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Abstract: A homomorphism from an oriented graph G to an oriented
graph His a mapping ¢ from the set of vertices of G to the set of vertices
of H such that g(u)e(Vv) is an arc in H whenever GV is an arc in G. The
oriented chromatic index of an oriented graph G is the minimum number
of vertices in an oriented graph H such that there exists a homomorphism
from the line digraph LD(G) of G to H (the line digraph LD(G) of G is given
by VLD(G)) = A(G) and ab € A(LD(G)) whenever a = G and b = ).

We give upper bounds for the oriented chromatic index of graphs with
bounded acyclic chromatic number, of planar graphs and of graphs with
bounded degree. We also consider lower and upper bounds of oriented
chromatic number in terms of oriented chromatic index. We finally prove
that the problem of deciding whether an oriented graph has oriented
chromatic index at most k is polynomial time solvable if kK <3 and is NP-
complete if kK > 4. © 2007 Wiley Periodicals, Inc. J Graph Theory 57: 313-332, 2008
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1. INTRODUCTION

We consider finite simple oriented graphs, that are digraphs with no opposite arcs.
For an oriented graph G, we denote by V(G) its set of vertices and by A(G) its set
of arcs. For two adjacent vertices u and v, we denote by b the arc from u to v or
simply uv whenever its orientation is not relevant (therefore, uv = ud or uv = vii).

The notion of oriented vertex-coloring was introduced by Courcelle [7] as
follows: an oriented k-vertex-coloring of an oriented graph G is a mapping ¢ from
V(G) to a set of k colors such that (i) ¢(u) # ¢(v) whenever ud € A(G) and (ii)
@(v) # ¢(x) whenever ud, X3 € A(G) and ¢(u) = ¢(y). The oriented chromatic
number of G, denoted by x,(G), is defined as the smallest £ such that G admits
an oriented k-vertex-coloring. The notion of oriented chromatic number can be
extended to graph classes: the oriented chromatic number y,(F) of a class of
oriented graphs F is defined as the maximum of x,(G) taken over all graphs G
in F. Observe that conditions (i) and (ii) above ensure that two vertices linked
by a directed path of length one or two must get distinct colors in any oriented
vertex-coloring.

Let G and H be two oriented graphs. A homomorphism from G to H is amapping ¢
from V(G) to V(H) that preserves the arcs: p(u)p(v) € A(H)whenever td € A(G).
An oriented k-vertex-coloring of an oriented graph G can be equivalently defined
as a homomorphism ¢ from G to H, where H is an oriented graph of order k.
The existence of such a homomorphism from G to H is denoted by G — H. The
vertices of H are called colors, and we say that G is H-colorable. The oriented
chromatic number of G can then be equivalently defined as the smallest order of an
oriented graph H such that G — H. Links between colorings and homomorphisms
are presented in more details in the recent monograph [12] by Hell and NeSetfil.

Oriented vertex-colorings have been studied by several authors in the last decade
and the problem of bounding the oriented chromatic number has been investigated
for graphs with bounded acyclic chromatic number [21], graphs with bounded
maximum average degree [6], graphs with bounded degree [15], graphs with
bounded treewidth [22,23], and graph subdivisions [24].

One can define oriented arc-colorings of oriented graphs in a natural way by
saying that, as in the undirected case, an oriented arc-coloring of an oriented graph
G is an oriented vertex-coloring of its line digraph LD(G) (recall that LD(G) is
given by V(LD(G)) = A(G) and ab € A(LD(G)) whenever a = b and b = ).
We say that an oriented graph G is H-arc-colorable if there exists a homomorphism
¢ from LD(G) to H and ¢ is then an H-arc-coloring or simply an arc-coloring of G.
Therefore, an oriented arc-coloring ¢ of G must satisfy (i) p(@rd) # ¢(v) whenever
b and VW are two consecutive arcs in G, and (ii) @(vW) # ¢(Xy) whenever
o, v, X3, y2 € A(G) with p(it0) = ¢(7Z). Note that these two conditions ensure
that two arcs belonging to a directed path of length two or three must get distinct
colors in any oriented arc-coloring. Also note that two incident but non-consecutive
arcs (i.e., two arcs incoming into a same vertex or two arcs outgoing from a same
vertex) can get the same color since the two corresponding vertices in LD(G) are
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not adjacent and does not belong to a directed 2-path. The oriented chromatic index
of G, denoted by x| (G), is defined as the smallest order of an oriented graph H such
that LD(G) — H. Therefore, x,(G) = x,(LD(G)). The oriented chromatic index
X, (F) of a class of oriented graphs F is defined as the maximum of x/(G) taken
over all graphs G in F.

The first easy result concerning oriented arc-coloring relates the oriented
chromatic index to the oriented chromatic number:

Observation 1.  Let G be an oriented graph. Then x,(G) < x,(G).

To see that, consider an oriented graph G with x,(G) = k and an oriented k-
vertex-coloring f of G. The mapping g defined by g(d) = f(u) for every arc
ud € A(G) is clearly an oriented arc-coloring of G.

Therefore, all upper bounds for the oriented chromatic number are also valid for
the oriented chromatic index. In this article, we provide better upper bounds for the
oriented chromatic index of several classes of graphs and consider the complexity
of the oriented arc-coloring problem.

A weaker version of arc-coloring of oriented graphs where condition (ii) is
dropped has been considered [2,11]. The corresponding chromatic number is thus
x(LD(G)). Various other types of arc-colorings were considered in the literature
(seee.g., [10,13]).

