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Relaxed algorithms

Definition. (on-line or relaxed algorithm) [HENNIE '66]

_ i
a =) 50Ul aop | a1 | a2

: reading allowed

b= Zi;O bZLUZ b() bl bg
Vf

c = f(a,b) = > ;5pcir’ [ €0 C1|

Half-line or semi-relaxed algorithm : condition on one input.

Off-line or zealous algorithm : condition not met.

Example.

e The naive addition algorithm is on-line:
for ¢ from 0 to N do c¢;:=a;+ b;

e The naive multiplication algorithm is on-line:
for ¢ from 0 to N do ¢ :=a;bg+a;_1by+ -+ agb;

Challenge. Find a quasi-optimal on-line multiplication algorithm



Relaxed multiplication c=a X b - step 0
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Figure. Minimum knowledge on the input

step0: ¢ = agby

step 1: c+=2 (apby+ aibp)

step 2: c+=2°(agby+asby+ (a1 +as z) (by + by 2))
step 3: c+= 2> (agbs + az by)



Relaxed multiplication c=a X b - step 4
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Figure. Minimum knowledge on the input

step0: ¢ = agby

step 1: c+=2 (apbyi+ aibo)

step 2: c+=2°(agby+ asby+ (a1 +az z) (by + by 2))

step 3: c+= 2> (agbs + azby)
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Relaxed multiplication c=a X b - step 5

Figure. What we must compute

Figure. What we compute

Figure. Minimum knowledge on the input

step0: ¢ = agby

step 1: c+=2 (apbyi+ aibo)

step 2: c+=2%(agby +asby+ (ay +as z) (by + by 2))

step 3: c+= 2> (agbs+ azby)

step 4: c+= 2% (agby+ asby+ (a1 + az z) (b3 + by 2)
+(CL3+CL4 Z) (b1+b2 Z))

step 5: c+= 2" (agbs + as by)



Relaxed multiplication c=a X b - step 6

5
4]

1
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Figure. What we must compute Figure. Minimum knowledge on the input
step 0: ¢ = agby
step 11 c+=2 (apby+ aybo)
step 2: c+=2z"(agba+ asby+ (a1 +as z) (by+ b 2))

(
“(
step 3: c+= 2> (agbs+ aszby)
step 4: c+=2%(agby+asby+ (a1 +as z) (bs+ by 2)
+(CL3 + ayg Z) (bl + b2 Z))
step 5: c+= 2" (agbs + as by)
step 6: c+=2%(agbg+ agbo+ (ar+ as z) (bs+ bg 2)
+(a5 + ag Z) (bl + b2 Z)
Figure. What we compute +(ag+ - +agz®) (b3+ -+ bg 2°))




Relaxed multiplications

Theorem. [FISCHER, STOCKMEYER '74], [SCHRODER '97], [VAN DER HOEVEN '97], [BERTHOMIEU,
VAN DER HOEVEN, LECERF '11], [L., SCHOST '12]

M(N): cost of a x b in k[[x]] at precision N by an off-line algorithm.
R(N): cost of a x b in k[[x]] at precision N by an on-line algorithm. Then

R(N)=O(M(N)log N)=O(N).
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Theorem. [FISCHER, STOCKMEYER '74], [SCHRODER '97], [VAN DER HOEVEN '97], [BERTHOMIEU,
VAN DER HOEVEN, LECERF '11], [L., SCHOST '12]

M(N): cost of a x b in k[[x]] at precision N by an off-line algorithm.
R(N): cost of a x b in k[[x]] at precision N by an on-line algorithm. Then

R(N)=O(M(N)log N)=O(N).

Theorem. [VAN DER HOEVEN '07, '12]

Seems not to be used yet in practice.



