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HISTORICAL REMARKS

• O l d  s t u f f  f o r  t h e  b i r t h d a y  
o f  a n  o l d  f r i e n d  
— w h o  s t i l l  i s  n o t  t h a t  o l d !   

• Q u i t e  a n  e a s y  t a l k  
j u s t  a  w a r m  u p  w i t h  l o w  l e v e l  r e m i n d e r s  
b e f o r e  s e r i o u s  t a l k s  t a k e  p l a c e  

• T h o m a s  f r o m  1 9 8 6  – 1 9 8 7  D E A  G i r a r d  /  K r i v i n e

• F r i e n d s  a n d  n e i g h b o u r s  w i t h  P a s q u a l e  M a l a c a r i a
a r o u n d  r u e  m o u f f e t a r d 1 9 9 1  

• V i s i t s  M a r s e i l l e s  /  N i c e  i n  t h e  e a r l y  9 0 s  
( h i g h l y  c o h e r e n t  p e r i o d )  

• T h e n  w o r k s h o p ,  c o m m i t t e e s  e t c .  
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Trade   un ion is t  remarks

• A b o u t  t h i s 2 9  s e p t e m b e r 2 0 2 2  i n  F r a n c e

• S e c o n d a r y  s c h o o l  t e a c h e r s ,  s c h o o l  t e a c h e r s   a r e  
o n  s t r i k e   

• T h e y  h a v e  b e e n  l o o s i n g  a  l o t  o f  p u r c h a s i n g  p o w e r  
i n  t h e  l a s t  2 0  y e a r s

• W o r s e  t h e i r  w o r k i n g  c o n d i t i o n s  h a v e  d e t e r i o r a t e d  
c o n s i d e r a b l y  s i n c e  t h e  8 0 s

• N o t  e n o u g h  p e r s o n  w a n t  t o  b e c o m e  t e a c h e r s  
a n y m o r e .  

W i t h o u t  t e a c h e r s  w e  w o u l d  n o t  b e  a c a d e m i c s  t o d a y
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s



Coherence spaces (Girard 1986)  
A short reminder – That’s where linear logic took place, well worth a visit! 



Denotational semantics, categorical interpretation

P r o o f π  o f C  u n d e r a s u m p t i o n H  

M o r p h i s m f r o m [ [ H ] ]  t o [ [ C ] ]  

W h e n π  r e d u c e s t o  π ’  …  π  u n c h a n g e d i . e .  [ [ π ] ] = [ [ π ’ ] ]  

( f u l l  a b s t r a c t i o n ,  d e n o t a t i o n a l c o m p l e t e n e s s . . . .
S e q u e n t i a l i t y ; - )  
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Coherence space A  

W e b  :  ( c o u n t a b l e s e t  o f t o k e n s )  | A |  

A  b i n a r y i r r e f l e x i v e r e l a t i o n o n i t  ⏜ ( s i m p l e g r a p h )  
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Objects

cliques them

notallol
maximal

Linear Negation complementgraph
total

anbajiff aubla



Stable maps

A p p r o x i m a n t s

R e p r e s e n t a t i o n o f H o m ( A , B )  a s  a  c o h e r e n c e s p a c e .  
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stable Be FH
a CA
nimpeFld

f
aop

F cliques to cliques

ta cb F CF

FIN ai off i tt directedunion

faublique thon Flanb Falnfb

with produit CC



Linear maps
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Coherence spaces with different morphisms

jÊÎÎÈÜ linear maps insteadofstablemaps

Not a CCC is not a product

Ff0 ai UFlai when all ai aj
are

painuiseauptible

for F definable m tokens



Linear connectives 
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LA BI IAXIB

just the Iwo of them when commutative

u n

v V v u

u a r

v u n

a a U i n

n u n n

u i n

r r r r

Ca b À b
1 A a finite cliquesofA anal Ca iffaubalquefat

A B A 8D Fla 4s xea.tk Blel

A B CA B



(Multiplicative) Linear Logic (Girard 1987) 
Another short reminder



Axioms, Rules and Cuts
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ne sided
multiplicative

ta at ana

cat

MA TB D

MAB D
trftÉry

ctiitmated
P A B D
tp A8B D

exchangelanot



Remarks
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Extremely simple calculus

very elegant
with

many
properties

not very expressive



The MIX rule

“ a n d ”  i m p l i e s “ o r ”  i n  M L L
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trappe

