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Abstract Selecting a particular kernel to filter a given
digital signal can be a difficult task. One solution to solve
this difficulty is to filter with multiple kernels. However,
this solution can be computationally costly. Using the fact
that most kernels used for low-pass signal filtering can be
assimilated to probability distributions (or linear combi-
nations of probability distributions), we propose to model
sets of kernels by convex sets of probabilities. In particular,
we use specific representations that allow us to perform a
robustness analysis without added computational costs.
The result of this analysis is an interval-valued filtered
signal. Among such representations are possibility distri-
butions, from which have been defined maxitive kernels.
However, one drawback of maxitive kernels is their limited
expressiveness. In this paper, we extend this approach
by considering another representation of convex sets of
probabilities, namely clouds, from which we define cloudy
kernels. We show that cloudy kernels are able to represent
sets of kernels whose bandwidth is upper and lower
bounded, and can therefore be used as a good trade-off
between the classical and the maxitive approach, avoiding
some of their respective shortcomings without making
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computations prohibitive. Finally, the benefits of using
cloudy filters is demonstrated through some experiments.
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1 Introduction

Reconstructing a continuous signal from a set of sampled
and possibly corrupted observations is a common problem
in both digital analysis and signal processing (Jan 2000). In
this context, kernel-based methods can be used for different
purposes: reconstruction, impulse response modelling,
interpolation, linear and non-linear transformations, sto-
chastic or band-pass filtering, etc.

Most kernels used in signal processing are summative
kernels, or a linear combination of summative kernels. A
summative kernel is a positive function whose integral is
equal to one. A summative kernel is therefore formally
equivalent to a probability distribution, and can be identi-
fied with it. In practice, summative kernels used for signal
filtering are often bounded, continuous, monomodal and
symmetric, and we will therefore focus our study on such
kernels.

However, how to choose the right kernel together with
its parameters to filter a given signal is often a tricky
question. To overcome this difficulty, Loquin and Strauss
(2008) have proposed to use maxitive kernels instead of
summative kernels. Maxitive kernels are formally equiva-
lent to possibility distributions (Dubois and Prade 1988),
that can be used to model convex sets of summative kernels
(or sets of probability distributions; Dubois and Prade
1992) having an upper-bounded bandwidth. Maxitive ker-
nels can be used to perform a robustness or sensitivity
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analysis of the filtering process in a computationally effi-
cient way. This analysis have some interesting features: for
example, the maxitive kernel-based filtering approach
comes with quantification of the noise level altering the
considered signal (Loquin and Strauss 2009).

The output signal obtained using a maxitive kernel on an
input digital signal is interval-valued. The bounds of this
signal correspond to the envelope of output signals that
would have been obtained by filtering with the correspond-
ing set of summative kernels. In this sense, the maxitive
kernel approach and its generalisation presented in this paper
are different from fuzzy filtering approaches (Aja-Fernandez
et al. 2003; Toprak and Guler 2007) or usual robust filtering
approaches (Grigoryan and Dougherty 2001; Ma et al.
2010). Indeed, these approaches aim at obtaining an optimal
and flexible filter able to cope with situations deviating from
the model initial hypothesis, but still deliver a point-valued
signal as their output.

Two of the main interests of using maxitive kernels as
robust models are their simplicity of representation and the
low computational cost associated with the estimation of
the (interval-valued) filtered signal. The price to pay for
such features is a limited expressiveness, i.e., the fact that it
may be impossible to exclude some unwanted summative
kernels from the represented set of summative kernels. For
instance, as the bandwidth of summative kernels included
in maxitive kernels is not lower bounded, this set always
includes the Dirac measure.

To overcome this shortcoming of maxitive kernels while
keeping their interesting features, we propose to use another
uncertainty representation called clouds (Neumaier 2004),
calling the kernels defined from them cloudy kernels.
Cloudy kernels can act as a compromise between summa-
tive and maxitive kernels. As we shall see, the interest of
using cloudy kernels is twofold: first, they are more
expressive than maxitive kernels, the latter being a special
case of the former (Destercke et al. 2008), and can take
account of additional information or wanted features; sec-
ond, the computational complexity associated with their use
remains very low, an important feature in signal processing.

Nowadays signal processing is usually achieved using
computers: the signal to be processed is a digital signal, i.e.
a sampled and quantised version of the real continuous
signal. We thus consider, in this paper, an algorithmic
approach equivalent to the usual signal processing methods
that go from a continuous to a discrete setting (see Unser
et al. 1993, for example).

Using sets of kernels within a discrete setting can also
model an imperfectly known sampling process. Indeed,
perfect sampling is usually modelled by the multiplication
of the continuous signal with a bounded Dirac comb;
however, such an idealistic situation barely exists: the
measurement devices and the analog to digital converters
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generally induce a smoothing effect. In theory, this
smoothing effect can be easily modelled by convoluting the
signal with the impulse response of the sensory device
(measurement and converter), this impulse response being
more often than not a summative kernel. Thus, going from
continuous to discrete convolution involves convoluting
both the involved filtering kernel and the signal with a
smoothing (summative) kernel, provided this latter one is
known (Bracewell 1965). However, when considering a
digital signal, the sampling kernel which is the impulse
response of the sensory device is often unknown. Then
digitalising the kernel should rather involve a whole family
of possible sampling kernels.

