECS
€My COJIZATBl PELIWIH, YTO B JIaplie Y HEro 30JI0TO, ¥ yMepTBWIX ero. Kak Obt
STO HU IIPOM3OLUIO HA CaMOM JeJie, BCEe COIJIACHBI B TOM, 4To Maplesur ObLI
OYEHb OIICYAJICH, OT YOUIbl C OMEP3CHUEM OTBEPHYJICS KaK OT IIPECTYIIHHKA,
a POJCTBEHHUKOB APXUMEA Pa3bICKaJI U OKPYXKUJI HOYETOM.
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(Iliyrapx. CpasHumenvHble JcusHeonucauusi B JiByX ToMax, M.: Hayka,
1994. UNzpanue 2-e, ucnpasieHHoe u gonosHenHoe. Tom 1. Tlepesox C.I1. Map-
kua, oopadoTka nepesosa C. C. Apepunuena, npumevanust M.JI. Tacnaposa. U3-
npanve noarorosuwym C. C. Asepunues, M. JI. I'acniapos, C. I1. Mapxkuiir. )

B 3TOM pacckase MOy4HTeJIbHO MHOTOE. M TO yBakeHHe U IOHUMAaHUE, € KO-
TopeM [limyTapx roBopur 0 MateMaTuke (XOTs BCE )K€ BKJIIOYAET pPaccka3 00 Ap-
XUMEJIe B KI3Heonncanne Mapiiesia, a He HA000pOT, KaK OBUIO OBl €CTECTBEH-
HO) — MaJO KTO U3 COBPCMCHHBIX «I'yMAaHUTAPHEB» MOI' Obl HAIIMCATh TAKOE.
U napsp [uepoH, KOTOpbIil He ObUI AypakoM U He CTAJI IPU3bIBATH ApXUMe/a B ap-
MHIO U TIPE3PUTEIHHO 003bIBaTh «kudapenom».!® U «uenopedeckuit hakTopy —
KOTJIa B JIeJIO BCTYIAIOT «IbSHCTBO U PA3BJICYCHUS», MATEMATIYCCKUC MAIIVHBI
HE MOMOTraioT. Y HpaBBl apMuM MO 4YacTH yOHMICTB, rpalexkeil M pa300eB, Majio
U3MCHUMBIIMCCS 3a JIBA TBICAYCJICTUS.

B mpeancnoBry k m3maHmo TpyAoB ApxuMena BecesOBCKu IPUBOUT U JIBA
OoJiee paHHMX pacckasa o ToM e coobtun ([lommonus u Tura Jlusus), BummMO,
0oJice TOYHBIX, HO MEHEE KPACOYHBIX.

Emé onna 3namenuras Oaiika mpo Apxumesna BOCXOAUT K pacckasy Burpysus
(Uecssmb kHue 06 apxumekxmype. IlepeBoj c siar. ®. A. Ilerposckoro, M.: Uszja-
TEJILCTBO AKAJEMUM APXUTEKTYpHl, ¢. 171 —172, Bcrymienue k Kuure JeBsitoit):

9. Uro xe 10 Apxumesia, TO U3 BCEX €0 MHOTOYMCJICHHBIX M 3aMeyaTellb-
HBIX OTKPBITUI [IPUBO/IMMOE MHOIO SIBJISICTCSI, HECOMHEHHO, JI0KA3aTe/IbCTBOM 1Ipsi-
MO-TaK¥ O€3rPaHMYHOlN €ro M300peTaTeabHOCTH. A mMMeHHO, korja [uepoH, mo-
CTUTLIVI LIAPCKO#1 Bi1acTd B CHpaKys3ax, IOCIe YJaYHOTO 3aBEPIICHUS CBOUX IIPe/-
TIPUSATH, PEII 10 00eTy OeCCMEPTHBIM 0OraM IOMECTHTh B OJTHOM U3 XPaMOB
30JI0TOM BEHEIl, OH 3aKazajl C/ieJIaTh €ro 3a OIpeJeJCHHYIO IUIaTy M OTBECHI
HY>KHO€ KOJIMYECTBO 30JI0Ta HOAPSIYMKY. B Ha3HAUCHHBIA 110 JI0IOBOPY CPOK TOT
HOCTABWJI 11apI0 TOHKO UCIIOJIHEHHYIO PaboTy, B TOYHOCTH, BUJAMO, COOTBETCTBO-
BaBIIYIO BECY OTIIYILICHHOI'O HA HEE 30JI0Ta.

