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Abstract

We prove that every triangle-free planar graph can have its set of vertices partitioned
into two sets, one inducing a forest and the other a forest with maximum degree at
most 5. We also show that if for some d, there is a triangle-free planar graph that
cannot be partitioned into two sets, one inducing a forest and the other a forest
with maximum degree at most d, then it is an N P-complete problem to decide if a
triangle-free planar graph admits such a partition.
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1 Introduction

We only consider finite simple graphs, without loops nor multi-edges. Our
planar graphs are supposed to be embedded in the plane. We say that a
graph G can be partitioned into k subgraphs H,, Hs, ..., Hj if its set of
vertices can be partitioned into k subsets Vi, ..., Vi such that V; induces H;
in G for all 7. A j-degenerate graph is a graph G such that all subgraph H
of G has a vertex of degree at most j. A forest is an acyclic graph, that is a
1-degenerate graph. Empty graphs are exactly 0-degenerate graphs.

The Four Color Theorem [1,2] states that every planar graph admits a
proper 4-coloring, i.e. every planar graph can be partitioned into four empty
graphs. Borodin [3] proved that every planar graph admits an acyclic col-
oring with at most five colors. This implies that every planar graph can be
partitioned into an empty graph and two forests. Poh [7] proved that every
planar graph can be partitioned into three forests with maximum degree at
most 2. Thomassen proved that a planar graph can be partitioned into a for-
est and a 2-degenerate graph [9], and into an empty graph and a 3-degenerate
graph [10]. However, there are planar graphs that cannot be partitioned into
two forests [6]. Borodin and Glebov [4] proved that planar graphs of girth at
least 5 (that is planar graphs with no triangles nor cycles of length 4) can be
partitioned into an empty graph and a forest.

Let us consider the problem of partitioning a planar graph into two sets
such that each set avoids a given graph H as a subgraph. Broersma et al. [5]
proved that for any given graph H, the problem is NP-complete if H is a tree
with at least two edges, and polynomial time solvable otherwise.

We focus on triangle-free planar graphs. Raspaud and Wang [8] proved
that every planar graph with no triangles at distance at most 2 (and thus
in particular every triangle-free planar graph) can be partitioned into two
forests. However, it is not known whether every triangle-free planar graph can
be partitioned into an empty graph and a forest. We consider the following
questions:

Question 1.1 Can every triangle-free planar graph be partitioned into an
empty graph and a forest?

Question 1.2 What is the lowest d such that every triangle-free planar graph
can be partitioned into a forest and a forest with mazimum degree at most d?

Proving d = 0 in Question 1.2 would prove Question 1.1. Let F be the set
of the forests, and F; be the set of the forests with maximum degree at most
d. A (F,F,)-partition of G is a vertex-patition (F, D) such that G[F| € F
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and G[D] € F,.

Our main result is:

Theorem 1.3 For any triangle-free planar graph G, the vertex set of G can
be partitioned in two sets F' and D such that F' induces a forest and D induces
a forest with maximum degree at most 5.

In other words, every triangle-free planar graph admits a (F, F3)-partition,
so d < 5 in Question 1.2. Our proof uses the discharging method. It is con-
structive and immediately yields an algorithm for finding a (F, F5)-partition
of a triangle-free planar graph in quadratic time. Since not every triangle-free
planar graph can be partitioned into two graphs of bounded degree, our result
is tight in some sense.

We also showed that if for some d, there exists a triangle-free planar graph
that does not admit a (F, F,)-partition, then deciding if a triangle-free planar
graph admits such a partition is NP-complete. That is, if the answer to
Question 1.2 is some k > 0, then for all d < k, deciding if a triangle-free
planar graph admits a (F, F,)-partition is NP-complete. We proved this by
reduction to PLANAR 3-SAT.

2 Sketch of the proof

Let G be a planar graph.

We call a vertex of degree k, at least k, and at most k, a k-vertex, a k-
vertex, and a k™ -vertex respectively, and by extension, for any fixed vertex v,
we call a neighbor of v of degree k, at least k, and at most k, a k-neighbor, a
k*-neighbor, and a k™ -neighbor of v respectively. We call a face of length ¢, at
least ¢, and at most ¢ a ¢-face, a £T-face, and a £~ -face respectively. We say
that a vertex of G is big if it is a 8"-vertex and small otherwise. By extension,
a big neighbor of a vertex v is a 8*-neighbor of v and a small neighbor of v
is a 7~-neighbor of v. Two neighbors u and w of a vertex v are consecutive if
uvw forms a path on the boundary of a face.

We prove Theorem 1.3 by contradiction. Let G = (V, E) be a counter-
example to Theorem 1.3 of minimum order.

Graph G is connected, otherwise at least one of its connected components
would be a counter-example to Theorem 1.3, contradicting the minimality of
G.

Let us state a series of lemmas on the structure of GG, that correspond to
forbidden configurations in G.
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Fig. 1. The forbidden configurations of Lemma 2.4 and Lemma 2.5. The big vertices
are represented with big circles, and the small vertices with small circles. The filled
circles represent vertices whose incident edges are all represented.
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Fig. 2. Configuration 2.6 and the forbidden configuration of Lemma 2.7.
Lemma 2.1 There are no 2~ -vertices in G.
Lemma 2.2 Fvery 3-vertex in G has at least one big neighbor.

Lemma 2.3 Every 4-vertex or 5-vertex in G has at least one 4™ -neighbor.

Lemma 2.4 The following configuration does not occur in G: two adjacent
3-vertices vy and vy such that for i € {0,1}, v; has a big neighbor b; and a
small neighbor s;, and such that vovy$1by bounds a 4-face of G.(See Figure 1,

left.)

