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Probabilistic
Proofs

Thas column 1s devoted to mathematics
Jor fun What better purpose 1s there
Jor mathematics? To appear here,
a theorem or problem or remark does
not need to be profound (but it 1s
allowed to be), it may not be directed
only at specialists, it must attract
and fascinate

We welcome, encourage, and
Sfrequently publish contributions
Sfrom readers—either new notes, or
replies to past columns

Please send all submisstons to the
Mathematical Entertainments Editor
Alexander Shen, Institute for Problems of
Information Transmission, Ermolovor 19,
K-51 Moscow GSP-4, 101447 Russia
e-mail shen@landau ac ru

In this 1ssue I present a collection of
nice proofs that are based on some
kind of a probabilistic argument,
though the statement doesn’t mention
any probabilities First a simple geo-
metric example

(1) It s known that ocean covers
more than one half of the Earth’s sur-
Jace Prove that there are two sym-
metric points covered by water

Indeed, let X be a random pomt
Consider the events “X 1s covered by
water” and “—X 1s covered by water”
(Here —X denotes the point antipodal
to X) Both events have probability
more than !/, so they cannot be mu-
tually exclusive

Of course, the same (trivial) argu-
ment can be explained without any
probabilities Let W C S2 be the subset
of the sphere covered by water, and let
w(X) be the area of a region X C S
Then w(W) + w(—W) > u($%),sown
(W) +4¢

However, as we see 1n the following
examples, probability theory may be
more than a convenient language to ex-
press the proof

(2) A sphere 1s colored 1n two col-
ors 10% of its surface s white, the re-
marmng part 1s black Prove that
there 1s a cube inscribed 1n the sphere
such that all its 8 vertices are black

Indeed, let us take a random cube
mscribed 1n the sphere For each ver-
tex the probability of the event “vertex
1s white” 1s 01 Therefore the event
“there exists a white vertex” has prob-
ability at most 8 X 01 < 1, therefore
the cube has 8 black vertices with a
positive probability

This argument assumes mmplicitly
that there exists a random variable (on
some sample space) whose values are
cubes with numbered vertices and
each vertex 1s uniformly distributed
over the sphere The easiest way to
construct such a variable 1s to consider
SO(3) with an mvariant measure as a
sample space

It seems that here probability lan-

guage 1s more important if we did not
have probabilities in mind, why should
we consider an mvariant measure on
SO(3)?

Now let us switch from toy exam-
ples to more serious ones

(3) In thas example we want to con-
struct a bipartite graph waith the fol-
lowing properties

(a) both pairts L and R (called “left”
and “right”) contain n vertices,

(b) each vertex on the left 1s con-
nected to at most erght vertices on the
right,

(c) for each set X C L that contains
at least 0bn vertices the set of all
newghbors of all vertices in X contains
at least 0 Tn vertices

(These requirements are taken from
the defimition of “expander graphs”,
constants are chosen to simphfy cal-
culations )

We want to prove that for each n
there exists a graph that satisfies con-
ditions (a) — (c) For small n 1t 1s easy
to draw such a graph (eg, forn <=8
we Just connect all the vertices in L
and 1n R), but it seems that in the gen-
eral case there 1s no simple construc-
tion with an easy proof

However, the following probabilis-
tic argument proves that such graphs
do exist For each left vertex x pick
eight random vertices on the rnght
(some of them may coincide) and call
these vertices neighbors of x All
choices are independent We get a
graph that satisfies (a) and (b), let us
prove that 1t satisfies (c) with positive
probability

Fix some X C L that has at least
0 5n vertices and some Y C R that has
less than 0 7n vertices What 1s the
probability of the event “All neighbors
of all elements of X belong to Y"? For
each fixed x € X the probability that
all eight random choices produce an el-
ement from Y, does not exceed (0 7)8
For different elements of X choices are
independent, so the resulting probabil-
ity 1s bounded by (0 78)05% = 74n
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There are fewer than 2" different pos-
sibilities for each of the sets X and Y,
so the probability of the event “there
exist X and Y such that #X = 05mn,
#Y < 0 7n, and all neighbors of all ver-
tices in X belong to Y” does not exceed
27 X 20 X 07 = (982" < 1 Ths event
embodies the negation of the require-
ment (c), so we are done

