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|DETO0RT0HRGRAMMAR✓
• k-sourced graph = graph such that shvertices

a r e l abe led i n [ k ] =L. 1 , 2 , . . . , kJ
s a c : [ k ] → MG) : label injective function

• B a s i c Graph:@tone
•

3 operations o n B-sourced graphs:

Forget:fgi Rename: men ,
Fusion: H

nomorevertex.NO#islaGmdtk-smcedi s labeled
i:
[Lab
el

spe.
ci,"}). G A H : F u s e s - t o - aSri'lvffgild)) E / j . s o u r c e s .

a

srilvfeniy.fm/E &#=@j.d[ k n i t [ k ] Ufj b ) h i s G
H



Using B a s i c Graph + 3 Operations o n e

c a n construct s e t of te rms TIHR,, he}):
• e i s a t e r r a

• fgi (t) and renisjft) a r e terms

• te H ta ' is a t e r m



Using B a s i c Graph + 3 Operations o n e

c a n construct s e t of te rms TIHR, she}):
• e i s a t e r m : valle) = b o r e d

• fgi (t) and renisjft) a r e terms

valffgiltDefgilvallt))
Va l creni-y.CH) = reni→j

(valets)

• t e l l te i s a t e r m

valeteltz) = valets)Kraatz)



theorem-A: Tw o (G) E h ⇒ GETCHR,,,, yes)

u t a = at" l
/ l fge, (pigs)

u ⇒ t o t w a

÷÷*i÷÷
÷÷÷o÷. I s l÷÷÷÷÷÷÷

i n bag M
fgzffga)

.→÷÷:÷÷....



Theorem-Ae. Tw o (G) E h ⇒ GETCHR,,,, yes)

u t a = a - "Ifge, (8,83
)

t u t u d

'÷p÷÷÷÷÷
÷÷9÷÷÷o
÷ 717

' "÷÷÷÷÷÷÷

i n bag M

fgzffga15ources@-
a.sEiiI9.a, bags



Combining Theorem A +

Tr e e A u t o m a t a + Bodlaender's Theorem

TheoremBfcourcellet Every M s ,
definable property c a n b e so l ved i n time

fftway).n , for any n-vertex graph G .

[decision, search, optimise, count, l i s t versions].

MsOz MSOs

ooincidencessinccogeoadja
Eogy
• F O t I X , X E E U N • F O t I X , X Ee V



Combining Theorem A +

Tr e e A u t o m a t a + Bodlaender's Theorem

TheoremBfcourcelle'go Every M s ,
definable property c a n b e so l ved i n time

fftway).n , for any n-vertex graph G .

[decision, search, optimise, count, l i s t versions].

MATORALQVESTIOM.LT I S B E S T I N TERMS O F GRAPH CLASSES?



Combining Theorem A +

Tr e e A u t o m a t a + Bodlaender's Theorem

TheoremBfcourcelle'go Every M s ,
definable property c a n b e so l ved i n time

fftway).n , for any n-vertex graph G .

[decision, search, optimise, count, l i s t versions].

MATORALQVESTIOM.LT I S B E S T I N TERMS O F GRAPH CLASSES?

• Y E S if Language MSO, i s
wanted. (Courcelle, Seese,...)

• NO if w e R E ST R I CT language. • . . .



DETO0RT0C0-GRAPtµ

• B a s i c Graph . : oo

} vallterms) =

•
2 operations: co-graphs

* disjoint u n i o n : ④
+
complete join : xD



DETO0RT0C0-GRAPtµ
• B a s i c Graph •

.
•

•
2 operations: c o graphs
* disjoint u n i o n : ④

tcompeetejoin.gg/~l(t#=

• A t re e - a u toma t a c a n detec t when Else, g) .

• Combining i t with Tree Au tomata techniques:

theoremc-rolbkre-3.is Every M s , definable
property

c a n b e decided i n l i n e a r t i m e o n co-graphs..
- -

of c o u r s e HU...UG E
HIDDEN CON S TA N T



DETO0RT0C0-GRAPtµ
• B a s i c Graph . : oo

•
2 operations: c o graphs
* disjoint u n i o n : ④

tcompeetejo.in?*)Va-ms/=

• A t r e e - au toma ta c a n detect when Else, g) .

