On radio k-coloring of the power of the infinite path
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Abstract

The radio k-chromatic number rci(G) of a graph G is the minimum integer ¢ such that there
is a mapping f from the vertices of G to the set of integers {0, 1, ..., ¢} satisfying | f(u) — f(v)| >
k41— d(u,v) for any two distinct vertices u,v € V(G), where d(u,v) denotes the distance
between u and v. To date, the radio k-chromatic number is studied for finite and infinite paths,
and their powers. In particular, lower and upper bounds exist for powers of infinite paths. In
this article, we improve the known lower bound for the same. Specifically, when k is even, we
halve the gap between the known lower and upper bounds.

1 Introduction and the main theorem

The Channel Assignment Problem (CAP) addresses the issue of optimally assigning frequencies to
the nodes in a wireless network to avoid interference in communication. Loosely speaking, efficient
solution in this front leads to an improvement in the network speed and contributes to upgrades
from 2G to 5G networks.

One of the most popular graph theoretic models of this problem is defined as the radio coloring.
An l-radio k-coloring of a graph G is a function f: V(G) — {0,1,..., ¢} satisfying

[f(w) = f(v)] = k+1 = d(u,v)

for any two distinct vertices u,v € V(G), where d(u,v) denotes the distance between u and v. The
radio k-chromatic number rci(G) of G is the minimum ¢ such that G admits an ¢-radio k-coloring.

The most famous research in this topic involves the special case of radio 2-coloring, better
known as the L(2,1)-labeling. In that, we have the celebrated Griggs and Yeh conjecture [4] which
claims rco(G) < A2, where A is the maximum degree of G. To date, Havet, Reed, and Sereni [5]
have shown the conjecture to be true for all A > 10%.

While evaluating the radio k-chromatic number in general for different graph families, a partic-
ular focus has been given on evaluating it for paths and their powers. Notable work on this front
includes the result due to Liu and Zhu [8] where they managed to compute the exact value of the
radio k-chromatic number of paths when k is equal to the diameter of the graph.

Theorem 1. [§/ Let Py be a path on k edges. For any k > 3,

k* 44
() + if k is even,
reg(Pr) =4 2
i ;1 if k is odd.

Furthermore, the lower and the upper bounds of the radio k-chromatic number of the infinite
paths are also studied. However, the best known lower and upper bounds are due to two different
bodies of works [3] [6].



Theorem 2. [3,[6] Let P be the infinite path. Then,
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— if k is odd.

Notably, the upper bound of the above result is conjectured to be tight [6]. Also, the exact
value of the radio k-chromatic number has been proved for square of paths [7] when k is equal to
the diameter of the graph.

Theorem 3. [7] Let P, be the path on n edges. Let k = diam(P2). For any n > 2,

T‘Ck(Pg) = {

Recently, the exact value of the radio k-chromatic number of the powers of paths is proved for
graphs having small diameter [2].

Theorem 4. [2] Let P denote the m'" power of the path P, on n edges. For all k > diam(PT™)
for even values of diam(P)") and k > diam(P)") + 1 for odd values of diam(P}"),

E2+2 ifn=0 (mod4) andn > 8,
k> +1 otherwise.
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where s =n (mod m).

A lower bound and an upper bound for the radio k-chromatic number of powers of infinite path
have been found in [IJ.

Theorem 5. [1] Let P™ denote the m'™ power of the infinite path. Then for m > 2,

k? k
k1 i W if k is odd,
— if k is even.

We improve the lower bound of the radio k-chromatic number of powers of infinite path by a
linear factor of k, for both odd and even values of k. To be precise, given a graph G, its m! power
is the graph G™ obtained by adding edges between all vertices which are at distance at most m
from each other.

Theorem 6. Let P™ denote the mt" power of the infinite path. Then we have the following lower
bound for m > 2.
mk>+m+k—1

if k is odd,
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In this article, we follow the standard graph theoretic notations as per West [9] and all the

graphs considered are simple. Also, we prove the above result in Section

if k is even.



2 A sketch of the proof of Theorem [6]

Given a graph G and a set S of vertices, N(S) denotes the set of vertices which are adjacent to at
least one vertex in S.

Let us assume that the vertices of P™ are placed on the point (j,0) (where j is an integer) on
the x-axis and two such vertices are adjacent if and only if their Euclidean distance is at most m.
Moreover, call the vertex positioned at (j,0) as v;.

Let k£ = 2p when k is even and k& = 2p + 1 when k is odd. We start by defining a vertex subset

I {vo,v1,..., 0} if kis odd,
0 {vo} if k is even.

i
After that we recursively define the sets Li11 = N(L;) \ U L; for all i € {0,1,...,p —1}. Then,
5=0

we define the set Dy = LI_JJ L;. Notice that the diameter of the induced graph P™[Dy] is at most
=0

k, and thus under any rzjidio k-coloring f of P™, the colors assigned to the vertices of Dy must be

distinct.

Finally, let 2,y € Dy, be the vertices for which f(z), f(y) attain the maximum and the minimum
values, respectively, when z,y vary over Dj. Moreover, assume that « and 8 are such that we have
x € L, and y € Lg. These a and 8 are unique as the vertices of Dj, get distinct colors. Without
loss of generality, we may assume that o = p (as otherwise, we may translate our initial choice of
Ly somewhere else to force this).

Hence, according to the DGNS formula proved in [3],

reg(P™) 2 (ID| = 2p = 1) + (a+ B) +2 ) |Lil(p — ).
1=0

Thus it is possible to calculate the lower bound by computing the cardinalities of L; for all i €
{0,1,...,p} using the above equation. O

Interested readers are encouraged to find the detailed proof in: https://homepages.iitdh.
ac.in/~sen/Supraja_ICGT.pdf.
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