This article is organized as follows. The link between oriented chromatic index
and acyclic chromatic number is discussed in Section 2. The oriented chromatic
index of planar graphs and of graphs with bounded degree are respectively
considered in Sections 3 and 4. In Section 5, we investigate lower and upper bounds
of the oriented chromatic number in terms of the oriented chromatic index. Finally,
the complexity of determining the oriented chromatic index of a graph is studied
in Section 6.

In the rest of the article, we will use the following notions. A vertex of degree k
will be called a k-vertex. If i® is an arc, u is a predecessor of v and v is a successor
of u. A vertex will be called a source if it has no predecessors and a sink if it has
NO SUCCESSOTS.

For a graph G and a vertex v of V(G), we denote by G \ v the graph obtained
from G by removing v together with the set of its incident arcs. This notion is
extended to sets of vertices in a standard way.

Let G be an oriented graph and f be an oriented arc-coloring of G. For a given
vertex v of G, we denote by C Jf(v) and C JZ(v) the outgoing color set of v (i.e., the
set of colors of the arcs outgoing from v) and the incoming color set of v (i.e., the
set of colors of the arcs incoming to v), respectively.

2. ORIENTED CHROMATIC INDEX AND ACYCLIC CHROMATIC
NUMBER

A proper vertex-coloring of an undirected graph G is acyclic if every subgraph
induced by any two color classes is a forest (in other words, the graph has no
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bichromatic cycle). The acyclic chromatic number of G, denoted by x,(G), is the
smallest k such that G admits an acyclic k-vertex-coloring.

One of the first problems considered for oriented vertex-colorings was to
characterize the families of graphs having bounded-oriented chromatic number. It
was shown that these families are exactly the ones having bounded acyclic chromatic
number [15,21].

In particular, Raspaud and Sopena [21] proved that every oriented graph whose
underlying undirected graph has acyclic chromatic number at most k£ has oriented
chromatic number at most k - 2!, Recently, Ochem [18] proved that this bound
is tight by constructing, for every k > 3, an oriented graph G such that x,(G) = k
and x,(G) = k - 2871,

By Observation 1, every oriented graph with acyclic chromatic number k has
oriented chromatic index at most k - 2~!. By adapting the proof of the above-
mentioned result of Raspaud and Sopena, we get a new upper bound which is
quadratic in terms of the acyclic chromatic number:

Theorem 2. Every oriented graph whose underlying undirected graph has acyclic

chromatic number at most k has oriented chromatic index at most 2k(k — 1) — L%J .

To show that, we need the two following lemmas:

Lemma 3. Let F be an oriented forest. Then F admits a Cs-arc-coloring where
C5 is the directed cycle on three vertices.

Proof. For each connected component G, choose one arc and color it with the
color 0. Then, as long as it remains uncolored arcs, choose a vertex u with at least
one incident arc uv colored with color c. If wd € G (resp. vii € G), then color all
outgoing (resp. incoming) arcs from u with the color ¢ and all incoming (resp.
outgoing) arcs from u with the colorc — 1 (mod 3) (resp.c¢ + 1 (mod 3)). This
arc-coloring is clearly a Cz-arc-coloring.

Lemma 4. Let F be a forest, ¢ be a 2-vertex-coloring of F using i and j (i < j),
and F be any orientation of F. There exists an oriented 4-arc-coloring fof F using
{i, j} x {0, 1} such that for every vertex u, c(u) and the first component of f(ud)
coincide, for each ut € A(F).

Proof. The coloring f can easily be obtained from ¢ by using the following

rule: if #® and v are two consecutive arcs in 7, then let f(ud) = (c(u), @) and
f(@) = (c(v), B) with « = B if and only if c(u) < c(v).

Proof of Theorem 2. Let G be an oriented graph and Vi, ..., V; be the
k color classes of V(G) induced by an acyclic k-coloring of G. By definition,
F, ;= G[V;, V;]isaforestfori, j € [1,k],i < j and there are @ such forests;
moreover, consider the [ = L%J forests Fy 2, F3.4, ..., Fy_1 2 (these forests do not
share any vertex). We say that these [ forests are of fype I while the remaining
ones are of rype 2. Then, we define an oriented arc-coloring f; ; for each forest

F; j as follows. If F; ; is of type 1, let f; ; be any oriented 3-arc-coloring given
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by Lemma 3. If F;; is of type 2, let f; ; be any oriented 4-arc-coloring given by
Lemma 4.

Recall that each b € A(G) belongs to a unique forest Fij,i,jell,kl,i<j.
We now define the following mapping fon A(G):

Yub e Fij, f@ud) = (x,i, j) where x= fi,j(u_b).

