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Abstract

Thealgorithmpresentedhere, BCC, is anenhance-
ment of the well known Badtradk usedto solve
constraint satishiction problems. Though most
backtrackimprovementgely on propagatiorof lo-
cal informations,BCC usesglobal knowledge of
the constraintgraphstructure(andin particularits
biconnectedcomponents}o reducesearchspace,
permanentlyemoving valuesandcompilingpartial
solutionsduring exploration. This algorithm per
formswell by itself, without ary filtering, whenthe
biconnectedomponentaresmall,achieving opti-
maltime compleity in caseof atree.Otherwisejt
remainscompatiblewith mostexisting techniques,
addingonly a nggligible overheaccost.

1 Intr oduction

Constrainsatishctionproblemg CSPs)sincetheirintroduc-
tion in theearly60’s, have flourishedin mary branche®f Ar-
tificial Intelligence,andarenow usedin mary “real-life” ap-
plications. Sincethe satisfiabilityof a CSPis a NP-complete
problem,mucheffort have beendevotedto proposefasteral-
gorithmsandheuristics.Backtrackcanbe seenasthe back-
bonefor thoseimprovements:this algorithmfirst extendsa
partialsolutionby assigninga valueto avariable,andundoa
previousassignmenif no suchvaluecanbefound.

Badktracking heuristicstry to restrict searchspace,their
goalcanbeto maximizethe probabilityof a“good guess'for
the next assignmengvariableandvalueorderings),or to re-
cover moreefficiently from a dead-endbackjumpingandits
variants).Filtering tecdhniquesusepropagatiorof somelocal
consisteng propertyaheadf the currentpartial solution,ef-
fectively reducingvariabledomains;they canbe usedeither
in a preprocessinghase pr dynamicallyduring exploration.
Structue-drivenalgorithmsemegedfrom the identification
of tractableclassesof CSR suchas trees[Mackworth and
Freudey 1989; they often transformthe CSPinto onethat
canbesolvedin polynomialtime [Gottlobetal., 1999.

The algorithm presentedBCC, doesnot fit easilyin this
classification. It acceptsary preprocesseardering of the
variablesaslong asit respectsomepropertiegelatedto the
biconnectedcomponent®f the constraintgraph. Thenit ex-
ploits the underlyingtree structureto reducethrashingdur-
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ing the backtrack storingpartial solutionsandremoving per
manentlysomevalues. Thoughno kind of local consisteng
propertyis used,andno look-aheads performed,BCC per
formswell whenthe graphcontainssmall biconnectedom-
ponentsachieving optimaltime compleity in caseof atree.
After basicdefinitionsabout CSPs,we presentin Sect.3
the versionof Badtrack usedasthe kernelof BCC. Sect.4
is devotedto definitionsof the variableorderingscompatible
with BCC. Thealgorithmis presentedh Sect.5, alongwith a
proof of its soundnesandcompletenesandanevaluationof
its worst-casecompleity. In Sect.6, we compareBCC with
popularbackjumpingor filtering techniquespointingoutthe
orthogonalityof theseapproacheand shawving thata mixed
algorithmis possible. Finally, we discusdimitations of our
algorithm,andsuggest methodto overcomethem.

2 Definitions and Notations

A binary constaint networkR over a setof symbolsD con-
sistsof asetof variablesV = {z1,...,z,} (denoted/ (R)),
eachz; associatedo a finite valuedomainD; C D, andof
asetof constaints A constraintR;; betweertwo variables
x; andz; is asubsetof D; x D;. A variablez; is called
instantiatedwhenit is assigned valuefrom its domain. A
constraintR?;; betweerntwo instantiatedsariablesis saidsat-
isfiedif (valugz;),valugz;)) € R;;. This testis calleda
consistencyhedk betweenz; andz;. A consistentnstantia-
tion of asubsetX C V(R) is aninstantiatiorof all variables
in X that satisfiesevery constraintbetweenvariablesof X.
The CONSTRAINT SATISFACTION PROBLEM (CSP),givena
constraintnetwork R, askswhetherthereexists a consistent
instantiationof V' (R), calledasolutionof R.