We start by introducing summative and maxitive kernels,
before showing how cloudy kernels can act as intermediate
representations between them (Sect. 2). Section 3 then
studies the computational aspects of using cloudy kernels
and provides an efficient algorithm to perform signal fil-
tering with such kernels. The results of some experiments
on different signals are then discussed (Sect. 4).

2 Between summative and maxitive kernels:
cloudy kernels

In this section, we review the basics about summative and
maxitive kernels, before introducing cloudy kernels (i.e.,
kernels based on clouds). We then relate them to the two
former representations, and show that they can be used to
model sets of summative kernels with a lower-bounded
(and upper-bounded) bandwidth.

For readability purposes, we will restrict ourselves to
representations on the real line R and its discretisation 2.
However, extensions of the presented methods to some
product space RP is straightforward.

2.1 Summative kernels

We define a summative kernel p as a Lebesgue-measurable
positive function u : R — R satisfying the normalisation
condition [*_pu(x)dx = 1. It is formally equivalent to a
probability distribution on the real line and can be inter-
preted as such. The associated probability measure, a
function P, : 2% — [0,1] from the measurable subsets of
R to the unit interval, is such that for any measurable
subset A C R (also called an event) we have

Pu(A) = [ n(x)dx.
/

In this paper, we often consider families of bounded,
continuous, symmetrical and monomodal kernels parame-
terised by their bandwidth. In order to improve readability,
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Table 1 Some classical summative kernels

Name KA Shape
Epanechnikov  ,(x) = 13(1 - (i)z)IA
X
0
Triangular ka(x) = (1= |5 Da
X
0
Uniform Ka(x) =35 Ia
N I
0
Truncated Ka(x) = s exp(=(1))a
Gaussian /\
X
0

we will use the notation x when referring to kernels
belonging to such families, while keeping u as a notation
for generic summative kernels. Let k denote a basic con-
tinuous summative kernel such that x(x) = x(— x), whose
support is [—1, 1]. We denote by x, the summative kernel
derived from k by Ka(x) = xx(%). This means that the
kernel x5 has a bandwidth A and is defined on a compact
interval [—A, A] C R centred around zero. Typical kernels
belonging to such families are recalled and represented in
Table 1.

To a summative kernel kx can be associated its (con-
tinuous) cumulative distribution function F, : [-A,A] —
[0,1]. For any x € [—A, A], we have

X

F () = / ka()dx = Py, ([~ ), (1)

-A

and F, is such that F,, (0) = 1/2 and F(x) + F(— x) = 1.
Similarly, to any summative kernel p its cumulative dis-
tribution F, can be associated with Eq. 1.

2.2 Maxitive kernels

A maxitive kernel 7 is a normalised function z : R — [0, 1]
with at least one x € R such that n(x) = 1. A maxitive
kernel can be associated with a possibility distribution
(Dubois and Prade 1988) and its two (lower and upper)
confidence measures, respectively, called necessity and
possibility measures. These measures are dual (in the sense
that providing one of them on all events is sufficient to

retrieve the other measure) and are such that, for any event
A C R, we have:

I(A) = sup n(x), N(A)=1-1I(A%) = inf (1 - =(x)),
(2)

with A° the complement of A. The properties of these lower
and upper confidence measures is what make maxitive
kernels instrumental and computationally tractable tools to
filter signals with sets of kernels. Note that a maxitive
kernel is formally equivalent to a fuzzy set (Zadeh 1978).
From a basic maxitive kernel = whose support is [—1, 1],
another maxitive kernel mp whose bandwidth is [—A, A
can be computed by the following equation:

X

A (x) = n(K) .

A maxitive kernel defines a convex set of summative
kernels 2, whose associated probability measures are
bounded by the necessity and possibility measures induced
by m:

with Pgr being the set of all summative kernels over
R,TI(A) and N(A) being the possibility and necessity
measures induced by 7. If a given summative kernel u is in
2., we say, by a small abuse of language, that 7 includes u
(or that p is included in 7). Moreover, if a kernel x is
included in n then x, is included in ms. This particular
interpretation, together with the fact that Eq. 2 is simple to
evaluate (compared to the evaluation of a probability
measure from a summative kernel, it simply consists in
replacing the summation with a maximum), makes max-
itive kernels instrumental tools to filter signals when the
identification of a single summative kernel is difficult
(Loquin and Strauss 2008).

There are many ways to construct a maxitive kernel that
includes a given set of summative kernels (Baudrit and
Dubois 2006, Dubois et al. 2004). Here, we will consider
the so-called Dubois—Prade transformation. This transfor-
mation provides a way to build the most specific maxitive
kernel 7, including a given summative kernel u [in the
sense that any maximitive kernel 7’ such that 7’ < 7, with
at least one x such that n/(x) < 7,(x) does not include pu].
When one wants to build a maxitive kernel including a set
2 of summative kernels, it is then sufficient to take the
maximum of each maxitive kernel built from each sum-
mative kernel in 2, using the Dubois—Prade transformation
each time.