• Combining i t with Tre e Automata techniques:

theoremc-rolbkre-3.is Every M s , definable
property

c a n b e decided i n l i n e a r t i m e o n cographs..
- -
of course HU...UGE

CONSTANT

BASICS FOR CLIQUE-WIDTH OPERAT IONS :
- Colour ve r t i c e s
- add edges b e t w e e n colour classes



1 . C L IQUE - W I D T H



• k-labeled graph = graph wi th a d v e r t
labelled with a label i n E k ]
- l a b : VA) i s L k ] : labeling function

-
lab-'( i ) :

label class i n

• B a s i c Graph: B

• 3 operations : ④ , r e n i → j , addi,j

←
a l l possible edges,

i t s
addini"): Q.FI#E0e...eI

F"
edge.



• k-labeled graph = graph with a d v e r t
labelled with a label i n E k ]
- L a b : VA)→ [ k J : labeling function

- lab-'( i ) : label class 1

Val ls): no.

• B a s i c Graph: B

• 3 operations: t o
reni-
sj@adi.jo.i9.
v

a l( t o t ) : vallt) t o valft))
-valboni⇒ jets):renigfalfts)n omultipleadd""": e.Q.FI#I...??

e's.
i t s edge.

-valfaddiy.lt/:addi,jlualftD-
N&#tOaddiiMi-'

• valet) : h-labeled graph, t E T (VR,,4111)



Exampleswa.orens.si/ssY
valets): R o o f

• t o e adds,,(1-④ IK,
• t h = adds,z (s tores , ftp.,)) valet) 5¥2

1



Exampleswai.orens.si/
ss@vaeCtz): R o o f

• t h e adds,z(storey, ftp.,))
valets) aka"÷:÷:÷÷⇐±.:*..

•
t ' = adds, (1+01+022+022) valet): 4151,

2
• t " =

renses3ltJvalCtYg@3q.y. 2
3

•
t " , adds,314+01)

valet") 2351µg:}



TERMSASROOTEDLABELEDT
RttU.eso f :

• s

→ addig.lt/areni-sjft) : adfis
h

remiss

±
→ t r o t , " t,¥'t

adds,}Example
. ,

gussie-0
, I s
aids,
2

joi't
s dig



T h e clique-width of a graph G, cudla),

i s the minimum k such that

G a valet), t E T (VR,, 311)

( r e : standard graph isomorphism)
DO NOT T A K E I N T O A C C O U N T LABELS



T h e clique-width of a graph G, cudla),

i s the minimum k such that

G a valet), t E T (VR,, 311)

( r e : standard graph isomorphism)

when G = Va l ( t ) , w e w r i t e s o m e t i m e s

¥.§u,vatexxfGi t i s mapped to by a



Boundoncliquewidth

By definition, c u d (G) E . NCb) l . But ,

Theoremisfsohansesory) : and (b) E n-G a s long a s

2' e n - h

141, n - g

" " " b e classified i n a t
Proof
f

m o s t 2k classes w a t

D neighborhoods i n Vg
•

Hig
h vertices 1 2

• u s e n-k labels to construct a c v , ] and
relabel

we r t neighbors i n Vg E 2k tables

• add i s by 1 vertices i n Vz : o n e ex t ra label.

A



£ SOME GRAPH CLASSES OF
COM
) BOUNDED CLIQUE-WIDTH



Propositions: G c o graph⇐ s G a r a l It),
t E T ( VRa, 415).

Proof
¥0
/ I =

meg
a

→ s

adds,
aG, Gz 'o

l l

t , refs→ a

tag



Propositions: Geographers G a r a l It),
t e T (URA, 415).

Proof
s

XO
=/ l repass

adds,2G, Gz 'o

t ,
l Irena,,

to

The other direction needs a normalisation:
when using adder, n o edges between

vertices labeled 1 and those labeled 2 .



•P a t h s
•
cudXB) = 2 , cud (Py) = 3 (R, not a

cograph).

