Some non finitely generated monoids of repetition-free endomorphisms

G. Richomme LaRIA, Université de Picardie Jules Verne

5 Rue du Moulin Neuf F-80000 Amiens richomme@laria.u-picardie.fr

19th April 2002

Abstract We answer a question raised by Mitrana in Information Processing Letters 64. Given an alphabet A with Card(A) ≥ 2, the monoid of primitive endomorphisms on A and the monoid of primitive uniform endomorphisms on A are not finitely generated. Moreover we show that it is also the case for the following monoids: the monoid of overlap-free (uniform) endomorphisms on A (when Card(A) ≥ 3), the monoid of k-power-free (uniform) endomorphisms on A (when Card(A) ≥ 2 and k ≥ 3).

1 Introduction

Thue [17] (see also [3]) showed the existence of an infinite overlap-free word over the alphabet {a, b} and the existence of an infinite 2-power-free word over the alphabet {a, b, c}. One way to generate such words is to use morphisms that preserve overlap-free words, or, 2-power-free words. Such morphisms are called respectively overlap-free morphisms and 2-power-free morphisms.

Since the works of Thue [17], it is known that the monoid of overlap-free endomorphisms on a binary alphabet is finitely generated. Trying to decompose a morphism on the set of generators gives an efficient algorithm to determine if a binary endomorphism is overlap-free. In Section 3, we prove that when considering alphabets with at least three letters, the monoid of overlap-free endomorphisms and the monoid of uniform overlap-free endomorphisms are not finitely generated. Let us note that Wlazinski and the author designed an algorithm to decide overlap-freeness for uniform morphisms [14]. Despite of other recent works on overlap-free endomorphisms (see for instance [1, 12, 16]), up to we know, no general algorithm to decide overlap-freeness of morphisms is known.

In Section 4, we extend the results of Section 3 to the case of k-power-free morphisms (with k ≥ 3 an integer). This last result is true even for binary alphabets. This result was also known for the monoid of 2-power-free (uniform) endomorphisms on alphabets containing at least three letters [6]. When k ≥ 3, the result was already proved in [15] but not in the case of uniform endomorphisms. The proof we propose here is new. The reader which is interested in checking whether an endomorphism if k-power-free can find partial answers for instance in [2, 5, 8, 9, 13, 15, 18].

In [10], Mitrana gives a study of primitive morphisms. Among other results, he proves that it is decidable whether a morphism is primitive, and he gives a characterization in case of binary uniform morphisms. These two results were already proved by Keränen [8] by a different way. At the end of his paper, Mitrana asked “Is the monoid of (uniform) primitive endomorphisms of A^+ finitely generated?”. In Section 5, as a consequence of the previous results, we give a negative answer.

2 Preliminaries

In this section, we recall basic notions on words and morphisms, and we present the technics of proof used in the next sections.

Let A be a (finite) alphabet. We denote by Card(A) its cardinality. The free monoid A^∗ is the set of words over A including the empty word ε. The length |u| of a word u is the number of occurrences of letters in u. A word u is a factor (resp. prefix, suffix ) of a word v if v = pus (resp. us, pv) for (possibly empty) words p and s.

Powers of a word are defined inductively by u^0 = ε, and for any integer n ≥ 1, u^n = uu^{n−1}. A word w is primitive if w = u^n implies n = 1. For k an integer, a word w is k-power-free (resp. overlap-free) if it contains no factor on the form u^k with u ≠ ε (resp. no factor on the form αvαvα with α ∈ A and v ∈ A^∗).

Let A, B be two alphabets. Let f be a morphism from A^∗ to B^∗, that is a mapping from A^∗ to B^∗ such that for all u, v ∈ A, f(uv) = f(u)f(v). Given a set X of words over A, let f(X) = {f(w) | w ∈ X}. The morphism f is entirely known by f(A). When B = A, f is called an endomorphism on A. The morphism f is uniform if there exists an integer L ≥ 0 such that |f(a)| = L for each letter a in A.