When summative kernels to include in a maxitive kernel
belong to a particular family x, we just need to consider
the Dubois—Prade transformation of the summative kernel
with the largest bandwidth, that is the one that gives the

@ Springer



824

S. Destercke, O. Strauss

least specific maxitive kernel. This corresponds to the case
where the shape of the suitable summative kernel is known
but where the suitable bandwidth is ill-known. It is then
sufficient to consider the kernel xa having the maximal
bandwidth and to apply the Dubois—Prade transformation
to obtain a maxitive kernel including all other summative
kernels s with A < A. Also, in this case the Dubois—
Prade transformation can be formulated in a simple way.
Given a summative kernel xa, the maxitive kernel m,,
resulting from the Dubois—Prade transformation is such
that

2 X Fi,(x)
n:cA(x) = {2(>l< N FKA(X))

if x<0
if x>0

And !t ,m_ denote the following functions
KA “UKA

_ T, (X if x<0
”KA(X):{l . if x>0 ®)
1 if x<0
+ _ —
T () = { T (x)  if x> 0. “)

The convex set th_A includes, among others, all summative
kernels k, with A" € [0,A] (Baudrit and Dubois 2006).
Among such summative kernels is the Dirac distribution
centered in 0, denoted by Jy. This means that the use of
maxitive kernels allows us to consider families of kernels
whose bandwidths are upper-bounded, but not lower-
bounded. This is clearly a shortcoming of maxitive kernels,
as in many applications involving signal filtering, the use
of the Dirac measure is unwanted (e.g., for modelling a set
of smoothing kernels). In such cases, it is desirable to
consider families of kernels where the bandwidth is both
lower- and upper-bounded.

In the next sections, we show that the recent uncer-
tainty representation called clouds can meet this require-
ment while preserving computational efficiency. We call
(imprecise) kernels derived from such representation cloudy
kernels.

2.3 Cloudy kernels

Cloud, the uncertainty representation used to model cloudy
kernels, was introduced by Neumaier (2004) as a way to
deal with imprecise probabilistic knowledge. Clouds on the
real line are defined as follows:

Definition 1 A cloud is a pair of mappings [, 1] from R
to the unit interval [0, 1] such that # < 7 and there is at
least one element x € R such that n(x) = 1 and one ele-
ment y € R such that #(y) = 0.

Following Neumaier (2004), a cloud [r, #] induces a
probability family 2, such that
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Py = {1 €Pr | P,({x | n(x) >a})
<1—-a<P,({x|mn(x) >oc})} (5)

Similarly to the necessity and possibility measures of
maxitive kernels, 2, induces lower and upper confidence

measures P ., F[M] such that, for any event A C R,

Ppy(A) = inf Py(A)

and P, (A) = sup P,(A).
i i) = sup P,(A)

HEDP, [m]

Also note that, formally, clouds are equivalent to interval-
valued fuzzy sets (Dubois and Prade 2005) satisfying
additional boundary conditions [i.e., 7(x) =1 and
n(y) = 0]. They thus provide a semantic interpretation for
this type of modelling in terms of uncertainty representa-
tions. A particularly interesting family of clouds are
comonotonic clouds, also called generalised p-boxes
(Destercke et al. 2008) (due to their relationship with
another popular uncertainty model called p-box; Ferson
et al. 2003). Comonotonic clouds are defined as follows:

Definition 2 As cloud is said to be comonotonic if
Vx,y € R, m(x) <m(y) = n(x) <n(y).

A cloudy kernel is simply a pair of functions [r, #] that
satisfies Definition 1. The notion of cloudy kernel is
illustrated in Fig. 1. As for maxitive kernels, we can
associate cloudy kernels with sets of summative kernels by
identifying 2|, , with the corresponding set of summative
kernels. In this paper, we will restrict ourselves to cloudy
kernels represented by continuous, bounded, symmetric
and unimodal comonotonic clouds. Again, to make the
notations easier, we will consider that they are defined on
the interval [—A, A].

Definition 3 A continuous, unimodal and symmetric
cloudy kernel defined on [—A, A] is such that, for any x €
[—A, A],n(x) = n(—x), n(x) = n(—x) and 5, © are contin-
uous non-decreasing (non-increasing) in [—A, 0]([0, A]).

Such a cloudy kernel is pictured in Fig. 1. As done in the
case of maxitive kernels with Eqgs. 3 and 4, given a

Fig. 1 Example of a cloudy kernel
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0

Fig. 2 Example of a thin cloud

unimodal symmetric cloudy kernel, ;1+, n~ denote the
functions such that
if x<0

n) = {?(X) if x >0

77+(x)={1 if x<0 (7)

(6)

n(x) if x> 0.

Two particular cases of cloudy kernels that will be of
interest here correspond to so-called thin and fuzzy clouds.

