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Abstract: This paper presents a new 4 degree of freedom parallel mechanism dedicated to
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translations and 1 rotation about a given axis. Such a mechanism is rare because most of

common parallel mechanisms have 3 or 6 degrees of freedom. Firstly, a description of the
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evaluated. All models are embedded in a software module aiming to help with preliminary

design of machines based on this new architecture.
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NOTATION

3I Identity matrix of rank 3

(X)pre  pre-cross-product matrix associated to vector X

),Rot θW(  rotation matrix describing the rotation of angle θ  about W



I Mech E  Part K  Special Issue on Parallel Kinematic Machines                                      (LIRMM) 3

1 INTRODUCTION

The first parallel mechanism was designed by Gough in 1957 for pneumatics testing [1] and in the

mid 80’s the three degree-of-freedom Delta robot designed by Clavel [2] proved the efficiency of

well designed parallel mechanisms for high-speed, small-object applications (see [3] for a review

of existing parallel mechanisms). Recently, a fast machine-tool based on the same concept, Urane

Sx [4], has been built and its performances are a 3.5g guaranteed acceleration on the whole

workspace (with up to 5.0g for a sub part of the workspace). So, parallel mechanisms are a good

choice to achieve very fast operations, and both machining and robotics fields already appreciated

their efficiency. This paper attends to show that parallel mechanisms could also be used to build

fast handling machines where until nowadays only gantry-like devices are used. The case study

presented in this paper regards handling machines for heavy parts (more than 100 kg) such that

parts handled in automotive and truck industry: crankshafts, flywheels, cylinder heads, etc.

It is well known that parallel and serial mechanisms have, by construction, opposite characteristics

[5], and that the main drawback of parallel mechanisms is their small workspace compare to serial

machines, in particular concerning the orientation range of their end point. Typically a mean value

of the tilting angle for a Gough platform is 15° [6] witch is not enough to achieve numerous tasks.

Different solutions are possible to suppress this drawback:

- To build hybrid parallel/serial mechanisms like Neos Robotics Tricept architecture [7]. This

architecture is composed by a parallel mechanism (three active chains, plus a passive chain)

carrying a 2 or 3-degree-of-freedom wrist. Such an architecture is used for both robotic tasks

and machining.

- To build machines based on the Right Hand / Left Hand paradigm, that is to say that both tool

and manufactured part move with respect to the ground.

- To build redundant mechanisms, that is to say over-actuated, like the Sena Technologie

Eclipse [8] machine tool or the Archi robot [9] developed at LIRMM. The Eclipse machine

tool is designed to achieve five faces milling;  the Archi robot is a planar 3 degree-of-freedom

robot with unlimited rotation capability.

- To add amplification systems at the wrist level to increase the range of tool orientation.
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For the considered application – handling of heavy parts – 4 degrees of freedom are needed: three

translation to move the part from point to point, one rotation (often about a vertical axis) to orient

it. In some regards, this can be seen as very similar to pick-and-place; however two key

characteristics of handling applications are really specific: (i) parts are heavier than in pick-and-

place applications (more than 100 kg, compared to a typical 1 kg object), (ii) the workspace is

larger and often has one dimension that is dramatically different from the others. For example, in

this paper, numerical studies will concern 116 kg parts and a 3.0mx0.5mx0.5m workspace (with a

complete rotation about the vertical axis).

Most of existing parallel mechanisms and robots have 3 or 6 degrees of freedom. Only  very few

have 4 degrees of freedom [10] [11] [12] [13] [14], and none of them offer the 3-translation, 1-

rotation combination needed for handling. Even the Delta with its additional, non-parallel, fourth

degree of freedom cannot fulfil the requirements: it is not possible to add such a telescopic passive

chain for a several-meter long workspace.

The aim of this paper is to present a mechanism that provides the needed 4 degrees of freedom (3

translations and 1 rotation about a given axis) and then to study it in details. After a short

description of its mechanical architecture, geometry and kinematics modelling are presented. Then

forces transmission between actuators and nacelle as well as internal forces models are. A

simplified stiffness analysis and an accuracy study are also carried out. To offer numerical

examples, a software module has been developed to embed all these models. It allows to very

quickly and very easily select most machine components key dimensions.

