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Context

Dense polynomials:

Reduction to univariate polynomial multiplication

= quasi-optimal algorithm

Semi-dense polynomials:

Truncated Fourier Transform techniques
= quasi-optimal algorithm I
4
Structured polynomials:
e Invariant polynomials eg 1+2(X+Y)+ XY +3(X2+Y?)

e Lattice polynomials

eg 1+Y24+ XY + X2+ X?Y?




Our results

Crystallographic FFT: [TEN Evck, 73|, [KUDLICKI et al., '07]
Equivariant FFT: [AUSLANDER et al., '96], [JOHNSON, XU, '07]
FFT over lattices: [GUESSOUM, MERSEREAU '86],

[VINCE, ZHENG '07], [BERGMANN '12]

Cost of Symmetric FFT for G C &, Cost of Lattice FFT
1 n 1 -
7 Fd,n) +0(d") <7 F(@) +0(d")
where F is the cost of the classical dense FFT.

Applications: Celestial mechanics (TRIP), ...
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Invariant polynomial multiplication

o Klz|;:=K[z1,...,7,]q : polynomials in n variables of degree <d = 2°

o &, acts on K[z|: P/(x1,...,2,) = P(To1), ..., Ton)) for 0 €6,
e IK[x]“ : invariant polynomials under G C &,

e w K : primitive d-th root of unity

o NJ:={0,...d—1}"

e [n]; is the bit-reverse of n on s bits.

Example: [13],=[1101%],=1011*=11.

Compute efficiently the map

FFT,:{ J%ld — ]KZ.NZ
P — (P(w"))ieny

when P is invariant under a group GG of permutation.




Dense univariate FFT

Input: P=>""" Pya* € K[z]y with d =2°.

Direct Univariate FFT (Decimation-In-Time variant)

— Iterative in-place algorithm

0 - 1 4 — [kl
(Ck)0<k<d-—(Pk>O<k<d butterflies ¢ butterflies/ butterflies <Ck)0<k<d (P<w >>O<k<d

— Butterflies of step s with 1 <s </
Cf5+j _ 1 w[i]sd Cffé_—l—lj
sz’+1)5+j 1 —lilsd cfijrll)éﬂ

— B? is the global matrix of butterflies: ¢*=B*¢* .

where § := 265,

F(d):=3/2dlog (d)




Dense multivariate FFT

Input: P:Zkem Ppa® e Klxy, ..., 2,]q with d = 2"

Direct multivariate FFT (Decimation-In-Time variant)

— Iterative in-place algorithm

(ct)reny = (Pi)keny > ¢! > (ck)reny = (P(0™))cen

¢ putterflies butterflies butterflies

— Multivariate butterfly of step s with 1 < s </:

Bs=Bs5"... Bs,l

where B*" is the s-th step of the univariate FFT on z;.

F(d,n):=3/2d"log (d")




Dense multivariate FFT - Example

Example for K[z, x3]s:

— 2-dimensional butterfly: At step 2, for any 71, 7o € IN,
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Symmetric multivariate FFT

Symmetry on the input coefficients

e Example:

P(kth) — P(kg,kl) for P e ]K[C% xQ]Gz

e Fundamental domain

F = {’L ENQLZ\V/QE G, 1 >)ex 9(7’>}

Lemma.(Hoeven, L., Schost, '13)
If ¢"=(Px)renn is G-symmetric and G C S, then any ¢ is G-symmetric.




Symmetric multivariate FFT

Observation:

c’ is GG-symmetric = we need only ¢j, for k € F.

Algorithm SymmetricFFT:

“Compute only butterflies that intersect /™

Example:

X9 Stage s = 1 22h  Stage s = 2 xoh  Stage s = 3




Symmetric FFT - Cost

For fixed n and G, and for d — oo, the symmetric FFT can be computed in

arithmetic operations in K.