Definition 4 A cloudy kernel is said to be thin if
Vx € R, n(x) = n(x).

Definition 5 A cloudy kernel is said to be fuzzy if
Vx € R,n(x) =0.

Figure 2 pictures a thin cloudy kernel. Note that the set
of summative kernels 2|, ,; modelled by a fuzzy cloudy
kernel [n, #] coincide with the set modelled by the max-
itive kernel 7 alone (Destercke et al. 2008), showing that
maxitive kernels are particular instances of cloudy kernels.
We now recall some properties of clouds and cloudy ker-
nels that will be used in this study.

Proposition 1 (Neumaier 2004) A cloudy kernel [r, 1] is
included in another one [r',n'] (in the sense that Py, C
Pwy) if and only if, for all x €R,[n(x),n(x)] C
[ (x), 1’ (x)].

Hence, given a cloudy kernel [, #], any thin cloud
[/, '] such that n <n' = 7’ <m is included in [, 5]. Also
note that if [x, #] is a continuous, symmetric unimodal
cloud and [7,#/] a continuous, symmetric unimodal thin
cloud with the same mode as [7, 7], then if [, 5] does not
satisfy this condition [i.e. there is an x such that #’(x) <#n(x)
or '(x) > n(x)], we have 2,1 N Pl ) = 0.

Proposition 2 (Destercke et al. 2008) The convex set
Pny induced by a thin cloudy kernel [r, n] includes the
two summative kernels having F~, F* for cumulative dis-
tributions such that, for all x € R

Fo(x) =n"(x) = 2" (), (3)

Frx)=1-n"(x)=1-n"(x). 9)

Note that, since Q[Wf,] is a convex set, every convex com-
bination of F~,F* is also in the thin cloudy kernel.

2.4 Summative kernel approximation with cloudy
kernels

Now that cloudy kernels have been introduced, let us show
how they can solve the problem occurring with the use of
maxitive kernels, i.e., how they can model families of
kernels xa where A is lower- and upper-bounded. Note that
from now on, we will only deal with continuous, unimodal
and symmetric cloudy kernels (kernels satisfying Defini-
tion 3) and their discretisation. Assume that we want a
model including the family of kernels xa such that A €
[Aint, Asup), and no other kernel of this family with A out-
side this interval. To satisfy this requirement, we propose
to consider the cloudy kernel [r, ], 4, j such that, for

any x € R:
. 2><FAsu (x) if x<0

A, (X) = { 21 - FPA.W,,(X)) if x>0 (10)
_ 2><FAinf('x) if x<0

A (X) = {2(1 —Fa,(x)  ifx>0 (1)

We now show that this cloudy kernel contains the two
kernels having Ajyr, Agp for bandwidth, as well as all
the kernels of the same family having a bandwidth A €
[Ainfa Asup} .

Proposition 3 The cloudy kernel [r, ”][Amf.,AsuP] includes

the two summative kernels ka._ . and K

inf sup *

Proof To prove this proposition, we will simply show
that the cumulative distribution Fy,, (resp., Fa,,) of Ka

inf

(resp., Ka,,) is included in the cloudy kernel [7, 4] At A

First, from the definition of our cloudy kernel, thin
cloudy kernels having ma,, and 5, as distributions are
both included in [m, 7]}, A,,] (Proposition 1).

Let F,,F; and F,,F, denote the cumulative distri-
butions given by Egs. 8 and 9, respectively, applied to the
thin cloudy kernels 7a,,, and 7, . By Proposition 2, they

are included in the cloudy kernel [z, #] (A Ay]> @0 since

Py, sy 1S @ CONVEX s, 1/2F; +1/2F; and 1/2F, +
’ inf »Asup
1/2F, are also included in the kernel. As these two convex

mixtures are equal to Fa ., Fa_, this ends the proof. [

inf ? sup ?

Proposition 4 The cloudy kernel [r, ”][AmfﬁAsup] includes

any summative kernel ka (derived from k) such that
A S [Ainfy Asup]-
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Proof For a given kernel x4, Fp denotes its cumulative
distribution. We know from Proposition 2 that the thin
cloudy kernel [r, 5], such that

|2 x Fa(x)
TEA(X) - {2(1 —AFA()C))

if x<0
if x>0

includes the cumulative distribution FA. Moreover,
Fay (x) SFa(x) < Fp, (x) for x <0, and Fa, (x) < Fa(x)
< Fa,,(x) for x > 0, due to the symmetry of considered
summative kernels. This means that ma, <7 <1,

therefore the thin cloudy kernel [r, 7], is included in
(7, 1] (A Ay @0d this ends the proof. O

These two propositions show that cloudy kernels can be
built to include all summative kernels that have a band-
width between Ay and A, However, this property is also
fulfilled by maxitive kernels. Let us now show that, in
contrast with maxitive kernels, they can be built to exclude
summative Kkernels with a bandwidth smaller than Ay,
including the Dirac measure.