10. ITocie xe TOro Kak cjesaH ObLI JOHOC, YTO YacTh 30JI0Ta ObUIA yTae-
HA U TPU U3TOTOBJICHUM BEHIIA B HEro OBLIO NPUMEIIAHO TAKOE K€ KOJIUYECCTBO
cepeOpa, [mepon, Heromyst Ha HAHECEHHOE €My OCKOPOJIEHME M HE HAXO[s CIO-
co0a 0Ka3aTh ATy MOKPAXy, 00paTuiics K ApxuMeny ¢ MpOChOOi B3ATh HA ceOs
paspeLueHue 31oro Borpoca. Cilyunsioch Tak, 4TO B TO BpeMs Kak ApxuMmes Haj
9TUM JyMaJjl, OH MOIET B 0aHIO M, CA/IACh B BaHHY, 3aMETWJI, YTO 4YeM LJIyOxe
OH TIOTPY’)XKAeTCsI B He€ CBOUM TEJIOM, TeM OOJIblile depe3 Kpail BBITEKAaeT BOJBL.
U xak TOJIBKO 9TO yKas3ajo eMy CIIoco0 paspellicHUs ero BOIPOCa, OH, He MEUId,

10K uchapa — ApeBHUiT My3BIKATBHE MHCTPYMEHT, HEMHOI'O [OXOXKHIl HA HAuly GAAJIAlKy.
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BHE Ce0sl OT pajloCTH, BBHICKOUMJI M3 BAHHBI M T'OJIBIA Opocuiics K cede 0MOi,
IPOMKO KpU4a, YTO HAIIE TO, YTO MCKaJI; OO HAa OEry OH TO U JIEJIO BOCKJIMLIAJI
IIO-I'PEYECKU: «IBPUKA, DBPUKAY.

11. Torma, Ucxoas U3 STOTO OTKPBLITUSA, OH, TOBOPAT, CAEJIAJ J[BA CJIUTKA OJU-
HAKOBOI'O Beca C BEHIIOM — OJMH W3 30JI0Ta, Apyroi m3 cepebpa. Chenas 3to0,
OH B3sIJT OOBEMHCTBIN COCY/I, HAITOJHUAT €T0 JI0 CaMBIX KPaéB BOJIOM M OILyCTHII
B HEro CepeOpSHBIA CJUTOK, TIPU MOTPYKEHIM KOTOPOTO BOJA BHITEKJIA B KOJIMYE-
CTBC, PaBHOM BCJIMYMHC CJIUTKA. BI)IHyB 3aTeM CJIMTOK, OH JI0JIAJI BOABI, OTMCPUB
et cekcTapueM, TaK, YTOOBI OHA OISITh CPABHSIACH C KPAasMH, Kak U paHsblie. Tak
OH OIIPE/IeNIVII, 9TO Cepedpo 10 BECY COOTBETCTBYET M3BECTHOMY KOJIMYECTBY BO-
JbL.

12. TIpozmenaB 3TOT OMBIT, OH MOAOOHBIM € 00pa30M OIyCTHJI B HATIOJHEH-
HBII COCY]| 30JIOTOM CJIMTOK MM, BBIHYB €TI0, HAIIE/ MOCPEICTBOM IIPEKHErO M3-
MEpEHus, 9TO BOJBI yOaBUJIOCH HE CTOJIBKO €, a MEHBIIE, HACKOJBKO MEHBIIE
OBLTT 00BEM 30JI0TOTO CJNTKA CPABHUTEJIBHO C PABHBIM €My I10 BECY CEpEOpSHBIM.
[Tocne e 3TOro, BHOBb HAIIOJHUB COCYJ] M OILyCTUB B TO Y€ KOJIMYECTBO BOJIBI
CaMBIi1 BEHEI], OH HAIIEJ, YTO BOJBI BHITEKJIO OOJIBLIE, YeM MPU MOTPYXEHUU 30-
JIOTOTO CJIMTKA TaKOrO K€ BECAa; M, TAKUM OOPa3OM, UCXO/sSl M3 TOrO, YTO BEHELL
BBITECHWJI 0O0JIBLIE BOJBI, YEM CJIMTOK, OH IIOKA3aJl IPUMECh B 30JI10T€ Cepedpa
¥ 0OHAPYKWI TOKPAXY MOAPS/TIMKA.