• Cud (R) = 3 . n ⇒ 4

t4Iadd2pfenzy@n2yfaddy3fad
daz4tO.L)

+03%
+0333)

to •2 •3 of

tn t , =
add
2,3.

frenz,fren
a →

sttn))+033
)

^←£q¥^do{o3



Cg§
• c u d (Cu)-2 (co-graph)

•
Card (Cs) = 3 q,#toad's

131¥'
. add3,211,

piggy#ad
d",; ¥

3

•
cud (G) s 4



Distance-HEREDITARYGRAP

G i s DH ⇐ s G c a n b e obtained from a single

vertex by adding t w i n s o n pendant vertices

Pomposities
(Golumbic,Rotics"00): Cod(DH) £ 3 .

Let's u s e the color 1 , 2 , I :Inchetenenetto
c r e a t e a n edge.

• Af i generates ③ u s , . . , H i ] , die, i s twin/pendant of 0cg

• t i ny = to [iCxj)/E] where t ' i s

t ' : ibg.IO'icai
n)
false twins



Distance-HEREDITARYGRAP

G i s DH ⇐ s G c a n b e obtained from a single

vertex by adding tw ins o r pendant vortices.

Proposition2.1
(Golumbic,Rotics"00): Cod(DH)

£3. -
.

Let's u s e the color 1 , 2 , I :

+ i s n eve r used t o c r e a t e a n edge.

• t i generates ③ a s . . . , d i ] , K i t , i s twin/pendant of 0cg

• t i t s =
tho[icxg.VE] where t ' i s

o n

ren,→ it ' : 'addr,
iiby.IQ:

(ai;D t o
icx.gl 'Glita)

false twins t r u e t w i n s



Distance-HEREDITARYGRAP

G i s DH ⇐ s G c a n b e obtained from a single

vertex by adding tw ins o r pendant vortices.

Propositional
(Golumbic,Rotics"00): and(DH) £ 3 .

Inductiveconstruction let's u s e the color 1 , 2 , I :

1 - i s n eve r used t o c r e a t e a n edge.

• t i generates ③ u s , . . , H i ] , die, i s twin/pendant of 0cg

• tit ig = Hi l t ' l ibg) ] where t ' i s

' a → i tons→ It ' : 'addai adds,iinfQicain)
idol#'acxier) icxf$lx

i t ,false twins t r u e t w i n s pendant



Graphsoftreewidth
Propositional; wud(G)e

ztwcot'

① root
Proof: • ft, f) a

tree-decomposition of width t w

•
d o a proper fwm-wearing of a

'OI.gg?
ti:?
v;O...j.O,

z
' 3

(



Graphsoftreewidth
Propositional; a n d (G)←

ztwcat'

Proof. • ft,f) a
tree-decomposition ofwidth t o3 joEg@root .d .o

a proper (twa)-coloring of G
- J

• I f MENTI, every
edge between yen Ufa)

dO÷i§÷
÷¥&j§,

and ✓(G)Iva E 'G[Blu)] ' s t ' 96

• Fu , compute t u , for GEIelffparentful
I

such that each vertex has label

{coldCig): y e flu)N f lparent tall, a y
E E A) §



Graphsoftreewidth
Propositional; a n d (G)e star#t' 3Ef@root
Proof. • IT,f) a

tree-decomposition ofwidtht o

•
d o a proper fund-whoring of

a adf.gg#iig'
g&c• I f MENTI, every edge between

TEH ' t flu)
NlpM

and Val l ' E 8943 QQ
""¥4
80,• tea, compute t u , for

GEhelffparentfull]

such that each vertex has label

{coldcig): y e flu)N f lparenttall, a y
E E (a)§

t a = hen,→ s 12)
td ='s,,y§%,@ (adds,at@ta)))

tb = '3→µ,2513)

t o =
unzip,u§%µ,daddy

,

ypufddp.gg/
laddi.rfftdtO1tO2))))))

.



Graphsoftreewidth
Propositional; a n d (G)£2"'"' @Riot
Proof: • IT,f) a

tree-decomposition ofwidtht w . n
a proper#D-wearing of a

d§gj§¥
÷÷g@c• I f MENTI, every edge between ¥7 #flu)NlpM

and Val l ' E flat.
ga

¥48
0• Fu , compute t u , for

GEhelffparentfull]

such that each vertex has label

{coldly): y e flu)N f lparenttall, a y
E E (a)§

t a = rentals) tq= addy,,,,,
faddpypftgtOt@
tO.t))

td ='s,,y§%,@ (adds,at@ta)))

tb = renz
→
4,2513)

" = t%→pµ§%,,,,,

faddy.gg/
addpng,zffadde.afftg+
OsqzGt=9ddaij

.