Let P be a property of words (for instance k-power-free for an integer k, overlap-free, or primitive). The morphism f from A^∗ to B^∗ is said P if f(w) is P for all words w over A verifying P . If f is primitive, then it is non-erasing, that is, ε ∉ f(A). If f is k-power-free (when k ≥ 2) or overlap-free, it can be erasing, but then f(A) = {ε}. If f verifies for all a in A, |f(a)| = 1, and Card(f(A)) = Card(A) then f is primitive, k-power-free and overlap-free. When A = B, such a morphism is called a permutation. Note that if f is a non-erasing overlap-free morphism, then f is strongly biprefix (see [7]), that is, f(a) and f(b) start with different letters and end with different letters, for all different letters a and b in A. If f is strongly biprefix, for a ∈ A, f(a) is uniquely determined by its first letter, and also by its last letter.

We denote by juxtaposition the composition of two morphisms. Powers of an endomorphism f are defined by f^0 is the identity morphism, and f^n = ff^{n−1} for n ≥ 1. An endomorphism f on A is said irreducible if whenever f = h_1h_2 for endomorphisms h_1 and h_2 on A, h_1 or h_2 is a permutation.

If f and g are two overlap-free (resp. k-power-free, primitive) endomorphisms on an alphabet A, then fg is also overlap-free (resp. k-power-free, primitive). Thus the set of overlap-free (resp. k-power-free, primitive) endomorphisms on an alphabet A is a monoid with neutral element the identity morphism.

Let M be a monoid. A set of generators of M is a subset G of M such that any element of M can be decomposed over G. A monoid M is finitely generated if it has a finite set of generators. To show that a monoid M of endomorphisms is not finitely generated, it is sufficient to show that there exists an infinite family of irreducible endomorphisms in M. Indeed in this case for each morphism f in this infinite family, there exist two permutations p_1 and p_2 such that p_1fp_2 is a generator of M. Since we consider only finite alphabets, there exists a finite number of permutations. So the set of generators of M is infinite.

3 Monoids of overlap-free endomorphisms

The monoid of overlap-free endomorphisms on A = {a, b} is known ([17], see also [3]) to be finitely generated by the exchange morphism E (E(a) = b and E(b) = a) and by the so-called (since the works of Morse [11]) Thue-Morse morphism μ defined by μ(a) = ab, μ(b) = ba. This result is no longer true when considering larger alphabet:

Theorem 3.1 For any alphabet A containing at least three letters, the monoid of overlap-free endomorphisms on A and the monoid of overlap-free uniform endomorphisms on A are not finitely generated.

The proof of this theorem is given by the existence of the following infinite family of overlap-free (Lemma 3.3) irreducible (Lemma 3.4) uniform endomorphisms.

From now on, p ≥ 3 is an integer. Let A_p = {a_0, . . . , a_{p−1}} be a p-letter alphabet, and let I_p = {0, . . . , p − 1}. For any integer i, we consider that a_i = a_{i mod p}. For an integer n ≥ 1, we define the endomorphism f_n on A by:

∀i ∈ I_p, f_n(a_i) = a_iC_i(μ^{2n}(a))

where C_i is the morphism from {a, b}^∗ to {a_{i+1}, a_{i+2}}^∗ such that C_i(a) = a_{i+1} and C_i(b) = a_{i+2}. For i ∈ I_p, let x_i be the prefix of length 4 of f_n(a_i): x_i = a_ia_{i+1}a_{i+2}a_{i+2}. Since p ≥ 3, the following property of the morphisms f_n can be easily verified:

Lemma 3.2 For n ≥ 1, i ∈ I_p, u, β, γ ∈ A^∗_p, we have f_n(u) = βx_iγ if and only if there exist words u_1, u_2 such that u = u_1a_iu_2, f_n(u_1) = β and f_n(a_iu_2) = x_iγ.

Lemma 3.3 For n ≥ 1, f_n is overlap-free.