Relaxed multiplications

—

Relaxed multiplication [FISCHER, STOCKMEYER '74]




Relaxed multiplications

—

Semi-relaxed multiplication [FISCHER, STOCKMEYER '74] Relaxed multiplication [FISCHER, STOCKMEYER '74]




Relaxed multiplications

—

Semi-relaxed multiplication [FISCHER, STOCKMEYER '74] Relaxed multiplication [FISCHER, STOCKMEYER '74]

Semi-relaxed multiplication [VAN DER HOEVEN '03]



Relaxed multiplications

B

Semi-relaxed multiplication [FISCHER, STOCKMEYER '74] Relaxed multiplication [FISCHER, STOCKMEYER '74]

LY

Semi-relaxed multiplication [VAN DER HOEVEN '03] Relaxed multiplication [L., SCHOST '12]




Timings of relaxed multiplications

12 —

I[Fislchellr, Stcl)cknlleyelr ’74]

[L., Schost’12]
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Figure. Ratio R(N)/M(N) for different relaxed multiplication algorithms over [Fogsa35450[[]]-
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Relaxed recursive power series

Theorem. (Fundamental theorem)
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Theorem. (Fundamental theorem)
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Relaxed recursive power series

Theorem. (Fundamental theorem)
[WATT '88], [VAN DER HOEVEN '02], [BERTHOMIEU, L. ISSAC "12]

Let y € k[[z]] such that y=®(y). Given yy and ®, we can compute y at precision N in the time necessary
to evaluate ®(y) by a shifted algorithm.

Proof. y=®(y) = po=ys

Yy = Zz;() yiwi Yo | Y1 | Y2 |- -- : reading allowed
o |
d(y) = 27;;0 0" Yo |P1|P2|--- ]
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Two paradigms

Lifting solutions methods:

Zealous algorithms Relaxed algorithms
Newton operator Fundamental theorem
implicit equations P(Y) =0 recursive equations Y = ®(Y')

To do:

e Transform an implicit equations into recursive equations (+ shifted algorithm)

PY)=0 — Y =¥(Y)



Linear systems

Zealous algorithms Relaxed algorithms
Linear dense O(r*d+r*"'N)
systems structured O(a?rd+arN)

Example. Find a(z),b(z), c(x) € k[|z]] such that

(1+xz)a(z) + (3—a%)b(x) + 2¢(z) = 1
(z—a)a(z) + (I+z)bx) + B-2%)c(x) =
(4—2x)a(z) + (x—2)b(x) + (1+2)c(zr) = 27

r number of unknowns

d degree of polynomials in input

N precision of the output

«v parameter associated to structured matrices oo < r
w exponent of matrix multiplication 2 <w <3

Linear systems: [MOENCK, CARTER '79], [STORJOHANN '03]




Ideas

Example of system

Transformation of equation

Implicit equation 0=f(Y):=A-Y —B

Recursive equation Y=0(Y):=A;"(B—(A— Ay Y)

Shifted algorithm U(Y):= Ao_l - (B — I X {(A;A()) ‘online Y})




Linear systems

Zealous algorithms Relaxed algorithms
Linear dense O(r*d+r*"'N) O +r2N)
systems structured O(a?rd+arN) O(a’r+arN)

[BERTHOMIEU, L., ISSAC '12], [L., SCHOST '12]

Example. Find a(z),b(z), c(x) € k[[z]] such that

(I+z)a(x) + B—2%)bx) +
(z—2%)a(z) + (1+2)b(z) + (3—2?)
+ (1+2)

=

PSS
=
1
S

r number of unknowns

d degree of polynomials in input

N precision of the output

«v parameter associated to structured matrices oo < r
w exponent of matrix multiplication 2 <w <3

Linear systems: [MOENCK, CARTER '79], [STORJOHANN '03]
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Differential systems

Zealous algorithms Relaxed algorithms

Regular differential " 9

(q)-differential
singular systems

Example. Find a(z) € k||z]| such that

(1+z)a(z)+(3—2%) (a2z) —a(z)) = =

Applications:

List-decoding of folded Reed-Solomon codes: solve @ (=, f(x), f (qx)) =0

e Composition of power series f(g) with g(0) =0 when f solution of a singular differential equation.