Withoutlossof generalitywe canconsideithatconstraints
arealwaysdefinedovertwo differentvariablesandthatthere
is atmostoneconstrain{eitherR;; or R;;) betweertwo vari-
ables.Sotheconstaint graphof anetwork (associatinggach
variableto a nodeandconnectingwo nodeswhosevariables
appeatin the sameconstraint)s a nonorientedsimplegraph
withoutloops.In this paperwewill considelsometotal order
<y on V(R), inducing an orientationof this graph: edges
canbe seenas orientedfrom the smallestto the greatesof
their ends. Accordingto this orientation,we candefinethe
predecessa& T~ (z) andthe success@I'*(z) of a nodex.
Notethat|T'—(z)| is thewidth of z [Freudey1983.
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3 Backto Backtrack

AstheBackt r ack algorithm(BT) is thekernelof BCC,we
consideredsvital to make it asefficientaspossible accord-
ing to its usualspecifications) variablesareexaminedin a
fixed,arbitraryordering;and2) no informationonthe CSPis
known or propagate@dheadf the currentvariable.

3.1 Algorithm Kernel

Algorithm 1: BackTr ack(R)

Data
Result

: A nonemptynetwork R.
:trueif R admitsasolution,f al se otherwise.

conput eOr der (N);
level + 1;
failure<—f al se;
while ((level # 0) and (level £ |V (R)| + 1)) do
current\ariable< V[level];
if (failure)then
if (hasMor eVal ues (current\ariable))then
failure<+— f al se;
level «+— next Level (current\ariable);
elselevel +— previ ousLevel (current\ariable);
else
if (get Fi r st Val ue (current\ariable))then
| level «+— next Level (current\ariable);
else
failure<—tr ue;
level «+— previ ousLevel (current\ariable);

return (level= |V(R)| + 1);

As in [Prosser1993, BT is presentedn its derecursied
version:we will latereasilycontrolthe variableto studyaf-
tera successfubr failedinstantiationwithout unstackinge-
cursive calls. For the sale of clarity, it is written to solve
a decisionproblem,thougha solution could be “read in the
variables”. This algorithm shouldconsiderary variableor-
dering,soconput eOr der only builds the predecessaand
successosetsaccordingo theimplicit orderonthevariables,
andsortsthe predecessarsets(for soundnessf partial his-
tory). To respectour specificationsjf z is the ith variable
accordingto <y, previ ousLevel (z) mustreturni — 1
andnext Level (z) ¢ + 1. Accordingto this restriction,our
only freedomto improve BT is in the implementatiorof the
functionsget Fi r st Val ue andhasMor eVal ues.

3.2 Computing Candidates

Suppose BT has built a consistent instantiation of
{z1,...,2;_1}. Valuesthat,assignedo z;, would make the
instantiationof {z1,...,z;} consistentare the candidates
for ;. ThenBT is soundandcompletef get Fi r st Val ue
indicatesthefirst candidatereturningf al se whenmissing
(a leaf dead-endat z;, [Dechterand Frost, 1999), and
successie callsto hasMor eVal ues iteratethroughthem,
returning f al se when they have all been enumerated
(internal dead-engl. Testingwhethera valueis a candidate
for  is donein at mostwidth(z) consisteng checks.

The iterative method: The mostnaturalmethodto imple-
mentget Fi r st Val ue (resp.hasMr eVal ues) is to it-

eratethroughthedomainof z;, haltingassoonasavaluepass
a consisteng checkwith every y in ' (z;), startingat the
first domainvalue(resp.afterthelastsuccessfubvalue).Both
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return f al se when the whole domain has beenchecled.
Thoughin the worst case the costof is O(|D;| width(z;)),
valuesare checled only when needed:this methodis good
whentheCSPis underconstrainedr whenwidth(z;) is small.

The partition refinement method: Supposel'~(z;) =
{y1,...,yx}, andnote A, thedomainD; of z;. Thencom-
pute Ay, ..., A suchthat A; containsthe valuesof A;_
satisfyingtheconstraint®;;. ThenA is thesetof candidates
for z;. Thoughworstcasecomplexity (whenconstraintsare
“full”) is thesameit is efficientin practice:if 0 < p < 1is
the constaint tightnessof a randomnetwork [Smith, 1994,
thenthe expectedsizeof Aj; is (1 —p) x |A;|; sotheex-
pectedtime to computeAy, is |D;|/p. Thoughsomecom-
putedcandidatesnaynot be usedthis methodperformswell
whenconstraintgightnessandvariableswidth arehigh. The
methodhasMor eVal ues only iterateshroughthis result.