Proof. Let n ≥ 1 be an integer. Let w, P, v, S be words and let α be a letter such that f_n(w) = P αvαvαS. If for each i ∈ I_p, x_i is not a factor of αvαvα, then αvαvα must be a factor of C_j (μ^{2n}(a))a_ka_{k+1}a_{k+2} for some integers j, k ∈ I_p. Since p ≥ 3, at least one of the three letters a_k, a_{k+1} or a_{k+2} occurs only once in C_j(μ^{2n}(a))a_ka_{k+1}a_{k+2}. Thus αvαvα must be a factor of C_j(μ^{2n}(a))a_{j+1}a_{j+2} = C_j(μ^{2n}(a)ab) or of C_j (μ^{2n}(a))a_{j+2} = C_j(μ^{2n}(a)b). Since μ^{2n}(a)ab (resp. μ^{2n}(a)b) is a prefix of μ^{2n}(aa) (resp. μ^{2n}(ab)), and since μ^{2n} and C_j are overlap-free morphisms, the words C_j(μ^{2n}(a)ab) and C_j(μ^{2n}(a)b) are overlap-free. A contradiction.

Thus for at least one i in I_p, x_i is a factor of αvαvα, so of αv or of vα. We treat only the first case (the second is similar). There exist two words v_1, v_2 such that αv = v_1x_iv_2: f_n(w) = P v_1x_iv_2v_1x_iv_2αS. By Lemma 3.2, there exist words w_1, w_2, w_3 such that w = w_1a_iw_2a_iw_3, f_n(w_1) = P v_1, f_n(a_iw_2) = x_iv_2v_1, f_n(a_iw_3) = x_iv_2αS.

If v_1 = f_n(w_4) for a word w_4 then, since f_n is strongly biprefix, w_4 is a suffix of w_1 and of a_iw_2. Let w_5, w_6 be the words such that w_1 = w_5w_4, and a_iw_2 = w_6w_4. We have f_n(w_6) = x_iv_2. Thus w_6 is a prefix of a_iw_3. For a word w_7, a_iw_3 = w_6w_7. We have f_n(w_7) = αS, and f_n(w_4w_6) = αv. So, by definition of f_n, α is the first letter of both w_7 and w_4w_6. Since w contains w_4w_6w_4w_6w_7 as a factor, w is not overlap-free.

If v_1 is not an image of a word, then there exist a letter a and words w_4, w_5, v_3 ≠ ε, v_4 ≠ ε such that a_iw_2 = w_4aw_5, x_iv_2 = f_n(w_4)v_3, f_n(a) = v_3v_4, v_1 = v_4f_n(w_5). From f_n strongly biprefix, we deduce that w_4a is a prefix of a_iw_3 and that aw_5 is a suffix of w_1. Thus the word w contains the factor aw_5w_4aw_5w_4a, and so is not overlap-free.

Lemma 3.4 For n ≥ 1, f_n is irreducible.

Proof. Let n ≥ 1 be an integer. Let h_1, h_2 be two endomorphisms on A_p such that f_n = h_1h_2. Then, for each i in I_p, the word f_n(a_i) can be decomposed over h_1(A_p). By definitions of f_n and h_1, h_1(A_p) contains exactly p words u_1, . . . , u_p such that, for i ∈ I_p, u_i is the only word in h_1(A_p) starting with a_i, and f_n(a_i) starts with u_i.

Fact A. For each i ∈ I_p, u_i ≠ a_ia_{i+1}.

Proof. Assume that u_i = a_ia_{i+1} for some i ∈ I_p. By definition of f_n and h_1, two different words in h_1(A_p) must end with two different letters. But f_n(a_i) ends with a_{i+2}a_{i+1} since n ≥ 1. Thus u_i which is the only word of h_1(A_p) ending with a_{i+1} must end with a_{i+2}a_{i+1}. A contradiction since p ≥ 3.

Fact B. If for one i ∈ I_p, u_i = a_i then h_1(A_p) = A_p.