We shall prove that f is an oriented arc-coloring of G. We first have to check
that any pair of consecutive arcs ud and v® get distinct colors. If u® and
v belong to two distinct forests, say D € F; ;j and v € F;i, then f(ud) =
(x, i, j) # (v, j, k) = f(v) for any x, y since i # k. Now if &b, v € F; j, then
fa@d) = (fi, j(@d), i, j) # (fi j@W), i, j) = f(vW) since f;; is an oriented arc-
coloring. Therefore, if f is not an oriented arc-coloring of G, there are four arcs
ub, v, X3, y2 of G with f(ud) = f(3Z) and f(vw) = f(XP). Since any f;; is
an oriented arc-coloring, the arcs ud, v®, X3, y2 does not belong to the same
forest and then ud, yZ € F; ; and 00, X3 € Fjy, i # k. Since two forests of type
1 do not share any vertex, we assume w.l.o.g. that F;; is of type 2. Suppose
that f(wd) = f(¥2) = (i, p), i, j) (resp. ((j, p), i, j,)) for some p € {0, 1}. This
implies that y € V; (resp. v € V;). Then, since f(v®) = f(X3) = (r, j, k) for some
r, the vertex y (resp. v) belongs either to V; or to V;. This is a contradiction since
i # j # k # i. This coloring uses at most 2k(k — 1) — L%J colors. That completes
the proof.

In order to study the relevance of the bound given by Theorem 2, we now construct
graphs with bounded acyclic chromatic number and high oriented chromatic
index.

The notion of oriented k-tree can be defined as follows: a tournament 7; with &
vertices is an oriented k-tree; if G is an oriented k-tree then the graph G’ obtained
from G by adding a new vertex v linked to every vertex of a k-clique subgraph
of G is a k-tree, and there are no further k-trees. A subgraph of an oriented k-
tree is called an oriented partial k-tree. We denote by 7; the class of oriented
k-trees.

2
Theorem 5. x/(7y) = 9(101; 0)-

It is well known that the acyclic chromatic number of any k-tree is at most k + 1.
Indeed, at each step of the construction a k-tree, we color the new added vertex
v with a color distinct from those of the k adjacent vertices of v; this coloring is
clearly acyclic. Moreover, the clique of size k + 1 is a k-tree and needs k + 1 colors
for any acyclic coloring. Therefore x,(7;) = k + 1, and we thus get:

Corollary 6. There exist oriented graphs with acyclic chromatic number k and

. . . 2
oriented chromatic index Q(lokﬂ)

Recall that for a given vertex v of a graph G and a given oriented arc-coloring f
of G, C;f(v) and C,(v) denote the outgoing color set of v and the incoming color
set of v, respectively.
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Proof of Theorem 5. Let h(k) = x,(Ti). Every graph G € 7Ty has an h(k)-arc-
coloring f such that Vv € V(G), |C;£(v)| < h(k) — h(k — 1). Otherwise, we could
construct a graph G’ € Ty with no h(k)-arc-coloring by adding to every vertex v of
G a copy H, of a graph H € T;_; such that x/(H) = h(k — 1) and every arc Xd
for x € V(H,). It is easy to check that the mapping g defined by g(v) = C }r(v) for

every v € V(G) is an oriented vertex-coloring of G. Since x,(7;) > 25! — 1 [22],
we obtain:

h(k)—h(k—1)
37 (M)
i=0 !

h(k)h(k)—h(k—l) > 2k+1 -1
(h(k) — h(k — 1)) log h(k) > k,

kZ
hi =2 (@)

9

3. PLANAR GRAPHS

In this section, we consider planar graphs. In the next subsection, we give general
bounds on the oriented chromatic index of planar graphs. In Subsection 3.B, we
investigate the oriented chromatic index of planar graphs with high girth.

A. General Bounds

A celebrated result of Borodin [3] states that every planar graph has acyclic
chromatic number at most five. Thus, from their previously mentioned result,
Raspaud and Sopena [21] obtained that every oriented planar graph has oriented
chromatic number at most 80, which is the best known upper bound for planar
graphs up to now.

Sopena [22] constructed an oriented planar graph with oriented chromatic
number 16. More recently, Marshall [16] showed that an oriented planar graph
with oriented chromatic number at least 17 exists. The gap between the lower and
the upper bound is large and seems to be very hard to reduce.

Concerning oriented arc-coloring of planar graphs, Theorem 2 and Borodin’s
result give the following upper bound:

Corollary 7. Let G be a planar graph. Then x,(G) < 38.

We give in the following a lower bound for the oriented chromatic index of the
class of planar graphs: we construct a planar graph with oriented chromatic index
at least 10.

Journal of Graph Theory DOI 10.1002/jgt
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FIGURE 1. The oriented outerplanar graph O with oriented chromatic index 7.

Pinlou and Sopena [20] proved that the oriented outerplanar graph O depicted
on Figure 1 has oriented chromatic index 7.

Let H be the planar graph obtained by taking two copies of the graph O, namely
O; and O,, one new vertex x, and adding all arcs from the vertices of O, toward x
and all the arcs from x toward the vertices of O, (see Fig. 2(a)). In the following, the
vertex x will be called the joining vertex of H. We denote by A~ (H) (resp. AT(H))
the set of incoming arcs to (resp. outgoing arcs from) the joining vertex of H.

Lemma 8. Any oriented 9-arc-coloring of H uses seven colors to color A(Oy),
the same seven colors to color A(O,), the eighth color to color A~ (H), and the
ninth color to color A*(H).

Proof. We consider oriented 9-arc-colorings of H. Suppose that we use at
most seven colors to color A(O) U A~(H), which would be best possible since
X,(01) =1.

e If exactly one color is used to color A~(H), then this color cannot appear on
A(O)), a contradiction.

e If exactly two colors, say 1 and 2, are used to color A~(H), then these colors
have to appear also on A(O)). So there exist arcs D and ﬁ/ in Oy, respectively,

colored 1 and 2. Therefore, the arcs vx and v—’)x must be, respectively, colored
2 and 1, which is forbidden.