Jlpyroii iepeBosl UMeeTCsL B KOMMEHTApUsIX BecesIOBCKOTro K M3[JaHMIO TPY0B
Apxumesna Ha c. 579; cTpaHHBIM 0DOPa30M BMECTO MCTOPHUM C JJOHOCOM TaM I'OBO-
PUTCSI, YTO «IIPY MCHBITAHUM HA IIPOOMPHOM KaMHE OKA3aJI0Ch, YTO MAcTep 4acTb
30J10Ta 3aMeHIIT cepedpomy. 1o moBoay 3Toit UCTOPMM MOXHO 3aMETHUTH €LIE /BE
BEIIH:

® HIKAKOI'O OTHOLIEHWS K 3aKOHYy ApxuMmena (II0 KpaiHel Mepe ecid AeJIo
00CTOSJI0O IMEHHO TaK, KaK MUUICT BuTpyBmii, 1 ApXuMesn He B3BEIIMBAJI HOTPY-
*CHHBIN B BO/Iy BEHEI) OHA HE MMEET, Peub UAET IIPOCTO 00 OIpe/esIeHnN 00bEMa
10 KOJIMYECTBY BHITCCHEHHON BO/IBI;

® CyJs 10 PTOMY TEKCTy, BUTpyBWil He OBUT OOJIBIIAM 3HATOKOM padoT Ap-
XUMe/[a, MHave Obl OH He BHIOpaJI OBl M3 BCEX €T0 JIOCTIDKEHMUI (OCTAaTOYHO IPO-
CTyI0) H/ICIO M3MEepeHusl 00bhEMa Tela IOrPY>KEHUEM B BOAY.

Jpyrue Gaiiku npo Apxumesna, B YaCTHOCTA MCTOPUSI O TOM, KaK OH CXKET
PUMCKUIT (JIOT C MOMOIIBIO 3epKajl, OTPAXKABLIMX COJIHEUHBIN CBET, CIIE MEHEe
JIOCTOBEPHBI — BPO/Ic OB OHU MOSIBJISIOTCS JIMIIIH B PACCKa3aX aBTOPOB, HBIIIIX
Yyepe3 MHOTO BEKOB mocyie ApxuMmena (B YacTHOCTH, He ymomuHaioTcs y [lomwm-
oust, Jlueus u [limytapxa). Pacckas3piBaroT Takke 0 HAcoCe ISl BOJBI («apXMETOB
BUHT»), 00 «apXUME0BOM PbIYare», ¢ MOMOILIBIO KOTOPOro Apxumern sikoObl 00e-
IAJI MOJHSTH (MIEPEBEPHYTh, CABMHYTH) 3€MJIIO, €CIM €My JaTh TOYKY OIHNOPHI
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(cM. nurary u3 Ihiyrapxa), HO Kakue peasibHbIE MEXAHM3MBI II0JIOXKMAJIM HAYasio
DTUM PAcCKa3aM, CyUTh TPYJHO — /1a U OIIMCAHMsI BOGHHBIX MEXAHU3MOB B TEKCTE
Ilyrapxa BpsiJi JI1 MOXHO CUMATATh JIOCTOBEPHBLIMHU.