FIFA.



Propositional; wud(G)eztwca#
cued(G)

£3.21014''t.si?::::i::::.........

Propositional: a n d (Line(4) sfftwfGI)
h d i

Proposition 2 . h : On Kpp-subgraph free graphs,

ftp.adca/sgCtwCa?)

.



SomeoperationsonGrap

•
H E . G :

induced subgraph

cud (H) E cud (G)



SomeopenationsonGrap

•
H E , G :

induced subgraph

cud (H) E cud (G)

•
I =

complement of G .

a n d (E) s 2 . and (a)

s o
okay t e r m i n THREE,

423) is equivalent to

s om e using binary +0µg : Reserve], f:[k]→ I k ]①relabeling function

ledge'
s

added between operands. by R

- • easy n o w to construct E : replace ④p,f by
④
pi,f

→ any term
with +0µ

F
translates into one i n TpBuffs})

f l e



SomeopenationsonGrap

•
H E . G :

induced subgraph

/
o
I =

complement of G .

a n d (E) s 2 . card (a)
cud (H) E cud (G)

•subst i tut ion.ve#gVH=/GEGHT
→ VK.tv/4HtVfrD1dvb
→ EAT = E 16148Eft) Ut Malo)× MH)

VfH)isaM0D0LEinµ



SomeopenationsonGrap

•
H E , G :

induced subgraph

/
o
E =

complement of G .

a n d (E) s 2 . card (a)
cud (H) EcwdlG1-

@stitutimoVVbV46Tnennes.vconvoy H i r a m '
o It,#7/1/01]

→ EAT = E 1610)UtEft) Ut Malo)* VIA)

VfH)baM0D0LEinµ
Observations a n d (G) = M a x . 4c u d (G), c u d (H)}

Valetta) o n G , valftra) a H

valftaf.eq.lt th)flay]) a 6 '



SomeoperationsonGrap

cud(H) E cwd(G) a n d (E) E 2 . and (G)•
* ⇐ a : induced " ' ' ' I •

" " ' "
' " ' "

• It,#filth]

ioosubstitution.ve#t=/GEGHvTVCG4=VfG)HVfH)
I t o }

ToEAT= E (Glo)UtEfH)Ut Malo)* VA)

VfH)isaM0D0LEinµ
r e n t a lobservation

s,
good!%e¥f,axIf;D Howdah}

valftafneq.elti.nl/llvTf/
=6Theorem2.b-:

Fo r every graph G

c u d (G)= maxtowdCH): 'HE,
a prime}

①
every module i s

either a l l o r
a Singleton.



coxollaryoftheoremd.t
o#Theorem2.b-:

Fo r every graph G'cwdlG)=max4cwdCH):HEi
Gpim

A n i m u sof bounded clique width has bounded clique-width.

Examples: (Ps, odds)-free, choidal C. Y-free,:@Do,.io)-free,
f o l d , • nooo)-free, Cfo, IoM)-free, (Ps, TD)-free,...

complete classification for those excluding a one-vertex extension of Py,
graphs of s i ze E 4

n o n perfect (4Ki,Ca,G)-free,...



UNB0DNDEDCliQUE-WiDTtµ

AG SU P E R - L O G I C

s o m e Graph classes have undecidable MS,-theory.

Yet, others c a n encode s ome with Indecidable
theories.

• I f Ewd l 4E k⇒# tTR , 313)
•
t a

rooted labeled t r e e

•
A bottom-up tree-automata

to decide
whether 2cgEEG)

⇒ By
tree-automata E E MSOL o n t rees , and

techniques t o compute
tree-automata from MSOL

formulas, w e have :



UNBODNDEDCLiQUE-WiDTt#

AG SUPER - L O G I C

s o m e Graph classes have undecidable MS,-theory.

Yet, others c a n encode s ome with undecidable
theories.