1t 1
o 05

e - =

FIGURE 2. Graphs of Lemma 8 and Theorem 9. (a) The planar graph H; (b) The
planar graph H*.
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o If at least three colors are used to color A~ (H), then there remain at most six
colors to color A(O,), which contradicts x,(02) = 7.

We thus need at least eight colors to color A(O;) U A~ (H). This implies that there
remains (at most) one color, say 9, to color AT(H). By a similar argument, we
obtain that one color distinct from 9, say 8, has to be used to color A~ (H). Seven
colors distinct from 8 and 9 are needed to color A~ (H) and AT (H).

Let H* be the graph obtained by taking two copies of the graph H, namely
H’ and H”, and adding an arc from the joining vertex of H’ toward the joining
vertex of H” (see Fig. 2(b)). The joining vertex of H' (resp. H") is denoted by
x' (resp. x").

Theorem 9. The graph H* has oriented chromatic index 10.

Proof. We suppose that H* admits an oriented 9-arc-coloring. By Lemma 8,
we may assume w.l.o.g. that A(O)) and A(O)) use colors 1,2,...,7, A~(H")

uses color 8 and AT (H’) uses color 9. The only available color for W is color
9. Now, colors 8 and 9 are obviously forbidden for AT(H"”) and, from Lemma
8, we may assume w.l.o.g. that AT (H") is colored with color 1; thus A(O5) uses
the seven colors 2, 3, ..., 8. Notice that the graph O contains neither sources nor
sinks. Therefore, there exists a color ¢ € {2, 3, ..., 7} such that two consecutive
arcs in O] are, respectively, colored with ¢ and 1. Now, the color ¢ is clearly used
on A(0O3), which implies that H” also contains two consecutive arcs, respectively,
colored with 1 and ¢, which is a contradiction. The graph H” has oriented chromatic
index at least 10.

To show that H* has oriented chromatic index 10, we color A(0)), A(O5), A(OY),
and A(O}) with the colors 1,2, ...,7, A~(H') and A~(H") with color 8, A*(H’)

and A*(H") with color 9, and JE’)’ with color 10.

B. Planar Graphs With High Girth

The girth of aplanar graph is the size of a smallest cycle. Oriented chromatic number
of planar graphs with large girth was widely studied [4—6,17]. In particular, NeSetfil
et al. [17] proved that for every g > 3, there exists a planar graph G with girth g
such that x,(G) > 5.

We now prove that in case of oriented arc-coloring, this bound can be decreased
to 4 for some high girth. Moreover, observe that for a directed cycle of length [ £ 0
(mod 3), any oriented arc-coloring needs at least 4 colors. Then, for any g > 3,
consider the connected oriented graph G, obtained by taking two directed cycles
sharing one arc, the first one of size g and the second one of size k > g, k £ 0
(mod 3). Clearly, G, has girth g and oriented chromatic index 4, that shows the
tightness of the bound we prove in the sequel.
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1 2

4 3
FIGURE 3. The tournament T4.

Let T, be the tournament on four vertices depicted in Figure 3. We say that a
Ty-arc-coloring f of an oriented graph G is good if

1. Yu € V(G), C}r(u) e {0, {1}, {2}, {3}, {4}, {2, 3}, {3, 4}},
2. Vu e V(G), Cy(u) € {0, {1}, {2}, {3}, {4}, {1, 2}, {2, 3}}.

We first prove the following.

Lemma 10. Let P = vgvy ... v9v1o be an oriented 10-path of 2-vertices (d(v;) =
2 for 1 <i <9). Then, any good Ty-arc-coloring of P’ = P\ {va, ..., vg} can be
extended to a good Ty-arc-coloring of P.

Proof. Let f’ be a good Ty-arc-coloring of P’. To prove that the coloring f’
can be extended to P, we will use the auxiliary graph H depicted in Figure 4 (the
construction of H is explained below).

The arc vov; of P’ is colored by f’: there exist eight possible cases, also
called states, depending on the two possible orientations of vgv; and the four
possible colors. The eight vertices sy, 2, $3, S4, S11, S12, S13, S14 of H correspond
to these eight possible states. To construct the graph H, we consider all the
possible cases of orientations and colorings. Suppose for instance that vov; € A(P),
f'(vov}) = 2 (which corresponds to state s4) and consider vjv;. If vs € A(P),
we can assign it colors 3 or 4, which corresponds to the state ss. If v,0] €
A(P), we can assign it colors 1, 2, or 3 which corresponds to the state sis.
Proceeding in a similar way from any state, we eventually get the auxiliary
graph H.

Finally, observe that every directed path of length nine in H ends either in state
s10 or s9. This means that we may obtain any possible color for vgvyg, which

FIGURE 4. The auxiliary graph H of Lemma 10.
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proves that every good Ty-arc-coloring f’ can be extended to a good Ty-arc-coloring
of P.

Theorem 11. Let G be a planar graph with girth g > 46. Then G admits a good
Ty-arc-coloring.

Proof. Consider a minimal counter-example H to Theorem 11. We prove that
H contains neither a 1-vertex nor an oriented 10-path of 2-vertices.