Storing refinementhistory: A partial historyis a traceof
therefinementsomputedn the currentbrand of the back-
track tree: so having computedA; ... A, andstoredthese
setsas well asthe valuesof y; usedto obtainthem, if we
backtrackup to y, andcomebackagainlaterto z;, we only
have to refinedomainsfrom A, to Ay, replacingthe pre-
viousvalues.This mechanisnis implementedn Alg. 2.

Algorithm 2: get Fi r st Val ue(x)

Data : A variablez, belongingto a network R whereBT hascomputed
a consistentinstantiationof all variablesprecedingz. We also
supposehatz hasatleastoneancestar

: Storesrefinementistory andreturnst r ue unlessthe computed
setof candidatess empty

Result

last « 1;
W <— width(z);
y<+T7[0];
while (I ast <wand A[l ast] # @ andusedVal [l ast] = yval ue) do
y« T [last];
| ast ++;
while ((I ast < w)and (A[l ast -1] # 0)) do
y« I'"[last-1];
usedVal [l ast] « y.val ue;
All ast] < 0;
for (v € A[l ast -1]) do
if ((y.val ue,v) € constrai nt (y, x)) then
L L A[last]«+ Afl ast]U {v};

| ast ++;

success— (last=w+1) and (A[l ast -1] # 0);
if (successyhenval ue + A[l ast -1][0];
return success;

Eachvariablez is assigneda field | ast (denoted,in an
OOPstyle, z.l ast orsimplyl ast whenthereis no ambi-
guity), afield val ue pointingto thecurrentvalueof z, avec-
tor containingthe sortedvariablesin ' (z), andtwo vectors
of sizewidth(x)+1: A containsthe successie refinements,
andusedVal containsthe valuesof the ancestorsisedfor
successie refinement®f the A ;. NotethatA[k] containsall
valuesof A[k-1] consistentwith the assignmentf used-
Val [K] to thevariableancest or s[k-1]. A[O] is initialized
with the domainof z. The partial history mechanismadds
the samebenefitas Badkmarking (BM) [Gaschnig,1979.
Thoughmorememoryexpensve (O(|D;|x width(z;)) space,
for eachvariablez;) thanthe usualversionof BM, it is more
resistanto the jumpsforward andbackwardthatwill be ex-
plicited furtherin this paper
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4 Variables Orderings Compatible with BCC

Let us now definethe particularvariableorderingsthat will
be compatiblewith BCC. Let V1, ..., V} beorderedsubsets
of V(R) suchthatV(R) = Ut V; (the|r|ntersect|0ns not

necessarilyempty), then predsety;)= U’ 1V We call an

orderingof V' (R) compatiblewith this decomposmonf for
everysubsel/;, for everyvariablex € V;, if ¢ predsetV;),
thenz is greaterthan every variableof predsefV;). Given
suchanordering,theaccessonf V; is its smallestelement.

4.1 ConnectedComponents

A nonemptygraph(G is connectedf, for every pair of nodes,
thereis awalk from onenodeto theother A connectectom-
ponentof G is amaximumconnectedgubsebdf V (G).

Now suppose network R whoseconstraintgraphadmits
k > 2 connecteccomponentspamelyVi, ..., V. Wecall a
CC-compatibleordering of the variablesof R anorderingof
V(R) compatiblewith somearbitraryorderingof thesecon-
nectedcomponents.Shouldwe launchBT on this network,
andshouldconput eOr der storesuchanordering,awell-
known kind of thrashingcanoccur:if BT failsoncomponent
V; (i.e. it registersa dead-endat the accessoof V;), thenit
will keepon generatingevery consisteninstantiationof the
variablesn Vi, ..., V;_; torepeathesamefailureonV;.

Sincethe V; representndependensubpoblems(a global
knowledgeon the graph),the usualmethodis to launchBT
on eachconnectedcomponent stoppingthe whole process
whenerer someV; admitsno solution. It could alsobe im-
plementedn a simpleway with a slight modificationof the
function pr evi ousLevel : if z is the accessoof a con-
nectedcomponentpr evi ousLevel () mustreturnO.