(

-

• I f c u d(b) = k ⇒ Gerallt), t e Taker, 31})

•
t a

rooted labeled t r e e

•
A bottom-up tree-automata

to decide whether 2cg E Ela)

⇒ By
tree-automata E E MSOL o n

labeled hues, and

techniques t o compute
tree-automata from MSOL

formulas, w e have:

t a t fdeterministic treettautomata A p
G t a ⇒ t e Late)



UNBO0NDEDCLiQUE-WiDTt#

AG SUPER - L O G I C

s o m e Graph classes have undeudable 'Ms,-theory.

"" ' " ' " " " " " " " " " ' " ' " ""
I

• I f cwdl4Ek⇒#ttTR, 313)
•
t a

rootedd Labeled t r e e

•
A bottom-up tree-automata to

decide whether 2cgE Ela)

⇒ By
tree-automata E E MSOL o n

labeledHues, and

techniques t o compute
tree-automata from MSOL

formulas,w e have:

F i ' sdeterministic treetoautomata
G t a ⇒ t e Late)

µ

tadabhmgghof clique-width k .



UNBO0NDEDCLiQUE-WiDTt#

AG SUPER - L O G I C

s o m e Graph classes have undeadable 'Ms,-theory.

Yet, others c a n encode some with
hundeeidable theories.

t.IM#k:gcap
hs.
• Grids.

• I f cwdayEh ⇒ Gera't), t o Take,
313)

. planar
graphs of

•
t a

rooted labeled t h e degree E 3

•
A bottom-up tree-automata to

decide whether 2cgEEG)

⇒ . ,
nee-www.ae.so.onea.ae,#, and

I
.
spat grape,

techniques t o compute
tree-automata from MSOL

formulas,w e have: . ⑥ i partite graphs

F i ' sdeterministic treetoautomata - - - -

G e e ⇒ t e Late)
µ

tadabhmgghof clique-width k .



UNB0DNDEDCliQUE-WiDTt#

AG SUPER - L O G I C

s o m e Graph classes have undeadable 'Ms,-theory.

Yet, s o m e c a n encode some
withhhendeeidable theories.

t.IM#k:gcap
hs-
• Grids.

• I f cwdlyEh ⇒ Gera't), t o Take,
313)

• planar
graphs of

•
t a

rooted labeled t h e degree E 3

•
A bottom-up tree-automata to

decide whether 2cgEEG)

⇒ . ,
nee-www.ae.saonea.ae,#, and

I
.
spat grape,

techniques t o compute
tree-automata from MSOL

• Bipartite
grap
hs}

encoding

formulas,w e have:

MYOsfdmulalqqiuah.tn
h

deterministic treetoautomata

G t a ⇒ t e Late)
B u t bounds aire

µ

tadabhwhs b a d

of clique-width k .



UNB0DNDEDCLiQUE-WiDTt#

③ Use Hands and c a s e analysis

B .t.squareGri
dsg.nl

Upper Bound

• Do c a s e analysis depending o n

whether a subtree contains at.IE#f.zO
.o.y

' o w n . m n .

full s o w a column

into



③ Use Hands and c a s e analysis

131 Unit interval graphshi
.
"÷÷÷i÷÷÷
÷÷⇐÷⇒*..universal

Ks • Graph

and = M t I



UNB0DNDEDGiQUE-WiDTt#

③ Use Hands and c a s e analysis

B ± ¥ ¥ I

• exy
G ' s § k .

and 387=2

- for any term, there i s
node µ , such that

M¥1 s Iman) 1 E MEI
• p

look a t the edges i n the
other side

incident with i t : counting w i l l
contradict

that a n d a 472 .



Somedifficultiestodealwithcligue-width

• E i : the only m o n o t o n e operation.
T h e aud i e n c e knows how hard i t c a n b e t o

→

study s t r u c t u r e with E i

→ few graph classes a r e wgo
under E i

• Computing, suffy parameters with b ro a d

algorithmic applications i s NP. Hard.

→ O n e c a n expect F P T polynomial
t i m e .

→ B u t , particularly hard ffor
clique-width

→ Only o n e polynomial t i m e algorithm:
cud(6)= 3

→ On e c a n
compute exactly fd Bounded treewidth.