A B O ADB validated by colmaspacies
coherentunto emplies

chutent8

with units complicated



Multiplicative Proof nets (Girard 1987)  
Yet another short reminder



Graphs denoting proofs

U p t o r u l e p e r m u t a t i o n s

C u t - e l i m i n a t i o n a s  g r a p h r e w r i t i n g
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madeaflinks alpazadusions
norme

A BremeisesA B K Kt
nocarclusim

2 premises
ADB ADB
2ondusions



Proof structures (RnB proof nets, my favourites) 

A  n a t u r a l  p i l e - u p o f l i n k s :   
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A Id
V M
I d'oc I at

148d a



Proof nets : criterion à la Danos-Reigner  

G e n e r a l  

E v e r y  a l t e r n a t e e l e m e n t a r  c y c l e c o n t a i n s a  c h o r d

H e r e ( b e c a u s e o f t h e s h a p o f l i n k s )

N o  a l t e r n a t e e l e m e n t a r y c y c l e
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C

tt un alternate elementmy path
between any two premises
En aden to excludethemixnale



Proof structures and nets
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À
becomes 8

Ttp j

î
proof NET

ÀEton



Cut-elimination

I n  M L L ( + m i x )  t h a t ’ s c l e a r l y a  t e r m i n a t i n g p r o c e s s
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preserves Me abserceofae cycle
reducesto

A IB A IBtamDA
Y

IAOBIH.IT B t



Interpreting a proof (net) of X as clique of the 
corresponding coherence space
Experiments (Girard 1987 LL paper) slightly revisited



Proof structures -> interpretation

E X P E R I M E N T S  À  L A  G I R A R D  B U T  U P - S I D E  D O W N  
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a Coherence

xafflata space

label token
ta Bt ta Bt A de

A laxOB A IAB



CUTS? 
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4 AKIK yn

ask for Xi 41 Y 42 Ya



CUTS? 
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mon RESULT of an experiment

The tuples collected en conclusion

la the succeeding experiments

All the results of all thesucceeding
experiments on IT are G
a clique of C 84 DcpD preserved by cut elimination



« Soundness »
(Girard 1987) suggestion

incorrect cycle there are tovo
experiments
who reskelts
are incoherent



Remarks

I f t w o e x p e r i m e n t s d i f f e r o n s o m e  w h e r e t h e n t h e y
a r e  c o h e r e n t o n s o m e  c o n c l u s i o n .

I D E A :  e x t e n d i n g a  p a t h  u p i n c o h e r e n t ⏝ d o w n ⏜
c o h e r e n t
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N I
Nt Z



Remarks
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incoherent Map
coherent Idown affat

Et Yi

TÉTÉ

t



« Completeness »
(Inria report Retoré 1994 paper in MSCS 1997 ) 
presented in 1995 for Dana Scott honorary degree in Darmstadt



A remark

G i v e n a n o r d e r e d s e q u e n c e o f a x i o m s
( w i t h a  f i r s t a n d a  s e c o n d c o n c l u s i o n )   
T h e r e e x i s t t w o d i f e r e n t e x p e r i m e n t s s u c h t h a t
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We need a coherence space N such that there are 
- two coherent tokens in N 
- Two incoherent tokens in N (coherent in N⏊)

- We take N to be isomorphic to his negation

Mân atha Ilâ atti
obviousttake a tokenthatiFau

witthe me you already have



Lemma

I n  a  p r o o f N E T  w h e n t h e r e e x i s t a n a e p a t h  f r o m a  
c o n c l u s i o n X t o a  c o n c l u s i o n Y o n e m a y f o u n d t w o
e x p e r i m e n t s s u c h t h a t t h e y a r e  c o h e r e n t o n X ,  
i n c o h e r e n t o n Y.  
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Induction on the