All the examples above follow the
same scheme We want to prove that
an object with some property o ex-
1sts We consider a suitable probabil-
1ty distribution and prove that a ran-
dom object has property « with
nonzero probability Let us consider
now two examples of a more general
scheme 1if the expectation of a ran-
dom variable { 1s greater than some
number A, some values of ( are
greater than A

(%) A prece of paper has area 10
squaire centimeters Prove that i can
be placed on the integer grid (the side
of whose square 1s 1 cm) so that at
least 10 grid pownts are covered

Indeed, let us place a piece of paper
on the grid randomly The expected
number of gnd points covered by 1t 15
proportional to its area (because this
expectation 1s an additive function)
Moreover, for big pieces the boundary
effects are neglgible, and the number
of covered points 1s close to the area
(relative error 1s small) So the coeffi-
cient 1s 1, and the expected number of
covered points 1s equal to the area If
the area 1s 10, the expected number 15
10, so there must be at least one posi-
tion where the number of covered
points 1s 10 or more

(5) A stone s convex, ils surface
has area S Prove that the stone can
be placed in the sunlight in such a
way that the shadow will have area at
least S/4 (We assume that light s pei-
pendicular to the plane where the
shadow 1s cast, 1f 1t 1s not, the shadow
only becomes bigger )

Let us compute the expected area
of the shadow Each piece of the sur-
face contributes to the shadow exactly
twice (here convexity 1s used), so the
shadow 1s half the sum of the shadows
of all pieces Taking into account that
for each piece all possible directions of
light are equiprobable, we see that the
expected area of the shadow 1s pro-
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portional to the area of the stone sur-
face To find the coefficient, take the
sphere as an example 1t has area 4>
and 1ts shadow has area 72, so the ex-
pected shadow area 1s S/4

(6) We finish our collection of nice
probabilistic proofs with a well-known
example, so nice and unexpected that
1t cannot be omutted It 1s the proba-
bilistic proof of the Weierstrass theo-
rem saying that any confinuous func-
tion can be approximated by a
polynonual (As far as I know, this
proof 1s due to SN Bernstein )

Let f [0, 1] — R be a continuous
function Let p be a real number 1n [0,
1] Construct a random variable in the
following way Make n independent
trials, the probability of success in
each of them being p If the number
of successes 1s &, take f(k/n) as the
value of the random vanable For
each p we get a random variable Its
expectation 1s a function of p, let us
call it f,,(p)

It 1s easy to see that for each n the
function f,, 1s a polynomial (What else
can we get 1If the construction uses
only a finite number of f-values?) On
the other hand, f,, 1s close to f, because
for any p the ratio k/n 1s close to p with
overwhelming probability (assuming »
1s big enough), so in most cases the
value of f(k/n) 1s close to f(p), since
f(p) 1s uniformly continuous

The formal argument requires some
estimates of probabilities (Chernoff
bound or whatever), but we omit the
details

Colorings Revisited
In the 1997, no 4 issue of The Intel-
ligencer I discussed a homotopic proof
of the following fact If in a triangu-
lation of the sphere S? each vertex 1s
incident to an even number of edges,
then there 1s a 3-coloring of the ver-
tices such that endpoints of any edge
have different colors

Dawvid Gale of Berkeley writes 1n re-
sponse

As you may know, the condition

that each vertex lies on an even num-
ber of edges 1s also a necessary and
sufficient condition for the faces to be
2-colorabie Using that fact I found the
following homological, or rather coho-
mological, proof of the theorem

Color the faces red and blue Then
give the red triangles the clockwise,
the blue ones the counter-clockwise
orientation This gives a unique orien-
tation to all edges of the polyhedron,
meaning we can put arrows on the
edges so that as one goes around a tri-
angle, arrows point 1n the same direc-
tion Now use cohomology mod 3 and
define the 1-cochain which assigns 1
to each edge 1n the direction of 1ts ar-
row and —1 1n the opposite direction
By the property above this 1s a 1-co-
cycle (its coboundary on any tnangle
1s 1 +1+ 1=0), hence because we
are on the sphere 1t must be the co-
boundary of a 0-cochain C, and this
must assign different integers mod 3
to adjacent vertices Otherwise i1ts
coboundary would be zero on some
edge

The proof that the faces are 2-col-
orable 1s also homological Using mod
2 homology, let ¢ be the unit 1-chain
that assigns 1 to all the edges By the
evenness property, the boundary of
this chain 1s zero, so 1t 1s a 1-cycle and
hence because we are on the sphere it
must be the boundary of a 2-chain This
2-chain must have distinct values on
adjacent faces, for if not, the boundary
operator would assign 0 to their com-
mon edge