2 DESCRIPTION OF THE MECHANISM

A CAD drawing of the considered mechanism is presented in Fig. 1 and Fig2 is a “Joints and

Loops Graph” showing the different joints (Each box stands for a joint; S: spherical, R: revolute,

P: prismatic), pointing out the actuated joints (A grey box means that the joint is actuated) and

describing the way the kinematic loops are arranged. One can immediatly note that the mechanism

has 8 internal degrees of freedom: each link connected to neighbours by two S joints can rotate

about the axis passing by the S joints centres. If needed for technological reasons, this can be
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suppressed by replacing one of the S joint by a Universal joint – U Joint – ; the mechanism would

then become isostatic; moreover, if hyperstatic construction is made possible by very accurate

machining and assembly (or by accepting local deformations) it is even feasible to replace all S

joints by U joints.

In Fig. 3a scheme, it can be seen that the proposed mechanism belongs to the Delta-Hexa

“family”: actuators are fixed on the base, and links of constant length are connected to the nacelle.

The main interest of using spatial parallelograms lies in the fact that the bars are only stressed in

tension-compression (see [15] for a less stiff parallel mechanism using one bar and universal joints

instead of spatial parallelograms). This kind of stress is easier to manage than torsion and flexion

and the consequences are a good stiffness of the whole machine.

The machine uses “pairs” of rods linking each motor to the nacelle; the key issue in designing this

four-degree-of-freedom machine is to build a non-rigid nacelle to obtain the additional rotation.

The shape of the articulated travelling plate looks like letter “H” where two revolute joints are

located on each end of the central bar. The two lateral bars have the same behaviour as if they

belong to a Delta-like robot that is to say that their possible displacements are translations only. A

displacement of one lateral bar of the “H” relative to the other one produces the desired rotation

about Z axis.

Here, 4 linear actuators are used; they are parallel to the longest displacement direction, so the

machine is well suited to workspace specifications.

The denomination of points used in following models is introduced in Fig. 3b. The mechanism

description is as follows:

- iP  is the origin of prismatic joint i  belonging to chain i

- iU  is the unit vector giving the direction of the prismatic joint

- iq  is the position of actuator number i . iq  is counted positive in the direction of iU

- i1A  and i2A  are the joints centres (spherical or universal) at actuators side

- iA  is the middle of [ ]i2i1AA

- i1B  and i2B  are the joints centre (spherical or universal) at nacelle side

- iB  is the centre of [ ]i2i1BB

- iV  is the unit vector whose direction is given by i2i1 AA  (or i2i1BB )
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- id  is equal to half the distance between i1A  and i2A  (or i1B  and i2B )

- iL  is the length of chain i rods (the rods in a given pair are supposed to have the same length)

- the union of chains 1 and 2 (respectively 3 and 4) is called “metachain 1” (respectively

“metachain 2” )

- the direction of revolute joints at points 1C  and 2C  is given by vector W

- the end point of the mechanism is point D

- The centre of mass of the carried object is point E .

If some geometric constraints are satisfied [16], the 4 degrees of freedom of the end part are three

translations and one rotation about a given axis. For the presented mechanism, these constraints

are:

- the bars in a pair must remain parallel and have the same length

- the chosen geometry is not always singular (For example, if all vectors iV  are parallel, the

mechanism is always singular and gets one uncontrolled degree of freedom).

For internal collision avoidance at the travelling plate level, the rotation angle is limited to +/-45°.

A gear amplification device with a 1:4 ratio (Fig. 4) is added to achieve a +/-180° angle.

3 POSITION  RELATIONSHIPS

The relation between the actuators position ( [ ]Tqq 41 ...=Q ) and the nacelle position ( X

expressed in the fixed reference frame) is derived in this section. X  is expressed as

[ ]TθTxX = , where x  is the vector composed by the Cartesian coordinates of point D  in the

reference frame, and θ  is the angle describing the rotation of 21CC  about W .