Ectp oHa coBceM 3arajlouHas ICTOPUS, CBS3aHHASA ¢ ADXUMEJIOM — 3TO €TI0
«3a/1a4a 0 ObIKaX», U3JI0XKEHHAs B BUJe CTUXOTBOpeHus. B nepesone BecesoBckoro
3TO CTHXOTBOPEHHE 3BYYHT TaK:

3AJAYA,
KOTOpYI0O ApxuMe/] HAlEJ B SIIUTPaMMax U MOCJaJl Ha pa3pellieHue
3aHMMAIOIIMMCS TTOJJOOHBIMYE BOIIPOCAMY AJIEKCAH/IPUICKUM Y4EHBIM
B nocsianum K OparoceHy KupeHckomy

CkoJuibko y CoJiHIIa ObIKOB, HAii/i [UIsl MEHSsI, 4yXeCTpaHel|
(Tel ux, 1ojyymaB, CYuTail, MyJJpOCTU €CJIM HE YYyXK/),

Kax Ha mosisix TpuHakpuiickoit CUITUIIME OCTPOBA TYYHBIX
Hx B ueTbIpEX CTaziax MHOI'O KOIJAa-TO I1ACJIOCh.

LiBeToM craja pasziM4amch: OJUCTAIO OHO MJIEYHO-OEJIbIM,
TéMHO# MOpPCKO# BOJIHBI CTa/la JPyroro ObLI IIBET.

Popkum Tpetue Obulo, mocieaHee neCTpbiM. U B Kax/ioM
Crajie OblJIa CaMIIOB MHOXECTBOM TSDKKAsl MOLIb,

Bcé xxe xpaHsl cCOpa3MEepHOCTb TaKylo: IPEJICTaBb, Uy>KECTPAHEL],
Besibix uncio ObIKOB B TOYHOCTH OBLJIO PaBHO

TEMHBIX ObIKOB MOJIOBMHE M TPETH W TIOJHOCTHIO PHDKHM;
TEMHBIX OBIKOB YETBEPTH OBIJIO PAaBHO

[€cTpeix ¢ NpuOaBJICHHO! ISITON M TAKXKE HOJHOCTBIO PIKKMM;
IM&cTpoii ke mepcTH OBIKOB TaK CO3epLai YUCIIO:

YacTy 1ECTOH U ceIbMOi OT cTajja ObIKOB CepeOpUCTBIX
Takxke U PbDKUM BCEM ThI UX YUCJIO MOPABHSIIA.

B Tex ke cTagax KOpoB OBLJIO CTOJIBKO: YUCJIO OEJIOLEPCTBIX
B TouHOCTH OBLIO PaBHO TEMHOIO CTajia BCErO

Yactu yeTBEPTOI M TPEThEi, KOJIb CJIOKHUIIL Thl 00€ UX BMECTE;
TEMHBIX YHCJIO K€ KOPOB YacTH YeTBEPTON OMSThH

[I€cTporo craja paBHAJIOCH, KOJIb MATYIO J0JIO J00aBULIb
U tyna e ObIKOB B 00lee CTA10 NPUYTENID.

Te xe, 4bsl IECTpas 1WEPCTh, PABHOUUCJICHHBIM MHOKECTBOM ObLIM
PopKero craja 4actsM IATOH U € HEIO IIECTOM.

PBDKMX KOPOB K€ CUMTAJIOCh KOJIMYECTBO PABHBIM IOJITPETH
bestoro crajia Bcero ¢ 4acTuio B3SITOM CEABMOIA.

CkoJibko y CoJiHIIa OBIKOB, 4y>KECTPAHEl], KOJIb TOUHO Thl CKaXKelllb,
Ham pa3ziesibHO Ha3BaB TY4YHBIX OBIKOB YHCIIO,

Tak e pasesbHO KOPOB, CKOJIBKO KaX/IOT0 L[BETa UX OBbLIO,
He Ha30BET HUKTO B UMCJIaX HEBEXI0U TeOs,

Bc€ x kK My/apenaM NpUYKC/IeH He Oy/elllb. YUTH XK€, MOXKAJIYH,
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CaoiicrBa Takoe emé CoJiHLa ObIKOB 4UCJIA.
Ecim ObIkOB CpeOpPOIIEPCTHIX Tl ¢ TEMHBIMA BMECTE CMEIIAEIh
Tak, 4yTOOBI TECHO OHM CTaJU OBl B IUMPb U B [JIAHY
Mepolo paBHOIli, Tora Ha OOIMPHBIX MOJISIX CHLMIUACKUAX
TJTIOTHBIM KBa/PaTOM OHH IUIOIIAAb OOJIBIIYIO 3aUMYT.
Ecsm ke pbDKUX U NECTPLIX B OJJHO CMELIAELIb Thl CTa/10,
JleceHKO CTaHyT OHM, CYET C €/IMHUIIBI HAYaB,

Tak 4TO (PUTypy OHM TPEYTOJIBHYIO HaM 00pasyioT;
LiBera uHOro OBIKOB HET HAM HYX/Ibl 100ABJIATH.