Proposition 5 A kernel kp, derived from x, having a
bandwidth A such that A< Ajns or A > Ag,p is not included
in the cloudy kernel [m, 1] A

inf sAsup] :

Proof 1In the case of A<Ajy, we have Fa(x) < Fy, (x)
for x < 0, and Fa(x) > Fa,, (x) for x > 0 (with at least one
x € R such that the inequality is strict). When A > Ay, we
have Fp(x) > Fa,,(x) for x < 0, and Fa(x) < Fa,,(x) for

x > 0 (with at least one x € R such that the inequality is
strict). Hence, the thin cloudy kernels [r, 5], such that

(x) = 2 X Fa(x) if x<0

AT 2(1 - Fax)) if x>0

does not satisfy Proposition 1, so x4 is not included in

Pl sy When A<Aing or A > Agyp. 0
’ inf »Asup

Hence, using cloudy kernels allows us to remove some
of the undesired kernels included in maxitive kernels. Still,
as for maxitive kernels, other kernels than the summative

kernels of the xa family are included in W[M][A L
inf -ASup

However, the next proposition shows that using cloudy
kernels also limits the bandwidth of such summative
kernels.

Proposition 6 Any summative kernel i1, not derived

from x and included in P P has a bandwidth
? inf -Asup.

A€ [N /2, Agp)

Proof The fact that the bandwidth of any kernel in

.@[n’,ﬂ is bounded above by Asup follows from the fact

that [m, 5], A,,] 18 included in the maxitive kernel mod-

[Ajnf Asup]

elled by ma

sup ©
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Now, let us prove that the bandwidth of any kernel in
'@[n.n] is bounded below by Aj,s/2. First, consider

inequalities given by Eq. 5 and a level « = 1 —¢. Sum-
mative kernels p in 2 must satisfy the inequality

[Ajnf Asup]

ﬂﬂﬂ[AmpAsup]
e <Pu([(my,,) (1 =), (my, )" (1= &)).

As ¢ — 0, the interval [(ngsup)71(1 —¢), (7}
tends to {0}, which means that P

—1
) (1—e)]
T 6t Asup] ( )

for any > 0. This means that any summative kernel in

WW,][AM_AWP] must be strictly positive in the immediate

neighborhood of the point {0}.
Now, still consider inequalities given by Eq. 3 and

a level o =¢. Summative kernels u in 2, M, agy TOUSE
7 1Ajnt »Asup

satisfy the inequality
e<Pu(l(ny,)” (o), (nx,,) " (@),

with A° being the complement of A. As ¢ — 0, the interval
[(x,) (&), (g )" (@)]° tends to [—Ainr, Ainl, 50

inf

P[n’ﬂ][Ajnf-Awp] ([_Ainf + B, Ainf — ﬁ]c) > 0 for any ﬁ > 0. This

means that any summative kernel in 2, must be

1] [Aing-Asup)
strictly positive for some values in the immediate neigh-
borhood of either {—Air} or {Ajne}-

This shows that the support of any u in 2,

[Ainf Asup]

lower-bounded by Ay¢/2, as any u € ?[M][A ] will be
inf -Asup

strictly positive around {0} and around either {—A;,¢} or

{Ains }- O

Note that the lower-bound A;,¢/2 is actually a minimum.
Indeed, the summative kernel having for cumulative dis-
tribution F' =, _isin 2 and has a support equal

to Ainf/Z.

[Ainf Asup]

3 Practical computations

In this section, we discuss how digital filtering can actually
be achieved with cloudy kernels while maintaining low
computational complexity. Note that while filtering kernels
used in a particular problem are usually specified in a
continuous setting, their use in computations is discrete.
Hence in this section, we consider that we are working on a
finite domain 2" of N elements, that corresponds here to a
finite sampling of the (continuous) signal.

We first describe how discretisation of the cloudy ker-
nels introduced in the previous section is done, so that we
can move from the continuous to the discrete case. We then
explain how classical expectation operators (equivalent to
filtering with summative kernels) can be extended through
the use of Choquet integrals. We first describe the Choquet
integral (Choquet 1954; Denneberg 2000) and its links with
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expectation operators, summative kernels and maxitive
kernels. We then propose an efficient algorithm for com-
puting this Choquet integral for cloudy kernels.

3.1 Discretising cloudy kernels

Let [, 7] s, A, e the cloudy kernel selected to filter the

signal f,y € R the value for which we want to reconstruct
the signal value and % the set of sampled values [i.e.,
values x for which the signal value f(x) is known] that lies
within the interval [y — Agp, y + Agp)-

The discrete cloud [m, #] necessary to achieve the
computations is built from 2" and [m,n]j A, in the fol-

lowing steps:

e let x* € X' = argmax,cq ma,, (x). Set n(x*) = 1;
e forall x # x*in &, set n(x) = ma,,, (y — X);

o letx, € X = argmin,cy np (x). Set n(x«) = 0;
e forall x # x, in Z, set n(x) =1, (y — x).

Values' n(x*) and #(x.) ensure that the discretised
cloudy kernel satisfies Definition 1.