Remark: Operations with groups are counted O(1).
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Lattice polynomials

sz
( ( ° ( ( J
Lattice A\:= A\ Z+ -+ XN, ZCZ" t - 0
. ) o ) o ® o [ ]
Klx|p:={P € K|z]: support(P) C A} | . . .
(] { o o o
. ® ° ° °
Multiply efficiently polynomials in K[x|,
(] ( o o ]
using FFT techniques. -— o e e

Figure. Example of lattice support A

Example: Let A=(2,0)Z+(1,1) Z C 7>

Then P e K|x|y <= P(x1,x2) = P(—x1, —19).




Lattice FFT - Basic domain

ZEQA
[ ] [ ] [ J o
® (] [ J [ J
Basic domain: * * ’ *
o [ J o [ ]
N, : =N, x - x N, where p; >0 minimal s.t. z!" € K[x]x. | o - o - o -

There exists a basis (Aj,...,A;,) of Aand ¢1| q2]...| ¢, s.t. @ is a [K-algebra isomorphism

n

o KW/l =1,y =1) — Klala/(@l =1, —1)

/
Yi — 75

Lattice multiplication =3 Dense multiplication
modulo (z{"—1,..., 2" —1) modulo (y{' —1,...,y"—1)

n




Lattice FFT - General case

Input: Py, P € K[z]) q/2 with d;=p; 2°

Output: P, - P, € K[x]p 4
1. ¢ FFT steps on P, and P:
Klz]a,a/ (28— 1, ..., 2% — 1) — (K[z]s p/ (@} — 1, ..., 25" — 1))

Let ¢}, be the coefficients after s steps of Decimation-In-Frequency FFT. Then

Klla/ (2 = 1,000 = 1) = [Klals/(of = 1,20 = 1"

OF . :
—> E . .pJ

is a [K-algebra isomorphism where § =d/25.




Lattice FFT - General case

Algorithm LatticeProduct

Input: P, P, € K[w]A’d/Q with d; = Di P
Output: P, - P, € K[x]s 4
1. ¢ FFT steps on P, and P:

I[{w/\d x(lil—l,...,xgn—l —_ E{mA xp1_17...7xpn_1 gnt
’ p/ \ L1 n

oA

+ Compute only butterflies included in A % ?@

Figure. Butterflies on the lattice




Lattice FFT - General case

Input: Py, P € K[z]) q/2 with d;=p; 2°

Output: P, - P, € K[x]p 4
1. ¢ FFT steps on P, and P:
Klz]a,a/ (28— 1, ..., 2% — 1) — (K[z]s p/ (@} — 1, ..., 25" — 1))

n

2. 2" multiplications in K[z|a p/ (27 — 1,..., 22" — 1) ~Kly]/(y{" — 1,..., yi" — 1)
3. ...

Lattice multiplication & Dense multiplication
modulo (zi'—1,..., 2" —1) modulo (y{" —1,...,y"—1)

n




Lattice FFT - General case

Input: Py, P € K[z]) q/2 with d;=p; 2°

Output: P, - P, € K[x]p 4
1. ¢ FFT steps on P, and P:
Klz]a,a/ (28— 1, ..., 2% — 1) — (K[z]s p/ (@} — 1, ..., 25" — 1))

n

2. 2" multiplications in K[z|a p/ (27 — 1,..., 22" — 1) ~Kly]/(y{" — 1,..., yi" — 1)
3. Inverse FFT




Lattice FFT - Cost

Algorithm LatticeProduct

Input: P, P, € K[m]A’d/Q with d; = Di P
Output: P, - P, € K[x]s 4
1.7 FFT steps on P, and P

2. 2" dense multiplications in K[y]/(y{* —1,..., y!" — 1) after isomorphism
3. Inverse FFT

Theorem. (Hoeven, L., Schost, '13)

For a fixed lattice A and d — oo, Algorithm LatticeProduct costs

T(d) = w7 F(d) + O(d)

where F(d) is the cost of the classical variant of LatticeProduct.

Remark: Operations with lattices are counted O(1).



Conclusion

Conclusion:

e Quasi-optimal algorithms for multiplication of
o Invariant polynomials with G C &,
o Lattice polynomials

e No implementation yet

~ Needs an improved study of operations with groups and lattices

Perspectives:

e Symmetric / Lattice Truncated Fourier Transforms
e More general groups G € S,

e Other evaluation-interpolation models: Karatsuba and Toom-Cook