Ecim TBI 5TO Haii/I€1Ib, 9yXKeCcTpaHel, YMOM MOPACKHIHYB,
U cMoXel TOYHO Ha3BaTh KaX/JOr0 CTaja Yuciio,

To yxomu, BOTOPAMBILKCH TO0EI0M, U Oy/IeT CUMTATHCS,
YTO B 5TOI MyIpPOCTH THI BCE 10 KOHI[A TPEB3OLIEI.

OTOT TEeKCT, Kak pacckasbBaior M. H. BecesoBckuii M coBpeMeHHbIIT Mare-
matuk Ilan Vardi (American Mathematical Monthly, tom 105, anpeas 1998,
c. 305-319) onyommkosain B 1773 rogy HeMELKuii JpamMaTypr 1 KputHk JleccuHr
BMECTE C JpyTUM (TaKKe CTapUHHBIM) TEKCTOM, COJEPXKAIlUM HEIPaBWIBHOE pe-
mrenve. Pycckuii epeBos BecesIOBCKOro He CJIMIIKOM SICEeH, IIODTOMY IIPUBENEM
TaKKe ¥ yPaBHEHMUSI, JTAaHHBIC UM B KOMMEHTApHSX (IIPOIFICHBIC ¥ CTPOYHBIE OYKBEI
COOTBETCTBYET OBIKAM M KOPOBaM):

X=00/2+1/3)Y+Z
Y=00/44+1/5T +Z
T=Q1/6+1/YX+Z
x=(1/4+1/3)(Y +y)
y=@Q/4+1/5(Z +2)
z=01/6+1/7)(X +x)

K »tuM ypaBHenusaM, nuieT BecemoBckuil, IpUOABISIOTCS €IIE TaKUE YCJIO-
Bus: X + Y paBHO KBaJpaTHOMY 4ucJIy (€CTb TOYHBIA KBajapaT), a Z + T paBHO
TpeyrojbHoMy unciay (cymme Buga 1 +2+3+ ...+ N).

YpaBHEeHMsl camMM TI0 ceOe He TaK CJIOHBI — OHM JIAIOT JIMHEHHYIO CBSI3h

MKy HEM3BECTHBIMY, U PEILICHHUS B LIEJIBIX YHCIaX Oy/IyT KPATHB MUHUMAJIbHOMY
peLIeHuIo

(10366482, 7460514, 4149387, 7358060, 7206360, 4893246, 5439213, 3515820),

KOTOpOE IPUBOJWTCS — M COBNaAacT — y Becemosckoro m Bapam. Pemenme,
MIPUBO/IIMOE B OITyOJIMKOBAaHHOM JIeCCHHIOM JOTMOJIHEHVH, ITOJIy4aeTcsl U3 STOro
Habopa ymMHOkeHVeM Ha 80. Tak 4To aBTOPOB ATOTO PEIICHUS, COTIACHO ApXUMe-
Jly, HAKTO HE HA30BET HEBEXAaMH B ynciiax. Ho m k MyaperaM OHU MPUYMCIICHB
He Oy/yT: pelIeHue He Y/IOBJICTBOPSET OCTABLIMMCS YCJIOBHSIM.
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Jlajibllle HAYMHAETCSI COBEPILECHHO 3araJi0uHasi UCTOPUS: YUET JIBYX IIOCJIETHUX
YCJIOBUI ITPUBOIUT K YPABHEHUIO

k? — 47294941 = 1.