Proof. Assume that u_i = a_i for some i ∈ I_p. We show that u_{i+1} = a_{i+1}. The proof ends by induction since h_1(A_p) = {u_1, . . . , u_p} and a_p = a_0. From u_i = a_i, we get that C_i(μ^{2n}(a)) starts with u_{i+1}. It is also the case for f_n(a_{i+1}). Since n ≥ 1, C_i(μ^{2n}(a)) starts with a_{i+1}a_{i+2}a_{i+2}. Moreover f_n(a_{i+1}) starts with a_{i+1}a_{i+2}a_{i+3}. Thus u_{i+1} = a_{i+1} or u_{i+1} = a_{i+1}a_{i+2}. By Fact A, u_{i+1} = a_{i+1}.

Fact C. For i ∈ I_p, if u_i ≠ a_i then u_i = f_n(a_i).

Proof. Assume that u_i ≠ a_i with i ∈ I_p. By Fact A, the prefix u_i of f_n(a_i) starts with a_ia_{i+1}a_{i+2} and ends with a_{i+1}a_{i+1}, a_{i+1}a_{i+2}, a_{i+2}a_{i+1}, or, a_{i+2}a_{i+2}. Remember that two different words in h_1(A_p) must end with two different letters. The word f_n(a_{i+1}) ends with a_{i+3}a_{i+2}. Since p ≥ 3, a_{i+3} ∉ {a_{i+1}, a_{i+2}}. Thus u_i ends with a_{i+1}. Since a_{i+1} is the last letter of f_n(a_i), u_i is a suffix of f_n(a_i). We cannot have f_n(a_i) = u_ivu_i for a word v, since a_i occurs only once in f_n(a_i). So u_i = f_n(a_i).

Now we end the proof of Lemma 3.4. If u_1 = a_1, then by Fact B, h_1(A_p) = A_p which means that h_1 is a permutation. If u_1 ≠ a_1, then, also by Fact B, we deduce that u_i ≠ a_i for each i ∈ I_p. It follows by Fact C that h_1(A_p) = f_n(A_p). This implies that h_2 is a permutation. So f_n is irreducible.

4 Monoids of k-power-free endomorphisms

We extend Theorem 3.1 to the case of k-power-free endomorphisms.

Theorem 4.1 For any alphabet A containing at least two letters, and for any integer k ≥ 3, the monoid of k-power-free endomorphisms on A and the monoid of k-power-free uniform endomorphisms on A are not finitely generated.

When Card(A) ≥ 3, the proof of this theorem follows by the fact that the family of endomorphisms f_n (n ≥ 1) introduced in the previous section is an infinite family of irreducible k-power-free morphisms as shown by Lemma 3.4 and Lemma 4.2 For n ≥ 1 and k ≥ 3, f_n is k-power-free.

Proof. Let n ≥ 1 and k ≥ 3 be integers. Let w, P, v, S be words such that f_n(w) = P v^kS and v ≠ ε. We prove that w is not k-power-free. Since any overlap-free word is k-power-free, the words μ^{2n}(aa) and μ^{2n}(ab) are kpower-free. As in the proof of Lemma 3.3, we can see that x_i is a factor of v^k for at least one integer i in I_p. We choose the first occurrence in v^k of such an x_i. Two cases can hold. In both cases, we show that w is not k-power-free.

Case 1 : v = v_1x_iv_2 for words v_1, v_2. In this case, |v_1| < 1 + |μ^{2n}(a)| and f_n(w) = P v_1(x_iv_2v_1)^{k−1}x_iv_2S. By Lemma 3.2, there exist words w_1, w_2, w_3 such that w = w_1w^{k−1}_2 w_3, f_n(w_1) = P v_1, f_n(w_2) = x_iv_2v_1, f_n(w_3) = x_iv_2S

(remember that f_n is strongly biprefix and so injective). Let a be the last letter of w_2. Let w^′_2 be the word such that w_2 = w^′_2a. Let v_3 be the word such that f_n(a) = av_3v_1. We have x_iv_2 = f_n(w^′_2)av_3. Since f_n is strongly biprefix, w^′_2a is a prefix of w_3: (w^′_2a)^k is a factor of w.