¢ Suppose that H contains a 1-vertex u, let v be its neighbor and suppose that
b € A(H).Let H' = H \ u.Due to the minimality of H, H' admits a good T}-
arc-coloring f. Therefore, C;f(v) e {{1}, {2}, {3}, {4}, {2, 3}, {3, 4}}. For each
possible case, there exists a predecessor in 74 we can use to extend f to good
Ty-arc-coloring of H. The proof of the case vii € A(H) is similar.

e Suppose that H contains a 10-path uvv;...vow of 2-vertices (therefore
d(v;))=2 for all i € [1,9]) and let H' = H \ {v,, v3, ..., vg}. Due to the
minimality of H, H' admits a good Ty-arc-coloring f. Lemma 10 insures that
fcan be extended to a good T,-arc-coloring of H.

Nesetril et al. [17] proved that every planar graph G of girth g(G) > 5d + 1
contains either a 1-vertex or a (d + 1)-path of 2-vertices. Therefore, since g(H) >
46, a counterexample to Theorem 11 does not exist. That completes the proof.

4. GRAPHS WITH BOUNDED DEGREE

Every oriented graph with maximum degree three has oriented chromatic number
at most 11 [23]. Sopena [22] conjectured that the oriented chromatic number of
connected oriented graphs with maximum degree three is at most 7. In case of
oriented arc-coloring, Pinlou [19] recently proved that every oriented graph with
maximum degree three has oriented chromatic index at most 7.

For the general case, Kostochka et al. [15] proved that every oriented graph
with maximum degree A has oriented chromatic number at most 2A%24 using a
probabilistic argument. Therefore, for such a graph G we also have x/(G) < 2A?2%,
Alon et al. [1] proved that every graph with maximum degree A has acyclic
chromatic number at most O(A*?). Using Theorem 2, we thus get the better
upper bound of O(A3/3) for the oriented chromatic index of oriented graphs with
maximum degree A.

We improve this latter bound and show the following.

Theorem 12. Let G be an oriented graph with maximum degree A. Then, x,(G) <
25 +2).

Proof. Let G* be the undirected graph defined by V(G*) = V(G) and uv €
E(G*) if and only if ud € A(G) or vli € A(G) or there exists a vertex ¢ such that
ut, ™ € A(G). Gongalves et al. [9] proved that such a graph G* is (LATZJ + A)—
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degenerate (recall that a graph is k-degenerate if every subgraph contains a
vertex of degree at most k). Let p be a proper vertex-coloring of G* using
at most L%ZJ + A+ 1 colors from {0, R L%ZJ + A} obtained by a greedy
coloring.

Now, let ¢ be the mapping from A(G) to {1, cees LATZJ + A} x {0, 1} defined by
c(@d) = (p(v), 0) if p(u) < p(v) and c(@d) = (p(u), 1) if p(u) > p(v).

We will show that ¢ is an arc-coloring of G.

Suppose first that #d and v are two consecutive arcs of G such that c(itd) =
c(v®) = (a,i). If i=0 (resp. i = 1) then p(v) = p(w) (resp. p(u) = p(v)), a
contradiction since vw € E(G™) (resp. uv € E(G")).

Suppose now that there are four arcs ud, o, ﬁ, and 7% of G such that c(u?d) =
¢(32) = (@, i) and c(V0) = c¢(F9) = (B, ). If i = j = 0, we get & = p(v) = p(2)
and p(v) < p(w) on one hand, 8 = p(y) = p(w) and p(w) = p(y) < p(z) = p(v)
on the other hand, a contradiction. The case i = j = 1 leads to a contradiction in
a similar way. Assume now that i = j and w.l.o.g. that i = 0 and j = 1. Then we
have @ = p(v) = p(z) on one hand and 8 = p(v) = p(x) on the other hand. Thus
p(2) = p(x), a contradiction since xz € E(G*).

Therefore, the mapping c is an arc-coloring of G which uses at most 2( |_A72J + A)
colors.

Concerning the lower bound, Pinlou [19] constructed a cubic graph with
chromatic oriented index 6 = 2A. We are also able to construct an infinite family
of oriented graphs with maximum degree A and oriented chromatic index 2A — 1.
For that, let n = 2A — 1 and consider the oriented bipartite graph B, , defined
by V(Bun) = {X0s -+ s Xn15 Y0s -+ +» Yn_1}» Xi¥;i € A(By.,) for all 0 <i < n and
yixXp € AB, ) forall0<i<n,1<j<Aandk=i+j (mod n). The graph
B, is a A-regular graph and any pair of arcs of {¥;3;,0 < i < n} belongs to a
directed 3-path and thus needs distinct colors.

5. ORIENTED CHROMATIC INDEX VERSUS ORIENTED
CHROMATIC NUMBER

In this section, we show that the oriented chromatic number x,(G) of an
oriented graph G can be bounded in terms of the oriented chromatic index
Xo(G).

Recall that we have x/(G) < x,(G) for every oriented graph G by Observation 1.
This lower bound is tight since, for every n, we can construct a graph G with x/ (G) =
n = x,(G). Let TT,, be the transitive tournament on n vertices with V(TT,) =
{vo, v1,...,v,_1} and W] € A(TT,) whenever i < j. Then, let us consider 7,
the tournament on n vertices obtained from TT, by reversing voU,_1 (therefore
U100 € A(T))). Any pair of arcs of S = (vivizi € Ty, i €[0,n — 1]} (subscripts
are taken modulo #) belongs to a directed 3-path and thus all arcs in S must get
distinct colors. Therefore, x/(T,) = n = x,(Ty).
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1 2 1 2 1 2 1 2

a b c d

FIGURE 5. The four non-isomorphic tournaments on four vertices. (a) Tl; (b) Tﬁ;
(c) T3; (d) T3 =Ty

We now focus on the upper bound on the oriented chromatic number in terms of
oriented chromatic index. We first need the following definitions and the two next
lemmas.