Note that it is possible to define a more conservative
discretisation [, #'], i.e. for any x # x*, define 7'(x) :=
min{z(y)|y € &, n(y) > n(x)} and for any x # x,, define
n'(x) = max{n(y)ly € Z,n(y) <n(x)} (' and ' being
equal to m and # for elements x* and x,, respectively). If N
is low or if the cloudy kernel [z, ] Ao Ay] is thin, using this
latter discretisation is better as it is a guaranteed outer-
approximation of [, 7] An.Agy] - HOWEVET, in practical
applications, the cloudy kernel is not thin (otherwise it
would be better and simpler to filter with the summative
kernel it approximates) and N is usually sufficiently high,
so that the difference between filtering with [7, 5] or [/, 7]
is negligible. This is why we prefer to discretise
[7, 1] AuAy) 100 [, 7], which is computationally less
complex to evaluate. Finally, it should be noticed that if
(70, 1] (A Ay 1S COMoOROLtONIC, SO are [x, n] and [, n'].

3.2 Expectation operator and Choquet integral

Consider now an arbitrary indexing 2 = {x;,...,xy} of
domain # elements (not necessarily the usual ordering
between real numbers) and a real-valued function f'(here, the
sampled values of the signal) on Z', together with a discre-
tised summative kernel y;,i = 1,..., N, where u; = u(x;).

U If 2 have multiple elements corresponding to arg maxyez T, (x)
or argmincy #a,, (x), for all of them 7m(x*) =1 and n(x.) =0,
respectively.

Classical convolution between the discretised kernel u
and the sampled signal f is equivalent to applying an
expectation operator, i.e. computing E,(f) such that

= wf(x).
i=1

When working with a set 2 of kernels defined on %, the
expectation operator E becomes imprecise, and its result
when applied to f is an interval-valued expectation
[E(f), E(f)] such that

E(f) = inf E,(f), E(f) = (12)

sup E, (f).
ne?

In general, these bounds are not easy to compute. However,
in some specific cases, practical tools are available that
make them easily computable. First recall (Walley 1991)
that the lower and upper confidence measures induced by
2 on an event A C Z are such that P(A) = inf,c» P, (A)
and P(A) = inf,c» P,(A) and are dual in the sense that
P(A) =1 — P(A°) for any A C . If P satisfies a property
of 2-monotinicity, that is if for any pair {A, B} C Z we
have P(ANB) + P(AUB) > P(A) + P(B), then Eq. 12 can
be solved using the Choquet integral.

Consider a positive bounded function’ fon Z.If ()
denotes a reordering of elements of % such that
f(xay) < -+ <f(x@)), Choquet integrals giving lower and
upper expectations are given by

=E(f) = 3_(Flxo) -
C5(f Z(f

with f(x) = 0 and A;;y = {x(), ..., X }. The main diffi-
culty is then to compute the lower and upper confidence
measures for the N sets A;.

Cp(f) “)P(Aw),

Fx-1))P(Ag),

3.3 Imprecise expectations with cloudy kernels

Since cloudy kernels satisfying Definition 2 (this is the
case here) induce lower confidence measures that are
oo-monotone (Destercke et al. 2008a, b) (an even more
restrictive property than 2-monotonicity), the Choquet
integral can be used to compute expectations. Let us now
see how the lower confidence measures on various events
can be efficiently computed (upper confidence measures
can be obtained by duality).

2 Assuming positivity is not constraining here, since if ¢ is a constant
E(f + ¢) =E(f) + ¢ and the same holds for E. Therefore any
bounded function can be made positive by a simple translation.
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Cloudy kernels [r, ] defined on £ induce a complete
pre-order < [, ,) between elements of ', in the sense that x
< =y if and only if #(x) < y(y) or n(x) < n(y). Given a
set ACZ and this pre-ordering, x, and X, denote,
respectively, its lowest and highest elements with respect to
< [ny- We now introduce the concepts of [r, n]-connected
sets, since these sets are instrumental in the computation of
confidence measures induced by cloudy kernels.

Definition 6 Given a cloudy kernel [=x, 1] over %, a
subset C C % is called [=, n]-connected if it contains all
elements between x~ and by Xc, that is

C={xe¥|xc <y < e}

Let % be the set of all [n, n]-connected sets of Z'. Now, any
event A can be inner approximated by another event A,
such that A, = Jocq cca C is the union of all maximal
[, n]-connected sets included in A. Due to an additivity
property of the lower confidence measure induced by
comonotonic clouds on [7, n]-connected sets (Destercke
and Dubois 2009), we have

P(A)=P(A,)= > P(C)

Ce6,CCA

(13)

To simplify the notations used in the filtering algorithm,
we consider that elements of £ are indexed accordingly to
< [nyp 1.€. €lements xp,...,xy are indexed from the start
such that i < j if and only if n(x;) < n(x;) or n(x;) < 7(x;).
Given this ordering, the lower confidence measure of a
[7, #l-connected set C = {x;, ..., x;} is given by the simple
formula®

P(C) = max{0,n(xj+1) — m(xi1)},

with n(xyy1) = 1 and n(xp) = 0. As < |, is a pre-order,
we have to be cautious about possible equalities between
some elements. In our case (discretisation of unimodal,
symmetric cloudy kernels), at most two elements can be
equal with respect to < (., (this will often be the case, as
sampling is often performed at regular time intervals).
Figure 3 illustrates a cloudy kernel with 7 (irregularly)
sampled values, along with the associated indexing and
pre-order.