Though very simple, this example illustrates well the
methodwe uselater: introducein thevariablesorderingsome
“global” propertiesof the graph,thenusethemduring back-
track. With aCC-compatibleordering we benefitfrom thein-
dependencef the sub-problemsssociatedo the connected
componentsyith BCC-compatiblerderingswewill benefit
from “restricteddependencebetweerthesesub-problems.

4.2 BiconnectedComponents

A graphd is k-connectedf theremoval of ary k — 1 differ-
entnodesdoesnot disconnecit. A k-connecteccomponent
of G is a maximum k-connectedsubgraphof G. A bicon-
nectedcomponen{or bicomponent is a 2-connecteccom-
ponent.Notewe considerthe completegraphon two vertices
biconnectedThe graph of bicomponentgobtainedby repre-
sentingeachbicomponentsanode thenaddinganedgebe-
tweentwo componentsf they shareanode)is aforestcalled
the BCCtreeof G. It is computedn lineartime, usingtwo
depth-firstsearchDFS)traversalof G [Tarjan,1973. Fig. 1
represents constrainigraphandits associate@CC tree.

If we considerthe BCC tree asa rootedforest, a natural
ordering of its nodes(representindpicomponents)s a total
order suchthat children are greaterthan their parent. For
the BCC treein Fig. 1, choosingA and B asroots,a DFS
couldgivetheorder{A, F,B,G,E,H,I,D,C}, andaBFS
(breadth-firssearch) A, F, B,G,H,C,E,I,D}. BothDFS
andBFStraversalgresultin a naturalordering.
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Figurel: A constrainigraphandits BCCtree.

(F=z.4) (e=p.6.17.8

— |
-9, (c=18.17.18)
[ \
(E=po.11,12)) [l {13, 14)

(c=t6.0.10) (H={6.13)
Flgure2: A BCC(DFS,BFS)ordering.

A BCC-compatibleordering of the variablesof a network
‘R is an ordering compatiblewith a naturalorderingof its
BCC tree (it is also CC-compatible). Suchan ordering, if
computedby a DFS traversal of the BCC tree, and by a
BFStraversalinsidethe componentswould be denotedby a
BCC(DFS,BFS)ordering.It canbecomputedn lineartime.

Nodes of the graphin Fig. 2 have beenorderedby a
BCC(DFS,BFS)ordering.Accessor®f abicomponenhave
beenrepresenteih white. The secondvariable of a bicom-
ponentis thesmallestvariablein this componentits accessor
excepted.By example,in Fig. 2, 9 is the secondvariableof
the component{6,9,10}. Givena BCC-compatibleorder
ing, the accessonf a variable is definedasthe accessoof
the smallest(accordingto the naturalordering)bicomponent
in whichit belongs A secondrariableis alwayschoserin the
neighborhooaf its accessorTah 1 givestheaccessordeter
minedby the BCC(DFS,BFS)orderingillustratedin Fig. 2.

[ Variable |
[Accessol|

10 11 12 13 14 15 16 17 18]
6 9 9 6 1314 14 8 8|

1234567829
111355556

Tablel: Accessorsleterminedy theorderingof Fig. 2.

Supposea naturalorderingof a BCC treenodes. A leaf
variableis thegreatesvariableappearingn aleafof theBCC
tree.In Fig. 2, leafvariablesarecolouredin grey. We saythat
a bicomponentC covers aleaf variabley if y is the greatest
nodeappearingn the subtreerootedby C' (including C' it-
self). Now, we definethe compiless of aleaf variabley asthe
accessorsf thebicomponentsoveringy. For theorderingin
Fig. 2, compilersare: cmp(4) = {1,3}, cmp(12) = {6, 9},
cmp(16) = {6,13,14} andcmp(18) = {5,8

5 The Algorithm BCC

Thekernelof BCCis BT, asdescribedn Sect.3. Thecall to
conmput eOr der ordersthe variablesin a BCC-compatible
way, and storesall information on accessorsleaf variables
andcompilers.This preprocessintakeslineartime. We sup-
poseBT is runningon anetwork R.
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5.1 Theoretical Foundations

Theorem1 If z is thesecondvariable of somebicomponent,
anycall to pr evi ousLevel (z) cansafely(andoptimally)
returntheindex of its accessoy.