Let G be an oriented graph and let P(G) be the power set of V(G). We define
the mapping w¢ as follows:

ne : P(G) = P(G),
s> sU U TE).

ves

For any oriented graph G, we then denote by Q(G) the set Q(G) = {ug(s), s €
P(G)} (Q(G) is therefore the codomain of ug). Clearly, Q(G) € P(G). For an
elements € Q(G), lets = {v € 5; TG (v) C s} and s = {v € 5; E(v) Z s5}; thus we
have s = 5 W s (disjoint union).

For instance, consider the tournament 7, depicted on Figure 5(d). We have
O(Ty) = {V, {1,4}, {3,4}, {1,2,3}, {1, 3,4}, {2,3,4}, {1, 2, 3, 4}}. Moreover, if
we consider the element s = {1, 2, 3} of Q(T4), we have s = {1} and s = {2, 3}.

Lemma 13. Let G be an oriented graph with x,(G) = k and let Ty be an oriented
graph on k vertices such that G admits a Ty-arc-coloring (i.e., LD(G) — Ty). Then
we have x,(G) < |Q(Tp)l.

Proof. W..0.g., we shall consider that 7} is a tournament (otherwise, we
complete it).
Let f be ahomomorphism from LD(G) to T;; we define the mapping g as follows:

g1 V(G) —> QTy),
(SO

We claim that g is an oriented vertex-coloring of G. Let ud € A(G) with f(ud) = a.
Sincea € C }r(u), wehavea € g(u)anda ¢ C ;E(v); moreover, by definition of £, for

every color ¢ € C;T(v), ct ¢ A(Ty), that is, a¢ € A(Ty). Therefore a ¢ g(v) and g
is a proper vertex-coloring of G.
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Now, if g is not an oriented vertex-coloring of G, there exist two arcs v and X3 of
G with g(u) = g(y) and g(v) = g(x). Let f(ud) = aand f(X3) = b.Ifa # b, since
Ty is atournament, we may assume w.l.o.g. that % € A(Ty). Then, wehaveb € g(u)
and therefore b € g(y). Now, if a = b, we have b € g(u) and therefore b € g(y).
Thus, in both cases, b € g(y). Since fis an oriented arc-coloring of G, b ¢ C}’(y).

Hence, there exists a color ¢ € ij(y) such that cb € A(Ty). Since f(X3) = b, we

also have bc € A(Ty), that is a contradiction since 7} is antisymmetric.

In particular, every oriented graph G which admits a T,-arc-coloring has oriented
chromatic number at most 7 since | Q(T4)| = 7 as observed above.
We now prove that the bound given by Lemma 13 is tight:

Lemma 14. For every tournament Ty, on k vertices, there exists an oriented graph
G such that x,(G) < k, rmLD(G) — Ty and x,(G) = |Q(T})|.

Proof. Let G be the digraph defined as follows: V(G) = Q(T;) and X3 € A(G)
if and only if there exists v € V(T}) such thatv e x and v ¢ y.

We first have to check that G is an oriented graph (without opposite arcs nor
loops). Suppose to the contrary that x, y € V(G) are two vertices such that there
exist v; and v, with vy € X, v; ¢ y, v, € ¥y and v, ¢ x. W.l.o.g. we assume that
v1v5 € A(Ty): we obtain a contradiction since v, must belong to x. The graph G is
oriented.

We now show that any oriented vertex-coloring of G needs |Q(7})| colors (that
is one distinct color for each vertex of G). Since any oriented vertex-coloring is a
proper vertex-coloring, we just have to check that any pair of vertices x and y of G
which are not adjacent belongs to a directed 2-path. Let x, y € V(G) which are not
adjacent; by construction we have x C y and y € x. Moreover, x # y, and w.L.o.g.
that implies that there exists u € V(T) such that u € x and u ¢ y. Furthermore,
there exists v € X such that v € A(T}). Consider the vertex z = ur,({u}) of G. We
have u € Z and v ¢ z. By construction, X2, Z9 € A. Therefore x,(G) = |Q(T})|.

Finally, we construct a mapping f which is an oriented k-arc-coloring of G.
Let X3 € A(G). Therefore, there exists u such that u € X and u ¢ y. This implies
that any v; € y is a successor of u in T (otherwise, u would belong to y). Let
f:A(G) — {1,...,k} be a mapping such that f(X$) = u for some u € X and
u ¢ y: any arc outgoing from y will then be colored by a successor of u in 7.
Therefore, LD(G) — T; and x,(G) < k.

Note that the graph constructed in the previous theorem is the smallest possible
since it has |Q(Ty)| vertices and needs |Q(T;)| colors for any oriented vertex-
coloring.

For instance, using the construction described in the previous proof, we are able
to construct the graph G depicted on Figure 6 which admits an oriented 74-arc-
coloring and has oriented chromatic number |Q(Ty)| = 7.

Let ¢(k) = max{|Q(T})|, Ty is atournament on k vertices}. From the two previous
lemmas, we obtain the following upper bound:
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{1,2,3}

{1,3,4} {2,3,4}

11,4} (3,4}

{1,2,3,4} 0

FIGURE 6. An oriented graph with oriented chromatic index 4 and oriented
chromatic number 7

Theorem 15. Let G be an oriented graph with x,(G) = k. Then, x,(G) < ¢(k).
Moreover, this bound is tight.