Case 2 : x_i = y_iz_i, v = z_iuy_i for words u, y_i ≠ ε, z_i ≠ ε. In this case, f_n(w) = P z_iu(x_iu)^{k−1}y_iS. There exist words w_1, w_2, w_3 such that w = w_1w^{k−1}_2 w_3, f_n(w_1) = P z_iu, f_n(w_2) = x_iu = y_iz_iu, f_n(w_3) = y_iS. Since f_n is strongly biprefix, we can see as above that w_2 is a suffix of w_1: w^k_2 is a factor of w.

To end this section, we prove Theorem 4.1 when Card(A) = 2. We present a new infinite family of irreducible k-power-free endomorphims on A_2 = {a, b}. For n ≥ 0, let g_n be the endomorphism on A_2 defined by g_n(a) = g(f_n(b)) and g_n(b) = g(f_n(c)), where f_n is the endomorphism defined in Section 3 on A_3 with a_0 = a, a_1 = b and a_2 = c, and g is the morphism from {a, b, c}^∗ to A^∗_2 defined by g(a) = aababb, g(b) = aabbab, g(c) = abbaab. The morphism g was introduced by Brandenburg [4] who showed that g is 3-power-free. Actually g is k-power-free for any integer k ≥ 3 [15]. Let C be the morphism from A^∗_2 to {b, c}^∗ defined by C(a) = b, and C(b) = c. We have for all w ∈ A^∗_2, g_n(w) = g(f_n(C(w))). Since C is k-power-free, by Lemma 4.2, we have

Lemma 4.3 For n ≥ 1, k ≥ 3, g_n is k-power-free.

Lemma 4.4 For n ≥ 1, g_n is irreducible.

Proof. Let n ≥ 1. Let h_1 and h_2 be two endomorphisms on A_2 such that g_n = h_1h_2. The words g_n(a) and g_n(b) can be decomposed over {h_1(a), h_1(b)}.

If h_1(a) = a, since g_n(a) ends with ab and g_n(b) ends with bb, we must have h_1(b) = b. If h_1(a) = b, since g_n(a) starts with aa, and g_n(b) starts with ab, we must have h_1(b) = a. The case |h_1(b)| = 1 similarly implies |h_1(a)| = 1 and h_1(a) ≠ h_1(b). So if |h_1(a)| = 1 or |h_1(b)| = 1, then h_1 is a permutation.

From now on, we assume |h_1(a)| ≥ 2 and |h_1(b)| ≥ 2. Let us observe that g_n(a) starts with g(bca) = aabbababbaabaababb and g_n(b) starts with g(cab) = abbaabaababbaabbab. Looking at the first two letters of g_n(a) and g_n(b), we can see that one of the two words h_1(a) or h_1(b) starts with aa, and the other starts with ab. Without loss of generality, we assume that h_1(a) starts with aa (it is a prefix of g_n(a)), and that h_1(b) starts with ab (it is a prefix of g_n(b)). Since the third letter of g_n(a) and g_n(b) is b, h_1(a) ≠ aa and h_1(b) ≠ ab. Similarly h_1(a) ≠ aab. So aabb is a prefix of h_1(a). Since aabb has only one occurrence as a factor in g_n(a), we have g_n(a) = h_1(ab^i) for some i ≥ 0. If i ≥ 1, then aabb is not a factor of h_1(b), h_1(b) starts with abb (since |h_1(b)| ≥ 2 and h_1(b) ≠ ab), and ends with aab (since it is a suffix of g_n(a)). Since |h_1(b)| < |g_n(a)| = |g_n(b)|, h_1(b)aabb, or h_1(b)abb is a prefix of g_n(b). From what preceeds, we must have h_1(b) = abbaabaab: a contradiction with h_1(b) suffix of g_n(a). So g_n(a) = h_1(a). Since g_n is uniform, h_1(a) cannot be a factor of g_n(b). Since the prefix abbaabaab of g_n(b) occurs only once in g_n(b), we must have g_n(b) = h_1(b). Thus |h_2(a)| = |h_2(b)| = 1: h_2 is a permutation.