Moreover, no solutionof R containsthevariable y instan-
tiatedwith its currentvalue

A call to previ ousLevel () meansthat we have de-
tectedsomedead-endeitherinternal or leaf) at variablez.
The first part of this theoremassertghat we canbackjump
right to theaccessoof z, without missingary possiblesolu-
tion, andthatit couldbe dangerougo backjumpary further
(formal definitionsaboutsafeandoptimal backjumpscanbe
found,by example,in [DechterandFrost,1999). A dead-end
found at variable13 in Fig. 2 would resultin a backjumpto
variable6. Thesecondartof thetheoremmeanghatwe can
permanentlyremaorethe currentvalueof y from its domain.

Proof of Theoem1: Thefirst partis provedby showving that
previ ousLevel (z) performsa particularcaseof Graph-
BasedBadjumping(GBBJ)[Dechter 1994. Theaccessoy
of a secondvariablez is the only variablein T'~(z). GBBJ
performsa safe backjumpto the greatestpredecessoof z,
we have no other choicethany. It alsoaddsto y a “tem-
poraryneighborhoodtontainingall otherpredecessorsf z
(Sect.6.1). This setbeingempty not maintainingit is safe.«
Secondpartrelieson the ordering. The following lemma
locatesthe leaf dead-endsesponsibldor the dead-endit .

Lemmal Let L be the set of variables that registered a
dead-endafter the last successfuinstantiationfollowing z.
Thenvariablesin L belongto thesubteeT of bicomponents
rootedby thesmallestomponentontainingz (theBCCsub-
treeof z, theaccessoof z is alsocalledthe accessonf T').

Sletc of proof: A failureis “propagatedipward” in thesame
bicomponentuntil a secondvariable (sincevariablesin the
samecomponentthe accessompart,are numberedconsec-
utively by the compatibleordering). At this point, failureis
propagatedo the accessofthe backjumpin the first part of
thetheorem)andthisaccessobelonggo aparentcomponent
(aconsequencef the naturalordering). <

Now supposehereis a solution suchthat y is assigned
the value v, and we prove it is absurd. Let us now con-
siderthe subnetvark R' of R, containingall the variables
in the the BCC subtreeof z, orderedin the sameway as
in R. Let usreducethe domainof y in R' to {v}. Then
R’ admitsa solution,and BT will find the first onefor the
given ordering. Let us now examinethe first leaf dead-end
(atvariablez.) thatcausedo bypasshis solutionin the BT
onR (thanksto Lem. 1, it is avariableof R'). Sincewe had
justbeforea partof the solutionof R', thedomainof z. has
beenemptiedby a variableoutsideR’ (or it would not have
beena solutionof R'). Sothereis a constraintbetweenz,
andsomevariablez!, in a biconnectedcomponenbutsideof
R': thisis absurd sincetherewould be an elementarycycle
Teyerey TyYyenyTy. .., 2o, T, Wherer appearsn somean-
cestorof boththe componenbf y andtheoneof z.. Thenz,
andz!, would bein the samebicomponent. N

Sincenovariablesmallerthany is responsibléor thedead-
endregisteredat z, the backjumpis optimal. O
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Theorem 2 We supposer evi ousLevel hasbeenimple-
mentedto matd specificationsof Th. 1. If z is a leaf vari-
ablenumbeeds, anycall to next Level (z), befoe return-
ingi + 1, canmark,for everyvariabley beinga compilerof
z, that the currentvaluewv of y hasbeencompiledand that
i+ 1 is theforwardjump (FJ) for thatvalue(eventuallyeras-
ing previousFJ for thatvalue).

Thereafter everytimea call to next Level shouldreturn
theindex of a secondvariable z, if the currentvaluew of its
accessort hasheencompiled,next Level cansafely(and
optimally) returninsteadthe forward jumpfor v.