Inverse model

Only the relation giving Q  as a function of X  can always be computed in an analytical way

whatever the mechanism arrangement is. Indeed, given X , position of points 1C  and 2C  can be

computed as follows:
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( ) ( )011 DCWxC θ,Rot+=  and ( ) ( )022 DCWxC θ,Rot+= (1)

where ( )0  denotes the reference position.

Position of points iB  is given by:

[ ] CBB += 2211 CCCC (2)

Given Q , position of points iA  is:

iii UPA iq+= (3)

That is:

)diag(UPA Q+= (4)

The equation between Q  and X  can be derived writing that length of iiBA  is equal to iL :

2
iL=iiii BABA . (5)

That is:

( ) iiiii UPBBA iq−−= (6)

So, for chain number i , a second order polynomial expression is obtained:

( ) ( ) 02 222 =−−+−− iii Lqq iiiii PBUPB . (7)

If the pose of the nacelle is reachable, this polynomial has 2 real roots. According to the choice of

counting iq  positive in the direction of vectors iU , only the largest root of the polynomial is

considered because it corresponds to the proper configuration of the mechanism.

Direct model

For some particular arrangements (for example the one presented in Fig.1), X  as a function of Q

can be expressed in closed form. In that case, geometrical parameters are:
















−−=

0000

0000
ppppP (8)



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


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


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U (9)

( )















−=

00
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0 ddDC (10)
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













 −−
=

0000
0000
dddd

CB (11)

[ ]TL 1111=L (12)

[ ]T100=W (13)

With such data, the system (5) can be written as follows:

( ) ( )
( ) ( )
( ) ( )
( ) ( )












=+−+++−−
=+−++−+−
=++−+−++
=++−++−+

2222
4

2222
3

2222
2

2222
1

Lzpdyqddx
Lzpdyqddx
Lzpdyqddx
Lzpdyqddx

θθ
θθ
θθ
θθ

cossin
cossin
cossin
cossin

(14)

Manipulating equations leads to:

( ) ( )
( ) ( )
( ) ( )

( ) ( ) ( )










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1
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θ
θ
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cossin

(15)

Finally, direct geometry model is obtained for this particular arrangement:

( ) ( )
( ) ( )





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=

−++−
=
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−=
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qqqq

Arc

qqqq
x
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qqsqqdd

y
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4
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3131
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1

2
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cossin

θ

θ
θ

θθ

(16)

4 KINEMATICS ANALYSIS AND WORKSPACE EVALUATION

Kinematics analysis (that is: velocity transformation) and workspace evaluation are closely related

issues for parallel mechanisms; as a matter of fact, there is a dramatic difference between

“reachable” workspace, and “usable” workspace, and this difference can be taken into account

thanks to kinematics relationship. Indeed, if a “reachable” location is a location where polynomial

(7) has 2 real roots, a “usable” location is a “reachable” location where the machine will work

properly with respect to accuracy-based  or stiffness-based criteria. Such issues can be addressed at

a preliminary stage by resorting to some properties of the velocity relationship.
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Reachable workspace

A simple flooding technique is used to find the reachable workspace. For this method, a starting

point belonging to the workspace is needed. Then, starting from an unit sphere (see Fig. 5 for a 2D

example of this method), the sphere is expanded towards reaching the workspace boundaries with

a given precision. Plot of Fig 5a is obtained for the selected mechanism (see appendix 1 for

numerical values of its dimensions).

Well conditioned workspace.

In the Fig 6a plot, all the positions are reachable in a theoretical way, but practically some of them

are singular or cannot be reached physically due to collisions between bars and actuators for

example. So a “safe” subset of the reachable workspace must be selected.