5 Monoids of primitive morphisms

In [9], it is shown that for any integer k ≥ 4, any k-power-free morphism is primitive. Thus Lemmas 4.2 and 4.3 show that, ∀n ≥ 1, f_n and g_n are primitive. So Lemmas 3.4 and 4.4 imply:

Theorem 5.1 For any alphabet A containing at least two letters, the monoid of primitive endomorphisms on A and the monoid of primitive uniform endomorphisms on A are not finitely generated.

Acknowledgment. Thanks to P. Séébold for his remarks and his encouragments.

References

[1] J.-P. Allouche and J. Shallit. Sums of digits, overlaps and palindromes.

Discret Math. and Theoret. Comput. Sci., 4:1–10, 2000.

[2] D. R. Bean, A. Ehrenfeucht, and George F. McNulty. Avoidable patterns in strings of symbols. Pacific J. of Math, 85(2):261–294, 1979.

[3] J. Berstel. Axel Thue’s work on repetition in words. Technical Report 92.70, LITP, 1992. 4th Conf. on Formal Power Series and Algebraic Combinatorics, Montréal 1992.

[4] F.-J. Brandenburg. Uniformly growing k-th power-free homomorphisms.

Theoretical Computer Science, 22(3), 1983.

[5] M. Crochemore. Sharp characterizations of squarefree morphisms. Theoretical Computer Science, 18:221–226, 1982.

[6] M. Crochemore. Régularités évitables (thèse d’état). Technical Report 83-43, LITP, November 1983.

[7] J. Karhumäki. On strongly cube-free ω-words generated by binary morphisms. In FCT’81, volume 117 of Lecture Notes in Computer Science, pages 182–191. Springer-Verlag, 1981.

[8] V. Keränen. On the k-freeness of morphisms on free monoids. Annales Academiae Scientarium Fennicae 61, Series A, 1986.

[9] M. Leconte. Codes sans répétition. PhD thesis, LITP Université Paris 6, october 85.

[10] V. Mitrana. Primitive morphisms. Information Processing Letters, 64:277–281, 1997.

[11] M. Morse. Recurrent geodesics on a surface of negative curvature. Transactions Amer. Math. Soc., 22:84–100, 1921.

[12] G. Richomme and P. Séébold. Characterization of test-sets for overlapfree morphisms. Discrete Applied Mathematics, 98:151–157, 1999.

[13] G. Richomme and F. Wlazinski. About cube-free morphisms. In H. Reichel and S. Tison, editors, STACS’2000, volume 1770 of Lecture Notes in Computer Science, pages 99–109. Springer-Verlag, 2000.

[14] G. Richomme and F. Wlazinski. Overlap-free morphisms and finite testsets. Technical Report 2002-05, LaRIA, Avril 2002.

[15] G. Richomme and F. Wlazinski. Some results on k-power-free morphisms. Theoretical Computer Science, 273:119–142, 2002.

[16] P. Séébold. On some generalizations of the Thue-Morse morphism. Technical Report 2000-14, LaRIA, november 2000. To appear in Theoretical Computer Science 297, special number on 60th birthday of J. Berstel.

[17] A. Thue. Uber die gegenseitige Lage gleigher Teile gewisser Zeichenreihen. Kristiania Videnskapsselskapets Skrifter Klasse I. Mat.-naturv, 1:1–67, 1912.

[18] F. Wlazinski. A test-set for k-power-free binary morphisms. Technical Report 2001-05, LaRIA, July 2001. To appear in Theoretical Informatics and Applications.