Sletch of proof: This is the dual of Th. 1 secondpart: we
hadshavn thatwhensomefailure propagateso theaccessor
x of a BCC subtreeT’, thenno modificationoutsideT’ can
give a consisteninstantiationof T', while keepingz current
value.Now, whenwe have founda consistentnstantiationof
T, thenno modificationoutsideT’ canmake all instantiations
of T  inconsistentunlessmodifying the currentvalueof z. O
A calltonext Level onaleaf meanghatawholeBCC
subtreehasbeensuccessfullynstantiatedin Fig. 2, acall to
next Level (12)meansve haveaconsisteninstanciatiorof
the BCC subtreerootedby the bicomponentG covering12.
Beforereturning13, this call will storein theaccessorsf G
andE theircurrentvaluesv(6) andv(9), andmarkthattheFJ
for thesecompiledvaluesis 13. Now we go to 13 andbegin
to instantiatethe subtreecontaining6 (alreadyinstantiated,
and even compiled)and 13, ..., 16. If thereis a dead-end
at 13, we shouldbackjumpto 6 (seeTh. 1), andpermanently
remove its currentvaluev(6) (we mustalsoremove it from
its compiledvalues). Otherwise,it meanswe cansuccess-
fully instantiatethis subtreeuntil leaf 16, thenmake a call to
next Level . Thiscall updatesll informationfor compilers
of 16, andin particularin 6: the FJfor the compiledvalue
v(6) is now 17. Now supposeave have somedead-encht 17.
Accordingto Th. 1, we canbackjumpto 8. Now suppose
furtherfailuresmake us backtrackto 5, thatwe successfully
instantiate,and that we also instantiate6 with its compiled
value. Shoulda call to next Level return9, it would mean
thatwe found a consistentnstantiationof the whole compo-
nent{5, 6, 7,8}. Thenwe know thereis a consistentnstanti-
ationof {5,..., 16}, andwe cansafelyjump forwardto 17.

5.2 Implementation

Functionspr evi ousLevel andnext Level (Alg. 3, 4)
naturally encodethe above theorems. next | ndex and
pr evi ousl ndex assumehepreviousroleof next Level
andpr evi ousLevel (returningi £ 1).

Algorithm 3: pr evi ousLevel (z)

Data
Result

: A variablez.
: Theindex of thevariableto beexaminedby BCC afteradead-end.

if (accessor (z) = x) thenreturn O;
if (i sSecondVari abl e? (z)) then
accessok— accessor (z);
val < accessoval ue;
for (i = 0; i < wi dt h(accessor)j++) do
| accessoAl[i] +— accessoA[i] \ {val};

return get | ndex (accessor (z));
return pr evi ousl ndex (z);
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Algorithm 4: next Level (z)

Data
Result

: A variablez.
: Theindex of thevariableto be examinedby BCC aftera success.

index «<— next | ndex(z);
if (i sLeaf ?(z)) then
for ¢ € conpi | er s(z) do
c.conpi | edVal ues < c.conpi | edVal ues U {c.val ue};
L addKey/ Val ue(c.FJ, (c.val ue, index));

if (index# |V(R)| + 1) then

nextVariable< V[index];

if (i sSecondVar i abl e?(nextVariable))then
L accessok— accessor (nextVariable);

if (accessaval ue € accessaconpi | edVal ues)then
| index +— get Key/ Val ue(accessoFJ, accessoval ue);

return index;

5.3 Worst-CaseComplexity

Lemma 2 UsingtheBCCalgorithm,anyBCCsubteeis en-
tered at mostoncefor ead valuein its accessos domain.

Proof: A consequencef Th. 1 and2. Shouldwe entera
BCC subtreeT’, eitherwe find a consistentinstantiationof
T, andthe currentvaluefor its accessor: is compiled(so
everytime next Level shouldreturnthe secondvariabley
for thesmallesbicomponentontaininge, it jumpsinsteado
the next subtree);or we have registeredsomedead-endat y
(thanksto Lem. 1, this failure camefrom T'), andthe current
valuefor theaccessois permanentlyemoved. m|

Corollary 1 WhenR is atreg BCCrunsat mostin O(d*n),
wheen = |V(R)| andd is thegreatestdomainsize

Proof: Bicomponentsare completegraphswith two nodes
(accessoandsecondvariabley). They areenterecony, and
therewill be at mostd consisteng checkson y. Thereis n
bicomponentseachoneenteredat mostd time (Lem.2). O
Thisresultis the sameasthe onegivenin [Freuder 1984,
obtainedby first achieving arcconsisteng (O(d?n)), thenby
a backtrack-freesearch. Preprocessingequiredfor BCC is
linear, and all possibledead-endsan be encounteredput

BCC benefitsasmuchfrom thesefailuresasfrom successes.