3 . D e t o u r to Some Algorithmic Applications

-

Courcelle e t a l . Theorem give int ractable

F-P T algorithm:

-

Your o w n D P if you want a better o n e .

Assomeatermisgiven



3.B.Independentset
•D o a bottom-up traversal and

compute for µ and d e c k ]

tabula] = M a x 1$: dabalx)=D}
• A u : tabula] = maxftabu, [73, Tabin?

Mi d a tabula] if 847

reniaj n :
tabu[" = {ma

y}
tabula], tab,HUI]}

•

lie,

•

adding n :

tabuIAI-
ffaq.gg

" " E "
otherwise.

I,



3.I.Independentset
,

•D o a bottom-up traversal and
compute for µ and d e c k ]

tabula]=max1X: dabalx)=D}
• Am : tabula] = Max} tabu, [73, tabu,his}

M, Ma

' i→ j n :
Laba [ x ] =/

tabula] if j ¢ ,

Max}tabula], tab,Huge]}
•

lie,

•

adding n :
tabufrgs} 0 i f f its E A

taba,E x ] otherwise.

1, htt
t imes-2. n i f t given.

← 2k: optimal under EETHA



ZachromaticNumber
• As for the previous algorithm, keep the

labels for each

colouring.
•
Assume

you
want to

check whether 6 2 - colorable.

•
For each node n ,

keep the following for Gu,

for each proper 2 - coloring (Xs,Y, . . , Xd)

(G,G , . . , Ga): C i s s i e ' s : i e
lab(x;)

• A t most 24k possible entries

•
We update similarly, a s previous

algorithm.
O



ZachromaticNumber
• As for the previous algourin, keep the

labels for each

colouring.
•
Assume

you
want to

check whether 6 2 - colorable.

•
For each node n , keep

the following for Gu,

for each proper 2 -
coloring (Xs,Y, . . , Xd)

(G,G , . . , Ga): Ga ie t i es : ielablx;)}

• A t most £ ' possible entries

•
We update similarly, a s previous

algorithm
.

• A clever o n e with §-2)
k possible entr ies .

N o 1212-e)
k
o n e under S E T H

F E > O



ZachromaticNumber
• As for the previous algaeRim, keep the

labels for each

colouring.
• For a proper

colorin
g

At = (Xs,Xs,-a, Xx), associate
@the following function: y '→ Ed]

I t s dig: lablxj)=L}



ZachromaticNumber
• As for the previous algourin, keep the

labels for each

colouring.
• For a proper

colorin
g

At = (Xs,Xs,-a, Xx), associate
the following Function: y '→ Ed]

I t s dig: lablxj)=L}

• d e n ⇒
ink possible such functions.

• T h e update i s the s a m e a s previously.



ZachromaticNumber
• As for the previous algourin, keep the

labels for each
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• I f P i s a HAN PATHA, and a a node,

①nV(Gn) i s a collection of paths.

•
Construct the multigraph 0649 o n [ k ]

go.tt#iFeI.oj
•
nk' possible such multigraphs.

• P u Q a MAN Path ⇐ a n alternating eulerian

t o u r o n Adp)V M a l ) .
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and Wolk)
• s a m e connected

compo
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time

algorithm
• s a m e degree sequence.

•
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Manyotherexamples

• Any domination
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degrees o n finitelco-finite subsets of Nl

•
computation of graph polynomials.

• O o o
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RANK-WIDTHandstRUCTOREN.ee
Graphs of Bounded rank.width a r e wgio by

v e r t e x - m i n o r

n o infinite anti-chain.

• Every hereditary class of
bounded rank.width

i s characterized by a finite l i s t of obstructions

• One has a
bound o n

the s i z e of obstructions
for rank. width k :
vertex-mirror i s Criss-definable

I s o n e c a n recognize graphsof rank-width k .
• A combinatorial recognition algorithm

• The rank function i s s u b modu la r and asymmetric

⇒ obstruction s e t system l i k e brambles.

• HUM: Looks l ike a l o t tree-width, b u t suited

for dense graphs.

YES I N D E E D GENERALISE PRELIMINARY RESULTS FROM

GRAPH/MATROID M INOR THEORY
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