Lemma 2.5 The following configuration does not occur in G: a 3-vertex vy
adjacent to a 4-vertex vy such that vy has a big neighbor b and a small neighbor
S0, and vy has three other small neighbors si, wy, and wy such that vovi$1b
bounds a 4-face of G and s, has degree 3. (See Figure 1, right.)

We define a specific configuration:
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Configuration 2.6 Two 4-faces byvgviwy and vovvav3, such that by is a big
vertex, vg and wqy are 3-vertices, vy s a 4-vertex, vy and vs are small vertices,
and the fourth neighbor of vy, say by, is a big vertex. (See Figure 2, left.)

Lemma 2.7 The following configuration is forbidden: Configuration 2.0 with
the added condition that there is a 4-face byvivewy with wy a 3-verter, vy a
4-vertex, and the fourth neighbor of vy, the third neighbor of wy, and the third
neighbor of wy are small vertices. (See Figure 2, right.)

We now apply a discharging procedure: first, for all j > 0, every j-vertex
v has a charge equal to ¢(v) = j — 4, and every j-face f has a charge equal
to ¢(f) = j — 4. Observe that, since G is triangle-free, every face has a non-
negative initial charge, and by Lemma 2.1, the vertices that have negative
initial charges are exactly the 3-vertices of GG, and they have an initial charge
of —1. By Euler’s formula, we have >y g)p(q) c(x) = —8. Here is our
discharging procedure:

Discharging procedure:

e Step 1: Every big vertex gives % to each of its small neighbors. Furthermore,
for every 4-face uvwx where u and v are big, and w and x are small, v gives
%L to x.

e Step 2: Every 4-vertex v gives % to each of its small neighbors that are
consecutive to a big vertex, and % to each of its small neighbors that are
consecutive to two big vertices, except when v corresponds to v in Config-
uration 2.6.

Consider the case where v corresponds to vy in Configuration 2.6. We
use the notations of Configuration 2.6. If wy has two big neighbors, then v,
gives 71; to vy and vy. Otherwise, it gives i to wg and vg.

Every small 5T-vertex that has a big neighbor gives i to each of its small
neighbors, and an additional 411 for each small vertex that is consecutive to
at least one big vertex. Every small 5T-vertex that has no big neighbors

gives }L to each of its 3-neighbors.

o Step 3: For every 4-face wvwz, with v a big vertex, v a 3-vertex, w a 4-
vertex and x a small vertex such that x gave charge to w in Step 2, w gives
}l to v.

e Step 4: Every 57-face that has a big vertex in its boundary gives 411 to each
of the small vertices in its boundary. Every 5*-face that has no big vertices
in its boundary gives % to each of the vertices in its boundary.

o Step 5: For every 4-face uwvwz, with u a big vertex, v a 3-vertex, w a 4-
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vertex and x a 3-vertex such that the other face that has vw in its boundary
is a 5"-face, w gives £ to v.

Observe that during the procedure, no charges are created and no charges
disappear; hence the total charge is kept fixed. For every vertex or face z, let
d(z) be the charge at the end of the discharging procedure.

The conclusion arises from the fact that every vertex and every face has a
non-negative charge at the end of the procedure. That leads to the following
contradiction with Euler’s formula:

0< Z d(x) = Z c(x) =-8

2eV(G)UF(G) 2€V(G)UF(G)

Acknowledgement

We are deeply grateful to Pascal Ochem who pointed out that the PLANAR
3-SAT problem would be helpful to prove our complexity result. Moreover,
this research was partially supported by ANR EGOS project, under contract
ANR-12-J502-002-01.

References

[1] Appel, K. and W. Haken, FEwvery planar map is four colorable. part 1:
Discharging, llinois Journal of Mathematics 21 (1977), pp. 429-490.

[2] Appel, K., W. Haken and J. Koch, Every planar map is four colorable. part 2:
Reducibility, Tllinois Journal of Mathematics 21 (1977), pp. 491-567.

[3] Borodin, O., A proof of Grnbaum’s conjecture on the acyclic 5-colorability of
planar graphs (russian), Dokl. Akad. Nauk SSSR 231 (1976), pp. 18-20.

[4] Borodin, O. and A. Glebov, On the partition of a planar graph of girth 5 into
an empty and an acyclic subgraph (russian), Diskretnyi Analiz i Issledovanie
Operatsii 8 (2001), pp. 34-53.

[5] Broersma, H., F. Fomin, J. Kratochvil and G. Woeginger, Planar graph
coloring avoiding monochromatic subgraphs: Trees and paths make it difficult,
Algorithmica 44 (2006), pp. 343-361.

[6] Chartrand, G. and H. Kronk, The point-arboricity of planar graphs, Journal of
the London Mathematical Society 1 (1969), pp. 612-616.



FE. Dross et al. / Electronic Notes in Discrete Mathematics 49 (2015) 269-275 275

[7] Poh, K., On the linear vertex-arboricity of a plane graph, Journal of Graph
Theory 14 (1990), pp. 73-75.

[8] Raspaud, A. and W. Wang, On the vertex-arboricity of planar graphs, European
Journal of Combinatorics 29 (2008), pp. 1064-1075.

[9] Thomassen, C., Decomposing a planar graph into degenerate graphs, Journal of
Combinatorial Theory, Series B 65 (1995), pp. 305-314.

[10] Thomassen, C., Decomposing a planar graph into an independent set and a 3-
degenerate graph, Journal of Combinatorial Theory, Series B 83 (2001), pp. 262
271.



	Introduction
	Sketch of the proof
	Acknowledgement 
	References