This compleity is optimal[DechterandPearl,1989. Th. 3
extendsthis resultto any constraingraph.

Theorem3 Letn bethe numberof bicomponentsk be the
sizeof thelargestone andd bethesizeof thelargestdomain,
thenBCCrunsin theworstcasein O(d*n).

Thoughthis worst-caseompleity is thesameas[Freuder
1984, BCC shouldbemoreefficientin practice:it backtracks
alongbicomponenténsteadof generatingll their solutions.

6 BCC and Other Algorithms

ThoughBCC is efficient whenthe constraintgraphcontains
numerousicomponentsit is nothingmorethana BT inside
thesecomponentsWe studyin this sectionhow to improve
BCC with somewell-known BT add-onsandpoint out that
BCCreduceghesearcttreein anoriginal way.

6.1 Backjumping Schemes

To besound BCC mustperformavery limited form of Back-
jumping (BJ) (seeTh. 1). The naturalquestionis: whatif we
usemoreperformantackjumps?
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Gaschnig’s Backjumping (GBJ) [Gaschnig,1979 is only
triggeredin caseof aleaf dead-endlIt jumpsbackto thefirst
predecessoof x thatemptiedits domain. This backjumpis
safeandoptimalin caseof aleaf dead-end.

Graph-basedBackjumping (GBBJ)[Dechter 1994 is trig-
geredon ary dead-end;, andreturnsits greatespredecessor
y. Safetyis ensuredby addingto y a temporaryset (jump-
backset)of predecessomonsistingof all the predecessorsf
z. It is optimalwhenonly graphinformationis used.

Conflict Dir ectedBackjumping (CDBJ)[Prosser1993 in-
tegratesGBJandGBBJ.It backjumpsat arny dead-endo the
greatestvariablethat removed a value in the domainof z.
The jumpbackset containsonly the predecessoref z that
removedsomevaluein z. CDBJis safeandoptimal.

Theorem4 Letpr evi ous(z) bea functionimplementing
safeBakjumpschemeXBJ alwaysreturningthe index of a
variabley belongingto a bicomponentontainingz. Thenif
y is theaccessoof z, andif no further badkjumpfromy will
returnin the componenof z, the currentvalue of y canbe
permanentlyemaoed.

Theobtainedalgorithm BCC+XBJis soundandcomplete

Ideaof proof: Restrictionsenableto pasteproofof Th.1. O

Corollary 2 The algorithms BCC+GBJ BCC+GBBJ and
BCC+CDBJare soundandcomplete

Sletch of proof: Seethat BCC+GBBJand BCC+CDBJre-
spectthe specificationsn Th. 4, andthata backjumpon an
accessoy makesusremove avalueonly if thejumpbackset
of y only containsits predecessordNote alsothat GBJdoes
not alwaysbackjumpin the samecomponen{a secondvari-
able canbackjumpto the last elementof the parentcompo-
nent,notnecessarilyheaccessor)soBCC specifichackjump
mustbekeptto make BCC+GBJsoundandcomplete. O

Finally, we note that these BJ schemesrecorer more
quickly from a failure thanBT, but nothingensureghatthis
failure will not be repeatedverandover. BCC's behaiour
cannotbe obtainedby sucha BJ mechanism.

6.2 Filtering Techniques

Differentlevels of arc consisteng canbe usedin algorithms
to prunevaluesthatbecomenconsistenaheadf thelastin-
stantiatedsariable. A constraintR;; is saidarc-consistenif,
Vé; € D;,3d; € D; / (6;,95) € R;j, andcorversely
Maintaining Arc-Consistency(MAC) [Sabinand Freuder
1994 is believedto be the mostefficient generalCSPalgo-
rithm. This family of algorithmsrely on maintainingsome
kind of arc-consistencaheadf the currentvariable.