Proof. Since x,(G) = k, there exists a tournament 7} on k vertices such that G
admits a Ty-arc-coloring. By Lemma 13, we have x,(G) < |Q(T})|, and therefore,
Xo(G) < ¢(k).

Now, let 7" be a tournament on k vertices such that ¢(k) = |Q(T"*)|. By
Lemma 14, there exists an oriented graph G such that x,(G) = |Q(T;"™)| =

¢(k).

For instance, we can easily check for the four tournaments on four vertices
depicted on Figure 5 that we have |Q(T41)| =35, |Q(T42)| =6, |Q(T43)| = 6 and
|Q(T4)| = 7. We thus have ¢(4) = 7 and therefore any oriented graph with oriented
chromatic index at most 4 has an oriented chromatic number at most 7.

The following theorem provides exact values of ¢(k) for k < 9 and estimates for
k> 10.

Theorem 16.

e p(0)=1 &(1)=2 ¢2)=3, ¢Q3) =5 ¢(4) =7, ¢O5) =12, ¢(6) =15,
é(7) =25, ¢(8) = 31, ¢(9) = S1;

o a2 —1 < ¢(k) < (L%J + 2)2'-’%1J for k = 10, where o = 2 if k is even and
o= % if k is odd.

To prove Theorem 16, we need the following lemma and the two following
properties.

Lemma 17. Let G be an oriented graph such that x,(G) = p and x,(G) = q.
Then there exists a graph H such that x,,(H) = p + 2 and x,(H) = 2q + 1.
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G G
FIGURE 7. The graph H of Lemma 17.

Proof. Let H be the oriented graph obtained by taking two disjoint copies
of G (denoted by G| and G,) and a new vertex z and adding all the arcs from
the vertices of G; toward z and all the arcs from z toward the vertices of G,
(see Fig. 7).

Since every pair of vertices (v, vp) € V(G1) x V(G,) belongs to a directed 2-
path in H, we get x,(H) = 2¢q + 1.

Now, let A} =A(G)), A, =A(G,y), A_={uve AH),v=z}, A, =
(ud € A(H), u = z}; therefore A(H)=A WA WA_WA,. Let g: A(G) —>
{1, ..., p} be an oriented p-arc-coloring of G and let us then define the following
mapping h : A(H) — {1, ..., p+ 2} as follows :

g(ﬁ) lfﬁ S Al U Az,
h(ud) = p+1 ifub e A_,
p+2 ifubeA,.

The mapping /4 is an oriented (p + 2)-arc-coloring of H and thus ) (H) <
p + 2. Moreover, as in the proof of Lemma 8§, it is not difficult to check
that x (H) = p + 2.

For an oriented graph G, we denote by G® the reverse graph of G, that is the
graph obtained from G by reversing every arc of G. Then, since G® — H~ whenever
G — H, we clearly have:

Observation 18.

L. If xo(G) = k with G — Ty, then x,(G®) = k with G® — TF;
2. If x,(G) = k with LD(G) — Ty, then x,(G®) = k with LD(G®) — T,

Proof of Theorem 16. For k < 9, we used a computer to determine the values
of ¢(k).

For k > 10, by Lemma 17, we have ¢(k + 2) > 2¢(k) + 1, which implies lower
bounds of ¢(k).

Now, we prove that ¢(k) < (L%J + Z)ZL%J for k > 10. By Theorem 15, there
exists a graph G with x/(G) =k and x,(G) = ¢(k); therefore it is enough to

k=1

show that x,(G) < (L%J + 2)2|-TJ. Let T} be a tournament on k vertices such
that LD(G) — T;. We order the vertices vy, v, ..., vy of T} in such a way that
d*(v;) <d*(v)) fori < j. We first suppose that d*(v;) > (%1 for all [%] <
i <k.LetP;={s C{vi,va,...,v},v; € s} and Q; = {uz(s), s € P;}. We then
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have P(T}) = ¥ U |J"_, P; and therefore Q(T;) € ¥ U | J_, Q;. On one hand, since
|P;| =211, we have |Q;| < 2/~!. On the other hand, since each element of Q,
contains v; together with its successors in Ty, we have |Q;| < 2k=4"®)~1_We thus
have

k
QT <1+ ) 19
i=1

k

<1+ me {211, gk=dTw-1}
i=1
4] i

<14y 274 o oot

4] A

<14y 2 Y ol
R

<1 +2|.§J 1+ ’72—‘ k=[5 ] -1

L8] 4| & L)
SUNEP

(3]

Therefore, x,(G) < (| 4] +2)2L].

Now, suppose that d*(v;) < (%] for some i > (%].In this case, let us consider
TkR. We have d*(v;) > f%} foralll <i < |_§-|.Using the previous argument, we
get that |Q(TH)| < (| 5] + 2)2L%J . By Observation 18(2), we have x/(G®) = k
and LD(G®) — TkR. Therefore, x,(GR) < (|_§J + Z)ZL%IJ and by Observation
18(1) x(G) < (|4 ] +2)2L5].

We thus have ¢(k) < (| 5] + 2)2L%J for all k > 10.