Jacobian matrix J  is used in the relation between actuators velocity Q&  and nacelle velocity in the

cartesian space X& . This relation can be written as follows:

QX && J= (17)

For serial robots, the elements of matrix J  are finite numbers because they depend on robot

physical dimensions. The problem with parallel mechanisms is that the relation (17) comes from

the following relation:

QX &&
qx JJ = (18)

In relation (18) xJ  and qJ  elements are finite numbers depending on physical dimensions of the

machine, but both matrices can become singular. So minimum or maximum singular values, or

determinant of J  are not good criteria as their values can be zero or infinite in a singular point.

Condition number of matrix J  seems to be a good criteria as its possible minimum value is always

equal to 1 and as it increases when the machine is close to a singular position [17].

To derive equation (18) , the classical property that relates the velocities, )V( A and )V( B  of two

points A  and B  belonging to the same rigid body is used:

AB)V(AB)V( •=• BA (19)

Applying this relation to the four chains leads to:
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[ ]W)BA(DCBA iijii •×= T
xJ (20)

and:

[ ]( )iii UBA •= diagJq (21)

The method used to compute the “usable” workspace (that is to say well conditioned workspace) is

to only keep the points that guarantee a minimal value of the selected criteria. To do that, the

minimal value of the condition number on the whole reachable workspace is searched by

optimisation. Then a safety coefficient is chosen: only the points where the condition number is

smaller than the product of the minimal condition number by the selected coefficient are kept.

Regarding self-collisions, for the given range of variation for θ  (that is to say +/-45°), it is not

useful to study the problem of self collisions: if the nacelle design respects some simple rules, the

bars will never collide using well conditioned workspace. An example of this workspace is plotted

in Fig 6b. On this plot, well conditioned workspace is more than two times smaller than the

reachable workspace: this shows the importance of such a computation.

5 STATICS ANALYSIS

To design the mechanism, maximal forces have to be known: actuators forces are needed to select

them, and internal forces are needed to design joints and others machine components.

Actuator forces

For a nacelle given pose and a given force, extF , and torque, extM , applied on it, the resulting

force on the actuators motF  is given by :









=

.ZM
F

F
ext

ext
mot

TJ (22)

A plot of maximal forces on the actuators is given in Fig 6a. This plot shows that the selected

geometry and dimensions are not optimal because forces in actuators vary by a factor of four: the

behaviour of the machine is far from being constant in the workspace.

Bar forces
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The forces in bars are another important point for dimensioning machine components. Given that

value and the desired load, convenient size and material can be found. This load is also useful to

size passive joints. Until now, for geometry and kinematics modelling each spatial parallelogram

was considered as a single bar. For the computation of forces in bars, bars in a spatial

parallelogram must  be distinguished. Each bar has ball joints at its ends, so the stress in each bar

is only tension or compression along its axis (ie iiBA )

Nacelle’s balance can be written as follows:




















=









×

=









×

=×

=

∑∑

∑∑

∑∑

∑∑

= =

= =

= =

= =

0

0

4

1

2

1
2

2

1

2

1
1

4

1

2

1

4

1

2

1

.WCB
BA

.WCB
BA

MEB
BA

F
BA

ij
ijij

ij
ijij

extij
ijij

ext
ijij

i j ij
ij

i j ij
ij

i j ij
ij

i j ij
ij

L
f

L
f

L
f

L
f

(23)

where :

• i  stands for spatial parallelogram number i ,  and j  stands for the bar number j  in this

parallelogram.

• ijf  is the algebraic value of the stress in the considered bar

• extF  and extM  are acting at point E

This system is composed of 8 algebraic equations:

• 3 are related to forces

• 3 are related to torques

• 2 equations representing the fact that there is no torque around the nacelle revolute joints axis.

System of equations (23) can be written in a linear form as follows, assuming that all the bars have

the same length L :

( ) ( )
( ) 


















×
××

×××
=

.WCBAB...00
0....WCBAB.WCBAB

EBAB...EBABEBAB
AB...ABAB

24242

1121211111

424221121111

421211

L
1

bJ (24)
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The linear system becomes :

































=



















42

41

32

31

22

21

12

11

0
0

f
f
f
f
f
f
f
f

bJext

ext

M
F

(25)

Witch leads to:



















= −

0
0
ext

ext

b
M
F

F 1
bJ (26)

A plot of maximal forces in bars is presented in Fig 7b. For the selected geometry and dimensions,

forces in bars are low and does not vary too much.