Differential systems: [BRENT, KUNG 78], [VAN DER HOEVEN '02 '11], [BOSTAN, CHYZAK et al. '07]




Differential systems

Zealous algorithms Relaxed algorithms
Regular differential " 9
Lg)-differential O(F) M(N) + Oy (M) O(r?) RINV) + Oy (M)
singular systems Nree N=ree

[BosTAN, CHOWDHURY, L., SALVY, SCHOST, ISSAC '12]

Example. Find a(z) € k[[x]] such that

(1+z)a(z)+(3—12%) (a2z) —a(z)) = =

r number of unknowns
N precision of the output

Differential systems: [BRENT, KUNG '78], [VAN DER HOEVEN '02 '11], [BOoSTAN, CHYZAK et al. '07]




Polynomial systems

Zealous algorithms Relaxed algorithms
Polynomial
L+rY)M(N ool N
systems O(r L+7*) M(N) 4+ On—0(N)
Univariate

O(r L4+r*)M(N)M(d) +On_o(N)

representations

Example. Find a(z),b(z), c(x) € k[|z]] such that

(1+z)+ 4 —-22)a(x)?c(z)*+2b(x) = 0
(z—2°)+(B—2%)a(z)b(x)*+(1+x+2%)c(z) = 0
1+b(z)*c(x)’+zalz)® = 0

r number of unknowns, IV precision of the output, L complexity of evaluation

Polynomial systems: [NEwWTON 1736], [HENSEL 1918], [LIPSON '76]
[BERTHOMIEU, VAN DER HOEVEN, LECERF '11], [VAN DER HOEVEN '11]
Univariate representations: [G1usTI, LECERF, SALVY '01], [HEINTZ, MATERA, WAISSBEIN '01]




Polynomial systems

Zealous algorithms Relaxed algorithms
Polynomial 3
systems O<TL+T ) M<N)+ON—>OO(N) O(L) R(N)"‘ON—)oo(N)
Univariate w
representations O(r L+ 1) M(N) M(d) + On (V) O(L) R(N) M(d) + Oy 00(N)

[BERTHOMIEU, L., ISSAC '12], [L. '12]
Example. Find a(z),b(z), c(x) € k[|z]] such that

(1+z)+ 4 —-2z)a(x)?c(z)*+20b(x)
(v —2%) +(3—2%) a(x) b(x)* + (1 +x+2%) c(zx) =
1+b(z)*c(x)’+zalz)® = 0

-)

r number of unknowns, IV precision of the output, L complexity of evaluation

Polynomial systems: [NEwWTON 1736], [HENSEL 1918], [LIPSON '76]
[BERTHOMIEU, VAN DER HOEVEN, LECERF '11], [VAN DER HOEVEN '11]
Univariate representations: [G1usTI, LECERF, SALVY '01], [HEINTZ, MATERA, WAISSBEIN '01]
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Figure. Timings with systems of singular (q)-differential equations
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Figure. Timings with a singular (¢)-differential equation



Timings

Newton
Relaxed

Figure. Timings with systems of singular (q)-differential equations



Timings

KATSURA-3 KATSURA-4 KATSURA-5 KATSURA-6
N | zealous | relaxed | zealous | relaxed | zealous | relaxed | zealous | relaxed
2 0.02 | 0.007 | 0.08 0.02 0.25 0.06 0.8 0.17
4 0.03 0.01 0.10 0.03 0.35 0.08 1.1 0.22
8 0.05 0.02 0.17 0.05 0.55 0.13 1.7 0.36
16 | 0.08 0.04 0.29 0.09 0.9 0.24 1.9 0.70
32 | 0.14 0.07 0.51 0.20 1.7 0.53 5.2 1.5
64 | 0.26 0.16 1.0 0.44 3.3 1.2 10 3.6
128 | 0.51 0.36 1.9 1 6.6 2.8 21 8.6

Table. Timings in seconds of lifting of univariate representations over [F14411[[z]] for KATSURA-n.




Conclusion

Two general paradigms:

Newton operator Relaxed algorithms

Solve implicit equations P(y) =0 Solve recursive equations y = ®(y)

Faster for higher precision
Less on-line multiplications

Implementations:

Contributions to ALGEBRAMIX and GEOMSOLVEX packages of MATHEMAGIX;

Perspectives:
e Lift a polynomial root under more general hypotheses (multiplicities);
e Link between relaxed and divide-and-conquer algorithms

e New horizons : Relaxed Grobner bases?



Thank you for your attention ;-)