6. NP-COMPLETENESS

Complexity results for the oriented chromatic number were established recently.
Klostermeyer and MacGillivray [14] have shown that given an oriented graph G,
deciding whether x,(G) < k is polynomial time if £ < 3 and is NP-complete if
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k > 4. Culus and Demange [8] extended the above result to the case of bipartite
oriented graphs and circuit-free oriented graphs.

In this section, we determine the complexity of deciding whether the oriented
chromatic index of a given oriented graph is at most a fixed positive integer. Since
the oriented chromatic index of an oriented graph G is the oriented chromatic
number of its line digraph LD(G), the result we provide below is then an extension
of Klostermeyer and MacGillivray’s result to the case of line digraphs.

Theorem 19. Given an oriented graph G, deciding whether x.(G) <k is
polynomial time if k < 3 and NP-complete if k > 4.

Proof. The case k < 3 directly follows from Klostermeyer and MacGillivray’s
result since x,(G) = x,(LD(G)) and LD(G) can be constructed from G in
polynomial time.

We show that the case k =4 is NP-complete using a reduction from 3-
COLORABILITY. We construct the oriented graph G’ from an undirected graph G
as follows. For every vertex v of G, we put an arc v' in G’. For every edge xy in
G, we add a directed 4-path of 2-vertices joining the head of x" to the tail of y/,
and another 4-path of 2-vertices joining the head of y’ to the tail of x’. Hence, G’
contains 10-circuits (i.e., a directed cycles on ten vertices) induced by the edges of
G: such a 10-circuit induced by the edge xy is denoted by C, ,. Thus, any oriented
arc-coloring needs at least four colors. Therefore, we have x/(G’) < 4 if and only
if LD(G") has a homomorphism to the tournament 7 depicted in Figure 3 (T} is
the only tournament on four vertices containing a 4-circuit). Notice that, for any
edge xy of G, the arcs x" and y" are opposite arcs on Cy . We easily check by a
case study that for every pair of vertices u and v of Ty, there exists a 5-walk from u
to v unless u = v, or u = 3 and v = 2. Therefore, any T4-arc-coloring h of C, , is
such that 2(x") # h(y') and that every couple of distinct colors can be obtained for
(h(x"), h(y")) except (2, 3) and (3, 2). If ¢ is a proper 3-vertex-coloring of G, then
G’ admits a Ty-arc-coloring 4 such that 2(v') = 1l ifc(v) = 1, h(V)) = 2 if c(v) = 2,
and h(v') = 4 if ¢(v) = 3. Conversely, if G’ admits a Ty-arc-coloring &, then the
coloring ¢ of G such that c(v) = 1 if h(v') = 1, c(v) = 2 if h(V') =2 or h(V') = 3,
and c(v) = 3 if h(v') = 4, is a proper 3-vertex-coloring.

We now consider the case k > 4, k even. We consider the problem whether
X,(G) < k restricted to oriented graphs G containing neither sources nor sinks.
This case is done by induction on k. Notice that the oriented graphs in the proof
of the case k = 4 contain neither sources nor sinks, so k = 4 is our base case. We
construct an oriented graph G’ without sources nor sinks from an oriented graph G
without sources nor sinks, such that x/(G") = x,(G) + 2. The graph G’ is obtained
from G by adding three vertices vy, v, vs, the arcs U V5, U203, and the arcs vv],
30, for every vertex v of G. Any oriented k-arc-coloring f of G can be extended
to an oriented (k + 2)-coloring of G’ as follows. The arcs vv] (resp. v30) get the
same color as one of C}r(v) (resp. C;(v)) since C;?(v) # () and C;(v) # (. The
arcs 00> and v, 3 get additional colors. Conversely, any oriented k-arc-coloring of
G’ induces an oriented (k — 2)-arc-coloring of G. To see this, notice that every arc
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x§ of G is contained in the 5-circuit X3, yv], U105, U203, U3x, which implies that the
color of x3 is distinct from those of U115 and v;03.

We finally consider the case k > 4, k odd. We construct an oriented graph G’
from an oriented graph G without sources nor sinks, such that x/(G") = x,(G) + 1.
The graph G’ is obtained from G by adding two vertices vy, v,, the arc v7v5, and
the arcs vy, for every vertex v of G. As above, we check that any oriented k-arc-
coloring of G can be extended to an oriented (k + 1)-coloring of G’, any oriented
k-arc-coloring of G induces an oriented (k — 1)-arc-coloring of G.

7. DISCUSSION AND FURTHER WORK

In this article, we provided some bounds on the oriented chromatic index. In
particular, we proved in Section 3 that every oriented planar graph has oriented
chromatic index at most 38, and showed that this bound can be decreased to 4 when
considering planar graphs with girth at least 46. It is known that planar graphs with
girth at least 4 (resp. 5, 6, 7, 14) have oriented chromatic number at most 47 (resp.
19, 11, 7, 5) (see [4-6]). These bounds are also valid for the oriented chromatic
index thanks to Observation 1. It would be interesting to obtain better bounds on
the oriented chromatic index of these graph classes.

We also studied and bounded x,(G) in terms of x/(G), x,, in terms of x,(G), and
Xx,(G) in terms of x,(G). Kostochka et al. [15] proved that, for every oriented graph

G with x,(G) = k, we have x.(G) < k* + k> |_l°g log k-| ; this gives us a first bound

for x,(G) in terms of x| (G) using Theorem 16. So, it would also be interesting to
improve this bound by a direct study.
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