Pjtuatialisal

and y on any other anchesias in the
remark

Mur In In FK
1
ZIK

F TÉV
u



Completeness

W h e n  a  p r o o f s t r u c t u r e i s n o t c o r r e c t i t  i s p o s s i b l e
t o f i n d t w o e x p é r i m e n t s u c h t h a t t h e r e s u l t s a r e  
i n c o h e r e n t o n a l l c o n c l u s i o n n a  s t r i c t l y i n c o h e r e n t
o n o n e c o n c l u s i o n — h e n c e i n c o h e r e n t w . r . t .  t h e p a r  
o f a l l t h e c o n c l u s i o n s .  
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Completeness / proof  
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base

ï

ÏÏ

Y one side

Beaty



Completeness / proof  
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init

yes
V Yok

alÎinareet no

dema



Deadlock freeness of the reduct
(Retoré 1994)



Deadlock free-ness  

( A s p e r t i t e r m i n o l o g y i t h i n k )

N o  l o o p  i n  t h e r e d u c e d p r o o f S T R U C T U R E .  

A  p r o o f s t r u c t u r e m a y w e l l r e d u c e t o a  p r o o f n e t .  
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Aupincorrect



D I A L O G U E  D E  G E S T I O N  / / /  B U D G E T  S C O M M  2 0 2 1

Characterisation

Tw o e x p e r i m e n t e  y i e l d t h e s a m e r e s u l t :
t h e r e w i l l b e a  l o o p  i n  t h e n o r m a l  f o r m .  
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different

The interpretation is preserved by cut
élimination

EHENEÏD

invisible
thedifference Ez
is invisible



Extensions to MELL and MALL 
Pagani Tasson



D I A L O G U E  D E  G E S T I O N  / / /  B U D G E T  S C O M M  2 0 2 1

Not easy to extend, because of mix

W h i l e t h e c r i t e r i o n f o r  b o x e s  i s :
1 )  C h e c k w h e t h e r t h e i n s i d e o f a  b o c i s c o r r e c t ,  a n d
2 )  R e p l a c e t h e b o x  w i t h a  k i n d o f n - a r y a x i o m s
y i e l d i n g t h e c o n c l u s i o n s o f t h e b o x ,  i s t h e o u t  s i d e
c o r r e c t ?  
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Example by Michele Pagani

M i c h e l e  w i l l e x p l a i n t h a t t o m o r r o w .  
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michbetterthunIcan

That b Tbt boxLÉALIM

P
art 0b8b



Conclusion⨂"#$%"#&'()#%
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From RnB graphs to handsome proof nets 

F O L D  /  U N F O L D
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I Là à
É

ÎÎ Et
0 a

Cogaphs
F 0



From RnB graphs to handsome proof nets 

C O G R A P H  ( F O R M U L A )  +  P E R F E C T  M AT C H I N G  ( A X I O M S )  
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à 48f Goat 8686D

ne t

bo c



Criterion for handsome proof nets Retoré & Ehrhard

A X I O M S  :  P E R F E C T  M AT C H I N G  

C O N C L U S I O N :  A  C O G R A P H  D E S C R I B I N G  T H E  F O R M U L A  

T H E R E  I S  A  C H O R D  O N  E V E R Y  A LT E R N AT E  E L E M E N TA R Y  C Y C L E  
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From Thomasweb page

Unusual THANKI



Question 

I n t u i t i o n

- T h e  s e m a n t i c c r i t e r i o n w i t h c o h e r e n c e s p a c e s

- T h e  h a n d s o m e c r i t e r i o n

s h o u l d b e r e l a t e d

S o f a r n o  a r g u m e n t ,  j u s t a n i n t u i t i o n .  
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discussed withThomas

we know they are equivalent

could we find
out why



Happy birthday Thomas