This finishes the proof of the fol-
lowing theorem

Theorem 1 Let T be a triangula-
tion of the 2-sphere The following
statements are equivalent

1 Every vertex has even degree

2 The faces can be 2-colored

3 The vertices can be 3-colored

There 1s a similar theorem that also
has a nice homological proof

Theorem 2 The vertices can be 4-
colored < the edges can be 3-
colored (meaning all three colors
appear around every triangle)

The proof uses cohomology with
coefficients in the Klein Four Group K
(whereas the proof of Theorem 1 used
7727 and Z/37)

=

Assume that vertices are 4-colored
Identify the colors with the elements
of Ky =1{0, A, B, C} For any tnangle
its coloring 1s either of the form 0, A,



Bor A, B, C, and the coboundary 1s e1-
ther(A, A+B=C,B)or(A+B=C,
B+ C=A, C+ A=B), so the edges
are 3-colored with the non-zero ele-
ments of Ky

=

Assume that edges are 3-colored
Identify the colors with the non-zero
elements of K; Then this 1s a 1-cocy-
cle Cy, since the sum of the three non-
zero elements of K, 1s zero Hence on
the 2-sphere C; 1s the coboundary of a
0-cochain Cy, and this must assign dif-
ferent colors to adjacent vertices a and
b since Cy(a,b) = Co(a) + Co(b) must
be non-zero

Letter from Prof.
Dr. Hanfried Lenz
August 28, 1997
A problem 1n mathematical en-

tertainment, without any scientific
value Find two or more squares or
higher powers of integers with the
same decimal digits 1in different order,
such as 125 and 512, 256 and 625, 169,
196, and 961, 1024 and 2401, 1296, 2916,
and 9216, 1728 and 2781 etc Such num-
bers can be constructed, e g, 10609,
16900, 19600, 90601, and 96100, or else
30043 = 27,108,144,064 and 4003° =
64,144,108,027

The following example shows a

method of construction Let a and b be
two ntegers with one digit, and sup-
pose a* and b? are either both smaller
than 10 ot both larger than 10 and ab
1s smaller than 50 Then the two
squares (100a + b)> = 10000a% + 200ab
+b° and (1006 + a)? = 100006> +
200ab + a* have the same digits It 15
easy to generalize this construction,
see 30043 and 1003 above But I am
more Interested in random examples
such as the first example 125 and 512

Yours sincerely,
Hanfred Lenz
(Berlin and Munich, Germany)

“If you think trigonometry has no more
surprises for you, read Trigonometric Delights.
Eli Maor will change your mind.”

—Paul J. Nahin

Trigonometric

Delights
Eli Maor

Trigonometry has a reputation
as a dry and difficult subject, a glo-
rified form of geometry complicat-
ed by tedious computation. In this
book, Eli Maor draws on his
remarkable talents as a guide to
the world of numbers to dispel
that view. Woven together in a
tapestry of entertaining stories, sci-

B

TR%E\!&%‘:’I _

entific curiosities, and educational
insights, the book is richly illus-
trated. Trigonometric Delights
will change forever our view of a
once dreaded subject.

101 line drawings. 3 haiftones.

Cloth $24.95 £17.95

ISBN 0-691-05754-0

Princeton University Press

Now in paperback

e: The Story of a Number
Eli Maor

“Maor has succeeded in writing a short, readable math-
ematical story. He has interspersed a variety of anecdotes,
excursions, and essays to lighten the flow. ... [The book] is
like the voyages of Columbus as told by the first mate.”
—Peter Borwein, Science
80 line illustrations.

Paper $14.95 £11.95 ISBN 0-691-05854-7

Now in paperback

Abraham Robinson

The Creation of Nonstandard Analysis,
A Personal and Mathematical Odyssey

Joseph Warren Dauben

With a foreword by Benoit B. Mandelbrot

“This masterpiece of scientific biography presents the
eventful life and the pioneering work of a remarkable figure
of twentieth-century pure and applied mathematics as well
as symbolic logic. [A] well-written and most carefully
researched text [that is] enlightening and delightful to read”
—Detlef Laugwitz, Mathematical Reviews
100 illustrations.

Paper $29.95 £22.95 ISBN 0-691-05911-X
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