6 STIFFNESS ANALYSIS

It is obvious that for obtaining a good estimate of machine stiffness, a model using finite elements

is needed. Nevertheless, such a model needs to know perfectly machine geometry and takes a lot

of computing time. In a pre-sizing study it is better to have a simplified stiffness model taking only

into account the less stiff parts. In this study, only stiffness of bars and stiffness of actuators are

taken into account.

Given a force and torque on the nacelle, forces on actuators, given by equation (23) can be

computed. Assuming that :

• ak  is the actuator stiffness along its direction of motion (all actuators are supposed to be

identical)

• bk  is the stiffness of a bar (all bars are supposed to be identical)
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Displacement of actuators [ ]TdAdA 41 ...=dA  can be written as (displacement of point iA  in

direction of iU ):









=

.ZM
F

dA
ext

ext.M (27)

with:

T
ak .JM = (28)

The displacement of points ijA  in direction of iU  is:



















=

0
0
ext

ext

M
F

dA .TA
* (29)

with:

[ ]TdAdAdAdA 42411211 ...* =dA

21A MHHT = (30)

































=

1000
1000
0100
0100
0010
0010
0001
0001

1H  and 



















=

00100000
00000100
00000010
00000001

2H (31)

On the other hand, a change of bars length dL  can be written as :

bFdL .bk= (32)



















= −

0
0
ext

ext

M
F

dL .J. 1
bbk (33)

The resulting displacement of the nacelle due to the change in bars length and actuator’s position

can be written by using the 8 following equations:

2
ijL=ijij .ABAB (34)
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This leads to :

( ) ijij LdL .=− ijijij .ABdAdB (35)

Where :

• ijdA  is the displacement of point ijA , due motors elasticity,

• ijdB  is the displacement of point ijB ,

• ijdL  is the change in bars length due to deformation of bar number ij .

ijdB  can be easily found by the equations relative to small displacements:

( )WBCEBdB ijkijij k

z

y

x

d
d
d
d

dz
dy
dx

ω
θ
θ
θ

×+















×+
















= (36)

Where:

• dx  (namely dy , dz ) is the displacement of point E  about x  axis (namely y , z )

• xdθ  (namely ydθ , zdθ ) is the rotation of the nacelle about x  axis (namely y , z )

• 1ωd  (namely 2ωd ) is the rotation about W  of 21BB  ( 43 BB )

• { }211 ,∈= ifork , { }432 ,∈= ifork

Assuming that:

[ ]Tzyx ddddddzdydx 21 ωωθθθ=dX (37)



















=

42

12

11

dB
...

dB
dB

dB  with [ ]Tzijzijxij dBdBdB ,,,=ijdB (38)

Equations (29) become:

dXd? XM= (39)

Where:
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( ) ( )
( ) ( )

( ) ( )
( ) ( ) 






















=

WCBEB
WCBEB

WCBEB
WCBEB

24242

24141

11212

11111

.pre0preI

.pre0preI
............
0.prepreI
0.prepreI

M

3

3

3

3

X (40)

Assuming that:

( )iij .UABdiagM A = (41)

T

































=

42

41

32

31

22

21

12

11

AB0000000
0AB000000
00AB00000
000AB0000
0000AB000
00000AB00
000000AB0
0000000? ?