Theorem5 Letz bethevariable currently studiedby MAC,
and y be a variable whosedomainwas emptiedby the AC
phase LetCy, ..., C bethebicomponentbelongingto the
branch of the BCCtree betweerthe component; of z and
thecomponen€y, ofy. Letz,, . . ., z; betheiracessos. Then
all valuesfrom their domainsthat were not tempoarily re-
movedby the AC phasecanbe definitively remavedby BCC.

Sletch of proof: Considerthe accessor; of the component
containingy. If AC propagatiorhasemptiedthe domainof
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y, considerthefiltered domainDj, of z;. Thisfailure means
that, shouldwe extend our currentinstantiationof all vari-
ablesuntil z with ary assignmenof § € Dj, to 2y, thisin-
stantiationdoesnot extendto a solution. Thanksto Th. 1, no
instantiationof z;, with thevalueéd extendsto asolution. O
Finally, having proventhatBCC andMAC combinetheir
effort to producea goodresult,we point outthatMAC alone
cannotreplaceBCC's efficiency: perhapsMAC will never
considera valuethathadto beremove by BCC, but shouldit
consideiit, nothingwill restrainMAC to fail againonit.

7 Conclusionand Future Works

We have presentedhereavariationon BT calledBCC,whose
efficiency relieson the numberof bicomponent®f the con-
straintgraphs. Early testshave shavn that, the numberof
componentsncreasing,BCC alonequickly compensate#s
inefficiency insidea componentindits resultsaremorethan
a matchfor other BT improvements. Moreover, we have
shavn that BCC itself could be addedsomewell-known BT
improvementssuchasBJ, FC or MAC, effectively combin-
ing the bestof two worlds. SoanimprovedBCC couldbethe
perfectcandidatefor networks whoseconstraintgraphcon-
tainsmary bicomponents.

However, we mustconfesshat suchconstraintgraphsare
notsocommon...So,apartfrom anoriginal theoreticakesult
expressingthat a network whoseconstraintgraphis a tree
doesnot needan AC phasenor a backtrack-freesearchto be
solvedin O(d?n), whatcanBCC be usedfor?

Let R beabinaryconstraininetwork of sizen, andz; and
z; betwo of its variables. Thenwe cantransformR into an
equivalentnetwork of n — 1 variablespy fusioningz; andz;
into asinglevariablex;;. Thedomainof z;; is composeaf
the pairsof compatiblevaluesin theconstraintR;; (it is D; x
D; whenthereis no suchconstraint). Any constraintRy; is
thentransformedn thefollowingway: if (g, d;) € Ry, then
all pairs(dy, (d;,0)) suchthat(d;, d) belonggo thedomainof
x;; arepossiblevaluesfor the constraintbetweenry andz;;.
The sameconstructionis performedfor constraintsncident
to z;. The obtainednetwork is equivalent,but hasnow n —
1 variables,andits maximumdomaincanhave now size d?
(incident constraintscan have size d®). We can iteratively
fusionk differentnodespbtaininganetwork of sizen—k+1,
but wherea variabledomaincanhave sized*.

If aconstraintgraphadmitsa k-separatofa setof k£ nodes
whoseremoval disconnectghe graph), then, by fusioning
thesek variablesasindicatedabove, we createat leasttwo
bicomponentsharingtheobtainedvariable.Supposéhatwe
canfind in someway separator®f size < k, the fusion of
theseseparatorgreatingp bicomponent®f size< ¢. Then
BCC (without ary improvement) will runin time O(d*?p).
This decompositiomrmay be quite efficient when & is small
and the separatorgut the graphin a non degenerateway,
keepingthe size of componentgomparable This decompo-
sition method(wherepolynomialcasesareobtainedwhenk
andq arebothboundedby a constant)s still to be compared
to the onesstudiedin [Gottlobetal., 1999.

To implementandtestthis decompositiormethod,we are
currently looking for an heuristicthat, given an undirected
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simple graphwith weightededgesfind a “small” separator
of thegraphsuchthat:

(1) removal of the separatocreatesa graphwhosegreatest
connectedomponents assmallaspossible;

(2) productof the weighton edgeshatbelongto the sepa-
ratoris assmallaspossible.
Theweightonedgeswill beinitialized by theconstraintight-
ness.We believe that networks designedoy a humanbeing,
who decomposea probleminto subproblemslightly related
to eachother, will begoodcandidategor this heuristic.
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