Algorithm 1 describes how to compute lower confidence
measures and the incremental summation giving the lower
expectation, while Example 1 provides an illustration of
the process. At each step, the [n, #]-connected sets forming
Ay are extracted and the corresponding lower confidence
measure is computed. The Choquet integral value is then
incremented. Note that two orderings and set of indices are
used in the algorithm: the one where elements are ordered

? Note that every element x € % such that x = i and y € 2" such
that y = | ,1x; must be in the connected set.

@ Springer

by values of f, denoted by ( ), and the other where elements
are ordered using < [, ,), without parenthesis. Unless the
function f is increasingly monotonic in R, the indexing
following the natural order of numbers is never used.

Algorithm 1: Algorithm for lower expectations: basic ideas

Input: f,[7,n], N (number of discretised points)
Output: Lower/upper expectations

Compute f(x(;)) = f(xi-1)) 3

Extract [rr,1]-connected sets such that Ay = C1U...UCyy, ;
With Cj = {x|j <k <j};

Compute P(A () = 5% max(0,1(x;.,) — 7(x-1))
E=E+[f(xg)— f(xi-1)] x P(Ag)

Consider the situation pictured in Fig. 3 (i.e. triangular
distributions induced by uniform kernels). For each sam-
pled item x and associated sampled value f(x), we consider
that the corresponding distribution values are [#(x), m(x)].
Also note that, for symmetrical unimodal cloudy kernels,
the values are naturally ordered w.r.t. their distance from
the center of the cloud (i.e., the value for which the signal
value has to be reconstructed). The values of discretised
f, n and 7 are summarised in Table 2.

If we now apply Algorithm 1 with the lower probability,
we get the following steps:

Loi=1, f(xg) —flxi-1) =2,A0 =2, P(Ap) =1 —
E=2

2. i=2, flxp) —flxi-1) = 3,46 = C1 = {x2,...,x7}
B(A(,)) = max{O, 1’[()(?8) — TE()C])} =0.7— E =38

I
I
I
I
I
} ; — t X
X2 X4 X6 X7 X5 X3 X1

X1 <1 X2 < (20 X3 < 0] X4 = ] X5 < (2,01 X6 < [r.n] X7

Fig. 3 Discretization of cloudy kernels and indexing of elements
around x7 (each x; corresponds to a sampled value)

Table 2 Values for example 1

Example 1 X1 X X3 X4 X5 Xg X7
n 0 0 0 0.2 0.2 0.6 1

T 0.3 0.4 0.5 0.6 0.6 0.8 1
f 2 9 8 10 5 6 12
O Xy o X5 Xa X6 X X3 X
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3. i=3, f(X(l)) —f(X(i,l)) = 1,A(,~) =CiUG = {XQ,X3}
U{xe,x7},  P(A(;)) =max{0,n(xs) — m(x1)} +max{0,
n(xg) —n(xs)}=04—E=42

4. i=4, f(X(i)) —f()C(,-,l)) = 2,A<,<) =CiUC, = {x2,X3}
U{x7},P(A(;)) =max{0,n(xs) —m(x1) } +max{0,n(xs)—
(1)} =0.2—E=4.2+42x02=4.6

5. 0=5, flxu)—f(xi-1)=1LAe=CiUCy={x2}U
{x7},P(A () =max{0,n(x3) — m(x;) } + max{0,7(xg)—
n(xs)} =02—-E=4.38

6. =06, flxp)—fxi-1))=1,40=Ci={x},P(Ay) =
max{0,n(xs) —n(xs)} =02 —-E=5

7. i=1, f(xu) —flxi-n) = 2,440 = {0}, P(Ap) =
max{0,1(xg) — n(x)} =0.2,E =54

The lower expectation is finally 5.4. Note that, from step
i =3 to step i = 7, element x4 is ignored, due to the fact
that x4 = [, ,, x5 (hence, any set including x, but not xs is
treated as if x4 was not included in it).

4 Experiment: comparison with summative
and maxitive kernels

In this section, we illustrate the advantage of using cloudy
kernels rather than simple maxitive kernels when filtering
a noisy signal. Figure 4 shows a (noisy) signal that has to
be filtered by a smoothing kernel. Imprecise kernels
(cloudy or maxitive) can be used if the exact shape of the
impulse response of the filter is unknown, but it is
assumed that this filter is symmetric, centred and has
lower and upper bounded bandwidths A € [Ajns, Agyp).
Such information can be modelled by a single imprecise
kernel and filtering can be achieved by an efficient
algorithms, instead of considering multiple filtering with
different summative kernels.

The signal pictured in Fig. 4 was obtained by super-
posing nine sine waves whose frequencies were randomly

chosen, and were corrupted by adding a normal centred
noise with a standard deviation of 5.