BM (42)

)diag(ML 8L= (43)

Then equations (29) become:

dLdAdX LAXB MMMM += (44)

( ) extFdX LLAAXB TMTMMM += (45)

Finally:

( ) ( ) extFdX LLAA
1

XB TMTMMM += − (46)

That is to say:

extFdX .K= (47)

Where the stiffness matrix of the machine, K , is finally given by:

( ) ( )LLAA
1

XB TMTMMMK += − (48)

A plot of machine stiffness is shown on Fig 8a. Due to the machine geometry, the plot only

concerns a (y, z) plane: the nacelle position along x axis does not influence the results. As

expected from the results concerning maximal forces in actuators and bars, stiffness decreases

when the nacelle comes close to the actuators plane.
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7 ACCURACY ISSUES

The aim of this section is to find the influence of errors (manufacturing of parts and their

assembly) on the final pose of the nacelle. To do so, it is possible to rely to the same strategy than

for stiffness, and the following equation gives the error on point ijB :

nacijkijij dBWBCEBdB +×+















×+
















= )( k

z

y

x

d
d
d
d

dz
dy
dx

ω
θ
θ
θ

(49)

Where:

• dx  (namely dy , dz ) is the displacement of point E  about x  axis (namely y , z )

• xdθ  (namely ydθ , zdθ ) is the rotation of the nacelle about x  axis (namely y , z )

• 1ωd  (namely 2ωd ) is the rotation about W  of 21BB  ( 43 BB )

• nacdB  is the component of the location error of points ijB  due to their location error relative to

the nacelle expressed in the reference frame.

Equation (42) can be written in the following linear form:

nacdBdXdB += XM (50)

With :

[ ]Tzyx ddddddzdydx 21 ωωθθθ=dX (51)

Assuming that:

BMM = (52)

This leads to :

( ) dLdAdBdX nac LX MMMM +=+ (53)

( ) ( )[ ]dLdBdAdX nac L
1

X MMM.M +−= − (54)
















=

dL
dB

dA
dX nac.S (55)

where:
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( ) [ ]L
1

X MMMM.MS −= (56)

is the error sensitivity matrix.

An example of sensitivity plot is given on Fig 8b. Not surprisingly, the machine accuracy varies

within the workspace. Such plots should be taken into account to select properly the machining

means and the assembly process in order to reach the desired machine quality.

8 CONCLUSION

In this case study, fast handling of heavy parts  is considered as a potential application field for

parallel mechanisms. A new machine concept is introduced to fulfil the key requirements of such

an application.  The mechanisms models are derived concerning geometry, workspace, kinematics,

statics, stiffness and accuracy. A software module embedding all these tools have been written.

The aim of this software is to offer a tool for quick design an dimensioning of this four-degree-of-

freedom parallel mechanism. An appropriate interface let the user choose dimensional parameters

of the machine for a given family of arrangements. Then some additional parameters are required

as steps for computations, mass of parts… . Plots of reachable workspace, well conditioned

workspace, forces in actuators and bars, stiffness and accuracy are then available.

The next steps of this research will be the definition of optimisation criterions and the construction

of the real prototype based on the optimised mechanism.
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FIGURES

Fig. 1. Machine presentation.
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Fig. 2. Joints and Loops Graph.
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Fig. 3. Description for modelling

(a) Kinematic scheme

(b) Points definition
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Fig. 4. A view of the gear amplification device.

Fig. 5. Flooding technique.
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Fig. 6. 3D plot of workspace.

(a) reachable

(b) well conditioned
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Fig. 7. Maximal forces on the actuators and on the bars.

Fig. 8. Stiffness and accuracy plots.

(a) (b)

(a)   stiffness (b)   accuracy

y (mm)
y (mm)
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APPENDIX – Parameters for numerical examples

All dimensions are expressed in millimetres.

100=d

700=p

1500=L















 −−
=

0000
0000
1111

U

[ ]T100=W
















=

0.86600.8660-   0.8660-0.8660 
0.1925-0.1925 0.1925-0.1925 
0.4615  0.4615  0.46150.4615

V

100=i2i1BB

kgM nac 116=

Maximal acceleration for translations 25 smtrans /=Γ

Maximal acceleration for rotation 230 sradrot /=Γ

Rotational inertia of the carried object 2380 kgmI z .=

[ ]TED 30000=

Stiffness of one bar Nmekb /51 −=

Stiffness of one actuator Nmeka /41 −=
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