Vpapuenue Takoro sua (k2 — dI? = 1 pus uenbix d) HA3BIBAIOT ypasHeHUEM
Ilenns (c nérkoit pyku Diurepa, KOTOPBIA meperyTaa [lesuist ¢ IpyruM aHrImii-
ckum MarematukoM XVII Beka, xoroporo 3Baysu William Brouncker u koTopblit
JICACTBUTEJIBHO 3aHMMAJICS DTHM ypaBHeHHeM). Hukakux ciaenos Toro, uro Apxu-
Me/] WIN €T0 JIPEBHETPEYECKIE KOJIJIETY yMEJIX PEIIaTh 3TO ypaBHEHHE (IIOMHUMO
3a/1a9n O ObIKax) HeT. Bosiee Toro, Aaxke W 3HasE METOA PEIICHUS TAKUX YPaBHE-
Huit (oH ObUT HaiieH BpyHKepoOM, HO 3a IIECTH BEKOB JO DTOTO TOT K€ METOA
3HAJIM MH/IANCKIEC MATEMATHKK), HAMTH PEIICHHE 3TOT0 KOHKPETHOTO YPaBHEHHUS
HepeaJIbHO — Kak Bhraucaum B XIX Beke, 4nciio ObIKOB 3armceiBaeTcst 206545
muppamu. [Ipu takoM KosmdecTse 1P, €CTECTBEHHO, MOJIHBIA OTBET MOT OBITh
TIOJIy4YeH JIMIIb C IOMOIIBIO KoMmIbioTepa (B 1965 roay). A 10Ka3aTeJIbCTBO, UTO
PelleHHE Yy TaKWX ypPaBHEHMI BCETAa €CTh, OBLIO ITOJIydeHO JlarpamkeM U oILy-
OJIIKOBAHO B TOM ke caMoM roay (1773), uro u 3ametka Jleccunra!

Kaxk 310 BCE moHMMaTh, OCTaETCs 3araJOYHBIM. TPY/IHO NpeICTaBUTh cede, 9To
Apxumen (WM KTO-TO JPYTON) COCTABIUI 3a]ady HAyra/, HE MBITAasICh €€ PEIINTH,
TeM 00Jiee YTO OMMCAHKE TPYAHOCTH JBYyX 4YacTeill 3a/1a4ul BHOJHE ajekBaTHO. (U
YK COBCEM CTPAHHO, YTOOBI 3TO OBLIO PO3BITPHILIEM CO CTOPOHHI JleccuHra; axe
€CJII OH CMOT BBIYHC/IVTH YACTUYHO IIPABIUIBHBIA OTBET — 3a4eM €ro Iyosu-
koBaTh?!) Takke MasOBEpPOSATHO, UTOOB ApXWIMe]] 3HAJ KaKOI-TO HEW3BECTHBIN
HBIHE METOJI PEIICHUSI yPaBHEHUS, K KOTOPOMY CBOJIUTCS 33/1a4a, a BCE M3BECT-
HBIC METO/IBI MPHUBO/SAT K CJIMIIKOM CJIOXKHBIM BBIYHCJICHUSIM. MOXET OBITH, OH
ObLI YBEPEH B CyLIECTBOBAHMU OTBETA, XOTSl HE YMEJI €r0 BBIYMCJATh — 3a Ia-
Py ThICSYeseTHil 10 AokasaresbcTsa Jlarpamka? Emé npeamosaramm, 4to cjioBa
0 KBa/IpaTe, 0OpPa30BAaHHOM OBIKAMH, HE HY>KHO TIOHUMATh OYKBAJIBHO — JIECKATh,
nmMprHA OBIKA MEHBIE €ro JUIMHBL, ¥ IIOTOMY OBIKM 00Pa3yIoT KBaJpaT, HO YHCIIO
OBIKOB 10 JIByM CTOPOHAM KBaJpaTa pasHoe. XOTs 9TO U YHPOINAET 3ajady, HO
JIeJIaCT TIEPBOE €€ YCJIOBHE HEJIETIHIM: YMCJIO OBIKOB JIOJKHO Pa3jIaraThCs B IIPOM3-
BEJICHHE JIByX MHOXHTEJICH, OTHOCSIIMXCS IIPAMEPHO KaK JIJIMHA ObIKa K IIFPHHE,
TaK 9TO M B DTO IOBEPUTH TPY/HO.
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