We consider here the family of uniform summative
kernels with a bandwidth A € [0.018,0.020]. The most
specific (triangular) maxitive kernel that dominates this
family is the triangular kernel with a bandwidth equal to
0.02, i.e. the maxitive kernel with a bandwidth equating the
upper bound of A (see Loquin and Strauss 2008). The
bounds obtained using such a kernel are displayed in Fig. 5
(solid lower and upper lines). As expected, the absence of
lower bounds and the inclusion of the Dirac measure inside
the maxitive kernel gives very large upper and lower filtered
bounds, that encompass the whole signal (i.e. the signal is
always in the interval provided by the maxitive kernel).
Given our knowledge about the bandwidth, it is clearly
desirable to also take account of the lower bound 0.018.

We can fulfil this need using the cloudy kernel presented
in this paper. Indeed, a more specific family of kernels that
takes the lower bound into account can be obtained using
the cloudy kernel composed of two triangular maxitive
kernels, with the lower kernel having a bandwidth Ay =
0.018 and the upper kernel having a bandwidth Ag, =
0.020. The result of filtering the signal with Algorithm 1 is
also pictured in Fig. 5 (dotted upper and lower lines),
where we can see that the lower and upper bounds are now
much tighter, as expected. Hence, we now have bounds
with good confidence levels (as all desired kernels are
considered), and which are more informative. Of course,
the bounds obtained by cloudy filtering are always included
in those obtained by maxitive filtering.

To illustrate the capacity of maxitive and cloudy kernels
to encompass the desired kernels, in Fig. 6, we have plotted
ten filtered signals obtained using different symmetric
centered summative kernels whose bandwidth belongs to
the interval [Ajyr, Agpl. Every filtered signal belongs to the
interval-valued signal obtained using the cloudy kernel-
based approach.

Fig. 4 Original signal to be 60
filtered
50

30 -

signal amplitude

| |
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time (msec)
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maxitive upper enveloppe

cloudy upper enveloppe

/' cloudy lower enveloppe

maxitive lower enveloppe

original signal

maxitive upper enveloppe

maxitive lower enveloppe

1 |
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time (msec)

cloudy upper enveloppe

filtered signals | |

Fig. 5 Superposition of the 60 -
original signal, the maxitive
imprecise filtering (dotted upper 50 -
and lower) and the cloud-based
imprecise filtering (full upper 3 w0l
and lower) 2
6- ! )|
% 30 - MM LI
= g
c
2 20
wv
10
0 | 1
0 0.1 0.2
Fig. 6 Superposition of nine 60 -
filtered signals, the maxitive
imprecise filtering sl
(dotted upper and lower) and
the cloud-based imprecise S .
filtering (full upper and lower) :3 40
[
% 30
©
=
2 20
10
0 1 1
0 0.1 0.2

5 Conclusion

Both summative kernels and sets of summative kernels
represented by maxitive kernels have some shortcomings.
The former requires choosing a single kernel and band-
width, which is generally not easy, while the latter often
includes unwanted kernels such as the Dirac measure.

In this paper, we have proposed to use cloudy kernels
(using the uncertainty representations called clouds) to
achieve imprecise linear filtering. Cloudy kernels represent
a good trade-off between summative and maxitive kernels,
as they allow us to avoid having to choose a single sum-
mative kernel while being more expressive than maxitive
kernels. This is due to the ability of cloudy kernels to
model sets of summative kernels whose bandwidth is both
lower- and upper-bounded, while maxitive kernels can only
consider upper-bounded bandwidth. We have also pro-
posed simple and efficient (but not necessarily the most
efficient) algorithms to compute lower and upper expec-
tations related to cloudy kernels, while keeping a low
computational burden on the task of linear filtering.

Our experiments show that cloudy kernels have the
expected properties. Compared to summative and maxitive
kernels, they allow us to retrieve reliable and informative

@ Springer

‘ )
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time (msec)

envelopes for the filtered signal. However, it appears that
envelopes resulting from the use of cloudy kernels are still
not very smooth. We suspect that this is due to summative
kernels inside the cloudy kernels for which the probability
masses are concentrated around some specific points (i.e.
mixtures of Dirac measures). To avoid this, we could
consider existing techniques (Kozine and Krymsky 2007)
to limit the accumulation of such probability masses.

A lot of work is left for future studies, as in the present
paper we have only considered families of unimodal
bounded centered positive kernels. Many other families of
kernels, including kernels having positive and negative
values and causal kernels (which are barely symmetric),
could be approximated by clouds. However, how to build
comontonic clouds that would best represent such families
is not straightforward, and could require more ad hoc
procedures. In particular, we cannot use a double Dubois—
Prade transformation with such families, as they may have
many modes that can have different abscissae for different
bandwidths.

Another interesting avenue of research would be to
combine (or compare) the current approach, which uses
imprecise probabilistic representation to model ill-known
kernel filters, with the approach proposed by Benavoli
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et al. (2009), where imprecise probabilistic models are
used to represent noise whose distribution is ill-known.
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